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Simulation techniques such as the finite element method are essential for designing electrical devices, but their computational
cost can be prohibitive for repeated or real-time computations. Projection-based model order reduction techniques mitigate this by
reducing the model size and complexity, yet face challenges when extended to nonlinear or non-affine parametric models. In this
work, Isogeometric Analysis (IGA) is combined with proper orthogonal decomposition and Gaussian process regression to construct
a non-intrusive surrogate model of a parametric nonlinear model of a permanent magnet synchronous machine. The differentiable
nature of IGA allows for computationally efficient extraction of parametric sensitivities, which are leveraged for gradient-enhanced
surrogate modeling.
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I. INTRODUCTION

S IMULATION techniques offer powerful tools for analyz-
ing, designing, and monitoring electrical devices. Methods

such as the finite element method convert physical equations
into large systems of algebraic equations, which can then be
solved using numerical linear algebra. However, the computa-
tional cost associated with solving these systems can become
a limiting factor when repeated computations are required,
such as in system-level simulations, design optimization, or
real-time control. Projection-based Model Order Reduction
(MOR) techniques address this problem by projecting the
system matrices onto a lower-dimensional subspace, obtaining
a computationally efficient Reduced-Order Model (ROM).
Approaches such as balanced truncation, moment matching,
and Proper Orthogonal Decomposition (POD) [1], [2] are
particularly effective for linear systems and differ by how they
find the reduced basis. However, their extension to nonlinear
and parametric models is challenging and intrusive [1]. Al-
gorithms such as the discrete empirical interpolation method
can treat nonlinear terms [3], [4], [5], but their application
requires access to the nonlinear representation of the system,
which is not guaranteed, especially when commercial software
is involved [6]. Moreover, although projection-based methods
can be extended to handle affine parametric dependencies,
producing a parametric ROM that preserves the structure
of the original model, certain types of dependencies remain
difficult to accommodate [1]. In particular, geometric param-
eter variations often violate the assumptions required for an
affine decomposition, making them poorly suited for standard
projection-based MOR frameworks. In recent years, machine
learning techniques have been increasingly employed to over-
come these challenges by learning the relationship between
system parameters and quantities of interest directly from data.
In this framework, the high-dimensional field variables can be
decomposed using methods such as POD [7], [8] or autoen-
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coders [9], [10], resulting in a compact set of latent variables
that capture the dominant dynamics of the system. Machine
learning models such as neural networks [11], radial basis
function interpolation [7], and Gaussian process regression
(GPR) [6], [9], [8], can then be trained to map the system
parameters to this reduced space, enabling the reconstruc-
tion of the full-order field with significantly lower compu-
tational cost. In this work, building upon [12], we propose a
Gradient-Enhanced (GE) surrogate modeling framework that
combines Isogeometric Analysis (IGA) with POD and GPR
(aka Kriging), extending the previously proposed Gradient-
Free (GF) approach [11]. Leveraging the exact geometric
parametrization of IGA, the proposed approach enables the
non-intrusive and computationally efficient extraction of the
state vector sensitivities with respect to geometric parameters,
quantities not readily accessible in finite element method
formulations. This gradient information can be incorporated
into the reduced basis to construct a more expressive subspace
for representing the state vector. Moreover, it can be used
within gradient-enhanced interpolation schemes, such as GPR,
to improve the predictive accuracy of the surrogate in the
latent space with respect to gradient-free approaches [12].
The resulting method is capable of generating accurate and
efficient surrogate models of electrical devices with nonlinear
material behavior and geometric parameter variations in a
non-intrusive manner. The effectiveness of the approach is
demonstrated on a Permanent-Magnet Synchronous Machine
(PMSM) through two studies. First, POD is combined with
gradient-enhanced GPR to construct a surrogate model of
the electromagnetic field distribution. Moreover, the derivative
information is directly leveraged to build surrogate models for
Key Performance Indicators (KPIs) such as torque.

II. MOTOR MODEL

The method is applied to a PMSM from [13], [14],
shown in Figure 1, function of the geometric design variables
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Fig. 1: Parametrization of the PMSM geometry, based on [14].

p = [MH,MW,MAG, θ1], and solved for a fixed number
of rotation angles α. The iron cores are shown in gray, the
(homogenized) copper slots in red, the rotor magnet in green,
and the air gap and air pockets in blue. The physical model
is described in detail in [14], while the parameterization is
discussed in [11]. For brevity, only the key aspects are outlined
here.

