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Abstract

Conformal prediction is a framework for constructing prediction sets for machine learning
models, relying solely on the exchangeability of training and test data and without
requiring to specify a parametric distribution. Despite its wide applicability and popularity,
its application in single-cell transcriptomics remains underexplored. This paper addresses
this gap by developing an approach that leverages the rich information about cell-type
relations, encoded in the graph structure of cell ontologies, to enhance the interpretability
of reference-based cell-type annotation. Leveraging conformal risk control, we develop a
novel conformal algorithm for graph-structured predictions and we demonstrate how
incorporating graph constraints can improve the interpretation of cell-type predictions.
This approach aims to generate more coherent conformal sets that align with the inherent
relationships among classes, facilitating clearer and more intuitive interpretations of model
predictions. Additionally, we provide a technique to address nonexchangeability, particularly
when the cell-type distribution changes between training and test datasets. We implemented
our method in the open-source R package scConform, available at https://bioconductor.posit.
co/packages/release/bioc/html/scConform.html.

Keywords cell-type prediction, conformal inference, genomics, graph-structured constraints, miscoverage, transcriptomics

1 Introduction

The advent of single-cell RNA sequencing technology has opened new avenues to unravel the intricate
cellular landscape of heterogeneous tissues (Eberwine et al., 2014). The rapid advancement in single-
cell technologies, both sequencing-based and imaging-based (e.g. Chen et al., 2015), has led to the
generation of diverse datasets, providing valuable insights into cellular heterogeneity, gene expres-
sion patterns, and the complex interactions between different cell types within a tissue.

Despite its promise, interpreting single-cell data remains challenging, particularly in identifying dis-
tinct cell types within complex cellular ecosystems. Traditional approaches to cell-type prediction can
be classified into reference-based and marker-based approaches: the former involve selecting an
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already annotated dataset from a similar sample as a reference, training a classification model on it,
and then using the fitted model to predict the cell types in the new dataset; the latter involve a clus-
tering step followed by either manual or automatic identification of cell types based on the expression
of a set of marker genes (Amezquita et al., 2020).

The task of cell-type prediction is crucial in many biological or clinical settings. A typical example is
the case in which a laboratory receives data from new patients and needs to predict the cell types of
the new cells based on the data that they have already available. These approaches usually lack un-
certainty quantification, potentially resulting in inaccurate biological interpretations and misguided
subsequent research efforts. Even when the classifier provides such quantification, analysis workflows
typically ignore it and simply assign the cell to the highest estimated cell-type probability. For in-
stance, consider a scenario where we have 15 different cell types. A classifier f(x) is trained on the ref-
erence dataset to predict cell types for the cells in a query dataset. The classifier provides estimated
probabilities for each cell type, with the final prediction being the label associated with the highest
probability. This approach can result in varying levels of confidence across predictions. For example,
panel (a) of Figure 1 illustrates three different scenarios:

+ Forthe first cell (first row of the table), the model is highly confident, providing an estimated prob-
ability of 1 for a particular cell type (Smooth Muscle).

« For the second cell, there is some uncertainty, but the point prediction (T (CD4+)) remains fairly
reliable.

+ Forthe third cell, the point prediction is almost meaningless due to the presence of several classes
with comparable predicted probabilities (Enterocyte, Macrophage, Paneth, Stem + TA).
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Figure 1. (a) Predicted probabilities for the 15 considered cell types for three different cells. (b) Graph-structure of the
15 cell types of the Mouse lleum data, according to the Cell Ontology (Diehl et al., 2016).
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These scenarios highlight the different levels of information conveyed by point predictions. Relying on
a single label in each case can be problematic, as it does not accurately reflect the underlying uncer-
tainties or complexities.

Conformal prediction provides confidence intervals for predictions generated by any machine learn-
ing model, applicable to both regression and classification tasks (Vovk et al., 2005). This methodology
is model-agnostic and offers finite-sample, frequentist theoretical guarantees that the prediction set
contains the true label with high probability, making it straightforward and widely applicable across
various domains. Conformal prediction is particularly useful for performing distribution-free uncer-
tainty quantification, in the sense that it does not require to specify a parametric distribution for
the data or any specific condition such as smoothness.

When applied to a machine learning model predicting classes (e.g. labels, topics), conformal pre-
diction is referred to as conformal classification (Angelopoulos & Bates, 2023). In this context, the
confidence is expressed over a set of possible classes rather than over an interval of values. This ap-
proach has gained popularity due to its flexibility and robustness, as demonstrated by numerous
studies (Makili et al., 2012; Papadopoulos, 2008) and methodological advancements (Devetyarov
& Nouretdinov, 2010; Johansson et al., 2017; Papadopoulos et al., 2011). In particular, one of the
strengths of conformal inference is the fact that it provides prediction sets that are valid independ-
ently of the performance of the classifier used. However, if a classifier has a particularly bad accur-
acy, then the sets returned by the procedure are very wide, thus noninformative. Despite its broad
application, the exploration of conformal prediction in single-cell studies remains limited (Khatri &
Bonn, 2022; Lopez-De-Castro et al., 2025; Sun et al., 2024).

An important piece of information, typically overlooked by current analysis workflows, is the in-
herent relationships among cells, which are encoded as graph-structured constraints available
through the Cell Ontology (Diehl et al., 2016, see panel (b) of Figure 1 for an example). The directed
acyclic graph (DAG) provided by the Cell Ontology serves as an excellent framework for our
approach.

