UNIVERSITA
DEGLI STUDI
DI PADOVA

= DIPARTIMENTO
MATEMATICA

DIPARTIMENTO DI MATEMATICA “TULLIO LEVI-CIVITA”

DIPARTIMENTO DI MATEMATICA “TULLIO LEVI-CIviTA”

CORSO DI DOTTORATO IN SCIENZE MATEMATICHE
CURRICULUM MATEMATICA COMPUTAZIONALE
XXXVI cIcro.

Three Essays in Financial Mathematics

COORDINATORE
Prof. Giovanni Colombo
Universita degli Studi di Padova

SUPERVISORE DOTTORANDO
Prof. Claudio Fontana Giacomo Lanaro
Universita degli Studi di Padova Matricola: 2018575

ANNO ACCADEMICO
2023-2024






To Laura






Acknowledgments

In reaching the end of this three-year journey, it is time to reflect on the efforts, results, and
experiences I've encountered throughout my doctoral studies. Even though I am very happy and
proud of the results described in this thesis, I believe that the people I have met and the relationships
we have built hold equal importance to the outcomes achieved in the last three years. I believe
so not only because many of the people I will mention in the following have inspired me from an
academic standpoint, but also because all of them have contributed to both my professional and
personal growth.

First of all, I am immensely grateful to my supervisor, Prof. Claudio Fontana. I still remember
the first time I met him when I was a master student, asking for some suggestions about a possible
theme for my master thesis. From that moment he has guided me with patience and has introduced
me to the world of the mathematical finance. Before my master’s degree, he suggested me to
attend the presentations of a workshop in financial mathematics in Padova. That experience, such
fascinating to me, was the first step towards the decision to undertake a PhD program. Later,
at the beginning of my PhD, I had no doubt to continue my formation with him. I have learned
more than I could have imagined, not only in terms of the application of a rigorous mathematical
reasoning, but also in the care devoted to the financial intuition underlying the problems we have
tackled. I will be always grateful to him both from a personal and professional level.

I would like to thank Professors Peter Tankov and Martin Larsson, who reviewed my thesis,
despite the heterogeneity of the topics it contains. I am grateful for all the comments and suggestions
I have received from them. They helped me to improve the quality of this research work and they
have shown some insights regarding possible future developments.

A huge thank goes to Alekos Cecchin, who has been almost a second supervisor of this thesis.
I thank him for spending a lot of time guiding me through the technical aspects of the project
described in the second chapter of this thesis. With patience, he taught me how to tackle the
most critical points of the strategy we followed to reach the solution of the problem we faced. My
gratitude goes also to Prof. Markus Fischer and Agatha Murgoci who contributed to develop and
improve the projects described in this thesis.

I want to thank all the research group of probability and mathematical finance here in Padova.
I’'ve been part of a dynamic environment that taught me the importance of conducting critical

research supported by the organization of events such as seminars and workshops focused on various



aspects of this research area.

A special thank goes also to my PhD mates, who have shared with me ups and downs of this
experience. In particular, thank you Karim for the support, the morning coffees before starting
work and especially for showing me a different perspective on various topics, be it in mathematics,
politics, or everyday life. Thanks Momo for the jokes, the lunches in mensa, the mutual sharing of
the problems encountered in our three years of research work, the matches of billiards (unfortunately
for me) and basketball (unfortunately for you). A big thank goes to Ofelia, for being not only a
living example on how mathematics should be studied by a doctoral student, but also a true friend
during all the years of the university and the doctoral program.

I am also grateful to the entire administrative office, especially to Loretta and Marinella, for
their patience and for helping me with bureaucratic and technical issues over these three years.

I am infinitely grateful to my family: my mother Cristina, my father Giorgio and my sister
Maria. They have encouraged me since the beginning of my academic journey, making today’s
achievement possible. In particular, my parents have supported me at the cost of many sacrifices,
especially when I was a university student. They taught me not to give up and to keep working
hard. Their teaching has been crucial in the last three years to complete this thesis. I would
also like to thank my aunt Maddalena, for the patience with which she listened to me repeating
the presentations just to maintain a tradition we had started back to the times of my bachelor’s
degree. I will be forever grateful to my lifelong friends for their constant support, Michele, Federico,
Giovanni and Eleonora. I cannot avoid to mention Honey and Tequila, always ready for a walk
after hours spent on books.

Finally, thank you Laura. We have been together throughout this journey, from the early days
of my undergraduate degree to the conclusion of my doctoral studies. When I faced difficult times,
whether due to personal circumstances, pandemic-related problems, or the challenges encountered
in tackling the issues of the PhD, you were always there. Over these three years, you have patiently
supported me when I was stressed about work, using every time the right words to encourage me.

In conclusion, you have been fundamental to complete this research activity.

vi



Abstract

The following PhD Thesis consists of three chapters. In these chapters I describe the projects we
developed during my PhD. The first chapter, starting from the preliminary results of my Master’s
Thesis, presents the study of the problems of consistency and existence of finite-dimensional realiz-
ations for Heath-Jarrow-Morton multi-curve interest-rate models. We generalize to the multi-curve
setting the geometric approach at the basis of the results obtained by T. Bjérk and coauthors in
the single-curve framework. Hence, we propose a calibration algorithm based on the theoretical
results we proved, applying it to Euribor market data.

The second chapter deals with the analysis of a financial market populated by agents who access
different amount of information. We study the problem of equilibrium price formation, obtained
balancing the demand and supply of a single asset. To do so, we adopt a mean-field approach.
We prove the existence of a mean-field equilibrium price, showing that it fills the information gap
between a more informed major agent and a group of less informed standard agents. Moreover,
we prove that, in the context of a market populated by finitely many standard agents and a major
agent, the mean-field equilibrium price satisfies a weak version of the balance between demand and
supply.

In the third chapter, we provide several results towards a foundamental theorem of asset pricing
for statistical arbitrage opportunities. We study a result present in the literature, that establishes
a characterization of the absence of statistical arbitrage opportunities for markets defined on finite
probability spaces. For this result a counterexample is provided in a recent paper. Actually, since
this counterexample does not disprove the original statement, we confirm the latest in a rigorous
mathematical setting. Therefore, we focus on market models defined on more general probability
spaces and we show that the characterization proved for the finite markets is still guaranteed, under

some additional and tailor-made assumptions.






Sommario

Questa tesi di dottorato ¢ formata da tre capitoli. In questi capitoli descrivo i progetti sviluppati
durante il mio percorso di dottorato. Il primo capitolo, a partire dai risultati preliminari ottenuti
nella mia tesi magistrale, presenta lo studio dei problemi di consistenza ed esistenza delle realizza-
zioni finito-dimensionali per modelli Heath-Jarrow-Morton in un contesto multi curva, applicati al
mercato dei tassi di interesse. In particolare, generalizziamo al contesto multi curva 1’approccio
geometrico alla base dei risultati di T. Bjork e coautori nel contesto di modelli a curva singola.
Proponiamo quindi un algoritmo di calibrazione per un modello Hull-White a tre curve basato sui
risultati teorici che abbiamo dimostrato, applicandolo al mercato Euribor.

Nel secondo capitolo analizziamo il meccanismo di formazione del prezzo in un mercato popolato
da agenti che hanno accesso a quantita di informazione differenti. In particolare, ci concentriamo
sul prezzo che bilancia la domanda e 'offerta di un’azione. Per fare cio, adottiamo un approccio a
campo medio, derivando l’esistenza di un processo di prezzo all’equilibrio. Inoltre, mostriamo che
un prezzo cosi costruito annulla la differenza informativa tra un agente maggiore e maggiormente
informato e un gruppo di agenti standard e meno informati. Infine, mostriamo che, nel contesto
di un mercato popolato da un agente maggiore e un numero finito di agenti standard, il prezzo di
equilibrio ottenuto nel limite a campo medio soddisfa una versione debole dell’incontro tra domanda
e offerta.

Nel terzo capitolo, proponiamo alcuni risultati nella direzione di un teorema fondamentale per
lassenza di arbitraggi statistici. Analizziamo un risultato presente in letteratura, che stabilisce
una caratterizzazione dell’assenza di arbitraggi statistici nel caso di un mercato definito su uno
spazio di probabilita finito. Per questo risultato, un contro esempio € proposto in un articolo piu
recente. Proviamo pero che il contro esempio non confuta il risultato originale, che confermiamo
adottando un approccio matematicamente rigoroso. Ci focalizziamo quindi sulla generalizzazione
di questa caratterizzazione dell’assenza di arbitraggi statistici, nel contesto di mercati definiti su
spazi di probabilita piu generali. Mostriamo quindi alcuni risultati preliminari, verificando che la
caratterizzazione provata nel caso finito puo essere estesa anche a contesti piu generali, sotto alcune

ipotesi piuttosto restrittive.
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Introduction

As stated in the title, this PhD Thesis deals with three essays concerning some issues in financial
mathematics.

In Chapter 1, which is based on [FLM24], we present the problem of consistency and existence
of finite-dimensional realizations for a class of multi-curve interest-rate models. The multi-curve
framework has been adopted to capture the richer market structure that have emerged in the
interest-rate market since fifteen years ago. Motivated by the parameters recalibration problem, we
study the problem of consistency between an interest-rate model M and a parameterized family
G. We generalize the geometric approach introduced by Bjork and co-authors ([Bjo04; BC99] and
[BSO1]) in the single curve framework, highlighting the differences that appear in the multi-curve
setting, such as the presence of spreads and the interdependence between the different curves of
the model. We focus on a class of multi-curve interest-rate models determined by m + 1 differ-
ent tenor lengths. We adopt the Heath-Jarrow-Morton approach to describe m + 1 forward-rate
curves. On the other hand, m spread components are represented by It6 processes. We assume
that each forward-rate component of the model lives on a suitable Hilbert space. Therefore, we
provide a characterization of the consistency condition between M and G, generalizing [Bj604, The-
orem 4.2.]. Consequently, we focus on the problem of existence of finite-dimensional realizations
for a given multi-curve model. The finite-dimensional realizations are defined by an opportune
finite-dimensional stochastic process, from which the realization of the multi-curve model can be
determined. We present conditions that guarantee the existence of finite-dimensional realizations
for specific classes of interest-rate models. For these results we adopt the approach proposed in
[S1i10]. Hence, we study the conditions under which some properties of the finite-dimensional realiz-
ations, provided in the single-curve setting, are respected in the multi-curve framework. Moreover,
we introduce a new definition of consistency, based on the multi-curve structure of the interest
rates. Finally, applying the theoretical results that we provided, we construct an algorithm to
calibrate the parameters of a three-curve Hull-White model. We apply this algorithm to a time
series of daily Euribor market data, associated with three different tenor lengths (one day, three
months, six months). We obtain stable results.

Chapter 2 deals with the mechanism of equilibrium price formation in presence of asymmetry in
the information accessible to the agents of the market. We aim at studying the impact of heterogen-

eous information on the price of an asset traded in a financial market, adopting a mean-field game
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approach. Mean-field games theory analyses dynamic systems determined by the interaction of in-
finitely many rational players. The application of mean-field games theory to financial mathematics
has been widely developed in the last years. However, financial application involving heterogen-
eous information frameworks have been studied only in recent works (see for example [CJ20; CJ19;
BS24] and [BCR23]). We adopt the setting described in [FT22b; FT22¢|, and [FT22a], on which
the problem of price formation is studied through a mean-field games approach in the context of
symmetric information. We focus on a market model populated by N standard agents and a more
informed major agent. The asymmetry of information impacts on the strategies and, therefore, in
the functional cost of the major agent. Every agent has to solve an optimal control problem, which
depends on an a priori exogenously given stochastic process w describing the price. We want to
determine the equilibrium price process obtained by imposing the balance between the demand and
supply of the asset. This condition is called market clearing. Assuming that the agents solve their
optimal control problems, the market clearing condition leads to an equation for w. To overcome
the highly recursive structure of the equation for the equilibrium price, we study its mean-field
limit. We derive a mean-field equation for the limit @™ of the equilibrium price . The equation

finvolves the dependence on its own filtration, which has to be determined endogenously.

for w™
To overcome this issue, we hinge on an analogy between the structure of the mean-field equation
for @™ and the consistency condition of a weak mean-field game equilibrium in the presence of
common noise, described in [CDL16; Lacl6; CD18b]. We adapt to our purposes the analogous
results developed in [CD18b], that refer to the framework of FBSDE theory. Hence, we prove the
existence on the canonical space of a stochastic process ™. Finally, assuming additional condi-
tions on the market structure, we prove that @™ satisfies a weak version of the market clearing

condition.

In Chapter 3, we focus on a class of portfolio strategies called statistical arbitrage opportunit-
ies. In finance literature, the term statistical arbitrage is used to denote different kinds of trading
strategies, which yield a net profit with an assessable amount of risk. As a consequence, statistical
arbitrage opportunities have been widely applied in the financial industry. However, a formal defin-
ition of statistical arbitrage has not been proposed yet and the term is used to denote ambiguously
various different trading strategies. In [LBS—|—18], the authors proposed a first attempt to clarify
and compare all the different definitions associated with the term statistical arbitrage. We focus
on the definition proposed in [Bon03]. In [Bon03], in the context of financial markets defined on a
finite probability space, the author defined a statistical arbitrage as a trading strategy for which the
expected payoff is positive and the conditional expected payoff in each final state of the economy is
nonnegative. Although the simple framework of [Bon03], it is possible to recognize a link between
the results proved by Bondarenko and the role of the conditional expectation, interpreted as a linear
operator between LP spaces. More recently, the notion of statistical arbitrage introduced in [Bon03]
has been generalized to the context of more general trading strategies yielding a net conditional
expected payoff with respect to an augmented information set, defined by a sigma-algebra G. In

[RRS21], some preliminary results have been provided. In this chapter, we study a counterexample
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proposed in [RRS21] to the result provided in [Bon03]. We show that this counterexample does not
disprove the original statement and we present, in a rigorous mathematical setting, the characteriz-
ation of absence of statistical arbitrage opportunities, provided in [Bon03] for finite market models.
Hence, we present several results in the direction of a fundamental theorem of asset pricing for this
class of trading strategies. In particular, we focus on the conditions that guarantee the absence of
statistical arbitrage opportunities in more general cases, such as a discrete-time market model and
a semimartingale model. We prove that the characterizations of the absence of statistical arbitrage
opportunities in the framework of finite market models can be extended to market models defined

on more general probability spaces under restrictive and tailor-made assumptions.






CHAPTER 1

The geometry of multi-curve interest-rate models

1.1 Introduction

In this chapter we study some geometric properties of the interest-rate market, in a multi-curve
setting. This chapter is based on a joint project developed together with my supervisor, Claudio
Fontana and Agatha Murgoci. The results of this chapter are described in the work [FLM24],
available on ArXiv.

We study how the problems of consistency and existence of finite dimensional realizations can be
generalized from the single-curve framework, analysed through the geometric approach developed
by T. Bjork and coauthors, to a setting that is more coherent with the specificities emerged in
the interest-rate market after the 2008 crisis and still effective nowadays. The consistency problem
is of interest from an applied and a theoretic point of view. In particular, it is linked to the
parameter recalibration problem. Indeed, when an interest-rate model has to be recalibrated, the

usual strategy is based on the following two steps:

e Fit the term-structure '™ = {#M(z); = > 0} to market data. Usually, families G of para-
meterized functions, such as the one introduced by Nelson Siegel in [NS87|, are employed for

this purpose.

e The interest rate model M is calibrated to the term-structure '™ in order to obtain future

realizations of the interest-curve in accordance with M.

This procedure is motivated by the notion of invariance between a model M and the term
structure determined by a manifold G := Im[G], image of a given parameterized family G. We say
that a model M and a manifold G are invariant, if the realizations of M (that are the solution to
the dynamics determining the model) belong to G for a positive time interval. Under this definition,
the consistency problem is given by conditions that guarantee a model to be invariant with respect

to the image of the parameterized family G used to calibrate the initial term structure I'M. We
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are going to prove that the consistency condition is equivalent to ask that the drift and volatility

terms of the dynamics of the realizations of M are tangent vector fields to G.

A second problem, strictly related to the notion of consistency, concerns the existence of finite-
dimensional realizations (FDRs) of an interest-rate model M. An n-dimensional realization for
M is a stochastic process Z taking values on R"™, whose image through a parameterized family
G describes the realization of M for a positive time interval. We show that the existence of an
n-dimensional realization for a model M is equivalent to the existence of a manifold G such that
the couple (M, G) is invariant. We study conditions that guarantee this property for specific classes

of interest-rate models.

The problem of consistency was introduced at first for the single-curve framework in [Bjo04]
and [BC99]. At the same time, the existence of FDRs was studied under analogous hypotheses on
[BG99], [BL02] and [BSO1]. The results included in these papers are based on the interpretation
of the realization of a forward-rate model as a curve living on suitable Hilbert space. Some of
these results have been extended to a more general setting. In [FT03] and [FT04] analogous
geometric properties are presented in the context of generic forward rate models living on Fréchét
spaces. Moreover, the study of the geometric properties related to the problem of consistency and
existence of FDRs in the case of Lévy models is provided in [FT08; FTT10a; FTT10b; Tapl10] and
[Tap12].

As mentioned, we consider the problem of consistency and existence of FDRs in the setting of
multi-curve. The multi-curve framework has been introduced to describe the new features emerged
as a consequence of the profound changes that have affected the interest-rate market in the last
fifteen years. Indeed, since the 2008 financial crisis, in order to capture the no longer negligible
credit and liquidity risk, spreads have emerged between interbank rates (IBOR rates) with different
tenor lengths and overnight rate. As a consequence, the interbank rates associated tenors greater
than one day have been considered risk sensitive, while the overnight rate have been assumed risk
free. In this setting, to capture the dynamics of both the risk free rate and these risk sensitive rates,
the adoption of a multi-curve framework has been a convenient solution. Since 2023, LIBOR is no
longer the benchmark inter-bank exchange rate and it has been replaced by risk free rates (RFRs in
the following), like SOFR (Secured Overnight Financing Rate) for the American market and €STR
(Euro Short Term Rate) for the Eurozone market. However, private and commercial banks in the
US and the UK have expressed the desire of an interest-rate that captures the credit and liquidity
risk present in the market. Therefore, several American financial institutions, like Bloomberg and
AFX, have proposed a set of risk-sensitive rates (RSRs in the following), respectively called BSBY

and Ameribor. These rates are designed through a multi-curve setting.

Therefore, we consider the problems of consistency and existence of finite-dimensional real-
izations for the interest-rate market described by a multi-curve structure determined by m + 1
different curves. We introduce a RFR and a set of RSRs, each of them that depends on a tenor
05, j = 1,...,m. We adopt a Heath-Jarrow-Morton approach to represent the dynamics of the

instantaneous forward-rate. Then, we introduce multiplicative spot spreads Sg between the RSR

6
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associated with every tenor §; and the RFR, in line with [FGGS20]. Thus, we obtain an infinite-
dimensional system of stochastic differential equations whose solution, 7;(x) that is determined by
a drift and volatility term, respectively denoted by the parameterized vectors fi and o.

In this setting, we exploit an analogy between the multi-curve interest-rate market and a multi-
currency market in order to adapt some results of [Sli10] to the interest-rate market. In particular,
we interpret the spread processes between different forward-curves as the exchange rate between two
currencies. Following an analogous procedure, we provide conditions that guarantee the existence
of FDRs for a model M, driven by a d-dimensional Brownian motion and whose volatility depends
on the solution 7 through a scalar factor.

This chapter is organised as follows. In Section 1.3, we describe the modelling framework. We
give the details of the system of stochastic differential equations we deal with and we introduce
the functional space at the base of the geometric interpretation of the forward-rate curves. In
Section 1.4, we present the main result of the paper for what regards the problem of consistency.
In particular, we give a characterization of the notion of consistency. Moreover, we present an
application to this result to well known market models. In Section 1.5, we describe conditions
the guarantee the existence of FDRs in general and we described some specific cases in which the
computations can be provided explictly. Then, in Section 1.6, we present an alternative notion of
invariance, that exploits the richer structure given by the multi-curve framework. In particular, a
definition of consistency in which the spreads of M are included in the state process that determines
the realizations of M is proposed. Finally, in Section 1.7, we propose an algorithm based on these
results to calibrate the parameters of a three-curve Hull-White model M(0), determined by a set
of parameters 6. The goal of a calibration algorithm is to provide an estimation of 6, through the
observation of an historical time series of market data. The calibration algorithm that we develop is
determined by a parameterized family G(€) that is consistent with the model M (#). Therefore, we
estimate the parameter 8* that minimizes the [y distance between G(6) and the multi-curve term
structure extracted by the market data. We test this algorithm on a time series of daily market
data represented by Euribor rates associated with three different tenors (one day, three months,

six months).

1.2 Notation

We introduce the main notation that we are going to adopt in the paper.

e Calligraphic letters ‘H and G are used to denote manifolds defined on the Hilbert space on

which the forward-rate curves live.

e We introduce the functionals, applied to differentiable functions f: Ry x Ry — R™:

Ff(t,z) = if(t,x), Hf(t,x) := (/Ox fi(t,t—ku)du) , Bf(t,z) = f(t,0).

i=1,...,n

7
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e We denote by AT the transpose of a matrix A and by v - w the usual scalar product between

two vectors, v, w € R™.

e Given a Fréchét differentiable function f : H1 — Ho, its Fréchét derivative at 7 € H; will be
denoted by 0xf (7). If the Fréchét derivative of a function f is null, we denote it by 9-f(7) = O.

e We denote the identity map defined on a vector space H by 1. Moreover, if H = R¥, the
identity map on H is defined by 1 for each k € N~ {0}.

e We denote by [|v|| the Euclidean norm of a vector v € R?.

1.3 The modelling framework

1.3.1 Market set up

In this section, we introduce the dynamics of the multi-curve class of models we are going to study.
As discussed, the multi-curve setting is necessary to describe the no longer negligible the credit and
liquidity risk present the interest-rate market. Indeed, spreads between RSRs and the RFR can be
observed and then interest rates associated with different time lengths (tenors) do no more evolve
equivalently. In this framework, we adopt as discount curve, the curve associated the RFR (in
analogy with [GR15, Section 1.4.4.]). We model separately the RFR and every RSR, each of them
associated with a tenor § in A := {0; < d2 < -+ < 0, }. We adopt a Heath-Jarrow-Morton (HJM)
approach to describe all interest rate curves, in line with [CFG16]. In particular, we consider an
interest-rate market composed by m + 1 curves, one curve associated with the RFR and one for
every RSR for each given tenor d; € A.

As discussed, RSRs must take into account the risk that is not captured by the RFR. As a
consequence, denoting by LO(t; T, T + 6) the RSR associated with tenor ¢ and with LO(t; T, T + 6)
the RFR, at time ¢ for the interval [T, T+6], L (t; T, T+6) > LO(t; T, T +06) typically holds. Hence,
we introduce a family of multiplicative spread processes. These spreads are linked to the credit and

liquidity risk associated with the forward-rate L°:

Definition 1.1. The multiplicative spot spread between the risk-sensitive rate associated with

every tenor 0 and the risk-free is:

g .1 +5L5(t;t,t+5)_
E 14 6L0(t;t,t + 6)

(1.1)

It is convenient to introduced also a set of fictitious bonds BY(T'), defined as follows:

O (4.
BAT) = Bi(T) 1+ 6L (t; T, T + 6)

<T. 1.2
SO 1+ 6Lt T, T +06) b= (12)

We refer to them as fictitious bonds, because the terminal bond equivalence holds: BY(t) = 1.

8
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We introduce a filtered probability space (2, F, (F)t>0, Q), where Q is a risk-neutral measure.
On €, a R%valued Q-Brownian motion W = (W;);>¢ is defined. Then, we consider the following

processes:

Risk-free Curve We describe the risk free instantaneous forward-rates, through Musiela para-

meterization, as the solution to
drd(z) := ad(t + z)dt + o) (t + 2)dW;, 0<t<T, (1.3)

where z > 0 is the time-to-maturity. We denote the price of a zero-coupon bond on r¥ by
T—t
B(T) :=exp| — / r(x)dz |, te€[0,T].
0

The savings account numéraire associated with the RFR is given by SO := exp( [, r{(0)dt).

Risk-sensitive Curve The risk-sensitive curve, associated with the tenor d; for j =1,...,m, is
characterized by the dynamics of instantaneous rates associated with the fictitious Bonds (1.2) as
the solution to

dri(z) == od (t + 2)dt + ol (t+ )dWy, j=1,...,m, (1.4)

for suitable coefficients a{ (t+ ) and ag (t+ ). As a consequence,

BI(T) = exp(— /OT_tr{(x)dx), te0,7).

Even if these bonds are not actually traded in the market, it is possible to reconstruct their market
value substituting in (1.2) the values of LO(t;T,T + 6), LO(t; T, T + ) (that can be obtained via

bootstrapping techniques from market quotations, see Section 1.7.4 below).

The spreads The spread processes are defined as the solution to an exponential of an It6 process,

determined by suitable coefficients 4/ and 47. In particular, Sg = eYtJ, for t > 0 where

dY} =~ldt + Bldw;, j=1,...,m. (1.5)

In the classical single-curve setting, the HJM drift condition implies that the drift term o in
(1.3) is determined by the volatility o ([Bjo04, Proposition 1.1]). In the present multi-curve setup,
risk-neutrality of Q implies that, for each j = 1,...,m, the drift term o/ in (1.4) is determined by
the volatility o7 as well as by the covariation between 7 and the log-spread process Y7 . Moreover,
the drift term 4/ in (1.5) turns out to be endogenously determined. This is the content of the

following proposition, which follows as a special case of [FGGS20, Theorem 3.7].
Proposition 1.2. Under a risk-neutral probability measure Q, the RFR, the RSR and the logarithm

9
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of the spread process associated with every tenor §; with j = 1,...,m are respectively determined
by the following system of SDEs:

dri(z) = (Frg(m) +od(t+ ) - Hato(aj))dt + o) (t + z)dWy;
ari(@) = (Fri(2) +ol(t+2) Ho(@) = B - ol (t+2))dt + ol (t + 2)dWe; (1.6)
vy = (Brd = Br] - LI8]|?)at + Baw:.

Remark 1.3. The drift condition on the dynamics of (1.6) stated in Proposition 1.2 is equivalent

B0 and ZE@ for all T > 0 and

j = 1,...,m. This property is taken as the defining property of a risk-neutral probability. As

to the local martingale property under Q of the processes

clarified in [FGGS20], this suffices to ensure absence of arbitrage in the financial market composed
by all risk-free ZCBs and single-period swaps referencing the risk-sensitive rates L7 (T;T,T + §;),
forallT >0and j=1,...,m.

System (1.6) is made by 2m + 1 stochastic differential equations, two for each tenor § and one
for the risk-free curve. Moreover, the first m + 1 components, associated with the forward-rates,
depend on a positive real parameter x (time-to-maturity). Let us notice that the solution to (1.6)

is fully determined by ¢°, o7, and 37, for every j = 1,...,m, by non-arbitrage constraints.

1.3.2 The modelling framework

Our purpose is to find conditions that guarantee the couple (M, G) to be consistent, where M and
G denote respectively a forward-rate model, whose dynamics is determined by system (1.6), and a

parameterized family of forward-rates. The concept of consistency can be introduced as follows:

Definition 1.4. An interest rate model M and a parameterized family of forward-rate curves G

are consistent if M produces forward-rate curves which belong to G for a positive time interval.

As discussed in Section 1.3.1, a multi-curve model M is the solution of a system of SDEs
respecting the structure of (1.6). Denoting a single-curve forward-rate by r := (r¢)¢>0, then, r can

be interpreted as a curve evolving on a Hilbert space H C C*°(R4,R). We suppose that:

Definition 1.5. The solution of each forward-rate component of the system (1.6), denoted at time

t >0 by r{ for j = 0,...,m, belongs to the infinite-dimensional space

400 oo, gn 2
H = {7‘ € C*°(R",R) s.t. ||r||3 = 22_"/0 (@N@) e dr < +OO}' (1.7)
n=0

for v > 0.

(H,]] - ||y) is an Hilbert space for each v > 0 ([BS01, Proposition 4.2]). The solution to
system (1.6), denoted by 7:= (r0,...,#™ Y1, ... Y™), is a stochastic process defined on the space
H o= HmH x R™, where H™*! is the cartesian product of m + 1 copies of H. In the following, we
may adopt the notation 7= (r,Y) € 7:[\, where 7 € H™*! and Y € R™, when convenient.

10
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We make some technical assumptions regarding the regularity of the components of the system.
Assumption 1.6. We suppose that:

e The volatility of each component of system (1.6) is defined by o7 (t 4 -) := o7 (7;) and Bl :=
B"(#), for each j =0,...,m, h =1,...,m, where o7, 3" are deterministic functions defined

on H and taking values on H¢ and R¢ respectively, for every j =0,...,m and h=1,...,m.

e We assume that o? and 3/ are smooth functions in Fréchét sense, i.e. they admit continuous

n'" order Fréchét derivatives for each n € N\ {0}. Moreover,
= 07 0 _ Lg 0/
A(r):==0"(r) -Ho'(T) — 58?0 (1) (7),
. , 1. . , ,
B(r) :=o’(r) -Ho' () — 58?03(?)3(?) —ol(7F)- B (), j=1,....,m
are smooth (in the Fréchét sense) too.

We compactly denote (1.6) by
dry = p(ry)dt + o (r)dWr,
where p and & are fully determined by
(@) = (o°(7),...,0a™(F), B (7),.... ™))" € H

To apply the chain rule, we pass from the formulation of the dynamics of 7 under the It6 integral
to the one given by Stratonovich integral. In analogy with [KS12, Definition 3.3.13], we denote the
Stratonovich integral of a process X with respect a process Y, with the symbol [ X, o dY,. Then,

the solution of the forward-rate system is rewritten as:

a7y = iFdt +5(7) 0 dWs, (R = u(F) — 50:5(7)5 (), (1.8)
where
Fro + 6%(7) - HoO(7) ()
Frl 4 ol(F) - Ho'(7) — o1(7) - B1(7) oL (7)
A = | Frm 4 o™ (F) - Ho™(7) — o™(7) - 7(7) | — %aﬁ(?) (@) |, (1.9)
B — Br! — L||5(7)|? G
B0 — B — L[5 (7)) B (7)

11
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0p0a?(®) - Omal(F)  Hyrol(F) - Oyma'(7)
0:5(7) Opoc™(T) -+ Opma™(T) Oyr0™(F) -+ Oymo™(T)
e B T L Y- Ll o IR e G
08" O BB() e OynBn()

1.4 Consistency problem

In this section we solve the problem of consistency through the geometric approach developed in
[Bj604], [BC99] and [BS01] and generalized to the multi-curve framework introduced in the previous

section.

1.4.1 Characterization of consistency condition

We consider a mapping G defined on an open subset of R™, denoted by Z, that determines a
manifold G C H. We assume that:

Assumption 1.7. G : Z C R" — H is an injective function such that its Fréchét differential,
8.G : R" — H, is injective for each z € Z. As a consequence, G := Im[G] is a submanifold of H.

In the following, we refer to a manifold G as the image of a parametrized family satisfying
Assumption 1.7.

The consistency between M and a sub-manifold G, is defined by the notion of invariance:

Definition 1.8. Let us consider a forward-rate dynamics as (1.8), whose solution 7 describes a
model M and a function G satisfying Assumption 1.7. Then, if G denotes the image of G, we say
that the couple (M, G) is locally invariant under the action of 7 if for each (75,s) € G x Ry there

exists a stopping time 7, depending on s and 7, such that:

T(7s,8) > s, Q—a.s;

T € G, for each t € [s,7(s,75)).

Our aim is to find a characterization of the previous definition in terms of conditions on the
coefficients of 7. To this purpose, we exploit the equivalence between the notion of invariance and

the one of 7-invariance:

Definition 1.9. We say that a parameterized family G is locally r-invariant under the action of
the forward-rate process 7 if for each 79 € G:=Im[G] there exist a Q-a.s. strictly positive stopping
time 7(7p) and a stochastic process (Z;); taking values in R", whose Stratonovich dynamics is
dZy = a(Zy)dt +b(Z;) odWy such that for each t € [0, 7(70)), r¢(x) = G(x, Z;) for each z > 0, Q-a.s..

12
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The equivalence between Definition 1.8 and Definition 1.9 leads to the following characterization

of the consistency conditions in terms of i and &, introduced in equation (1.9):

Theorem 1.10 (Invariance condition). We consider a forward-curve manifold G = Im|G] and a
model M given by the solution to equation (1.6). The couple (M, G) is invariant if and only if the
following conditions hold for each z € Z:

1(G(2)) € Im[0.G(2)] := T(»)9,

(1.10)
8l(G(Z)) S Im[azG(Z)} = Tg(z)g, Vi=1,...,d,
where Tg ()G denotes the tangent space of the manifold G at the point G(z), for each z € Z.
Proof. Direct generalization of the proof of [BC99, Theorem 4.1]). O

Condition i(G(z2)),0(G(2)) € Tg(»)G is equivalent to assume that the distribution generated
by 11 and o (the subspace of the tangent bundle of H generated by p and a; for each i =1,...,d)
is a subset of TG, where T'G is the tangent bundle of G.

Differently from the analogous result proved for the single-curve setting, we must handle the
richer structure of the multi-curve framework. Indeed ji(7) and & (7), introduced in (1.9), are vector
fields defined on ﬁ, that is a finite product of Hilbert spaces. As a consequence, relations between

the components of function G can be found in order to guarantee the couple (M, G) to be invariant.

1.4.2 An example: Hull-White model and Nelson-Siegel family

In this section we apply Theorem 1.10 to determine when classical models and well-known para-
meterized forward-curves are consistent. We focus on the multi-curve Hull-White model and the
Nelson-Siegel family (more specifically a suitable modification of this family) to determine condi-

tions that guarantee this couple to be consistent.

Nelson-Siegel family In analogy with [BC99], we consider a forward parameterized family,
frequently used in literature, the Nelson-Siegel (NS) family. Introduced in [NS87], NS family is
parameterized by z = (21, 29, 23, 24) € Z := R* as:

GNS(z; x) 1= 21 + 29¢ 4 + 23w = 21 + €29 + 237 (1.11)

For a detailed description of this family we refer to [Fil99]. We denote the manifold Im[GNS] C H
by GVS.

Hull-White model We consider the Hull-White (HW) model. We focus on the case of a 1-dim

Brownian motion W, but the results of this section can be generalized to the case of Hull-White

model driven by a general d-dimensional Brownian motion. The volatility of HW model is ce™%*

13
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where o,a € R;. Then, the forward-rate equation in Musiela parameterization is:

dri(x) = |Fry(x) + 126_(”: 1—e %) |dt + oe” “dW,. (1.12)
a

The multi-curve model We consider a multi-curve version of HW model M, whose dynamics
is of the form of (1.8). The forward-rate volatilities of M are ole"* where a’, 09 > 0. Since HW
model is a constant volatility model (ce™ %" does not depend on t), it is natural to suppose that
the volatility of the log-spot spread is a constant 3/ > 0 for each j = 1,...,m. As a consequence,
the volatility of M is ¢ := (Joe*“%, coe, gMem T gl M),

Our purpose is to find a manifold G in H such the drift and the volatility of M belong to the
tangent bundle of G. In particular, the conditions of Theorem 1.10 on iz and ¢ must hold on every
gNS

component. Since HW is inconsistent with already in the single-curve ([BC99, Section 5]), we

propose the following modification the N.S family
Go(2%z) == 20 + zge_“% + zg:ve_“% + zge_2“%, (1.13)

to construct a consistent parameterized family, in analogy with [BC99].

Proceeding component-wise, we notice that u%(Go(2%; 1)) = 0,0Go(2%; 2)n"(2°), where
n°(20) := (0, —a28 + 2§ + %, —a®2y, —<2aozg + %)) e R (1.14)

The image of 1 with respect to the Fréchét derivative of G is p°, thus the first component 7
belongs to Im[d,0Gp]. For what regards the first component of the volatility term, we notice
that 6%e="% = 9,0G (2% 2)£°(2°), where £°(z°) := (0, ¢°, 0, 0). Therefore, we constructed two
vector fields on R?* for which the characterization of the consistency condition (1.10) holds in the

component associated with the RFR.

For the risk-sensitive forward-rates the structure of coefficients is similar to u° and ¢, thus it

is possible to find vector fields 7/ and &7 such that condition (1.10) is satisfied for u/ and o7 for

every j = 1,...,m. In particular, we introduce the functions:
Gj(zj; x) = z{ + de—aj + zga:e_“jm + 216_2“%, j=1,....m, (1.15)
where 2/ = (z{, ey zi) € R%. Then, defining
() = (0, —ajz% + zg + (%)2 — Bial, —ajzg, —(Zajzi + %)) . (1.16)

and & = (0, o7, 0, 0), conditions 9,;G.(z7;2)n? () = pi(z) and 9,,G.(7; )€1 (29) = gle~ ¥,

hold. Thus, we introduce the function

G:= (G07"'7Gm7Gm+1a--~aG2m)7 (117)
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where G4, are suitable R-valued functions for j = 1,...,m. As a consequence, the vector fields:

n = (770, . ,nm> - RAMAL) R4(m+1)’
1.18
f = (fo, - ’gm) : R4(m+1) N R4(m+1)’ ( )

satisfy the consistency on every forward-rate component. In conclusion, we characterized the
forward-rate components of HW model via a consistent parameterized family G that is defined
on the state space R™ with n := 4(m + 1).

The presence of the spreads in the multi-curve framework has to be handled in a different
way. Indeed, there is not a standard way to parameterize the spread components of a consistent
family G. Thus, we present two strategies to construct the spread components of the function G
in order to guarantee condition (1.10). In the first case, we enlarge the state space to introduce
additional parameters that determine the spread components of the model, with no relation between
this new parameters and the vectors n and ¢ of equation (1.18). On the other hand, we try to
determine conditions on the components of the volatility, 57, o7 for j = 1,...,m and ¢, such that
Gm+1 - - -, Gay are implicitly determined by the vector fields 7 and £ introduced in equation (1.18).

In particular:

e We can enlarge the domain of definition of the state space R™. Since the components as-
sociated with the spreads are finite-dimensional, we introduce the consistent parameterized
family as Gy (u?) :=w/, w €R, j=1,...,m. To guarantee the consistency condition, we
suppose that ™%7(z) = 87 and we introduce vector fields %7 on R as follows:

. o 0 . -
1" (2) = " (G(2)) = BGo(2") ~BGj(#) (B7)".

1 . |
—5 () = A+m+a - +a+5) -
Proceeding analogously for the volatility term, we conclude that the parameterized family

G(2) == (Go(2Y),...,Gm(z™),ul, ..., u™), (1.19)

defined for any z := (20,...,2™ u!, ..., u™) € R forms a consistent couple with the
HW model.

e Alternatively, one can find relations between the coefficients of the volatility term such (1.10)
is satisfied by the vector fields defined in (1.18). In particular, Proposition 1.11 below can be

proved.

Proposition 1.11. We consider the model M given by the HW model for each forward-rate

equation. We suppose that the following constraint is satisfied:

gl g0
pl== —

i (1.20)

We consider a manifold G image of a function G : R m+1) 7:[\, of the form introduced in
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equation (1.17). In particular, if G is defined by the function G; introduced in equation (1.15) for
7=0,....,m and

1 (0?2 20 1
Gz 0[ 29 + ?—m (ﬁj) >logzg—a—‘3—§z2
1 (09)2  piod P | (1.21)
i Y] J J 23 4 g
+aj [22+ (Zl+2(aj)2 o >logz3+aj +2Z4:|7

for j=1,...,m, then the couple (M, G) is consistent.

Proof. We construct a set of functions G,,4;, such that the characterization of the consistency

condition expressed in Theorem 1.10, for any j = 1,...,m is given by:
S 1
A" (G(2)) = BGo(2") = BG(2') = 5(8)* = 0:Gmsj(2)n(2), (1.22)
T"H(G(2) == B = 0:Gmaj(2)€(2), (1.23)

where 1 and { are determined in (1.18). By (1.13) and (1.15), the following equality holds:

1 S
BGo(2°) — BGj(27) — 5(5])2 =+ 4202 -2 -2 - 5(5])2. (1.24)
As a consequence, by (1.22), for any j = 1,...,m, it seems natural to suppose that G,,;(z)

depends only on the variables (29,29, 23, 29, 27, 23, 23, 2}). Moreover, it is convenient, in order to

develop the computations, to assume the following structure for the function Gy, ;:
Ginrj(2) = B1(21, 29) + 89(8) + $4(28) + 1 (=1, ) + #h(=5) + A (D), (1.25)

for suitable functions ¢Y, ¢9, 99, 9, ]i, %,qﬁg and qﬁi. Substituting (1.24) and (1.25) in (1.22), we
conclude that:

(o)
0
(o)
0

0:Goms5(2)0(2) = D.90Y(:9) (—a%28 + 24 +
— 0.90(:8) (~2a%4 —

o o . o o (09)2
— ﬁjaj> + 8Z§¢%(z§) (—a3z§> — aziﬁ(zj) (—2@723l — ( aj) )

. . 1.
:z?—i-zg—i-zg—z{—z%—zfl—§(53)2.

) + 0990, 28) (—a28)
S o ) 7)2
)+ 0,6h(:4) (~a'd + 4 + )

a’ (1.26)

We aim at determining the functions ¢j that determine G,,4;. The first step is to separate the terms

dependent on the variables (29, 23, 29, 2{) with the ones dependent on (zl, 22, 23, 24) Therefore, as-

suming 822¢4(z4) = —ﬁ we simplify the term dependent on 2. We compute the second order
1

derivative with respect to 29 and zJ to conclude that it is admissible to assume .0 ?9(28) = —0-

Doing so, we simplify the term on zJ. Finally, we differentiate with respect to 2¥, to obtain
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8§g’2?¢?(z(f, 29) = —ﬁ. Hence, we must require 2§ > 0 to integrate this equation and to obtain
(9Zg¢(1)(z(f, 2)) = —ﬁ(z? + 7€) + ¥(29), for a constant ¢ € R and a function 1. Finally, to determ-
ine ¢ and ¢ we substitute those terms in (1.26). We adopt a similar strategy for the variables
(2,23, 2}, 1) and we conclude that G,,4; introduced in equation (1.21) can be adopted as a con-
sistent function for the drift term of the HW spread process. To verify the consistency condition
for the volatility term of the spread process, we notice that, recalling that & is the vector field
introduced in (1.18), condition (1.23) becomes:

a® ol

This condition is already satisfied by the constraint (1.20) on the volatility term. O

Remark 1.12. The first strategy extends the domain of the function &, introduced in equation
(1.17), for which the consistency condition is guaranteed only on the forward-rate components of
the HW model. This procedure leads to a consistent parameterized family whose domain is R™,
where n; := 4(m + 1) + m. Adopting the second strategy, the domain of the consistent function
is R™2, with ng := 4(m + 1). Then, we obtain a more parsimonious consistent family through the
second approach, at the cost of a condition on the coefficients of the volatility term of HW model.
It is possible to show that condition 57 = g—j — g—g implies that the spread process Y7 is a obtained
as a deterministic affine transformation of the spot processes (Br?, Bri ). As a consequence, a para-
meterized family that is consistent with the (BrY, Br{ ) determines automatically a parameterized
gl g

family for the spread process Y7. This justifies why, assuming 37 = b a—g, it is possible not to

extend the domain of G.

1.5 Existence of finite-dimensional realizations

In this section, we focus on the following problem: “Can the solution of the system (1.6) be described
as the image of a finite-dimensional stochastic process?”.

This problem concerns the existence of the finite-dimensional realizations (FDRs) for a given
model M. We present conditions that guarantee a given model, described by equation (1.6), to
possess a finite-dimensional representation. Moreover, if it is the case, we provide a strategy to
construct the FDRs. To this effect, we exploit some results of infinite-dimensional geometric theory,
applying them to the setting developed in Section 1.4. Then, we present two examples. First, we
analyse the case of a constant volatility model, driven by a scalar Brownian motion. Finally, we
study a model driven by a d-dimensional Brownian motion whose volatility depends on the solution

the system (1.6) via scalar factors.

1.5.1 The strategy

We say that the solution to (1.6) has FDRs if it has an n-dimensional realization, for some n € N,

defined as follows:

17



1.5. EXISTENCE OF FINITE-DIMENSIONAL REALIZATIONS

Definition 1.13. We say that the solution to (1.8) has a n-dimensional realization if, for each
?(])W € ﬁ, there exist a stopping time 7 > 0 a.s., zg € R, d + 1 smooth vector fields a,b; ..., by,
defined on a neighborhood of zy, denoted with Z and a function G : Z — 7—7, satisfying Assumption
1.7, such that 7 satisfies 7, = G(Z;) for each t € [0, 7), where

dZt = Q(Zt)dt + b(Zt) o th,

Zo = 2p.

Definition 1.13 is strictly related to the concept of r-invariance (Definition 1.9). Indeed, the
existence of a FDR for a model described by the solution 7 of system (1.8) is equivalent to the
existence of a T-invariant parameterized family G for 7. By Theorem 1.10, given a forward-rate
model M, we are looking for a sub-manifold Im|G] := G C H such that fi(G(z)),5(G(2)) € TG
for each G(z) € U, where U is a neighborhood of 7™ and 7™ € G. In other words, we are looking
for the tangential sub-manifold G of the distribution F' := Span{f,o1,...,04}, where we recall
that:

Definition 1.14. Let F' be a smooth distribution and let xy be a fixed point in X', an H-manifold.
A submanifold G C X, with zy € G, is called tangential manifold through z( for F, if F(z) < T,G,
Vx € U, where U is an open neighborhood of zg € G.

It can be proved that a tangential sub-manifold for a smooth distribution F' exists if and only
if F' is involutive, i.e. if and only if the Lie-brackets between two vector fields contained in F' is
still in F'. The Lie-Bracket of two vector fields v; and vy on H is defined by:

[v1,v2](F) 1= Orv1 (T)v2(F) — Orva(T)vy (7).

This result, that is an infinite-dimensional version of the Frobenius Theorem ([Lan12]), can be used
to construct a tangential sub-manifold when the distribution F' generated by iz and & is involutive.