A. Governing Equations

For the laminated PMSM, the parameter-dependent mag-
netic vector potential in the rotor and stator, Az,R and Az,S

respectively, is obtained from the two-dimensional magneto-
static Poisson problem [15], [16]

∇ · (ν∇A
(p)
z,R) = ν∇ ·B⊥

rem
(p)

in Ω
(p)
R , (1)

∇ · (ν∇A
(p)
z,S) = −Jz,src in Ω

(p)
S , (2)

driven by the source current density Jz,src. The 2D re-
manent flux density of the permanent magnets B⊥

rem
(p)

=
Brem [− sin(α), cos(α)]

⊤ is computed from the remanence
magnitude Brem and the rotation angle α. It may also depend
on the parameter vector. The reluctivity ν is set linear for air,
copper, and the magnet. For the iron parts, we have ν = ν(B)
given through a nonlinear B−H curve. The magnetic flux
density is given by B(p) = ∇ ×

(
A

(p)
z ez

)
. Problem (1–2)

is complemented with standard boundary conditions, and the
coupling across Γag = Ω̄

(p)
R ∩ Ω̄

(p)
S is enforced by a Lagrange

multiplier and additional coupling conditions (see [17]). The
electromagnetic torque is computed from the field solution;
thus it also depends on the parametric realization of the
problem [15].

B. IGA Discretization

The discretization of the geometry as well as the so-
lution is performed using Non-Uniform Rational B-Spline
basis functions, following the principles of IGA [18]. The
physical domain is described by a multi-patch parametriza-
tion, decomposing it into a collection of subdomains, each
with a corresponding projection map to the same reference
domain [19]. Despite different geometrical realizations, the
reference domain stays the same, which is essential if the
parametric problem is learned in terms of its coefficients.

For reasonable parametric changes, no remeshing is required,
and the learned coefficients belong to the same nodes in the
reference domain which are then mapped to the corresponding
physical domain [11]. Problem (1–2) is discretized with B-
splines following the standard Ritz-Galerkin approach. The
magnetic vector potential in the reference domain is approxi-
mated by

A(p)
z (x) ≈

∑N

i=1
Bq

i (p, x) ui (3)

where ui are the unknown coefficients and Bq
i (p, x) are the

spline basis functions of degree q. The physical problem
results in a nonlinear system of equations dependent on the
geometrical parameters p:

A (p,u)u = b, (4)

where u is the state vector, including variables for the rotor
and stator, as well as Lagrange multipliers for rotor-stator
coupling. A (p,u) is assembled with stiffness matrices and
coupling terms that depend on geometrical parameters and
the state vector due to the presence of nonlinear materials.
The vector b describes the excitations of rotor and stator that
are given by the permanent magnet and the coils. For more
details on constructing the matrix system (4) the reader is
referred to [16]. As outlined in [16], analytical computation
of the gradients is feasible through the adjoint method. Our
implementation of IGA [20] not only provides the solution
vector u (p∗) but also enables efficient evaluation of its
sensitivities with respect to each component of p, as briefly
discussed in the following.

C. Calculation of Derivatives

The sensitivities with respect to the parameters are obtained
by applying the adjoint method. After solving (4) iteratively
with the Newton-Raphson scheme, the total derivative of the
torque T is obtained by

dT

dp
= z⊤

(
∂(Au)

∂p
− ∂b

∂p

)
(5)

introducing the adjoint variable z with

J⊤z = −∂T

∂u
, (6)

where J is the Jacobian matrix of (4) after the Newton solve.
This makes the evaluation of gradients very efficient, as even
if the system is nonlinear, the adjoint approach just requires
one linear system solve to obtain the gradient.

This leaves only the calculation of partial derivatives needed
to evaluate (5) and (6). The partial derivative with respect
to the torque needed in (6) is simple, because the torque is
a closed-form expression directly depending on u, see [16,
Eq. 30].

