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Exact in-plane stress field solution for isotropic plates with circular holes 
reinforced with cylindrically orthotropic rings 
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A B S T R A C T   

In this paper an analytical solution for the stress distribution in an infinite plate with a concentrically reinforced 
hole under a general loading condition is derived. The developed solution explicitly accounts for the elastic 
properties of the plate and of the reinforcing annulus, for the hole radius to reinforcing ring thickness ratio, as 
well as the loading conditions, including loads applied onto the hole boundary and on the plate, far away from 
the hole. A careful validation of the proposed framework is carried out by comparing the newly developed so
lution with the results from a number of finite element analyses, documenting a very satisfactory agreement. 

The solution derived represents a useful tool toward the understanding of the stress fields in polymeric 
components with reinforced holes and made with fused deposition modelling technologies.   

1. Introduction 

Geometrical variations can severely weaken the mechanical prop
erties of industrial components, independently of the loading conditions 
and materials used. However, for design reasons, holes and notches are 
often unavoidable in real parts and, accordingly, explicitly accounting 
for stress concentrators in the design process is vital to ensure appro
priate mechanical performances. 

For this reason, many authors devoted efforts to derive stress dis
tributions in the proximity of notches and holes under several loading 
conditions, both for isotropic and anisotropic materials (see, for 
example, [1–4] and references reported therein). 

A possible strategy to improve the strength of mechanical compo
nents with holes is to reinforce them with stiff rings or inserts. The 
problem of finding the stress distributions around reinforced holes is 
that of considerable difficulty. Within this context, and in relation to 
isotropic plates, worth of mentioning is the work carried out by Savin, 
who developed an analytical solution for an elliptic hole reinforced by 
two infinitely rigid arc-shaped plates connected by two symmetrical 
braces [5], and Chao et al. [6], deriving the stress fields around an 
elliptic hole with an elliptic isotropic annulus as reinforcement. Moving 
to orthotropic solids, Lekhnitskii [7] studied the problem of the stress 
field in holes with infinitely rigid reinforcements, and many years later 
his framework was validated experimentally by Toubal et al. [8] taking 
advantage of ESPI technologies. 

Belfield et al. [9] further focused on this problem and provided an 
analytical solution for concentrically highly anisotropic reinforcements 
around holes in infinite isotropic plates under certain loading condi
tions. Starting from these bases, several works were carried out to 
investigate the stress fields around reinforced geometrical variations in 
solids subjected to mechanical or thermal loads (see, among the others, 
Aluko and Whitworth [10], Pan et al. [11], Jafari and Jafari [12], 
Mohan and Kumar [13], and references reported therein). 

On parallel tracks, the development of modern additive 
manufacturing technologies for long fiber composites gave rise to the 
possibility to generate geometries, and to place reinforcement material, 
without the constraints imposed by traditional technologies and opened 
new design possibilities worth to be investigated. For this reason, in the 
recent years much efforts have been devoted to the study and optimi
zation of the fused deposition modelling technologies for long fiber 
composites (see Khosravani et al. [14] and references quoted therein), as 
well as to the fracture behavior of 3D printed specimens around 
geometrical discontinuities (Khosravan et al. [15] and reference quoted 
therein). 

The possibility of strengthening and stress relieving the regions of 
composite components close to geometrical variations was also studied 
in various works. Among the others, Dave and Sharma [16] studied the 
effect of functionally graded laminas on the stress concentrations around 
rectangular holes in composite laminates, whilst Yang et al. [17] derived 
the stress fields in an isotropic plate with an elliptic hole reinforced with 
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a functionally graded annulus. 
Different from previous studies, in this work the attention is focused 

on the problem of the stress and displacement fields arising in an 
isotropic infinite plate with a circular hole reinforced with a polarly 
orthotropic material. The plate is supposed to be subjected to a generic 
loading condition, including far applied biaxial tension and shear 
loadings, as well as a general radial or shear stress applied onto the hole 
boundary. 

In order to address this problem, initially, the analytical statement is 
formulated using, in combination, the Muskhelishvili complex potential 
approach for isotropic plates [18] and the solution provided by Spencer 
[19] for a polarly orthotropic annulus. Subsequently, the exact solution 
for the problem is obtained in closed form by applying appropriate 
boundary conditions and analytically solving the corresponding system. 
The derived explicit expressions for the displacement and stress fields 
account for the geometrical features and the elastic properties of the 
plate and of the reinforcing region. Relevant examples are, eventually, 
discussed, comparing the analytical solution with the results from a bulk 
of finite element analyses carried out on finite geometries under various 
loading conditions. 

The solution developed in this work represents a useful tool toward 
the understanding of the stress fields in polymeric components with 
reinforced holes and made with fused deposition modelling 
technologies. 

2. Analytical solution 

2.1. Statement of the problem 

Consider an infinite isotropic plate with a circular hole of radius r0, 
reinforced with a concentric polarly orthotropic annulus of thickness s 
and outer radius r1, with s = r1 − r0. The plate is subjected to radial and 
shear stresses in the hole boundary, generally given in the following 
Fourier series form: 

σrr(θ) = S0 +
∑N

n=1

(
Sn,1cos(nθ) + Sn,2sin(nθ)

)

σrθ(θ) = T0 +
∑N

n=1

(
Tn,1cos(nθ) + Tn,2sin(nθ)

)
(1) 

where S0, T0, Sij, Tij ∈ R ∀ i : 1⩽i⩽N ∈ N; j ∈ {1,2}. 
Being based on a Fourier series expansion, Eq. (1) allows any loading 

condition to be described (see also Ref. [9]). 

Moreover, external far-field constant stresses σ∞
xx, σ∞

yy, σ∞
xy are applied 

to the plate (see Fig. 1). 

2.2. General form for the displacement and stress fields in the reinforcing 
region 

Consider again the schematic in Fig. 1. In the (x,y) plane, the rein
forcing region is modelled as a polarly orthotropic ring for which the 
radial and circumferential directions are principal directions of 
elasticity. 

Accordingly, the stress and displacements fields in the reinforcing 
region can be sought in the same form used by Belfield et al. [9] for the 
problem of a concentric annulus. Thus, the following expressions for 
displacements and stresses can be invoked (see, again, the reference 
system shown in Fig. 1):   

u(1)
r = A0

(r0

r

)α0
+ a0

(
r
r1

)α0

− E1

(
1 + d− 2

1 + ς− 2

)

cosθ + (E1cosθ + F1sinθ)log
(

r
r0

)

+

+
∑N

n=1

(

(Ancosnθ + Bnsinnθ)
(r0

r

)αn
+ (ancosnθ + bnsinnθ)

(
r
r1

)αn )

+

+
∑N

n=2

(

(Encosnθ + Fnsinnθ)
(r0

r

)βn
+ (encosnθ + fnsinnθ)

(
r
r1

)βn
)

(2a)  

u(1)
θ = F1

(
1 + d− 2

1 + ς− 2

)

cosθ − H0

(r0

r

)
+ (F1cosθ − E1sinθ)log

(
r
r0

)

+

+
∑N

n=1

(

(Cnsinnθ − Dncosnθ)
(r0

r

)αn
+ (cnsinnθ − dncosnθ)

(
r
r1

)αn )

+

+
∑N

n=2

(

(Gnsinnθ − Hncosnθ)
(r0

r

)βn
+ (gnsinnθ − hncosnθ)

(
r
r1

)βn
)

(2b)   

Fig. 1. Infinite plate with a reinforced circular hole under generic 
loading conditions. 
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In Eqs. (2) and (3a-c), the superscript (1) refers to the elastic con
stants, stresses and displacements of the reinforcing region. 

Unknowns An, an, Bn, bn, Cn, cn, Dn, dn, En, en, Fn, fn, Gn, gn, Hn,

hn ∀n⩽N ∈ N are linearly dependent constants to determine by applying 
proper boundary conditions and linked through the following relations 
[9]: 

An = Cnϕα,n an = cnϕ− α,n n⩾1
Bn = Dnϕα,n bn = dnϕ− α,n n⩾1
En = Gnϕβ,n en = gnϕ− β,n n⩾2
Fn = Hnϕβ,n fn = hnϕ− β,n n⩾2

(4a) 

In Eq. (4a): 

ϕγ,n =
γ2

n − ς− 2n2 − 1
n
(
(1 + ς− 2) − γn

(
1 + d− 2

) ) (4b) 

whilst ±αn and ±βn ∀n ∈ N are the roots of the following charac
teristic equations: 

f (γn) = γ4
n − γ2

n

(
(n2 + c2)

ς2 −
n2c2

d2

(
2 + d− 2)+ 1

)

+
c2

ς2

(
n2 − 1

)2
= 0 (5) 

where: 

σ(1)
rr =

G(1)
θr

rc2d2
1

{
(r0

r

)α0
A0
(
c2 − d2α0

)
+

(
r
r1

)α0

a0
(
c2 + d2α0

)
+

+E1
d4 −

(
c2( 1 + d2) − d4 )ς2

d2( 1 + ς2) cosθ + F1
d4 −

(
c2( 1 + d2) − d4 )ς2

d2( 1 + ς2) sinθ+

+
∑N

n=1

[
(r0

r

)αn [
(Ancos(nθ) + Bnsin(nθ) )

(
c2 − d2αn

)
+ (Cncos(nθ) + Dnsin(nθ) )nc2 ]+

+

(
r
r1

)αn [
(ancos(nθ) + bnsin(nθ) )

(
c2 + d2αn

)
+ (cncos(nθ) + dnsin(nθ) )nc2 ]]+

+
∑N

n=2

[
(r0

r

)βn [
(Encos(nθ) + Fnsin(nθ) )

(
c2 − d2βn

)
+ (Gncos(nθ) + Hnsin(nθ) )nc2 ]+

+

(
r
r1

)βn [
(encos(nθ) + fnsin(nθ) )

