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ABSTRACT. For a finite group group, denote by V(G) the smallest positive integer k with the property
that the probability of generating G by k randomly chosen elements is at least 1/e. Let G be a finite
soluble group. Assume that for every p € m(G) there exists G, < G such that p does not divide |G : G|
and V(Gp) < d. Then V(G) < d+ 7.

1. Introduction

In 1991 L. G. Kovacs and Hyo-Seob Sim proved that if a finite soluble group G has a family of
d-generator subgroups whose indices have no common divisor, then G can be generated by d + 1

elements (see [4, Theorem 2]). In this short note we want to present a probabilistic version of this

theorem.
For k € N, let ¢(G) be the number of ordered k-tuples (1, ..., x;) € G¥ such that (z1,...,z;) = G,
SO
oi(G)
Pa(k) =

is the probability of k random elements from G to generate G. 1. Pak defined

V(@) :min{kz eN ‘ Po(k) > i}
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He also pointed out that up to multiplication by (small) constants V(G) is roughly £(G), where £(G)

denotes the expected number of elements of G chosen randomly before a set of generators is found.
Assume now that a finite soluble group G has a family Hy, ..., H; of subgroups whose indices have

no common divisor and such that V(H;) < d for every 1 < i < d. Is it true that V(G) can be bounded

in term of d? We prove that the answer is affirmative.

Theorem 1. Let G be a finite soluble group. Assume that for every p € n(G) there exists G, < G
such that p does not divide |G : G,| and V(Gp) < d. Then V(G) < d+7.

2. A preliminary remark

Let G be a finite soluble group and let ¥(G) be the set of the maximal subgroups of G. For
M € X(G), denote by Mg = (,cc M? the normal core of M in G: clearly soc(G/Mc) is a chief factor
of G and M /Mg is a complement of soc(G/M¢) in G/Mg. Let A(G) be a set of representatives of the
irreducible G-modules that are G-isomorphic to some chief factor of G having a complement and, for
every V € A(G), let £y (G) be the set of maximal subgroups M of G with soc(G/M¢g) =g V. Recall
some results by Gaschiitz [2]. Let

Rg(A) = ﬂ M.
MeXy (G)

It turns out that Rg(A) is the smallest normal subgroup contained in Cg(A) with the property that
Ci(A)/Ra(A) is G-isomorphic to a direct product of copies of A and it has a complement in G/Rg(A).
The factor group C(A)/Ra(A) is called the A-crown of G. The non-negative integer d¢(A) defined by
Ca(A)/Rg(A) =g A% s called the A-rank of G and it coincides with the number of complemented
factors in any chief series of G that are G-isomorphic to A (see for example [1, Section 1.3]). In
particular G/Rg(A) = A% x H, with H = G/Cg(A). Now set qg(V) = |Endg V|, eg(V) = 0 if V
is a trivial G-module, 1 otherwise. We have

(qG(V)5c(V) —1) [V ]ecV)

qa(V)—1

Now assume that H is a subgroup of G containing a Sylow p-subgroup of G. We want to compare

(2.1) Xv(G)| =

Y,(G) and X, (H), where, for a finite soluble group X, 3,,(X) denotes the set of the maximal subgroups
of G whose index is a p-power. Let Ay,(G) be the set of the irreducible G-modules V' € A(G) whose
order is a p-power.

Fix V € A,(Q), let 6 = 6¢(V), ¢ = qc(V), R = Rg(V). Moreover set G = G/R and H = HR/R.
We have

GV x X with X < AutV.

Since H contains a Sylow p-subgroup of G, V% < H and, by the Dedeking law,
H=GnNnH=V°XNH=VXnH),

hence
H2VixY withY = X N H.
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Now let U be an irreducible H-module that can be obtained as an H-epimorphic image of V' (viewed
as an H-module) and define
O :={Z<uVI|V/Z2y U}, Jy:= () 2
ZeQy
There exists t € N such that V/Jy &y U! and 6* := 6y(U) > t - 4. Notice that if Z € Qy and
a € F = EndgV, then Z°h = Zhe = Z% for every h € H, i.e. Z* <p V. Moreover, if o # 0, then the
map
V/IZ —-V/Z¢

v+ Z = v*+ 2%

is an H-isomorphism, so V/Z =g V/Z* and Z* € Qu. It follows that Jy is F-invariant and there is

a ring homomorphism
F — Endy(V/Jy) & Endg(UY) = My (Endg U).

Let r = |Endy U| and suppose F'* = (a). We have that (a) < GL(¢,r) and this implies |a| < r® — 1.

In particular

(2.2) q < rt.
Notice that
6 t-6 b
r—= T — —_
where b := 6* —t - J. Set
Pt — 1 .
pv = Bv(G), pvy = —— U
We have
0 ¢ 0 t-d
w _ (@ - DV -1 se o (= 1)U]
2.4 —_ = < < — 1< I O ] b U '
24 VI~ @-ov] —g-1 T =T <———7 <l

3. Proof of Theorem 1

For n € N, denote by m,(G) the number of maximal subgroups of G with index n and let
1 n(G
M(G) = sup 287G
n>2 log n

Lemma 2. If G is a finite soluble group, then M(G) < V(G) + 2.5.