In particular, leveraging the graph structure that results from the ontological relationships of cells in
the conformal framework is a promising avenue (Angelopoulos et al., 2024). Graph-structured labels
are common in various fields; for instance, in object detection for images, labels such as cat and dog
share the common ancestor animal, whereas they do not share a common ancestor with car. Similar
hierarchical structures can be obtained from the Cell Ontology, where for example CD4+ T cells share
the common ancestor T cells with CD8+ T cells and the (more distant) common ancestor lymphocyte
with B cells (Figure 1b). In these cases, standard conformal classification methods can produce sets
consisting of labels situated in different parts of the graph (e.g. T (CD4+), Stromal, B cell, see the se-
cond row of Figure 1a), resulting in large shortest-path distances within the graph, complicating result
interpretation, and reducing their practical utility.

Rather than producing unconstrained prediction sets, the hierarchical structure of the Cell Ontology
naturally suggests an alternative way to quantify uncertainty. Instead of returning multiple labels scat-
tered across the graph, one can move upward along the ontology and report an ancestor of the pre-
dicted class. The lower the confidence in the point prediction, the higher (and thus more general) the
ancestor that is returned. In this way, the method outputs a single, semantically meaningful label that
summarizes the prediction set while respecting the underlying biological hierarchy. Equivalently, the
prediction set can be seen as composed of all the descendants of that ancestor that are leaf nodes in
the ontology. As a byproduct, we will obtain sets whose elements have the shortest path distance
among them.

This paper aims to leverage the rich information encoded in the graph structure of predicted classes
to enhance the interpretability of conformal sets. By doing so, we seek to address the limitations of
standard methods and provide clearer, more meaningful results.

We illustrate our approach and demonstrate its potential through applications to two publicly
available datasets. First, we will use spatial transcriptomics data available as part of the
MerfishData Bioconductor package (Geistlinger et al., 2024). Then, we will emulate a more realistic
setting by applying our method to single-cell RNA-seq COVID-19 patient data from Stephenson
et al. (2021).
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2 Conformal inference

2.1 Split conformal inference

Let {(X;, Y))}", be a set of independent and identically distributed variables, where X; € R? is a
p- dlmen5|onal vector of explanatory variables, while Y; is a categorical response variable with K
classes, denoted as 1, ..., K. Assume that for a subset of m observations {(X;, Y;)},, the values of
Y; are known. Split conformal inference involves splitting the labelled data into two sets: a calibration
set, {(X,, Y)YL,, and a training set, {(X;, ;)},,,,. The training set will be used to build a classification
model  that outputs estimated probabilities for each class, f( ) € [0, 11¥. For our application to
cell type prediction, we assume that the K classes correspond to the set of leaf nodes of the cell ontol-
ogy and that the classifier ?operates exclusively on them. Given f and the calibration data, the goal is
to construct a prediction set C(Xnew) C {1, ..., K} for a new unlabelled observation X, that satisfies

P(Ynew € CXpew)) = 1 — (1

for a user-chosen error rate a. The probability statement in Equation (1) is calculated over the random
draws of both the calibration data, used to construct the set C, and the new test point (Xpew, Ynew). A pre-
diction set is said to be valid if Equation (1) is satisfied. Conformal inference is distribution-free and pro-
vides finite-sample validity, assuming that the calibration data are exchangeable with the new data.
The split conformal inference algorithm proceeds as follows from Papadopoulos et al. (2002):

1. For the data in the calibration set, {(X;, Y;)},, obtain the conformal scores, s;=1— ?(X,—)Y,.,
i=1, ..., n. These scores will be high when the model is assigning a small probability to the
true class and low otherwise.

2. Obtain g, the [(1 — a)(n + 1)]/n empirical quantile of the conformal scores.

3. Finally, for a new observation Xpe,, construct a prediction set by including all the classes for which

the estimated probability is higher than 1 — §: C(X,ew) ={y: (X, Xnew)y = 1 — G}

2.2 Conformal risk control

Conformal risk control (Angelopoulos et al., 2024) generalizes conformal inference to settings in which
miscoverage, i.e. the probability that the prediction set fails to contain the true value, is not the only
way to express reliability of the results. Notable examples include multi-label classification, scenarios
where misclassifying certain labels has higher costs, or hierarchical label structures.

In this framework, two main components are required:

1. a loss function to control, ensuring its expected value remains below a pre-specified threshold;
2. an algorithm to build prediction sets that depends on a parameter A.

Any algorithm is adequate as long as prediction sets are nested, with larger 4 resulting in broader sets.
Moreover, the loss function needs to be monotone and nonincreasing in A (i.e. lower risk with bigger sets).

In formulas, let L;(1) € ( — o0, B] be the loss function for the ith observation and the prediction set
obtained at A. Suppose, as in the case of split conformal inference, that we have n labelled observa-
tions, {(X;, Y/)}L_,, which constitute the calibration set. The aim is to build a prediction set for a new test
point X,ey by choosing A to satisfy

ElLnew(A)] < at. 2)

Angelopoulos et al. (2024) proved that selecting 4 as

i:inf{ﬂ:kn(A)Sa—B;a}, 3)
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where R, = (L1(A) + - - - + L,(A))/n is the empirical risk over the observations in the calibration set, sat-
isfies the previous inequality.