(
c2 + d2βn

)
+ (gncos(nθ) + hnsin(nθ) )nc2 ]]}

(3a)  

σ(1)
θθ =

G(1)
θr

rd2ς2

{(r0

r

)α0
A0
(
d2 − ς2α0

)
+

(
r
r1

)α0

a0
(
d2 + ς2α0

)
+

+E1
ς2( ς2 − d2)

1 + ς2 cosθ + F1
ς2( ς2 − d2)

1 + ς2 sinθ+

+
∑N

n=1

[(r0

r

)αn[
(Ancos(nθ) + Bnsin(nθ) )

(
d2 − ς2αn

)
+ (Cncos(nθ) + Dnsin(nθ) )nd2 ]+

+

(
r
r1

)αn[
(ancos(nθ) + bnsin(nθ) )

(
d2 + ς2αn

)
+ (cncos(nθ) + dnsin(nθ) )nd2 ]

]

+

+
∑N

n=2

[(r0

r

)βn[
(Encos(nθ) + Fnsin(nθ) )

(
d2 − ς2βn

)
+ (Gncos(nθ) + Hnsin(nθ) )nd2 ]+

+

(
r
r1

)βn[
(encos(nθ) + fnsin(nθ) )

(
d2 + ς2βn

)
+ (gncos(nθ) + hnsin(nθ) )nd2 ]

]}

(3b)  

σ(1)
rθ =

G(1)
θr

r

{
2r0H0

r
+ F1

d2 − ς2

d2( 1 + ς2) cosθ + E1
d2 − ς2

d2( 1 + ς2) sinθ+

+
∑N

n=1

[(r0

r

)αn
[n(Bncos(nθ) − Ansin(nθ) ) + (Dncos(nθ) − Cnsin(nθ) )(αn + 1) ]+

+

(
r
r1

)αn

[n(bncos(nθ) − ansin(nθ) ) + (cnsin(nθ) − dncos(nθ) )(αn − 1) ]
]

+

+
∑N

n=2

[(r0

r

)βn
[n(Fncos(nθ) − Ensin(nθ) ) + (Hncos(nθ) − Gnsin(nθ) )(βn + 1) ] +

+

(
r
r1

)βn

[n(fncos(nθ) − ensin(nθ) ) + (gnsin(nθ) − hncos(nθ) )(βn − 1) ]

]}

(3c)   
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ς2 =
G(1)

θr

L
d2 =

G(1)
θr

M
c2 =

G(1)
θr

N
(6) 

and: 

L =

E(1)
θ

ν(1)rθ

1
ν(1)rθ

−
E(1)

r

E(1)
θ

ν(1)
rθ

M =
E(1)

θ

1
ν(1)rθ

E(1)
θ

E(1)
r
− ν(1)

rθ

N =

E(1)
θ

ν(1)rθ

1
ν(1)rθ

E(1)
θ

E(1)
r
− ν(1)

rθ

(7a) 

for plain stress. 
Differently, the plain strain case can be treated considering a trans

versely isotropic behaviour in the through the thickness direction (as 
usually done for Fibre Reinforced Polymers), according to which E(1)

z =

E(1)
r and G(1)

rz =
E(1)

r

2(1+ν(1)rz )
. Thus, in this last-mentioned case, the following 

expressions for constants L, M and N hold valid: 

L =

E(1)
θ

1 − ν(1)
rz

ν(1)
rθ

1 − ν(1)
rz

ν(1)
rθ

− 2
E(1)

r

E(1)
θ

ν(1)
rθ

M =
E(1)

θ

1 − ν(1)
rz

ν(1)
rθ

E(1)
θ

E(1)
r

− 2ν(1)
rθ

N =
E(1)

θ

ν(1)
rz + 1

1
ν(1)

rθ

− ν(1)
rθ

E(1)
r

E(1)
θ

E(1)
θ

E(1)
r

1 − ν(1)
rz

ν(1)
rθ

− 2ν(1)
rθ

(7b)  

where E(1)
θ , E(1)

r , E(1)
z are Young moduli, ν(1)rθ , ν(1)rz Poisson ratios and G(1)

θr ,

G(1)
rz shear moduli. 

2.3. General form for the displacement and stress fields in the reinforced 
plate (outside the reinforcing region) 

The general form for the displacement and stress fields in the plate 
outside the reinforcing region can be determined using Muskhelishvili 
complex function [18]: 

σ(2)
rr + σ(2)

θθ = 4Re
[

dΦ(z)
dz

]

σ(2)
θθ − σ(2)

rr + 2iσ(2)
rθ = 2e2iθ

(

z
d2Φ(z)

dz2 +
dX(z)

dz

)

u(2)
r + iu(2)

θ =
1 + ν(2)

E(2)

(

κ Φ
(

z
)

− z
dΦ(z)

dz
− X(z)

)

e− iθ

(8)  

where superscript (2) identifies the elastic constants, stresses and dis
placements in the isotropic plate and E(2), ν(2) are the Young modulus 
and the Poisson ratio, respectively. 

In order to properly address the problem under investigation, the 
following two potential functions are used: 

Φ(z) = (A0 + iB0)log(z) + (A1 + iB1)z + (Ac + iBc) +
∑N− 1

n=1
(A− n + iB− n)z− n

X(z) = − κ(A0 − iB0)log(z) + (C1 + iD1)z +
∑N+1

n=1
(C− n + iD− n)z− n

(9) 

which allow to apply in exact form all the boundary conditions 
relevant to the problem under investigation. 

Substituting Eq. (9) into Eq. (8) results in the following displacement 
and stress fields (according to the reference system shown in Fig. 1):   

u(2)
r =

(
ν(2) + 1

)

E(2)

{
(r2(κ − 1)A1 − C− 1

)

r
+

+
(r2( ( κlog

(
r2) − 1

)
A0 + κAc

)
− C− 2

)

r2 cos(θ) +
(r2( ( κlog

(
r2) − 1

)
B0 + κBc

)
− D− 2

)

r2 sin(θ)+

+
(r2(1 + κ)A− 1 − C− 3 − r4C1

)

r3 cos(2θ) +
(r2(1 + κ)B− 1 − D− 3 + r4D1

)

E(2)r3 sin(2θ)+

+
∑N

n=3

[
(r2((n − 1) + κ )A− (n− 1) − C− (n+1)

)

rn+1 cos(nθ) +
(r2((n − 1) + κ )B− (n− 1) − D− (n+1)

)

rn+1 sin(nθ)
]}

(10a)  

u(2)
θ =

(
ν(2) + 1

)

E(2)

{
(r2(1 + κ)B1 + D− 1

)

r
+

+
(r2( ( 1 + κlog

(
r2) )B0 + κBc

)
+ D− 2

)

r2 cos(θ) −
(r2( ( 1 + κlog

(
r2) )A0 + κAc

)
+ C− 2

)

r2 sin(θ)+

+
(r2(κ − 1)B− 1 + D− 3 + r4D1

)

r3 cos(2θ) +
(r2(1 − κ)A− 1 − C− 3 + r4C1

)

E(2)r3 sin(2θ)+

+
∑N

n=3

[
(r2(κ − (n − 1) )B− (n− 1) + D− (n+1)

)

rn+1 cos(nθ) +
(r2((n − 1) − κ )A− (n− 1) − C− (n+1)

)

rn+1 sin(nθ)
]}

(10b)   
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σ(2)
rθ = −

D− 1

r2 + D1cos(2θ) + C1sin(2θ)+

+
(r2(κ − 1)B0 − 2D− 2

)

r3 cos(θ) +
(r2(1 − κ)A0 + 2C− 2

)

r3 sin(θ)+

+
∑N

n=2

[
((n + 1)(n − 1)B− (n− 1) − (n + 1)D− (n+1) )

rn+1 cos(nθ) +

+
((n + 1)C− (n+1) − (n + 1)(n − 1)A− (n− 1) )

rn+1 sin(nθ)
]

(11c) 

Ac, Bc, An, Bn, Cn, Dn ∀n⩽N ∈ N are integration constants to deter
mine by applying proper boundary conditions, and κ = 3− ν(2)

1+ν(2), ν̃ = ν(2)
1− ν(2)

for plane stress conditions, whilst for plane strain κ = 3 − 4ν(2), ν̃ =

ν(2). 

2.4. Boundary conditions and explicit solution for unknown coefficients 

The unknowns in the expressions derived in the previous sections can 
be determined by applying the following boundary conditions: 

i. Far away from the hole (r→∞) the following conditions must be 
verified: 

lim
r→∞

σ(2)
xx (r, θ) = lim

r→∞

(
σ(2)

rr + σ(2)
θθ

2
+

σ(2)
rr − σ(2)

θθ

2
cos2θ − σ(2)

rθ sin2θ

)

= σ∞
xx

lim
r→∞

σ(2)
yy (r, θ) = lim

r→∞

(
σ(2)

rr + σ(2)
θθ

2
−

σ(2)
rr − σ(2)

θθ

2
cos2θ − σ(2)

rθ sin2θ

)

= σ∞
yy

lim
r→∞

σ(2)
xy (r, θ) = lim

r→∞

(

−
σ(2)

rr − σ(2)
θθ

2
cos2θ − σ(2)

rθ sin2θ

)

= σ∞
xy

(12) 

Explicitly substituting Eq. (11a-c) into Eqs. (12) results in: 

A1 =
σ∞

xx + σ∞
yy

4
C1 =

σ∞
yy − σ∞

xx

2
D1 = σ∞

xy (13) 

ii. Along the boundary of the reinforcing annulus, equilibrium and 
compatibility conditions should be guaranteed, namely: 

σ(1)
rr (r = r0, θ) = σrr(θ) σ(1)

rθ (r = r1, θ) = σ(2)
rθ (r = r1, θ)

σ(1)
rθ (r = r0, θ) = σrθ(θ) u(1)

r (r = r1, θ) = u(2)
r (r = r1, θ)

σ(1)
rr (r = r1, θ) = σ(2)

rr (r = r1, θ) u(1)
θ (r = r1, θ) = u(2)

θ (r = r1, θ)

(14) 

with, r1 = r0 + s. 
Eqs. (14) gives a total of 12N+6 linearly independent equations, 

enough to determine all the remaining unknowns, where N is the 
number of terms used to express internal loads, according to Eqs. (1). 