Proof. By [5, Proposition 1.2], there exists a constant 7 such that M(G) < V(G) + v for every finite
group G. From the proof of [5, Proposition 1.2] it turns out that v < b + log, e, where b must be
chosen such that, for every finite group X and every n > 2, X has at most n® core-free maximal
subgroups of index n. As it is noticed in [5, Theorem 1.3], b = 2 will do. However it can be easily seen
that for every finite soluble group X and every n > 2, X has at most n core-free maximal subgroups
of index n. So if we restrict our attention to the soluble case, we can take b = 1 and consequently

M(G) <V(G) +1+1logye < V(G) + 2.5. O
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Proof of Theorem 1. Set
m, (G mpu (G My (G
ac(t) = Y n(G) agp(t) =3 (&) by(t) = 3 (Gp)

t u-t u-t
n
n>2 u>1 p u>1 p

For every V € A,(G), let U € A,(G,) be an irreducible G,-module that can be obtained as a G)p-
epimorphic image of V. By (2.4), for ¢ > 1, we have

pv \Upv,u Lv,U
agp(t) = Z V]t < Z Vi1 < Z U2 < byt —2).
VeAy(G) VeAy(G) VeA,(G)

By Lemma 2,
M(G,) <V(Gy) +7<d+25=c

It follows
log(myy (Gp)) <
log(p*)
and consequently

We deduce

It follows

_ mp (G 4o
1-Pa(t)< > [G:MTT<> n(t):ag(t)gzn” L,
M maximal n>2 n>2

Thus, if ¢ > ¢+ 4.02, we deduce that

— 1
1= Po(t) <) | —5 =((2.02) -1
n=2

which is smaller than % O

4. An open question

A generalization of the theorem of L.G. Kovécs and Hyo-Seob Sim to arbitrary finite group is given
in [7]: if a finite group G has a family of d-generator subgroups whose indices have no common divisor,
then G can be generated by d + 2 elements. So a natural question is whether there is an analogous of
Theorem 1 for arbitrary finite groups. This is a difficult question. Denote by A,(G), or respectively
Avonab(G), the set of the maximal subgroups M of G with the property that the socle of G/Mg is
an abelian p-group, or respectively a nonabelian group. Assume that for every p € m(G) there exists
G)p < G such that p does not divide |G : G| and V(G,) < d. In order to prove an analogous of Theorem
1 we would need to deduce from this hypothesis a bound on the number of maximal subgroups of
G of a given index. Imitating the arguments of the proof of Theorem 1, the assumption V(G,) < d
can be used to estimate the number of maximal subgroups in A,(G) in terms of d, but it remains

the problem of getting an efficient estimation of the number of the maximal subgroups in Ayopan(G).
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We think that it could be possible to use for this purpose the assumption V(G2) < d. An evidence
that this could work is that in [6] it is showed that the number of maximal subgroups in Ayonab(G)
of index n in G can be bounded in terms of the cardinality d2(G) of a minimal generating set of a
Sylow 2-subgroup of G. We would need a similar result, using a subgroup of odd index instead of a
Sylow 2-subgroup. In the remaining part of this section we want to discuss a question in the context
of profinite groups in which a similar question arises, i.e. whether the role of a 2-Sylow subgroup can
be played by an arbitrary subgroup of odd index.

A profinite group G, being a compact topological group, can be seen as a probability space. If we
denote with p the normalized Haar measure on G, so that u(G) = 1, the probability that k& random

elements generate (topologically) G is defined as

Pg(k) = /L({(.%'l, e ,.Cl?k) S Gk|<1‘1, Ce ,iL‘k> = G}),

where 1 denotes also the product measure on G*. A profinite group G is said to be positively finitely
generated, PFG for short, if Pg(k) is positive for some natural number k. Not all finitely generated
profinite groups are PFG (for example if F; is the free profinite group of rank d > 2 then PFd (t)=0

for every t > d, see for example [3])

Proposition 3. Let G be a finitely generated profinite group. If the 2-Sylow subgroups of G are finitely
generated, then G is PFG.

Proof. Let h = da(G) be the smallest cardinaly of a (topologically) generating set of a 2-Sylow sub-
group of G. By [6, Lemma 4 (3)] (indeed a consequence of the Tate’s p-nilpotency criterion), for every
open normal subgroup N of G, a chief series of G/N contains at most h — 1 non-abelian factors. This

implies that G is virtually pro-soluble, and consequently G is PF'G by [8, Theorem 10]. O

We don’t know whether the previous result remains true if we only assume that there is a closed
subgroup of G which is of odd index and PFG. So we conclude this section with the following open
question: is it true that if a finitely generated profinite group G contains a PFG closed subgroup of
odd index, then G is PFG?
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