2.3 Conformal risk control for graph-structured labels

We develop our approach as a special case of the broader framework of conformal risk control
(Angelopoulos et al., 2024). Let y(x) be the class with maximum estimated probability returned by
the classification model 7. Given a directed acyclic graph, define P(v) as the set of descendant nodes
and A(v) as the set of ancestor nodes of v. Let N denote the set of leaf nodes of the graph (i.e. nodes
with no outgoing edges). Define L(v) as the set of leaf nodes that are descendants of the node v, i.e.
L(v) =P(v) n N. For each node v, define a score g(v, x) as the sum of the predicted probabilities of the
leaf nodes that are descendants of v: g(v, x) = Ziew) ?(x),-.

Our proposal to construct the prediction sets C;(x) builds directly on these scores. Among all ances-
tors of the predicted class y(x), we identify the ancestor v whose score is the smallest among those
exceeding the threshold A. Intuitively, this node represents the most specific ancestor of j(x) whose
cumulative probability mass is at least A. All leaf descendants of this ancestor are included in the pre-
diction set.

This operation alone, however, is insufficient within the conformal risk control framework. In the
presence of ramifications in the DAG (i.e. multiple parents for a node), restricting the prediction set
to the leaf descendants of this single ancestor may lead to prediction sets that are not nested as 1
increases, and consequently to a loss function that is not monotonic in 1. To ensure the required nest-
ing property, we additionally include the leaf descendants of all ancestors of y(x) whose scores are
strictly below A. This construction guarantees that the prediction sets expand monotonically as a func-
tion of 4, as required by conformal risk control.

In formulas, the prediction sets are built as follows:

ak= U L@ucw,
a € Ay(x))
glax) <A

where v € A(y(x)) is defined as

v=arg y en;tl(r}/(x)) g(u, x).
glux) > 4

In the case of ties, we select among the minimizers the ancestor closest to j(x) in terms of shortest path
distance.

The loss function can be any monotone distance between the sets and the true class, based on
shortest paths or other graph-based distances. However, for interpretability and comparability with
previous results, we apply the miscoverage loss,

1 ifyie G,
Li(A) = {O if yi € Calx).

When 1 = 1 as defined by Equation (3), this choice still guarantees that P(Vye & C3(Xpew)) < a.

As a clarifying example, consider a small DAG, derived from the Cell Ontology, shown in Figure 2. The
previously defined scores g(v, x) have been added to each node. Suppose that the predicted class is
Enterocyte. For 1 = 0.63, the smallest subgraph with a score greater than A includes Epithelial intestinal
cell and its descendants. However, if 1 were 0.6, we would have included a different part of the graph,
encompassing columnar epithelial cell and its descendants. Thus, we need to include this subgraph in
the final prediction set as well. Therefore, the final prediction set includes epithelial cell and all its
descendants.
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epithelial cell, 0.8

epithelial intestinal cell, 0. 7 columnar epithelial cell, 0.6

_Z I\

Tuft, O Endothellal 0 small intestine glandular cell, 0. 1 Stem +TA, 0. 1 Enterocyte, 0. 5 ICC, 0.1 ‘
Goblet 0. 05 Paneth, 0. 05

Figure 2. Reduced ontology with scores g(v, x).

3 Distributional shift

The fundamental assumption of conformal inference and conformal risk control is that the data in the
calibration and test sets are exchangeable. However, this assumption often does not hold in real-
world applications, leading to a distributional shift. Examples include time series data where patterns
change over time, medical diagnosis data from different hospitals or time periods, evolving user be-
haviour on online platforms or evolving language usage in natural language processing. In the field of
genomics, this phenomenon is often referred to as batch effects, which are widespread in single-cell
data (Hicks et al., 2018)

Assume {(X;, V;)}L ~P for the data in the calibration set, and {(X;, Y)}, m+1"~dQ for the test set.
Distributional shifts can be broadly categorized into two main types: covariate shift and label shift.
In the covariate shift model, it is assumed that the marginal distribution of the explanatory variables
changes between the calibration and test sets, but the conditional distribution of the response vari-
able given the explanatory variables remains the same. Formally, we have P=p(x)p(y|x) and
Q=g(x)p(y | x). In the label shift model, it is instead assumed that the marginal distribution of the re-
sponse variable changes between the calibration and test sets, but the conditional distribution of the
explanatory variables given the response variable remains the same. Formally, we have P = p(y)p(x | y)
and Q =q(y)p(x|y). In the setting of conformal inference, the problems of obtaining valid prediction
sets under the covariate shift and label shift models have been addressed by Tibshirani et al. (2019)
and Podkopaev and Ramdas (2021), respectively.

In genomics, the typical workflow involves using a pre-existing annotated dataset as a reference for
a new, nonannotated dataset. This means that the reference and test datasets are derived from dif-
ferent experiments and may originate from different tissues or populations. In this context, two major
factors can lead to distributional shifts:

1. Technical and Biological Variations: Datasets may differ due to technical or biological factors.
Technical variations arise from differences in measurement technologies, equipment, laboratory
conditions, or protocols. Biological variations occur because data come from different spatial lo-
cations, organs, individuals, or species. These differences lead to the covariate shift model, where
the distribution of explanatory variables (i.e. genes expression) changes.