To simplify the expressions for the determined constants, the 
following auxiliary parameters are introduced: 

ξ =
d2 − ς2

d2( 1 + ς2) ζ =

(
1 + d2)ς2

d2( 1 + ς2) δ =
1
c2 −

(
1 + d2)ς2

d4( 1 + ς2)

η =
1
d2 −

α0

c2 ∂ =
1
d2 +

α0

c2

(15) 

Under the condition of plane stress, the following close form ex
pressions for the unknowns can be determined, for the reinforcing 
annulus: 

σ(2)
rr =

1
(ν̃ − 1)

{
(C− 1(ν̃ − 1) − r2(κ − 1)(ν̃ + 1)A1

)

r2 + (ν̃ − 1)(D1sin(2θ) − C1cos(2θ) )+

+
2(r2(ν̃ − κ)A0 + (ν̃ − 1)C− 2

)

r3 cos(θ) +
2(r2(ν̃ − κ)B0 + (ν̃ − 1)D− 2

)

r3 sin(θ)+

+
∑N

n=2

[
((n − 1)r2((n − 1) − (n + 1)ν̃ + κ(ν̃ + 1) )A− (n− 1) + (n + 1)(ν̃ − 1)C− (n+1)

)

rn+1 cos(nθ) +

((n − 1)r2((n − 1) − (n + 1)ν̃ + κ(ν̃ + 1) )B− (n− 1) + (n + 1)(ν̃ − 1)D− (n+1)
)

rn+1 sin(nθ)
]}

(11a)  

σ(2)
θθ =

1
(ν̃ − 1)

{
(C− 1(1 − ν̃) − r2(κ − 1)(ν̃ + 1)A1

)

r2 + (ν̃ − 1)(C1cos(2θ) − D1sin(2θ) )+

+
2(r2(1 − ν̃κ)A0 − (ν̃ − 1)C− 2

)

r3 cos(θ) +
2(r2(1 − ν̃κ)B0 − (ν̃ − 1)D− 2

)

r3 sin(θ)+

+
∑N

n=2

[
((n − 1)r2((n − 1)ν̃ − (n + 1) + κ(ν̃ + 1) )A− (n− 1) − (n + 1)(ν̃ − 1)C− (n+1)

)

rn+1 cos(nθ) +

+
((n − 1)r2((n − 1)ν̃ − (n + 1) + κ(ν̃ + 1) )B− (n− 1) − (n + 1)(ν̃ − 1)D− (n+1)

)

rn+1 sin(nθ)
]}

(11b)   
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E1 =
ΞE1 *S1,1+ΥE1 *T1,2

ΩE1

F1 =
ΞF1 *S1,2+ΥF1 *T1,1

ΩF1

H0 =
r0T0

2G(2)
θr

A0 =
rα0

1

(
− rα0

0 r1G(1)
θr ϱ
(

σ∞
xx +σ∞

yy

)
+r0rα0

1

(
E(2) +G(1)

θr

(
1+ν(2))ϱ

)
S0

)

G(1)
θr

(
− r2α0

0

(
E(2) +G(1)

θr

(
1+ν(2))η

)
ϱ+r2α0

1 η
(

E(2) +G(1)
θr

(
1+ν(2))ϱ

))

a0 =
rα0

1

(
r1+α0

1 G(1)
θr η
(

σ∞
xx +σ∞

yy

)
− r1+α0

0

(
E(2) +G(1)

θr

(
1+ν(2))η

)
S0

)

G(1)
θr

(
− r2α0

0

(
E(2) +G(1)

θr

(
1+ν(2))η

)
ϱ+r2α0

1 η
(

E(2) +G(1)
θr

(
1+ν(2))ϱ

))

(16)  

Cn =
ΞCn *Sn,1 + ΥCn *Tn,2 + ΘCn *

(
σ∞

xx − σ∞
yy

)

ΩCn

Dn =
ΞDn *Sn,2 + ΥDn *Tn,1 + ΘDn *σ∞

xy

ΩDn

Gn =
ΞGn *Sn,1 + ΥGn *Tn,2 + ΘGn *

(
σ∞

xx − σ∞
yy

)

ΩGn

Hn =
ΞHn *Sn,2 + ΥHn *Tn,1 + ΘHn *σ∞

xy

ΩHn

(17a)  

cn =
Ξ*

cn
Sn,1 + Υcn *Tn,2 + Θcn *

(
σ∞

xx − σ∞
yy

)

Ωcn

dn =
Ξ*

cn
Sn,2 + Υdn *Tn,1 + Θdn *σ∞

xy

Ωdn

gn =
Ξgn *Sn,1 + Υgn *Tn,2 + Θgn *

(
σ∞

xx − σ∞
yy

)

Ωgn

hn =
Ξhn *Sn,2 + Υhn *Tn,1 + Θhn *σ∞

xy

Ωhn

(17b) 

whereas for the isotropic reinforced plate the constants are: 

An =
ΞAn

*Sn,1 + ΥAn
*Tn,2 + ΘCn *

(
σ∞

xx − σ∞
yy

)

ΩAn

Bn =
ΞBn

*Sn,2 + ΥBn
*Tn,1 + ΘDn *σ∞

xy

ΩBn

Cn =
ΞCn

*Sn,1 + ΥΥCn n
*Tn,2 + ΘCn *

(
σ∞

xx − σ∞
yy

)

ΩCn

Dn =
ΞDn

*Sn,2 + Υdn *Tn,1 + ΘDn *σ∞
xy

ΩDn

Ac =
ΞAc

*Sn,1 + ΥAc
*Tn,2

ΩAc

Bc =
ΞBc

*Sn,2 + ΥBc
*Tn,1

ΩBc

(19)  

where Ξi, Υi,Θi, Ωi are real terms explicitly reported in Appendix A and 
B and satisfying the following equalities: 

ΞE1 = ΞF1 ΥE1 = − ΥF1 ΩE1 = ΩF1

ΞCn = ΞDn Ξcn = Ξdn ΞGn = ΞHn Ξgn = Ξhn

ΥCn = − ΥDn Υcn = − Υdn ΥGn = − ΥHn Υgn = − Υhn

ΩCn = Ωcn = ΩDn = Ωdn = ΩGn = Ωgn = ΩHn = Ωhn

ΘCn = Θcn = ΘDn = Θdn = ΘGn = Θgn = ΘHn = Θhn = 0 ∀n ∕= 2
2ΘD2 = ΘCn 2Θd2 = Θcn 2ΘG2 = ΘHn 2Θg2 = Θhn

(20)  

ΞAn
= ΞBn

ΞCn
= ΞDn

ΞAc
= ΞBc

ΥAn
= − ΥBn

ΥCn
= − ΥDn

ΥAc
= − ΥBc

ΩAn
= ΩBn

= ΩCn+2
= ΩDn+2

ΩAc
= ΩBc

ΘAn
= ΘBn

= 0 ∀n ∕= − 1 ΘCn
= ΘDn

= 0 ∀n ∕= − 3
2ΘA− 1

= ΘB− 1
2ΘC− 3

= ΘD− 3

(21) 

The constants under plane strain conditions have similar expressions, 
and can be easily obtained: 

C− 1 =
r2

1

(
− r2α0

0

(
E(2) + G(1)

θr

(
ν(2) − 1

)
η
)

ϱ + r2α0
1 η
(

E(2) + G(1)
θr

(
ν(2) − 1

)
ϱ
))(

σ∞
xx + σ∞

yy

)

2
(

r2α0
0

(
E(2) + G(1)

θr

(
1 + ν(2))η

)
ϱ − r2α0

1 η
(

E(2) + G(1)
θr

(
1 + ν(2))ϱ

)) +

+
r1
(
− 2r1+α0

0 rα0
1 E(2)(η − ϱ)S0

)

2
(

r2α0
0

(
E(2) + G(1)

θr

(
1 + ν(2))η

)
ϱ − r2α0

1 η
(

E(2) + G(1)
θr

(
1 + ν(2))ϱ

))

D− 1 = − r2
0T0 B1 =

r2
0

(
− E(2) + 2G(1)

θr

(
1 + ν(2))

)
T0

8r2
1G(1)

θr

(18)   
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i. changing E(2) for E(2)

1− [ν(2) ]2 ;  

ii. changing ν(2) for ν(2)
1− ν(2);  

iii. Using Eqs. (7b) instead of Eq. (7a) for parameters L, M and N. 

3. Discussion and comparison with numerical results 

Even if the solution obtained in this work is mathematically exact for 
infinite plates, the stress fields resulting from the developed framework 
were compared with several numerical analyses carried out on finite 
plates with reinforced holes, in order to check their accuracy also in the 
presence of finite bodies. 

To this end, in the numerical investigations, finite plates with height 
and width equal to 250 mm, having a central hole of radius r0 = 10 mm 
and reinforced with annuli of thickness equal to s = 2, 5 and 10 mm were 
considered. 

Numerical analyses were carried out with Ansys® version 21 soft
ware package, using PLANE183 quadrilateral plane elements with plane 
stress condition and pure displacement formulation. The mesh is created 
in three steps: as a first step, the perimeter of the plate hole is divided 
into elements of a given edge-length, e0, then, up to a radius of 40 mm 
from the hole center, a mapped mesh is created imposing the length of 
the quadrilateral elements in the radial direction equal to e0; finally, for 
the rest of the plate the mesh remains mapped, but imposing 100 ele
ments in the radial direction with spacing ratio 100. In order to find a 
value for e0 that guarantees the accuracy of displacement and stress 
values, a convergence analysis was carried out. To this end, a 250x250 
mm plate made of quasi-isotropic GFRP with a hole with radius r0 = 10 
mm, reinforced with a ring of width s = 2 mm (s/r0 = 0.2) was 
considered. The plate was subjected to uniaxial tension, with a far 
applied nominal stress, σg

yy. With reference to this particular case, the 
size of e0 was progressively reduced, and the value of the normalized 
hoop stress at the hole pole was determined, σθθ| θ = 0

r = r0

/σg
yy. The results 

are presented in Table 1, where it is evident that a value e0 = 0.05 mm 
guarantees the convergence of results. 