We state this result in the version proved in [BS01, Theorem 2.1]

Theorem 1.15 (Frobenius). Let F' be a smooth distribution on the open set V on a Banach space
K. Let x be an arbitrary point in V . Then, there ezists a diffeomorphism ¢ : U — K on some
neighborhood U C V' of x such that the push-forward of F with respect to ¢, denoted by ¢.F, is
constant on ¢(U) if and only if F is involutive.

We recall that if ¢ : A — B and & a vector field on F', then ¢.£ is a vector field on B, defined

as ¢£(¢(x)) = pdp(x)€(x).

However, in general F' is not involutive, therefore we must consider the smallest involutive
distribution which contains F'. Such distribution is called Lie algebra of F. We recall the following
result, proved in [BSO1, Theorem 2.2]

Proposition 1.16. We denote the Lie algebra generated by pi and by L := {{1,01,...04}1A-

Then, the existence of FDRs is equivalent to the existence of a finite-dimensional tangential sub-
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manifold. This is equivalent to:
dzm[ﬁ] = dim{ﬂ, 01, .. ,ad}LA < +o00. (1.27)

Under condition (1.27), a FDR can be constructed. To this end, we provide a strategy based
on [Bjo04, Section 5]. We proceed as follows:

S.1 Choose a finite number of vector fields 1, ... &,, which span {{,1,...04}r4;

S.2 Compute the invariant manifold
G(z1,...,2p) = enon ... araph (1.28)

where ef7#n denotes the integral curve of &, at time z;

S.3 Define the state space process Z C R", such that 7= G(Z). Z is defined by:
Cth = a(Zt)dt + b(Zt) 9] th, (129)

where

9.G(2)a(z) = A(G(2)), (1.30)

0.G(2)bi(z) = 0;(G(z)), i=1,...,d.

The uniqueness of a and b is guaranteed since G respects Assumption 1.7, then it is a local
diffeomorphism. Therefore, there exists a unique vector field defined on Z a for i and b; for
o; for every i = 1,...,d such that (1.30) is satisfied.

1.5.2 Example: constant volatility

We now examine the case in which the volatility vector field o(7) is constant in 7. Equivalently,
this assumption means that ¢%,o!,..., o™ are constants in H?¢ and 8',..., 3™ are constant on R¢
(d is the dimension of the Brownian motion W driving the process 7). First, in analogy with (1.9),
the following holds:

Fr0 +6%. HoY 0
Frl 4ol Hol — 8- 0! U‘
: oM
A7) = [ Frm 4+ o™ . Ho™ — gm.o™ |, () = g | (1.31)
Brd Byl - 38" |
Bm

B0 — B — 1|57
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1.5. EXISTENCE OF FINITE-DIMENSIONAL REALIZATIONS

To determine the Lie algebra of Span{y,a;, i = 1,...,d} we compute the successive Lie brackets

between fi and 7,
11,0(7) = Opa(7) (@ (7)) — 050 (7) (1a(7)).-

Then, while 0:0(7) = O, the Fréchet derivative of [ is:

0 o -~ 0 0
0 0 O
0 0 0 O 0
o Do . Do :
8—?/1(7“): 0 0 o -~ F 0 --- 0]. (1.32)
B B 0 0 O
B 0 -B 0
B 0O 0 -~ B O - 0

Fo?!
Fo
=0
SN o~ TR
(11, 73] (7) = Op1i(7)Gi(T) — 00 (7) Ja(7) = Fo;" )
BoY — Bo}
BUZO — Bo}"

that is constant on H. As a consequence, in {i,0} 14, the only vector field which is not constant is
1. Therefore, it is sufficient to compute the Lie bracket between i and the successive Lie bracket

between i and . These computations lead to ([Lanl9, Section 3.2.]:
L= {fi,5}pa = Span(N), N := {ﬁ,al,...,ad,yf | keN~{0}, i=1,.. .,d}, (1.33)
where

Vf = (Fkao

-
i Fkail, oo, Fkgm BFk_IU? — BFk_lail, cee BFk_la? — BFk_lol-m)

70
To find equivalent conditions for dim[£] < +o00, we introduce the following concept:

Definition 1.17. A quasi-exponential function (QE) f is any function of the form:

f(z) = Z e 4 Z e [p;(z) coswjx + ¢;(x) sinw;z],
J

)
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where 7;, aj and w; are real numbers and p;, g; are real polynomials.
As in [BS01, Lemma 5.1.], QE functions can be charaterised as follows:

Lemma 1.18. A function f is QF if and only if it is a component of the solution of a vector
valued linear ODE with constant coefficients f() = E;:OI i f@, where £ denotes the i-th order

derivative of f.

1.5.2.1 Existence of FDRs

We state the following result:

Proposition 1.19. System (1.8) with constant volatility possesses FDRs if and only if af(w) are
QF functions for eacht=1,...,d and j =0,...,m.

Proof. Straightforward generalization of [Sli10, Proposition 3.2]. O

Remark 1.20. Under the condition of Theorem 1.19, the dimension of £ := {[i,01,...,04}14 is

bounded from above by:
d

ni=dim[L] <1+ Y (1+n;). (1.34)
=1

where n; is the dimension of N; := Span{yf, k € N~ {0}}, for each i = 1,...,d. Indeed, every

J

component of Z/f is given by combinations of iterated derivatives in z-variable of the functions o7,

for j =0,...,m. Then, if n; := dim(N;), by Lemma 1.18, there exists an annihilator polynomial
n;
Mi(y) = _ajy" (1.35)
h=0

of degree n;, such that Ml(F)O'i = 0 for each j = 0,...,m. In conclusion, the tangential manifold
of dimension n is obtained by the composition of the integral curves of i, 73, I/Zk, for k=0,...,n;,
i=1,....d.

Notation 1.21. It is convenient to introduce the notation:

z = (20,2?7...,z?l,zg,...,zgz,...,zg,...,ng) € R™
In order to construct explicitly the FDRs, we apply the strategy outlined at the end of Subsection
1.5.1. By Theorem 1.19, it is sufficient to compute the integral curve of every vector field & that
generates N, defined in condition (1.33). Then, we compose the integral curves, as in S.2 and
we obtain the tangential manifold. Inverting the consistency condition as in S.3, the following
proposition can be proved. The proof of this result is based on the direct generalization to the

multi-curve setting of [BSO1, Proposition 5.2].

Proposition 1.22. A model M, determined by & introduced in (1.31), admits FDRs if and only if
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O'Zj (z) are QFE functions for each i =1,...,d and j = 0,...,m. In this case, we introduce the term

S (x) = (/0 Jf-(s)ds)il _.7d7 j=0,...,m (1.36)

to describe the consistent parameterized family, that is:

G (z;2) =rM (z + 2° +ZZF% (\|Sﬂ(m+z 012 = 1157 (2)|*)+
i=1 k=0
1.37
A e (130
—(1—56)2/ Blol(s)ds, j=0,...,m;
=177
d n; ] d ] 20
G™H (2 Z (BF*169 — BFk_lgf)zf + Zﬁgz? + yJM +/0 <ré\/j(s)+
=1 k= =1
3 1 ZO K3
—rlt@)as+ 5 [ [IS° IR - 187 s
1 .
+ZJ“W§ s=SIBIEL, = 1m.
Moreover, the coefficients of the R™-valued process introduced in (1.29) are:
(
a’ =1,
a?:(), 1=1,...,d,
k—1 ; _ C i
alf =z~ 2Mak, k=1,...,n;5 i=1,...,d, (1.38)
by =0;
bzﬂ.:o7 h=1,...,d, h#1i; k=1,...,n;

where we adopted the notation introduced in Notation 1.21. af is the k — th coefficients of the

annihilator polynomial M; introduced in equation (1.35), for everyi=1,...,d.

1.5.3 Example: constant direction volatility

In this section we generalize what we proved in Section 1.5.2, through an analogy with the results
of [Sli10, Section 4]. In particular, we establish conditions that guarantee the existence of FDRs

for a model M determined by a volatility term, defined for any i = 1,...,d, by:

5iF o) = (WEN@), GHPNE), o N, D, . ARE), (139)
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where )\g (x) € H, while gog and Bf are smooth (in Fréchét sense) scalar vector fields defined on H

foreachi=1,...,dand j =0,...,m. We suppose that:
Assumption 1.23. For each i = 1,...,d and j = 0,...,m, goz( r) # 0 and ﬂj( r) # 0 for each
Fe.

In what follows we characterize the HJM drift condition (1.9) for zi when o is like (1.39). First

of all, we introduce the following notation for the volatility:

AFN AN\,
PPN (@ P(FIAL(2) |
70 = e e | = |7 |- (1.40)
8L A1) |
gy - ARG o

To simplify the notation, in the following we omit the z-variable. To reproduce the Stratonovich

dynamics of 7, we notice that, for each 7 =0,...,m:

d m
7 (T Z(ZA Opnp] () (FOA! + wasoxmﬂ?(’fo),

h=0 h=1

- . - - : - - d . . ) i
oI (7)) - Hol (71) = () (F)N) - / (P FIN(5)ds = 3 (1 (7)) N /0 X (s)ds.
=1

0

We denote the Fréchet derivative of 4,0{ on the variable 7" computed on 7 acting on the vector \?
Yy arhgog(?)[A?], for each h,j =0,...,mand i =1,...,d. We also define:

D! (x) ::A{(x)/ X(s)ds, j=0,...,m, i=1,...,d. (1.41)
0

Therefore, in the Stratonovich form, the dynamics of each equation of system (1.6) is given by:

d d m m
D NI SPt (Z O] PN + D Oynd] ()8! () +

=1 i=1 h=0 h=1

d
dt+ 3 GlFE)N (@) o dW,, j=0,....m,
i=1

d d m m
R LU e SE LU ) 9) SO LTI RTINS SRR TR
h=0 h=1

=1 =1

+2(1 — 00) ol (7) B (ﬂ))

}dt-i—

d
+) B(F)odWy, j=1,...,m,
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1.5. EXISTENCE OF FINITE-DIMENSIONAL REALIZATIONS

where (5;-) denotes the Kronecker delta between the indexes 0 and j. We aim at conditions that
guarantee dim[{i, o1,...,04}r4] < 00, where:

Fro+ S (¢0)DY = 3 0L, 00 (S ¢l (Mo, e (R N+
X )3 <>)
Fri 4+ X (0h(7)Dl - § 3L Z(zh 0 @1 (F)0 0} PN+
XL A ) + 26 R ")
- Fr 4 YL (o ()20~ & 1Mz"(z;’lo%()Mzﬂmww |
+ Yy Oy (7B () + 207 ()8 (7))
Br® — Br! — 1 Y0, (81(7)? — § |0, (X0 008l DNl () + i, O BL(PIBI(P)) |

Br — Br — 3 50 (87 (7)) — 330 (o 0m B PINRE (F) + S5, 0 B (PBL(F) ) |
(1.42)

and o as in equation (1.39).

1.5.3.1 Existence of FDRs

Differently from Section 1.5.2, it is more difficult to compute the integral curve of i cause the more
complex structure of the drift term. In order to overcome this problem, we provide conditions
such that a larger distribution than {j,1,...,04}r4 is finite-dimensional. As a consequence, we

determine a sufficient condition for the existence of FDRs.

Denoting by Ej; is the 4t element of the canonical basis in H for 7 =20,...,2m, we introduce

the following set of vector fields:

N ={ el b v h=0,....m, i=1,...,d, k=1,...,m}, (1.43)
where
FrO0
Frl
¢ = Frm . & =XNE;, n/=DE;, v =Emwu
B’ — Br
B’ — Br
Then:
m d m
=€+ 3 3@l = wlel) = S0 M (1.44)
h=0 i=1 h=1
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Zsoz €1+Zﬁh P hy =0, d, (1.45)

where
mg':;{zgpﬁ( POl AN+ Y |dynpl (F)BIF) | + 201 —6?)90{(?)6{(?)},
h=0 h=1
d
B S S
i=1

Conditions (1.44) and (1.45) imply that £ C L', where:

LZ: {//La’b 1=1 7"'7d}LA7

o o . . (1.46)
L= {7, Z,T]z,’yk\j—(),...,m,2—1,...,, =1,...,m}ra.

Therefore, if £! is finite-dimensional, also £ is finite-dimensional. Hence, the following result holds:

Proposition 1.24. If )\f(x) is a QF function for each j =0,...,m andi=1,...,d, then the Lie

algebra L' is finite-dimensionall.
Proof. Straightforward generalization to [Slil0, Proposition 4.2]. O

Then, our purpose is the description of FDRs when the volatility is given by (1.39). To guarantee

the existence of FDRs we assume that:
Assumption 1.25. Every function )\z(x) is QE foreachi=1,...,dand j =0,...,m

Under this assumption, it is straightforward to verify that also the functions Df (x), introduced
in equation (1.41) are QE. Then, by Lemma 1.18, there exists natural numbers nz and p{ for each
i=1,...,dand j =0,...,m such that

] nz—l
i o
Fx = o FRA

= (1.47)

_.o

p-
k
FPiDl =} ], F*D]
k=0

are satisfied for suitable real constants 6,7“ and df“ In this case, by the definition of £, the
dimension of the Lie-algebra £! is bounded from above by
d m ' '
n:zm+1+ZZ(nf+p§). (1.48)

i=1 j=0

In order to build an invariant manifold we introduce the following notation for a vector of the

state space z € R™:
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1.5. EXISTENCE OF FINITE-DIMENSIONAL REALIZATIONS

Notation 1.26. A vector z € R" is denoted by the concatenation of the vectors (z7); € R™*L,
- d m j - d m j
(Ziﬂ')i,j,k c Rzz‘:1 2ito n; and (x?g ) c RZi:l >t pg’ ie

52

_ m 0 0 0 1 m 0 0 m m
z=(x",...,x ’20,1721,1""’Zn(l)_1,1’z(),1""’Zn’l’L—l,d7a70,17"'>$pé_1,17'"’$0,1""7xp§”—1,d)'

As in Subsection 1.5.2.1, we construct the tangential manifold of £:

kyJ . ,J hig..J I ¢0,.0
G(z) := H b N BT B DI BT g ema (O pM (1.49)
i7j7k7h7l

for an arbitrary point 7 € H. Every component of such function G are given by:

d n{—l pz—l =
GI(z,z) =rM(a® +2) + Z{ > 2 FEX(2)+ ) af FF (A{(x)/ Ag<s>ds> } j=0,...,m,
i=1 \ k=0 k=0 0

0
G (z,27) = yJM +/I (rf (s) —TJM(S))ds—Facj, j=m+1,...,2m.
" (1.50)
Hence, we determine the coefficients a and b of a finite dimensional process as in equation (1.29)
such that 0,Ga = i and 9,Gb; = 0; for each i = 1,...,d. We omit the z variable on the functions

a and b and we use for those functions a notation analogous with the one introduced in (1.26):

_(,0 m 0 0 m ~0 ~0 ~m ~m
a=(a",...,a" apy,ay ;.- 1,y Q0,15 -+ Gty 15+ Q015 ap{”—l,l)a
T
b=(b1,...,bq) ,
where for any h = 1,...,d, by is given by:
_ (10 m 10 0 1 1 70 70 Tm 7m
b= (b B0 1 B0 g Bt Do B D0y D D1 )

To determine the coefficients a and b, we must invert the consistency condition between the
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coefficients of the model and tangential manifold, as described in S.3. Then, we obtain:

@y =2, e~ 5 (Thio (G0l (G)INT+

S B (GOl (G(2) + (1= 8)20](GEDBLG())), j=0....om,

J _J J ] _ J_ 1 5_
a ; —zk_17i+zn]_~_1’ic,7€ k=1,...,n; —1,j=0,...,m

@i = (@UCE) +al, | Ay j=0,.m,

71/’

~j _J J J _ J .
ay, ; _xk—l,i‘i_xpj_“dk,i k=1,...,p;—1,7=0,...,m,

W= S [ A FRA0) - S L FA(0) - LB (G
3 (S0 0 BIGED NI (G(E) + Sy O Bl(GEDBHGEN) |, G =1, m.

1.51
We follow the same procedure in order to compute the value of b. We get, for any h =1,.. .fd: )
(0 =0,
bé,h,h = SO%(G(Z)%
Whin =0, i#h, i=1..4d
bf;,i’h =0, k=1,... ,n{ -1, (1.52)
blin =0, k=0,..p/ -1,
b0 =0,
b =BUGR).  j=1,....m.

In conclusion, under Assumption 1.25, the FDRs of the model M, defined by ¢ in (1.39), are
determined by the immersion G, defined in (1.50) and the finite-dimensional process (1.29) whose

drift and volatility terms are expressed by (1.51) and (1.52) respectively.

Remark 1.27. Assumption 1.25 is a sufficient condition, that guarantee the existence of FDRs for
the multi-curve M determined by the volatility term introduced in (1.39). However, if for each
i=0,...,m, cpg = ; for any ¢ = 1,...,m, equivalent conditions for the existence of FDRs can be

provided.

1.5.3.1.1 Example: Hull White model with non constant volatility for the spread
processes We consider a model M in which the volatility has constant direction as a vector field

in H:

0

gle—a' 0 0
0 ole—a'e 0
() = 0 0 o2ema’r | (1.53)
i B3Y, 0
i 0 BYY
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where Bg,aj,aj are positive constants for j = 0,1,2 and ¢ = 1,2,3. M is then driven by a 3-
dimensional Brownian motion W := (W', W2 W3). The choice of this structure for the volatility
term is motivated by the following reasoning: higher values of the spread processes are linked with
instability of the market, because the spreads describe the risk captured by RSRs. Therefore, we

can suppose that the volatility of Y7 is proportional to its value.

Let us notice that, by ¢ as in (1.53) we establish a correlation between the forward-curves and

the spread components.

We aim at computing the FDRs for M. We assume that the model M starts at an initial
point (r{f, rM 1 yM M) € H such that yM yM £ 0. Then, by the continuity of Ytj, we can
assume that Y;j # 0 for each t € [0,7), with 7 > 0 a.s.. Under this supposition, the Lie algebra
generated by the coefficients of the model M is finite-dimensional (because Assumption 1.23 holds).

As in (1.43), we introduce N := {¢°, g,ng,’yk\ j=0,...,2,i=1,...,3, k=1,...,2}. Now, we
can apply Proposition 1.24, because the forward-rate components of the volatility term are QE

functions. As a consequence,
cl= Span{go, (F"M)E;, (F"DOE;, v | j=0,...,2, i=1,....3k=1,...,2, n € N}

is finite-dimensional and contains {fi,01, 02,03} 4, with & as (1.53). To construct the FDRs, we
first need to compute the dimension of Span{(F”/\g)Ej, (F"Df)E] | n € N}. Due to (1.24), for
each ¢ = 1,2, 3 the polynomial annihilator Mf of Ug is:

j#i-1:  ol@=0= M) =7,

(2

j P —ad - , (1.54)
j=i—1: ol(x)=0le "= M!(y)=7y+d,

(2

Analogously, we introduce the term Df analogous with (1.41). It is different from zero if and only

if j =4 — 1. In this case, it is given by

—alx
€

, . LN 1=
I () — \J J _ —alz -
Di(ac)—)\i(x)/o Xj(s)ds = e ( o ), j=0,...,m.

Then: ‘
j#i—1: Dl)(z)=0

o ; (o)) i —oqi

(1.55)

Therefore, the minimal annihilator of the function A~ '(x) is M!"'(\) := A + a’~'. In the other

cases Mf (\) = 0. For what regards the minimal annihilator of Difl, we notice that the function

—axr __ e—2a:c

f@) = ———,

with the same structure of D! !, satisfies f'(z) = —e~2% +2¢72°% and f"(2) = —4ae 2% + ae 7.

Hence, the minimal annihilator of D;fl(x) has degree 2 for each j. Indeed, if there was a non-zero
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solution of
/ . ﬁ o —ax _ﬁ —2ax —
af(x)+bf'(x) =0 < <a b)e +< a—|—2b)e 0,

the coefficients a, b and o would satisfy

However, this system cannot be solved. Therefore, we consider the equation af(x) + bf'(z) +
cf(x) =0, Vo € Ry, that is

<ﬁ —b+ ac) e Y+ (—g +2b — 4ac> e 2 — .
« «
The solution of this equation is a = 2a%c and b = 3ac.

In conclusion, the minimal annihilator of D!~ !(z) is

P O) =22+ 3a A+ 2(a N2, Vi =0,...,m.

Then, for j # i — 1, the polynomial annihilator of Dg is Pl-j()\) = A, while for each i = 1,2,3 it
is P/ (\) = A2+ 3a" '\ + 2(a’"1)2. In conclusion:
nli=deg(M)) =1, j=0,1,2 i=123;
9, j=i—1,i=1,23;
1

pl = deg(P!) =

, otherwise

We denote a vector of the state-space z € R" with n:=2+1+ ZZ (it ity =12 by

_ (0 1.2 0 1.2 .0.0.1_1.2 2
z= (", x 2%, 2,2, 2%, Tg, T, Tg, T1, TG, T1),

in analogy with Notation 1.26. In general, the tangential manifold is the image of the function

introduced in equation (1.49), that in this case is:

i—1 i—1 hyi—1 i—1 U ¢0,,0_
||€ Ei_1z F D;7"E;_1z, eNe eﬁw T‘M,

i,h,l

Developing the computations, we obtain that the FDRs are explicitly given by:

) o . J)2 . . , . .
G’ (z,z) = rj\/[(xo + x) + 2gle T 4 (Zj)e_a]x {mf) (1 - e_“]x) + xa’ (—1 + 26_“]””)], j=0,1,2,
G*M(z) = yj / (rdf(s) — T M(s)ds +a27, j=1,2.
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The state process Z; = (X7, X}, X2, 2, Z}, Z¢, X8, XV 4, X§ 1 X1 4, XG4, X7, satisfies (1.29), where:

1
X9,
290" + (02X, — Zio' — (1) X1, — 38D (! + ;¥ (1 () — 1! (5))ds+
x? /
HX) (0l 7 8 ) = i ())ds + X7 4 1) = 3(8])2
X7
Z90° + (02X, — Z3,0% — ()2 X%, — 3(83)% (! + J;5* (1 () — 1! (5))ds+
Xy
+X2) (3 + Jo5 (rd1 () = 3 ())ds + X7 + 1) — 1(83)°
T)GOZtO
y Xt
a(Zy) = —ztat = B3 (v + 5 0 (5) = 11 (5))ds + X} (1.56)
0
220> = B (3" + [;¥ (31 (s) — 181 () ds + XF)
—2(a®)?XY, +1
X(()),t - 3a0X?,t
—2(a')? X1, +1
X3, —3a' X1,
—2(a2)2X127t +1
X§, —3a°X%,
and
0 0 0
1 pif, M X2 M (g) — M (o)) ds + X1 0
B By’ + fo (rg” (s) —ri"(s))ds + X,
Xy
: 0 B (3 + £ (3 (5) = b ())ds + X7)
o? 0 0
0 ol 0
bz,)=|0 0 o?
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
(1.57)

1.5.4 Realizations through a benchmark of maturities

Let us consider a model M driven by equation (1.8) that admits FDRs of dimension n. This implies
that a n-dimensional tangential manifold G := Im|[G] exists. In this setting, we answer the following
question:

“Is it possible to construct another FDRs of the same dimension n, determined by the spread
processes Y and the forward-rate components applied to a fized set of benchmark maturities?”. In

other, words, if we consider a point 7 € G C H is it possible to construct the FDRs of M through
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a fixed benchmark of maturities x = (z1,...,x,) and the linear function:
= ajri(wn) + Y Wy, h=1,...n, (1.58)
3=0 g=1

defined for a suitable set of real constants a’.Z b’»I This is equivalent to show that Z : H—R"is a

bh

local system of coordinates for G for an opportune choice of the constants aj, ;

To answer this question, we present the following result:

Theorem 1.28. Let us consider a model M, determined by the dynamics introduced in system
(1.8), that admits FDRs of dimension n. Then, for any vector x := (x1,...,x,) € R™, where x; is
chosen freely except for a discrete set of Ry, the FDRs of M can be described by the inverse of the

hbh

function introduced in equation (1.58), for suitable constants a;, b;

Proof. We must prove that function (1.58) is a diffeomorphism between G and its image. To prove
such result we denote the Fréchet derivative of Z (introduced in equation (1.58)) by

8?2 : T;:g — Rn,

where T3G is the tangent space at 7 of G (as in Theorem 1.10). Since G C H has dimension n,

T+G is a n-dimensional subspace of H. We introduce a basis €1,...,6, of TxG, where we adopt the
notation
en = (e, .. ed™) Eﬁ, h=1,...,n.

Then, for each v € T:G there exists a suitable set of constants v := (v1,... ,’yn)T such that
v =Y p_; Yhéh. By linearity, the Fréchet derivative of Z is

>0 a; ($1)+Zle} Gl

07 -v =
>0 d v](fvn) >y bt
n >0 a;ei(:):l) +Z;n 15]1 e
=>
S \S el + S e
n
= > wm(T3Z &) = Kn(z)y
h=1
where
ab ey () al e, (1)
Ky (z) := : : : (1.59)
a™ - ey (xy) a™ - en(zy)
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and

ah:(ag,... al bl ph) e R B =1,...,n, (1.60)

s Ymyo

en(zr) = (eN(xr), . ep(zg), el ™, ed™), h=1,...,n, k=1,...,n. (1.61)

with a - b that denotes the scalar product on R*"+!. Therefore, the function Z introduced in
equation (1.58) is a local system of coordinates if K, (z) is invertible. We prove it by induction on
k <n.

We consider the case k& = 1:
m m
K@) =o' -ei(z) =Y ajey (z1) + > bel’. (1.62)
Jj=0 Jj=1

We can find a vector o and a maturity x; such that Kj(x) # 0. Indeed if not this means that:

1

Ki(z) = 0 for every choices of a! and x;. But if we choose a' = e, for h = 1,...,2m + 1 where

ep, is the h — th element of the canonical basis of R?™!, we will have:

ef(r1) =0, h=0,...,m,

+h _ _
el =0, h=1,...,m.

for each x; € Ry. But this implies that e; is zero and this is a contradiction.

We now consider the inductive step: we suppose that Kj(x) is invertible. Then we consider the

matrix:
1.2 1.5 1.2
a -ey(zrr) a' -ep(xr) a -epy1(x)
K1 (2, wp41) =
o ey (zy) e o - e (ry) o - Cppq ()
oM B () o M E(agg) oM B (k)

Let us suppose by contradiction that Kjy1(x,xg4+1) is not invertible for any choice of zj1, i.e.
det[Kiy1(x,xp4+1)] = 0, Vory1 € Ry, Since the first k£ columns (C,...,C) form a space of rank
k, this implies that the last column Cjy, 1 has to satisfy:

k
Cry1= Z kiCi, (1.63)
i1

for a suitable set of constants x; such that x := (ki1,...,k;) # 0. Let us notice that, since
det[Kj(x)] # 0, if we denote by K[ () the first k rows of Kji1(x, 1), the last column of
K l’j 11(7) is determined by the first £ columns by relation (1.63). Hence, x depends only z. As a
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consequence:

k
o (i) = 3 kilw)al T E(wp),
=1

which is equivalent to require that:

5:Uk+1(90790k+1)

-~

k

o (B (wrn) = D mil@)ei(wnin) ) =0,
i=1
which implies that o**! €< v4; >1. Finally, in order to have a contradiction we choose a**!
such that
aFtt ¢< Vgy1(T, Tpg1) >t (1.64)

Let us notice now that, fixed = we can always choose 1 such that vgq(x, zky1) is not the null
vector (because (/e\)l;ig is a basis). Therefore, we can conclude that, there exists o**1 # 0 such that

(1.64) is satisfied, because < vpy1 >* is a subspace of dimension n — 1 in R™, for each k. O

1.6 An alternative notion of invariance

1.6.1 A definition of consistency that manages the spreads

Theorem 1.10 provides an equivalent characterization of the consistency and it is at the basis
of the procedure described at the beginning of Section 1.5.1 for the construction of FDRs. In
the multi-curve framework, the presence of the spreads should not be problematic in terms of
recalibration procedure, since they are finite-dimensional. Hence, in this section we study conditions
that guarantee the finite-dimensional components of (1.6) to be included in the space variable Z,
introduced in Definition 1.9. In other words, adopting the notation 7y = (4, Y;) € ﬁ, we investigate
under which conditions the existence of a stopping time 7, a process Z;, taking values on a subset
of R” and a function G : R™*" — H{™*1 such that:

ri(r) =G(x; Y, Zy), >0, te€l0,7] (1.65)

is guaranteed. (1.65) is equivalent to the definition of r-invariance (introduced in Definition 1.9),

where the immersion G is defined as:

Gy, z) = (G(y, 2),y)- (1.66)

To develop the computations, we write the dynamics of a multi-curve model M as follows:

d Y,)dt Y;) o dW, m+1
a = [ ) = p(re, Y)dt + o (re, Yy) o AWy c H . (1.67)
dYy v(re, Yi)dt + B(re, Yy) o dW; R™
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We recall that p and v are fully determined by o and 8 by non-arbitrage constraints. In this

setting, the consistency can be described by the following notion of invariance:

Definition 1.29. A parameterized family G is (r,y)-invariant under the action of a process 7
defined by the dynamics (1.67), if there exists a stopping time 7(ro(z), Yp) and a process Z taking
values on Z C R", such that condition (1.65) holds.

Analogously with the equivalence between Definition 1.8 and Definition 1.9, it is possible to
prove that Definition 1.29 is equivalent to Definition 1.8, with G := (G, 1,,). As a consequence,

the following result can be proved as in Theorem 1.10:

Proposition 1.30. A parameterized family G : R™" — H™F such that G := (G, 1,,) satisfies
Assumption 1.7 defines a manifold G := Im[(G, 1,,)]. Then, (M, G) is invariant, if and only if, for
each (z,y) € Z x R™:

w(Gly,2),9) — 9,Gly, Z)’Y(C(;(Zh 2),y) € Im[0:G(y, 2)], (1.68)

0i((G(y,2),y)) — 0,G(y,2)Bi(G(y, 2),y) € Im0.G(y,2)], i=1,...,d,

where 11,,0; and 3; are introduced in equation (1.67). 0,G and ayé stand for the Fréchét differ-

ential of G with respect the z and y variable respectively.

Proof. First of all, we introduce the notation: E(y, 2) = B(G(y, 2),y) and F(y, 2) := v(G(y, 2), y),
for any (y,z) € R™*™", By Assumption 1.7, B and 7 are smooth vector fields from R™" to R"™.

(=) We exploit the equivalence between invariance and 7-invariance. We suppose that the couple
(M, G) is invariant, that is:

. () Gz = (G(Yt,Za) |
Y Y

Thus, we consider the forward-rate components:

dry =0,G(Yy, Zy) 0 dYi + 0.G.(Ys, Zy) 0 dZy
=0y G (Ys, Zt) (v (re, Yo)dt + B(re, Yz) 0 dWy) + 0.G=(Ys, Zt)(a(re, Ye)dt + b(re, Yi) 0 dWS)
=0,G(Yy, Z) V(G (Ys, Z4), Yo)dt + B(G (Y, Zy), V) 0 dWy) + 0.G.(Yy, Zy)(a(G(Yy, Z4), Yy)dt
+ b(G(Yy, Zy), Yy) o dWy)

(
(

=[0:G(Yi, Z0)3(Ye, ) + 0:G(Yi, Zi)a(¥i, )|t + [0.G(Yi, Z0)B(Y:, 21)

t)
+0.G (Y Z)0(G(Ye, Z0). Vi) | o aWs,
(1.69)
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Since the starting point (yo, 29) can be chosen arbitrarily, (1.69) implies that:

n((G(y, z),y)) = Im[0.G(y, 2)] + 9,G(y, 2)7(y, 2)
Ui((é(ya Z)a y)) = Im[azé(yv Z)] + ayé(yv Z)Bi(yv Z)v 1= 17 cee ,d,

where d is the dimension of the Brownian motion which drives the model M. In particular,
(1.68) holds.

(<) Let us suppose that (1.68) holds. This implies that there exists d + 1 vector fields a,b; :
R™*" — R"™ such that:

n(Gly, 2),y)) = 0,G(y, 2)7(G(y, 2), y) + 0.G(y, z)a(y, z)

_ _ _ _ (170)
UZ(<G(y7 Z), y)) = 8yG(y7 z)ﬁz(G(y7 2)7 y) + azG(ya z)(bl(ya Z)7 i=1,...,d,

Let us focus on the drift components (the computations for the volatility term is the same).
(1.70) implies that:

mG@Ay%=<Mm%@w0

Y(y, 2)

_ (@;G(y, 2)(Gly, 2),y) + 0:G(y, z)aly, z))
(Y, 2)

G ral (1.71)
_ (&yG(y, z) 0,G(y, z)) <§(y’ Z))
]lm ®m><n (I(y, Z)

We notice that K(y, z) is the Fréchét differential of the function G, hence, by Assumption 1.7, it
admits left inverse, that we denote by H(G(y, z),y). By smoothness of G, the function fI(y, z) =

H(G(y,z),y) is smooth too (in the Fréchét sense). Moreover, we notice that:

C@”)zﬁm@mm%mw

a(y, z)
This implies that:

(7, a) R™FMR™HN

(y,2) »(V(y,2),aly, 2))
is a smooth function, therefore it is locally Lipschitz continuous. Proceding analogously with the
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volatility components (B(y, z), b(y, z)), we obtain that:

5:(Cly. = — ai(g(y,Z),y) _ 5 gi(yvz)
UZ(G(y7 )7y) : ( Bz(y, Z) > K(yv ) <bl(y,z)> : (172)

Then, there exists a unique local solution of the stochastic differential equation:

dy, (Y, Z (Y, Z
t) . Y(Y:, Zy) dt + B(Y:, Zy) o dW,.
dZy a(Yi, Zy) b(Y, Zy)
Now, we introduce ¢ = (¢, Y:) := (G(Y, Zt),Y:). By the chain rule, the Stratonovic dynamics of

q is:

_ (0,G(Yy, Z0) 0 dYy + 0-G(Ys, Z4) 0 dZy
dg; = 1Y
t

é Yz, Zy)(Y(Yy, Zy)dt + 5(Yt, Z) o dWy) + 0,G (Ya, Zi)(a(Yy, Zy)dt + b(Yz, Zt) o dWr)
v(Y:, Zt)dt + ﬁ(YL Zy) o dWy

( (0,G(Ye. Z0)T(Ys. Z2) + 0:G (Y, Z)a(Yer Z0))dt + (0,C(Y:, Z0)B(YVe. Z1) + 0.C(Y:, Z)b(Yi, Z2)) 0 dwt)

F(Ys, Zy)dt + B(Yy, Zy) 0 AW,

0,G Yt,zt 0. G(Yt,za) (?(na)) dt (%G(Yt,za aﬁ(n&)) (5%&)) o
a(Yi, 21) ’

]lm (Dmxn b(}/ta Zt)

Omxn
Hence, by (1.71) and (1.72) together with the definition of 5 and 3, the dynamics of g is:
g, == (G (Yy, Z1), Yy)dt + (G (Y, Zt), Yi) 0 AW
Recalling that, by definition, ¢; = G(Y;, Z;), we obtain that:
dg; := () dt + 0(qr) o dW;.

In conclusion, 7, solution of equation (1.67) and g solve the same stochastic differential equation.
By local uniqueness, there exists 7 > 0 such that 7y = @, V¢t € [0,7). As a consequence, r; = ¢
vt € [0, 7). Therefore, r, = G(Y;, Z;) and 7 satisfies Definition 1.29. d

1.6.2 Conditions for the existence of FDRs under Definition 1.29

In this subsection, we investigate conditions on the coefficients of an interest-rate model M that
guarantee the existence of FDRs according with Definition 1.29, under the assumption that M
admits a FDRs in accordance with Definition 1.13. We notice that, when a model M possesses
FDRs, it is always possible to construct another FDRs in the form of Definition 1.29. Indeed, we
consider a FDR of a multi-curve process 7 given by a function G = (G, é) and a finite-dimensional
process Z, such that (ry,Y;) = (G(Z;), G(Z;)). Then, we can introduce another FDR for the same
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model of the form introduced in Definition 1.29, given by (r4,Y;) = (G(Z;),Y:), where the state

process is given by:

Z) a(Zy)dt + b(Z) o dW, ’

and v and f are introduced in system (1.65).

As discussed in Remark 1.12, we can find conditions to pass from an invariant parameterized
family G : R" — 7—7, such that G(Z;) = 7, to another consistent parameterized function in the sense
of Definition 1.29 that is more parsimonious. To find these conditions we notice that, as shown in
Section 1.5, the FDRs are obtained by a set of generators for the Lie algebra {1, 01,...,04}r4. We
denote them by &1, ...,&,. Hence, the embedding G introduced in equation (1.28) is:

G(z) = (G(2),G(2)), (1.73)

where Z := (21, ..., zn), G takes values on H™*! and G takes values on R™. Then, we consider the

following condition:

Condition 1.31. There exists a subspace RP of R™ (where the spreads live), whose elements are
denoted by iy € RP with p < m, that is diffeomorphic to a subspace of the state space through func-
tion G. The elements of this diffeormophic sub-space are denoted by w. Therefore, we decompose
the state-space vector using the notation Z = (z,w) € R"7P x RP.

Without loss of generality, we assume that the vector 3 is formed by the first p components of
y, then we denote by 7 the last m — p (y := (7,7)). Then, if G := (ép,ém_p) € RP x R™7P, the

invariance between M and G implies that y = Gp(z,w) = ép[z] (w) is invertible in w-variable for

each choice of z € R"7P. As a consequence, there exists ép [2]7! such that w = ép [2]71(®).

Let us notice that Condition 1.31 is not restrictive, because if there is no such subspace, we can
assume p = 0. This is the less parsimonious case, introduced at the beginning of this section.

To reconstruct the FDRs including y € R™ in the state-space, it is sufficient the last m — p
elements of the canonical basis of 7 to the set of generators &;. Using the notation introduced in
(1.43), we refer to these elements as v, for k = p+ 1,...,m. Hence, to handle the vector fields
(V&) k=p+1,....m» that we added to the Lie algebra generated by the coefficients i and &, we must

assume that:
Assumption 1.32. The Lie algebra generated by &1,...,&,, Vp+1,- -, Vm is finite-dimensional.

A priori, Assumption 1.32 is not guaranteed even if {1, ..., &, } 4 is finite-dimensional. To find

conditions for it, we introduce the notion of multi-index 9y’ (as in [Bjo04, Definition 7.4]):
Definition 1.33. A multi-index « € Zi is any k-vector with nonnegative integer elements. For a
multi index v = (o, ..., o) the differential operator 02 is defined as:

R R
Oyt Oypts Oyt

<8
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Then, the following result holds:

Proposition 1.34. The following are respectively a necessary and sufficient condition for Assump-
tion 1.32:

o [f the Lie algebra
N = {gb"'7£n77p+1>"-77m}LA (174)

is finite dimensional, then:

dim[Span{0%7i(r,y); a € Z"' P}] < oo;

[Span{0g 1i(r,y) Y (L.75)
dim|[Span{09G;(r,y); a € ZL "} <oo, i=1,...,d.

o A sufficient condition for Assumption 1.32 is that vy, commutes with i1 and o; for each k =

p+1,...,m.

Proof. The Lie-algebra N introduced in (1.74) must contain all the Lie-brackets of the form:

&, vk) = 0y — Opie&s = 0y, &, k=p+1,...,m.

Hence, all the differentials J;'¢; have to be contained in {&, .. & Y+, - - - s Ymtra. However, we
notice that N is equal to {fi,01,...,04,Yp+1,---,¥m}ra. Then, we first observe that the vectors
~vr commute each other, thus their Lie bracket is null. Therefore, in order to guarantee that
dim[N] < oo it is necessary to guarantee that 9 u, and 950y, i = 1,...,d for any o € Z""" do
not generate an infinite dimensional distribution. In particular this implies that (1.75) must be
satisfied.

On the other hand, assuming that v, commutes with 1z and & is equivalent to require that:

[//J’\v ﬁYk] = 07

(1.76)
[81,’}’]@]:0, izl,...,d;

for each kK = p+1,...,m. Then, if we consider the successive Lie Brackets, by the Jacobi identity

~ o~

also they commute with v: ({51, 3] = — (1@ ). 7 + . 7)) = 0.
In conclusion, we provided sufficient (equation (1.76)) and necessary (system (1.75)) conditions
on the coefficients of the model M, for Assumption 1.32. O

Let us notice that, to prove the existence of FDRs in the case of constant direction volatility
model, determined by & of the form (1.39), we studied the Lie algebra £!, defined in (1.46), that
is larger than the Lie algebra generated by the coefficients of the model. We provided conditions
that guarantee dim[£!'] < co. Under these conditions, described in the statement of Proposition
1.24, we can construct FDRs in which the spread process is included in the state variable. Indeed,

Assumption 1.32 is guaranteed, because £! already contains all the vector fields v, k = 1,...,m.
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We apply this property in Example 1.35 below. In particular, we introduce a volatility term
which determines a HJM multi-curve model that admits FDRs. Moreover, we establish a diffeo-
morphism between the spread components of the model and a subset of the components of the

state process Z, exploiting the fact that the sigma algebra £' already contains the vector fields ;.

Example 1.35. We consider a model M, driven by a volatility term:

)
O.Oeax

1,—alz

ye
F(y)(x) = | yPe (L.77)

By simplicity, we consider a model driven by a scalar Brownian motion. However, the extension to

a model driven by a multi-dimensional Brownian motion is straightforward.

The study of this class of models is interesting from a financial point of view, because it is
natural to suppose that the size of volatility of the forward-rate components and the spread process
are proportional (as discussed in Example (1.5.3.1.1)). We notice that, the structure of the volatility

is a particular case of the one introduced in (1.39), where ¢ = 1 and:

(r,y) = o°,

o (ry) =1, ji=1,2,
N(z)=e"" j=0,1,2

Bj(ra y) - /Bjij J = 1a 2

The functions M are quasi-exponential for every j = 0, ..., m, Thus by Proposition 1.24, the FDRs
exist. To build them, In particular, for each j = 0,1, 2, there exists natural numbers n/ and p’ and
real constants ¢/ and di, k = 0,1, such that the conditions introduced in (1.47) are satisfied (we
omitted the index 4, present in (1.47), because d = 1). Repeating the same computations described
in Example (1.5.3.1.1), we obtain that:

n =1, Vi =0,1,2;
¢l = —al, Vi=0,1,2;
pl =2, Vi=0,1,2;
d) = —2(a?)?,  Vj=0,1,2;
dl = —3ad, Vi =0,1,2.
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By (1.48), the dimension of the Lie-algebra is:

2
n=2+41+Y (0 +p)=2+1+2+1)(1+2) =12
j=0

We adopt the following notation, which is a simplification of the one introduced in Notation 1.26:

_ (0 1.2 0 1.2 .0.0.1_1.2 2
z= (", x 2%, 2,2, 2%, X0, T, T(, L1, Ty T1)-

By (1.50), the FDRs are:

Gl (z,x) = rjw(xo +x)+ zée*“]x + xé—j (e*“]’” — 672“]9”) + ] (—efajx + 2672(1]1), j=0,1,2;
a

0
G2+j(z) = ij + /:D (ré\/l(s) — Téw(s))ds + xj’ j=1,2.
" (1.78)
The state process Z is given by the solution of (1.29),where a and b are two vector fields on R™
respectively, defined by (1.51) and (1.52). Z is a stochastic process taking values on R'2, therefore,

we adopt the notation:
Z= (X0 X} xp 20zt 7 X§, XV, X}, X{, X3, X},).

First of all, let us notice that X} = t for every t. Moreover, as described in (1.78), we can establish a
diffeomorphism between the variable ¢/ and the variable 27 for every choice of the other components

of z. Indeed, by r-invariance, the following equivalence holds:
) . t )
Y/ =6z =y + [ i)~ i eDds + XY j=12
0

. 0
To simplify the notation, we introduce the term /(7™ ;20) = yJM + Jy (rd(s) — rj-\/[(s)ds. In
particular, the processes X; are determined by the spread processes Y7 together with the time-
variable X = t, one we fixed the initial value 7. Let us notice that, function G’ for j = 0, 1,2,

introduced in (1.78) does not depend on z7. As a consequence, there exists a 7-invariant immersion
G := (G, 1), defined for each z € R'?, where

= o,1 .2 _0 _1 _2 0 .0 1 1 2 2
Z—(l’ 7y ’y AR AR ,IE0,$1,JIO,CC1,.IO7(E1).

defined as follows:

G'(z,x) = rj\/[(mo +x) + e + xé—j <e_“”” — e_2ajx> + ] (—e_“% + 26_2“796), j=0,1,2;
a

G*iz) =y, j=1,2
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The dynamics of the state process Z is dZ; = a(Z;) + b(Z;) o dW;, where

1 0
7(G(2),y) sly!
7(G(2),y) B2y

—CLOZ 0'0

_Zlal /Blyl yl

a(z) _ _22a2 ﬁ2y2 | B(z) _ y2
—2(a)229 + 1 0

29 — 3a%29 0

—2(al)?x +1 0

z§ — 3alxl 0

—2(a?)%2? + 1 0

x3 — 3a’23. 0

Remark 1.36. As discussed, the presence of the spreads impacts on the conditions that guarantee
the existence of FDRs. However, the spreads are described by a finite-dimensional stochastic
process. As a consequence, it should be natural just to focus on the study of existence of FDRs for
the forward-rate components, that are infinite-dimensional and then add the spreads to the state
space process. This procedure works when the volatility term & of the multi-curve model does not
depend on the spread components. Indeed, if 6(7) = &(r), the forward-rate components of M do
not depend on the spread process. Thus, we can study the conditions that guarantee the existence

of FDRs for a forward-rate model on H™*+! driven by the following dynamics:
dry = p(re)dt + o(re) o dWr.

If we find a finite set of generators to {u,o1,...,04 4 on H™F1 denoted by &1(r),..., & (r), a
FDR for the forward-rate components can be built, adopting the strategy described in Section 1.5.1.
In conclusion, a function G : R® — H™*! and a finite-dimensional process Z such that r, = G(Z;)
for t € [0,7) exist. On this reasoning, we based the strategy described in Section 1.4.2, under
which the enlargement of the domain of the consistent family for the forward-rate components of
the Hull-White model is provided.