2. Differences in Cell-Type Composition: The cell type composition in the reference dataset may
differ from that in the test dataset. This issue leads to label shift.
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These problems often occur simultaneously. In a recent work, Barber et al. (2023) provide a method to
deal with unknown violations of the exchangeability assumption, meaning that neither the covariate
shift model nor the label shift model need to hold. However, their method requires choosing weights
w; € [0, 1], i=1, ..., nforthe observations in the calibration set. Higher weights are assigned to ob-
servations that are more likely to have a distribution similar to that of the test set data. This implies
that some prior knowledge regarding the relationship between calibration and test data is required;
such prior knowledge is rarely available in our motivating application.

To address the distribution shift between calibration and test data within single-cell datasets, we
propose a two-step approach:

+ The first step involves mitigating unwanted variability that leads to covariate shift. Recent ad-
vancements in bioinformatics have introduced effective methods to address this problem and in-
tegrate diverse datasets. Notable examples of such methods include SMAI (Ma et al., 2024),
Harmony (Korsunsky et al., 2019), LIGER (Welch et al., 2019), and MNN (Haghverdi et al., 2018).
This paper does not focus on this problem, and we assume that systematic differences have
been accounted for with one of the above-mentioned approaches, ensuring p(x|y) =g(x|y).

+ The second step assumes that the only source of distributional shift is differences in cell-type com-
position, thus adhering to the label shift model. To address this issue, we propose a solution based
on a resampling strategy described in the next paragraph. This approach aims to equalize cell-
type distributions between the reference and test datasets, thereby enhancing the reliability of
subsequent analyses.

3.1 Resampling strategy

The proposed strategy involves several steps. First, we build a predictive model f using only the data
in the training set. Next, we randomly split the data in the test set into two subsets, S; and S,. We then
apply the fitted predictive model to the data in S; and obtain the estimated probabilities for each class
ps,(Y=i),i=1, ..., K. Subsequently, we resample the data in the calibration set according to the es-
timated probabilities and use this resampled set as a calibration set to obtain prediction sets for the
data in S,. Finally, we swap the roles of S; and S, and repeat the procedure. This strategy can be gen-
eralized to more folds or to a leave-one-out approach; however, our analysis suggests that when there
are sufficient observations in the test set, the twofold resampling strategy is sufficient, offering the
lightest computational burden.

Importantly, the validity of this approach relies on the use of a predictively consistent model, so that
the estimated probabilities ps (Y =i|X) converge to the true conditional class probabilities as the
sample size increases. Under this assumption, the resampling step faithfully approximates the under-
lying data-generating mechanism, and the resulting prediction sets enjoy asymptotic coverage guar-
antees. Although this assumption may appear restrictive, it does not undermine the practical utility or
applicability of our method. In fact, using a poorly performing classifier would typically yield predic-
tion sets that include nearly all possible labels, making them essentially uninformative. For this rea-
son, focusing on classifiers that are at least approximately consistent is both reasonable and aligned
with the goal of producing meaningful prediction sets.

More formally, under the assumptions described above, the resampling strategy can be interpreted
as an approximation of the conformal risk under the test distribution Q. In particular, under the label
shift model, following the same arguments in Angelopoulos et al. (2024), the risk appearing in
Equation (2) can be written as

Y
Bl -5t te-alloel 8] = E5] 20 L],

that is as an importance-weighted expectation with respect to the calibration distribution P. The like-
lihood ratio g(y)/p(y) is not known, but the proposed resampling step approximates this weighted risk
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by drawing calibration observations with probabilities proportional to the estimated class frequencies
in the test data. When the classifier is predictively consistent, these estimated frequencies converge to
the true label proportions under Q, and the resampled empirical risk converges to the target risk. This
provides a principled motivation for the resampling procedure as a correction for label shift in the con-
formal risk control framework. We emphasize, however, that this importance-weighting argument is
intended as intuition for the proposed correction rather than as a formal proof of coverage.

4 Application to the merfish dataset

To illustrate our method and compare it to standard split conformal inference, we utilize publicly
available data from the MerfishData Bioconductor package (Geistlinger et al., 2024), which provides
gene expression information of cells from the mouse ileum (Petukhov et al., 2022). To obtain single
cell data from the original Merfish data, cells have been segmented with Baysor, which optimizes
2D cell boundaries considering joint likelihood of transcriptional composition and cell morphology
(Petukhov et al., 2022). We chose this dataset as it is a relatively simple biological system that has
been thoroughly studied and is composed of a limited number of well-understood cell types. Note
that while these data arise from a spatial transcriptomics experiment, here we do not use the spatial
information. However, our framework can work with spatially informed cell-type prediction methods
provided that they return a quantitative uncertainty score (Danaher et al., 2022). After preprocessing,
there are 5,136 cells and 241 genes in total. For each cell, a label indicating the cell type is provided.
Cell annotation has been performed based on known marker genes.

There are 15 different cell types, listed with their frequencies: B cell (536), Endothelial (231),
Enterocyte (1257), Goblet (299), ICC (31), Macrophage + DC (427), Paneth (328), Pericyte (102),
Smooth Muscle (428), Stem + TA (580), Stromal (489), T (CD4+) (197), T (CD8+) (125), Telocyte (115),
Tuft (18). Cells that were classified as Myenteric Plexus (31) or Removed (606) were excluded from
the analysis. The induced graph structure of these cell types was derived from the Cell Ontology
(Diehl et al., 2016), using the functionalities available in the ontoProc Bioconductor package, and is vi-
sualized in Panel (b) of Figure 1.