Accordingly, a value for e0 of 0.05 mm was chosen for all the ana
lyses, resulting in meshes of about 620k nodes and 220k elements for 
each plate quadrant. 

In this way very fine and regular mesh patterns were obtained, 
especially in the region close to the reinforced hole, guaranteeing in all 
cases a great accuracy of the numerical results. 

Whenever possible, symmetry or skew-symmetry boundary condi
tions were used, thus modelling one quarter of the plate; whenever this 
was not possible, due to the loading conditions the plate was subjected 
to, the whole plate was modelled. As a representative example, Fig. 2a- 
d reports contour plots for σθθ, σrr, uθ and ur in the case of a plate under 
biaxial tension and internal pressure. 

According to the schematic shown in Fig. 3, for each analysed case, 
stresses were evaluated along three main straight paths starting from the 
centre of the hole and inclined along the θ = 0◦, 45◦ and 90◦ directions 
(paths 1, 2 and 3, respectively, in Fig. 3). In addition, stresses were 
assessed along the hole boundary (path 4) and along the boundary of the 
reinforcing region (path 5). Several loading conditions were considered 
in the analyses, including uniaxial tension, biaxial tension, pure shear, 

and uniform and non-uniform internal pressure. 
In all the analyses an annular reinforcement made of Carbon Fiber 

Reinforced Polymer (CFRP) was considered, with the following prop
erties: Eθ = 147 GPa, Er = 10.3 GPa, Gθr = 7 GPa, νrθ = 0.02. 

Differently, for the reinforced plates, two different materials were 
considered, i.e.:  

i. Polyamide (PA) with E = 3 GPa and ν = 0.35;  
ii. Quasi-isotropic laminate made of Glass Fiber Reinforced Polymer 

(GFRP), with Ex = Ey = 54 GPa, and ν12 = ν21 = 0.31. 

Comparisons between the analytical solution and some of the results 
from numerical analyses are shown in Figs. 4-12 for different combi
nations of materials, geometries and loading conditions. It is evident 
that, in all the cases the agreement is very satisfactory. Accordingly, the 
proposed solution, mathematically exact in the case of an infinite plate, 
can be successfully used also to characterize the stress and displacement 
fields in finite plates. 

In more details, the hoop stress component evaluated along the 
boundary of the hole for plates under uniaxial tension is reported in 
Fig. 4, where it is noteworthy that the stress field magnitude increases 
while decreasing the s

r0 
ratio. 

The stress components, as evaluated along the boundary of the 
reinforcing annulus are reported in Fig. 5 for a PA plate, much less stiff 
than the CFRP ring, documenting that also for this case the proposed 
framework is very precise. 

The accuracy of the analytical solution varying the loading condition 
is demonstrated in Figs. 6-11 for different materials and size of the 
reinforcing ring. In particular, the following loading conditions were 
considered:  

i. biaxial tension combined with a constant internal radial pressure 
(Fig. 6);  

ii. pure in-plane shear (Fig. 7);  
iii. in-plane shear combined with a constant internal radial pressure 

(Fig. 8);  
iv. in-plane shear combined with a non-uniform internal pressure, 

simulating the pressure exerted by a pin. In this case, the internal 
pressure was described taking advantage of the following equa
tion (see also Fig. 9a): 

σrr(θ) = Φ(θ) =
100
π + 50sin[θ] −

200cos[2θ]
3π −

40cos[4θ]
3π

−
40cos[6θ]

7π −
200cos[8θ]

63π −
200cos[10θ]

99π

(22) 

The results related to this last-mentioned case are presented in 
Fig. 9b. Moreover, examples of the displacement distributions are re
ported in Figs. 10 and 11. 

As evident, in all the cases above discussed, the agreement is 
extremely satisfactory due to the fact that the hole size (r0 = 10 mm) is 
small compared to the plate size (plate ligament: 250 mm). 

It is also worth of noting that in Figs. 6, 8 and 9 the hoop stress 
component is discontinuous; such a behavior is due to the nature of the 
problem under investigation and is due to elastic mismatch between the 
involved materials; different from stresses, the displacement field is 
continuous, as evident from Figs. 10 and 11. 

Eventually, in Fig. 12, the attention is focused into a 100x100 mm 
plate with a hole of radius 10 mm and a 5 mm thick reinforcement, 
under a complex loading condition (namely: biaxial tension, shear stress 
and a non-uniform internal pressure). In this latest case, the plate size is 
comparable with the hole radius and, as a consequence, the accuracy of 
the proposed solution is lower with respect to the previous cases, but still 
acceptable, with a maximum difference between numerical results and 
theoretical solution within 10%. 

Table 1 
Results of the mesh convergence analysis. FE nodes are those of one-quarter of a 
plate.  

e0 [mm] FE Nodes σθθ | θ = 0
r = r0

/σg
yy 

1  
4.348⋅103  4.11 

0.5  11.176⋅103  4.23 
0.1  167.374⋅103  4.24 
0.05  618.748⋅103  4.24  
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Fig. 2. Example of contour plots in 250x250 mm plates made of quasi-isotropic GFRP; hole radius r0 = 10 mm reinforced with a ring of width s = 10 mm. Applied 
loads: biaxial tension (σg

yy = 100 MPa, σg
xx = 50 MPa) and internal pressure (σrr = 100 MPa). Stresses in MPa; displacements in mm. 
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Fig. 3. Schematics of the paths used for comparing the analytical solution with 
numerical (FE) results. 

Fig. 4. Stress component σθθ evaluated along the boundary of the hole (path 4 
in Fig. 3). 250x250 mm isotropic plates made of quasi-isotropic GFRP; hole 
radius r0 = 10 mm reinforced with rings of width s = 2, 5 and 10 mm. Uniaxial 
tension σg

yy = 100 MPa. Analytical solution compared with the results from 
FE analyses. 

Fig. 5. Stress components σrr , σθθ, σrθ evaluated along the edge of the reinforcing ring (path 5 in Fig. 3). 250x250 mm plates made of PA; hole radius r0 = 10 mm 
reinforced with a ring of width s = 5 mm. Uniaxial tension, σg

yy = 100 MPa. Analytical solution compared with the results from FE analyses. 
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Fig. 6. Stress components σrr , σθθ , σrθ evaluated along a straight path with θ = 45◦ (path 2 in Fig. 3). 250x250 mm plates made of quasi-isotropic GFRP; hole radius 
r0 = 10 mm reinforced with a ring of width s = 10 mm. Applied loads: biaxial tension (σg

yy = 100 MPa, σg
xx = 50 MPa) and internal pressure (σrr = 100 MPa). 

Analytical solution compared with the results from FE analyses. 

Fig. 7. Stress components σrr , σrθ evaluated along a straight path with θ = 90◦

(path 3 in Fig. 3). 250x250 mm plates made of quasi-isotropic GFRP; hole 
radius r0 = 10 mm reinforced with a ring of width s = 10 mm. Pure shear 
loadings, σg

xy = 100 MPa. Analytical solution compared with the results from 
FE analyses. 

Fig. 8. Stress components σθθ and σrθ evaluated along a straight path with θ =
0◦ (path 1 in Fig. 3). 250x250 mm plates made of PA; hole radius r0 = 10 mm 
reinforced with a ring of width s = 5 mm. Applied loads: pure shear loadings 
σg

xy = 100 MPa and internal pressure (σrr = 100 MPa). Analytical solution 
compared with the results from FE analyses. 
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( )

Fig. 9. (a) Schematic of the internal pressure exerted by a pin, according to the Eq. (22). (b) Stress components σθθ and σrθ evaluated along a straight path with θ =
90◦ (path 3 in Fig. 3). 250x250 mm plates made of PA; hole radius r0 = 10 mm reinforced with a ring of width s = 5 mm. Applied loads: pure shear loadings σg

xy =

100 MPa and non-uniform internal pressure according to Eq. (22) (see also Fig. 9a). Analytical solution compared with the results from FE analyses. 
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Fig. 10. Displacement components ur and uθ evaluated along a straight path with θ = 45◦ (path 2 in Fig. 2). 250x250 mm plates made of quasi-isotropic GFRP; hole 
radius r0 = 10 mm reinforced with a ring of width s = 10 mm. Applied loads: biaxial tension (σg

yy = 100 MPa, σg
xx = 50 MPa) and internal pressure (σrr = 100 MPa). 

Analytical solution compared with the results from FE analyses. 

Fig. 11. Displacement components ur and uθ evaluated along a straight path with θ = 90◦ (path 3 in Fig. 2). 250x250 mm plates made of PA; hole radius r0 = 10 mm 
reinforced with a ring of width s = 5 mm. Applied loads: pure shear loadings σg

xy = 100 MPa and non-uniform internal pressure according to Eq. (22) (see also 
Fig. 9a). Analytical solution compared with the results from FE analyses. 
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4. Conclusions 

In this work a new and exact analytical solution was derived for an 
isotropic infinite plate with a circular hole reinforced with a polarly 
orthotropic material and a generic loading condition. 

The proposed close form solution for the displacement and stress 
fields is able to properly account for the geometrical features and the 
elastic properties of the plate and of the reinforcing region. 

The accuracy of the proposed framework, exact in the case of infinite 
bodies, was checked against the results from a bulk of finite element 
analyses carried out on relevant cases related to plates with a finite size, 
documenting a very satisfactory agreement. 