However, assuming that & does not depend on Y is quite restrictive. Therefore, in general, the
forward-rate coefficients p and o have to be interpreted as smooth (in the Fréchét sense) functions
from H to H™tL. As a consequence, in general, solving the problem of existence of FDRs for
the forward-rate components should be expressed in terms of finite set of generators in H™*! for
LY :={p(y),01(,y),...,04(-,y) }pa for any y € R™. Actually, even if this holds, the dependence
on y € R™ could lead to an infinite-dimensional distribution. In an attempt to solve this problem,
we recognized an analogy between the structure of the dynamics of (1.6) and the class of single-

curve HJM models driven by a stochastic volatility term. The consistency problem for this class of

41



1.7. APPLICATION TO MARKET DATA - A CALIBRATION ALGORITHM

model is studied in [Bj604, Chapter 7], in which HJM models r whose volatility is determined by
a stochastic process Y are presented. To develop the computations the author supposed that the
volatility term Y is independent of r. Since the spread processes of a multi-curve model depend

explicitly on the forward-rate components of the model, we cannot make the same assumption.

1.7 Application to market data - a calibration algorithm

In this section, we present a calibration algorithm for the interest-rate market on the basis of the
results shown in Section 1.5. We consider a multi-curve forward-rate model, described by system
(1.6), that is determined by a set of parameters §. We consider a model M that admits FDRs, also
depending on 6 . Thus, we propose an algorithm that estimates the parameter #* such that the
lo distance between the FDRs of M and a time series of market data is minimized. Through this
procedure, the FDRs determined by 0* provide the manifold on H that gives the best representation
(in terms of Iy distance) of the time series of market data taken in analysis. As a consequence, 6*

can be used to produce a realization of M at the end of the time series of market data.

We consider a three-curve Hull-White model M driven by a scalar Brownian motion. M is

determined by the volatility term:

1

A~ —_aq0 — —a?
0.(7,.): (0’06 ax’ ale ax’ 0'26 a

" B ). (1.79)

where 57, a7, 07 are positive constant for j = 0,1, 2. Let us notice that Theorem 1.19 holds for this
specification of the model. Indeed, the volatility components are QE functions, since (F+a’)o’ = 0,
Vj = 0,1,2. Indeed, the volatility term introduced in (1.79) is a particular case of the volatility

structure studied in Section 1.5.2.

1.7.1 Construction of the FDRs

As a first step, we study the vector fields generating £ := {fi,6}r4. In view of Remark 1.20, the

annihilator of the forward-rate component of volatility (1.79) is:
M) = A +a”)(A+a ) (A +a®) = A + azA? + a2\ + .

By equation (1.34), dim(£) :=n =141+ deg(M) = 5 is dimension of the FDRs of M. Then, we

consider a state space vector in R? denoted by

_ (0 0 1 2 _3
z= (Z 721721721721)7

in accordance with Notation 1.21. We can construct the tangential manifold, determined by the
composition of the integral curves of the generators of {{i,0}r4. Using the notation of Section
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1.5.2, these vector fields are i, o and

_aoaoe—a% (a0)20.06—a0x _(a0)3aoe—a x
_alo_lefalw (a1)20167a1a: _(a1)3o_167a1w
= | —q202e—a% , 2 = (a2)20.26—a2m , U3 = _(a2)302€—a21
P —a%0 4+ glot (a0)200 _ (a1)201
o0 _ 2 —a%0 + 202 (a°)20° — (a?)20>

The composition of the integral curves of these vector fields, leads to the tangential manifold
G = (G°, G, G?%,G3,G*). Applying (1.37), G is defined component by component as follows.
First of all, we notice that, term S7, defined in (1.36), has the following form:

j
j=0,1,2. (1.80)

Si(g) — xj—ajsd:il_
() /an s aﬂ( e

—aJ:c)
)

Then, G satisfies the following equations:

3
GI(z;2) = rjw(m + 29 + Z Frol (z)2F + %(Sj(x + 292 — Sj(x)Q) — & (Sj(a: +2%) — Sj(x)>,6’j
k=0

- rj'w(a? +2%) + aje*ajx(z? — a2y + (a?)?2] — (a?)’2))

N I G NE Y
Qa; Qa;

3o
4 /0 T (s) — M (s)ds

G2+j(z) — Z(BFk_laO(a:) o BFk_laj(.f))Z]f + sz? + y]]W
1
+ 1/: (SO(S)2 - Sj(s)2>ds + B /OZ SI(s)ds — %(ﬁj)QzO

2
= (0" = 09)z} + (—a"0® + dlo?) 2} + ((a)%0° — (a?)?07) 2} + 3720 + y !
1

2 2 0,0 0,0
0 - 2
)= F () 4 g (1)

3

k

1 JN 2 2 . 1 . J . 1 )
(U ) [ZO_ (1_e—a]z0 +7'<1_e—2aﬂzo):| +1B] |:ZO—7-<1_6_GJZO>:|
al a’
(1.81)

The state process Z; is determined by dZ; = A(Z;)dt + B(Z;) o dWy, where A, B are vector fields
on R?, respectively defined by the coefficients a and b introduced in (1.38). We adopt the notation

Zy = (20,28, 71, Z%,, Z3,) = (27, Zy1p). Still by (1.38), ZP = t. Thus, Z; = (t, Z11).
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1.7.2 Description of the algorithm

The parameters of the Hull-White model will be denoted by the vector
9 = <a07 0—07 al? 0-17 0/2, 0—27 l817 52) N (1'82)

The algorithm we propose is based on [AH02], [AHO05] and [Slil0, Section 6] and its goal is to
provide best (in terms of /o distance) manifold in H for the time series of market data in analysis

that is consistent with the three-curve HW model.

1.7.2.1 Initial families

The FDRs for the HW model depend on the value of the market data at the beginning of the
observed time series, by the terms 7!, v} r31 M and y) of equation (1.81). Following the
approach developed in [Sli10, Section 6] in the setting of the multi-currency exchange-rate market,
we introduce initial families to describe TJM with Nelson Siegel’s families (equation (1.11) with para-
meters y°, ..., y3 instead of z!,..., 2%) where the term y3 is the exponential term of the associated
component of the Hull-White model (y3 = a’ if we are considering the j* forward-rate component,
j=0,1,2). Then:

rjM(x; Y) :==yo + yle*‘ljx + yga:e*aj‘” = MJQ(x; a’) -y, j=0,1,2, (1.83)
where y := (yo, y1, y2) and MJ[.J (z:07) == (1, e=¥* ze~%") is parametric matrix that depends on the
terms a’,z. As a consequence, the initial family of each component of the model depends linearly
on the same vector 7 and the only difference is given by the presence of the exponent a’ in the
forward-rate components. Moreover, we observe that even if we have assumed that yg = a’ for the

jt" forward-rate curve, the initial family is inconsistent with the model.

1.7.3 The calibration procedure

The market data are defined on the time interval {tp,...,tnx}. For each day t € {to,...,tn} the
value of fictitious bonds associated with every tenor ¢; for a set of maturities Z := {z1,...,z,} and

the logarithm of the (spot) spreads are extracted from market data:
-
Mdeatat = (B?(xl)v R B?(xn)a Btl(xl)a ) Bz‘?(mn)v Y;tla Y;‘,z) S R3n+27 (184)

At any t € {to,...,tn}, the yields associated with the FDRs, defined in (1.81) must be compared
with the yields generated by of the market data for any tenor and any maturity ;. We denote the
FDRs by G (x;t, 21, y; ) to emphasize the dependence on the parameters that has to be estimated.
The coefficient z; represents the realization of the components Z1, of the state variable. Then, it has

to be estimated at each t. In conclusion, the residual to be minimized, denoted by Res:(T; y, 21;0) €
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R37+2 is given by the difference between yields generated by the FDRs and market data:

ﬁ<_ o GOust, 21, y; 0)du — <IOgB?(x1)>>

ol oxn GO(us;t, z1,y;0)du — (log B (x

Tn

)
L(— [ GHust, 21,y 0)du — logBtl(xl)»
(2n)))

Rest(Z;y, 21;0) = | =1 (1.85)

ﬁ(— 0" GHust, 21, y;0)du — (log B?(xy,
Gg(ta 21, Y; ‘9) - }/tl
GH(t,z1,y;0) = V7

By the assumptions made on the initial families (described in Subsection 1.7.2.1) and by the prop-
erties of the finite-dimensional realizations, the yields obtained by the parameterized functions G7

are linear functions of (z1,y). Then, the two-step calibration algorithm is defined as follows:

P.1 For each ), € {to,...,tn} the residual is minimized as function of the time dependent para-
meters (y, z1). By linearity, SVD algorithm can be adopted to obtain y(ts,0) and z1(t,0),

that depend the time-independent parameters 6:

(y(tha 9), Zl(tha 0)) = arg min ||Resth(j; Y, 213 0)”

(y,21)
where Res;, (T;y, 21; 6) is defined on equation (1.85) and || - || is the Euclidean norm in R3"+2.

P.2 (y(tn,0), z1(tn,0)), estimated at P.1, is substituted in Res, (T; 7, Z1;6) as the selected (y, 21).
As a consequence, Resy, (T; y(tr, 0), z1(tn, 0);0) depends only on 6. 6 is estimated minimizing

the sum of the squared-norm of the residuals along the entire time interval:

N 2
0" := argmin (};) |Resth<x,y(th,e),zl<th,e>;9)2) :

To compute 6%, we adopt the function ”optimize.least_squares” of Python (version 3.8.5)
library ”scipy”. This function is based on a reflective trust-region algorithm. Moreover,

constraints can be imposed to the domain of the function to be minimized.

1.7.4 Bootstrap of market data

The time series of market data for EURIBOR market is provided by Refinitiv for the time period
from 10/08/2016 to 19/11/2021 with business daily basis. Table 1.1 summarizes the data.

We consider the discount curve associated with OIS rate and we consider the risky curves
associated with tenor 30 (3-months) and 60/ (6-months). For the bootstrapping technique used
to build the data, we based on [GL20, Section 2]. We determined values of the term structures for
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discount /risky curve Market instrument Quoted maturities

Discount curve OIS IW-2W-3W-1M -2M - 3M - 4M - 5M - 6M - 7TM -
8M - 9M - 10M - 11M - 1Y - 15M - 18M - 21M - 2Y -
3Y -4Y -5Y - 6Y - 7Y - 8Y - 9Y - 10Y

Three months FRA 1Mx4M - 2Mx5M - 3Mx6M - 4Mx7M - 5Mx8M - 6Mx9M -
TMx10M - 8Mx11M - 9Mx12M
IRS 18M - 2Y - 3Y -4Y - 5Y - 6Y - 7Y - 8Y - 9Y - 10Y
Six months FRA IM+7M - 2Mx8M - 3Mx9M - 4Mx10M - 5Mx11M - 6Mx12M -
9Mx15M - 12Mx18M
IRS 2Y -3Y -4Y - 5Y - 6Y - 7Y - 8Y - 9Y - 10Y

Table 1.1: Summary of market data.

each tenor at maturities 7 := {1M, 2M, 3M, 4M, 5M, 6M, 9M, 1Y, 2Y, ..., 10Y} from one month

to ten years.

1.7.4.1 Bootstrap of discount curve

In order to construct the term structure T — BPT9(T) associated with the discount curve, we
consider the formula of an OIS rate with schedule 7 = {Tp,...,T,}:

SON(T) — BOOIS(TO) — BOOIS(TTL)
’ >k 0BG (T)

By market convention, if the contract is signed at t = tg the spot date is Ty = tg + 2. As assumed
in [AB13], we impose ty = Tp. This means that BDOIS (To) = 1. Then, for the construction of the
term structure, we use the following convention (as described at the beginning of [GL20, Section
2.1]):

e For the maturities up to 21 months we assume that the payment is made only at the maturity.
This means that the schedule is T = {Ty, T, }:

1— BY'S(T,)
STT) = =5porsr)

1 1
BOIS T _ —
0~ (Tn) 14+ 68SON(T) 1+ 7(T,, — To)S§N(T)’

where 7(T,, — Tp) is equal to the number of days between T and T;, over 360.

e For the maturities beyond 21 months we assume yearly payments: we use the the prices

computed with maturities kK =1,...,n — 1 years:

_ 1= 0SPN(T) >orsy BY'S(Th)
14 689N (T) ’

1— BOIS T,
SOON (7-) _ 0 ( )

— _ = BOIS’(Tn)
8 > hey BE'S(T) 0

and ¢ is equal to 1 (year).
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1.7.4.2 Bootstrap of risky-curves

The risky curve associated with the generic tenor § € {3M,6M?} is denoted by {T — BJ(T)}. Tt is
defined by the values of the fictitious tenor bonds, determined by equation (1.2):

1+ 6L2(t; T, T + &) BOIS(T + 6)

0 _
Bi(T) = 14+ 6Lo(t;t,t +6) BOTS(t+6)

(1.86)

We cannot use the same strategy proposed in [GL20, Section 2] in order to provide this term
structure, since we need the entire risk-free term structure. Thus, as done in [GL20, Appendix A]
we interpolate the values of the OIS curve via cubic splines of zero-rates. Moreover, we use the
Euribor spot rate time series associated with the tenor &, denoted by {t — L°(t;t,t +6)}.

The bootstrapping technique exploits forward-rate agreement quotations to determine the values

of fictitious bond for small maturities. For long maturities interest rate swap quotations are used:

e For short maturities, we consider forward-rate agreements, which at a given time ¢ play the
role of LO(t; T, T + 6). Moreover, from the spot rate at time ¢ and the discount curve already
provided at time ¢ and with maturity 7' and T 4 6, we get the value B (T).

e For large maturities, we consider the interest rate swap quotations, as done in [GL20, Ap-
pendix A]. We recall that an IRS exchange a flow of payments with a fixed rate (whose
schedule will be denoted by 7%) with a flow of payments based on a floating rate (in this case
we use the Euribor associated with a specific § and with schedule denoted by 79). The IRS
quotation is given by:

ng OIS (d
RET T = ( mingsz ST 1)), (1.87)
T

j=1 zlz

where L°(t;T? |, T?) = LO(t; T |, T | + ). As described in [GR15, Remark 1.5], usually
the fixed leg schedule has yearly frequency (07 = 1, Vz,4) while the floating leg schedule
has frequency equal to the tenor 4. Adopting this convention, we use the quotations of
the IRS contracts which play the role of R(t; 7%, 7?) in equation (1.87) (the values of these
instruments which are not quoted in the market are interpolated by cubic splines, as described

n [GL20, Section 2]). Doing this, together with the values BOTS(T¥) we bootstrap the
successive values of L‘;(t Tj 1,T‘S) Then, we use these bootstrapped values of equation
(1.86) to obtain Bj (T‘s 1). Finally, the inverting formula to get the value of the rate with the

highest maturity by IRS quotations is the following:

Bt T4, T%) (S, 6 BRI (1)) — S0y 0BT (TH 1Y (5 T2, T7)

Lot T2
SBP(T,)

6
Ty,) =

ns—1
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1.7.4.3 Construction of spreads

Finally, we recall the formula to compute the spreads components:

o _ 1+ 0Lo(t;t,t +0)
ET L4 0LOIS(tt,t + 6)

where the rate associated with the OIS term respects:

1 1
OIS (y. —
Lttt +0) = 5 (gorg gy~ 1)

1.7.5 Calibration results

To verify the performance of the calibration algorithm, we compare the market data at the end of
. tN )
The time-dependent parameters (y, z) at t = ty11 are estimated using the market data at ¢4 and

the time (at t = ty41) with the parameterized family estimated in the time interval {t,.

the estimation of the time independent parameter 6* is obtained through the calibration procedure
described in Section 1.7.3.

Through a stability analysis (described in Subsection (1.7.5.2) below) we concluded that a time
series four months length returns the most stable results. Thus, we analyse a time series of market
data with length 4M and which starts at 01/04/2021. The initial value for the time-independent
parameter 6y € R? is given by Table 1.2.

o a 15}

OIS 0¥ = 0.00285941 | a® = 0.53041117 /
Libor - 6M | ¢! = 0.09546952 | a! = 0.66253001 | B' = 0.41734616
Libor - 6M | ¢ = 0.09083773 | a® = 0.65812121 | 3% = 0.82477578

Table 1.2: Initial values of the model parameters.

Each parameter a/, 3" in Table 1.2 is chosen randomly in the interval [0, 1], while parameters
o’ are randomly chosen in the interval [0,0.1]. The calibration procedure described in the steps
P.1, P.2 provided the estimation, described in Table 1.3.

o a 15}

OIS 00 =0.1643 | a® = 0.3719 /
Libor - 6M | ¢! =0.1590 | o' = 0.3721 | B! = 0.4814
Libor - 6M | 02 = 0.1598 | a®> = 0.3727 | 8% = 0.8825

Table 1.3: Calibrated values of the model parameters.

As discussed at the beginning of this subsection, in terms of the fit of the yields given by

GI(Ttna1, y(tni1, 0%), z1(tn i1 67); 0%)
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to the term-structure at tn41, the results are described in Figure 1.1. Let us notice that, due to

* estimated_curve 0 s

—0.0020 | —=- market_data_curve_ 0 p

—0.0025 ’
—0.0030 d

—0.0035 A -

log(B~00x)) J x

—0.0040 P

filx}

—0.0045 ~

—0.0050 { LAwsr__t___~

® = number of years

-opozo0 4+ estimated curve 1 .
=== market_data_curve_l -
-0.0025 ’

—0.0030 A i

—0.0035 A P

log(B~1{x)) / x

—0.0040 A P

filx}

-0.0045 - -

00050 | eees, __

(=]
[
=9
[=3]
[=2]
=

% = number of years

—p.pozo 4 *  estimated _curve_2

=== market_data_curve_2 -
—0.0025 s
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Figure 1.1: Comparison between market data yield and the estimated yield at the end of time
series. Top panel: risk-free curve; central panel: 3M curve; bottom panel: 6M curve.

the monetary policies of 2021, the yields are negative for every tenor in all the maturities.
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Since the spreads are parameterized as spot processes, we can compare the estimated spread

curve with the spread curve obtained by market data over the whole time interval {to, ..

shown in Figure 1.2.

fit} = logiS™~0_t))

~1 t))

f(t} = log(s

—0.00008 1 ! === market_data_spread_l
'8 *  estimated spread curve 1
Y —
i
—0.00010 A ,F H
! 1
’
. ':l: J"'-.'i * *
1 1 ]
-0.00012 - R oAy AA T A :r'
oy - '\!Ji.,'nl Juipil Nt a\
- RERAR I
i l'll TN h'-u:li .
-0.00014 A Wi wi '
1 i 1
1]
1-|
—0.00016 A I
T T T T T
0 20 40 B0 80
t = number of days from start_date in [start_date,start_date + 3M]
0000025 |
=== market_data_spread_2
0000000 - « estimated_spread_curve_2
I
|I
—0.000025 A i
|I
1
—0.000050 - ]
I" ‘llr
- i * ;J- i
—-0.0000754 | 1 Pie 1t
[} lI H‘ » r L-‘ L
P oy “ o Py e
—0.000100 - iy ] [ Al Ty
tu ™ | Sl |
Iy W 1y it wos
L] Wy L’ T " 1
—0.000125 - L - - %o
|II k\. ; "; b
\
—0.000150 - : Y
0 20 a0 60 80

t = number of days from start_date in [start_date,start_date + 3M]

L tn}, as

Figure 1.2: Comparison between market data and the estimated spread curve for the whole time
series. Top panel: 3M spread curve; bottom panel: 6M spread curve.

In Table 1.4, the relative error between the estimated curves and the market data in each curve

is presented. The error value is computed as follows:

1. If G7(T) is the estimated j** yield curve at the end of time interval and M7 (%) is the j** yield

curve at the end of time interval obtained by market data, the relative error is obtained by:

2. If (S])icjo,r) is the estimated value for the 4" spread in the entire time interval {to,...

€ITyield curve —

_I67@) - M (@)]|n
I1MI @)l

(1.88)

JtN}

used to provide the calibration and (M7 )tE{to,---,tN} is the value for the j** spread given by
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the market data in the considered time interval, the relative error is:

1S9 — MA|| \/Zﬁio(si - M})?

€ITspread curve — ; (189)
M j
147 oM7)
OIS 3M 6M
yields 0.01917 0.01705 0.02385
spread - 6.92929e-07 8.491172e-07

Table 1.4: Relative errors.

1.7.5.1 Stability with respect to the length of the time series

The length of the time-series to use to provide the estimation is an interesting factor to analyse.
Indeed, choosing a time series too short should not give a have sufficient information to get a good
estimation. On the other hand, choosing a time series too long should not give a good estimation
because the consistency condition is a local property.

We present the error obtained comparing the market data with the manifold estimated at the
end of the considered time interval, using different time series of market data. We provide these
comparisons separately for each yield-curve and for each spread component. For the error in each
k" estimated yield curve, we consider the error function introduced in equation (1.88). To compute
the error in the spread, it is convenient to consider the relative error between the estimated spread
at ty41, denoted by S* and the same value obtained by the market data, M* for each k = 1,2 (i.e.

. |SF =M
€ITspread, ‘= [MF] )

The estimation procedure is initialized in 6y introduced in Table 1.2. We consider a time series
of market data ending in 30/07/2021 with length 1M, 2M, 3M, 4M, 5M, 6M (we fix the ending
date because we want to compare the market data and the estimated manifold at the end of the
considered time interval, i.e. 01/08/2021 for each choice of the length).

The length of the time series that gives the best results in terms of relative error is 4M for an
analysis ending at 30/07/2021, as shown in Table 1.5.

length of {tg,...,tn} Yield curve Spread curve
n months RFRs | Euribor 3M | Euribor 6M || Spread 3M | Spread 6M
1 0.0520 0.0524 0.0368 2.5736e-07 | 2.4474e-07
2 0.0557 0.0489 0.0371 5.6650e-08 | 1.6761e-10
3 0.0213 0.0218 0.0387 4.4926e-07 | 3.8488e-07
4 0.0191 0.0171 0.0239 1.1579e-06 | 9.6982e-07
) 0.0159 0.0163 0.0334 3.1638e-08 | 3.4686e-08
6 0.0213 0.0214 0.0393 1.2390e-07 | 6.3183e-08

Table 1.5: Relative error as a function of the length (in month) of the time window.
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1.7.5.2 Stability of time-independent parameters

In Subsection 1.7.5.1 we shown that with a time series of length 4M the calibration procedure for
the date 30/07/2021 provides the best result. Another interesting analysis to be conducted is the
stability of the estimated parameters in time, using a time series of length 4M. We develop this
analysis as follows, starting at dy = 01/04/2021, with 6y given in Table 1.2;

A.1 Apply the calibration algorithm with the time interval of length 4M starting at dy.

A.2 Compute the calibration procedure with the time interval of length four months starting at

data dy + 1 day, using as initial datum the value 6* estimated at A.1.

A.3 Repeat the previous step, shifting the time series of market data with frequency one day for
N = 50 iterations.

In Table 1.6, we present the mean and the standard deviation of the vector made by the

estimation of each parameter 8* at step A.2, along the considered time interval:

CLO 0.0 al 0.1 CL2 0.2 ,51 62

avg 0.371948 0.164252 0.372120 0.159068 0.372732 0.159813 0.481433 0.882557
std  0.000004 0.000006 0.000003 0.000006 0.000004 0.000004 0.000002 0.000003

Table 1.6: Average and standard deviation of the parameters estimated along the time interval
[do, do + 50 days].

In conclusion, the parameters are stable in time. This stability can be partially motivated by the
procedure we used to provide the analysis. Indeed, in line with the commonly adopted recalibration
procedure, the initial value 6y of the calibration procedure at the iteration ¢ is chosen as the value
0* estimated at the iteration ¢ — 1. Under this assumption the stability of the parameters is good,
because there is not a significant difference between curves estimated using time series of length

four months that differ by a shift of one day.

1.8 Conclusions and further developments

Since the Libor reform there is no agreement on the choice of the benchmark rate to be adopted
in the interest-rate market. Adopting RFRs the interest rates can be modelled by a single-curve
approach. However, in the Eurozone market, the Euribor rate, that is the benchmark rate, is still
computed for a set of different tenors. On the other hand, in the American market, the adoption
of the RFR called SOFR is opposed to the desire of the analysts to describe the market via credit
sensitive rates (CSRs). As mentioned, financial institutions, such as AFX, have proposed a set of
CSRs that are described by a multi-curve setting. However, at the moment, there is not sufficiently
high liquidity on the interest-rate derivatives used to construct these rates. Therefore, further
analysis on these new rates cannot be provided yet.

An interesting issue to address is the generalization of the results presented in this chapter to
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general Heath-Jarrow-Morton models defined on suitable Fréchét spaces. Indeed, in analogy with
[FT03] and [FT04], the boundedness of the functional IF, which is a necessary condition to define the
Hilbert space H introduced in (1.7), does not allow for the geometric analysis of more sophisticated
forward-rate models, like CIR. To overcome this issue, we could investigate the solution proposed
in [FT03] and [FT04] in the context of single-curve modelling.

A second fascinating application of these results could be the extension of the calibration al-
gorithm, described in Section 1.7, to forward-looking purposes. In particular, it would be interesting
to understand if it is possible to apply the parameters determined by the calibration algorithm to
estimate future realizations of the forward-rate curve through the finite dimensional process Z that
determines the FDRs.
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CHAPTER 2

Price formation under asymmetry of information: a

mean-field approach

2.1 Introduction

In financial markets, quantifying the information available to an agent is a crucial task, especially
when the amount of information accessible to every player is not homogeneous. Our purpose is to
understand what is the impact of the equilibrium price w, in a market populated by a large number

of agents who can access different sources of randomness.

This chapter is based on a project jointly developed with Alekos Cecchin, Markus Fischer and
my PhD supervisor, Claudio Fontana,

We are interested in a market model in which one asset is traded by N small agents, called
standard agents and one major agent. We suppose that there is a gap between the information that
is accessible to the major player and the standard agents. In particular, we assume that the major
agent can observe a stochastic factor that is inaccessible to the standard players. We suppose that
this stochastic factor impacts on the revenues of the major agent and therefore on her strategies. In
this setting, we aim at studying the mechanism of price formation, that is the procedure at the basis
of the determination of the price of an asset through the interaction between the rational agents
who trade that asset. In particular, we derive an equation for the price under which the demand
and supply of the asset are balanced at every time. We call this condition market clearing. The
price determined in such a way, called equilibrium price, depends on the choices of every agent. As a
consequence, the structure of the market becomes complex, due to the interdependence between the
strategies of the agents. To overcome this problem, we follow the approach described in [FT22a],
formulating the problem through a mean-field approach.

Mean-field games (MFGs) are stochastic differential games with infinitely many players and
symmetric interactions. The seminal papers [LL07] and [HMCO06] present a characterization of the

Nash equilibrium for this class of games, through a coupled system of a Hamilton-Jacobi-Bellman
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INTRODUCTION

(HJB) and a Fokker-Planck (FP) equation. In [CD18a] and [CD18b] an alternative probabilistic
approach, based on the Pontryagin maximum principle is proposed. In particular, the mean-
field game solution is proved to be related to the solution to a McKean-Vlasov Forward Backward
Stochastic Differential Equation (FBSDE). As we are going to show, we consider an analogy between
the equation for the equilibrium price we are going to derive and the consistency condition of a
weak mean-field game equilibrium. Hence, related results to the existence of solutions to these
kinds of equilibria can be found in [CDL16] and [Lac16].

As discussed in [GNP15] and [Car20], there are many economic and financial applications of
mean-field games theory. However, most of these results in mean-field game theory are applied to
construct approximate Nash equilibria among the agents, given a response function of the price
process exogenously. See, for example, applications to optimal trading ([LM19]) as well as liquid-
ation of portfolio ([FGHP21]), exploitation of exhaustible resources and related problems among
many agents’ responses to an exogenously given price process ([Fu23; FH20]) and systemic risk
[CDL17]. In [ABM20], an application to the optimal management of energy storage and distribu-
tion in a smart grid system is presented, while in [ABBC23] a mean-field model for the development
of renewable capacities is proposed. In all these works the price is supposed to be defined as an

exogenous stochastic process with a prescribed dynamics.

In this chapter, we aim at deriving an equation for the equilibrium price process, determined
endogenously by the balance between demand and supply. In this direction a first application
in the context of mean-field games is [GLL10], where the balance between demand and supply is
analyzed explicitly, but the demand is supposed to be exogenously defined as a function of the
asset price. In [GS21], through an analytic approach, the market clearing condition, is imposed.
This condition leads to an equation for the price process, that turned out to be deterministic due
to the absence of common noise. More general results, involving the presence of a common noise,
are obtained in [FT22a; FT22c; Fuj23] through a probabilistic approach. In particular, the authors
proved the existence of a solution to a mean-field equation for the equilibrium price process in
a homogeneous information setting. Analogous results applied to the electricity market can be
found in [FTT20; FTT21; ACP22; SFJ22] and [GGR23|. In [FTT20; FTT21], the intraday market
electricity price is determined by a combination between the fundamental electricity price, that is
supposed not to be affected by the agents strategies and the average position of the agents trading in
the market. In [GGR23], in a commodity market model, the balance between the average quantity
of the commodity demanded by the agents and the random supply of the commodity determines
the equilibrium price.

We are interested in an asymmetric scenario, where a major agent is counterposed to a family
of small symmetric agents. In the theory of mean-field games, models on which major and minor
agents interact among each other are studied in [BCY16; CZ16; BLL20] and [CCP20]. An applica-
tion to finance and economics is given in [Nunl7|. In the direction of equilibrium price formation,
interesting results are described in [FT22b] and [FTT20], with an application to the electricity

market in presence of a major agent. Moreover, results related the issue of heterogeneity of in-
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CHAPTER 2. PRICE FORMATION UNDER ASYMMETRY OF INFORMATION

formation in mean-field game models are discussed in [SC16; FH20; MSZ18; Ber22; BY21; CJ19]
and [CJ20]. In particular, in [CJ20] a market model in which the agents have different beliefs
about the evolution of the exogenously given price process is presented. More recently, in [BCR23]
and [BS24], the authors studied a market model described by a Stackelberg game in which a more

informed major agent exploits the additional information to manipulate the market.

In this chapter, we aim at relating the issues linked with an asymmetric information structure to
the features of an equilibrium price approach. We adopt the setting [FT22a; FT22b] and [FT22c].
We suppose that the N standard agents observe a common shock, given by a Brownian motion
B, an idiosyncratic noise, independent of any other source of randomness and the price process
w. On the other hand, we suppose that the major player can observe the common noise B, the
price process w, but also an additional stochastic factor ¢ that a priori is inaccessible to the other

players.

As a first step, we assume that the price is an exogenous factor for every player. Therefore,
the agents have to solve an optimal control problem depending on the random noises they can
observe. Assuming that the agents are rational and minimize a cost functional, we obtain a family
of optimal control problems depending on the common and idiosyncratic stochastic factors. We aim
at determining the equilibrium price determined by the market clearing. By this condition, we are
going to derive an equation for the equilibrium price process, depending on the optimal control of
all agents. As a consequence, through the observation of the equilibrium price process, the standard
agents can deduce the strategy of the major player, that depends on the additional factor ¢. In
particular, the market clearing condition establishes a link between the optimal strategies of all
players, leading to a complex structure of the market. Indeed, the equilibrium price w is defined
by a combination of the strategies of all agents, that depend on the price w in a recursive way.
Therefore, the equation for the equilibrium price w seems intractable from an analytical point of

view when N is finite.

To overcome this problem, we follow the strategy described in [FT22b] and study the case with
infinitely many standard players. To do so, we assume that the information commonly shared by
every standard agent is given by the one generated by the common noise B and the equilibrium
price process w. This procedure allows to ignore the effects of the idiosyncratic noises of each
individual standard player. However, due to the market structure, the same does not happen to
the private information accessible to the major player. As a consequence, we obtain a mean-field
equation for the equilibrium price process. We prove the existence of a mean-field solution ™ of
this equation. We can follow this approach due to the symmetry of the optimal control problems of
every standard agent. However, to construct the solution to this mean-field equation, we cannot use
standard tools like fixed point arguments. This is due to the structure of the mean-field equation,
that depends on the filtration generated by the solution itself. To circumvent this problem, we
recognize an analogy between the structure of the mean-field equation for the price process and
the notion of weak equilibrium in the context of mean-field game theory. Therefore, we construct

the solution adopting a strategy analogous to the one described in [CDL16] to determine a weak
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2.1.

INTRODUCTION

mean-field game equilibrium. We justify the construction of the price process in the mean-field
limit, showing that @™ satisfies a weak form of the market clearing condition in the case of finitely
many agents.

This chapter is structured as follows. In Section 2.2, we describe the market model and we
introduce the concept of equilibrium price process in both the finite-dimensional case and in the
mean-field limit. In Section 2.3, we describe our approach to construct the solution to the mean-field
equation for the equilibrium price process. It is based on the discretization of the domain in which
the solution is defined. Hence, we solve a fixed point problem in a space in which the characterization
of compact sets is easier to obtain. We construct a sequence of stochastic processes, defined on
the discretized domain, that approximates the equilibrium price. Applying suitable convergence
arguments, we prove that the limit in distribution of the sequence of approximate solutions solves
the mean-field equation. Finally, in Section 2.4, we prove that, under additional conditions on the
structure of the market, we can justify the approximation of the equilibrium price process with its

mean-field limit in a market populated by finitely many players.

2.1.1 Notation

We denote a given filtered probability space with the standard notation (Q, F,P,F). When we
refer to the canonical space, we use the notation (2, F,P,F), denoting with G ® H the product
sigma-algebra generated by two sigma-algebras G and H.

We denote by L or C' a positive real constant. We refer to the time horizon with the constant
T > 0. Moreover, for every probability space (£2,G,P) endowed with a filtration G := (Gt )sejo,7) We

refer to:
e L2(G;R) as the set of real valued G-measurable square integrable random variables;

e S?(G;R) as the set of real valued G-adapted cadlag processes X satisfying:

2
||X||SQ(G;R) = E[ sup |Xt|2] < 00;
t€[0,7]

e H?(G;R) is the set of real valued G-progressively measurable processes Z satisfying:

(/OT|Zt]2dt>r < 0.

We adopt the standard notation C([0,T],R) for the space of real valued continuous functions on
[0,T] and D([0,T],R), for the space of real valued cadlag functions on [0, 7]. Finally, we denote by
M([0,T],R) the set of real valued Lebesgue measurable functions on [0, 7.

We adopt the notation F® := (FP )ielo,r) to denote the natural filtration generated by the

1Z]l2(Gr) = E

. . . . =0
process ©. The complete and right continuous augmentation of F® is denoted by F .
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CHAPTER 2. PRICE FORMATION UNDER ASYMMETRY OF INFORMATION

2.2 The market setup

2.2.1 The probabilistic framework

As mentioned in the introduction, [F'T22a; FT22b; FT22¢| are at the starting point of this project.
As in [FT22a, Section 3.1], we consider a market model populated by N standard agents and one
major agent, who plays the role of a large company or investor. The players acting on this market
trade a single asset. The goal of every agent is to solve an optimal control problem, that depends on
the price of the traded asset, denoted in the following by . We suppose that every agent is a price
taker, thus all agents make their decision considering the price as an exogenous stochastic process.
In this setting, we consider the problem of the price formation: we aim at studying the dynamics
of the price process w that satisfies the market clearing condition. We consider a market model
in which there exists a gap in terms of amount of information that is accessible to the standard
agents and the major agent. We suppose that the major agent’s revenues depend on an additional
stochastic process ¢, that can be observed by her, but is inaccessible to the standard agents.

We aim at understanding if the less informed agents can deduce some information regarding
the strategy of the major agent, through the observation of the price process. Indeed, since the
strategy of the major agent depends on the extra factor ¢, it is a priori inaccessible to the standard
agents.

The probabilistic setup is represented by a family of stochastic control problems defined as

follows. First, we introduce the following probability spaces:
(907‘707]?0)7 (ijrjapj)]:l,,]\f

Each probability space is endowed with a filtration defined as follows:

e Forevery j =1,...,N,on (Q/, F/,P7) we introduce F/ := (]'—tj)tz() as the usual augmentation
of the filtration generated by a random variable ¢/ and a Brownian motion (VVtJ )t>0 inde-
pendent of &/, &7 is the initial value of the state variable of the j**-standard agent, while the

Brownian motions represent the idiosyncratic noises associated with each standard agent;

e On (20 FO PY), we introduce a one dimensional Brownian motion (B;);>o and another real
valued stochastic process ¢, independent of B, which represents the private information of
the major player, as discussed in Section 2.2.2.2 below. Hence, we denote by F° := (-7‘—?)7:20

as the usual augmentation of the filtration generated by (c, B).
As a consequence, the Brownian motions (W7) j=1,..,N are pairwise independent and are independent

of (¢, B). We define the filtered probability space (2, F,P,F), F := (F;)¢cpo,r) by:

Q= x Q' x---xQV,
(F,P):=(FoFle - -FN P o...0PY), (2.1)
Fo=Fo --@FN, telo,T].
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The price process is defined as follows:

Definition 2.1. The price process w is a generic cadlag process w := (w¢)¢>0, defined on €.

2.2.2 The market

In this section we describe the optimal control problems that must be solved by the agents acting in
the market. As discussed, every agent is a priori supposed to be a price taker. An individual agent
in the market is called price taker if he cannot manipulate the price of the asset. He must accept
the prevailing price in the market because he does not have enough market power to influence the

price. A price taker chooses his strategies observing the price w as an exogenous stochastic process.

2.2.2.1 The problem of the standard agents

In analogy to the setting proposed in [FT22a], we suppose that every standard agent has a group
of customers who trade the securities with the agent and have no direct access to the market. We
introduce the number of shares Xg possessed by the j agent at time t. The state process X7 is
controlled by the agent through the trading speed, denoted o, that belongs to a set of admissible
strategies A7. In particular, a{ is the number of shares, traded by the j** agent in the infinitesimal
time interval [t,¢ + dt]. Moreover, the position X7 is dependent also on the trades between the
jt" agent and its individual clients. In particular, the random demand of the private customers of
agent i is described by the Brownian motion W, multiplied by a factor ¢ that can also depend on
the price process. Moreover, we also allow for the existence of a random demand that affects all the
standard agents in the market in the same way. It is described by a factor og, possibly dependent
on w, multiplied by the Brownian motion B.
As a consequence, we suppose that each standard agent’s state dynamics is described by the
following SDE:
dX7 = (al +1(t,@;))dt + oo(t, w;)dBy; + o (t, w;)dW

4 A (2.2)
X} =6,
for every j =1,...,N. We recall that, the sequence of starting points (fj)j:17.,.7N is i.i.d.
Assumption 2.2. E[|¢/]*] < oo, for every j =1,...,N.
The cost functional to be minimized by the jth agent is:
. . T . . -
Ji(ed) =E| [ ft. Xl m)dt + 9(Xfwr) |, =10, (2.3)
0

where

1 _
flt,x,a,w) :=wa + §Aa2 + f(t,z,w),

g(z, @) =g (@)T + Go().
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CHAPTER 2. PRICE FORMATION UNDER ASYMMETRY OF INFORMATION

for measurable functions f and § and a positive constant A. For every j = 1,..., N, the family
of admissible controls is given by the set of square-integrable stochastic processes adapted to the
filtration generated by the price process w, the Brownian motion B and the idiosyncratic noise

W, denoted by F%7 := 7B

of € AV = H?(F%;R). (2.4)

In particular, every standard player observes the price process and the Brownian motions B, W7,

but he has no clue about the presence of other sources of information that are affecting the market.

2.2.2.2 The problem of the major agent

The major agent is a large company trading in market. We assume that she does not have a private
set of customers for which she provides trading services. In other words, the dynamics of the state

variable X©, describing the number of shares in the portfolio at every time is:
dX) = Bydt + o} (t,@)dBy,  X§ = o, (2.5)

where f3 represents, in analogy to o/ for the j** standard agent, the strategy determining the trading
speed of the major agent. For technical reasons, that are motivated by Remark 2.33 below, we
assume that 2 is a constant. As discussed in the introduction, the gap in the information structure
between the major player and the standard agents is described by the presence of an additional
stochastic factor ¢, independent of B that affects the revenues paid to the major player.

We consider a cost functional of the form:

T
J(ON)</8) =E / f(()N)(t7Xt07/3t7wt7ct)dt+go(X%7wTacT) ) ]: 17"'7N7 (26)
0

that has to be minimized, where

0 b b 1 A0
f(N)(t,$, ,w,c) =w +§W

9°(z,@,¢) :=gi(w,c)z.

b? +70(t,x,w,c),

. —-0 . . . . e
for some measurable functions g{, g9, f , associated with the revenues obtained by trading activities.
We assume that:

fo(t, z,w,c) =)l (t,w,c)r,
where ¢! and ¢/ are measurable functions defined on [0, T] x R x R. As done for the less informed

agent, we consider the set of admissible controls, that is given by, the space of square-integrable

. —w,B,
stochastic processes adapted to FM := Fo°

B e A% = H2(FM;R), (2.7)
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This implies that the major agent can choose the trading speed by relying on the extra factor c.

Remark 2.3. Both the family of standard agents and the major agent have to solve optimal control
problem that is dependent on the stochastic factor w, representing the price process. In both cases
the objective functional is determined by a running cost and a final cost. The running cost is
expressed by the sum of a linear quadratic term in the control variable and a term dependent on
the state variable. The linear quadratic term is given by two coefficients. The first component,
Wy, is the product between the price process and the control. It represents the amount of money
exchanged to buy or sell the asset at time . On the other hand, the quadratic term represents a
penalization term due to the fees associated with large trades. The remaining component of the
running cost, independent of the control variable, could be interpreted as a combination between
costs associated with financial risk and revenues obtained by an appropriate management of the
position, described by the state variable. In particular, in the case of the major player, the factor
Eé” represents a coupon stream proportional to the number of shares owned by the major player.
E(])VI and g7 depend on the stochastic process c that determines the private information of the major
agent. This process c can be interpreted as a stochastic factor that impact on the stream of coupon
¢! allowing higher (or lower) revenues. On the other hand, the terminal cost of the major player
is determined by the coefficient g{ that can be interpreted by the liquidity price of the terminal
position. In this case, the factor ¢ could represent a stochastic threshold for the liquidity price of
the major player. For instance, if g9(w, ¢) = max{w, ¢}, the major player can close its position at
a higher price than the equilibrium price.

As described in Section 2.2.5, the presence of the factor N at the denominator of quadratic
coefficient of the running cost function f(ON) guarantees that, when passing to the limit in the
number of standard agents, the impact of the major player in the market clearing condition does

not disappear.
2.2.3 Technical assumptions

2.2.3.1 Assumptions on the coefficients

We introduce the hypotheses on the coefficients of the model. These hypotheses are an adaptation
of [CD18b, Assumption Coefficients MFG with a Common Noise] and [CD18b, Assumption FBSDE
MFG with a Common Noise]:

Assumption 2.4 (FBSDE MFG with a Common Noise). There exists a constant L > 0 such that:

A1 The coefficients I, o, 0} and o¢ introduced in (2.2) and (2.5) are Borel-measurable functions
from [0, 7] x R into R. For every t € [0, 7] the functions I(, ), o(t,-), oo(t,-) and o} (t,-) are

continuous on R and for every w € R:

|U(t, @) + |oo(t, @)| + [o(t, @)| + |og" (t, @)| < L[L + |oo]].
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A2 For every t € [0, T)] the coefficients f(t,-,-), g1 () and gy(+), introduced in (2.3), are continuous
functions from R x R to R and from R and R respectively. For every t € [0, 7] and w € R, the
functions f(t,-,w), g;(-) and g,(-) are continuously differentiable. Analogously, the functions
M, M are continuous from [0, 7] x R x R to R, while g} and g9 are continuous from R x R
to R. Moreover:

[t 2, @)| +lg(z,@)| < L1+ |z* + |@]?),

A3 We assume that the functions f and g are convex functions in the 2 variable.

A4 We require that the volatility functions oy, a[])\/[ and o are jointly continuously differentiable
in both variables, ¢t and w, they are convex in w variable and their partial derivatives are
bounded:

|0roo(t, )| + |0zo0(t, @)| + |00 (t, )| + |00 (t,@)| + \8taé\/[(t,w)| + \Bwaéw(t, w)| < L.

Remark 2.5. Let us notice that the L-convexity condition (defined in [CD18a, Assumption (Control
of MKV Dynamics]) is already satisfied by L := max{(A%)~!, (A)~1}, due to the linear quadratic

structure of the cost functional:
A5

f(tvwv O/v w) - f(tal'a «, w) - (O/ - oz)@af(t,:r, OZ,W) > L_1|Oé - O/|2’

f(ON)(t,fE,ﬂ,,W) - f(ON)(t,.’E,B,W) - (5, - ﬂ)aﬁf(oN)(taxaﬁvw) L_1|ﬁ - ﬁ,|2'

Let us notice that L is independent of N.

v
N — DN -

In line with [CD18b, Section 1.4. - Voll II], we aim at applying the stochastic maximum
principle to solve the optimal control problems of every agent. Therefore, we need some additional
conditions, that are stated in Assumption 2.6 below. We adopt a forward-backward formulation
of the solution to the optimal control problem, because, as we are going to show in Section 2.2.4,
the equilibrium price process is going to be determined by a combination of the solutions of the

backward components of the FBSDE system associated with the optimal control of every player.
Assumption 2.6 (FBSDE MFG with a common noise).

B1 For a constant A > 0, we denote by A = —A~!. The functions

B(tv Y, w) = _A(y + w) + l(t7 w),
F(t,z,w) = —0.f(t,r,@),
G(x,w) := 0,9(x)

are continuous in (y,w), (z,w) and z variable respectively for every t € [0, T].
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B2 There exists a constant L > 0, such that, such that B(t,y, @) introduced in B1, 0, f(t, z, @),
Drg(z, @), AW (t, ,¢), T(em, ¢) saisty:

|B(t, @, y)| < L1 + |w] + |y]],

_ (2.8)
100 F(t, 2, )| + [Oeg(z, @)| + &) (t, @, )| + |9} (@, ¢)| < L.