From this structure, it should be clear that, for example, a conformal set that includes T (CD4+) and
Paneth might be ambiguous for users, while a conformal set that respects the graph-structure pro-
vides a more intuitive interpretation. For instance, a conformal set made only by the cell types T
(CD4+) and T (CD8+) can be interpreted as a T cell (i.e. their closest common ancestor).

Next, we evaluate the performance of our method and compare it with standard split conformal
classification using these data. The dataset is randomly split into three subsets: a training set of
500 observations, a calibration set of 1,000 observations, and a test set with the remaining 3,663 ob-
servations. Thanks to this random split, in this section, we do not need to deal with label shifts.

For our predictive model, we employed a multinomial logit model fit on the training data. We se-
lected the top 50 genes with the highest biological variance in log-expression across the training data-
set as predictive features (Lun et al., 2016). The model achieved an estimated accuracy of 0.763 on the
test set. However, it is important to emphasize that our primary focus is not on the model’s predictive
accuracy per se. While it is likely that a state-of-the-art model will achieve better accuracy, we delib-
erately chose a simple model, whose scores are straightforward to interpret, to illustrate the benefits
of returning prediction sets instead of point predictions. Any probabilistic model or machine learning
method can potentially be used, provided it produces a quantitative score for each class alongside
point predictions.

The calibration dataset is now used to estimate the quantile to be used in the split conformal meth-
od (see Section 2.1) and the parameter 1 to be used in the graph-structured approach (see Section 2.3),
computed as in Equation (3). In the analysis, we set a = 0.1. We compare the two approaches based on
three metrics: empirical coverage, the size of prediction sets, and the homogeneity of elements within
these sets, measured as the average of the shortest path among included cell types.

The empirical coverage is adequate for both methods (0.910 for split conformal and 0.912 for graph-
based sets).

920z Jaquieldag /| uo1senb Aq 19/£2/8//£00e|b/asssil/e601 "0 /10p/a]01B-80UBAPR/OSSS./WO02 dNO"0IWSPEI. WOJ) POPEOJUMO(]



J R Stat Soc Series C: Applied Statistics, 2026, Volume 00, Issue 0 9

The conformal sets produced by the graph-structured procedure are, on average, larger (average
size 3.938 versus 1.863). This is expected since the algorithm prioritizes labels closely related to the
predicted class. Consequently, when the model assigns high probabilities to labels distant from the
predicted class in the ontology, the algorithm must ascend higher in the ontology to find a subgraph
with sufficient probability mass exceeding . However, labels within the ontology-based sets are, on
average, closer to each other in terms of shortest path (average distance 1.148 versus 1.616 for split
conformal sets), aligning with the objectives of this research. Moreover, Figure 3 shows the intra-group
distances stratified by prediction set size and method. Across nearly all set sizes, the graph-based pro-
cedure yields sets with consistently lower intra-set distances compared to the split conformal method.
This indicates that, regardless of the size of the prediction set, the labels selected by the graph method
are more semantically related, reinforcing its ability to produce coherent prediction sets aligned with
the ontology structure.

It is interesting to further explore the (average) number of cell types: Figure 4a compares the em-
pirical distribution of set sizes among the two approaches. The graph-structured method more fre-
quently produces sets containing a single label, thereby ensuring precise predictions of cell type.
However, the average size is larger, as in some cases, the prediction set comprises all 15 cell types
in the study, leading to inconclusive predictions. From a practical point of view, it is preferable to re-
turn an inconclusive set rather than a set made of completely unrelated cell types, whose interpret-
ation could be misleading. Analysts may further explore the set of cells whose prediction set comprises
all cell types as they may be low-quality samples or cells of a cell type not included in the annotated
reference. Indeed, panel (b) of Figure 4 highlights the differences in total counts per cell between cells
with graph-based prediction sets containing only one label and those with prediction sets encompass-
ing all 15 labels. The results suggest that cells with inconclusive prediction sets tend to be of lower
quality compared to those with precise predictions.

To further show that having inconclusive sets might in some cases be informative, we obtained pre-
diction sets for the two subsets of cells that were previously excluded from the analysis (Myenteric
Plexus and Removed). Since these categories were not part of the reference set, it is desirable for
the prediction sets to be inconclusive, reflecting the unreliability of assigning these cells to any of
the reference cell types. Notably, the proportion of cells with graph-based prediction sets that encom-
pass all the 15 cell types is 0.516 for Myenteric Plexus cells and 0.691 for Removed cells. In contrast,
prediction sets obtained through split conformal inference are never inconclusive, incorrectly suggest-
ing that these cells belong to one of the reference cell types.

Intra-group distance by size and method

Distance

Size
Method EH Split B3 Graphs

Figure 3. Distances among classes stratified by size and method.