The solution developed in this work represents a useful tool toward 

the understanding of the stress fields in polymeric components with 
reinforced holes and made with fused deposition modelling 
technologies. 
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Appendix A 

Let’s introduce the following constants: 

gγ,n =
n + ϕγ,n

d2 −
γϕγ,n

c2 ; fγ,n = 1 + γ + nϕγ,n;

mγ,n = (n + 2) + (2n + 1)ϕγ,n − ν(2)( n + ϕγ,n
)

hγ,n = ν(2) − (2n + 1) +
(
nν(2) − (n + 2)

)
ϕγ,n

pγ,n = ϕγ,n − (n + 2) + ν(2)( − (n − 2) + nϕγ,n
)

(A.1) 

Using relations (21) it is possible to explicitly derive parameters Ξi, Υi, Ωi to be used in Eq. (20): 

ΞE1 = r2α1
1

(
− r0G(1)

θr

(
1 + ν(2))fα,1

(
f− α,1 − g− α,1

)
+ 2r0E(2)fα,1

(
1 + ϕ− α,1

) )
+

+r2α1
0

(
r0G(1)

θr

(
1 + ν(2))f− α,1

(
fα,1 − gα,1

)
− 2r0E(2)f− α,1

(
1 + ϕα,1

) )

ΥE1 = r2α1
1

(
− r0G(1)

θr

(
1 + ν(2))( f− α,1 − g− α,1

)
gα,1 + 2r0E(2)gα,1

(
1 + ϕ− α,1

) )
+

+r2α1
0

(
r0G(1)

θr

(
1 + ν(2))g− α,1

(
fα,1 − gα,1

)
− 2r0E(2)g− α,1

(
1 + ϕα,1

) )

ΩE1 = G(1)
θr

[
rα1

0 rα1
1

(
2E(2)ζ − G(1)

θr

(
1 + ν(2))(δ + ξ)

)(
fα,1g− α,1 − f− α,1gα,1

)
+

+r2α1
1
(
δfα,1 + ξgα,1

)(
− G(1)

θr

(
1 + ν(2))( f− α,1 − g− α,1

)
+ 2E(2)( 1 + ϕ− α,1

) )
+

+ r2α1
0
(
δf− α,1 + ξg− α,1

)(
G(1)

θr

(
1 + ν(2))( fα,1 − gα,1

)
− 2E(2)( 1 + ϕα,1

) ) ]

(A.2) 

Fig. 12. Stress components σrr , σθθ, σrθ evaluated along a straight path with θ = 0◦ (path 1 in Fig. 3). 100x100 mm plates made of quasi-isotropic GFRP; hole radius 
r0 = 10 mm reinforced with a ring of width s = 5 mm. Applied loads: biaxial tension–compression (σg

yy = 100 MPa σg
xx = − 50MPa) shear stress (σg

xy = 100 MPa) and 
non-uniform internal pressure according to Eq. (22) (see also Fig. 9a). Analytical solution compared with the results from FE analyses. 
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ΞC1 = rα1
0 rα1

1

(
2r0E(2)ζf− α,1 − r0G(1)

θr

(
1 + ν(2))(δ + ξ)f− α,1

)
+

+r2α1
1

(
r0G(1)

θr

(
1 + ν(2))ξ

(
f− α,1 − g− α,1

)
− 2r0E(2)ξ

(
1 + ϕ− α,1

) )

ΥC1 = rα1
0 rα1

1

(
2r0E(2)ζg− α,1 − r0G(1)

θr

(
1 + ν(2))(δ + ξ)g− α,1

)
+

+r2α1
1

(
− r0G(1)

θr

(
1 + ν(2))δ

(
f− α,1 − g− α,1

)
+ 2r0E(2)δ

(
1 + ϕ− α,1

) )

Ξc1 = r2α1
1

(
2r0E(2)ζfα,1 − r0G(1)

θr

(
1 + ν(2))(δ + ξ)fα,1

)
+

+rα1
0 rα1

1

(
r0G(1)

θr

(
1 + ν(2))ξ

(
fα,1 − gα,1

)
− 2r0E(2)ξ

(
1 + ϕα,1

) )

Υc1 = r2α1
1

(
2r0E(2)ζgα,1 − r0G(1)

θr

(
1 + ν(2))(δ + ξ)gα,1

)
+

+rα1
0 rα1

1

(
− r0G(1)

θr

(
1 + ν(2))δ

(
fα,1 − gα,1

)
+ 2r0E(2)δ

(
1 + ϕα,1

) )

ΩC1 = G(1)
θr

[
rα1

0 rα1
1

(
− 2E(2)ζ + G(1)

θr

(
1 + ν(2))(δ + ξ)

)(
fα,1g− α,1 − f− α,1gα,1

)
+

+ r2α1
1
(
δfα,1 + ξgα,1

)(
G(1)

θr

(
1 + ν(2))( f− α,1 − g− α,1

)
− 2E(2)( 1 + ϕ− α,1

) )
+

+ r2α1
0
(
δf− α,1 + ξg− α,1

)(
− G(1)

θr

(
1 + ν(2))( fα,1 − gα,1

)
+ 2E(2)( 1 + ϕα,1

) ) ]

(A.3)  

ΘC2 = rβ2
0 r2α2+β2

1

[
2r1G(1)2

θr

(
1 + ν(2))( f− α,2 − g− α,2

)(
fβ,2g− β,2 − f− β,2gβ,2

)
−

− 6r1G(1)
θr E(2)( fβ,2g− β,2 − f− β,2gβ,2

)(
1 + ϕ− α,2

) ]
+

+rα2
0 rα2

1

{
r2β2

1

[
− 2r1G(1)2

θr

(
1 + ν(2))( f− β,2 − g− β,2

)(
fβ,2g− α,2 − f− α,2gβ,2

)
+

+ 6r1G(1)
θr E(2)( fβ,2g− α,2 − f− α,2gβ,2

)(
1 + ϕ− β,2

) ]
+

+r2β2
0

[
2r1G(1)2

θr

(
1 + ν(2))( f− β,2g− α,2 − f− α,2g− β,2

)(
fβ,2 − gβ,2

)
−

− 6r1G(1)
θr E(2)( f− β,2g− α,2 − f− α,2g− β,2

)(
1 + ϕβ,2

) ]}

(A.4)  

ΞCn = rαn+βn
0 rαn+βn

1 (r0G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))f− α,n

(
fβ,ng− β,n − f− β,ngβ,n

)
+

+r0G(1)
12 E(2)f− α,n

(
gβ,nhn,− β − g− β,nhn,β − fβ,nmn,− β + f− β,nmn,β

)
+

+
(
n2 − 1

)
r0E(2)2f− α,n

(
ϕ− β,n − ϕβ,n

)
)+

+r2αn
1

(
r2βn

1

(
r0G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))fβ,n

(
f− β,ng− α,n − f− α,ng− β,n

)
+

+r0G(1)
θr E(2)fβ,n

(
g− β,nhn,− α − g− α,nhn,− β − f− β,nmn,− α + f− α,nmn,− β

)

+
(
n2 − 1

)
r0E(2)2fβ,n

(
ϕ− α,n − ϕ− β,n

)
)+

+r2βn
0 (− r0G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))f− β,n

(
fβ,ng− α,n − f− α,ngβ,n

)
+

+r0G(1)
θr E(2)f− β,n

(
− gβ,nhn,− α + g− α,nhn,β + fβ,nmn,− α − f− α,nmn,β

)
+

+
(
n2 − 1

)
r0E(2)2f− β,n

(
− ϕ− α,n + ϕβ,n

)
)))

(A.5)  

ΥCn = rαn+βn
0 rαn+βn

1 (r0G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))g− α,n

(
fβ,ng− β,n − f− β,ngβ,n

)
+

+r0G(1)
θr E(2)g− α,n

(
gβ,nhn,− β − g− β,nhn,β − fβ,nmn,− β + f− β,nmn,β

)
+

+
(
n2 − 1

)
r0E(2)2g− α,n

(
ϕ− β,n − ϕβ,n

)
)+

+r2αn
1

(
r2βn

1

(
r0G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))( f− β,ng− α,n − f− α,ng− β,n

)
gβ,n+

+r0G(1)
θr E(2)gβ,n

(
g− β,nhn,− α − g− α,nhn,− β − f− β,nmn,− α + f− α,nmn,− β

)
+

+
(
n2 − 1

)
r0E(2)2gβ,n

(
ϕ− α,n − ϕ− β,n

)
)+

+r2βn
0 (− r0G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))g− β,n

(
fβ,ng− α,n − f− α,ngβ,n

)
+

+r0G(1)
θr E(2)g− β,n

(
− gβ,nhn,− α + g− α,nhn,β + fβ,nmn,− α − f− α,nmn,β

)
+

+
(
n2 − 1

)
r0E(2)2g− β,n

(
− ϕ− α,n + ϕβ,n

)
)))

(A.6)  