B3 There exists a constant L > 0, such that, such that, for every z,2’ € R, for every t € [0,7],
for every w € R:
0.F(t, 2", ) — O, F(t, 2, )| < Lz — o)

(2.9)
10272 (x) — 02g5(2)| < L|z — 2'].

2.2.3.2 The compatibility condition

In Subsection 2.2.2.1 and Subsection 2.2.2.2, we defined two optimal control problems, one for the
standard agents and one for the major agent. The optimal control problems depend on a stochastic
process, respectively w and (w,c), that a priori may not be adapted to the Brownian motions
driving the state variable. As discussed in [CD18b, Section 1.1], in this setting, we must handle
carefully the interdependence between the stochastic processes determining the randomness of the
model. In particular, if we do not specify properly the relations between the filtrations generated
by @, c and the Brownian motions B and W7, j = 1,..., N, we may encounter several problems
when studying the optimal control problems introduced in Subsections 2.2.2.1 and 2.2.2.2. For
instance, if we consider the case of the j**-standard agent, without additional conditions on w, the
value of w at a fixed time ¢ may reveal future realizations of the Brownian motion (B, W7). As a
consequence, (B, W7) would not be anymore a Brownian motion with respect the filtration 53,
To overcome this problem, we are going to introduce an assumption, that is based on the following

definition:

Definition 2.7. In a probability space (2, F,P), let us consider two filtrations (Gt).ejo,r) and
(Ft)rejo,r) We say that (Gi)icjo,r is immersed in (Ft)scio,m if

e G, C Fforalltel0,T].
e martingales with respect to (Gt)sc(o,r) Temain martingales with respect to (F¢).e(o,7)-

The immersion of (Gy)epo,7] in (Ft)iefo,7) 15 equivalent to require that:
Gr is conditionally independent of F; given G,. (2.10)

The immersion condition, introduced in [BY78] with the term #H-hypothesis, has been widely studied
in the literature and has been analysed in many financial applications, notably in credit risk model-
ling ([EJY00; JROO; CIN12]). For a detailed description of the properties and the characterizations

of the immersion condition, we refer to [AJ17, Chapter 3].
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We state the compatibility condition, that is defined as follows:

Definition 2.8 (compatibility). A stochastic process 6, defined on a probability space (2, F,P), is
compatible with a filtration F := (]:t)tE[O,T]a if the natural filtration F? generated by 6 is immersed
in F.

In analogy to [CD18b, Definition 1.13], we introduce the concept of admissible probabilistic

setup:

Definition 2.9. A complete probability space (€2, F,P), endowed with a complete and right-
continuous filtration F and on which a process 0 := (£, W, w) is defined, is an admissible prob-

abilistic setup if:
1. W is a F-Brownian motion;
2. 0 and F are compatible.
We may refer to the term admissible probabilistic setup by ((Q2, F,P),F, (&, W, w)).

We notice that, the process @w may be not independent of the Brownian motion W. Finally, we

introduce the following assumption:
Assumption 2.10.
e Forevery j=1,...,N, ((Q, F,P),F5I (¢, (B,W7),w)) is admissible;

o ((Q,F,P),FM (20, B, (w,c))) is admissible.

Assumption 2.10 guarantees that the relation between the Brownian motions B, W', ... W/

and the filtration to which the controls are adapted is not affected by the processes w and c. In
particular, B and W7 are respectively an F™-Brownian motion and an F*J-Brownian motion, for
every j. In general, the admissibility property, introduced in Definition 2.9, is fundamental to
guarantee that anticipative controls are excluded. We are going to discuss about this condition in
Remark 2.16 below.

2.2.4 The market clearing condition

2.2.4.1 A forward-backward system for the solution to the optimal control problems

In order to apply the stochastic maximum principle, we introduce the reduced Hamiltonians of the
stochastic optimal control problem for both the standard agents (denoted by H) and the major
agent (denoted by H°). By the symmetry of the problem of standard agent, the Hamiltonian H is

the same for every standard player. For the major player the Hamiltonian H° depends also on ¢:

H(t7 x7 y7 a7 w) = y(a + l(t’ w)) + f(t7 m7 a’ w)’
H?N)(ta xoayoaﬁaw70) = yoﬁ + f(ON)(tax757wvc)'
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Under Assumption 2.4, in both cases, the reduced Hamiltonian is convex in the control variable.

Hence, there exists a unique minimizer, that have the following structure:

a(w,y) = —A(y + @),
_ lmuy= Ay e (211)
BN (w,4°) := =N (* + ).
where A := —A~! and analogously for A°. Hence, to apply the stochastic maximum principle, in
line with [CD18b, Section 1.4], we introduce the following FBSDE systems:
dX] = (=AY + @) + U(t, wy))dt + oo(t, w)dBy + o (t, @) dWF,
X! =g,
o= A - , (2.12)
AY{ = 0, f(t, X!, w)dt + Z)7 dB; + Z]dW] + dMj,
qu‘ = xg(X%va)a
foreach j=1,...,N.
dX0 = —NR'(Y? + @)dt + o(t, w1)dB:,
X0 =z,
00 (2.13)

dY? = —eM (t, @, ¢;)dt + Z0dB, + dMY,

Yy = g% (wr, er).
Let us remark that the martingale M7 appears because the process w may be not adapted to
FBW,

By the compatibility condition, ensured by Assumption 2.10, the convexity of the Hamiltonian,
guaranteed by condition A5, Assumption 2.4 and Assumption 2.6, we can apply the stochastic

maximum principle in the version of [CD18b, Theorem 1.60]. We deduce that:

e Systems (2.12) and (2.13), defined on the filtered space (€2, F,P,F) introduced in (2.1), admit
a unique strong solution respectively denoted by (X7,Y7, Z%7 77 MJ) and (X°,Y°, Z° M?).

e The unique optimal controls of the optimal control problems introduced in Subsection 2.2.2.1

and Subsection 2.2.2.2 are respectively defined by:

af = =AY + @),
B = _NRr 4 0,

Adopting the terminology introduced in [CD18a, Definition 2.14], we call adjoint process associated
with the optimal control prbolem, the solution to the backward stochastic differential equation
(BSDE) in a FBSDE system associated with the stochastic maximum principle. In particular Y7
and Y? in (2.12) and (2.13) are respectively the adjoint processes associated with the optimal

controls & and 3IV).
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We briefly recall how the adjoint processes are constructed. As described in [EPQ97, Section

5.1], the adjoint processes are defined by the conditional expectations:

. . T JE— -
Y/ = E |0pg(Xi wr) + / Do T (5, X3, co0)ds
t

ftsvj] . telo,T),

T
Yto =FE gﬁ](wT,cT) +/ Eéw(s,ws,cs)ds
t

.7-"tM], t € [0,7).

Indeed, considering the case of Y7 (for Y the computations are analogous), we introduce the

martingale:

N = E|0,9(Xh, wr) + / 0uF (s, X1, wy)ds
0

}}S’j] , tel0,T). (2.14)

By the Kunita-Watanabe decomposition theorem ([KW67, Proposition 4.1]), N; can be decomposed

as:
Ng:NO+/ Zg’Jst+/ ZIAWI + M7, te 0,7,
0 0

for suitable predictable process 70 , Z9 and a cadlag local martingale M , ortogonal to B and W7,
We define the random process by }Zj = th — fot O f (s, Xg, ws)ds. We notice that:

~ . T J— .
Y;] =E [a:vg(X%W wr) + / Oz f (s, X7, ws)ds
t

ff’j], te o, 7).

Moreover:

= / XJ wy,)ds
t
/ Z%9dB, +/ Z]dW]+M] 8 (s, X7, wy)ds
/ ws)ds—l—/ Zg7des+/ ZIdWI + M.
0
This implies that:
JUNE T ) T __ T _ o —
Y;J:Y%—i—/ Gmf(s,Xg,ws)ds—/ Zgﬂst—/ Z1dW] — M7 + M.
¢ t t

Finally, by uniqueness of solutions (see [EPQ97, Theorem 5.1]), it is possible to conclude that
(Y3,7% 73 MI) = (Y3, 7% 73 M9).

Remark 2.11. Under Assumption 2.4 and Assumption 2.6, [CD18b, Theorem 1.60] guarantees
also that the stochastic integrals [ r Z%9 dBs, [ r ZIAW? and M7 are true martingales, because
7z%3 77 € H2([0,T],R) while M7 € S?([0,T],R). The same holds for the solution to the FBSDE

associated with the optimal control of the major player.
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2.2. THE MARKET SETUP

2.2.4.2 The equilibrium price process

Until now, we have assumed that the price process w is exogenously given, i.e., every standard
agent considers w as an external stochastic process that affects the dynamics of the state variable
and the objective functional. Under this assumption, the setting consists of a family of stochastic
optimal control problems that can be solved separately by each player. As in [FT22a], we want to
determine the price process by the equilibrium between demand and supply. This condition, called

market clearing, is expressed by
N .
Bi+Y ol =0, dt®dP-ae, (2.15)
j=1

We recall that o/ € H?(F%7;R), while 8 € H?(F™;R). Assuming that agents are rational, the
market clearing condition (2.15) implies that E(N ) must a posteriori be adapted to the filtration
generated by the controls ay,...,a), where a7 and B(N ) denote the optimal controls introduced
in (2.11), respectively for the j* standard player and the major player. As a consequence, E (N) ig
adapted to (F772W A fF’B’c)te[o’T}, where W := (W1, ...,W¥) is a Brownian motion defined on

Hfi 1 2. Hence, it is convenient to show the following result:

Lemma 2.12. Under the conditions introduced above, the following holds:
FEPWANFRPC=FPP e lo,T).

Proof. Let us notice that elements of 777" and 7777 are generated respectively by sets defined

as follows:
N .
A= {(wo,w) e x [ mmw’ w) €A, Bu(w’) € A% Walw) € A3},
=1

N
D = {(wo,w) € QY x HQZ s woar(w?,w) € DY, Bag(WP) € D%, e € D3},
i=1

for A', D', D3 € B(D([0,T],R)) and A?, A%, B* € B(C([0,T],R)). Thus, an element of ff’B’W A
Fo B¢ must be generated by sets that are of the form of both A and D. This implies that A = D!
and A% = D%, We now observe that:

N
A=AnN {(wo,w) € x HQ’ c (W) € D([O,T],R)},
i=1

N
D=Dn {(wo,w) e’ x HQ’ s Woa(w) GC([O,T],R)}.

Therefore:
A=AUD ={("@) € Q: wnw’ @) e AL, B (°) € 4%},

68



CHAPTER 2. PRICE FORMATION UNDER ASYMMETRY OF INFORMATION

from which we conclude that elements of 72" A F7P¢ are generated by intersection between

pre-images of w.; and of B.x¢. As a consequence, we conclude that F;~ BWA F B Fo B0

Remark 2.13. In this setting, at the equilibrium, the optimal strategy of the major player is actually
revealed by the price process. As a consequence, by the market clearing condition the optimal
control of the problem defined by the class of admissible controls H?(FZ-5:¢; R) is adapted to F=-5.

Hence, we can restrict family of admissible controls of the major player to H?(F@5;R).

Moreover, the strategy B(N ) cannot be independent of w. In other words, the market clearing
condition imposes a posteriori the major player to be a market maker. This implies that the major
player is supposed to be the one who balances the demand and supply of the asset in the market.
As a consequence, B(N ) must be a measurable function of the equilibrium price process w and the
Brownian motion B.

By equation (2.11) together with Lemma 2.12 we conclude that the adjoint process Y of the
major player is adapted to F# 5. As a consequence, the independence between ¢ and B! implies that
the coefficients g9 and 66\/[ explicitly depend only on w. For instance, since qu is Fp ’B—measurable,
the coefficient g{(cwr, cr) = Y2 = ¢9(w), where ¢¥ is a measurable function of the whole trajectory
of . To develop the computations we assume that ¢9 depends only on wr. Reasoning analogously

for Eé\/[ , we can formulate the following assumption:

Assumption 2.14. We assume that ¢}/ (¢,,c) = ¢}/ (t, @) and §)(w,c) = ¢¥(w). Moreover, in

accordance with Assumption B2, we suppose that:

B4 ! and ¢¥ are bounded (by the same constant L introduced in Assumption B2) and continuous

functions of (¢,w) and w respectively.

As a consequence, the dynamics of the adjoint process YO is

Ay = —c(t,)dt + ZPdB; + dMY,

(2.16)
Y2 =g (wr).

where cé\/[ and g? are measurable functions of (¢, ) and w respectively. MY is a martingale adapted

to F®. Moreover, we suppose additionally that: The market clearing condition (2.15), applied to
the optimal controls introduced in (2.11), defines an equation for the price process. Indeed, the

following holds:

N
S0 4 ) + K +wt))
7j=1

2\>\

N
~(N N
0=B" + Yl = - (
J=1
As a consequence, the market clearing price process is:

N
o 1_ S
wr = (A + A1 (NA SV + AOY,P). (2.17)
=1
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2.2. THE MARKET SETUP

As in [FT22b], the presence of the normalization factor N in the denominator of the constant A®
guarantees that the strategy of B(N ) does not become negligible when N >> 0.
We are now in a position to give the formal definition of equilibrium price process for the market

model populated by N + 1 agents:

Definition 2.15. We say that w is a equilibrium price process if it is a fixed-point of the functional
o) . H?(F,R) — H?(F,R), defined as follows:

oM (@) = —(A + K°)~ ( AZYW YW°> t e [0, 7).

where Y#J and Y®9 denote respectively the adjoint process of the j** standard player and the

major player, when the exogenous random environment is given by .

2.2.5 The mean-field limit

2.2.5.1 The formulation of the fixed-point problem

The problem of price formation can be formulated by the existence of a solution to (2.17). However,
by market clearing condition, an equilibrium price defined as solution to (2.17) makes the optimal
control problems introduced in Section 2.2.2.1 and in Section 2.2.2.2 highly recursive. Indeed, if
the stochastic process w, that appears in (2.3) and (2.6), is the solution to (2.17), it is not even
clear how to guarantee that the cost functionals, that depend on w, are well-defined and convex
with respect to the control variables.

The complexity of the problem is due to the presence of the idiosyncratic noises. To overcome
this problem, we recall that the agents are price taker. This implies that the effect of the trading
activities of each single agent is negligible, when the number N of standard agents becomes large.
To have some insights on a possible strategy to face the problem of price formation and to simplify
the structure of the model, it is convenient to study the mean-field limit. To pass to the limit in the
number of standard agents, we exploit the fact that the optimal control problem of the standard
agents is symmetric and the only difference is given by the idiosyncratic noises that are pairwise
independent. By the symmetry of the optimal control problems of the standard players, we can
apply the Yamada-Watanabe theorem in the version of [CD18b, Theorem 1.33]. As a consequence,
there exists a progressively measurable function ®¥ : R x C([0,T],R) x D([0,T],R) x C([0, T],R) —
D([0,T],R) such that, the adjoint process Y7 of the j** player, defined by an exogenously given
price process w, satisfies

Yi = ®Y(¢, B, w, WY). (2.18)

If (¢/)jen is a sequence of i.i.d. random variables, distributed like initial conditions introduced in
Section 2.2.2.1 and (W7);ey is a sequence of pairwise independent Brownian motions, independent
also of (fj)jeN, the sequence of (¢, B, w, Wj)jeN is exchangeable in the sense of [Klel3, Definition
12.1]. Therefore, the sequence (Ytj )§V21 defined by (2.18) is exchangeable too. Hence, applying De
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CHAPTER 2. PRICE FORMATION UNDER ASYMMETRY OF INFORMATION

Finetti representation theorem ([CD18b, Theorem 2.1], [Klel3, Theorem 12.26]), the limit for N
going to infinity of SN Y satisfies:

1 N
1 —_— Z = 1
]\}lm ;—1 Y =E|Y,

() ofy?, k> j}] . a.s. (2.19)

Jj=1

We guess that the sigma-algebra [ i>1 o{Y}F, k > j} is given by the common stochastic factors of
all the random variables Ytk7 that are w.n; and b.5;. It would be natural to substitute the empirical
mean in equation (2.17) with the conditional expectation E[Y;!|F” %], Through this substitution,
we can consider a market populated by a single typical standard agent and a major agent. Indeed,
the mean-field equilibrium price process w™, defined as the solution to the mean-field limit of
(2.17), should be defined in a suitable probabilistic setup (€2, F,P,F) by the following equation:

opf = — (8 + &) (REMFT P + YY), wee 0., P—as. (2.20)

In (2.20), Y is the adjoint process associated with the optimal control problem of a typical standard
agent in the mean-field limit. Analogously, Y is the adjoint process associated with the optimal
control problem of the major agent in the mean-field limit. In particular, on (Q,F,P,F) we in-
troduce the optimal control problem for the typical standard agent using the same coefficients
introduced in Section 2.2.2.1. For the major agent, we proceed analogously, introducing a normal-
ized optimal control problem as the one introduced in Section 2.2.2.2, where the quadratic term
of the running cost f(ON) is not divided by the factor V. Hence, the cost functional for the major

player in the mean-field limit is
T
J(B) =E / FO X7, Bw™)dt + g (X, ) |, G =1, N, (2.21)
0

where

1
Ot z,b, @) :==wb + §A062 + M (w)z + M (w),
9" (z,w) ==gi(@)x + g5(w).

When we pass to the mean-field limit, it is natural to suppose that the equilibrium price process w™f

is independent of the idiosyncratic Brownian motion affecting the typical standard agent. Indeed,

passing to the limit the effects of the idiosyncratic noises of every standard agent cancel out.

We want to provide conditions that guarantee the existence of a stochastic process w™ that

satisfies the following
P-I On an admissible probabilistic setup (2, F,P,F), we consider:

e the stochastic optimal control problem of the typical standard agent determined by the
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2.2. THE MARKET SETUP

coefficients introduced in (2.3)
inf  J(«a)
a€H2(F=.B, W7 R)
dXt = (Oét =+ l(t, wt))dt + O'[)(t, wt)dBt + O'(t, wt)th,
Xo=¢.

e By Remark 2.13, the stochastic optimal control problem determined by the coefficients

introduced in (2.21) for the major agent is

inf JY
6611412%%5‘1“'3;11@) (8)

dXtO == 5tdt + O'U(t, wt)dBt,

0 _
X0—$0.

Under Assumption 2.4 and Assumption 2.6, we introduce the FBSDE systems, associated

with the stochastic maximum principle for the standard typical player:

dXt = (—K(Y;g + wt) + l(t, wt))dt + O'O(t, wt)dBt + O'(t, wt)thl,
XO = 67

dY; = —0, f(t, Xy, wy)dt + 22 dB, + Z,dWy + dM;, (222)
Y1 = 0,9(X7, wr),
and the major player:
dX0 = —R° (V0 + @y)dt + ol (t, ,)d By,
X§ = o, (2.23)

dYL = —c}l(t,w)dt + Z)dB, + dM?,

Y7 = g} (wr),
P-II We consider the stochastic process

(@) = —(A+ )7 (BAY; + KYOIF), teoTl.

We aim at proving the existence of a stochastic process @™ such that: ®;(w™) = wflf a.s.,

for all t € [0,77].

The structure of the solution to (2.20) is complicated due to the presence of the unknown
stochastic process, @™, in both the left and the right hand-side. In the right hand-side it appears
both in ¥ and Y as well as in the filtration on which we are conditioning.

We can remark an analogy between the structure of equation (2.20) and the consistency con-
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CHAPTER 2. PRICE FORMATION UNDER ASYMMETRY OF INFORMATION

dition for a weak mean-field game equilibrium in the presence of common noise. This notion,
introduced in [CDL16, Definition 3.1] (see also [CD18b, Definition 2.24] and [Lacl6, Definition
2.1]), describes a probability distribution u on the canonical space, that is a version of the condi-
tion law of (W, X) (where W is the idiosyncratic noise and X is the optimal state variable) given

the realization of the common noise B and the solution itself u. In other words:
p= LW, X|B, ). (2.24)

We propose an adaptation of the results described in [CD18b, Chapter III], that are stronger
than the one proposed in [CDL16], but allow for the forward-backward formulation of the optimal
control problems of each player. In [CD18b, Chapter III], the construction of the solution to (2.24)
is performed by discretizing the space H on which the solution takes values, in order to obtain
a sequence of approximated solutions. Adapting this approach to our problem, we consider a
random process w taking values on a suitable functional space . We observe that by the Yamada-
Watanabe theorem (see [CD18b, Theorem 1.33]), if @ is supposed to be exogenously given, there
exists two progressively measurable functionals ¥° and WM™ such that the processes (X,Y) and
(X%, YY), respectively defined in (2.22) and (2.23), satisfy the following functional form

(Xv Y) = \I,S(& (B,W),w),
(X°,v% = vM(B,w).

Since the presence of the cadlag martingales terms in the decomposition of Y and Y, we cannot
conclude that #H is the space of continuous functions C([0,7],R), because v may takes values on
D([0,T];R). As a consequence, we suppose that H = D([0,T]; R).

Our purpose is to construct a random variable @™, taking values on a suitable functional space
‘H, as a fixed point of the functional ®, defined by

o : D([0,T];R)® — D([0, T]; R)*¥
@ (=R +A")'EAY; + K'Y FE e

2.2.5.2 The definition of mean-field equilibrium price process

As discussed in [CD18b, Chapter II], when Q0 is not countable and H is D([0,7],R), the charac-
terization of the compact sets of HY s complicated. As a consequence, we cannot use standard
fixed-point arguments, like Schauder’s theorem, to provide the existence of a solution for equation
(2.20). To overcome this problem, we adapt the strategies described in [CD18b, Chapter III] and
in [CDL16, Section 3] and proceed as follows:

1. We consider an admissible probabilistic setup in the sense of Definition 2.9. In particular,
a random process (£, B, W, w) satisfying the assumptions of Definition 2.9 is defined. We

discretize with n steps in space and [ in time the trajectories of B and w. We construct a
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2.2. THE MARKET SETUP

fixed point on D([0, T7; R)j, where J is the (finite) discretization of the image of the processes
B and w. Since D([0, T];R)? is a finite-product of copies of the functional space D([0, T]; R),

we can apply Schauder’s fixed point theorem to construct a solution to the fixed point problem.

2. We apply the previous step for each n and [ to obtain a sequence of approximated solutions.
Proving that this sequence has a weak limit, we can find the conditions that guarantee the

weak limit to be a solution to equation (2.20).

Remark 2.16. The procedure described above to construct the solution to equation (2.20) as the
weak limit of a sequence of discretized game involves the issue of compatibility. Indeed, as de-
scribed in [CD18b, Section 2.2.2], it is not sufficient to require the compatibility condition for the
optimal control problems defined for the agents in the discretized setting, because the compatibility
condition is in general not preserved when passing to a weak limit. As we show in Section 2.3.3.3,
we have to lift the sequence of the fixed point obtained in the discretized space. This guarantees
that the optimality of the sequence of optimal trajectories computed in the discretized setting is
preserved in the weak limit. As a consequence, the stability of the weak equilibria, as solutions
to the optimal control problem in the probabilistic setup in which the weak limit is defined, is
maintained. Therefore, to ensure that the compatibility condition is conserved in the weak limit,
we are going to add to the approximated price process, defined by the fixed point obtained in the
discretized space, the adjoint process associated with the optimal control problem of the standard
player in the discretized setting. As we are going to prove, this is sufficient to guarantee that the
weak limit of the sequence of optimal state variables for the standard player in the discretized
setting will result adapted to the filtration generated by the weak limit of the random processes
driving the dynamics of the game. For what regards the major player, the affine structure of the
cost functional in the x variable allows to avoid these issues, as we are going to show in Section
2.3.3.5.

By Remark 2.16, we need to slightly change the structure of the optimal control problems defined
in P-I. We consider a filtered probability space (2, F,P,F) on which a process (&, (B, W), W) is
defined. In particular, W := (w,Y) is a random variable taking values on D([0, 7], R?). For the mo-
ment, Y is another stochastic process defined on (2, 7, P, F). We assume that I is a right continuous
and complete filtration, a priori bigger than F&BWEW  quch that (Q, F,P),F, (& (B,WH),W)) is
admissible in the sense of Definition 2.9. We notice that for ((Q, F,P),F=5 (zq, B,w)) admiss-
ibility has already guaranteed, since F¥# is the generated by (w, B). Let us introduce a relaxed

optimal control problem for the typical standard agent as follows

JZ(y)= inf E

T
’XS7 Sy IS d + X )
e /O f(s, X, w5, 7s)ds + g( X7, wr)

2.25
dX = (v + U(t, @) )dt + o0(t, @) dBy + o (t, @) dWY, (2:25)

X, = ¢.
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The major agent must solve the following optimal control problem

J*Z(B) = inf )IE

T
0 0
7XS7 b S d —"_ X b
el /0 (s, X, w1, Bs)ds + ¢°(Xr, )

(2.26)
dX; = Bydt + oM (t,w;)dBy,

Xo = xp.

The FBSDE systems associated with the stochastic maximum principle are denoted by (X, Y, Z°, Z, M)
for (2.25) and (X°,Y? Z%0 M) for (2.26). The optimal control for the typical standard agent is
different from the analogous problem introduced in P-I. Indeed, the functional costs are the same,
but the filtration F on which the controls v are adapted to is supposed not to be a priori the one
generated by (&, (B, W), W), but only compatible with the lifted process (&, (B, W), W).

In conclusion, a mean-field equilibrium price process as defined as follows:
Definition 2.17 (Mean-field equilibrium price process). We say that (Q, F,P,F, ¢, (b,w), (w,Y))
is a mean-field equilibrium price process if:

e ((,F,P),F, (& (B,WH,W)) and ((Q, F,P),F=5 (2, B,)) are admissible in the sense of
Definition 2.9;

e @ solves equation (2.20), where Y° and Y are the adjoint processes associated with the
optimal controls of respectively (2.26) and (2.25). We may refer to this property as consistency

condition for the equilibrium price process.
oY =Y.
In Section 2.3, we are going to prove that:

Theorem 2.18. Under Assumption 2.4 and Assumption 2.6, there exists a mean-field equilibrium

price process in the sense of Definition 2.17, with £ satisfying Assumption 2.2.

Finally, let us remark that, assuming additionally that the cost functions of the standard agents
are affine functions in the z variable, we obtain also stronger results. In this setting, we can
introduce a stronger version of Definition 2.17, for which it is not necessary to lift the price process
adding Y. We refer to Section 2.4 below for the analysis of this specific case and in particular, the
result concerning the existence of this stronger version of the equilibrium price process (Theorem
2.37).

2.3 Existence of solutions to the mean-field equilibrium price pro-

cess

Our goal is to prove Theorem 2.18, constructing a sequence of discretized solutions defined on
the canonical space that is tight. In this section, we present the conditions and the strategy that

guarantee a weak limit of this sequence to be solution to equation (2.20). We proceed as follows:
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1. As already mentioned, the main problem is the complexity in the characterization of the
compact sets of D([0,T ],R)QO, when QY is not countable. In Subsection 2.3.1, we present the
discretization procedure that enables us to restrict the case D([0,T],R)®%" to D([0,T],R)?,
where J is a finite set, depending on two natural numbers n and [. These natural numbers
represent the discretization step in space and time respectively. In other words, we are
considering cadlag random processes on finite probability spaces. In this setting, we define

an input-output map to reproduce the structure of the equilibrium.

2. In Subsection 2.3.2 we provide, under suitable conditions, the existence of a fixed point for
the input-output functional. This fixed point plays the role of a discretized price process.
To prove this result, we can apply Schauder’s theorem, since the restricted space on which is

defined the input-output map is a Polish space.

3. In Subsection 2.3.3 we state the main results: we consider the fixed points (w@™!),; of the
input-output functional as well as the solutions, introduced in the discretized setting, of the
state variables (X™!, X0ml), | associated with the optimal controls. We show that (ww™!),,
and ((X™! XOml)),  form tight sequences. Therefore, we show the discretized equilibria
are stable, in the sense that there exists a weak limit of (w"’l)m, that is an equilibrium
price process for a the optimal control problems, optimally solved by the weak limits of
(xmh X Ovn’l))n’l. Finally, we prove that the weak limit we obtain as equilibrium price process

satisfies equation (2.20).

2.3.1 The discretization procedure

We aim at constructing a sequence that is tight, in order to extract a weak limit. Thus, similarly to
[CD18b, Section 3.3], we must move to the space of trajectories of the stochastic processes involved

in the (IV 4 1)-player game. To do so, we introduce the canonical spaces:

Q= c([0,T); R):; (2.27)

Q' = 0,1) x C([0, T); R). (2.28)

On these spaces we define the canonical processes b for Q" and (n,w) for 0. We denote by
(ﬁo,fo, W), the probability space on which 7-"0 is the Borel sigma-algebra and W is the Wiener
measure on C([0,7];R). Similarly, on ﬁl, we consider the Borel o-algebra F' and the product
measure Leb; ® W;. The complete and right-continuous augmentation of the canonical filtration is
denoted by 7 and F' for Q° and Q' respectively. Finally, the augmentation of the product space
is denoted by (€2, F,P,F). In the following, we denote the expected value on (Q, F,P,F) by E.

In the next subsections, we are constructing a discretize price process on the filtered probability

space introduced above.
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2.3.1.1 Discretization of the common noise

We first present the discretization procedure, that is defined on a general finite-dimensional vector

space R%. We consider two integers [, n > 1:
e [ is the step size in the grid space;
e 1 is the step size in the grid time.
Denoting with |z] the floor function applied to z, we introduce the following function:
Im :R—R

2722, if |z <24
X —
2! sign (x), if x| <2

and its multi-dimensional generalization:
I : R? — R?
2o (@) o= () - THza))-
Moreover, we consider IT¢ I (R%)J — (R?)7, defined in the following iterated way:

d . 1d
Hl,l =1I,
=(yt,.y7) =y’

H;l:j+1(x1’ R xj+1) = (H;l,j(xla s 7xj)7 H?((Hﬁj(xla s 7$j))j +xj+1 - $])>)

We now state the following result, analogous to [CD18b, Lemma 3.17]:
Lemma 2.19. With the notation introduced above, given | € N, for every (z',...,27) € (R%)7 such
that for alli € {1,...,7} and |2%|s := maxp—1__q|(x")x| < 2t — 1, let:

(yl, ... y0) = Hfl’j(xl, )

Then, the following holds:

vi<2: -yl < g, Vie{l..jh

Proof. By induction on i (we are fixing j and we do the induction on i < j):

(a) i =1. |2'|s < 2! — 1 holds, by hypothesis. Therefore, we consider the following

2! = gl = [ = (oo = max fok — 1} )

e

1 —l|9l,.1 1.1 1.1 -l -l
= max 272 —(H]ax 2z 2z )2 <27
ool d|$k (2", ) d| k(2] >

=1l,..., =1l,...,
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(b) i€ {2,...,5} with j <2l and |277! — ¢! < ’;—ll In this case, we have that:

, o , , . 1
P 2t — T < 2o YT T o <28 -1 4 Ly

2—j
21 !

< 2

Therefore, applying the case ¢ = 1, we obtain:

1

|(yz’—1 + l‘i _ l_i—l) _ Héi(yi—l + mz’ _ xi—1)|oo < ?

Finally:

o = yiloo < o' — (' + 2" =2 oo + |y H 2t -2 ) — T T + 2 — 2o
1 1—1 1 1

i—1 i—1
S et g S St =

Given an integer n, let N = 2" and consider the diadic time mesh:

)T
t = % i€{0,...,N}.
We define the discrete random variable, (Vi,...,Vy_1) = Hii,N_l(btu ..., bty_,) and we adopt the

notation

Vi=W,....,V;), j=1,...,N. (2.29)
where (bt)ic(o,7) is the canonical process on Q. In this way, we have obtained a discrete random
variable on (507?0’@0). In particular, we introduce also We recall now [CD18b, Lemma 3.18]:

Lemma 2.20. Giveni=1,...,N —1 the random vector (V1,...,V;) has support equal to J*, with:

1 P 1 1
J._{—A,—A+A,—A+A,...,A—A,A}, A= o

2.3.1.2 Discretization of input-output map

In this section we want to define a price process w on Q° that is adapted to the discretization of
the Brownian motion b and that satisfies a discrete version of the equilibrium condition introduced
in equation (2.20). To do so, we introduce an input-output map, whose fixed point will be w.
We introduce a discretized input that is a family 8 := (6°,...,6~1) such that, for each Vi =
0,...,N —1:
0" : J° — C([ti, tiz1]; R),

where JO = (). Therefore, §° is supposed to be constant in C([tp,1];R). In particular, @ can be
thought as an element of Hz‘]\i_ol C([ti, tix1]; R)Y
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Alternatively, we can introduce a function (6¢):cjo.7] € D([to, tn], R)™ " defined as:

gt(vla"'va—l) = (ei(vlv"wvi))ta te [tiyti-l-l)? (&S {17"'7N_1}7

i (2.30)
GT(Ul, ... ,’UN_l) = (0N71(1)1, ... ,’UN_l))T7

while 0, is assumed to be not dependent on (v1,...,vy,) for t € [to,t1].

Remark 2.21. Notice that 6 and (0;)¢cjo7) are two different objects for which there exists a one-
to-one correspondence, given by the relation introduced in equation (2.30). However, it is con-
venient to introduce both these objets, because we are going to apply a fixed point argument
on [TV, C([ti, tixa]; R)Y, to deduce the existence of an element in D([to, tx],R)!" " that satisfies

suitable properties.

Through the input map, we can introduce a cadlag stochastic process w defined on (ﬁo,?o,@o)
as follows:

w! = 0,(V1,...,VN_1), te][0,T]. (2.31)

We introduce a function ¢ defined as

Y :[0,1) x P2(R) —» R,
(1, 1) = (0, ),

to transport the initial distribution of the standard player’s state variable £ on the canonical space.
Indeed, as proved in [CD18a, Lemma 5.29], for every square integrable probability measure p there
exists a measurable mapping v such that the image of the Lebesgue measure on [0,1) by ¥(-, )
is p itself. Therefore, if the law of the random variable £ is denoted by by L(£), then ¢ (-, £()) is
a real valued random variable defined on the component [0, 1) of ﬁl, distributed like £. With an
abuse of notation, we denote by & the random variable (-, £(£)).

Let us notice that (£, b, w, we) is compatible with the canonical filtration on (Q, 7, P, ), because
@ is adapted to the filtration generated by the Brownian motion b. Thus, we can introduce the
optimal control problem for the typical standard player on (2, F,P,F). The coefficients of this
optimal control problem have been already introduced in Section 2.2.2.1 and the class of controls
is given by H?(F;R). Hence, we introduce the FBSDE associated with the stochastic maximum

principle, applied to the optimal control problem of the typical standard player:

dXy = (=AY, + @) + 1(t, @9))dt + o°(t, @?)dbs + o (t, w?)dw;, Xo =&,

_ h - _ - N (2.32)
d}/;f - _axf(ta Xta wte)dt + Z?dbt + thwta YT — ax.g(XTa wg“)

Note that, since the random environment w? is adapted to b, there is no cadlag orthogonal mar-

tingale term M in the dynamics of Y. The optimal control is defined by the following function:

&= —Aly + w). (2.33)
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As a second step, we consider the optimal control problem for the major player, when the random
environment is the input process w’. In analogy to Section 2.2.2.2, we define the optimal control
problem on (Q, F, P, F), using the normalized coefficient f* introduced for the running cost in (2.21).
In this case, the controls are adapted to the filtration Fe’ b, Therefore, the optimal dynamics of

the major player is defined by:

dX? = A0V + =¥)dt + oM (t, =0)db, X8O = xo,

~ ~ - (2.34)
dYP = —c}(t,=?)dt + Z?’Odbt, Y2 = g(=).
The optimal control of the major player is given by:
Bi=-20° + w). (2.35)

We introduce the discretized output process ®(8) := (©%(0),...,0"N71(8)), defined as follows:
ia 0 1= 70
(#'(0)): = (~(A + M) 'EAY; + A Y [Vi = w1, Vi = vi]) oy, opesis € [tirti]. (2.36)

In particular, ¢*(0) € C([t;, ti+1]; R"), for each i = 0,..., N — 1. Analogously to the definition of 8
and (0;);e[0,77, we can introduce ®(0) as an element of D([0, T'; R)IN

®6): VI — D([0, T]; R™)

(V15 sun—1) = (Pe(v1, - UN-1))tefo.1]
where
©'(0)y, t € [titiv1), i=0,...,N—1
(Dt(vlv"‘7vN71) = N_1/3
e (O), t=T,
& is well-defined because the random variable (V4, ..., V;) takes values in J'.

As done for the input process, we can define the input-output map also as a functional:

N-1 N— ,
&: ] cltitiv iR H ([ti, tiva]; R
i=0 i= (2.37)
) ) 2 N-1
0 — ®(0) := (¢°(6),..., 0" 1(9))
Let us introduce a more compact notation: we denote @t)te[o,T} by  and the vector (v1,...,v;) € J¢,
by v;, for every ¢ = 1,..., N. Making use of this notation, the input-output map can be rewritten

as a function defined on D([0, T]; R™)¥" "

JN*I -1

®: D(0,T);R") — D([0, T); RM)T"

_ i (2.38)
(OON-1))5y_egv—1 = R(0) := (Pe(ON-1)ic(0,7]) By _1)eIN -1

We aim at proving the existence of a fixed point of the function ®, in one of the two equivalent
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formulations (2.37), (2.38). In order to apply standard fixed point results, we introduce a metric
in the two spaces:

N-—1
1 —2 . . —1 —2 i
d6,8") = 01 (v;) — 6% (v ,0,0 ¢ ] c(ti, tis1]; R)? 2.39
078 = _gmax | {max sup (16%(0: — 6% (wi)l}} [l et ti”  @39)
d@'.0°) = max _ dyz(0,(x-1).0; (Tn-1)), 9'.,8" e D0, TR, (2.40)

IN_1€IN—

where dpsz is the distance defined in [Kur91, Section 4], which characterizes the Meyer-Zheng
space introduced in [MZ84]. The Meyer-Zheng space is defined as the space of equivalence classes
of Lebesgue measurable functions f : [0,7] — R, where two functions are equivalent if they are equal
for almost every ¢t € [0,7]. The Meyer-Zheng space is endowed with the topology of convergence

in measure (for the properties of the Meyer-Zheng topology, we refer to [CD18b, Section 3.2.2]).
In both cases the discretized space is a Polish space. Thus, we can apply Schauder’s fixed point

theorem.

2.3.2 Solution to the discretized game

In this section, we show that the hypotheses of Schauder’s fixed point theorem are satisfied. We
first recall the statement of Schauder’s fixed point theorem (see [Rud91, Theorem 5.28]):

Theorem 2.22. (Schauder’s fixed point) If K is a nonempty compact convex set in a locally convex
space X, and f: K — K is continuous, then there exists p € K, such that f(p) = p,

In order to apply Theorem 2.22 , we have to prove that:
e & is continuous;
e there exists a compact and convex subset K C Hi]i_ol C([ti, tix1]; R)” such that ® : K — K.

As a first step, we prove the continuity in the whole space Hz‘]\i_ol C([ti, tiz1); R)Y". First, we state

the following assumption, analogous to

Assumption 2.23 (Iteration in a Random Environment). There exists a constant Iy > 0 such
that, if ¢ € [0,T] and (2, F, (Fs)scp,, P) is an admissible probabilistic setup equipped with some
process (bs, ws, ws) set,7] wWith z, z’ € R, in the sense of Definition 2.9, then for every two solutions
(X5, Ys, Zg, Z9)scpry and (X1, Y], Z0, ZY) scp ) of FBSDE (2.32) with z and 2’ as respective initial
condition at time ¢, it holds that:

P(|Y; - Y/| < Tola —a/]) = 1. (2.41)

We are going to verify that Assumption 2.23 is verified for a couple of adjoint processes Y and
YGI, respectively associated with two input processes 8 and 0. This condition is crucial to verify

the continuity of ®.
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Proposition 2.24. For any couple of elements 0,8 € Hz‘]\i_ol C([ti, tit1]; R)Ji such that d(8, 5/) — 0,

also
— —/

d(®(8),®(8)) — 0, (2.42)

where d is defined in equation (2.39).

Proof. Since ® is defined by (2.38), to prove that the functional is continuous it is sufficient to show
that:

~

sup  |pi(0)(@) — i (@) (@) =2 0, vu el, Vi=0,...,N—-1 (2.43)

te[ti,ti-i-l]
We consider 6 and ¢’ in H,f\igl C([ti, tiv1); R)". We define two input processes @? and @? determ-
ined by @ and ¢’ respectively. We denote by Y and Y? the solutions to the backward components
in system (2.32) and we adopt the same notation for Y% and Y% for the backward components
of (2.34), where the input processes are w’ and w? respectively. Therefore, equation (2.43) is
equivalent to

LA — Al — — 50\ 1= -0

sup [¢;(8)(0:) — i (@) (@) = sup |~ (R+A)ERY + XY M=, Vi =0l
te[ti,trFI] te[ti,tri»l]

+ @A+’ ERYY +A°

0/
YU Vi =, .., Vi = wi|

B (A+AO)1{t [tsuthrl] | B (E[Yta - Y;‘/gl‘vl =v1,...,Vi= vi]
€tisti

o ; d(8,6')—0
0
~ANEY - Vi =, Vi = vi])\} — 0

We consider now the two terms separately. The difference Y;O’g — Y;O’e/ converges to zero, by the

continuity of the functions cé/[ and g9, that is ensured by Assumption B4. Indeed:

()= s [E - YO Vi =, Vi =
Elti it

T
< [sup ]E[‘g?(w%) - (=) +/ (d(t, %) — M (t, b ))dsHVl =v1,...,V; = v,
tEltistip t

< E[lgd(@) - @IV = vn..... Vi = v]

T
+ swp B[ Il m) - b mldslVi = oo V= ],
te[ti,ti+1] t

that converges to zero as d(8, 5/) — 0 by the continuity of g9 and 084 (we passed to the limit thanks

to the boundedness of ¢}/, which is a sufficient condition to apply the dominated convergence
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theorem). We consider now the difference Y — Y

(B):= sup [EY/Vi=wv1,....Vi=v] =B |Vi=v1,...,Vi=0

te[ti,tlurﬂ

= sup [EY!-Y|Vi=uv,....Vi =u
te[ti,tzurﬂ

The solution to the backward equation determined by 6 is:

T T T
Ve =Y+ / Do f (s, X0 w¥)ds — / Z%%db, — / Z%dws, t€[0,T). (2.44)
t t t
Then:
— / / T — — / ’
(B)= swp [E|Oug(Xh. ) - g (X ) + [ (0T (s, X 0) - 0, F(s, XY 2! s
te[ti,ti+1} t

T T
—/ (299 — 209" db, —/ (20 = Z9Ydw|[Vi = v1, ..., V; = v;
t t

= sup |E [(gl(w%) - gl(ng) + 0.92(X7) — 8x§2(X19~’))

te[titita]

T
+/ (alf(S’Xg’wg) - alf(S’Xg,7w§/))ds“/i = U1, V;, = V;
t

< sup E
tE[ti,tH_A

T
/1

10:92(X7) = 0:92(XF)| + [91(w7) — 1 (w7 )]

aJ(s, Xg, wg) — aJ(s, Xg/,wgl))ds‘vl =uvy,...,V; =

< sup E[0,3,(X0) - 9,52(X8)| + I7,(=H) — 714
te[ti,tzuﬁﬂ
T — — ’ / |
—l—/ Ouf(s, X0 @) — 0, f(s, X =’ )’ds Vi=wv,...,Vi=u;
t
< sup E|L(X}—XF|+ =% — =F])
te[ti,ti+1]

‘/1:’1)1,..-,‘/1':’1]/5 .

T
/t

The martingale terms vanish because the random variable on which we are conditioning is obtained

Oz f (s, Xg, wg) — 0.f(s, Xg,, wgl)’ds

as a function of the trajectory of the canonical process b in [0,¢;]. Therefore, the integral terms

. / . .
starting from ¢; are both zero. Moreover, the term |} — .| converges to zero in the limit
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d(éé’) — 0. Thus, we can consider:
o T
(C):= sup E /
te[ti,ti+1} t
. T
< sup E /
te[ti,ti+1] t
T
)
t
T
J

K3

T
/t
.

K3

0uf (5, X{, w0) = 0uf (s, X{ @) |ds

Vi=wvy,...,Vi=v;

Ouf (s, X0, @) — 0, (s, XU, @?)|ds

0, (s, X ) — 3w7(87X§/7Wg/)‘d8‘V1 =v1,..., Vi =0

<E

8, f (s, X0, @) — 8, F(s, X', w?)|ds

(%J(S,Xf/,wg) — 8337(8,)(3/,@?/)’(13 Vi=w,...,V; =

<E|LT sup |X!— x|

telt;, T

i

1

&J(s,Xﬁl,wg) — 8w7(s,X§/,wg/)’ds Vi=w,...,V; =v;|.