920z Jaquieldag /| uo1senb Aq 19/£2/8//£00e|b/asssil/e601 "0 /10p/a]01B-80UBAPR/OSSS./WO02 dNO"0IWSPEI. WOJ) POPEOJUMO(]



10 J R Stat Soc Series C: Applied Statistics, 2026, Volume 00, Issue 0

2000

Frequency

1000

1 2 3 4 5 6 7 8 15
Set size

Method Split Graphs

—~
O
=

750

500

250

Total counts per cell

Size of graph-based set

Figure 4. (a) Average Size of Conformal set for Standard Split Conformal and Graph-structured Conformal method. The
spikes in 6 and 7 for the graph-based sets are caused by the structure of the considered ontology; (b) Distribution of
the total counts per cell for cells whose corresponding graph-based prediction set contains only one label and for
cells whose corresponding graph-based prediction set contains all 15 labels.

4.1 Choice of the calibration set size

A key parameter to fix is the calibration set size n. Although split conformal prediction guarantees that
P(Yiest € Crest) 21—«

in a frequentist sense for any choice of n, the random split induces variability in the empirical cover-
age. When n is small, this variability can be substantial, resulting in a non-negligible probability of ei-
ther undercoverage or overcoverage.

Selecting an appropriate n, therefore, requires balancing several considerations: feasibility, accur-
acy, and computational cost.

+ Feasibility. The calibration set is drawn from the pool of already annotated data; the remaining
data are used to train the classifier. The training set must remain sufficiently large to ensure good
predictive performance.

+ Accuracy. Larger calibration sets yield more stable coverage estimates, reducing the probability
of deviating from the target level 1 — a. Hence, n should not be chosen too small.
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« Computational complexity. Increasing n also increases computational burden. Even when work-
ing with large annotated atlases containing hundreds of thousands of cells, it may be undesirable
to use an excessively large calibration set.

In summary, the goal is to choose the smallest calibration set size that yields coverage sufficiently
close to the desired level. For classical split conformal prediction, a helpful theoretical result is avail-
able (Vovk, 2012): the conditional coverage follows a Beta distribution,

P(Ynew € C(Xnew) |{(Xi; Yl)}7=1) ~ Beta(n +1- [a [): (4)

where [ = [(n + 1)a].

For our graph-based method, no analogous closed-form result is available. Nevertheless, the left
panel of Figure 5 compares the empirical mean coverages and standard errors of our algorithm
with those of split conformal prediction, across 100 simulations and varying n (with &« =0.1). The
standard errors implied by the theoretical Beta distribution (4) are also shown. Empirically, the vari-
ability of our method closely matches both standard conformal prediction and the theoretical
benchmark.

Based on this observation, we recommend using the Beta distribution (4) as a guide for selecting n
(right panel of Figure 5). As a practical rule of thumb, when a = 0.1, a calibration set size of n = 1000
provides excellent stability: approximately 96% of the Beta density lies between 0.88 and 0.92, which is
sufficiently close to the target level 0.9.

4.2 Dealing with label shift

In the previous section, we demonstrated the effectiveness of our strategy when the data in the cali-
bration set and the test set are exchangeable. We will now address the common scenario where the
label shift model applies, meaning that the distribution of cell types differs between the reference and
test sets. We will present two different examples.

In both examples, we use the multinomial-logit model trained in the previous section. We then sam-
ple the calibration and test data with different probabilities for each cell type. Under these conditions,
there are no guarantees on the coverage of the sets, neither for the conformal nor for the graph-based
procedure. Since there are no guarantees on coverage, the procedure might either over-cover or
under-cover. We provide an example for each case: in the first example, the empirical coverage of
the prediction sets derived from the noncorrected procedure is lower than the nominal coverage,

Empirical mean coverage with standard errors Beta density

0.92

0.88

i
100 500 1000 0.80 0.85 0.90 0.95 1.00
Calibration set size X

® Split ® Graphs ® Theoretical n — 10 50 100 — 500 — 1000

Figure 5. (Left) Empirical mean coverage as a function of the calibration set size n for split conformal prediction and
the proposed graph-based method at a = 0.1. Error bars denote standard errors over 100 random splits; the
theoretical standard error implied by the Beta distribution (4) is shown for reference. (Right) Beta distributions of the
conditional coverage for different values of n, illustrating how increasing the calibration size concentrates the
coverage around the nominal level 1 —a =0.9.
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while in the second example, detailed in online supplementary material, it is higher. Our results sug-
gest that the proposed strategy effectively addresses the problem in both cases, restoring the correct
coverage.

Figure 6 illustrates the distribution of cell types in the calibration and test sets for the first example.
The coverage of standard conformal inference is 0.878, and the coverage of the graph-based proced-
ure is 0.885, both falling short of the nominal coverage of 0.9, indicating undercoverage. To ensure that
this undercoverage is not merely a result of the chosen split, we repeated the procedure across 100
different splits of the calibration and test datasets, maintaining the same proportions of cell types.
The mean empirical coverage across these 100 simulations is 0.864 (standard error, s.e. 0.0013) for
the standard conformal method and 0.879 (s.e. 0.0012) for the graph-based procedure. The top row
of Figure 7 displays the distribution of coverage over these 100 simulations.

To further validate the results, we compared the empirical coverage distribution of the standard
conformal method with its theoretical distribution (Vovk, 2012), overlaid on the histogram of empirical
coverage in the top left panel of Figure 7, clearly showing a discrepancy between the empirical and
theoretical distributions.