The partial derivatives in (5) are more involved, as the
changes in system stiffness matrix and right-hand side vector
with respect to parameters need to be derived. For standard Fi-
nite Elements, this might prove difficult, since a new geometry
usually involves remeshing, making it impossible to track the
contributions in the system matrix and vector. This is different
in the IGA case, where the geometry mapping is predefined
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by patches and their corresponding control points. There are
efficient analytical expressions for calculating the derivatives
of A and b with respect to the control points [16]. The
derivatives with respect to the parameters are then obtained in
a postprocessing step by realizing that changing one parameter
directly corresponds to changing all control points that are
related to the parameter. Mathematically, this corresponds
to applying the chain rule. This makes the evaluation of
sensitivities computationally inexpensive, even for a large
parameter set. If an additional parameter should be optimized,
it only needs to be determined how the control points depend
on it.

III. SURROGATE MODELING

The surrogate modeling approach employed in this work
consists of two main components: POD, used to obtain a low-
dimensional representation of the solution fields, and GPR,
used to model the dependence of the reduced coefficients
on the parameters. Following [12], both POD and GPR are
enriched with gradient information from the IGA model to
improve accuracy.

A. Proper Orthogonal Decomposition

POD finds a reduced representation of the solution starting
from the snapshot matrix, formed by concatenating a set of
solutions of the problem:

U = [u(p1), . . . ,u(pns)] ∈ Rn×ns , (7)

where n is the number of degrees of freedom, while ns

is the number of samples in the set. The main assumption
behind POD is that the solution vector can be approximated
by a linear combination of r ≪ n basis vectors ϕ, weighted
by parameter-dependent coefficients ξ(p). The reduced basis
Q = [q1, · · · , qr] ∈ Rn×r is commonly obtained by taking
the first r left singular vectors from the Singular Value De-
composition (SVD) of U. Following [11], POD is performed
with a weighted inner product obtained via a weighting matrix
Ā = A(p̄,0), chosen as the system matrix from Equation 4,
evaluated with homogeneous unit material at the expected
parameter combination p̄. Although A depends on the pa-
rameters, it is kept constant to simplify the basis computation.
With this weighted inner product, the POD modes are obtained
by solving the generalized eigenvalue problem

U⊤ĀUϕi = λi ϕi, i = 1, . . . , r, (8)

and defining the reduced basis vectors as

qi =
1√
λi

Uϕi, i = 1, . . . , r. (9)

The reduced coefficients can then be computed for a generic
parameter combination p∗ by

ξ(p∗) = Q⊤Āu(p∗). (10)

Truncating the basis at a fixed value r introduces a reconstruc-
tion error, which can be monitored by:

ϵ2rel(p
∗) =

(
u(p∗)−Qξ̃(p∗)

)⊤
A

(
u(p∗)−Qξ̃(p∗)

)
u(p∗)⊤Au(p∗)

.

(11)
After dimensionality reduction, machine learning approaches

such as GPR can be used to find a function f , mapping p to
ξ, from which the field distribution can be reconstructed by:

u(p∗) ≈ ũ(p∗) = Qξ, ξ ≈ f(p∗). (12)

The accuracy of the POD reconstruction is directly influenced
by the size of the basis. While increasing r improves accuracy,
it also raises computational costs, requiring a compromise
between efficiency and error. A typical approach is to choose
r so that the relative cumulative energy:∑r

k=1 λk∑ns

k=1 λk
> tol, (13)

is greater than a user-defined tolerance, typically set to be
greater than 90% [11][21]. In this work, the rotation angle
is treated explicitly by solving each rotor geometry for a set
of discrete rotation angles. To achieve faster inference, rather
than introducing it as an additional parameter, POD is applied
to an expanded snapshot matrix obtained by concatenating the
solutions corresponding to the discrete rotor positions. The
resulting snapshot vectors therefore have dimension nαn. The
proposed treatment of the rotor position does not increase
the size of the eigenvalue problem (8), since its dimension is
determined by the number of sampled parameter combinations
ns rather than by the size of the snapshot vectors. Furthermore,
it does not affect the complexity of the subsequent GPR fit.
Since the regression model is trained only on the reduced
coefficients ξ, its computational cost is independent of the
number of discrete rotor positions nα.