Θc2 = rα2+β2
0 rα2+β2

1

[
− 2r1G(1)2

θr

(
1 + ν(2))( fα,2 − gα,2

)(
fβ,2g− β,2 − f− β,2gβ,2

)
+

+ 6r1G(1)
θr E(2)( fβ,2g− β,2 − f− β,2gβ,2

)(
1 + ϕα,2

) ]
+

+r2α2
1

{
r2β2

1

[
2r1G(1)2

θr

(
1 + ν(2))( f− β,2 − g− β,2

)(
fβ,2gα,2 − fα,2gβ,2

)
−

− 6r1G(1)
θr E(2)( fβ,2gα,2 − fα,2gβ,2

)(
1 + ϕ− β,2

) ]
+

+r2β2
0

[
− 2r1G(1)2

θr

(
1 + ν(2))( f− β,2gα,2 − fα,2g− β,2

)(
fβ,2 − gβ,2

)
+

+ 6r1G(1)
θr E(2)( f− β,2gα,2 − fα,2g− β,2

)(
1 + ϕβ,2

) ] }

(A.7) 
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Ξcn = rαn
0 rαn

1

(
r2βn

1

(
− r0G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))fβ,n

(
f− β,ngα,n − fα,ng− β,n

)
+

+r0G(1)
θr E(2)fβ,n

(
− g− β,nhn,α + gα,nhn,− β + f− β,nmn,α − fα,nmn,− β

)
+

+
(
n2 − 1

)
r0E(2)2fβ,n

(
− ϕα,n + ϕ− β,n

)
)+

+r2βn
0 (r0G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))f− β,n

(
fβ,ngα,n − fα,ngβ,n

)
+

+r0G(1)
θr E(2)f− β,n

(
gβ,nhn,α − gα,nhn,β − fβ,nmn,α + fα,nmn,β

)
+

+
(
n2 − 1

)
r0E(2)2f− β,n

(
ϕα,n − ϕβ,n

)
))+

+rβn
0 r2αn+βn

1 (− r0G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))fα,n

(
fβ,ng− β,n − f− β,ngβ,n

)
+

+r0G(1)
θr E(2)fα,n

(
− gβ,nhn,− β + g− β,nhn,β + fβ,nmn,− β − f− β,nmn,β

)
+

+
(
n2 − 1

)
r0E(2)2fα,n

(
− ϕ− β,n + ϕβ,n

)
)

(A.8)  

Υcn = rαn
0 rαn

1

(
r2βn

1

(
− r0G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))( f− β,ngα,n − fα,ng− β,n

)
gβ,n+

+r0G(1)
θr E(2)gβ,n

(
− g− β,nhn,α + gα,nhn,− β + f− β,nmn,α − fα,nmn,− β

)
+

+
(
n2 − 1

)
r0E(2)2gβ,n

(
− ϕα,n + ϕ− β,n

)
)+

+r2βn
0 (r0G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))g− β,n

(
fβ,ngα,n − fα,ngβ,n

)
+

+r0G(1)
θr E(2)g− β,n

(
gβ,nhn,α − gα,nhn,β − fβ,nmn,α + fα,nmn,β

)
+

+
(
n2 − 1

)
r0E(2)2g− β,n

(
ϕα,n − ϕβ,n

)
))+

+rβn
0 r2αn+βn

1 (− r0G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))gα,n

(
fβ,ng− β,n − f− β,ngβ,n

)
+

+r0G(1)
θr E(2)gα,n

(
− gβ,nhn,− β + g− β,nhn,β + fβ,nmn,− β − f− β,nmn,β

)
+

+
(
n2 − 1

)
r0E(2)2gα,n

(
− ϕ− β,n + ϕβ,n

)
)

(A.9)  

ΘG2 = rβ2
0 r2α2+β2

1

[
2r1G(1)2

θr

(
1 + ν(2))( f− α,2 − g− α,2

)(
f− β,2gα,2 − fα,2g− β,2

)
−

− 6r1G(1)
θr E(2)( f− β,2gα,2 − fα,2g− β,2

)(
1 + ϕ− α,2

) ]
+

+rα2
0 rα2

1

{
rα2+β2

0

[
− 2r1G(1)2

θr

(
1 + ν(2))( fα,2 − gα,2

)(
f− β,2g− α,2 − f− α,2g− β,2

)
+

+ 6r1G(1)
θr E(2)( f− β,2g− α,2 − f− α,2g− β,2

)(
1 + ϕα,2

) ]
+

+r2β2
1

[
2r1G(1)2

θr

(
1 + ν(2))( fα,2g− α,2 − f− α,2gα,2

)(
f− β,2 − g− β,2

)
−

− 6r1G(1)
θr E(2)( fα,2g− α,2 − f− α,2gα,2

)(
1 + ϕ− β,2

) ]}

(A.10)  

ΞGn = rαn+βn
0 rαn+βn

1 (r0G(1)2
θr
(
− 3 + ν(2))( 1 + ν(2))f− β,n

(
fα,ng− α,n − f− α,ngα,n

)
+

+r0G(1)
θr E(2)f− β,n

(
gα,nhn,− α − g− α,nhn,α − fα,nmn,− α + f− α,nmn,α

)
+

+
(
n2 − 1

)
r0E(2)2f− β,n

(
ϕ− α,n − ϕα,n

)
)+

+r2αn
0 r2βn

1 (r0G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))f− α,n

(
f− β,ngα,n − fα,ng− β,n

)
+

+r0G(1)
θr E(2)f− α,n

(
g− β,nhn,α − gα,nhn,− β − f− β,nmn,α + fα,nmn,− β

)
+

+
(
n2 − 1

)
r0E(2)2f− α,n

(
ϕα,n − ϕ− β,n

)
)+

+r2αn+2βn
1 (− r0G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))fα,n

(
f− β,ng− α,n − f− α,ng− β,n

)
+

+r0G(1)
θr E(2)fα,n

(
− g− β,nhn,− α + g− α,nhn,− β + f− β,nmn,− α − f− α,nmn,− β

)
+

+
(
n2 − 1

)
r0E(2)2fα,n

(
− ϕ− α,n + ϕ− β,n

)
)

(A.11)  

ΥGn = rαn+βn
0 rαn+βn

1 (r0G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))( fα,ng− α,n − f− α,ngα,n

)
g− β,n+

+r0G(1)
θr E(2)g− β,n

(
gα,nhn,− α − g− α,nhn,α − fα,nmn,− α + f− α,nmn,α

)
+

+
(
n2 − 1

)
r0E(2)2g− β,n

(
ϕ− α,n − ϕα,n

)
)+

+r2αn
0 r2βn

1 (r0G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))g− α,n

(
f− β,ngα,n − fα,ng− β,n

)
+

+r0G(1)
θr E(2)g− α,n

(
g− β,nhn,α − gα,nhn,− β − f− β,nmn,α + fα,nmn,− β

)
+

+
(
n2 − 1

)
r0E(2)2g− α,n

(
ϕα,n − ϕ− β,n

)
)+

+r2αn+2βn
1 (− r0G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))gα,n

(
f− β,ng− α,n − f− α,ng− β,n

)
+

+r0G(1)
12 E(2)gα,n

(
− g− β,nhn,− α + g− α,nhn,− β + f− β,nmn,− α − f− α,nmn,− β

)
+

+
(
n2 − 1

)
r0E(2)2gα,n

(
− ϕ− α,n + ϕ− β,n

)
)

(A.12)  
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Θg2 = r2α2+2β2
1

[
− 2r1G(1)2

θr

(
1 + ν(2))( f− α,2 − g− α,2

)(
fβ,2gα,2 − fα,2gβ,2

)
+

+ 6r1G(1)
θr E(2)( fβ,2gα,2 − fα,2gβ,2

)(
1 + ϕ− α,2

) ]
+

+rα2
0 rβ2

1

{
rα2

0 rβ2
1

[
2r1G(1)2

θr

(
1 + ν(2))( fα,2 − gα,2

)(
fβ,2g− α,2 − f− α,2gβ,2

)
−

− 6r1G(1)
θr E(2)( fβ,2g− α,2 − f− α,2gβ,2

)(
1 + ϕα,2

) ]
+

+rα2
1 rβ2

0

[
− 2r1G(1)2

θr

(
1 + ν(2))( fα,2g− α,2 − f− α,2gα,2

)(
fβ,2 − gβ,2

)
+

+ 6r1G(1)
θr E(2)( fα,2g− α,2 − f− α,2gα,2

)(
1 + ϕβ,2

) ]}

(A.13)  

Ξgn = rαn
0 rαn+2βn

1 (r0G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))fβ,n

(
fα,ng− α,n − f− α,ngα,n

)
+

+r0G(1)
θr E(2)fβ,n

(
gα,nhn,− α − g− α,nhn,α − fα,nmn,− α + f− α,nmn,α

)
+

+
(
n2 − 1

)
r0E(2)2fβ,n

(
ϕ− α,n − ϕα,n

)
)+

+r2αn+βn
0 rβn

1 (r0G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))f− α,n

(
fβ,ngα,n − fα,ngβ,n

)
+

+r0G(1)
θr E(2)f− α,n

(
gβ,nhn,α − gα,nhn,β − fβ,nmn,α + fα,nmn,β

)
+

+
(
n2 − 1

)
r0E(2)2f− α,n

(
ϕα,n − ϕβ,n

)
)+

+rβn
0 r2αn+βn

1 (− r0G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))fα,n

(
fβ,ng− α,n − f− α,ngβ,n

)
+

+r0G(1)
θr E(2)fα,n

(
− gβ,nhn,− α + g− α,nhn,β + fβ,nmn,− α − f− α,nmn,β

)
+

+
(
n2 − 1

)
r0E(2)2fα,n

(
− ϕ− α,n + ϕβ,n

)
)

(A.14)  

Υgn = rαn
0 rαn+2βn

1 (r0G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))( fα,ng− α,n − f− α,ngα,n

)
gβ,n+

+r0G(1)
θr E(2)gβ,n

(
gα,nhn,− α − g− α,nhn,α − fα,nmn,− α + f− α,nmn,α

)
+

+
(
n2 − 1

)
r0E(2)2gβ,n

(
ϕ− α,n − ϕα,n

)
)+

+r2αn+βn
0 rβn

1 (r0G(1)
θr

(
− 3 + ν(2))( 1 + ν(2))g− α,n

(
fβ,ngα,n − fα,ngβ,n

)
+

+r0G(1)
θr E(2)g− α,n

(
gβ,nhn,α − gα,nhn,β − fβ,nmn,α + fα,nmn,β

)
+

+
(
n2 − 1

)
r0E(2)2g− α,n

(
ϕα,n − ϕβ,n

)
)+

+rβn
0 r2αn+βn

1 (− r0G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))gα,n

(
fβ,ng− α,n − f− α,ngβ,n

)
+

+r0G(1)
θr E(2)gα,n

(
− gβ,nhn,− α + g− α,nhn,β + fβ,nmn,− α − f− α,nmn,β

)
+

+
(
n2 − 1

)
r0E(2)2gα,n

(
− ϕ− α,n + ϕβ,n

)
)