We then applied the resampling strategy discussed in Section 3.1 and repeated the analysis. For a
single split, the empirical coverage was 0.907 for the conformal sets and 0.906 for the graph-based
sets. The second row of Figure 7 shows the distribution of empirical coverage over 100 simulations,
with mean of 0.888 (s.e. 0.001 7) for the conformal sets and 0.891 (s.e. 0.001 4) for the graph-based
sets. These results demonstrate that the resampling strategy brings the empirical distribution closer
to the theoretical one (bottom left panel). Although perfect alignment is unattainable due to sampling
variability, this approach significantly improves coverage accuracy.

5 Application to the COVID-19 dataset

While Section 4 was based on a real dataset, it demonstrated our framework in simplified scenarios:
first, by randomly sampling training, calibration, and test sets from the same distribution, and second,
by following the label shift model. We now apply our method in a more realistic setting using a subset
of the dataset provided by Stephenson et al. (2021).

This dataset includes samples from both healthy donors and COVID-19 patients, ranging from
asymptomatic to severely ill cases, collected across three medical centres in the United Kingdom.
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Figure 6. Distribution of cell types in calibration and test dataset.
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Figure 7. Empirical coverage of the prediction sets over 100 simulations obtained by conformal inference (first column)
and by the graph-based procedure (second column) for the first case study. Results in the first row have been
obtained without resampling, results in the second row have been obtained resampling. The dashed lines correspond
to the desired coverage, the dotted ones to the empirical coverage.

The original publication provided a comprehensive analysis of peripheral blood samples from a
cross-sectional patient cohort. However, following the preprocessing described in Gilis et al.
(2025), we focused on eight distinct B cell subtypes, selected based on the availability of sufficient
cell numbers per patient and an adequate number of patients for each disease category. These sub-
types include naive B cells, immature B cells, class-switched memory B cells, unswitched memory B
cells, 1gG plasma cells, plasmablasts, IgA plasma cells, and IgM plasma cells. Panel (a) of Figure 8
illustrates the ontological relationships among these cell types. For simplicity, we restricted the ana-
lysis to data from the Newcastle centre. Additionally, we excluded samples obtained from healthy
donors. After these preliminary steps, we obtained a dataset that comprised 34,193 single cells
from 43 different donors.

Our goal is to simulate the case where cell-type predictions are needed for a new patient based on
previously collected data, allowing us to assess the robustness of our method in a realistic clinical
setting. The dataset was, therefore, divided as follows: all cells from a single donor (patient ID:
MH9143273, 1,762 cells) were used as the test set, while the remaining cells constituted the refer-
ence dataset. However, the reference dataset was highly unbalanced, with naive B cells alone con-
stituting 60% of the cells. This imbalance could negatively impact model performance, leading to
unreliable predictions and undermining the effectiveness of the resampling strategy. To address
this, we downsampled the reference dataset to ensure a balanced representation of the different
cell types. The final reference dataset contained 5616 cells. A random sample of 1,000 of these cells
was reserved as the calibration set, while the remaining 4,616 cells were used as the training set.
Cells in the calibration and in the training sets were annotated with a probabilistic model by
Grabski and Irizarry (2022).

Our graph-based procedures, both with and without the resampling correction, are compared to an
oracle correction that resamples the calibration set according to the true observed frequencies of the
test set. Nonresampled sets consistently exhibit empirical coverages higher than the nominal 0.9
(0.948 for conformal sets and 0.966 for graph-based sets). In contrast, the resampled procedures im-
prove these results: with the oracle correction, empirical coverages reach 0.918 for conformal sets and
0.896 for graph-based sets, while with the estimated correction, they achieve 0.930 and 0.915, respect-
ively. Remarkably, the results from the oracle and estimated corrections align closely.
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Figure 8. (a) Cell ontology for the subtypes of B cells considered in the Covid case study; (b) barplot of the frequencies
of predictions assigned by our method to each true cell type, normalized so that proportions sum to 1 within each cell
type. Cells have been coloured according to the colour scheme defined in (a).

By leveraging the ontology, our method consolidates multiple fine-grained labels into a single, bio-
logically meaningful label for the prediction set. When the model is sufficiently confident, it outputs
the corresponding leaf node; otherwise, it returns one of its ancestors. Panel (b) of Figure 8 illustrates
the type of biological insight enabled by this approach. Overall, our approach leads to biologically co-
herent and interpretable cell-type labels, as underlined by the fact that the four cell types correspond-
ing to the left-most leaf nodes of the ontology are mostly labelled as antibody secreting cells and its
descendant (red and orange hues in Figure 8). Conversely, the four right-most leaf nodes are mostly
labelled as B-cell descendants (blue and green hues).

Interestingly, our approach highlights inherent differences between cell types with respect to the
classifier’s performance. For instance, a large fraction of plasmablast and IgG plasma cells are correctly
labelled as singletons, while most IgA plasma cells and IgM plasma cells are labelled as more generic
cell types, sometimes incorrectly involving a different part of the ontology. Similar considerations ap-
ply to the right side of the ontology, where class-switched memory B cells and unswitched memory B
cells are more easily classified to have a precise label compared to naive B cells and immature B cells,
that are often classified more generally as B cell, CD19-positive.
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6 Discussion

This paper contributes to the exploration of graph-structured problems by incorporating graph-
structured constraints into conformal prediction methods. Additionally, we introduce a simple and ef-
ficient strategy to address the label shift model, expanding the applicability of our method.