When gradient information is available, a more general
POD basis can be derived by augmenting the snapshot matrix
U [12]:

Uaug =
[
u(p1),u1(p1), . . . ,unp(p1), . . . ,unp(pns)

]
, (14)

where np is the number of parameters and ui(pj) stands
for [12]:

ui(pj) = u(pj) + h · ∂u
∂pi

(pj). (15)

where h is a small value, chosen here to be 10−3. Since the
magnetic vector potential is learned as coefficients with respect
to spline basis functions, the solution inherits the properties
of the basis. Therefore, the proposed approach preserves
several relevant structural and physical properties by construc-
tion. For instance, the resulting magnetic flux densities are
solenoidal and exhibit the appropriate normal continuity across
material interfaces, while the magnetic vector potentials and
electric fields exhibit the corresponding tangential continuity.
Moreover, all field energies are non-negative by construction.
In general, however, the resulting fields do not satisfy the
governing equations exactly, neither in strong nor in weak
form, and other derived quantities may lack certain physical
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properties. This distinguishes the proposed non-intrusive POD-
regression framework from many classical projection-based
MOR techniques [22], [23], which may preserve additional
equation-based properties but are typically intrusive and re-
quire the solution of nonlinear systems for each evaluation in
parameter space.

B. Gaussian Process Regression

This section briefly outlines GPR and its extension to the
gradient-enhanced case. A more detailed presentation can be
found in [24]. A Gaussian process GP is a distribution over
functions and is defined by a mean function µ(x) and a
covariance function k(x,x′) [24] as

f(x) ∼ GP (µ(x), k(x,x′)) , (16)

where the mean function

µ(x) = E[f(x)] (17)

represents the expected function value for input x, while the
covariance function

k(x,x′) = E [(f(x)− µ(x)) (f(x′)− µ(x′))] (18)

models the relationship between function values at different
input points x and x′ [24], [25]. A set of training data (Xt,yt)
is considered, where Xt corresponds to the parameter vectors
p and yt to the associated reduced coefficients ξ. A kernel is
then selected, such as the radial basis function:

k(x,x′) = σ2
f exp

(
−||x− x′||2

2λ2

)
, (19)

where σf is the signal variance and λ is the length scale.
Assuming zero mean, the function value for an unseen input
x∗ can then be obtained by computing the posterior mean of
the distribution:

µ(x∗) = K(x∗,Xt)
[
K(Xt,Xt) + σ2

ϵI
]−1

yt, (20)

where σ2
ϵ is the assumed noise level of the observations, I is

the identity matrix and entries in the covariance matrix K are
defined by evaluating the kernel function

K(Xa,Xb) =
{
k(xa

i ,x
b
j)
}
ij
, (21)

where Xa and Xb represent arbitrary sets of input points.
One of the main advantages of GPR compared to other
interpolation approaches is the availability of a confidence
interval, which can be estimated by the variance function

σ2(x∗) = k(x∗,x∗)

−K(x∗,Xt)
[
K(Xt,Xt) + σ2

ϵ I
]−1

K(Xt,x∗).
(22)

The extension of GPR to the gradient-enhanced case (GEGPR)
is performed by modeling the solution and its partial deriva-
tives jointly. For each training point x, the solution is extended
from y = f(x) to:

y =

[
f(x),

∂f

∂xi
(x), . . . ,

∂f

∂xnp

(x)

]
. (23)

(a) Gradient-free (b) Gradient-enhanced

Fig. 2: Comparison between GFGPR and GEGPR. Black
markers indicate the samples of the true function (represented
by the dashed black line) used to fit the models. Red lines
correspond to the prediction, while the shaded area is the 95%
confidence interval.