By Assumption B1, the second term of the equation converges to zero (the function 9, f is continu-

ous in the w variable), when § — 6'. Tt is sufficient to prove that

. ™ /
limE| sup |X! - XV||\Vi=wvi,....Vi=u
0—0’

=0, V;ell, i=0,...,N—1.  (2.45)
te[ti,ti+1]

To prove this result, we apply [CD18b, Theorem 1.53]. The assumptions of this result are completely
recovered by Assumption B2, except for Assumption 2.23. In Appendix 2.A, we verify that condition
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(2.41) is satisfied by Y? and Y?. Hence, we can prove that the following stability condition holds:

E| sup |X{ - X7]?|F,
telt:, T

<TE||X] = XU P + 0:9(X7, w7) — 009(X7, 07 )P+

T
+ / |:|ax?(t, Xt07 wte) - a’r?(ta Xtea wf/)’2+
t;

+ =R =Y+t =) — 1t =) )+

+ ’UO(t7wf) - Uo(tawtel)‘Q + ‘U(t7wf) - U(tv wfl)’2] dt‘ftz]

=TE

X0 X7 2t =P [ 0T X =)
ti
0T X0, )+ Ut ) — Ut )+ 0%t ) — (e P
ittt - ot =t )PP |
(2.46)

where the constant T' depends only on T'g, L with L in Assumption 2.4. We notice that, under
continuity in the w variable (Assumption B1), the terms in equation (2.46) containing the functions
0. f,1,0% and o converge to zero as d(8, 5/) — 0. Therefore, the only term we have to deal with is

\Xfi — Xti/|2. We notice that, by the tower property:

E| sup |X0— XO12|Vi=v1,... Vi = vl} - E[E[ sup IX? — Xf'|2’]-“ti}
te(t;, T te(t;, T

‘/i:U17"'7‘/’Z:vi:|7

because {Vi = vi,...,V; = v;} € F,. Hence, we can control E[supep, 1y | X¢ — X{'|?|F,] under

condition (2.46) as follows

E|E[ sup |X! X/ |7
telt;, T

‘/1:’017"'7‘/1':’02'

<T(H)E|E

T
’XZ B XZ ‘2 +l [’a$f<t7Xf7wf) - 8$f(t7Xte7wt€ )‘2 + l<t7wte) - l(t7wt0 )‘2

%

+10°(t =) = 0t )2 + lo(t, f) — ot 2] dt| o | i = v, Vi =,

- F(ti)E“Xfi —Xt;|2‘V1 — o1, V= vl} +(D)
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where
— T /
(D)= (WE| [ 10,50 X0 t) — 0.5 (0. X0 P + Ut mt) — e, 0 )P+
123
) , d(68')—0
+ 6%t @?) — o (t, @) + |o(t, @) — o(t, ! )Hdt Vi=v,...,Vi=v| —— 0
Let us notice that in E[|X{ — XZ/|2\V1 = v1,...,V; = v;] the price processes w? and w? are

computed in the dynamics of X? and X ¢ respectively until ¢;. Thus, they are constant in the event

{Vi =wv1,...,V; =v;}. However, if we consider condition (2.46) for ¢; = ty = 0, we can notice that:

_ ——
E XX P [ [l0F0 X w)  a7 Xt P

sup |X? — X0'12|Fo| <ToE
t€[0,T]

+1(t ) = 1t ) + [0t @f) — ot =f )P+

+lo(t,=f) - olt, = )] dt

]—"0] (=L}
By the tower property, E[supte[oﬂ |xX? — Xt'|2|] 2% () too. We recall also that Vi=W,..., V)

is a discrete random variable, whose support is given by the finite set J¢. Hence, by definition of

conditional expectation with respect to an even, the following holds

E[ X} - = Y EIX] - X/ PVi=v,.., Vi=wP(Vi = v, Vi = ),
'USZGJ'”
and P(Vi = v1,...,V; = v;) > 0 for each 7; € J. As a consequence, since

E[X! - X/ PVi=wv1,...,.Vi=v] >0, as,

we conclude that:

1

lim E[| X! — XV PVi = v1,...,Vi =] < lim = x) - x7
6—6" l b tl| vi ! ‘ l]_eﬁe’IP’(Vl:m,...,Vi:’Uz) £l " H
1 — /
< = lim E| sup | X! - X7 ?| =0
P(Vi=wv1,...,Vi=v;) 020 |01

2.3.2.1 Compact closure of Im(®)

Our goal now is to show that the image of the functional ®, introduced in equation (2.37) is

contained in a compact set of Hfi _01 C([ti, tit1]; R)Ji. To this effect, we are going to apply Ascoli’s
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theorem [Rud91, Theorem A.5] to the set of functions:
Ci = {go;(e)(vi) ftiti] — R, @€ J] ClltyitimliR)Y } vo; € I, (2.47)
j=0

defined for every i = 0,...,N — 1, where ¢ is introduced in equation (2.36). Indeed, if C’%i has

compact closure for each ¢, also the finite product Hf\il H@ C’%i has compact closure.

To carry out this program, we must prove the following conditions:

1. pointwise-boundedness: there exists a constant C, independent of the input process 6 such

that:

N-1
sup {ycpi(a)(v,-)\ c0e ] C([tj,tj+1];R)J’} <C, Vtelt,tiv1], Vo€l
j=0

2. equi-continuity: there exists a constant L, independent of the input process 0 such that:

|1(0) () — u(0)(Wi)| < LIt — 5|, Vi, € [ti,tis1]. (2.48)

Concerning the pointwise boundedness, let us first notice that, by Assumption B2:

2

Fi

Y7? = |E

T
Deg (X0 hh) + / 0,7 (s, X7, ") ds
t

T
< 9E ||0,9 (X0, )2 + (T — 1) / 10, F (s, X0, %) 2ds
t

Ft] (2.49)

<2L2((T — )2 +1) <2L*(T? +1) =: C, aus.

Applying Assumption B4, we conclude that |Y'to’(7w2 < C a.s. Let us highlight that the con-

stant C' does not depend neither on ¢ nor on 0. Therefore, if we consider an arbitrary 8 €
IG5 It tja i R)Y:
61(0)(@)] = (El-(R+ &) A + K'YV = i, Vi = vi])?
1 1
<VOAR+ R (K (BIVY PV = o1, Vi = 0]+ A (BRI = o, Vi = o)) )
< 2V20C,

that yields the pointwise boundedness. The second property to prove is equi-continuity. To prove

it, it is sufficient to restrict our attention to the case in which s < ¢ in [t;, ¢;4+1], hence the following
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holds
e PP (7 T o AN-1F v *0
@)(@) ~ eL @@ = | - A+ K) B[RV + KV Wi = v, Vi = v
+ (R +K)E[AY? +K“y;0ﬂ\v1 =1, Vi = v
<A+R)MAEY - YV = v1,..., Vi = vy
+ N EY - YV = vy, Vi = w))]
- t t t
—/ Do f (u, X0 w )du—l—/ Zg’edbqu/ Z0dw, Vi = v1,..., Vi = v
- t t
+ |E —/ cé\/l(t,wqﬂ)ds—i—/ Z000qb, Vi = vy, .., Vi = vy
Since both s and ¢ are greater than ¢;, the stochastic integrals are independent of {V; = vy,...,V; =

v;}, thus, recalling that those terms are true martingales (see Remark 2.11), their conditional

expectation is zero. As a consequence:

t
AiO)®) — (@) < E[ | (0T X0 )| + 1 (6 ) DeulVi = vn,-.. Vi = v
By Assumptions B2 and B4, we conclude that

|01(0) (W) — () (wi)] < 2L(t — s).

The same holds if ¢ < s. Therefore, equi-continuity is proved and, by Ascoli’s theorem, the image
of

N—
H tj7tj+1 ) — C([tut’H—lLR)a

has compact closure for the sup norm, for each choice of the vector 7; € J*. Since J¢ is finite, also

the function:

N— ) ;
H Al R = C(lts tia [ R)”

N—l)

has compact closure of its image. We can conclude that the image of ® = (¢°,...¢ has

compact closure. Therefore, we can restrict the continuous function ® to the compact closure of

its image to apply Schauder’s fixed point theorem.
2.3.3 Stability of the discretized equilibria

2.3.3.1 Outline of the strategy

In order to adopt the approach of [CD18b, Chapter 3] we take into account the solution to the
discretized game contained in Subsection 2.3.1 for each step A = 27! for | € N in the space grid
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and N = 2" for n € N in the time grid. For each n and [ we denote by (X™!, Y™l Z0ml Zmly the
solution to equation (2.32) defined on the canonical space introduced at the beginning of Section
2.3.1. Analogously, we denote by (X! yonl 700ml) the solution to equation (2.34) defined on
the canonical space. The price process w™! is defined as an input process of the form of (2.31) and
is defined by the fixed point of the functional ® introduced in equation (2.37). In particular, the

process w™! is a cadlag process defined as follows:

ot = — (A + A EBAYY + ROYNVIY, te [titisr), i=0,...,N -1, (2.50)
Tl n,l n,ly . . . . . e .7
where V" = (V]",... V;") is the discretization of the common noise until time t; = i.

The constants n and | determine respectively the number of factors of the product space on
which @ is defined and the number of components of each of these factors (i.e. the cardinality of
J%). As shown in the previous section, for each n and [ we consider two FBSDE systems linked by

the price process w™!. The one for the typical standard player is:

( —
dX = (A 4+ @) 4 1t @) dE + oo (t, @ dby + o (t, @ dwy,
l
X =6 (2.51)
dy;" = =0, f(t, X @ hdt 4+ 20 dby + 2 duy,
Ypl = 0,g(Xt wlh.
The one for the major player is:
axPmt = RO 4 ot + o (t, @) dby,
X = 2.52
on,l M n,l 0,0,n,l ( ’ )
dy; = —cM(t, " )dt + 2™ dby,
0,n,l l
YT7n7 — g?(w,}zv )

We are going to present the steps S-1,...,S-VI, that describe the procedure we follow in the next

subsections to prove Theorem 2.18.

S-I In Subsection 2.3.3.2, we prove the tightness of the sequences (X™!),; and (X%™!),, in
C([0,T); R). Moreover, we show that the sequences (w™!),,;, (Y™!),,; and (YO™!),, | are tight
in M([0,T];R), where M([0,T]; R) is the Meyer-Zheng space. As a consequence, the sequence
(&,b, ™ w, X X0 defined on Q, is tight in the space Qinput X C([0, T]; R) x C([0, T}; R)
where

Qinput := R x C([0,T|;R) x D([0, T;R) x C([0, T]; R).

As discussed in Section 2.3.1.2, the compatibility condition between the canonical filtration
F and the process (&,b, w™!, w) is guaranteed since (&,b, w™!, w) is adapted to F. (as stated
in [CD18b, Remark 1.12)).

89



2.3. EXISTENCE OF SOLUTIONS TO THE MEAN-FIELD EQUILIBRIUM PRICE PROCESS

S-IT Once we have proved tightness of the solutions of the two optimal control problems in the
discretized setting, we need a stability result related to the optimality of any weak limit. To
obtain this result, we consider a weak limit of (&, b, o™ w, XX 0’”’1) defined on a suitable
complete probability space (2°°, >, P>) and denoted by (£%,b>°, @™, w™>, X, X0°), As
we will see in Section 2.3.3.3 we need to lift the environment (w"’l )n,leN, adding the sequence
of adjoint processes of the discretized game (Y”’l,Yom’l)mEN. In particular, we shall prove
that the sequence (Y™! Y0n!l) .y is tight in M([0, T],R?), so we are allowed to consider a
weak limit, that will be denoted by (Y>°, Y%°°). This step will be performed in Section 2.3.3.2.
The lift of the random environment is determined by the process W~ = (w®, Y, Yto’oo),

for every t € [0,T]. Hence, we introduce the process:

(o o]

0% 1= (£°,b°°, W™, w™®, X*°, X0). (2.53)

The filtration generated by this process is denoted by

_ RETTIVT e X0 X0

F (2.54)

On (Q°°, F>,P>), we introduce also the following two sub-filtrations:

__poo M ,c0 0,00
FMoo — FVTTATE (2.55)

S .= Fﬁw’bw’wsm’wwxw (2.56)
where WM = (o> Y0:) and W™ = (@™, Y>).
S-IIT In Subsection 2.3.3.3, we show that
e The stochastic process
Moo = (poo, W) (2.57)
taking values on
Qious 7= C((0, T;R) x D([0, T); R?)
is compatible with the filtration FM:,
e The stochastic process
O3 = (£, b, W, w™) (2.58)

taking values on

Q5 =R x C([0,T];R) x D([0, T]; R?) x C([0, T]; R)

inpu

is compatible with the filtration FS°.
S-IV Once compatibility is verified, we prove that the optimal control problem for the standard
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player:

inf  J¥ (o), J7 (a)=E®

T
7X87 5?07 S d + X ) T ’
a€H2(F5°;R) /0 f(S @s @ ) y g( r WT)

dXi = (o + U(t, @w®))dt + oo (t, w®)db® + o (t, w®)dwe®,
Xo =&,

is solved by the weak limit X of the sequence of discretized state variables (X "’l)mleN. We

prove this result in Subsection 2.3.3.4.

S-V Analogously for the major player, in Subsection 2.3.3.4, we prove that the optimal control

problem for the major player:

T
. 0,70 0,70 oo 0 00 0 oo
BEH%%IJ\EQO;R) J (’8)’ J (/8) =K [/0 f (SaXSa Wy yﬁs)ds +g9 (XT,wT ) ,

dX; = Bydt + oM (t, @P®)dbge,

Xo = o,

is solved by the weak limit X% of the sequence of discretized state variables (X O’n’l)n,leN-

We denote by (X%, Y000 700,00 110:50) the solution to the FBSDE associated with the
maximum principle applied to this optimal control problem. In order to guarantee that the
consistency condition (2.20) is satisfied, we should prove that the backward equation of the
FBSDE associated with the maximum principle applied to the optimal control problem of the
major player is adapted to F®™>®~ . However, we cannot guarantee that this holds, because

the controls are adapted to FM:> that is larger than

FMpoo = F % (2.59)
To circumvent this problem, in Subsection 2.3.3.5, we introduce the optimal control problem
with the same coefficients of J%#~ and the same state variable, but for which the controls
can be chosen in the space H?(FMP>: R). We exploit the affine structure in the z° variable
of the cost functionals f° and ¢° to project the solution to the FBSDE system associated the
stochastic maximum principle applied to the optimal control problem defined by controls in
H2(FM:%°; R) to the solution to the FBSDE system (denoted by (X020, Y000 700,00 f10.00))
obtained solving the same optimal control problem using the controls chosen in H?(F:P:>: R).

In particular, we prove that f/tO,oo — Eo© [Y;Qoo’]_—tw"",b]_
S-VI Finally, by S-IV and S-V, we can introduce another FBSDE, associated with the stochastic
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maximum principle applied to the optimal control problem defined in S-IV for the typ-
ical standard agent. We denote its solution by (X, Y, Z0:> 7% M), On the other
hand, for the major player, instead of considering (X% Y0 70.0.00 7f0.20) " we can con-
sider ()? 0700,}70700,20707°°,M 0,2%) obtained by restricting the class of controls adapted to
H2(FMp20. R). In Subsection 2.3.3.6, we prove that

wie = —(R+ &) (EX [Ry2 |77+ BN0), te(0,7) (2.60)

is verified.

2.3.3.2 Tightness Of (Xn’l)nyleN, (Yn’l)nJGN, (XO’H’I)HJGN, (YO,n,l)n’leN and (wn,l)nJeN

Tightness of (Xn’l)n’leN and (Xo’n’l)nyleN In order to prove the tightness of the sequences
(X"vl)mleN and (XO’"J)n,leN in the canonical space we apply Aldous’ criterion. We focus on the
proof of the tightness of (X”’l)n,leN. The proof of the tightness of (XO’”’Z)H’ZGN is analogous, due
to the analogy between Assumption B2 and Assumption B4. We first state the following Lemma,

whose proof is given in Appendix 2.C:
Lemma 2.25. The two following conditions hold:

1. There exists a constant C > 0 independent of n and | such that:

supE | sup |X?| < C; (2.61)
nl | te[0,T]

2. for every ]FXn’l—stopping time T and positive constant § > 0, there exists a constant C, inde-

pendent of n and | such that:

E ‘X'fl,l

Clonr — X[ < CO+ V). (2.62)

In order to prove the tightness of the sequence (X"’l)n,l we apply Aldous criterion [Bil99,

Theorem 16.10] that ensures tightness under the following two conditions:
1. limg—soo lim supml@(supte[om] |Xt"’l| >a)=0, Vm<T;
2. Ve>0, n>0,m>0, 469 > 0,n9 € N, such that:

@(\X(n;ié)/\:p — XM >e)<m, V6 <, Vn>ng, VT FX"' — stopping time.
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We first apply Markov inequality to (2.61), thus obtaining

lim limsupP| sup |X;"'| > < hm lim sup E sup |X”l|
=00 n,l te[0,m) nl @ |teo,m]
1/ 1
< lim limsup — (IE sup |Xt"’l|2 )2 =0.
a0 TL,Z a tE[O,m]

Therefore, condition 1. of Aldous’ criterion is satisfied.
We consider now an FX n’l—stopping time 7 and 6 € (0, 1). We observe that, by Markov inequality,
Ve >0 and n > 0:

1_
F(IX{ ar = X7 =€) < -E

n n 1
X0 gy pr — X7 vl|] < -CVb.

Hence, if dp := (neC)?, condition 2. of Aldous’ criterion is satisfied.
In conclusion, the sequence (Xn’l)n,leN is tight in D([0, T]; R). Moreover, since (X™!),, ;e has
continuous paths, the sequence is tight also in C[0, T]; R).

Tightness of (Y™!),1, (YO™!),; and (@™!),; We prove tightness of the sequence (w™!),, jen

n,l

in the space of Meyer-Zheng. The key point is to notice that the process w™" is a cadlag process

defined on the probability space (2, F,P) endowed with the filtration (]:tn ")iejo,r) defined by the
vector Vj, introduced in (2.29),

fth:U{vj}? vt e [tjvtj-i-l)? Vj=0,...,2"

It is therefore sufficient to show that the sequence (w”’l)nJeN satisfies the hypotheses of [CD18b,

Theorem 3.9]. In particular, we need to verify the following condition:
sup {E[[w;ﬁl
n,l

where for each process (A?l)te[oj] adapted to a filtration (G;" ’l)te[o,T], the conditional variance
V" (A™L) is defined by:

} + V{f’l(w”’l)” < o0, (2.63)

th’l(A"’l) = sup E
ACI0,t]

N
Z( AR~ Ay ]], (2.64)

=1

where the supremum is taken over all partitions A of the time interval [0, ¢].

The process @™ is adapted to (.En’l)te[o,;p] and the conditional variance satisfies:

Vit (@w™) = sup  su
N21p<tp<-- <tN

l N N
zua B i u].
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We notice that the canonical filtration F = (F);epo,7] contains (F;" ’l)te[o,T}- This implies that:

Fo )+ KEY M E )

E[=p! -] < [E[-@+ K @ ER

[ZES] ti+1 tit1 i1 T
+ (K + Ko)fl(x E[Yﬁ’”]—"ﬁ’l] +A E[YP’"’Z]]-“ILJ]) ng ‘
. t; t; i 7
A+ R0 nidy . 0= 0l | ol
< o SR e
<(A+A ) (A E[ g+1|]:tj |+ A E[Y;Hl |}—tj )
AR R
J
—(A+A) -AE _ymt 0,n, Ol nl
=(A+A ) —AE[Y” t]+1 Y;j |]:t] ] x° E[YJH Yth |J:t~] ]‘
-, 70 | i l l l
=(A+A) ' -AE /~ O f(s, X' wy )ds‘]—";’
i y

~AE

T
/~ cé\/l(t,w?’l)ds‘}"g’l]
ts J

J

_ I B A
<(A+1)'E / <A|axf<s,xgyl,wzzvl>|+ﬁ|c34<t,ws’l>|>d81f;’l]
t J

J

< Lt — 1).

Therefore, it holds that V! ’l(w”’l) < LT. Finally, we prove in the same way that the sequence
(Y1), 1en and (YO, ey are tight in the space of Meyer-Zheng M([0, T]; R). To do so, we need
to check the hypotheses of [CD18b, Theorem 3.9]. Let us prove the following result for (Y™!),, jen,

the analogous result for (yO,n,Z)MGN can be proved in the same way.

Lemma 2.26. If Y™ is the solution to the backward equation of the FBSDE system (2.32), where

the price process is given by (2.50), then

sup[E[| Y,

n,l

|+ V(v < .

where V;’Z(Y”’l) is defined in equation (2.64).
Proof. By assumption EHY;ZH = E[](?J;Q(X;’lw;’l)\] < L for every n and [. We can consider:
N—
an(Y"l) =sup sup E Z E[Y2" — Y;’l\f;]\ .
N>1lo<~<in=T |j= tit i

We compute

N-1 l l NN e
B2 B, YRl =B D E[/; 8wf<87X?’“w?’l>d3’f%] H
j=0 Lj=0 J

TN—1
<E|Y Ga-H)L
L j=0

=TL,
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for all n and . Since the estimate does not depend on n or [, we can take the supremum and obtain
the result. 0

2.3.3.3 Compatibility for the limit optimal control problem for the standard player

In order to prove stability of the equilibria when passing to the limit we need to guarantee the
compatibility condition between the process (£, b, w™, w™>), and the filtration generated by the
weak limit (£°°,b6°°,w, w>, X°°). Since this property does not hold in general, we replace the
@™ with

wrl .= (@™ Y™, nleN.

In analogy to [CD18b, Chapter 3], we call W™! lifted environment. As we are going to show in this
section, this procedure allows us to guarantee the compatibility condition. By the results proved
in Section 2.3.3.2, the sequence W™2" is tight, as a consequence, we can consider a weak limit in
M([0,T]; R?). The weak limit W™ = (™, Y>°) possesses a cadlag version ([Kur91, Theorem 5.8]).
For the moment, we cannot conclude that Y*° is the adjoint process of the solution (X, @) of
the optimal control problem of the typical standard agent defined on (2°°, F>°,P>°), because the
compatibility between the process driving the SDE of the state variable and the filtration, which

the controls are adapted to, is not guaranteed. Therefore, we need to prove the following result:

Lemma 2.27. The process ©5° introduced in (2.58) is compatible with the filtration FS> defined
in (2.56).

Proof. Following the proof of [CD18b, Proposition 3.12], we rewrite the filtration generated by ©
as the filtration generated by a process that does not explicitly depends on X*°. To do so, we

exploit the lifted environment W,

Step 1 First of all, mimicking the reasoning of Step 1 of the proof of Proposition 2.28 below, we can
prove that the sequence of optimal controls of the optimal control problem for the standard
player in the discretized setting forms a tight sequence, thus we are allowed to extract a weak

limit, that we denote by a®.

We introduce the process U™ := (£>°, 0%, W, w™, @*°) taking values on Qinput X M ([0, T]; R).
The process U™ generates a filtration denoted by G*°. Moreover, following the same strategy
described in Step 2 of the proof of Proposition 2.28 below, we can show that a® is adapted
to 9 where F¥> is the filtration introduced in (2.56). As a consequence, we have that
G>™ C F5°. Moreover, applying the same reasoning we can prove that X is adapted to
G™. Therefore, we conclude that G® = F%°. Hence, it is sufficient to show compatibility
between G*° and the process 05 introduced in (2.58). In order to guarantee compatibility
between ©5 and G it is sufficient to show that &> is compatible with (:)S"X’, in the sense
of [BL20, Theorem 1.2. (i)], that is

]:taoo is conditionally independent of F& e given ]-'t@ i
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This is equivalent to say that, for any arbitrary sets A € }"tés’oo, Ar € ]-'i,é SOO, C, € G°,

B(C, N A FO7) = B(C,| FO™ ™ )P(Ar|FO*™).

Step 2 We notice that the sets C~’t, ;ft and XT can be rewritten as

Cy = {U%, € Oy}, Cy € B,
{6 € At} At € B(anput)
Ap ={05% ¢ Ay}, Ap e B()

¢ X M([0, T];R)),

input )

Approximating each Borel set for the product sigma-algebra with rectangles in QF X

input
D([0,T};R), we obtain that 15 (w) = ]lc,inpuc(@,s/\t (w)) - L (@™ At(w)), where CiP g
t
the projection on Qinpye of Cyp and Cf is the projection on D([0,T],R) of C;. Thus, the
compatibility condition is equivalent to
0=E[lg1515 JE[L;]-E[ls15]E[L; 17]
00 ,00 5,00
= E®[L o (O55°) Log (@R Lar (0914, (655°)]+
0o , ~00 5,00 00 S, 00 5,00
— EX[L gt (O537°) Lop (@) La, (O E® [Laz (65°) L4, (655°)]
0o Q5,00 ,00
=E [ CinPtt A, (% At )]IC"‘( )]IAT(GS )]+
o0 S,OO ~00 o A\ S,00 NS,OO
— B0 gy, (O57) Leg (@) EZ (L4, (%) 14, (O577)].

By the last line of this equation, the compatibility condition between a® and 05 ig equi-
valent to require that the sigma-algebra generated by the process a® until time ¢ € [0, 7
is conditionally independent of the sigma-algebra generated by the process @500 given the

sigma-algebra generated by ©5°° until time ¢. This condition is guaranteed when:
00 ~00 5,00 5,00 or . 1 (3S,00 5,00 .
B[ f(@5)h(@5:) (9(8%%) — EX[g(6%)|F*])| = o, (2.65)

for f,g,h bounded and measurable. We recall that, the sequence (a",w™,Y") is converging
in M([0,T];R3) to (2>, ™, Y>). For every n € N, condition (2.33) is satisfied. This implies
that:

af + AV + @) =0, neN.

In particular, since p(a,y, @) := a + A(y + @) is continuous, the triplet
(anv wnv Yn’ (p(a?7 ’ZD?, Y;ﬁ))te[o,T})

converges in distribution to (@, @™, Y, (p(a@f°, @;°, Y°) )iejo.17)> on M([0, T]; R*) by [CD18b,

Lemma 3.5] and continuous mapping theorem.
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Step 8 Moreover, since p(ay, @y, Y;") = 0 for each n € N, also p(ag®, wp®, ¥,>°) = 0. This implies that
aX = —A(Y,>® + @) for almost every t € [0, T]. Since there exists a unique cadlag function
in an equivalent class defining an element of the Meyer-Zheng space ([DM78, Section IV.44)),
the equality holds for every t € [0,7]. As a consequence, a* is adapted to the filtration

iéS,oo

generated by 05 and condition (2.65) is satisfied. We can conclude that F5> =T

O

Applying the same reasoning, we can prove that OM introduced in (2.57), is compatible with
the filtration FM-> introduced in (2.55).

2.3.3.4 Optimality of the weak limit

In this section, we prove stability of the discretized equilibria when the number of players goes to
infinity. In Lemma 2.27, we proved that the process OS5 = (€2°,0°°, W w™>) is compatible with
the filtration %> introduced in (2.56), we can study the optimal control problem on (2, F>°, P>)
defined in S-IV. We show that the optimal solution to this optimal control problem is the weak
limit X of the sequence (X "’l)mleN. To do so, we must apply the following result, whose proof is

contained in Appendix 2.D. The following proposition is inspired by [CD18b, Proposition 3.11].

Proposition 2.28. On the canonical space (Q, F, P, F), introduced at the beginning of Section 2.5.1,
we consider a sequence of cadlag stochastic processes (w")nen adapted to the filtration generated

by canomnical process b. We introduce a sequence of stochastic control problems defined as follows:

T
inf J7"(a), J7"(a) = E / £(5, Xo, o™, as)ds + g(Xp, o) | (2.66)
acH2(F™) 0
subject to
AXT = (aq + 1(t, @)t + 00t wP)dby + o (t, wM)dwr, XD = XO. (2.67)

The controls are supposed to be chosen in the set of F" := Fb’w—pmgressively measurable processes.
Under the assumptions of Assumption 2.4 and Assumption 2.6, there exists a minimizer to the
functional (2.66). Thus, let us consider the process X" := (X{")ic(0,1], solution to equation (2.67),
driven by the optimal control @". Let us introduce moreover the FBSDE (2.51) associated with the

stochastic mazimum principle:

,

dXp = (MY +wp) + Ut wp))dt + 0O (t, wp)dby + o (t, @) )dwy,
Xy =X

dYr = =8, f(t, X, @™)dt + Z"dby + Z'dwy,

Yro =g(Xp, @)

Assume that:
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D1 The sequences (X™)pen and (Y™)nen are tight respectively on C([0, T];R) and M([0,T]; R).

D2 The sequences (X")nen, (Y™")nen and (w™)nen are uniformly square-integrable. Moreover,

the fourth-moment of Y™ is uniformly bounded in n € N.
D3 The sequence (w")nen is tight in M([0,T],R).

Then, the sequence (P o (Xo,b, W™, w, X™)~1),, is tight on the space Qinput x C([0, T];R), where
Qingut == R x C([0,T],R) x M([0,T],R?) x C([0,T],R) (2.68)

and Wj' .= (wp, Y)"), for t € [0,T].

Moreover, if (X% b W>® w>® X*) is a Qinput x C([0,T],R)-valued process on a complete
filtered space (2°°,F>°,P>) such that the probability measure P> o (X% p%° W >0 X°)~1 g
a weak limit of the sequence (P o (Xg,b, W™, w, X™)™1),, with W>® = (w™,Y>®), we can associate
with the complete and right continuous filtration > generated by (X, b W™ w>, X*°) the

stochastic control problem given by the functional:

oo oo

T
inf J¥ ,  JY =E>® , X, :O, s)d Xr,@w¥) |, 2.69
it T @) () [ /0 F(5, X0y, 0,)ds + g(Xr, =) (2.69)

with state variable defined by:

dX: = (ap + 1(t, @) dt + o (t, w®)db® + o (t, w®)dws®, (2.70)
Xo = X0, ‘
Moreover, if the filtration F* is compatible with the process (X% b W™ w™), then X is
optimal for the stochastic control problem (2.69) and (2.70), when it is considered in the admissible
probabilistic setup (2, F> P> F>®) on which (X%, (b, w>), W™>) is defined.

To apply Proposition 2.28 we must check that the hypotheses are respected. In Subsection
2.3.3.2, we proved that D1 and D3 are satisfied. To check D2, we observe that if a sequence
(A™)pen has uniformly bounded fourth moments, then the uniform square integrability is guaran-
teed. Indeed, applying Fubini’s Theorem, together with Cauchy-Schwartz, Markov and Jensen’s

inequalities, we can observe that:

lim supE

a—ro0 neN

r 2 T 2
/0 ’Am ]l{|A?|2a}dt = lim sup/ ]E[|A?| ]l{‘A?|2a}:|dt,

=X neN.Jo

1
S gim sup /OT (EDAﬂﬂE[ﬂ{Ama}}) a
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1
2
E |1 sup,e o 147 >a}) ]

sup |A7[*

< lim supT | E
t€[0,T]

a— 00 neN

1
1 [ 2
< lim supT—= | E| sup |[A?[*|E| sup |A?|
a0 neN a te[0,T te[0,T
5
8
< T lim sup sup |A7[* =0.
a—00 \f neN < t€[0,T]

To check D2, it is sufficient to prove the following proposition

Proposition 2.29. (X™ )nleN, (Y”’Z)MGN and (w”’l)nyleN have uniformly bounded for moments.

Proof. As done in (2.49), we focus on Y™! Y9! and @™ first. We notice that, by Jensen’s

inequality:

|
Y, =

Ela (X wlih /8st;"l,w?’l)ds‘}'t]

1 — (2.71)
<L*+_—F
= + T_¢

T
(T —t)* / |0, f (s, X, w?’l)ds|2p’]-"t]
t
<L+ (T — ) YT —t)L* = L(T? + 1) =: CY

Hence, Vp € N, |Ytn’l\2p < L?(T? + 1), P-a.s.. The same computations applied to Y%™! lead to
\Y}O’"’l|2p < C7, P-as., for all p € N. As a consequence, also the fourth moments of Y™l and YOt

are uniformly bounded on n,l by CY.

We notice that:
% — \E[—(KJrKO)‘l(KY”’l + APV =0, V= 0]

(A+A)” 2”((A)2”EHY"12’7!V] + (A ZE[ Pr V) (2.72)
< (K 4+ B2 (R) o+ (K))L2(T% 4 1) == .

Therefore, the fourth moment of w™ is uniformly bounded in n, by CF. Finally we consider the

forward process X™!. Its dynamics is given by:

t t t
X g / (A + @) + U(s, @) ds + / o0 (s, ™) dbs + / o (s, ™) duw,.
0 0 0

Therefore:

‘/ (s, oy dws

We take the supremum over ¢ € [0,7], and we apply Burkholder-David-Gundy and Jensen in-

|an|2p<42p 1{|£|2P+‘/ Aynl+w”l)+l(5 wnlds ‘/ SZU db

}.
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equaliies, together with (2.71) and (2.72), to conclude that:

E| sup |X"[%| < 4% ' SE[|?) + T 'E
t€[0,T)

2p

T
/ AY + )+ U(s, w’;’Z)P”ds]
0
+E sup

t
sup / o (s, ™) dbs
t€[0,T 0 t€[0,T

T
/ 32p—1 (A‘Y;n,l’Qp +K’w2,l’2p
0
T p
+cp{E (/ yJO(S,WQJ)y?ds) ]
0
T p
( / |a<s,w:vl>|2ds> }}
0

T
/ 32p71 (A‘Kn,l’2p+A|w?,l’2p
0

T p
/ L*(1 + = )th]> }
0

< 4%t {E[|g\2p] + T3P A(CY + CY) + L2711+ CF)) + 20,,L2C§T}

+E

.

¢
/ o(s, @™ dws
0

S 42p—1{EU£‘2p] + T2p—1E

+ L2p(1 + \w?’l|)2p> ds

+E

< 42“{EH§PP1 +TPIE

+ L?P(1 + |w’;vl|)2p> ds

+ 2C), (E

Therefore, considering the case p = 2 and applying Assumption 2.2, we conclude that:

E| sup | X
te[0,7)

4] < 43{E[|§y4] + T433(A(CF + C) + L*23(1 4+ Cy)) + 202L2022T} = (2

Letting Cy := max{C%,C3,C?}, we can conclude that

sup wa’l|4+ sup |Yt"’l|4+ sup \Xt"’l]‘1 < Cy.

te[0,T] te[0,T] te[0,7]

E

O]

In conclusion, we have shown that D2 is satisfied by (X"’Z)MGN, (Y”’l)nyleN and (w”’l)mleN.
Thus, we can apply Proposition 2.28 and concluding that X°° is optimal for the stochastic control
problem (2.69) and (2.70), when it is considered in the admissible probabilistic setup (Q°°, Fo°, P> F5:>)
on which the process (£°°, (b, w™), W) is defined.

Remark 2.30. By the same reasoning, it is possible to prove that conditions D1, D2 and D3 of
Proposition 2.28 are satisfied by (XO’”’l)n,leN, (Yo’"’l)n,leN and (w”’l)n,leN. In particular, the uni-
form square integrability of (XO’"’l)mleN and (Y07”’l)n7leN is guaranteed by Assumption B4. Hence,

the optimal control problem introduced in S-V is solved by the weak limit X% of the sequence

(XO,n,l)n,leN'
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2.3.3.5 Measurability of the solution to the optimal control problem S-V

As discussed at the beginning of this Section, we want to project the solution to the optimal
control problem introduced in S-V to the space of stochastic processes adapted to the filtration
FM:p.o0 - introduced in (2.59). This step is crucial to guarantee the consistency condition for the
equilibrium price process introduced in (2.60). In particular, we aim at considering the projection
to (Q"O,}"OO,POO,?DOO’I)OO) of the solution (X% Y00 700,00 p0.50) t5 the FBSDE associated
with the optimal control problem S-V. To do so, we consider the optimal control problem with the
same coefficients to the one introduced in S-V, but where the class of admissible controls is given
by H2(FM:P>°:R), where FM?> is introduced in (2.59). We then introduce the following optimal

control problem
S-IV(2)

inf  JOFE(B), JOFT(B):=E™

T
0 [e'¢) 0 00
B€H2(FM’T’*°°;R) /0 f (85X57ws 7/88)d5+g (XTawT ) ’

where the state variable is defined as the solution to
dXP = Bdt + oM (t, ) dbse,
X§ = o,
In analogy to (2.35), the optimal control of the major player is defined by
B = R+ =),
where Y0 is the solution to the backward component of the FBSDE:
dX"® = —R (V2 + w)dt + oM (t, @) db,

AV =~ (t, i) dt + 20 dbe + dM, (2.73)

We recall that Z%0°° and M%> are the martingales obtained by the Kunita-Watanabe decomposi-
tion theorem, computing the conditional expectation of the random variable g9 (cw5°)+ ftT e (s, w)ds

with respect to .7-"tb “®%  In other words:

" T
0o _ oo [g9<w%o> + / M (5,520 ds
t

M.
f’t J?,OO] .

As discussed in [CD18b, Remark 1.8], the compatibility condition does not depend on the com-
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pleteness of filtrations. This allows us to conclude that:

" T
Y = E® [g?(W%OH/ ¢’ (s, )ds
t

b o>
be ]

Due to the affine structure in the x variable of the cost functional of the major player, we notice
that:

~ T o0 oo (o) oo
Y% =E | g (@) + / ! (s, @)ds| F 7 | = BR[O R (2.74)
t

We are going to see in the next section that this property is fundamental for the consistency
condition (2.60).

2.3.3.6 Consistency condition for the limit game

The main consequence of Proposition 2.28 is that the optimal solution to the stochastic control
problem described in S-IV is given by the weak limit X of the state variable, with the controls
given by the weak limit @ of the optimal controls for the discretized game, determined by the
solution to the FBSDE (2.51). The limit optimal control problem is defined on a suitable probability
space (Q%°, F® P>), endowed with the filtration F5> = eIV

can introduce the FBSDE associated with the optimal state:

. As a consequence, we

dXp° = (a® + U(t,w®))dt 4+ oo(t, w®)db® + o(t, w®)dws®,
XOO — 007
’ 5 i 0,00 331,00 (275)
dY,>® = =0, f(t, X5°, wg®)dt + Z,"7db,™ + Z9°dw® + dME°,
Since the optimal control is unique, it satisfies a3 = —A(Y,® + @:®). In (2.75), @™ = 75 (W™>),
where 7 denotes the projection on the first component. As a consequence Y, = —(Kﬁl@fo +wp©),

therefore, Y*° is a continuous function of @* and w™. We recall that (&>, @) are the weak limit
of (a™,w"™), hence by the continuous mapping theorem Y,;* is distributed as the weak limit of the
sequence —(K‘la? + w}') = Y;". In conclusion, the adjoint equation Y*° is distributed like the
second component of the lifted process W.

The same reasoning can be applied to the optimal control problem introduced in S-V. On
(%0, F>°,P>), endowed with FM>_ the solution to the optimal control problem is characterized

by the following FBSDE:

dX2® = ROV 4 wpo)dt + o (t, )b,
X([)),OO = Zo,
Ay, = =l (t, wp)dt + 2] dbg,
Oa
7= @)
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In the following paragraph, we shall explain how the stability of weak equilibria for the two
optimal control problems leads to the solution to the mean-field equation for the price process
introduced in (2.20).

Limit in the consistency condition We recall that

o = —(A + R TERYM + KV VT, te [t ti),

for each n, I, where V?’l = (Von’l, el VZM) We introduce the function:
th’l ::V?’l, te [ti,ti+1), Vi=0,1...,2" —1,
o (2.76)
VT7 = V2;L71.
n,l “* , 7O —1mrvvnl |, 7000 =n,l n,l
As a consequence, w,” = —(A + A )T E[AY,” + AY,""|F7] for all ¢ € [0,T], where F," =
o{V . s < t}. In particular, @' is F/"!-measurable for each t € [0,7]. Thus, we can define
g{‘” =o{wM Vit s<t} = ]:tn’l, for each ¢t € [0,T]. We notice that
El[o™ + (A + A LAY™ + R0y = 0,vt € [0,T], n,l€N.
This is equivalent to:
E|n(@% Vi et + (A + A0 LAY + ROV =0, Vee[0,T], n,leN,  (2.77)

for every h € Cy(D([0, T]; R) x D([0,T]; R)).

Lemma 2.31. In the setting developed above, the process (V") defined in (2.76), converges in
probability to b.

Proof. Similarly to [CD18b, Lemma 3.17], we introduce the event

A" = sup b <227 —15.
t€[0,T]

On A", for every i € {1,.. — 1}, it holds that |V"l b i T| < 22n < 5. Therefore, let us define
B":=<{ sup ]th’%’ — b < Sl + sup |bs — bt
t€[0,7] s,t€[0,T]: |t—s|< 5k
We observe that, on A™:
sup [V —b| = ma (|V”2n—bLT\+ sup [V — |)
te[0,T] =0,. 72 2 te(ti,ti+1)
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1 2n

< —+ max ( sup |V — by + by, — bti|)
2n i=0,..2"—1 te(tstitr) '
1 2n

B
2n  i=0,..2n—1\' * te(titivr)

1
<57t sup |bs — by|.
2n 1
S,tE[O,T},'S*t‘<2T

This implies that A" C B", for each n € N: P(B") = P(B" N A") + P(B™ N A"°). By the reflection

principle:
n—oo

B(A™) = 2B(bp > 2" — 1) = 2(1 - @(271/%1)) 30,

Thus:
<limp—y 00 P(A"€)=0

lim P(B") = lim (P(A" 1 B") + B(A™ 1 B")) = lim P(A") + lim P(A™ N B") =1. (278

n—oo n—o0 n—oo

For any € > 0, we introduce the events:

C™e:={ sup |V —by| > €
te[0,77]

1
D .— { sup |bs — by| + > 6}.
1 on—1

5,t€[0,T]: [t—s|<gm

In particular:

Cn,e — { sup |th,2n . bt‘ 2 €+ On — Q@n},
te[0,T)

o 1 : n,e (IN,e RN
where @, := SUD, 1e[0.7]: t—s|< o |bs — bt| + sr=r. Therefore, we can rewrite the events D™, C™, B

as follows:
D™ ={p, —€>0}
C™e =23 sup [V —by| > €
t€[0,T]
Bn _ sup |Vn,2n o bt| S ©n
t€[0,T]
Therefore:

C™€ = (C™° N D™) U (C™ N D™€) C D™ U B"*. (2.79)

By Lévy theorem ([KS98, Theorem 2.9.25]),

~ 1
Q:=< lim — sup |bs — by =17,
n—o0 g(27") 5,t€[0,T): |t—s|<2—7
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then P(Q) = 1, with g() := /2zlog 1. Hence, for each w € Q:

im  sup [by(w) — bilw)| =0,
N0 5 tel0,T): |t—s|<2—™
meaning that
Ve>0dneN:Vn>n: sup |bs(w) — be(w)| < e.
5,t€[0,T]: |t—s|<2—n

As a consequence, there exists ne € N such that Vn > n.:

sup |bs(w) — b(w)| + <e, VYwef

s,te[0,T]: t—s|<2—m

2n—1

In conclusion, it holds that D™¢ N Q = ), for all n > 7. Thus, by (2.78) and (2.79), the following
holds
lim P(C™°) < lim (P(D™°) + P(B"°)) = 0.

n—oo n—o0

This is equivalent to say that {V™?"} converges in probability on C([0,7];R) to b and therefore

also in distribution. O

We apply Lemma 2.31, to prove the following result.

Theorem 2.32. In the framework introduced at the beginning of this section, equation (2.60) is
satisfied.

Proof. Let us notice that (2.60) is equivalent to:
B [h(w %, b5 (@ + (K + ) 'Ry + A%y, ™)) =0, te0,T).
If we pass to the limit in equation (2.77), we get:

0= lim E|h(@%2", V22 (@ + (A + A) LAY + KOYtO’"’%))} :

n—oo

To bring the limit inside the expectation, we need to approximate w," 2 (A + KO)*l(KY;"’Qn +
KOYtO’n’Qn) with the bounded function hy(w}"*" + (A + KO)_l(KYt"’Qn + KOYtO’n’Q")), where

x if |z| <k,
hi(z) =

k sgn(x)  otherwise.

105



2.3. EXISTENCE OF SOLUTIONS TO THE MEAN-FIELD EQUILIBRIUM PRICE PROCESS

We proceed as follows:

0= lim E[h(wrﬁ\?n’ Vr/z\,th)(wn 2n (A + A ) (Ay;fnﬁn + KO}/tO,n,Qn))

n—o0
= nll_}H;O {E[h(wﬂ/’\?n’ Vn 2n)hk (w? 2n (K + K )—1(Ky;€n,2n + KO}QO,TL,QH))]_'_
+ E[h(w??", VI (o 4 (R 4 K THAY 4 Ry, 4
— h(@p " + (A + K AY " + A Yto’"v?”)))} }

— lim {E[h(w’}\f", VO (w2 4 (R + AL AY + A0y 0)) + A,’g(t)},

n—o0

where

AL () = B[Rl Vi) (@™ + (K + A7 R+ BI04

— gl (R B R R
By the convergence in distribution, the first term converges to:

lim E[A(elg" Ve he(wp ™ + (K + K7 RY," 4 KV, 2)] = (2.80)
n—00 2.80
— B [h(w %, b hi (@5 + (K + K°) 1 (AY,® + XY, ))],

for almost every ¢ € [0, T]. For the second term we introduce the events

A1) = (| + (B + &) Y2 B >k,
Ak = {sup [wp " + (R +K) U EY + KUY > kY
te[0,7]

Clearly A¥(t) C AF for every € [0,T]. Denoting by Lj, a bound for h, we notice that

AE(8) < [E[R(@™2, V2 (@2 4+ (B + KO (EY2 4 ROyomany) 4
— (" (R4 K RY 4 R
< Bl V2" (@ + (8 + B0~ (A2 + RO+
— (@ 4 (K + AL RY T RV L)

S‘(1ﬂn2n (A+A) 1( Yn2n+A Y0n2n))‘

< LiE[(|( ™" + (K + K) T A+ AYP™2)| = k) Lag o]
1

Effeo} " + (R + A7) RY*" + 37, ") PB4k ()]

I
&~
=

Applying (2.49), it is straightforward to show that

B(A}) < 1 E

- — — 1
sup @ + (A +A°) LAY + AOYB’"Q")\] <. C
t€[0,T]
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Analogously E[|w"*" + (A + A 4))*1(7 Ry KOX/;O’"’Q")]2] < CT. Let us notice that C and C do
not depend on n. Hence, AF(t) < %6 where C' does not depend on n. Moreover, let us observe
that

0= lim E[h(e/3{" V3" (" + (A + A7) 7 Ry, + A7y,

n—o0
= lim {EMh(" Vi (e + A+ K7 (R 4 Y22 + AL (1) }
(2.80) = E®[h(w % b2 hi(w° + (A + A0) ' AY® + KV, + lim A% (1),

n—oo

This holds for every k € N. As a consequence, we can take the limit for k& — oco:

0 = E®[h(@,, b2 hi (@ + (A + A)) LAY, + R°V2™)] + lim lim A¥(¢)

k—o00 n—00

= B [h(@ X, b5)(@f° + (A + K) (A + 1Y)

Indeed:

0< lim li F(t) < lim lim — = 0.