(A.15)  

ΩCn = G(1)
θr (r

2αn
1

(
r2βn

1
(
fβ,ngα,n − fα,ngβ,n

)(
G(1)

θr f− β,n

(
− G(1)

θr

(
ν(2) − 3

)(
1 + ν(2))g− α,n + E(2)mn,− α

)
+

+G(1)
θr f− α,n

(
G(1)

θr

(
− 3 + ν(2))( 1 + ν(2))g− β,n − E(2)mn,− β

)
+

+E(2)
(

G(1)
θr

(
− g− β,nhn,− α + g− α,nhn,− β

)
+
(
n2 − 1

)
E(2)( − ϕ− α,n + ϕ− β,n

) )
)+

+r2βn
0
(
f− β,ngα,n − fα,ng− β,n

)
(G(1)

θr fβ,n

(
G(1)

θr

(
− 3 + ν(2))( 1 + ν(2))g− α,n − E(2)mn,− α

)
+

+G(1)
θr f− α,n

(
− G(1)

θr

(
− 3 + ν(2))( 1 + ν(2))gβ,n + E(2)mn,β

)
+

+E(2)
(

G(1)
θr

(
gβ,nhn,− α − g− α,nhn,β

)
+
(
n2 − 1

)
E(2)( ϕ− α,n − ϕβ,n

) )
))+

+rαn+βn
0 rαn+βn

1 (2G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))( fα,ng− α,n − f− α,ngα,n

)(
fβ,ng− β,n − f− β,ngβ,n

)
+

+G(1)
θr E(2)(−

( (
fβ,ng− β,n − f− β,ngβ,n

)(
− gα,nhn,− α + g− α,nhn,α

) )
+

+fα,n(g− α,n
(
gβ,nhn,− β − g− β,nhn,β

)
+ fβ,n

(
− g− β,nmn,− α − g− α,nmn,− β

)
+

+f− β,n
(
gβ,nmn,− α + g− α,nmn,β

))
+ f− α,n

(
gα,n
(
− gβ,nhn,− β + g− β,nhn,β

)
+

+fβ,n
(
g− β,nmn,α + gα,nmn,− β

)
+ f− β,n

(
− gβ,nmn,α − gα,nmn,β

)
)) +

(
n2 − 1

)
E(2)2

( (
fβ,ng− β,n − f− β,ngβ,n

)(
ϕ− α,n − ϕα,n

)
+
(
fα,ng− α,n − f− α,ngα,n

)(
ϕ− β,n − ϕβ,n

) )
)+

+r2αn
0

(
r2βn

1
(
fβ,ng− α,n − f− α,ngβ,n

)(
G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))( f− β,ngα,n − fα,ng− β,n

)
+

+
(
n2 − 1

)
E(2)2( ϕα,n − ϕ− β,n

)
− G(1)

θr E(2)( − (2n + 1)gα,n + ν(2)gα,n+

+(2n + 1)g− β,n − ν(2)g− β,n + f− β,nmn,α − fα,nmn,− β + (n + 2)g− β,nϕα,n−

− nν(2)g− β,nϕα,n +
(
− (n + 2) + nν(2))gα,nϕ− β,n))+

+r2βn
0
(
f− β,ng− α,n − f− α,ng− β,n

)
(− G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))( fβ,ngα,n − fα,ngβ,n

)
+

+
(
n2 − 1

)
E(2)2( − ϕα,n + ϕβ,n

)
+ G(1)

θr E(2)( − (2n + 1)gα,n + ν(2)gα,n + (2n + 1)gβ,n−

− ν(2)gβ,n + fβ,nmn,α − fα,nmn,β + (n + 2)gβ,nϕα,n−

− nν(2)gβ,nϕα,n +
(
nν(2) − (n + 2)

)
gα,nϕβ,n))))

(A.16)  
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Appendix B 

Using the auxiliary functions (A.1) and Eqs. (23), it is possible to further derive parameters Ξi, Υi,Θi, Ωi used in Eq. (22): 

ΞAc
= r1

2α1
(

r0G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))2log[r1

2
]
fα,1
(
δf− α,1 + ξg− α,1

)
+

+8r0E(2)2fα,1

(

ζ − log
[

r1

r0

]

− log
[

r1

r0

]

ϕ− α,1

)

−

− r0G(1)
θr E(2)( 1 + ν(2))fα,1(2(δ + ξ) + ν(2)(δ − ξ)log

[
r1

2]+ 3( − δ + ξ)log
[
r1

2]+

+

(

2ζ − 4log
[

r1

r0

]

− 3ζlog
[
r1

2]+ ν(2)ζlog
[
r1

2]
)

f− α,1+

+

(

− 2ζ + 4log
[

r1

r0

]

− 3ζlog
[
r1

2]+ ν(2)ζlog
[
r1

2]
)

g− α,1+

+
(
− 2(δ + ξ) + ν(2)(δ − ξ)log

[
r1

2]+ 3( − δ + ξ)log
[
r1

2])ϕ− α,1))+

+r0
2α1 (− r0G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))2log

[
r1

2]f− α,1
(
δfα,1 + ξgα,1

)
+

+8r0E(2)2f− α,1
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+
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+
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+fα,1
(
2 + 3log
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)))
)+

+f− α,2(− fβ,2
(
g− β,2

(
4 + 3ϕα,2 + ν(2)( 2 + ϕα,2

))
+ gα,2

(
2
(
2 + ν(2))+

(
3 + ν(2))ϕ− β,2

))
+

+f− β,2
(
gβ,2
(
4 + 3ϕα,2 + ν(2)( 2 + ϕα,2

))
+ gα,2

(
4 + 3ϕβ,2 + ν(2)( 2 + ϕβ,2

)))
+

+gα,2
(
gβ,2 − ν(2)gβ,2

(
1 + 2ϕ− β,2

)
+ g− β,2

(
− 1 + ν(2)( 1 + 2ϕβ,2

)))
))))
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ΞA− (n− 1)
= r0r1

n− 1E(2)(r0
βn r1

2αn+βn fα,n

(
− G(1)

θr

(
1 + ν(2))

(
fβ,n
(
g− β,n

(
ϕ− α,n − 1

)
− g− α,n

(
ϕ− β,n − 1

))
+

+f− β,n
(
g− α,n

(
ϕβ,n − 1

)
− gβ,n

(
ϕ− α,n − 1

))
+ f− α,n

(
gβ,n
(
ϕ− β,n − 1

)
− g− β,n

(
ϕβ,n − 1

))
)+

+(n + 1)E(2)(g− β,nϕ− α,n − gβ,nϕ− α,n + gβ,nϕ− β,n + fβ,n
(
− ϕ− α,n + ϕ− β,n

)
+

+f− β,n
(
ϕ− α,n − ϕβ,n

)
−
(
f− α,n + g− α,n

)(
ϕ− β,n − ϕβ,n

)
− g− β,nϕβ,n))+

+r0
2αn+βn r1

βn f− α,n

(
G(1)

θr

(
1 + ν(2))

(
fβ,n
(
g− β,n

(
− 1 + ϕα,n

)
− gα,n

(
− 1 + ϕ− β,n

))
+

+f− β,n
(
gα,n
(
ϕβ,n − 1

)
− gβ,n

(
ϕα,n − 1

))
+ fα,n

(
gβ,n
(
ϕ− β,n − 1

)
− g− β,n

(
ϕβ,n − 1

))
)−

− (n + 1)E(2)(g− β,nϕα,n − gβ,nϕα,n + gβ,nϕ− β,n + fβ,n
(
− ϕα,n + ϕ− β,n

)
+

+f− β,n
(
ϕα,n − ϕβ,n

)
−
(
fα,n + gα,n

)(
ϕ− β,n − ϕβ,n

)
− g− β,nϕβ,n))+

+r0
αn r1

αn (r1
2βn fβ,n

(
− G(1)

θr
(
1 + ν(2))

(
f− β,n

(
gα,n
(
− 1 + ϕ− α,n

)
− g− α,n

(
− 1 + ϕα,n

))
+

+fα,n
(
g− α,n

(
ϕ− β,n − 1

)
− g− β,n

(
ϕ− α,n − 1

))
+ f− α,n

(
g− β,n

(
ϕα,n − 1

)
− gα,n

(
ϕ− β,n − 1

))
)+

+(n + 1)E(2)(gα,nϕ− α,n − g− β,nϕ− α,n + g− β,nϕα,n + f− β,n
(
− ϕ− α,n + ϕα,n

)
+

+fα,n
(
ϕ− α,n − ϕ− β,n

)
−
(
f− α,n + g− α,n

)(
ϕα,n − ϕ− β,n

)
− gα,nϕ− β,n))+

+r0
2βn f− β,n

(
G(1)

θr
(
1 + ν(2))

(
fβ,n
(
gα,n
(
− 1 + ϕ− α,n

)
− g− α,n

(
− 1 + ϕα,n

))
+

+fα,n
(
g− α,n

(
ϕβ,n − 1

)
− gβ,n

(
ϕ− α,n − 1

))
+ f− α,n

(
gβ,n
(
ϕα,n − 1 +

)
− gα,n

(
ϕβ,n − 1 +

))
)−

− (n + 1)E(2)(gα,nϕ− α,n − gβ,nϕ− α,n + gβ,nϕα,n + fβ,n
(
− ϕ− α,n + ϕα,n

)
+

+fα,n
(
ϕ− α,n − ϕβ,n

)
−
(
f− α,n + g− α,n

)(
ϕα,n − ϕβ,n

)
− gα,nϕβ,n))))

(B.12)  