The idea of using conformal inference for cell-type prediction in single-cell applications was first ex-
plored by Khatri and Bonn (2022). However, their work is limited to standard conformal classification
and does not consider the online supplementary material encoded in the cell ontology. Our findings
demonstrate that incorporating graph-structured constraints improves the interpretation of cell-type
predictions in single-cell data, yielding prediction sets that are more coherent with the hierarchical
relationships encoded in the ontology.

A central contribution of our approach is the explicit integration of uncertainty quantification with
the semantic structure provided by the cell ontology. Rather than committing to a single fine-grained
label, even in cases where the model is intrinsically uncertain, our method outputs structured predic-
tion sets with finite-sample guarantees. This allows downstream analyses to explicitly incorporate
model uncertainty and leaves open different choices for how to resolve or propagate this uncertainty
depending on the scientific question. In other words, the method does not dictate a single post-
processing strategy but instead provides reliable information that can be flexibly exploited.
Developing principled ways to propagate these uncertainty-aware outputs through downstream ana-
lysis pipelines is an important direction for future research.

A second line of related work concerns hierarchical cell-type classification (see e.g. Bernstein et al.,
2021). These methods aim to determine annotation granularity in a data-driven way, but lack formal
uncertainty quantification. Consequently, they inherit the same issues as standard leaf-level classi-
fiers: errors made at early stages of the hierarchy propagate downstream, and the user must rely
on the quality of the trained hierarchical model, with no coverage guarantees. Our work is fundamen-
tally different in this respect. By producing graph-constrained conformal prediction sets, we provide
valid coverage at level 1 — a regardless of the underlying classifier’s accuracy. In practice, this means
that the final label or set of labels reported by our approach is guaranteed to contain the correct cell
type with the prescribed probability.

Beyond the specific construction detailed in our paper, there are multiple ways in which nested,
graph-constrained prediction sets could be defined. While the method proposed in this work focuses
on identifying the closest ancestor of the predicted class whose score reflects the model’s uncertainty,
this is not the only possible construction that respects the directed acyclic graph structure of the
ontology. For instance, one could define prediction sets by indexing ancestors according to their dis-
tance from the predicted class, including all leaves of ancestors up to a fixed number of steps in the
hierarchy. Alternatively, one could rank all leaf nodes by their predicted probabilities, include leaves
until a cumulative probability threshold is reached, and then return all leaves descending from the
lowest common ancestor of the selected leaves. Both approaches yield nested prediction sets and sat-
isfy the same conformal coverage guarantees. In our experiments on the MERFISH dataset, the
distance-based construction systematically yielded larger prediction sets than our proposed method,
resulting in reduced specificity. The probability-ranking construction instead led to prediction sets
that were very similar to ours, with approximately 70% of the prediction sets being exactly identical.
For completeness and flexibility, we have implemented these alternative constructions in the accom-
panying R package, allowing users to select the strategy most appropriate for their application.

Despite these promising results, several challenges and limitations remain. Firstly, this work is re-
stricted to acyclic graphs. Future research should aim to incorporate more complex graph structures
into conformal prediction methods to enhance their applicability and robustness.

The COVID-19 case study also highlights an important direction for future work. While our current ex-
periments do not focus on batch effects, understanding how distributional shifts affect coverage remains
an open question. In particular, our resampling strategy is not designed to correct batch effects; rather, it
is used solely to harmonize label frequencies between calibration and test sets, ensuring that distribu-
tional shift is limited to the specific scenario covered by the label shift model. Future research will inves-
tigate how batch effects interact with distributional shifts more broadly and will benchmark the most
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effective strategies to address them within conformal frameworks, with the final aim of identifying the
optimal preliminary steps for applying our method and the best strategies for dataset integration.

Our framework works with any supervised or semi-supervised cell-type prediction algorithm that
outputs a quantitative score for the uncertainty of the prediction, such as, but not limited to, probabil-
istic cell-type assignment (Zhang et al., 2019). Note that many of the most popular cell-type prediction
algorithms, e.g. SingleR (Aran et al., 2019) and Azimuth (Hao et al., 2021), fall into this category.

Another key assumption in our work, necessary for the construction of the graph-based score
g(v, x), is that the reference cell types used for training and calibration must correspond exclusively
to the leaf nodes of the cell ontology. This requirement ensures that the classifier f operates at the
fine-grained resolution needed by the method. However, the methodology could be readily extended
to accommodate reference datasets that contain cell-type annotations at intermediate granularities
(i.e. nonleaf nodes). This extension is possible by leveraging the generality of the Conformal Risk
Control framework. If a true label Y; corresponds to an internal, nonleaf node, the miscoverage loss
function L;(1) must be generalized to reflect the required coverage guarantee. Specifically, we can util-
ize the generalization suggested by the framework to define the loss as

Li(4) = 1(LV)LCa (X)),

where L(Y;) denotes the set of leaf descendants of the nonleaf label V;, and C,(X;) is the prediction set
returned by our algorithm. This generalized loss ensures that miscoverage only occurs if the prediction
set Cy(X;) fails to fully encompass all the specific, fine-grained cell types that fall under the true, coarse
label Y;. Adapting the loss function in this manner would allow practitioners to seamlessly integrate
reference data containing multi-granularity annotations during the calibration step.
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