This implies that w® = —(K—{—KO)_lEOO[KY;oo +A 1@0’00|]:;”00’b00], a.e. t € [0,7], where Y0
adjoint process introduced in (2.73). By (2.74), we conclude that:

@ = —(A + &) N EXAY I F T+ K. (2:81)

O]

Remark 2.33. To guarantee that @™ solves (2.81), we replaced E®[Y,>®|F™ %] with ¥;>*°. To
apply this substitution, the hypothesis of a deterministic initial value xg for the state variable of the
major player is crucial. Indeed, if 2y were defined as a random variable £° independent of 4> and

> and observable only by the major player, then we would have to add £° to the filtration FM:>°,
introduced in (2.55), to which the controls of the major player are adapted. As a consequence,
its projection FM->*P introduced in (2.59), would be defined as F&" @0 As a consequence, the

random process Y% would not be adapted to F#™** and @™ would not satisfy (2.81).

Since Y0 is adapted to F=™** we can define on (Qo°, Foo P, IFS"X’) the two optimal control
problems S-IV and S-IV(2) and conclude that @™ is determined as the solution to (2.81).

We have now all the ingredients to prove Theorem 2.18

Proof of Theorem 2.18. In Subsection 2.3.3.2, we prove that the sequence (&, b, ™!, w, X™!, X0m1)
is tight on Qinput x C([0,T];R) x C([0, T];R). Therefore, we introduce a weak hmlt, defined on a
suitable probability space (Q2°°, F>° ,P>) and denoted by (£,b®, ™, w™, X X%®), Hence,
by Lemma 2.27, we show that ©M:° introduced in (2.57) and ©5°, introduced in (2.58), are
respectively compatible with F*> introduced in (2.55) and F**, introduced in (2.56). This
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result, together with Proposition 2.28, guarantees that:

(Qoo’f-ooj]P;oojFS,oo, (5007 (boo7w00)7 WOO))’
(Qoo’fooj]P;oo’FM,oo, (1,0, bOO,WM,OO))

are admissible in the sense of Definition 2.9. Hence, we introduce the optimal control problems
defined in S-IV and S-V. We exploit the linearity of the cost functional of the major player in the
x variable to introduce, in S-IV(2), another control problem, where the class of admissible controls
is H2(F=
librium price process @™. In conclusion, we prove that (2%, F2° P> F5° (£ (b, w>), W™>))

satisfies Definition 2.17. O]

(o ol Neo o]
b

;R). Finally, in Theorem 2.32, we derive the consistency condition (2.60) for the equi-

Remark 2.34 (On the strategy of the major player). The main consequence of Theorem 2.18 is that
the major player cannot hide his strategy from the standard player. In analogy to Remark 2.13,
we notice that as soon as the major agent adopts a strategy depending on her private information,
the typical standard player can deduce it through the observation of the mean-field price process
w introduced in Definition 2.17:

= —0

Bri= —K(Y + @) = (K + K, + ERY|F™] - K, = K(w, + E[VIF™)), te[0,T]

2.4 A weak version of the market clearing condition

2.4.1 Existence of stronger solutions under suitable conditions

In Section 2.2, we proposed a methodology to construct a stochastic process w™ that solves equa-
tion (2.20). As discussed in Section 2.3, we adapted the approach proposed in [CD18b, Chapter 3],
based on the discretization of the common source of randomness. The natural question one may ask
at this point is: “given the existence of the solution to (2.20), how is it related to the price process
under which the market clearing condition is satisfied in the case of finitely many players?” In other
words, we want to understand how the substitution made passing to the mean-field limit impacts
on the market clearing condition. In particular, we shall prove that a weak version of the market
clearing condition (2.15) is satisfied, when the N players solve their stochastic optimal control

problem taking the process w™

as an exogenous price process, under the additional assumption
that the cost functional of the standard player is affine in the = variable.

To prove this result, the first issue we have to face is related to the weak form of Definition
2.17, obtained as the weak limit of a sequence of discretized solutions. In particular, we cannot
fix a priori how rich the information structure given by the filtration F is, because the solution we
are going to construct is defined only in distribution. Hence, we have to construct the (N + 1)-
player market (i.e. the objective functional and the dynamics introduced in Sections 2.2.2.1 and

2.2.2.2) in the probabilistic setup in which the weak equilibrium is defined. It is necessary to do
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so, because otherwise we cannot suppose that the (IV 4 1)-player game is defined on a probability
space sufficiently rich to guarantee the existence of ™. We recall that the consistency condition in
Definition 2.17 refers to an optimal control problem for the typical standard player that is adapted
to a larger filtration (generated also by the Y-component of the lifted environment). The main
consequence of the dependence on this larger filtration is that we cannot construct the solution on a
canonical space of the form Q0 x Q' where Q° should be the domain of (b, ™) and Q! the domain
of definition of the idiosyncratic noises (§,w). This is due to the fact that we cannot guarantee
independence between Y and the idiosyncratic noise w. To overcome this difficulty, we require more
structure to the optimal control problem of the standard player. In analogy to Subsection 2.3.3.5,
we suppose additionally that the cost functional of the optimal control problem of the standard

player is affine in the x variable:

Assumption 2.35. A6 The functions f and g introduced in Section 2.2.2.1 satisfy:

?(t, xz, ?D) - (L‘CS(t, w),

9(z, @) = zg1(w).

for suitable continuous and bounded functions ¢® and g;.

In other words, the revenues of the standard player are cashflows dependent on the price process
w. Under Assumption A6, we can exploit the linear structure of the cost functional to define an
optimal control problem for the typical standard player, where the admissible controls are adapted
to the filtration F¥~*™* (in analogy to the procedure followed in Subsection 2.3.3.5). Therefore,
we introduce the following optimal control problem for the typical standard player, defined using

the same coefficients introduced in S-IV

S-111(2)
oo o0 T
inf J?7 (a), JZ (a)=E> / f(s, X5, w5, as)ds + g( X, wy)
Q€H2(FE™ 0>, =%, w R) 0
and the state process solves the following SDE
dX; = (aq + U(t, @p®))dt + oo(t, wg®)db® + o(t, wi®)dw®,
X = £
The candidate optimal control for this problem is given by the function a(y,w) := —A(y + @)

introduced in (2.33). Hence, applying the stochastic maximum principle, the solution to the optimal
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control problem S-ITI(2) is defined by the following FBSDE:

dXP° = (=AY + wp®) + U(t, @))dt + o (t, @§®)db® + o (t, wi®)dws®,
dY2° = —S(t, @) dt + Z*Cdb® + dMP®,
Xgo =,

Y7 = gi(@p).

(2.82)

In analogy to Subsection 2.3.3.5, it is straightforward to show that:
EX[V| 7] = EXYe ),

where Y*° is the adjoint process associated with the optimal control problem introduced in S-IV.
We recall that the class of admissible controls, in S-IV, was HQ(IFS’OO; R), with F5* introduced in

(2.56). As a consequence, the price process w, defined in (2.81) is equivalent to:
@i = —(A+ A) N EXAYEFETTT +AY)), te (0,7, (2.83)

Inspired by this reasoning, we introduce the following definition

Definition 2.36 (Unlifted mean-field equilibrium price process). We say that (2, F,P,F, &, (b, w), w)

is an unlifted mean-field equilibrium price process if:
o [ = Fébww,

o ((,F,P),F, (& (b,w), =) and (2, F,P),F=t (zg, (b,w),w)), for a constant zo € R, are

admissible probabilistic setups in the sense of Definition 2.9.

e w solves equation (2.83), where Y and Y0 are respectively the backward components of
the FBSDE (2.82) and (2.73), associated with the stochastic maximum principle.

In the remaining part this section, when the framework is clear from the context, we will refer
to an unlifted mean-field equilibrium price process simply by mean-field equilibrium price process.

We can prove now the following result:

Theorem 2.37. In the setting of Theorem 2.18, under the additional Assumption A6, an unlifted

mean-field equilibrium price process in the sense of Definition 2.36 exists.
Proof. By Theorem 2.18, a mean-field equilibrium price process
(QOO? “FOO’ ]P)Oo? IFOO? 6007 (boo’ woo)’ (wOO, YOO))7

satisfying Definition 2.17 exists. Under Assumption A6, we can introduce the optimal control
problems S-III(2) and S-IV(2). Therefore, by the Yamada-Watanabe theorem, in the version
introduced in [CD18b, Theorem 1.33], the solutions of the FBSDE (2.82) and (2.73) are respectively

110



CHAPTER 2. PRICE FORMATION UNDER ASYMMETRY OF INFORMATION

adapted to F&Pw# and F®®. This fact, together with (2.83), yields the existence of an unlifted

mean-field equilibrium price process in the sense of Definition 2.36. O

We consider an unlifted mean-field equilibrium price process:
(Q°, F0, P, FO07 =07 620, (6%, w), w™). (2.84)

Following the approach described in the proof of [CD18b, Theorem 3.13], it is convenient to transfer

(2.84) on the extended canonical space

0’ := (0, 7];R) x D([0, T]; R),
1

Q :=10,1) x C([0, T]; R).

As we are going to see in the next subsection, this procedure enables us to define the market with
finitely many standard agents on the same probability space on which the mean-field equilibrium
price process is defined. This is crucial to prove the asymptotic version of the market clearing

condition satisfied by the mean-field equilibrium price process.

We equip Q" with the law of the process (£°°,0°°, w™°, w>) under P>°. Moreover, introducing
the Borel sigma-algebra ?O, we denote the canonical space by (ﬁo,?o,@o). On Q, we define the
canonical process by (b,wmf), while the canonical filtration is F . Similarly, we equip Q' with
the law Leb®W, where W is the Wiener measure. Introducing, the Borel sigma-algebra ?1, we
denote the canonical space by (ﬁl,?l,@l). Moreover, we define the canonical process by Q' by
(€', W1) and the canonical filtration by 7. Hence, we denote by (Q, F,F,P) the completion of the
product of the spaces (50,70,@0) and (ﬁl,?l,@l), on which the canonical process (£', b, ™, W)
is defined. The filtration F is defined as the complete and right continuous augmentation of the
canonical filtration. We recall, by [CD18b, Theorem 1.33], there exist two measurable functions s
and ®M such that:

(55007 ?oo7 Z0,00’ Zoo’ MOO) — (I)S(é-oo’ boo? woo) woo%
(5(:0,00, ?-O,oo7 ZO,O,OO7 M0,00) _ (I)M(boo7 woo)

We notice that the two distributions Po (¢!, b, @™, W1)~! and P> o (£, 0™, w™>, w™®)~! are equal.
Thus, we can introduce the optimal control problems with the same coefficients of S-III(2) and
S-IV(2) on ), where the filtration to which the controls are adapted is respectively given by F
and F=™_ Again by [CD18b, Theorem 1.33], since

@O (51’ (b, Wl)’wmf)fl —P>®o (€OO7 (boo’ wOO)’ 7200)71’

the solutions to the FBSDE systems associated with the stochastic maximum principle applied to

the optimal control problems for the standard and the major agent defined on the canonical space
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2.4. A WEAK VERSION OF THE MARKET CLEARING CONDITION

are respectively defined by

(){'17}/*17 Zo’l,Zl,Ml) — (I)S(fl,b, wmf, Wl),
(X°,v°, 20, M0) = oM (b, ™).

As a consequence, the law of the solutions of the optimal control problems introduced in € coincides

with the ones defined on 2°°. Therefore, we can conclude that:
o = (R + A0 Y@ BV FET) +A0YY), vt e [0,7). (2.85)
Indeed for t € [0,T], we have that

00 00 00 0o ~ , "O0\—1, 700 ; 70+-0,00
0 =EX[h(bR, wX)[@i® + (A + K) " (AY® + AY,)]]

= E[h(b.at, @) [ +- (K+K°)*1(KYI} —l—T)Y;O)]]_ (2.86)

2.4.2 Asymptotic market clearing condition

We consider N —1 copies of the space (Q!, F1, P!, Fl) (the second component of the canonical space

introduced in Section 2.4.1), denoted by (Q7, F7, P/, FJ);V:Q. By construction, foreach j =2,... N,
(Q7, F7,P7, F’) is rich enough to carry a Brownian motion W7 = (th )telo,r] and a random variable

¢ distributed as ¢ and independent of W7. Thus, we can define the product space:

Q =0 x Q! x Q2 x .- x QN
(F,P) = (FeoFle - FVPe...PY); (2.87)
F = (]:to®"'®]:tN)t€[0,T]-

As a consequence, on Q, N independent Brownian motions (Wj )j:17,_.7 n are defined. The jth
player, whose state variable is given by the process X7 defined on (Q,F,P,F), must solve its
control problem applying controls belonging to the set AJ := H?(FF wmf’b’Wj;R). Analogously, the
class of admissible controls for the major player is A? := H2(mef’b;R). By Assumptions B3 and
B4, the optimal controls for the j*-standard player and the major player are given by:

o™= =AY + @), (2.88)
om ~+0 m
Pi= A 4w, (2.89)

whatever the price process @™ is. Analogously to equation (2.22), we can introduce the following
system of FBSDE in € for each j =1,...,N

dX] = (A7 + @) + 1t w™))dt + 0O (t, w™)db; + o (t, o™ )dW], X[ = ¢

. . . . (2.90)
dY] = =S (t, @) dt + 2, dby + Z]dW; + dM}, Y = g1 ().
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Moreover, on ), the FBSDE analogous to (2.23) is defined by

dX0 = A’ (Y0 + wih)dt + oO(t, w™)db;, X9 = o,
. 0.0 . (2.91)
dYP = M (t, wm)dt + 2, dby + ZDdW; + dM, Yy = g¥(wwih).
By construction (&7 )5\[:1 is a sequence of i.i.d. random variables on ), distributed like the random
variable ¢ introduced in Subsection 2.2.2.1. Moreover, also @™, introduced in (2.85), can be
interpreted as a stochastic process defined on .

We have now all the ingredients to prove the main result of this section

Theorem 2.38. Assume that there exists a weak equilibrium w™ solution to (2.85), a unique
solution (X,Y,Z% Z, M) of system (2.22) and a unique solution (X°,Y° Z00 MY) of (2.23) in
the probabilistic setup (Q, F,P,F) introduced in (2.87). We consider the family of optimal controls
for the (N + 1)-player game in the form of equations (2.88), (2.89) i.e. the optimal control in
which the price is the equilibrium price for the limit game introduced in equation (2.85). Then, the
following weak version of the market clearing condition, given by the existence of a constant C,

holds:
T 1 N ) N 2
/ ’N S a4 Bgnf‘ dt (2.92)
0 =

N
Sy ( ! ZYf) + A+ 8 A + K T AEW I FE ) + BP) — A%

N
1 1 —_ wmf
NZW—mmm’ﬂ.
(2.93)

Applying the Yamada-Watanabe theorem ([CD18b, Theorem 1.33]) to the FBSDEs defined on
(Q,F,P,F), it is possible to show that there exists a progressively measurable function ¥ such
that:

. . . comf ; .
(Xga Ytj)tE[O,T} = \IJ(SJ’ ba (_E[E‘Ft 7b])t€[0,T] + A0Y07 WJ)? J = 17 s 7N) (294)

where we separated the two stochastic terms defining the process @w™. As a consequence, (Y7 )j

are i.i.d. conditionally to mef’b, because the only stochastic factor that is different in j is the
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idiosyncratic noise and the initial conditions, that form an i.i.d. random sequence in j =1,..., N
(the function W is the same for each j). As we supposed, the idiosyncratic noises are a sequence of

pairwise independent Brownian motions, thus the i.i.d. property holds. This implies that:
E[Y/|FE" = B[V | FE™ Y, wee[0,T), Vj=1,...,N.

Hence, we can substitute E[}Qj]ffmf7b] in the last term of (2.93), thus obtaining

N
]. —~1 meb
s = Ay L0 )
j=1
We notice that the function F : 2 x Q" — R defined by:

)

N
1 . . wmfb 2
Pt 0, ) o= [ SV (0, 0) — BT (w0)
j=1

is nonnegative and measurable (because Y7 is progressive measurable, see [CD18b, Remark 1.34]).

2
]dt.

This implies that we can apply Fubini’s theorem

2
ZW E[Y; | FE dt]:/ ZYJ E[Y; | FE

We notice that:

2] 1
J 1 mfp,
‘NZY E[Y,\|FP ]‘ — 5E

WE

(37 - B1A) )2]

mf b

2
’]‘ +2E

M= 5

(v — B 7 ) (v - Em’“!ffmf’bD] -

Z ¥ B |77

h,k=

—

| htk
Moreover
(Bus) = E| (Y ~ B |F) (vF —EVHET) |
- sl sl - el
e[ssr el
- sfeve] - B[aire e o] <o

where the third equality holds by the tower property and the fourth is due to the fact that Y7 =

®, (&, b, ™, W) (U, is the projection on the Y component of the function ¥ introduced in
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equation (2.94)). Again by the tower property:
o] -l -l o).

Hence, we observe that

o R e IR G i)

s [v7[[] - e[|

. mf
Since by the Yamada Watanabe theorem (Y, )jvz"l is a sequence of F;~ ’b—conditionally i.i.d. random

variables, also E[}Qj)ffmf7bﬂ is i.i.d. and

B[] = E[E[7R|7]| = B[E[VP|F)] = B[V

Finally, we conclude that

1 N £
m’b
NZ E[Y; |77

N

S| - By E Y ]
1 X2 ) b

- S (] sl o]

E[jv[] - B[E2 v |77

- (o[- )] =

because the two terms in the numerator are finite. Indeed, by Jensen’s inequality:

(e #]) ] < el l]] e[ ] < 5] sup ] <o

)
)

In conclusion, since by construction Y! € S?(FF;R), we have that

e Jaom [ 2ot - sl(epepee)) e

N
1 . mfb

NE Y —E[YFS
=1

</ —E[ sup |Y; }ds
o N Lsepoy
2
< 2TE [SUPse[O,T} s1 } C
= N N
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2.5 Conclusions and further developments

In this chapter we proved the existence of the mean-field limit of a stochastic process representing
the market clearing price w in a market populated by a family of agents accessing different amounts
of information. Due to the complexity of the market clearing condition (2.15), we considered the
mean-field limit N — oo in the number of standard agents. We derived the mean-field equation
for the price process (see (2.20)). We proved the existence of a solution to (2.20) in the canonical
space. The approximation of the price process w satisfying the market clearing condition for the
(N +1)-player market determined by the mean-field equation (2.20) can be motivated as in Section
2.4. In particular, we considered a market with finitely many agents (/N standard agents and one
major agent), for which the cost functional is affine in the x variable and we assumed that every
agent takes as given price process the solution to (2.20). Hence, the asymptotic formulation of the
market clearing condition expressed by (2.92) is satisfied.

We observed that the market clearing condition (2.15) establishes a relation between the
strategies of the major player and the standard agents. The strategy of the major player is not
a priori measurable with respect the filtration generated by the stochastic processes that can be
observed by the standard players. However, the market clearing condition imposes an intrinsic link
between the strategy of the major player, the price process w and the common noise b. Indeed,
as discussed in Section 2.2.4.2, B(N ), defined in (2.11), is adapted to the filtration generated by
the processes w and b. This implies that, the way in which the additional source of information is
exploited by the major player can be measured by the standard agents through the observation of
the market clearing price process. Indeed, when the major player exploits this additional informa-
tion in the choice of the strategy B(N ), (i.e. she applies a strategy ,/6’\(N ) that does not depend only
on b), immediately BUV ) (and consequently the application of the additional information) can be
deduced by the standard players, through the observation of the equilibrium price w. Under this
measurability constraint, the target function of the major player is supposed to be adapted to the
filtration generated by the common noise b and the market clearing price process w.

To construct the solution to (2.20), we adapted the strategy the developed in [CD18b, Chapter
3] to the setting of continuous flows of probability measure to the context of cadlag processes. We
constructed the solution to (2.20) on the canonical space as the weak limit of approximated solution

defined on a discretized space.

Further developments Focusing on the technical challenges of our approach, an aspect worth
of further investigation is the issue of compatibility. In particular, in Section 2.3.3.3, we guaranteed
the compatibility between the process (£°°, 6%, w™, w™) and the filtration F>° of typical standard
player, substituting @ with the lifted process (w®,Y*°). The main problem of this approach
is that Y*° is not independent of w™. As a consequence, we cannot transfer the solution on the
extended canonical space endowed with a probability measure of the form P @ P!, where PV is
associated with the law of the triplet (b°°,w®,Y ™) and P! the law of (£°°,w>). This is crucial
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to define the (N + 1)-player game in the mean-field setting. It would be interesting to understand
if it is possible to either give a financial interpretation to the lifted process (w™,Y ) or lift the
price process w™, adding a stochastic process that captures the extra randomness given by Y

but that is independent of w.

Another issue to address is related to the proof of the existence of a solution @’ to equation
(2.17) for the equilibrium price process for the (N + 1)-player market. This should be a first step
to show that, at least in the case of affine costs in the z variable, the convergence of (V) yen to
the mean-field price ™ solution to (2.20) is guaranteed. In [FT22c|, strong convergence of the
(N + 1)-player market to the mean-field one is proved. However, the approach of [FT22¢c| cannot
be directly applied to our setting.

A possible generalization of the market model can take into account the case in which the major
informed player is no longer a price taker, but she can manipulate the price through her strategy,
in analogy to [FT22b]. It could be interesting to establish a link between this model and the results
of [BCR23|.

Generalizing the setting we developed, we could also study the case of a market model populated
by two families of agents that access different amount of information. In particular, we could
consider the case of a family of less informed agents and a family of more informed agents who

share the knowledge of an additional stochastic factor inaccessible to the others.

Finally, it would be interesting to understand if it is possible to interpret the results we provided
adopting an approach related to the theory of mean-field games of controls (see [Dje23a; Dje23b]).
The equilibrium price process is determined by the market clearing, that is a condition on the
optimal controls of every agents. Hence, we could investigate if the mechanism of price formation
can be analysed introducing a family of mean-field optimal control problems, whose coefficients

depend on a condition on the controls.

Appendix

2.A Stability of the solution to the discretized game

In this section we prove that, under Assumption 2.4 and Assumption 2.6, condition (2.41) is satis-

fied. First, we prove a preliminary stability result for the solution to system (2.32).

Lemma 2.39. Let us consider two solutions of system (2.32), denoted by (X', Y1, Z%1 Z') and
(X2,Y2,2%2. 7%, for two different compatible processes (X' b,w,w!), (X%, b,w,w?). Then,

there exists a constant C > 0 (depending on constant L introduced in Assumption B3 and on T)

117



2.A. STABILITY OF THE SOLUTION TO THE DISCRETIZED GAME

such that:
T T o
E / Y- V2Pt + / (1207 = 2222 + |7} — Z2B)dt + sup Y — V2P|
0 0 te[0,T]
< (T, L)E! sup | X} — X721+ [0:9(X 1, wp) — Oug( X7, w7) 2 (2.95)
te[0,7

T
/0 0.7 (1, X1 }) — 0,7 (1, X1 w2 [2dt| F

7|

Proof. We recall that:

T T
Y = 0,9(X wT / Ox f (s, XJ wj) 5 — / Zg’ldbs—/ Zldws.
t t
Moreover, by Itd’s formula we have that
t t
S /0 (V) - Y2y - v+ /0 d(YVi — Ya),
t
Y- Y2P 2 / (Y = Y2)(=0, (s, X1, w0} + 0, F (s, X2, 02))ds
0
t t
+2/ (Y —-v2(z% — Z29%ab, +2/ (Y -Y2(z! - Z3)dw,
0 0
t
+ /0 1200 — 2022 4|2} - Z22)ds.
On the other hand:
V- Y22 = |V — Y22 — (Y - Y22 - - V2P)
T JE—
= 18g(X} wh) — Beg(X3 wH)” — {2 / (V) — Y2)(—0,F (s, X}, 1)
t
T
0, F(s, X2, @2)ds + 2 / (V) —Y2)(20 — 29%)an,
t
T T
2 [ - yhE - 2o+ [ (120 - 20 + |2} - Z2Pas),
t

t

118



CHAPTER 2. PRICE FORMATION UNDER ASYMMETRY OF INFORMATION

We apply the conditional expectation with respect Fy and by B3, obtain

-

T
t

g

T
ca(Xh 1) — Ora(X )P+ [ [ (1¥) = V2R + 10,7 (s, X 2 (2.96)

g

T T
0.9} h) ~ dag(XF ) + [ ¥}~ ¥2Pds 2 [ (1075, X} )
t t

g

T T
<E lazg(X%, wr) = 0og( X7, w)* + / V) = Y2Pds + 2/ (102 (s, X5 o)
t t

g

T
(A1) =E||V} —¥2? + / 1200 — 202 4 |7} — Z2)ds
t

=E

- 83:7(87 X327 w?))ds}

<E

~ 0:F(s, X2,2)1 ) ds|

<E

= 0o f(s, X3, @)? + 102 f (5, X5, w07) — Ouf (5, X3, ) [P)ds

= 0 f(s, X3, @?)|* + L?| X; — XZ|P]ds

=: (B1)

To have a more compact notation we define:
vi= 12" = 2%+ 12 - Z2P), te0,T). (2.97)

We now multiply E ||V} — V2|2 + ftTHZS’l — 702

24zt - ZfP]ds‘?o} with exp (at) and integrate
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in [0, 7. Hence, the left member of equation (2.96) is:

(Ap) := /OT e"'E

=F /OTeoct(ml_Yt2|2_|_/tT%ds>dt‘fo]

T
VARG +/ %ds’fol dt
t

T - eat T T T eat -
:IE/ eat|n1—n2|2dt|fo}+E[/ %ds‘ +/ —%dt‘}'o} (2.98)
0 @ Ji 0 0o o
[ rT o 1 (T T jat o
_E / eo‘t|Ytl—}Q2|2dt|fo} +E[/ %dt+/ €t fo}
| /0 @ Jo 0o «
[ T T eat_l -
:IE/ eat|Yt1—Yt2|2dt+/ ( >7tdt]-'0.
| /0 0 o
The right member can be computed as
T T
1) = [ B 00Xk wh) — 00X )P+ [ ¥ - ¥2Ras
T [e— [e— J—
42 [ (0.7 (s, Xk ) — 0.7 (s, XL ) 4 L) - X2 Plas|Fo | dt =
t
(2.99)
et -1 11 2 242 Trert—1 1 22
=E| () eg(xh,woh) — (X )P 4 [ ()10 - v

T eat 1 o o e
0

«

Putting together inequalities (2.98) and equation (2.99), we conclude that

n=s|[[fer- (S vt [ (5l

(B1)

eozT -1 T
—B|( )X ) - gk T 2 [
o 0

IN

et — 1

0T (t, X} )

«

= 0uf(t, Xy )P + L2|X; — XEP]dt\Fo]

If o = 1 the coefficient of |Y;! —Y;?|? is equal to one, thus, applying condition (2.99) and Assumption
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B3, we have hat

E

T
/ v} — }QQ\th‘]-“g] <E
0

T T o
/ !Ytl—YdeH/ (e = 1)udt| Fo
0 0

<E

2(eT - 1)L2|X} ~ X224+ 2(eT - 1) |0:9(X T, @)

T
~oug(h )+ [ (e - 1)222)x) - X3P
0

T
+ 2/ (" = 1)10aF (. X} }) — 0. T (1, th,wf)|2dt‘]-"0]
0

:=C1(T,L)

<E 2L2<6T—1>(1+T) sup | X! — X2

te[0,7)

T
i 2<6T _ 1) [ / 0, (t, X} b)) — 0uf(t, X}, w?)2dt
0

.

T
sup X} = XPP+ [ 107, X ) - 0.7 (e, X ) P
te[0,7) 0

+10:9(X7, wr) — C%Q(X%m%)lzl

< CA(T7 L)E

+10:9(Xh, h) = Org(XE. w%>|21fo] -

(2.100)
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Applying inequality (2.96), together with (B3) and (2.100) at ¢t = 0, we find

T JR—
/ %dt}ﬂ]] —E
0

T
<z log(xh =) - k= + [ 07 - v
0

E

T
Yy — Y7 +/0 %dt’]:ol

T
+ 2/ Hax?(t) th’ wtl) - ax?(tv tha th)|2 + L2’Xt1 - Xt2|2]dt‘f0]
0

T
< E|2/0:9(X1, wp) — 00g(Xp, wi)|* + 2L%| X7 — X7|* + / v, — V[Pt
0

T
+2 [ .5 Xt ) - 0.7 (0 XE )P + 12X - X Pl
0

< E|2(0:9(X}, 1) — 0ug(Xt, w%)|? + 2L%| X} — X7

T
ST s X X2 1) [ [ o.se xt =
t€[0,T] 0

— 0, F(t, X}, ) Pdt + 10,9(XE, =F) — Org(Xh, )]

T
+ 2/ 0. F(t, X} wp) — 0 F (1, X[ )P + L2 X[ — XEP}dt]fo]
0

=K

2L + Cy(T, L) + 2L°T | sup |X} — X7?
te[0,T

T
+2¢7 ( /0 10uF (8, X} @) — 0o f(t, Xi' )| dt + |0:9(X 7, wr) — Dug(X7, w%)P)

T
= Cp(T, L)E| sup |X; — X7|” +/ 0uf (t, X¢ wo1) = 0u f (1, X, wf)Pdt
0

te[0,T
fO] |

+ ’amg(le“a w%«) - amg(Xilﬁ w%)‘z

122

g



CHAPTER 2. PRICE FORMATION UNDER ASYMMETRY OF INFORMATION

2
On the other hand, we apply the inequality (Z?:l ai> <n " a? as follows

i=1"

v - Y7)? =

T
(Deg(Xh, ) — Bpg (X3, 2)) + / (0uF (s, X1, 1) +
t

2
T T
— 0 f (s, X2, @?))ds — / (z%Y — 792%)db, — / (Z! — Z%)dw,
t t

T
< sl st b - a0t i+ | [ @7 xL
t

- 8&07(37Xs27w§))ds +

T 2
/ (ZX' — Z2%)dbs| +
t

T
| @ -z,
t

)

t
/ (201 — 70%)ab,
0

T
< sdatocth) - a0t 4| [ 070
t

2

- 8xT(S’X327w§))dS +2

T 2
/0 (20— 20%)db,

\

+2

2

T t
+2/ (Z} — Z3)dwy| +2 /(Zsl—Zf)de
0 0

(2.102)
By Jensen’s inequality and Assumption B3, we have that

2
T
/ (8x?(57X317w;) - ax?(qugawg))dS
t

2

T
/ (aI?(S?Xsl’ w;) - aﬂﬁ?('S?Xsl’wg) + 83;?(8,)(81,@3) - alf(sa Xs2a wg))ds
t

g

< 2(T —1t)

< 2(T—t){

2

T
/ (0uF (s, X1, 1) — 0,7 (s, X1, 02))ds| +
t

r
r

T
/ (0uF (5, X1, %) — 0,F (5, X2, ) ds
t

9 T
ds+/
t

2 T
ds—l—/ LQ‘X; -~ X2
t

)
8

6%7(87X;7w;) - 8%?(87)(517@3) aw?(saXslawg) - 81?(37)(?1 w?)

2
ds}.

ax?(‘% X517 w;) - a&v?(sa Xslv wg)

(2.103)
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Let us consider the supremum in [0,7] in equation (2.102). By (2.103) the following holds

aup Vi V2P < 4{2ramg<xsf, o) 0ug(Xh @)+ 212|X) — X3P

te[0,T]
T
+2 sup {(T—t)[/
t€[0,T] t
. 2
+ / L2 ds} } +2
t

T
/ (2} — Z2)duw,
0

_ _ 2
an(S,XSl,w;) - azf(saX;7w§) ds

2

T
Xt -2 | @z,

0
2
+ 2 sup
te[0,7

i

We take now the conditional expectation with respect to Fy. By Itd’s isometry and Doob’s in-

2

t
+2 / (Z2t — 72%)db,
0

t
+ [ 2,
0

equality, the following holds:

E| sup [V;' — Y7|*Fo
te(0,7)
< E|8]0:9(X1, wr) — 0pg(Xp, @7)|* + 8L*(1+T%) sup X} — X7
te(0,7)
T, _ _ 2 | T _
+T/ 8xf(t,Xt1,wt1)—Bxf(t,th,wf)‘ dt|Fy +8E/ %dt’}"g
0 0

2 2

t t

+ 8E| sup / 7%V — 792)db,| |Fo| +8E| sup / (Z! — Z%)dws| |Fo

tef0,T] | Jo tefo, 7] | Jo

< E|8|0,9(X1, wr) — 029(Xp,w7)|* +8L*(1+ T?) sup |X} — X7
te[0,T

| _ 2 T o T o
+T/ Ouf(t, X}, wt) — 0uf(t, X}, w?)| dt|Fo —|—8E/ dt| Fo +32E/ yedt| Fol.

0 0 0
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By inequality (2.101), we conclude

Fo| <E|SLA(1+T?) sup |X} — X?? + 8|0,9( Xk, wh) — 0pg(Xt, w2)|?

T
+ /
0

+ 40{E[(2L2 + 0T, L) + 2L2T) sup | X} — X2|?
tel0,T

E| sup [V} - Y7
t€[0,T]

Tt XL wb) — 0, F(t, XL, ) ‘ dt‘}'o]

woer ([T xt =) - 0,70, XL =)
0
+10:9(XF, =) — 0a9(Xh, =) 2) | 7o) }

S CC(T> L)E[ sup |*th1 - Xt2|2 + |a$g(X11“7w%“) - amg(X%vw%)IQ
te[0,T
T
—I_/
0

In conclusion, considering C(T, L) := 3max{Ca(T, L); Cp(T,L);Cc(T, L)}, we have the result. [

_ _ 2
x (t7th>wt1) —Bxf(t,th,w?)‘ dt‘fO]

(2.104)

We now apply the previous result to check for (2.41).

Proposition 2.40. We consider the t-inizialized filtered probability space (0, F,P,F) on which the
input process (bs, @s, Ws)ie[s,) 15 defined. On this setup, Assumption 2.23 is satisfied.

Proof. We consider the two solutions introduced in Assumption 2.23, that differ only for the initial

value of the state process. By Assumption A3:

g9(x, @) — g(a', @) = (G1(@)= ')
= (3 (W)( x’) + (G2(z) — Ga( ))) < G1(@) (2 = 2) + 0:92(2) (2 — 7))
)

Therefore:
g(X;wiT) g(X;x ,’WT) < a:cg( T ,WT)(th - X’?x ) = Y’ZECC(X’?I - X’%x )
Hence, applying integration by parts:
/ / T ’
YR (X = XpT) = VX - X)) + / YIod(XT - X07)
t
T / /
+/ (X;’m . X;‘,,x )dYSt,:v + <Xt,x . Xt,x 7Yt,z>3“
t
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!

T
=V (x — o) + / Y@ 4 (s, ws) — ag™ — (s, ws))ds
t

T T
+ / VI (00(s, @s) — 025, @) )dbs + / VI (0(s, ) — 0 (s, ) )dws
t t

T T
+ [ - X T, X s + [ (X - X 200,
t t
T , T
+ / (Xf;’x — Xé’x )Z;f"ﬁ”dwS —l—/ (ao(s,ws) — UO(S, ws))Zg’t’zds
t t
T
+ [ otsm) - ols, ) 2 ds
t

T T
=Y (e —a) + / vi®(@h® —abh)ds — / (Xb® — X5, F(s, X7, ) ds
t t

T T
|t x4 [ (- X 2,
t t

t,x

where ™" is the optimal control for the control problem (2.2), (2.3) defined on the t-inizialized

probabilistic setup. We consider now the conditional expectation with respect to F; of Y%’I(X%x —
X;’wl). We recall that by Remark 2.11, the stochastic integrals are true martingales. By Assumption
A3, the following inequality holds

S

T T
BYE" (X = X5 )P = Yo —a!) + B[ [ Vi@ —ai s — [ (X0 = X010, 7o X0 ) s 7

T T
<Y o) 1 B[ [ Vi@ - @l s [ (T X0 m) - Tl X0 w)dslF.
t t

Hence, we have

T
9(X57 @) — g(XE ) < Vj(e — o) + B / yie(@he - gt )ds
t
- / ) B (2.105)
+ / (Fs, X5 ) — F(s, X0%, ) ds| Fo
t

We focus now on the integral part of the cost functional. Let us observe that 0,f(t,z,w,a) =

w 4+ Aa. We recall that, by the optimality condition introduced in Assumption B3:
~t,x —1 /vy tx t,x ~t,x vtz ~t,x t,x
oy = —(A) (Y; + wt) = Y; = —AOét — Wt = 8af(t, Xt y Wty Oy ) = —Y; s

thanks to the linear-quadratic structure of the cost functional f. Therefore:

s

T
9(X7", wr) — g(Xg" wr) <V (@ — o) + E [/ (=0uf(t, X{% mor, ap)) (@5" — 4™ )ds
t (2.106)

o [ X8 ) = T X7 7
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We rewrite condition (2.106) as follows:

}/tt,m(;v/ _ x) < ]E

T
g(Xg ,WT)+/ f(s,Xﬁ’”,ws)ds’ft] —E[g(X%m,wT)
t

T T
b [T X wds|F | +E| [ @t (5, X0 )@ - 3k ds
t t

ft] |
(2.107)

By the convexity assumption A3, we observe that:

~ ~ ~ ~ 1.1~ ~
(a?m/ - O‘?x)(&lf(sv X?w’ ws)) < f(S, X?xv Ws, atﬂ»") - f(5> X?x’ Ws, O‘tw) - §L 1|a?m’ - O‘?x|2

S S
P 1 P — ~ 1 ~t. !
< (@03") + GAGT)" + Fls, X37, @5) — (@,657) + S A@")”
_ 1 it~
+ fls, X57, @,) = S LHag" — agr|?

= w (@5 — ab) + f(s, X0 ws, ab™) — fls, X0 )

~ = | I
- (f(&ng)wsa a?x) - f(su X§7x7 ws)) - EL 1|a?w - a?w|2'
(2.108)
We apply condition (2.108) to inequality (2.107):
’ T / / —
V(2! —2) <E|g(Xp", wr) +/ f(s, X5 g, Q" )ds‘]—“t ~E|g(X}", wr)
t
. T (2.109)
_ 1 , _
+ / fs, X%, g, 0% )ds ]—"t] ~5L7'E / @™ —ay*Pds ]-“t]
t t
Exchanging the rule of x and z/, we obtain that
T
—Y" =YY —2) < —L7'E / lat® — ag’z/ﬁds‘ft] . (2.110)
t

We now observe that, by Jensen’s inequality and Doob’s inequalities, the following holds

E |sup | X5 — X;vm’Pft] =E

sup ‘x%—/ (af;x+l(u,wu))du+/ o (u, ) db,
selt,T] t t

S

+ [ atwmdo, ~ [o'+ [ ol + itu, )
2] (2.111)

2

+/ Jo(u,wu)dbu—i—/ o (u, wy)dw,
¢ t

<2E||z —2/|* + sup

s€(t,T]

S
/ @4 — al)du
t

127
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<2E||z — '+ T sup / |at® — ab®' |2 du|F
s€[t,T]
< c(T) |x—x’]2+E/ ate —agﬂ?dsf”
t

We apply now condition (2.104), that can be proved for the couple of input processes
(z, (bS)se[t,T}7 (WS)se[t,T]y (WS)se[t,T]) and (z, (bs)se[t,T]u (U)S)se[t,T]a (WS)se[t,T]>v to (2.111). Hence, we
have that

< Co(T, L)E[sup | X!* - X1[2| |
S

T /
| 1w - atpas
t

E| sup |Y)* —Yst’mlﬂﬁ
s€t,T)

=:Cp(T,L)

e N
<CO(T)Co(T,L) ||z —2')> +E

|l

Therefore, P-a.s., by (2.110), the following holds

R N e S
s€t,T)

< Cp(T, L)fle — o'+ L™ =) (@ - 2)] (2.112)
1 /
— max {CD(T, L); 5L} [\x — 2+ 27— Y@ - 1))
Using the following notation:
a:= V" - v,

b:= |z — 1|,

¢ 1= max {C’D(T, L), %L} > 0,

equation (2.112) reduces to |a|?> < ¢(|b]? + 2|al|b]). From this we conclude that |a|>(1 + ¢) <
c(|a| + |b])%. Passing to the square root:

f _
la|v1+ e < Ve(lal + b)) = |al < Tres \[] |, P-as.

that is the statement of Assumption 2.41, with Ty := \/1T7\£E—\ﬁ O

2.B Convergence analysis

Lemma 2.41. Let us consider a process ©" := (U™, b,w), defined on a probability space (Q, F,P).
Assume that U™ takes values on a Polish space X for each n € N and b, w are Brownian motions
with respect to the filtration generated by O™ for each n € N. If the sequence (O"),, is convergent in
distribution on X x C([0,T];R?) to a process O := (U>, p> w™), defined on a probability space
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(Qo°, F2 P°), then, (b°°,w™>) is a two-dimensional Brownian motion with respect to the filtration

generated by ©°.

Proof. Applying [KS98, Theorem 3.3.16], it is sufficient to prove that 5> and w® are continuous

local martingales with respect to F>° := F®™ and the covariations are given by
<b?07b7?o>:t:<w?ovw§o>v <btoo’w;>o>:(), VtG[O,T].

Step 1 show that b>° and w™ are local martingales. We focus only on 5> (the proof for w™ is the

fully analogous). It is equivalent to show that:
E=[g(O%,)(b° = )] =0, Vs <t, VgeC)(X xC(0,T)R%);R). (2.113)

To prove (2.113), we approximate the function g and the difference between the (b, w) at ¢ and s

with a bounded and continuous function of ©°°. The main issues we need to address are:

e possible discontinuity of the function £ — .5 in X

e unboundedness of f(z) = z; — x5 defined for z € C([0,T],R).

First, let us notice that the stopping map x — z.,s could be not continuous in X, thus a
priori we could not have a continuous function of ©>. Thus, denoting O := (U, w™>) and
O™t := (U", w), condition (2.113) is equivalent to say that:

E>[g(OF2, b, (0 —b)] =0, Vs<t,
Vg : (X x C([0,T];R)) x C(]0,T];R) — R such that:
C1 g(-,b) : X xC([0,T],R) — R is measurable and bounded for each b € C([0,T]; R);

C2 ¢(6° ) :C([0,T],R) — R is continuous and bounded for almost every ©° ¢ X x C([0,T]; R).

By [Bil99, Theorem 2.8], since X x C([0,T],R) is separable, the weak convergence of law(0™°, b)

to law(©°?, ™) is equivalent to the convergence of:

law(O™?) = law(©>?),

law (b) = law(b*>°).
In particular, this implies that

law(b°)(B) = lim law(b)(B) = law(b)(B), VB € B(C([0,T],R)).

n—o0

And thus, the marginal in C([0,7],R) is the same. As a consequence:
law(©™°, ), law(©°°, b>°) € {P € P(X x C([0,T],R)) : P(- x C([0,T],R)) = law(b)}.
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We can apply [BL20, Lemma 2.1], to conclude that lim,_,. E[R(©™° b)] = E®[h(O% b>)],
for each function h satisfying conditions C1 and C2. To prove condition (2.113), we introduce the

function, for each k € N:
hy :R—R

x if |[z] <k (2.114)
k-sgn(z) if |x| > k.

X —

We consider now
E=[g(©%%) (67 — b)]| < [E™[g(OF)hu (b5 — b))
+ B [g(@% )5 = 0% = (5 = o)

Since g(O©%,)hi(b5° — b2°) is a bounded function of X x C([0,7],R) satisfying conditions C1 and
C2 for each k € N, we can apply [BL20, Lemma 2.1] to conclude that

E*[g(O7) (b — b5%)] = lim E[g(O7)hx (b — bs)] = 0,

n—oo

because b a Brownian motion with respect to the filtration generated by ©™. We can focus on
E*|g(O%R) [he(b5° — b°) — (b5° — b§°)]] We introduce the event:

Af = {0 = b >k}, ke
If g(©) < L, for each ©, apply the Cauchy-Schwartz inequality and the Markov inequality to
B g0 (b3 — 1) — (03 = 2] | < B [[g(@%) e (55 — b2°) = (55 — 02|
<E | Ly(0° = 62| = k) gy | < B[ Lyl — b1y (2.115)
o (e.o] (0.9] o0 1 (o9} o0 (e.o]
< LyE=[b5° — b |JP2(Af,) < Ly E1b7° = 6]

It suffices to prove that E*[|6° — b2°|] < co. To do so, we notice that, (|b; — bs|)n converges
in distribution on R to [b° — bS°|, for each t and s. Hence, in order to have the convergence of

expectation we must check uniform integrability of (|b; — bs|)n, i.e.:

lim supE b — b[142,| = 0.

a—0o0 neN

We notice that:

B[l btz ] < SE = bl = (e [ T w) = 2

su - a - - =—(—— xle 2t-9%dx) = —(t —s)*.
neII\)I R o a 27|t — s| J-oo Ta

Then, limg o0 SUP,ey E[|0r — bs[1ae,] = 0. Once we proved the convergence of expectations, we
conclude that the process b is a FO” -martingale, because E®[|bf° — b2°|] = lim,, o0 E[|bs — bs|] =
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\/%|t—s| < 00.

Step 2: In order to prove that (b, b>°); = t, we consider the following result (see [KS98, Exercise
3.38]). Let X be a continuous local martingale and A a continuous, increasing process such Xy = Ay,
a.s.. If Z:=exp (X — 3A) is a local martingale, then (X) = A.

Indeed, applying Ito-formula to Z:
1 1 1 1
A2y = Z(dX, = 5dA) + 5 Z(d(X) —0) = Z, (dXt — 5dA+ §d<X)t>.