Matrix K is then modified to include entries corresponding
to the covariance between function values k(x,x′), covariance
between function values and each partial derivative:

∂k(x,x′)

∂xi
, (24)

and covariance between partial derivatives [26]:

∂2k(x,x′)

∂xi∂x′j
. (25)

The primary computational bottleneck of GPR is the inversion
of the covariance matrix, which scales asymptotically as
O
(
n3
s

)
. In GEGPR, the covariance matrix is expanded to in-

corporate both function values and their gradients, resulting in
a size of ns(1+np). Consequently, the computational cost in-
creases to O

(
n3
s(1 + np)

3
)

[27]. Although this higher scaling
may initially appear disadvantageous, the inclusion of gradient
information effectively augments the dataset, increasing the
number of observations from ns to ns(1 + np). The main
advantage of combining GEGPR with IGA is that sensitivity
information can be obtained at a significantly lower cost, i.e.,
one linear system for all derivatives, than generating additional
high-fidelity samples, requiring multiple linear systems to be
solved. As a result, gradient information can enrich the training
dataset with only a modest increase in the data-generation
cost. Nevertheless, for large datasets and high-dimensional
parameter spaces, the computational complexity of GPR can
become prohibitive, in which case sparse approximations
may be employed to improve scalability [28]. In Fig. 2, the
standard GPR is compared to the gradient-enhanced version
for modeling a simple one-dimensional function. The inclusion
of derivative information improves the function estimate and
tightens the confidence bounds.

IV. RESULTS

A parametrized IGA model of the geometry in Fig. 1 was
developed, discretizing the physical equations into a nonlinear
system of 6177 variables, which is a function of the geomet-
rical parameters presented in Table I. To monitor the accuracy
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TABLE I: Parameter bounds

Name unit lower bound upper bound
MH mm 2 12
MW mm 8 22
MAG mm 5 15
θ1 ° 15 23

TABLE II: Times for dataset generation and model fitting for
different dataset partitions. Each sample is associated with 14
simulations with increasing rotation angle.

ns 15 31 61 119
Simulation time (min) 30 62 123 239
Field GFGPR (s) 8.5 8.7 7.8 11.2
Field GEGPR (s) 16.8 25.2 53.4 124.5
Torque GFGPR (s) 13.2 9.6 10.9 13.3
Torque GEGPR (s) 23.7 55.0 60.7 103.0

of the approach in data-scarce conditions, Sobol sampling was
employed to generate training datasets of increasing size. Four
nested sets of 16, 32, 64, and 128 samples were initially gener-
ated within the bounds in Table I. All combinations leading to
a magnet exceeding the geometric bounds were excluded from
the dataset. Additionally, combinations in which the angle
between the magnet edge and the adjacent rotor iron boundary
was less than 10◦ were removed to eliminate geometries where
the flux barrier becomes excessively skewed. All geometries
were solved for a set of nα = 14 equidistant rotation angles in
[0, 20]◦. The model was simulated on a workstation equipped
with a 3.10 GHz Intel® Xeon® processor, with an average time
of 9 seconds per solve, resulting in approximately 120 seconds
per data point due to the 14 rotation angles. The resulting
training datasets are summarized in Table II, while all models
were tested on the same collection of 30 unseen combinations.
The torque was subsequently obtained through postprocessing
of the solution, yielding a distribution with a mean of 0.86
Nm and a standard deviation of 0.35 Nm.

A. Field Decomposition

For each dataset partition, the standard and augmented
snapshot matrices were realized according to (7) and (14).
To compare the two approaches, their accuracy was evaluated
by monitoring the average relative L2 error of the magnetic
flux density through (11) over the test dataset, computed
using Ā. In Fig. 3, the relative error is presented for the
POD basis trained on the smallest dataset of 15 samples.
In this scenario, the augmented snapshot matrix allows for
an increased basis size without requiring additional physical
samples, thus leading to a smaller reconstruction error. It
should be noted, though, that a rank of 14 constitutes an
edge case where the training data is perfectly recovered,
while generalization to new samples is not guaranteed. In
contrast, as presented in Fig. 4, when the number of available
samples grows, an improvement in the reconstruction error
begins to appear for truncations close to ns. This behavior
is attributed to information redundancy in the non-augmented
dataset, which limits generalization when r approaches ns.
Since the goal of MOR is to obtain accurate but compact
models, large truncation levels are undesirable. Consequently,
for this application, snapshot augmentation provides only

Fig. 3: Average relative L2 reconstruction error of the mag-
netic flux density for the gradient-free and gradient-enhanced
basis for ns = 15.