As a consequence, the finite variation of Z is given by 3Z;(—dA; + d(X);), because X is a local
martingale. By assumption Z is a local martingale, the finite-variation is zero. Thus, since Xy =
Ap = 0, we conclude that —dA; + d(X); = 0 implies that (X); = A;, t € [0,T]. Since we have
already proved that 5> and w® are martingales on (Q°°, F°° P> F>°), we need to prove that
Zp° = exp (b — %t) is a local martingale on (Q°°, F°° P> F*°). To do so, it is sufficient to show
that

E¥[g(OR:, bR (Z° — Z°)] =0, Vs <t,

S

Vg : (X x C([0,T];R)) x C(]0, T]; R) — R satisfying E1 and E2. We notice that:

B2 [g(O%7 )7 — 22°)] = B g0 %) (e (177 — 51) — s (b = 55)) |

As in Step 1, we consider a continuous, but unbounded function of b7° and b2°. Thus, we apply the

function hy introduced in equation (2.114):

E®[g(0%.)(2° - 27| < [E*[9(0%)h(Z° - 22

+ |[E* (0% )2 - 25%) - (23 = 2] |
For the first term, we can pass to the limit:

[E*[g(0%)h(Z5° = Z2)]| = lim [E[g(0%,)he(2} — Z1)]| =0,

n—oo

where Z} = exp (bt - %t), and the second equivalence holds because b is a F©"-Brownian motion.
To handle the second term, it is sufficient to prove that E®[|Z} — Z1|] < oo as in (2.115) for
E>°[|b} > —by™|] < co. We notice that E[|Z} — Z!|] < E[Z}]+E[Z}] = 2, then, uniform integrability

holds and we can conclude that

lim |E [g(O%,)[he(27° - 2°) = (2% = 22)]]| = 0.

k—o0

We have proved that (exp (btoo — %t)) is a F®”-martingale. In the same way, we can prove that
t

<exp (wfo — %t)) is a FO~-martingale.
t
Step 3: Finally, we need to prove that (b, w>); = 0 for every ¢t € [0,7]. By [KS98, Theorem
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1.5.13], this is equivalent to show that (bp°w§®),c(o,r) is @ martingale with respect to o{©>°}. The
proof can be done similarly to the previous steps. Thus, to conclude it is sufficient to prove that

E[|wiby — wgbs|] < oo:

Eflwiby — wsbs[] < Ef|we[JE[|be[] + E[|ws ||E[|bs]] = %It — 5| < o0

2.C Proof of Lemma 2.25
Step 1 We recall that X™! is defined on the canonical space (2, F,P,F) as follows:
t t t
X”’I:XO+/ (=AY + o) +1(s, w”l))ds—i-/ O(s, w™!)db, +/ (s, w™)dws.
0 0 0
By Assumption B2, we have that
l t t
X < a[]XOP o RO @)t s+ | [0 )
0 0
t 2
—I-‘/ o(s, @™ dws }
0
t t
4[|X0|2 + 3tL2/ (14 Y2 4 | ?)ds + ‘ / o¥(s, ™)
0 0
t 2
—I—‘/ o(s, @) dws }
0

Passing to the supremum:

sup | X2 < 4[|X0\2+3TL2/ (

23 ds + sup ‘/ (s, w”ldb
te[0,7

te[0,7]
2}
We take the expectation and apply Fubini’s Theorem and Doob’s inequality. Hence, by Assumption
A1, the following holds

+ sup ‘/ s, w”l dwg
t€[0,T)

T
E| sup !Xf’lP] <4 IE[|X0|2]+3TL2/ (L +E[IY"' ) + Ellwi ! [*])ds
t€[0,T)] 0
t 2 t 2
+E| sup /O‘O(S,w?’l)dbs +E| sup /a(s,w?’l)dws
te[0,7] | /o teo,7] | Jo

T
<4 IE[|X0|2]+3TL2/ (1 +E[Y'P) + Ellws!*])ds
0
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T
/ |a<s,wzvl>|2ds”
0

*)ds

T
+4]E/ 16%(s, @) 2ds| + 4
0

T
< 4|E[|X°?) + 37L? / (1 + B[] + Bl
0

T
| ax |wsvl|2>ds”
0

T
E[|X°12] + TL2(3T + 16) + 3T L2 / B[y 2)ds

0
T
/ E[w;"lmds”
0

T
E[|X°]?] + TL*(3T + 16) + 3TL2/ E[|Y!?]ds

0
N-—1 tiv1 l
n
3 / |
i=0 Yt

T
E[|X°)] + TL*(3T + 16) + 3TL2/ E[|Y!?]ds
0

+8L°E +8L°E

t
/ (1 + | [2)ds
0

<4

+ L*(3T + 16)

<4

Hds

+ L*(3T + 16)

=4

N-—1 tiv1 L o - o
+L2(3T +16) | > / E[| — (A + A") ' EAY™ + AV V)] |2]ds] ]
t;

1=0

We notice that:

1.

= A A0\ -1y +0 n, Y7 A 7 0\— AN\2T n 7027 n
E[| — (A +A)TEAY + N Y VP < 2((A+ M) D2 [(R)E[YP) + (A)*E[| v

As a consequence, denoting C; := (A + ﬁ)*lﬂ, we apply the same reasoning described in (2.49),

to conclude that

T
]E[ sup |X;”|2] <4 }E[\X0|2]+TL2(3T~|—16)+3TL2/ E[|Y“}]ds
0

t€[0,T]

]

T
E[|X°]?] + TL*(3T + 16) + [3TL* + C§(3TL* + 16L?) / E[|Y"*]ds
0

N-—1 tiv1 o o
+ L2(3T +16)[ > / (CYEY™ P+ (1 =GBy
i=0 i

<4

T
+ (3T + 16)L*(Cy — 1)2/ E[|Y2™!?]ds
0
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< 4|E[|X°?]) + TL*(3T 4 16) + 2L*(T? + 1)T[3TL? + C?(3TL* 4+ 16L?)|

+2L4(T? + 1)T (3T +16)L*(1 — C1)?| =: C.

Step 2: We consider a ]F'Xn’l—stopping time 7 and a constant § > 0.

E(IXp, g — X2 < E

(T+)AT
ot [ R e i, ds

(T+0)NT (T+O)AT
/ o¥(s, ™) db, +/ o(s, @™ dws

|

_|_

We focus on the three terms separately:

o (T+HAT
(A) :=E / (=AY + ™) + (s, w™))ds

T
=E / ]l[T,r+6)/\T](3)(—K(¥gn’l + w?’l) + (s, wg’l))ds ]
0
o T
<E /O Lr sy () L(L + [Y + o] )ds
< LE

T T
/ L7 r5)a1)(8)ds + sup (1Y + ) [/ ]l[T,T+6)AT](5)dS]
0 s€[0,T] 0

= LOE[ sup (Y] +|=i])].
s€[0,T]

Applying the same reasoning of (2.49), we observe that

<[z

For what regards ™, let us notice that:

E sup. [VP?
s€[0,T]

sup |Y,"!|
s€[0,T7]

< 2L%(T? + 1)) 5.

E| sup ]w?’l| =E| max sup |E[C1Ys”’l+(1—C’1)Y;0’"’Z|Vi]|
SE[O,T] ZZO""’N_I Se[ti,ti+1)
<  max E| sup Cl\E[Ys”’qViH +(1—-Cq) sup \E[YSO’”’I|VZ-]| .
=0,...,N~1 s€[titiy1) s€[titiv1)
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By Assumption B2, for each s € [t;, t;11), the following holds

[E[Y;" E

Vil =

Bpg(X L il /af X dy

T T o
+ / z0mlap, + / ZM dw, |V
S

s

T
=E 819(X§3’Z7W?’l)|+/ |0 f (u, X3, )| du| Vi | < L(T +1).
S

Analogously, by Assumption B4:

T T
ElY ™ Vi) = |E 9(1](WZ’1)+/ 034(75@?’1)615—/ 230 db |V
t t

T
< E[IQ?(W?’l) (Tt)/ e’ (8, @i )|ds|Vi| < L(T +1).
t
Therefore,
E[ sup |@™|]| < CLL(T+ 1)+ (1 - C1)L(T +1) = L(T + 1) (2.116)
s€[0,T
In conclusion:
(T+H)A
‘/ AV 4 ot )—I—l(s,w?’l))dSH < L3%(\/2(T+ 1) + (T + 1))

For the volatility terms, applying Jensen’s inequality together with 1t6’s isometry, by Assumption
A1, the following holds

- (T4+8)AT
E / o°(s, ™) db,
[ T
/ ]1[7.7(.,._;'_5)/\7“] (S)O’O(S,w?’l)dbs
0

T
/ ]1[7',(7'+5)/\T] (S)UO (s, w?l)dbs
0

[SIE

)

[ T
/OIl[r,(r+5)AT](8)|UO(S,wg’l)|2d81)

[ T
/ s (ryayar) ()22 (1 + IWS’lQ)d81>
0

T T
L (]E {/0 ]1[7 (T+38)AT] ( )ds + / [7,(7+8)AT) (S) ) S[%%] |w?7l|2d5‘|>
€0,

L<6+E sup | |21 ) < V2L+\/1+2L2(T + 1)V3.

te[0,T]

IN
/N
=

Nl

|
//—
&=

2

IN
/N
=

N

5

|
S
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Hence, again by Jensen’s inequality together with (2.49), we conclude that

Cmax  sup (A + AO)TIEAY™ + ROV V]2
1=0,...,N—1 SE€[titig1)

]Elsup |w?’l\2 <E

te[0,T]

<E

~max  sup  (CRE[YMP|Vi] + (1 - CHE[ Y™ PIVi)
=0, N=Lse[t; tir1)

< (2L3(T* +1)).

The computation for E[| fT(T—HS)/\T o (s, @) dw,]|] is exactly the same. In conclusion:

B[ X0 s pr — X7 < LP(V2(T +1) + (T + 1) + 2v2Ly/1+ 2L2(T + 1)V < CV5,

where C := L2(\/2(T + 1) + (T + 1)) + 2v/2L\/1 + 2L2(T + 1) and 6 < 1.

2.D Proof of Proposition 2.28

Proposition 2.28 guarantees the stability of weak equilibria of a sequence of solutions to a family
of optimal control problems. In particular, the weak limit of a sequence of solutions to optimal
control problems defined in an approximate setting is still solution to an optimal control problem.
To prove this result we based on [CD18b, Proposition 3.11]. Before proving Proposition 2.28, we

rely on some preliminary results that we are going to apply in the proof.

Theorem 2.42. ([KP91, Theorem 4.7]) For each n € N, let (§",n™) be a F"-adapted process with
sample paths in D([0,00), R?). Suppose that:

E1 (n")nen are continuous martingales for every n € N such that there exists a sequence of

stopping process {15} as0 such that P(te < a) < L and

n

sup E"[[n"](t A T)] < 0. (2.117)

E2 (£")nen are cadlag -processes such that for each oo > 0 there exists stopping times {75} with
P*(r¢ < a) < é and such that, for each t > 0, sup,, (E™[|£"(t A 7)|] + Vi(E"(- A TS))) < o0,
where V; is defined in equation (2.64).

If (€™, n™) converges to (£°°,1n°°) in distribution on M([0,T];R)xD([0,T];R) and n*> is continuous,

(o]

then £ admits a version with sample paths in D([0,00),R), n°° is a semi-martingale with respect

to a filtration to which £ and n™ are adapted and (", 0™, [ €™N™) converges in distribution to
(€, n%, [ €2dn>) on M([0,T];R) x D([0, T|;R) x D([0,T;R).

We prove moreover the following result:
Lemma 2.43. Let us a consider a real valued random variable vy, defined on a probability space

136



CHAPTER 2. PRICE FORMATION UNDER ASYMMETRY OF INFORMATION

(Q, F,P) and measurable with respect to the completion of a sigma-algebra G. Then, there another

random variable 7, such that P(y =) =1 and 7 is G-measurable.

Proof. Since v is measurable with respect to the completion of G, the following holds
Va € Q, v H((—00,a)) = Gq UN,,

where G, € G and N, C  such that INY € G, P(N?) = 0 and N, C N?. We now define
N = U,e0 NO. In particular, P(N) = 0. and we define:

_ Yw) HfwégN,

V(@) =
0 ifwe N.
Therefore P(y # 7) = P(N) = 0. Moreover:
~_ G(l U N) a > 0,
7 (=00,a)) =
Go,N(Q—N), a<0
Therefore, 7 is a G-measurable version of ~. O

Proof of Proposition 2.28.
Step 1 First, we prove that the family (a™),, is tight in the Meyer-Zheng space M([0, T]; R) equipped
with its topology. Moreover, any weak limit can be seen as the law of a R-valued pro-
cess. By condition D1, (X", Y") forms a tight sequence in the product space C([0,T];R) x
M([0, T];R™), where Y™ is the adjoint process of X™. Moreover, by condition D3, the se-
quence (Y™, w") is tight. Hence, for each n € N the optimal control is defined by:

ap = Ay =y = A + ),

where a(y, @) := —A(y + @), is a continuous function on R2. Let us notice that, by [CD18b,

Lemma 3.5], if a function @ : [0, 7] x R" — R* is continuous also the function:

O+ (M([0, T R"), a0) = (M([0, TT; R"), 600)
z = (0, 2t))ejo,17-
is continuous. As a consequence, applying the continuous mapping theorem, we conclude that
if (Y™, @w™) converges weakly to a process (Y*°, w), then also a(Y;", w}") converges weakly to
a(Y®, w®). In particular, defining a5° := a(Y;>°, wy®) the sequence (a™),, converges weakly
to a@*° and the weak limit can be seen as an R-valued process. Therefore, up to subsequences,

the sequence (©"),¢cn defined by:
" == (X%, b, W", w, X", &") € Qinput x C([0, T|;R) x M([0,T];R) (2.118)
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Step 2

admits a weak limit O := (X b>®°, W> w> X a*). We denote by G* the complete
and right continuous augmentation of FO~. Let us notice that, a priori, G* can be strictly

larger than F°°.

We need to prove that the weak limit X°° satisfies system (2.70) with v = a5° for each

€ [0,7]. Any weak limit of the initial condition X© is distributed like X*°. Moreover,
applying Lemma 2.41, we show that (b, w®) is a two-dimensional Brownian motion with
respect to the filtration G*°.

Since E[sup;e(o 1y |X7|?] and E[ fOT |a7|2dt] are uniformly bounded in n € N, also:
T
E>®| sup |X°? +/ |ag°|2dt| < oo.
t€[0,T

Indeed, to prove the square integrability of the optimal control process a® we can apply
[CD18b, Lemma 3.6]. To do so, we need to show that:

T
Ve > 0 lim sup supIP(/
0

a—o0 n>0

&(Yt”,wf)|2]l{|a(ytn7w?)|22a}dt > 6) =0. (2119)

Applying Markov’s and the Cauchy-Schwartz inequalities, together with Fubini-Tonelli the-

orem, by condition D2, we observe that

T
P(/ﬁ & (Y, @) " Lyja wp)22apdt 2 6)

T
/o ’a(y;fnvw?)‘Q]lﬂa(Yt”,w?)2>a}dt]

—_
|

<-E

IN
|
&=

T
2/0 IAP(Y ) + !W?!Z)ﬂ{amn,wg)z\/a}dt]

4|K‘2T T* 4 n|4 T ~ n n
< E| sup ([Y{"|" + |y’ [)) |dt [ P(la(Yy", @) = Va)dt
0 0

€ te[0,T

4|A\2T 4[A1PT 5 1
R < R
< CT / a(yy, w)|jdt < ; (CT) NG

Therefore, condition (2.119) is satisfied and the sequence fo |a72dt converges weakly to

fo |ag°|2dt. We introduce now the following processes:

t t t
B = / @ + (s, @?))ds, " ::/ o'(s,w™)dbs, %I ::/ o(s,wy)dws.
0 0 0

Applying again [CD18b, Lemma 3.6], we prove that B™ converges weakly to B> := [;(a3° +
I(s,°))ds on C([0,T];R). For X%" and X", we proceed differently. Let us consider X0

Since w" converges weakly to w™ in M([0,T];R) and o(t,w) is a continuous map in w
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variable, by [CD18b, Lemma 3.5], (o(t,@}'))scjo,r) converges weakly to (o(t,@i®))ejo,r] in
M([0, T]; R).

We want to exploit the continuity of the Brownian motion in order to obtain the convergence
in distribution on C([0,7],R) of the stochastic integrals. In order to do so, we apply a
particular case of Theorem 2.42, to the sequence (£",7") := ((¢°(t, @}"))sefo,r], b)- In order to
do so, we need to check that conditions E1 and E2 hold for ((6°(t, @}"))sejo,r],b). We observe
that:

E1 Let us consider 7 := inf,cjo7j{bs > c}. Hence, given a constant ¢, > 0, we introduce

a . Cq
Tp =Ty

IN
L~

P(r* <a) = P(tel[%f ]{bt >cot < a}) ( sup by > ca> =2P(by > co) = 2(1 - @(%))

for a sufficiently large c,. Moreover, since [b] = ¢, (2.117) is satisfied.

E2 We introduce 75 := inft6[07T]{|o*0(t, wy')| > ¢}. By condition D2, given a constant ¢, > 0,
we define 7% := 7. Hence, by (2.116), the following holds

for a sufficiently large c,. To adopt a lighter notation we denote (¢, @) by ag . We

apply [Kur91, Lemma 5.2], which guarantees that

Ello%h ] < Ve(o®") + Ello®" )] < sup { V(") + Efju] }

neN

In order to use this result, we need to check that sup,,cy Vz(c%™) < oo, for every t € [0, T).
To prove this condition, we need Assumption B4. Indeed, let us notice that, if ¢ is a

convex function whose gradient is bounded and G is a sigma-algebra, the following holds

[E[¢(X) — o(Y )|g]| E[p(X) — ¢(Y)IG] — 2 (gjg(x)—o(v)ig1<0} E[D(X) — ¢(Y)|G],
E[p(X) — ¢(V)IG] — 2L ggs(x)-o(v)lg1<0} (E[B(X) — (V)
—¢'(Y)(X - Y)|g] - E[¢'(Y)(X - Y)[g])
< E[p(X) — ¢(V)IG] — 2L gg(x)-o(v)ig1<0} E[¢ (Y )(X — Y)|F]
< E[¢(X) — ¢(Y)|d] + 2sup ¢/ (2)|E[X - Y|G].

(2.120)
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If (X)=0"t X) and A := {tg,...,tx}, then:

Elo®(tis1, @f,,) — 0°(ts, wp )| Fr]

<E

ZE (tiv1, @) — UO(%WE)U:Z’Z]} +2sup 10:0° (8, @) [E[Y (ti1 — t:)]
;W i

+2sup|00°(t, @)E| Y B[}, , — wh|F]|
t,w
= E[e”(T, @) — 6°(0,w8)] + 2sup |0;0°(t, @)|T
t,w

+2sup|00°(t, @)|E| Y [El=}.,, — wh| A

t,w

Applying the supremum in n € N, we conclude that:

neN neN te[0,T]

< 2sup 1+E
neN

Tightness of (w")nen guarantees that supneN EHU(T);"/\TH < oo. We apply now [Kur91,

sup V;(c*™) < 2sup {E[ sup |o°(t, }")|

+ sup 940°(t, )| + sup rawa%,w)m(w")}
t,w t,w

sup ||
t€[0,T

> + LT + LVt(w”)} < 0.

Lemma 5.4] to the process at =1y (t)o ) " to obtain:
Vi(@™") < Vi(o™") + LE[|wy'|).

We notice that: opi” := o,y (t)o?™ + 17 00) (t)o2", for every stopping time 7. Thus:

|

7 -0, N
E[Ut fl/\”r Jt /\T|‘7:ZL ]

Vt(UOATTL): sup ]E[Z

AC[0,t]

i

< sup E E~0" T—~0"T.7-"T.L’l
o B| X Bl
+ sup E Z E[Ug’n(]l[ﬂ',oo) (ti-l-l) - ]I[T,OO) (tz))’f:?l] ]
AC|0,] i

= V(3> + sup E

Z ‘E[O’g’nﬂ(tmtiﬂ] (1) |‘FZJ] ’]

AC0,t]
n n 7,0
< V(6" + sup E ZE sup |0 Lyt (DIF
AC[0,¢] : SE€[tistit1]
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< Vvt(g()’n) + sup } ZE[ sup |Ug7n|]l(ti,ti+1}(7-)]

Ac[o,t s€[ti tit1]
< V(@) + sup E| sup |00 Ligtin) (T
AC[0,¢] s€[0,7 ‘ ‘ Z (tit H]( )
<Viy(3%") + sup E| sup |02’"\1(07T1 (7')]
AC[04] | s€[0,T]
< V(%) +E| sup |02
s€[0,T7]
<E| sup [0°(t,w})|| +sup|0:0°(t,@)|T + sup |00 (¢, )| Vi(w")
te[0,7 t,w t,
+ LE[|=}|] + E| sup ]w?!] .
s€[0,7T

Taking the supremum we conclude that sup, oy Vi(o /\Ta) < 00.

As a consequence, applying Theorem 2.42 to ((0%(t,@}"))iejo.17,b), the sequence

<ao(-,w.”),b, (/ao(t,wy)dbt» is tight on M([0,T],R) x D([0, T]; R?).

Moreover, the weak convergence on M ([0, T],R) x D([0, T]; R?) holds:

(JO(-,w,”),b,/ao(t,wf)dbt)) converges in distribution to (JO(-,w,OO),bOO, (/ O(t, ws )db°°>>.

Since the weak convergence of the stochastic integrals is in D([0, T]; R) and the trajectories are
continuous, the tightness can be restricted in C([0,7]; R). In conclusion, doing the same com-
putations for X" we obtain that X" converges in distribution to ¥*° on C([0,T]; R). Moreover,

up to subsequences, (0", B", 29" ¥7), converges to (%, B®, £ %) on Qinput xC([0,T]; R)x
M([0, T];R) x (C([0,T);R))? in distribution. We consider the function:

ht Qinpue x C([0,T];R) x M([0, T;R) x (C([0,T;R))* — €([0,T]; R)
(0,B,5°,%) = (X; — (X° + By + 50 + %))icior-

Since h is continuous, by the continuous mapping theorem, (h(©", B, 0" %)), is conver-
gent in distribution on C([0, T]; R). Moreover, h(©", B", ¥%" ") = 0. The convergent series
is constant, so we have the convergence also in probability ([Kal97, Lemma 5.7]). Therefore,
extracting a subsequence, we obtain that P*°-a.s.:

XOO_(X0,00+BOO+E0,00+EOO) :0’
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Step 8

that is:

t t t
XEO:XO’OO—F/ (a§°+Z(s,w§O))ds+/ ao(s,ng)db;@u/ o(s,m)dw™, ¢ e [0,T].
0 0 0
(2.121)

This implies that ( fg &gods) o) is F*°-adapted. As a consequence: P -a.s.
telo,

t
a° = lim p/( aXds, a.e. t €[0,T].

%
oo St 1)+

In particular, this holds on the full-Lebesgue measured set in [0, 7] in which the cadlag version
of the weak limit (@™!),; in Meyer-Zheng topology is defined. We consider the optional
projection of the weak limit (aF°);c(o,r) given the filtration F>°. We denote it by (°a)sc(0,7]-
By definition, °af® = E[af°|F°] =° af° for almost any t € [0,T], P>-a.s. (in particular,
(°a™) is progressively measurable with respect to F°°). As a consequence, for almost every

t € [0,T], equation (2.121) can be rewritten as:

t t t
X0 = X0 4 / (Ca® +1(s,w))ds +/ o¥(s,w)dbl> —I—/ o(s,w@)dw®, te0,T].
0 0 0

Since the process w™ has trajectories in D([0,T];R), we can find a countable set 7 C [0, T]
such that:

P> (w™ is continuous on [0,7]\ 7) = 1.

Therefore, for eacn N > 1, there exists a sequence 0 = tév < - < tN =T of step length less
than % on [0,7]/7. Therefore, we can introduce a family (@(tfv; ))i=o0,...N—1 C Cb(flinput X
C([0,T];R); A). As a consequence, for every n € NU {co}, we define:

N-1
'YZL’N = Z ]l[tfv,tﬁl)(t)q)(tzj‘v?Xoab-AtgvaW,%gvaw-/\thaXc\tf_V)a te[0,T].
i=0

In particular, vV is F™-progressively measurable, then:

n

J7" @) < J7" (v, VneNU{oo}, N € N.

In particular, ®(t¥; X9 b v, WY v wopn, X7 v) weakly converges in A by the continuous

mapping theorem. As a consequence, the function:

U : Qinput X C([0, T];R) — D([0, T]; R)
—1

(:130, bW, w,z) — ﬂ[tﬁv,tf\j_l) (t)q)(tzN; 5607 b-/\tﬁvv W-Atﬁ\” W AN 5 x-/\tg\’)

=

o

i=

n,N)

is continuous. This implies that ("), cn weakly converges to v*>V in D(]0, T]; A) for each
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N fixed. By the uniform square integrability of {Y"},, also the optimal controls {a"},, are

uniformly square integrable. By Assumption A2:

Jim E" [ / e xp a?)dwg(m,w%)] —E* [ / X, 5+ g (X, )
As a consequence, J7 (@) < limy, 0o JZ" (y*V), VN > 0. To pass to the limit in the right
hand-side we recall that the sequence (X, b, W™, w, X", v™N), converges in distribution to
(6,6, W w™, X 4°N) (by the continuous mapping theorem). Let us notice that we
can define the weak limit on the same filtered probability space (Q°°, F°° P> F>°) on which
the limit game is defined. Indeed, since the state equation satisfies strong uniqueness when the
input (£2°,0%°, W™, w>, 4N is given, we can define on the filtered space (Q°°, F>°, P> F>)

the control vV introduced in equation

N. y0,00 zl,00 00 00 00
Z 1 tiv,tf\jrl (t ;X b/\th -/\tf\[’w-/\tﬁv’ ./\tﬁV)v te [OvT]v

that is F*°-progressive measurable by definition.

Denoting by F the complete and right-continuous augmentation of

by the Yamada-Watanabe theorem the solution to the state equation is F -progressively meas-
urable. As a consequence, on (QOO,}"OO,IP’OO,@), the solution X°>V driven by the control
>N is uniquely determined by the law of (£%°,b6%, (W™, 7°V) w>) and therefore it is

I~F—progressively measurable.

Since F C F*® and b* and w™ are F*-Brownian motions, we can define the solution to the
state equation with the control v°" on (Q, F>, P> F>).

We conclude that the functional (fOT f(t,X[L,wf,fyf’N)dt + g(X#,w})) converges in law to
fOT Ft, X2, @, 7> N)dt+g(X%°, wy’) and the limit can be seen as the distribution of a pro-
cess defined on (Q°°, F°°, P> F>). Finally, to prove that J=" (y") converges to J=" (y>)
we need to check square uniform integrability of the controls (V)

anteed by the boundedness of the functionals ®(;;-) that define 4.

n- This condition is guar-

" () %N and we have:

Therefore, the sequence J% converges to J¥ (7y

JZT(@°) < J7 (%N, YN > 0.

We now approximate every F-progressively measurable process with the limit of a sequence

oo,N)

like the one (7 N, applying the strategy proposed in the third step of the proof of [CD18b,

Proposition 3.11]. We proceed as follows:
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(a)

(e)

By convexity, we can approximate v by mr(y) where, 7g is the projection on By(R). As

a consequence, we can take v bounded.

We consider the process (% j;t_ L ’73d8)0< o where for negative s we impose that vs = a,
<t<
for an arbitrary a € R. As a consequence, we can assume that v has Lipschitz continuous

paths.

. . N
We can approximate now v with a sum (Zi:l ’ytfvflll[tfvvtﬁﬁ(t))()gtgzv'

Since vy is supposed to be continuous in time, each Ve, is measurable with respect to
the completion of o{(£%°,b°, W™, w® X : s <tV )}

By Lemma 2.43, there exists a version of VeN s which is measurable with respect to
o{(€,02°, W, w®, X3° s <t )},

This implies that, there exists a bounded and measurable function ®(tY;-) such that:
’Yg\f = (b(tzN7 goo’ b?/(\)tzl,\fv .O/?tg\fv w?/(\)tg\fa O/?tf\’)

Finally, we can approximate the function ®(t;-) in L*(Qinput x C([0,T];R)) with con-

tinuous functions, applying Lusin theorem.

Step 4 By the previous step the following holds J#™ (@) < J#~ (°a*>). As a consequence:

JW

T
T(@*) =E> [/ f(s,X§°7WE°,@§°)dS+9(X%°,W%°)1
0

T
A3ZE°°[/ fs, X3 w2 al)ds + g(X7°, @) |+
0

1
+ ZL7'E>®

E>®
* 2

T
/ (@2 —° @°)00f (s, X2, °,° 3 )ds
0

T
/0 a2 —° &|2ds|.

T
/0 A% —° 4% 2 s

o 1
= J77(°6%) + SLTE™

In conclusion

T
e l/ G a;“ds] —0
0

and thus ag° possesses an F>°-progressively measurable modification.
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CHAPTER 3

On a foundamental theorem for statistical arbitrage

opportunities

3.1 Introduction

The term statistical arbitrage is commonly adopted to denote a trading strategy characterized
by milder conditions than the ones that define an arbitrage opportunity. We recall that an ar-
bitrage opportunity is defined as a self-financing strategy that guarantees a net profit taking no
risks. If a market allows for arbitrage opportunities, it is considered inefficient, because the pres-
ence of arbitrage opportunities implies that certain assets are not priced correctly. Indeed, if an
arbitrage opportunity is present, a large demand (or supply) of some assets is created, leading to
a modification of the prices and consequently the disappearance of the opportunity itself. The
characterization of the absence of arbitrage opportunities has been a crucial task in mathematical
finance. The study of the conditions that guarantee absence of arbitrage opportunities leaded to

the fundamental theorem of asset pricing ([DS94, Theorem 1.1]).

As discussed, it is reasonable to suppose that the market is free of arbitrage opportunity. As a
consequence, speculators aim at constructing strategies that lead profit involving some risks that
can be either controlled or assessed. These strategies are called statistical arbitrage opportunities.

Widely analysed in the literature, the term of statistical arbitrage can refer to different kinds
of financial strategies, that extend the definition of arbitrage opportunities. All these different
strategies, linked with the term statistical arbitrage, are surveyed in [LBS+18]. In this paper, the
authors compared the differences between the strategies commonly adopted in the market that
are referred as statistical arbitrage opportunities. In particular, a statistical arbitrage can refer
to the notion of J-Arbitrage, defined in [Led95] as an investment strategies satisfying a prescribed
condition on its Sharpe ratio. Successively, this definition of J-Arbitrage was replaced by the notion
of Approximate Arbitrage, introduced in [BLO0O]. Another generalization of the notion of arbitrage

opportunity, that is linked by the definition of statistical arbitrage is given by the Good Deal,
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introduced in [CS00] in the context of incomplete financial markets and investigated successively
in [CHO02], [Sta04] and in [BS06]. Finally, there can be found links with the notion of statistical
arbitrage in [CGMO1] (Acceptable Opportunity) and in [BKLO1] (e-Arbitrage). In [HJITWO04],
in the context of infinite-time horizon models, a statistical arbitrage is defined as a zero-cost, self
financing strategy, that asymptotically has positive expected payoff, a probability of loss converging
to zero and a time-averaged variance converging to zero (if the probability of a loss does not become
zero in finite time). In [Bon03] a statistical arbitrage is defined, in a finite-horizon economy, as a
zero-cost trading strategy for which the expected payoff is positive and the conditional expected
payoff in each final state of the economy is nonnegative.

In this chapter we focus on the notion of statistical arbitrage analysed in [Bon03]. The author
studied the case of a market model determined by a single asset, modelled by a discrete-time
stochastic process defined on a finite probability space. The time horizon, denoted by 1" > 0, is
finite. The state of the economy at time ¢ is represented by a random variable &. Therefore,
the information structure in the market is determined by the vector I; := (&,...,&), for each
t=0,...,T. A statistical arbitrage opportunity (SAO) is defined in [Bon03] as a zero-cost trading
strategy for which the expected payoff is positive and the conditional expected payoff in each final
state of the economy (i.e. each realization of the random variable ) is nonnegative. To formalize
this setting, the author introduced the vector of augmented information set IfT = (&0, -, & 67).
Then, a (SAO) is defined as follows:

Definition 3.1. ([Bon03, Definition 2]) A zero-cost trading strategies, with payoff Zr (depending
on Ir), is called (SAO) if:

1. E[Zp|Io] > 0;
2. E[ZT\IgT} > 0, for every realization of {7.

In [Bon03, Proposition 1], it is shown shown that the absence of (SAO) is equivalent to the
existence of a probability measure QQ such that the price process is a Q-martingale and its kernel
with respect the objective measure P is measurable with respect to £&7. To prove this result, the
author applied the same techniques described in [HK79] and [HP81] to characterize the absence of
classical arbitrage opportunities in a multi-period finite dimensional market. Its generalization to
financial markets defined on general probability spaces represents an open problem.

In this chapter we present some preliminary results in the direction of a characterization of
the absence of statistical arbitrage opportunities, under a suitable generalization of the definition
introduced by Bondarenko, in the case of market models defined on general probability spaces. In
the recent work [RRS21], some results in this direction have already been provided. The authors
generalized Definition 3.1 to the case of self-financing zero-cost trading strategies that allow for
a positive expected payoff and conditional expected payoff that is nonnegative in (almost) every
realization of an augmented information set, described by a given sigma-algebra G. In [RRS21,

Section 2.2], the authors provided a counterexample to the characterization of absence of (SAQO)
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opportunities proved in [Bon03, Proposition 1]. However, we confirm [Bon03, Proposition 1] in the
case of finite dimensional markets.

The chapter is structured as follows. In Section 3.3, we present the mathematical setup. In
Section 3.4, we describe the characterization of the absence of statistical arbitrage opportunities
in the case of a market defined on a finite probability space. In particular, we prove that the
absence of statistical arbitrage opportunities is equivalent to the existence of a martingale measure
for the price process, whose Radon-Nykodym derivative with respect to the objective measure
P is G-measurable. Moreover, we study the counterexample proposed in [RRS21], showing that
it does not disprove [Bon03, Proposition 1]. In Section 3.5, we show that the existence of the
martingale measure introduced in the finite setting is actually equivalent to a stronger condition
than the absence of statistical arbitrage opportunities. In Section 3.6, we focus on discrete-time
market defined on a general probability space. In particular, we provide conditions under which
the characterization that holds in the finite-dimensional case is preserved. Finally, in Section 3.7,
we establish a characterization of the absence of statistical arbitrage opportunities in the case of a

semimartingale market under a taylor-made condition.

3.2 Notation

In this section we introduce the notation we are adopting along the chapter.

e Given a probability space (2, F,P), for any p,q € [1, 00| such that % + % = 1, we compactly
denote LP(, F,P) by LP(F). We adopt the convention that p = 1 if and only if ¢ = co and
vice versa. When it is clear from the context, we may adopt the notation LP(F), to denote
also the space of R?-valued random variables, whose components are in LP(F).

e For any p € [1,00), the dual of LP(F) is LY(F), where ¢ := ;E5 (if p=1, ¢ = 00). The weak

p
-1
topology of LP(F) induced by L4(F) is denoted by o(LP(F), L1(F)).

e For p = oo, we denote by o(L®(F), L'(F)) the weak-* topology on L*(F), induced by
LY(F).

e Let A be a set in LP(F), for p € [1,00]. We denote:

— the o(LP(F), L4(F))-closure of A, by Cl*(A), where % + % =1.
— the closure of A in the norm topology of LP(F) by CI(A).

e In a probability space (2, F,P), we consider a sub-sigma-algebra G C F. We recall that
the conditional expectation of X € L!(F) with respect to G is a random variable Y &
L'(G), such that for every G € G, E[Y1g] = E[X1¢g]. It can be proved that such random
variable Y is P-a.s. unique and we denote it by E[X|G]. In the following, we may denote the
conditional expectation E[X |G] by 7g(X), to emphasize that the conditional expectation can
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be interpreted as a linear projection:

ng : LY(Q, F,P) = LY(Q,G,P)
X — E[X]|G].

In analogy to [JS13, equation (1.1)], we extend the definition of condition expectation to

every random variable X € L9(Q, F,P), introducing the generalized conditional expectation:

E[X|0] = E[XT|G] —E[X~|G] on the set where E[|X||G] < oo,
' +00 otherwise

where X := max{X,0} and X~ := max{—X,0}.

e We denote the positive cone on RY, by RY, i.e. Rﬂ\_’ ={reRV: 2, >0, Vi=1,...,N}.
For every p € [1,00], we denote the positive cone on LP(F), by L (F) = {l € LP(F), | >
0, P-a.s.}.

e We denote the scalar product of two vector a,b € R¢ by a-b := Z‘Ll a;b;. If E is a topological
vector space and E* is its dual, then for every a € E and b € E*, we may denote by (b, a) the
duality introduced in [AB06, Definition 5.90]. In particular, for any p € [1, o], given ¢ such
that % + % =1, for every f € LP(F) and g € LYF), (f,g9) =E[f - q].

3.3 The formalization of the problem

In this section, we introduce the mathematical framework, the definition of statistical G-arbitrage
opportunity and the preliminary properties of the set of statistical G-arbitrage opportunities.

We consider a finite time-horizon 7' and a probability space (Q, F,P). We define the class
of admissible trading strategies in two cases, when the price process is a discrete-time stochastic
process defined on T := {0,...,T} and when the price process is a continuous-time stochastic
process defined on the time interval 7 := [0,7]. In what follows, we denote the price process by
S and assume that it is defined by a stochastic process taking values on R?, expressed already in

discounted terms.

Definition 3.2. We consider a probability space (2, F,P) and a discrete time set T. We introduce
a filtration F := (F;)_, defined on T := {0,...,T}. We consider an R%valued stochastic process
S adapted to F. We introduce the following concepts:

e An admissible trading strategy ¢ is an R%valued predictable discrete-time stochastic process
(gbi)iT:l, i.e. ¢; is F;—1-measurable for any ¢ = 1,...,7T. We denote the set of such strategies

by A.
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e The value process of ¢ is defined by Vy(¢) = 0 and

t

Vi() ::Z@-Asi, te{l,...,T},

i=1
where AS; :=S; — S;— forany i =1,...,T. We compactly denote (Vi(¢)):ejo,r) by V(¢)-
In continuous time, we give the following definition:

Definition 3.3. We consider a probability space (£2, F,P) and a time interval [0, 7]. We introduce a
right-continuous and complete filtration F := (F)c[0,7]- We consider an R%-valued locally bounded
semimartingale S := (S',...,S%). We suppose that S is adapted to F. Then:

e A trading strategy ¢ is every S-integrable and predictable stochastic process on taking values
on R%;

e The value process of ¢ is defined by:

t
Vi(6) = /0 b~ dS,+ d0So, 1€ [0,T].

We compactly denote (Vi(#)):ci0.1) by V().

e A trading strategy ¢ is called admissible if ¢g = 0 and there exists a constant a > 0 such that
Vi(¢) > —a, a.s., for all t € [0,T]. In this setting, analogously with Definition 3.2, we denote
the set of admissible trading strategies by A.

In analogy to [RRS21, Definition 2.1], we introduce the definition of statistical G-arbitrage

opportunity, that can be applied both for discrete-time and continuous-time markets:

Definition 3.4. Let G C Fr be a sigma-algebra. An admissible strategy ¢ is called statistical
G-arbitrage opportunity if the two following conditions hold:

E[Vr(¢)] > 0,
E[Vr(¢)|G] >0, as.

Let us notice that, if G := Fr, we recover the classical notion of arbitrage opportunity. Moreover,
in the context of discrete-time markets, if G := 0{S7}, we recover the notion of statistical arbitrage
opportunities introduced in [Bon03] (Definition 3.1). Finally, By the tower property if G; C G, are
two sigma-algebras on (€, F,P), the set of statistical Ga-arbitrage opportunities is contained in the
set of statistical Gi-arbitrage opportunities. In particular, this implies that absence of statistical

G-arbitrage opportunities guarantees that the market is free of standard arbitrage opportunities.

Remark 3.5 (Financial interpretation). By definition, a statistical G-arbitrage opportunity is a

trading strategy ¢ whose final portfolio value can be negative at the condition that the aggregated

149



3.3. THE FORMALIZATION OF THE PROBLEM

value in each scenario of the sigma-algebra G is non negative and, moreover, there exists a non
negligible set on F on which V(¢) is strictly positive in average. From an economic point of view,
the definition of statistical G-arbitrage can be employed to evaluate if a trading strategy is worth to
be applied. For instance, one can introduce a fixed benchmark of scenarios to provide a criterion to
establish the quality of a trading strategy. In particular, an investment based on a strategy ¢ can
be labelled as a good investment if the average final value of the portfolio determined by ¢ is non-
negative in all the benchmark scenarios. In this example, denoted by Bji,..., By, the benchmark
scenarios, ¢ generates a good investment if and only if ¢ is a statistical G-arbitrage opportunity,
where G := o{B1,...,Bny}.

Let us notice that richer is the sigma-algebra G stricter become the conditions that guarantee
absence of statistical G-arbitrage opportunities. If for example G is the trivial sigma-algebra the
statistical G-arbitrage is a weak definition and it is rather unrealistic to suppose absence of statistical
G-arbitrage opportunities. On the other hand, practitioners can be interested in conditions under
which the market the free of statistical G-arbitrage opportunities, when G is defined by a large

number of benchmark scenarios.

In what follows, we denote the absence of statistical G-arbitrage opportunities with the symbol
NSA(G). We introduce the set Kg by:

K¢ == {E[Vr(¢)|G]] ¢ € A}. (3.1)

Then, NSA(G) is equivalent to:
KgnL%(Q,6,P) = {0}. (NSA(G))

Our goal is to find equivalent conditions to NSA(G).

Let us recall that, in the framework described in [Bon03| (i.e. G = o{Sr}), condition NSA(G)
is equivalent to the existence of a probability measure Q, equivalent to P such that S = (S;)L, is
a Q-martingale, i.e. EQ[S;,1|F;] = S; and the Radon-Nykodym derivative % is o{St}-measurable
([Bon03, Proposition 3]).

The natural generalization of this result to the case of statistical G-arbitrage opportunities is

the characterization of NSA(G) in terms of the following condition:

e On (Q, F,P,(F)L,), there exists a probability measure Q equivalent to P such that S =
(St)E, is a Q-martingale and the Radon-Nikodym derivative % is G-measurable. We denote
this condition by EMM(G).

e On (Q,F,P, (Ft)elo,)), there exists a probability measure Q equivalent to P’ such that S =
(St)tefo,1) is a Q-local martingale and the Radon-Nikodym derivative ‘fl% is G-measurable. We
denote this condition by ELMM(G).

When the market structure is not specified, we denote both these conditions by E(L)MM(G).
As discussed in Section 3.1, in [RRS21, Section 2.2] a counterexample to [Bon03, Proposition

3] is proposed in the case in which G := o{Sr}. However, as described in Section 3.4.1 below,
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a gap affects the computations of the counterexample. Then, as we show in Section 3.4 below,
NSA(G) <= EMM(G) holds for generic sigma-algebra G, when (2 is a finite set.

As expected, in the general case, the difficult implication is NSA(G)=E(L)MM(G). Indeed, in
[RRS21, Theorem 2.1], the converse implication is proved. We give the proof of this result, for

completeness of presentation:

Theorem 3.6. Let (2, F, P, (F1)icio,)) be a filtered probability space on which an Re-valued, locally
bounded semimartingale process S is defined. Then, if the set of admissible strategies is the one
introduced in Definition 3.3, ELMM(G) =NSA(G).

Proof. We consider an equivalent local martingale measure Q for the price S. By assumption the
kernel Z := i% is a G-measurable random variable. By contradiction, suppose that there exists a

statistical G-arbitrage opportunity ¢, in the sense of Definition 3.4. We first observe that:

BV (0)19] = oy Vr(9)210] = EVr(0)lCl. s

Therefore, by definition of statistical G-arbitrage and the equivalenece between Q and P:
EQVr(9)|G] >0, a.s.

Moreover, since ¢ is admissible, (Vi(¢))cjo,r) is a Q-local martingale ([AS94, Proposition 3.3]).
Applying then Fatou’s lemma it is possible to show that (V;(¢))ejo,r] is @ Q-supermartingale. This
implies that EQ[Vr(¢)] < Vo(¢) = 0. Therefore, 0 = EQ[V(¢)|G] = EF[Vr(¢)|G] a.s., that is a

contradiction. ]

The same reasoning can be applied in the case of discrete-time markets, under the notation
introduced in Definition 3.2. Indeed, for every ¢ = (¢¢)]_, predictable, if S is a Q-martingale, also
(Vi(¢))L, is Q-martingale:

t+1 t t
EQ(Vi1(6)1 ] = E2[ D" 6i ASilF| =D 01+ ASi + drar - EUAS 1| F] = Y 65+ AS; = Vi(@).
=1 =1 =1

As a consequence, EMM(G) implies that EQ[V;,1(¢)|F;] = 0, for every ¢ € A. Thus, no statistical

G-arbitrage opportunities are allowed.

Remark 3.7. The converse implication, NSA(G) = ELMM(G), has to be handled more carefully, as
we are going to see in the next sections. However, assuming additionally that there exists a unique

element in
ME(S) := {Q ~ P probability measure on (2, F) s.t. S is a Q-local martingale}, (3.2)

it is possible to show that NSA(G) is equivalent to ELMM(G). This result, shown in [RRS21,
Theorem 3.3], is based on the application of [DS95, Theorem 16]) and [KL17, Proposition 6].
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3.4 Absence of statistical G-arbitrage opportunities in finite di-

mensional markets

As discussed in Section 3.1, when M*(S) # {Q}, condition NSA(G)= E(L)MM(G) is not guar-
anteed. In this section, we show that if the market is defined on a finite probability space, the

equivalence is verified, meaning that
(¥) If © is a finite set, then NSA(G) <= EMM(G).

This result, stated in Theorem 3.10 below, extends and confirms the characterization first provided
in [Bon03, Proposition 3]. However, it is in contrast to the counterexample proposed in [RRS21,
Section 2.2]. In the next section, we describe the gap that affected this counterexample, proving

that it does not disprove condition (¥).

3.4.1 Analysis of the counterexample proposed in [RRS21, Section 2.2]

In the example studied in [RRS21, Section 2.2], the authors analysed the trinomial model described
by Figure 3.4.1. In particular, they considered a probability space Q = {w1,...,ws} and T = 2.

8(2) = Sg(wi), 1= 1,4

s0 = So(w) /

= Sl(wi), 7= 4,5,6
_
= So(we)

Figure 3.4.1: The tree of the price process.

In particular, the price process S is defined as:

S1(w1) = Si(we) = Si(ws) = s,
S1(we) = S1(ws) = S1(we) = 57,
Sa(w1) = Sa(ws) = s8,

Sa(ws) = Sa(ws) =5,

So(ws) = 82++,

Sa(we) =85
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Let us notice that a trading strategy ¢ = (¢1,¢4,¢5) in the sense of Definition 3.2 is any
predictable process. The portfolio value associated with ¢ at t = 1,2 is Vi(¢) = Zle ¢;AS;, where
o2 € {65, 67).