Fig. 4: Average relative L2 reconstruction error of the mag-
netic flux density for the gradient-free and gradient-enhanced
basis for ns = 119.

marginal benefits, limited to the smallest dataset. Therefore,
the standard POD basis is adopted in all scenarios, fixing the
number of modes to 14, ensuring a fair comparison for the
following latent-space modeling.

B. Field reconstruction

Using the POD basis, the reduced coefficients ξ(p∗) and
their sensitivities are obtained for all parameter combinations
in the training dataset. For each component of ξ, two separate
GPR models (GF and GE) are trained to map the parameter
space to the corresponding reduced coefficient. Both input and
output data are standardized, and the corresponding gradients
are consistently rescaled to match the transformed variables.
Models are then trained using the L-BFGS optimizer with
80 iterations and 3 restarts using GPyTorch [29]. The two
surrogate models are then compared by predicting the reduced
coefficients ξ̃(p) starting from the parameter combinations in
the test dataset. These predictions are subsequently used to
reconstruct the full field solution ũ(p) via (12), while the
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relative error of the magnetic flux density is computed through
(11), updating A for each parameter combination. As shown
in Fig. 6 and Fig. 7, increasing the number of training samples
improves the accuracy of both the GF and GE models, with
their errors approaching the POD reconstruction error, which
constitutes a baseline for the model accuracy. This indicates
that the reduced coefficients ξ are predicted with high accuracy
and that the remaining error is primarily due to the POD
truncation. The GE approach consistently outperforms the GF
method, particularly in data-scarce regimes, motivating the use
of gradient information for latent-space modeling. However, as
reported in Table II, this improved accuracy comes at the cost
of increased training time due to the higher complexity of the
model. A visual example of the error distribution of the POD-
GEGPR model is presented Fig. 5 for a representative case
with error close to the average.

C. KPI prediction
For the prediction of KPIs such as torque, two surrogate

modeling strategies can be considered. The first consists of
computing KPIs from the full-field surrogate model obtained
in subsection IV-B. Alternatively, KPIs can be learned directly
as functions of the input parameters using GPR, potentially
leveraging the availability of torque sensitivities from the IGA
model. For each rotor position, GF and GE GPR models
are trained for torque prediction using the same standardiza-
tion and training setup described in subsection IV-B. Their
performance is assessed by comparing the Mean Absolute
Percentage Error (MAPE) of the torque prediction, as shown
in Fig. 8. Results indicate that, while both methods yield
accurate predictions, directly learning the parameter-to-torque
map leads to superior accuracy, especially in data-rich regimes
where the field reconstruction error constitutes the limiting fac-
tor of POD-GPR. In addition, this direct approach eliminates
the need to store or construct the full IGA model, resulting
in a more compact surrogate representation. Moreover, since
only one output is required, as presented in Table II, the
training time is also decreased. Ultimately, this comparison is
application-dependent, as it is influenced by the smoothness
of the KPI and the reduced coefficients with respect to the
parameter space, the truncation error, and the number of
desired KPIs.

V. CONCLUSION

In this work, the differentiable nature of Isogeometric Anal-
ysis (IGA), enabling the efficient calculation of fields, Key
Performance Indicators (KPIs), and their parametric sensitiv-
ities, is leveraged for efficient surrogate modeling of electric
devices. Proper orthogonal decomposition is employed for
dimensionality reduction, while gradient-enhanced Gaussian
Process Regression (GPR) learns a mapping between param-
eters and field coefficients to generate surrogate models for
the magnetic flux density distribution. Moreover, GPR is also
used for parametric surrogate modeling of KPIs. The approach
is assessed on a parametric model of a permanent magnet
synchronous motor, considering both data-scarce and data-
rich regimes. Results demonstrate that, for both the mag-
netic flux density and the motor torque, including gradient

information in the surrogate models significantly improves the
model quality. While including gradient information increases
the computational cost, it is justified in data-scarce regimes,
where the available samples alone are insufficient to capture
the underlying behavior accurately. Moreover, the surrogate
models reduce evaluation times from tens of seconds for the
full IGA simulations to milliseconds, while maintaining high
predictive accuracy. Given the short training times and the
very fast prediction of new solutions, this approach represents
a promising tool for parametric surrogate modeling of electric
devices.
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