The authors studied the absence of statistical G-arbitrage opportunities for the following sigma-

algebra:
G:= 0(52) = 0({&)1, W4}, {W3,w5}, {w2}7 {W6})'

By Definition 3.4, a stastistical G-arbitrage is an admissible trading strategy ¢ := (¢1, ¢; , 5 ) such
that the following inequalities holds:

E[Va(¢){w2}] = 0, $1A81(w2) + ¢3 ASa(ws) > 0,

E[V2(¢){ws}] = 0, $1A81(we) + 5 AS2(ws) > 0, (3.3)
E[Va(¢){wr,wa}] >0,  ¢1AS)(wi)p1 + d3 AS(w1)p1 + ¢1AS1 (wa)pa + ¢35 AS(wa)pa > 0,
E[Va(¢){ws, w5} >0,  ¢1AS(w3)ps + ¢3 AS(ws)ps + ¢1AS: (ws)ps + ¢ AS(ws)ps > 0,

and at least one of them is strictly positive. As discussed in Section 3.1, one aims at characterizing
the absence of statistical G-arbitrage in terms of the existence of a martingale measure Q whose

kernel Z is G-measurable, i.e. Z must satisfy
Z(w1) = Z(wyg) and Z(w3) = Z(ws).

In [RRS21, Lemma 2.6] the authors provided a characterization of the absence of statistical G-
arbitrage opportunities for the class of trinomial models described in Figure 3.4.1. Then, they
constructed an example of a market free of statistical G-arbitrage opportunities and, applying
[RRS21, Lemma 2.6], they shown that there is no martingale measure Q for the price process S
with a G-measurable kernel.

However, we show that there is a gap in the computations in the proof of [RRS21, Lemma 2.6]
and we propose, an alternative result, Lemma 3.8 below, under which this gap is corrected. In
Subsection 3.4.1.1, we study the trinomial model studied in [RRS21, Section 2.2] and we apply
Lemma 3.8 to show that EMM(G) is not satisfied. Finally, in Subsection 3.4.1.2, we construct
explicitly the statistical arbitrage opportunity, proving that equivalence (%) cannot be excluded

by this example.

Lemma 3.8. Let vy := and vy 1= g—‘;. In the trinomial model above, suppose that the following

P1
P4
two conditions hold:

_ _ASy(ws) ., .
1. = ASs(wr) V2

2. 1y € [Pl,rg], I'y < Ty,

where

— A8 (ws) + ASs(ws) Salee)

Fl = 5 (34)

AS1(w3) — ASa(ws) 352
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RoU(ASy(wa) + ASa(ws)) — (AS1(wa) + A (ws))
AS; (w3) — ASy (w1) g;‘;ggg ’

I'y:=

Then, the market is free from statistical G-arbitrage if and only if vy € (I'1,T2).

Proof. First, we make some remarks on system (3.3), which determines the existence of statistical
G-arbitrage strategies. System (3.3) is equivalent to require that every row of A¢ > 0 is nonnegative,

where

AS7(we) ASs(w2) 0

AS1(we) 0 ASs(we) (3.6)
AS (w1 + ASy(wg) ASo(wi)vy ASa(wy)
ASq (w;g)l/g + AS; (w5) ASQ(W?,)VQ ASQ(M5)

and & := (¢1, qb;, ¢5 ). Moreover, at least one row must be strictly positive.

We change the basis of A doing operations on columns, obtaining

0 ASQ(UJQ) 0
A ASl (OJG) 0 ASQ(OJG)
— w )
ASl AS2EW1§A51(W2) V1 + ASl(w4) ASQ(wl)Vl ASQ(CU4)
AS ﬁgzgi ;ASl(WQ) Vo + ASl(w5) ASQ(LUg)UQ ASQ(LU5) (37)
0 ASQ CL)2 0
R 0 0 ASy(ws) | i
B1 ASQ(wl)lll ASQ(W4) ' ’
By ASy(w3)va ASs(ws)
where
— ASy(w1) ASy(wy)
B :=wn (ASl(wl) - Ae (w2>A51(wQ)) +AS1 () = Tl BAS o) (3.8)
ASq(w ASt(w
By =1 <A51 (w;;) — ASQ(W:S)AS;E&;;) + ASl(W5) — ASQ(L%)AS;EWS. (3.9)
In particular, to pass from A to /~1, we use the following change of basis:
1 00 1 0 0
_ AS1 (w2) _
E = —AS;(WE) 1 0f, Ex= Ag(wﬁ) 1 01, (3.10)
T AS3(we) 0 1

i.e. AE1Ey = A. Since the matrices FEh, E5 are invertible, the following holds:
A6 > 0= A(E1Ey) '€ =1 A€ > 0.

We prove now the two implications of the Lemma.

154



CHAPTER 3. ON A FOUNDAMENTAL THEOREM FOR STATISTICAL ARBITRAGE OPPORTUNITIES

(<) Suppose that vy € (I'1,I'2). In order to prove that the model is free of statistical G-arbitrage,
we need to show that Im(A) N RY = {0}, where:

0 ASQ (CL)Q) 0
(6%
~ A
ImA =<} « 0 + 8 0 + S (o) gl er?
Bl ASQ(CUl)l/l ASQ(W4) -
By ASs(ws)ry ASs(ws)

We assume by contradiction that there exists v € ImA such that v > 0 and at least one
coordinate is strictly positive. We denote with latin numbers the components of the vector
A€, where € = (a, 8,7).

(A >0 BAS(w) =B(sTT —s])>0= B>0 (>0 8>0),

o (3.11)
(A =0 yASy(ws) =7(s;” —s7)20=7<0 (<0 y<0);

Moreover, since rows (A€);;; and (A€);y are nonnegative, then their sum is nonnegative too:
aCh + B(ASy (w1 )v1 + ASa(w3)rv2) + 7(AS2(ws) + ASa(ws)) > 0, (3.12)

where

qFW(A&WQ_A$@@22$3)+M(A$WQ—A&@@22$3)
ASy (we)

+ Ry TAS2(01) = ASa(w5)) + AS (wr) + A ws).

Sa(ws3)

Then, since by hypothesis 1, = —252(w1)u2, the coefficient multiplied by £ in (3.12) is zero.

Moreover, by hypothesis:
No

vy < I'y =: D72, (3.13)

where Ny and Do are respectively the numerator and denominator of I'y introduced in (3.5).

Thus, we observe that

AS ;=)
2 1
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Then,
 ASy(ws) AS1(w2) AS1(w2)
Cy:=— #(W?)VQ (Asl(wl) - ASQ(Wl)ﬁ(wz)) + v (Asl(wzs) - AS2(W3)ﬁ(wz))
+ m(AS2(W4) — ASQ(W5)) + ASl(W4) + ASy (w5)
- (mml(wl) +AS () + M(A&(M) — ASs(ws))
+ ASl(W4) + AS, (LL)S).
(3.14)

Equation (3.14), together with condition (3.13), leads to C; = v9Dy — Na, so that C; < 0.

Then, condition (3.12) becomes:

<0 <0 >0
~~
a Cp +7 7 (ASz(ws) + ASy(ws)) > 0< a <0. (3.15)
Finally, by hypothesis:
—AS (ws) + ASy(ws) Tae] Ny
vy > A — 1T D
ASl(wg) — ASZ(W3)ASQ(w2) 1
+
Then, since Dy = (s] — s0) — (s4 7 — s7) 34—% > 0:
S2 T8
By =v5,D1 — N1 > 0. (316)

Studying condition (A€);y > 0, we have that:
(A&)1v > 0 < Boor + BAS)(ws)va + yASs(ws) > 0.

Thus:

A

<o >0 >0 <0 0 >0
< < A

A e A
a By + ASQ((,Ug)I/Q—i- y ASQ((UE)) <0,
and equality holds if and only if @« = 8 = v = 0. In conclusion, absence of statistical

G-arbitrage opportunities is guaranteed if v € (I'1,T'2).

(=) It is sufficient to prove that if vy € {I';,'2}, then it is always possible to build a statistical

G-arbitrage. As done in the first part of the proof, we consider a generic vector E = (o, B,79)"
and we denote the components of Z{ by latin numbers, where A is defined in equation (3.7).
We are going to determine the values of the components of E such that every row of ZE is
nonnegative and at least one row is strictly positive. The first two rows of system ZE >0 are

independent from the choice of 15 and lead to conditions (3.11). There are two possibilities:
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(a) If v, =T'y. By equation (3.14), C; = 0. Then, a necessary condition for the existence of

a statistical G-arbitrage is (A€) 717 + (A€);v > 0, that is (3.12). Thus, under condition

v = —ﬁgﬁgii’gyg, inequality (3.12) becomes:

A = A
Cl a+ ¥ (ASQ(LU5) + ASQ(W4)) >0&~v=0.

Therefore, in this case we have no constraints on « but it must hold v = 0. Recalling
that By is defined in (3.9), we consider condition (A€)y > 0:

=0
Boa + BASy(ws)vs + 3 ASs(ws) > 0.

Since there are no conditions on «, we can choose:

B ASs(ws)ry

B, B, (3.17)

o>
we can divide by Bs because since v = I'y > I'y condition (3.16) holds.

Finally, we have to find conditions on E such that (ZE) 171 = 0. First, let us notice that

since 1o = I'y, then, since B! is defined in (3.8), 0 = C; = Bj + By. By condition

v = _ﬁgzgﬁ’;ug, the following holds:

=0
(Avg)[]] = aBj + ASQ(O)l)VlB + ASQ(W4)//7\ = —aBy — ASQ((,U?,)I/QB = —(AVE)IV.

Thus, if we impose the equivalence in condition (3.17) we have that (A€);;; = 0 =

(EE) 7v. Finally, let us consider the strategy:

(0 8 7)=(-2%225 5 o). (3.18)

By (3.11), with 8 > 0, the following holds:

(A&); >0,
(A&)11 =0,
(A&) 111 =0,
(A1 =0,

Thus, if vo = I'g there exists a statistical G-arbitrage.

(b) v =T'1 < T'9. In this case, condition (3.13), together with (3.14) and (3.15), leads to
Cy < 0 and then a < 0. Moreover, By = 0 because condition (3.16) is an equality. This
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implies that By = By + By = (] < 0. In that case, we can consider the strategy:

(o 5 2)=(o 0 0),

with a < 0, we have that:

(A€); = BASy(ws) = 0,
(A8) 11 = 7ASs(ws) =0,
(A)111 = aBy > 0,
(A)1y = aBy = 0.

Thus, we have a statistical G-arbitrage also in this case.

Remark 3.9. Note that in the statement of [RRS21, Lemma 2.6], the absence of statistical G-

arbitrage opportunities is equivalent to v; = —ﬁgzggi’gm and vy € (I'1,Ty], T'y <T9. However, as

we have seen in the proof of Lemma 3.8, for v, = I'y a statistical G-arbitrage exists.

3.4.1.1 The counterexample

In this subsection, we consider the trinomial model described in [RRS21, Section 2.2]. We show
that we can guarantee the existence of a martingale measure for the prices process .S, determined
by Figure 3.4.1, whose kernel with respect the objective measure P is G-measurable. As in [RRS21,

Section 2.2], we consider a tree as the one described in Figure 3.4.1, where:
(s0,87,87,85 .54 ,85 ,59) = (10,12,8,13,10,6, 14).

The model is arbitrage-free, but it is incomplete. We consider the following filtration:

‘/—-.0 = {(Z)vQ}a
F1={0,9Q, {w1,wa, w3}, {ws, ws,we}},
Fo=P(Q).

The space of the martingale measures is M¢(S) := {Q : EQ[S;|Fi_1] = Si—1, i=1,2}. Since
the first two elements of the filtration are F; = o(S;) for t = 0,1, the condition that a vector
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Q=(q1,--,q6) = (Q(wr),...,Q(we)) € RO has to satisfy to be in M¢(S) is:

;
EQ[52|51 = Sir]
EQ[SQ‘Sl = 81_] = 81_,

+
81,

EQ[S1|So = so] = 0, (3.19)

These conditions are explicitly given by:

12 = EQ[S,|S) = s7] = E[Sy|S) = 12]

1

= Qor) + Qan) T Qg HAQ1) +13Q(w2) + 10Q(ws))

1
= ——(14q1 + 13g2 + 10q3),
Q1+QZ+Q3( ! 2 3)

8 = EQ[SQ‘Sl = 81_] = EQ[SQ|51 = 8]
= 14@(52 = 14‘5’1 = 8) + 10@(52 = 10|51 = 8) + 6@(52 = 6|51 = 8),
1

= Do) + Qan) T Qg HAQwa) +10Q(ws) + 6Q(ws))

(14g4 + 10g5 + 645),

Tt as+as
10 = E[S;|S = so] = E?[S[Sy = 10]

= 12Q(5; = 12]Sy = 10) + 8Q(.S1 = 8|Sy = 10)

= 12Q({w1, w2, w3}) + 8Q({ws, ws, we })

=12(q1 + g2 + q3) + 8(q4 + ¢5 + g6)m
l=g+ae+a+autat.

Solving this system, we find the same results of [RRS21, Section 2.2]:

,

q = —%(& + %,

q3 = —ti + i,

"= 5 (3.20)
a5 = —2¢s + 3,

2 € (0,3),

% € (3:3)-

Under the hypotheses of Lemma 3.8, the conditions under which absence of statistical G-arbitrage
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holds (i.e. if vy € (I'1,I'2)) are:

L _ASpws) _ 10-12

YT AS (W) 2T 14— (3.21)
2

vy € (1,T2) = (5,3).

We prove that the model described in the counterexample, on which s = I's is imposed, allows for
a statistical G-arbitrage.

We consider the kernel Z = (Z;); = (z%) of Q with respect to P = (p1,...,ps). Z is G-
measurable if and only if Z1 = Z4 and Z3 = Z5. This condition implies that g—i = 11 and Z—? = 9.

Adding these conditions to system (3.20) we have:

Vi = —3a + 1,
V2gs = —i%—i—%, . —&%—i—ﬁ =dq6 — i,
44 =q6 — % —ﬁqyi-ﬁ:—?%*-%v
45 = —2¢6 + 3
By conditions (3.21):
oz tan) = it o e=
%6 = o

Then, 1 € (§3) implies that g € (o, %) and g5 € (%,%). Thus, differently from [RRS21,

equation (8)], the existence of a martingale measure Q whose kernel is G-measurable is allowed.

3.4.1.2 Construction of a statistical arbitrage

We show that it is possible to provide a statistical G-arbitrage for the model studied in [RRS21,
Section 2.2]. In particular, v = I'; and p = (0.15,0.2,0.3,0.05,0.1,0.2). Using the same notation of
the proof of Lemma 3.8, we consider C; introduced in (3.14), so that, C; = 0. Moreover, adopting
notation (3.10), the following holds:

@ 1
B =(EiE) " | o5
v ¢y

We consider the vector («, 3,7) defined in (3.18). Then:

v =0,
B8 =>0,
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Recalling that the matrix A is defined on (3.7), hence we notice that

0 1 0 3 0

~ o o —2| ~(“ 0 0
A= S Algl= (3.22)

14 6 6 “1da + 68 0

14 —6 2 7 14 — 68 0

Choosing a@ = 6 and 8 = 14, all the (3.22) is satisfied. Now we compute the two matrices Fy, Eo
and their product:

1 0 0 1 00
ASi (w2) _
B -Ey = —2§;g£3 1 0|l=1-2 10
1(we
— A5 (w0 0 1 -1 0 1
We conclude that:
d1 1 o 1 00 6
5 |l=1-2 10 |8l=|-210||la]=f2]. (3.23)
¢y -1 0 1 ¥ -1 0 1 0 —6

At this point, it is easy to check that system (3.3) is explictly given by:

$1AS1 (wa) + 3 ASa(ws) = 14 > 0,

P1AS) (we) + ¢y ASy(w) = —12 412 =0,
$1AS1(wi)p1 + ¢35 AS(wi)p1 + d1AS1 (wa)pa + ¢3 AS(wa)pa = 155 + 105 — 100 — 106 = O
G181 (w3)ps + 63 AS(ws)ps + G1AS) (ws)ps + 65 AS(ws)ps = 368 — 123 120 _ 120 ¢

Thus, the admissible trading strategy in equation (3.23) is a statistical arbitrage. In conclusion,
this example does not disprove the statement of [Bon03]. Indeed, the analysed model, on which a
martingale measure Q whose kernel is G-measurable does not exist, admits statistical G-arbitrage

opportunities.

3.4.2 The characterization when (2 is a finite set

In Section 3.4.1 we shown that the counterexample proposed in [RRS21, Section 2.2] is affected by
a gap and it does not disprove condition (¥ ) in finite dimensional markets. In this section, we show
that condition () holds, generalizing [Bon03, Proposition 3] to a rigorous mathematical setting.
We consider a finite probability space (2, F,P). In particular, there exists N € N such that
Q:={wi,...,wn}. We can assume without loss of generality that F = P(Q2) is the power sigma-
algebra. We introduce a discounted price process S = (S;), adapted to a filtration (F;)7.
We follow the proof of [HP81, Theorem 2.7] to obtain a characterization of the existence of a

martingale measure Q whose kernel Z := ‘é% is G-measurable:
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Theorem 3.10. Let Q be a finite set and S a R*-valued stochastic process on (Q, F,P). Moreover,

we consider a sigma-algebra G C F. Then,

EMM(G) < NSA(G)

Proof. The only implication to prove is NSA(G) ==ELMM(G) , because EMM(G)= NSA(G) is a

particular case of Theorem 3.6.

We aim at applying the set separation theorem [Brell, Theorem 1.7] to K2, introduced in (3.1)
and LY (F). Clearly, KJ is convex and closed under the Euclidean topology in RY. LY (F) is not

compact, but we can consider the convex hull P of the unit vectors (1y,,,})n=1,.. N of L (F):

N N
P::{Z,unll{wn} pn >0 Z,u,nzl}.
n=1 n=1

By condition NSA(G), it holds that K, 8013 = (). Since P is convex and compact we can apply hyper-
plane separation theorem, [Brell, Theorem 1.7], there exists ¢ € (L®(Q, F,P))* = L}(Q, F,P) =
RY and two constants a < (3 such that:

(¢.f) <a, VfeKQ,
(¢, f) > B, YheP,

where (q, f) := Zf\il qi fi-

Since Kg is a linear space we have that a > 0. Moreover, we can assume « = 0. Indeed, if
fe Kg and A > 0 is an arbitrary real constant, A\f & Kg too. Then:

(G, \f) <a={q, f) < VA > 0.

o
)\7
As a consequence, 3 > 0 and, since 1y, € Pforalln=1,...,N:

(¢, 1) =a >0, VYn=1,...,N,

In conclusion, replacing g with > ~—, we can construct a measure Q := ZNl (q1,---,9N)
n=1% n=14i

equivalent to IP such that:
E2[f] = (g, /) <0, VfeKg. (3.24)

Condition (3.24) implies that EQ[EF[Vir(¢)|G]] < 0, for all ¢. From Q we can construct a probability
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measure Q that is an EMM(G). We observe that:

0 > EXE" [V ()[G]]
= E'[ZE" [Vr(9)|G]]
= EF[EP[Z|GIEF [V (4)|G]]
= E"[E"[Z|G]Vr(6)],

where 7 := (%’ ey Z—Z). Since Z(w) > 0 for each w € Q, we have that:

E¥[Z|G)(wn) == @n >0, mn=1,...,N.

Then, we can define a new probability measure as follows:

~ 1 _ _
Q3:ﬁ(plfh pNQN>-

Zn:l (ann)

It holds that @ ~ P by construction and
E%[Vr(9)] = E*[E"[Z|G)Vr(¢)] < 0.

Repeating the same computations with —¢ we conclude that E@[VT(d))] = 0 for every ¢. By [DS06,
Lemma 2.2.6], we conclude that Q is an EMM(G). O

3.5 Characterization of ELMM(G) in general probability spaces

The strategy we applied to prove Theorem 3.10 cannot be generalized to a general probability
space. Indeed, the hyperplane separation theorem needs topological constraints, such as the closure
of the convex cone Kg introduced in (3.1). In the infinite-dimensional setting there are delicate
topological issues to handle in order to guarantee the conditions necessary to apply the hyperplane
separation theorem. Therefore, even if E(L)MM(G)=-NSA(G) still holds, it is unclear if the converse
implication is true. Our goal is to provide a characterization of E(L)MM(G) in the case of a general
market model.

In this section, we consider a probability space (€2, F,P), a finite horizon T, a complete and
right-continuous filtration F := (F¢);cor) and an Re-valued locally bounded semimartingale S
representing the price process. We assume that S is adapted to F.

To characterize condition E(L)MM(G), we adapt the proof of the Kreps-Yan theorem in the
version of [DS06, Theorem 5.2.2] to our setting. First of all, we restrict condition NSA(G) to the

space L>°(G). To do so, we introduce:
Kg = Kg N L>(G). (3.25)
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Then, NSA(G) implies that Kg N L (G) = {0}.
Following [DS06, Chapter 5], we restrict the set of admissible strategies to the family of simple
strategies. We recall this concept, introduced in [DS06, Definition 5.1.1]:

Definition 3.11. We say that an R%valued process ¢ = (P1)2, is a simple strategy if ¢ is of the

(b = Z ¢i1]‘ri,1,n]7

i=1

form:

where 0 <7 <.-- <7, <00 a.s. are finite stopping times and ¢; are F;, ,-measurable Re-valued
random variables, for some n € N. Moreover, we say that a simple strategy ¢ is admissible if, in
addition, the stopped process S™ and the random variables ¢; are uniformly bounded. We denote

the set of simple admissible trading strategies by .ASmPle,

By Definition 3.11, the value of the portfolio obtained by a simple strategy ¢ at t € [0, 7] is:
n
Vi(@) = i+ (Srnt — Sri_in).
i=1

In the following, we provide a first characterization of ELMM(G) in terms of the closure with
respect the weak-* topology of a convex cone containing the restriction of K¢ to the conditional
expectation of the portfolio values at T' obtained using only admissible simple strategies. To do so,

we introduce the cone K gmple in L®(F):
K™ = {E[Vp(9)[G] : ¢ € AP}, (3.26)

We observe that Kéimple is defined as the image with respect to the operator mg of the family
of portfolio values, obtained from admissible simple strategies. It is convenient to introduce the

following convex cone:
CgmPle = KEMPe _ [39(G) = {E[Vp(9)|0] — 1+ ¢ € 4™, 1 LX)} (327)

C’Zimple is defined as the image with respect 7g of the family of the random variables X € L*(F)
for which there exists ¢ € A™Pl such that X < Vp(¢) a.s. In other words, Cgimp ° is composed by
the conditional expectation with respect to G of random variables that can be superreplicated by
an admissible strategy ¢ € A™P, Note that

Cg™* N LT(9) = {0} (3.28)
is equivalent to
K3™"° N Le(G) = {0}, (3.29)

The following remark justifies why it is convenient to consider (3.28) instead of (3.29).
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Remark 3.12. We aim at applying the Hahn-Banach separation theorem to separate L°(G) and
the closure with respect to a convenient topology in L*°(G) of either K, Zimple or a closed convex cone
containing Kgmple. However, it is possible to construct examples which lead to counter intuitive
situations. For instance, in [Sch94, Example 3.1], the author described the situation of a convex cone
A such that ClI*(A) N LY (Q, F,P) = {0}, while B := A — LY (Q, F,P) satisfies C1*(B) = L>(F).
Then, replacing Cgmple with its weak-* closure in (3.28) and Kéimple with its weak-* closure in
(3.29), we obtain that Cl*(CSmple) N L(G) = {0} is a stronger condition.

In conclusion, admitting only simple strategies, it is convenient to define the absence of statistical

G-arbitrage strategies as:
P N LT (Q,G,P) = {0}, (NSA%(G))

3.5.1 The characterization of E(L)MM(G)

Adapting the proof of the Kreps-Yan theorem [DS06, Theorem 5.2.2], it is possible to prove the
equivalence between ELMM(G) and the following condition:

CI(CF™ ) N LY(G) = {0}, . (NFL(G))

¢

Analogously to “no free lunch” condition introduced in [Kre81], this strengthening of the condition

of no-arbitrage is tailor-made to state the following result:

Theorem 3.13. On a probability space (Q, F,P), we consider a sigmal-algebra G C F and an

R?-valued locally bounded semimartingale S := (St)efo,m- Then:
ELMM(G) <= NFL(G).

Proof.

e ELMM(G)=NFL(G) Analogously to Theorem 3.6 this implication is the easiest one. We
consider a local martingale measure Q satisfying ELMM(G). By definition, for every couple

of stopping times o1 < o9 a.s., which are localizing for S and every ¢; € L>*(F,,),
EQ[gbl : (SO'Q - 801)] =0

Therefore, by linearity E2[k] = 0 for every k € Kéimple. s a consequence, E?[c] < 0 for
any c € Cgmple. Consider now an element ¢ € C’lé(CZimple). By construction, there exists a
net (cs)ser C Cgimple such that limsey cs = c¢. We recall that the expectation f +— EQ[f] is a
continuous operator with respect the weak-* topology. Therefore, we conclude that EQ [c] <0.
By contradiction, assume that ¢ > 0 a.s. and there exists a set A € G, with P(A) > 0, such

that ¢ > 0 on A. This would imply that EQ[¢] > 0, thus, yielding a contradiction.

e NFL(G) =ELMM(G)
first step. Let us notice that by NFL(G) we can apply the Hahn-Banach theorem ([Rud91,
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Theorem 3.5]) on L*(Q,G,P) to separate Cl*(C’gmple) and every fixed f € LY(G), f #0. In
particular, there exists an element Z € L}r(Q, G,P) such that

EF[Zf] >0,
EF[Zh) <0, Vhe Cl*(C5™).

second step. We apply the exhaustion argument to show that the Z we found is strictly

positive a.e. in ). Let us introduce
D:={de L1(G)\{0}: EF[dn] <0, Yh € CI*(C5™")}.
Clearly, D # () since 0 € D. We consider the family S of subsets of Q defined as:
S={{g>0}: ge D}

S is closed under countable unions. Indeed, for a sequence (g,,) C D we can find strictly posit-

[e'S)
n=1

Therefore, there exists gg € D such that:

angn € D (let us consider for instance vy, :

ive scalars (ay,) such that = Snmax, 11 ElTg;1] )
Jj=1,..., n ]

P(go > 0) = supP(g > 0).
geD

In particular, P(go > 0) = 1. Indeed, if P(g0 > 0) < 1, we could apply the first step
to f := lyg—0). This would yield the existence of g1 € D such that EQ[fg1] > 0. As a
consequence, we could have gg + g1 € D, but its support is strictly greater than the one of

go, thus yielding a contradiction.

Now, normalising go so that E¥[gg] = 1, we can define a measure Q through % = go, such
that:

Ef[goh] <0 Vh € Kg™P = E%[h] = E”[goh] = E¥[goB" [V (9)[G]] <0, V¢ € AL,
(3.30)
third step. Since g9 € D C Li(g), the measure Q we constructed in the previous step has
G-measurable kernel. We prove now that EQ[Vy(¢)] < 0 for each ¢ € AS™e. From (3.30),

we conclude that:
0 > E%[E"[Vr(9)|d]) = EYUECV(9)|G)] = EC[Vr(¢)], V¥ € ATMPL. (3:31)
Substituting ¢ with —¢ in equation (3.31), we obtain that
EQ[Vr(4)] =0, Vo e Asmple, (3.32)
fourth step. Following the proof of [DS06, Lemma 5.1.3] we show now that EQ[Vy(4)] = 0
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implies that S is a local Q-martingale. Since S is locally bounded, there exists a sequence of
stopping times (7, )nen increasing to infinity a.s. such that S™ is bounded for each n € N.
We prove that S™ is a Q-martingale. We introduce two arbitrary stopping times o1, 09
such that 0 < 01 < 09 < 7™ a.s. for some n € N and an arbitrary bounded F,,-measurable
random variable h. The strategy ¢ := hlj,, ,,] is admissible and simple. For this strategy,
(3.32) reduces to

0=E%h (S, — S5,)], VheL®(F,,),

thus, proving the martingale property.

O]

Theorem 3.13 states the equivalence between condition ELMM(G) and NFL(G). Condition
NFL(G), that is stronger than NSA(G), does not have a clear interpretation from an economical
point of view, because the characterization of the weak-* closure has to be made in terms of
converging nets. We have to deal with converging nets instead of converging sequences (for which
an economical interpretation would be much clearer, as discussed in [DS06, Section 5.2]), because
L>=(G) is not first-countable with respect the weak-* topology induced by L!(G).

To find a strategy to overcome this problem, we recall the procedure proposed in [DS94] to
characterize the absence of classical arbitrage opportunities. Our goal is to find the conditions that
the sigma-algebra G must satisfy in order to exploit the results developed in [DS94] and characterize
ELMM(G) by a condition that is interpretable from a financial point of view.

We consider an R%valued, locally bounded semimartingale S. We introduce the set of admissible
strategies A and define:

Kg' = {Vr() | ¢ € A},

(3.33)
Cqt:={k—1|keKgand | € LY (F)}.

K{f‘ is a convex cone in L(F). Analogously with Remark 3.12, the absence of arbitrage opportun-
ities (NA) is defined as
C4 = N L>=(F). (3.34)

Indeed, (NA) is defined in [DS94, Definition 2.8] by:
CANLY(F) = {0}. (NA)

As proved in [DS06, Proposition 5.1.7], a sufficient condition for the absence of standard ar-
bitrage opportunities is the existence of a probability measure Q equivalent to P, such that S is a
Q-local martingale. This property, that we denote by ELMM, is however not necessary, as shown
in the counter example proposed in [DS06, Proposition 5.1.7]. As a consequence, if A = AS™ple
a characterization of ELMM is obtained applying the Kreps-Yan theorem ([Kre81]). In particular,

ELMM is equivalent to the so called no free lunch condition:
CI*(CAY N L2 (Q, F,P) = {0}. (NFL)
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The authors observed that the difficulties related to the weak-* topology are due to the restriction of
the set of admissible strategies to simple strategies. Therefore, they extended the class of admissible
strategies considering the set A introduced in Definition 3.3. In conclusion, the authors proved that
ELMM is equivalent to:

Cl(CAY N LL(Q, F,P) = {0}. (NFLVR)

In particular, condition NFLVR deals with the closure of C* with respect the norm closure of
L>(F), replacing the more complicated weak-x convergence. The crucial point is that NFLVR
implies that C4 is already weak-* closed ([DS94, Theorem 4.2]).

In the context of absence of statistical G-arbitrage opportunities, we notice that the cone C;imple,
introduced in (3.27) is the image of CAM™ with respect the conditional expectation mg. In

particular, NSA*(G) is equivalent to
CI* (mg(CA™™)) N LY (G) = {0}
By relying on the same reasoning, condition NSA(G), restricted to L°°(G), is equivalent to:
mg(C4) N LE(G) = {0}

Then, we introduce the following assumption:

Assumption 3.14. For every p € [1,00], the sigma-algebra G is such that ng : LP(F) — LP(G)
is a closed map. In other words, for every C' € LP(F) weak closed, also mg(C) is weak closed on

LP(G). If p = oo, the weak topology has to be replaced by the weak-* topology.

Under Assumption 3.14, we can transfer to 7g(C*!) the topological properties of C*4. In parti-
cular, in Section 3.6 and Section 3.7 we are going to exploit Assumption 3.14 to transfer the closure
of the cone CA guaranteed by the results of [DMW90] and [DS94], to its image with respect to
mg. Then, applying Theorem 3.13, we establish the equivalence between NSA(G) and ELMM(G).
We point out, Assumption 3.14 is a tailor-made condition to apply this procedure. In Appendix
3.A, we prove that mg : LP(F) — LP(G) is a continuous map with respect the weak topology (if
p = 00, the continuity is proved for the weak-x topology). However, it is at present unclear how

to characterize the closedness in Assumption 3.14.

Remark 3.15. Let us notice that NSA(G) and ELMM(G) are equivalent when G is the sigma-algebra
generated by a benchmark set of events By, ..., B,, € F. Indeed, in this case LP(G) = R™ and
every linear subspace of L>°(G) is closed. Since g : LP(F) — R™ is a continuous linear map,
mg(Ko N L>®(F)) is closed in L*°(G). Hence, we conclude through the same strategy applied in
the proof of Theorem 3.10. This reasoning ensures that the equivalence between NSA(G) and
ELMM(G) is guaranteed in the motivating example introduced in Remark 3.5.
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3.6 Absence of statistical G-arbitrage opportunities in discrete-

time markets

In this Section, we focus on discrete-time models defined on a general probability space (€2, F,P).
We adopt Definition 3.2 and we propose two results. Theorem 3.16 states that, under Assumption
3.14, NSA(G) is equivalent to EMM(G). On the other hand, Theorem 3.19 states the equivalence
between NSA(G) and EMM(G) under an additional assumption.

Theorem 3.16. In the setting of Definition 3.2, consider a sigma-algebra G C F. Then, under
Assumption 8.14, the following holds:

EMM(G) <= NSA(G)

Proof. EMM(G)=- NSA(G) is granted by Theorem 3.6.
NSA(G)=EMM(G)
NSA(G) guarantees absence of classical arbitrage opportunities that, in the case of a discrete-time

market, corresponds to:
Cg' N LY(F) = {0}, (NA)

where 064 is introduced in (3.33) and A is the class of admissible strategies introduced in Definition
3.2. By [Sch92, Lemma 2.1], the cone C7' is closed in L%(Q, F,P), under the topology of the
convergence in probability. Let us notice that NSA(G) guarantees that

mg(Cg') N LY(9) = {0}.

We then consider the cone
ot =i nL(F). (3.35)

Since Cg! is closed in L°(F), the set Cf* is closed in the norm topology of L'(F). We notice the
C{' is a closed convex cone in L'(F), then by [Brell, Theorem 3.7], Cy* is closed with respect the
weak topology, that is o(L'(F), L°°(F)). By Assumption 3.14, 7g(Cy}) is a o (L*(G), L=°(G))-closed
convex cone.

Since mg(Cy') contains L! (G) and mg(Cy') N LL(G) C mg(Cgh) N LY.(G) = {0}, we can apply
[DS06, Theorem 5.2.3] to prove the existence of a probability measure Q on (€2, G), such that

Q~P;
99 ¢ 1=(G); (3.36)
EQ[c] <0, Ve e ng(C).

Finally, let t = 0,1...,7 — 1 and A € F. Let us notice that ¢ := 1411, € A, thus Vy(¢) =
Ta-(Sty1—S) € C’f‘. For the same reason, also —¢ € A, then Vp(—¢) = =14 - (Spy1 — St) € Cf\.

169



3.6. ABSENCE OF STATISTICAL G-ARBITRAGE OPPORTUNITIES IN DISCRETE-TIME MARKETS

By (3.36), we conclude that
0=EQVr(¢)] =EQM4- (Spy1 — S)], VAeF,

thus proving the martingale property. O
We prove now the equivalence NSA(G) and EMM(G) under the additional condition:

Assumption 3.17. In the framework introduced in Definition 3.2, We suppose that T = 1 and
FoCg

This result is based on the adaptation of the [Rog94] To prove it, we apply the following result:

Proposition 3.18. ([KS09, Proposition 2.1.5]) Let ¢ € L°(G) and let Fo C G. Then, the following

are equivalent:
1. for every ¢ € LO(Fy), inequality ¢& > 0, holds as the equality;
2. there ezists a bounded random variable p > 0 such that E[p|¢|] < oo and E[p€|Fo] = 0.

Theorem 3.19. In the setting of Definition 3.2, let T = 1. Moreover, let G be a sigma-algebra
satisfying Assumption 3.17. Then,

NSA(G) <= EMM(G).

Proof. EMM(G)= NSA(G) is follows by Theorem 3.6.

NSA(G)= EMM(G) In this setting, the admissible strategies ¢ € A are Fy-measurable random
variables. A statistical G-arbitrage opportunity, is defined by E[¢pAS] > 0 and E[¢pAS|G] > 0 a.s.,
where AS = S; — Sp. First, we notice that NSA(G) implies that:

E[¢AS|G] > 0 a.s. = E[¢pAS|G] =0 a.s. (3.37)
By Assumption 3.17, every ¢ € L°(Fp) is G-measurable. As a consequence, (3.37) is equivalent to:
PE[AS|G] > 0 a.s. = PE[AS|G] =0 a.s. (3.38)

Then, we apply [KS09, Proposition 2.1.5] to £ := E[AS|G]. By (3.38), there exists a bounded
random variable p > 0 in L°(G) such that E[p|¢|] < oo and E[p|Fo] = 0. Thus, for any h € L*°(Fp),

E[ph&|Fo] = 0. As a consequence, E[ph&] = 0. Since, p is bounded, we can define p := . Hence,

Eflol]"
p defines an equivalent probability measure Q such that % = pand EQ[h¢] = 0, for all h € L=(F).

We notice that:
0 = EQ[n¢] = EF[phEF[AS|G]] = EF[EF[phAS|G]] = EQ[RAS], Vh € L®(Fy),

that is sufficient to conclude that S is a Q-martingale. O
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In [KS09, Section 2.1.4], the result is generalized inductively to the case of a discrete-time
market defined for a time horizon 7" > 1. To apply the same reasoning and generalize Theorem
3.19, we have to assume that F;_; C G. However, this condition seems restrictive from a financial

point of view.

3.7 Absence of statistical G-arbitrage opportunities in a general

semimartingale model

In this section, we consider the general case of a probability space (€2, F,P), on which an R%-valued,
locally bounded, semimartingale S is defined. The set of admissible strategies is A, introduced in
Definition 3.3. As in Theorem 3.16, our goal is to apply Assumption 3.14 to guarantee that the
topological properties of the cone C provided by NFLVR are preserved when we introduce ﬂg(CA).

Theorem 3.20. In the setting of Definition 3.2, we consider a sigma-algebra G C F. Under
Assumption 3.14, if NFLVR holds, then:

NSA(G) <= ELMM(G).

Proof. We recall that, by NFLVR, the convex cone C introduced in (3.34) is o(L>(F), L' (F))-
closed ([DS94, Theorem 4.2]). By Assumption 3.14, ng(C4) is o(L>(G), L' (G))-closed in. Hence,
applying [DS06, Theorem 5.2.3], we conclude that there exists a probability measure Q on (2, G, P),
equivalent to P such that ‘;% € LY(,G,P) and EQ[c] < 0, Ve € CA. This implies that

E%k] <0, Vke Ki'nL>(Q,F,P).

Mimicking the fourth step of Theorem 3.13, we conclude that S is a Q-local martingale. O

Observe that the proof is particularly short, thanks to NFLVR-based theory.

Let us notice that, Theorem 3.16 characterizes the absence of statistical G-arbitrage opportun-
ities NSA(G) in terms of ELMM(G) under Assumption 3.14. On the other hand, Theorem (3.20)
requires the additional condition of NFLVR. The key difference is that in a discrete time market, the
closure of the cone C4 is guaranteed by the absence of standard arbitrage opportunities NA, that
follows from NSA(G). On the other hand, there is nothing that suggests a link between NSA(G)
and NFLVR.

3.8 Conclusions and further developments

In Theorem 3.10 we confirmed the result described in [Bon03, Proposition 3], showing that, when
the price process is defined on a finite probability space, the absence of statistical G-arbitrage
opportunities NSA(G) is equivalent to EMM(G). To generalize this result to more general cases,

we proposed a condition, introduced in Assumption 3.14. Assumption 3.14 implies that the image
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with respect to the conditional expectation 7g of a weak closed set in LP(F) remains weak closed
in LP(G). This condition is tailor-made to exploit the properties provided in [DS94] and prove that
NSA(G) is equivalent to EMM(G).

The first task we should investigate is the existence of conditions on G under which Assumption
3.14 holds, or at least, when the image with respect mg of the cone C4, introduced in (3.34), is
closed. We recall that, in the case of discrete-time markets, the cone CA defined in (3.35) is already
weak closed in L(F). This condition is ensured by the absence of standard arbitrage opportunities
NA. Moreover, we recall that NA follows from NSA(G). Thus, assuming NSA(G), the weak closure
of CA in L'(F) is guaranteed. This reasoning is crucial to prove the equivalence between NSA(G)
and ELMM(G) in the case of a discrete time market model under Assumption 3.14.

In the general semimartingale case, we shown that equivalence between NSA(G) and ELMM(G)
is guaranteed assuming NFLVR, in addition to Assumption 3.14. An interesting extension of this
result to delve into is a characterization of NSA(G) beyond NFLVR. If we do not assume NFLVR,
we cannot exploit the results already provided by [DS94]. Therefore, we should find alternative
approaches to guarantee that the image of superreplicable claims with respect the conditional
expectation operator is closed in the weak-* topology of L°°(G). Another interesting development
in this direction could be a NFLVR condition in a statistical sense. In other words, we could search
for a condition on the set of admissible strategies A or on G, under which the image of the cone of
super-replicable claims with respect to g is already weak-* closed in L*>(G).

A second interesting problem to investigate is a link between the definition of statistical arbitrage
introduced in [Bon03] and the one proposed in [HJITWO04]. As discussed in [RRS21, Remark 2.3], the
authors noticed that, iterating a statistical G-arbitrage over time, under some stationary condition,
one can obtain a statistical arbitrage strategy in the asymptotic sense described in [HITWO04]. It
could be interesting to understand if the results proved in [Bon03] can be extended, not only in
the direction of market models defined on more general probability spaces, but to also the case of

financial markets defined on an infinite time horizon.

Appendix

3.A Properties of conditional expectation

This Appendix is devoted to the description of some properties of the conditional expectation with
respect a sigma-algebra G, interpreted as a linear operator on LP(F).

We recall that L>°(G) endowed with the weak-* topology is not first countable. Indeed, the
weak topology on a normed space X is first countable if and only if X if finite-dimensional (see
[AB06, Theorem 6.26]). Thus, we cannot characterize the weak-* closure of a set A through the
limits of sequences in A, but we have to consider the more general concept of converging net.
Moreover, in the context of absence of statistical G-arbitrage opportunities, we have to deal also

with the conditional expectation operator, that is in general discontinuous with respect the norm
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topology, as we are going to see in the following example.

Example 3.21. Let (Q,F,P) := ([0, 1],5([0,1]),Leb([0,1])). We consider the sigma-algebra G
generated by the set of the form (0, % + gq) where ¢ € QN [0, %] We now consider the sequence of

functions:

fo(w) = 2n]l(07i)(w).

As a consequence: lim,,_, o fn(w) = 0 for almost every w € [0,1]. On the other hand:

1
lim 7g(fn) = nh_}n;OE[fn]g] = lim 2nl o 1y (w)dw = 1.

n—o0 n—oo 0 ’2n

On the other hand, the conditional expectation 7g is a continuous map, when L*°(F) and
L>(Q,G,P) are both endowed with the weak-x topology. To prove this continuity, we need to

introduce some concepts:

Definition 3.22. We consider two topological space (X, 7x) and (Y, 7y). A function f: X — Y
is continuous, if f~1(U) € 7x for every U € 7y. Moreover, a function f : X — Y is continuous at
r € X, if for every U € 7y such that f(z) € U, then f~Y(U) € 7x and z € f~1(U).

Definition 3.23.

e A direction > on a set D is a reflexive transitive binary relation with the property that each

pair has an upper bound, that is:

VYa, 5 € D there exists v € D such that v = « and v = .
e A net in a set X is a function x : D — X, where D is a directed set, that is called index set
of z.

e We say that a net (z5)scs in a topological space (X, Tx) converges to x if for every V € 7x,
such that x € V, there exists some index Jy such that z5 € V, for all 6 = dyy. We denote the

convergence with the symbol z5 — x.
Finally, we recall the following results

Theorem 3.24. ([AB0G, Theorem 2.14]) Let us consider a topological space (X,7x). Then, the

following are equivalent:
1. x belongs to the closure of a set C in X;
2. there exists a net (xs)sep in C such that x5 — = in X.

Theorem 3.25. ([AB0G, Theorem 2.28]) Let us consider two topological spaces (X, 7x) and (Y, 7y).
For a function f: X =Y and a point x € X the following are equivalent:

1. The function f is continuous at x;
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2. If a net (x5)sep converges to x in X, then (f(xs))sep converges to f(x) inY.
We are now ready to prove the following proposition.

Proposition 3.26. Let us consider a probability space (2, F,P) and a sub-sigma-algebra G C F.
Then, for any p,q € [1,00] such that % + % =1:

g : (LP(Q, F, P), o (LP(F), LU(F))) — (LP(, G, P), o (LP(G), LU(G)))

(3.39)
X — mg(X) :=E[X|G].

is a well-defined and continuous. Moreover, if (x5)scr is a net converging to x in LP(F) such that

(mg(zs))ser converges toy € LP(G), then y = mg(x).

Proof.
e The fact that 7g is well-defined is a straightforward consequence of Jensen’s inequality.

e To prove continuity, we apply Theorem 3.25. In particular, we consider a net (zs)sc; in
L*°(F) such that x5 — = € L*°(F) with respect the o (LP(F), L(F))-topology. By definition,
o(LP(F), LY(F))-convergence amounts to

%%r[lE[xggf)] =E[z¢], V¢ € LUF).

By the tower property, for any ¢ € L%(G), we have that:

lim Elng (25)¢] = lim E[E[xs]G]¢] = lim Elzs¢] = E[z¢] = E[E[x|G]¢] = E[rg(x)¢].
This holds for arbitrary x and therefore continuity follows.

e Finally, we show that if (zs5)ser in LP(F) is a net converging to x under o(LP(F), L4(F))-
topology, such that mg(xs) — y in LP(G), under o(LP(G), L4(G))-topology, then y = mg(x).
By definition 7g(zs) — ¥y is equivalent to:

lim Efrg (25)9] = E[yg], Vo € LI(2.G,P).

On the other hand:

lim E[rg(25)¢] = lim E[E[z(¢)¢] = Elzg], ¥6 € LI(G).

For every G € G, 1g € L*(Q,G,P) C L1(G), for every q € [1,+0oc]. Thus, Elylg] = Elz1g],
for any G € G. Since y € LP(G) and the conditional expectation is unique, it follows that
y = E[z|G] = mg(x).
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