ΥA− (n− 1)
= r0r1

n− 1E(2)(r0
βn r1

2αn+βn gα,n

(
− G(1)

θr

(
1 + ν(2))

(
fβ,n
(
g− β,n

(
ϕ− α,n − 1

)
− g− α,n

(
ϕ− β,n − 1

))
+

+f− β,n
(
g− α,n

(
ϕβ,n − 1

)
− gβ,n

(
ϕ− α,n − 1

))
+ f− α,n

(
gβ,n
(
ϕ− β,n − 1

)
− g− β,n

(
ϕβ,n − 1

))
)+

+(n + 1)E(2)(g− β,nϕ− α,n − gβ,nϕ− α,n + gβ,nϕ− β,n + fβ,n
(
− ϕ− α,n + ϕ− β,n

)
+

+f− β,n
(
ϕ− α,n − ϕβ,n

)
−
(
f− α,n + g− α,n

)(
ϕ− β,n − ϕβ,n

)
− g− β,nϕβ,n))+

+r0
2αn+βn r1

βn g− α,n

(
G(1)

θr

(
1 + ν(2))

(
fβ,n
(
g− β,n

(
− 1 + ϕα,n

)
− gα,n

(
− 1 + ϕ− β,n

))
+

+f− β,n
(
gα,n
(
ϕβ,n − 1

)
− gβ,n

(
ϕα,n − 1

))
+ fα,n

(
gβ,n
(
ϕ− β,n − 1

)
− g− β,n

(
ϕβ,n − 1

))
)−

− (n + 1)E(2)(g− β,nϕα,n − gβ,nϕα,n + gβ,nϕ− β,n + fβ,n
(
− ϕα,n + ϕ− β,n

)
+

+f− β,n
(
ϕα,n − ϕβ,n

)
−
(
fα,n + gα,n

)(
ϕ− β,n − ϕβ,n

)
− g− β,nϕβ,n))+

+r0
αn r1

αn (r1
2βn gβ,n

(
− G(1)

θr

(
1 + ν(2))

(
f− β,n

(
gα,n
(
− 1 + ϕ− α,n

)
− g− α,n

(
− 1 + ϕα,n

))
+

+fα,n
(
g− α,n

(
ϕ− β,n − 1

)
− g− β,n

(
ϕ− α,n − 1

))
+ f− α,n

(
g− β,n

(
ϕα,n − 1

)
− gα,n

(
ϕ− β,n − 1

))
)+

+(n + 1)E(2)(gα,nϕ− α,n − g− β,nϕ− α,n + g− β,nϕα,n + f− β,n
(
− ϕ− α,n + ϕα,n

)
+

+fα,n
(
ϕ− α,n − ϕ− β,n

)
−
(
f− α,n + g− α,n

)(
ϕα,n − ϕ− β,n

)
− gα,nϕ− β,n))+

+r0
2βn g− β,n

(
G(1)

θr

(
1 + ν(2))

(
fβ,n
(
gα,n
(
− 1 + ϕ− α,n

)
− g− α,n

(
− 1 + ϕα,n

))
+

+fα,n
(
g− α,n

(
ϕβ,n − 1

)
− gβ,n

(
ϕ− α,n − 1

))
+ f− α,n

(
gβ,n
(
ϕα,n − 1 +

)
− gα,n

(
ϕβ,n − 1 +

))
)−

− (n + 1)E(2)(gα,nϕ− α,n − gβ,nϕ− α,n + gβ,nϕα,n + fβ,n
(
− ϕ− α,n + ϕα,n

)
+

+fα,n
(
ϕ− α,n − ϕβ,n

)
−
(
f− α,n + g− α,n

)(
ϕα,n − ϕβ,n

)
− gα,nϕβ,n))))
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ΞC− (n+1)
= r0r1

n+1E(2)
(

r0
αn r1

αn
(

r1
2βn fβ,n

(
G(1)

θr

(
g− β,n

(
fα,np− α,n − f− α,npα,n

)
+

+f− β,n
(
− gα,np− α,n + g− α,npα,n

)
+
(
− fα,ng− α,n + f− α,ngα,n

)
p− β,n)+

+4E(2)((n + 2)f− β,n
(
− ϕ− α,n + ϕα,n

)
+ ng− β,n

(
− ϕ− α,n + ϕα,n

)
+

+(n + 2)fα,n
(
ϕ− α,n − ϕ− β,n

)
+ ngα,n

(
ϕ− α,n − ϕ− β,n

)
−
(
(n + 2)f− α,n + ng− α,n

)(
ϕα,n − ϕ− β,n

)
))+

+r0
2βn f− β,n

(
G(1)

θr

(
fβ,n
(
gα,np− α,n − g− α,npα,n

)
+ fα,n

(
− gβ,np− α,n + g− α,npβ,n

)
+

+f− α,n
(
gβ,npα,n − gα,npβ,n

))
− 4E(2)( (n + 2)fβ,n

(
− ϕ− α,n + ϕα,n

)
+

+ngβ,n
(
− ϕ− α,n + ϕα,n

)
+ (n + 2)fα,n

(
ϕ− α,n − ϕβ,n

)
+

+ngα,n
(
ϕ− α,n − ϕβ,n

)
−
(
(n + 2)f− α,n + ng− α,n

)(
ϕα,n − ϕβ,n

)
)))+

+r0
βn r1

2αn+βn fα,n

(
G(1)

θr

(
fβ,n
(
− g− β,np− α,n + g− α,np− β,n

)
+

+f− β,n
(
gβ,np− α,n − g− α,npβ,n

)
+ f− α,n

(
− gβ,np− β,n + g− β,npβ,n

)
)+

+4E(2)((n + 2)fβ,n
(
− ϕ− α,n + ϕ− β,n

)
+ ngβ,n

(
− ϕ− α,n + ϕ− β,n

)
+

+(n + 2)f− β,n
(
ϕ− α,n − ϕβ,n

)
+ ng− β,n

(
ϕ− α,n − ϕβ,n

)
−
(
(n + 2)f− α,n + ng− α,n

)(
ϕ− β,n − ϕβ,n

)
))+

+r0
2αn+βn r1

βn f− α,n

(
G(1)

θr

(
fβ,n
(
g− β,npα,n − gα,np− β,n

)
+

+f− β,n
(
− gβ,npα,n + gα,npβ,n

)
+ fα,n

(
gβ,np− β,n − g− β,npβ,n

)
)−

− 4E(2)((n + 2)fβ,n
(
− ϕα,n + ϕ− β,n

)
+ ngβ,n

(
− ϕα,n + ϕ− β,n

)
+ (n + 2)f− β,n

(
ϕα,n − ϕβ,n

)
+

+ng− β,n
(
ϕα,n − ϕβ,n

)
−
(
(n + 2)fα,n + ngα,n

)(
ϕ− β,n − ϕβ,n

)
)))

(B.14)  

ΥC− (n+1)
= r0r1

n+1E(2)(r0
αn r1

αn (r1
2βn gβ,n

(
G(1)

θr

(
g− β,n

(
fα,np− α,n − f− α,npα,n

)
+

+f− β,n
(
− gα,np− α,n + g− α,npα,n

)
+
(
− fα,ng− α,n + f− α,ngα,n

)
p− β,n)+

+4E(2)((n + 2)f− β,n
(
− ϕ− α,n + ϕα,n

)
+ ng− β,n

(
− ϕ− α,n + ϕα,n

)
+

+(n + 2)fα,n
(
ϕ− α,n − ϕ− β,n

)
+ ngα,n

(
ϕ− α,n − ϕ− β,n

)
−
(
(n + 2)f− α,n + ng− α,n

)(
ϕα,n − ϕ− β,n

)
))+

+r0
2βn g− β,n

(
G(1)

θr

(
fβ,n
(
gα,np− α,n − g− α,npα,n

)
+ fα,n

(
− gβ,np− α,n + g− α,npβ,n

)
+

+f− α,n
(
gβ,npα,n − gα,npβ,n

))
− 4E(2)( (n + 2)fβ,n

(
− ϕ− α,n + ϕα,n

)
+

+ngβ,n
(
− ϕ− α,n + ϕα,n

)
+ (n + 2)fα,n

(
ϕ− α,n − ϕβ,n

)
+

+ngα,n
(
ϕ− α,n − ϕβ,n

)
−
(
(n + 2)f− α,n + ng− α,n

)(
ϕα,n − ϕβ,n

)
)))+

+r0
βn r1

2αn+βn gα,n

(
G(1)

θr

(
fβ,n
(
− g− β,np− α,n + g− α,np− β,n

)
+

+f− β,n
(
gβ,np− α,n − g− α,npβ,n

)
+ f− α,n

(
− gβ,np− β,n + g− β,npβ,n

)
)+

+4E(2)((n + 2)fβ,n
(
− ϕ− α,n + ϕ− β,n

)
+ ngβ,n

(
− ϕ− α,n + ϕ− β,n

)
+

+(n + 2)f− β,n
(
ϕ− α,n − ϕβ,n

)
+ ng− β,n

(
ϕ− α,n − ϕβ,n

)
−
(
(n + 2)f− α,n + ng− α,n

)(
ϕ− β,n − ϕβ,n

)
))+

+r0
2αn+βn r1

βn g− α,n

(
G(1)

θr

(
fβ,n
(
g− β,npα,n − gα,np− β,n

)
+

+f− β,n
(
− gβ,npα,n + gα,npβ,n

)
+ fα,n

(
gβ,np− β,n − g− β,npβ,n

)
)−

− 4E(2)((n + 2)fβ,n
(
− ϕα,n + ϕ− β,n

)
+ ngβ,n

(
− ϕα,n + ϕ− β,n

)
+ (n + 2)f− β,n

(
ϕα,n − ϕβ,n

)
+

+ng− β,n
(
ϕα,n − ϕβ,n

)
−
(
(n + 2)fα,n + ngα,n

)(
ϕ− β,n − ϕβ,n

)
)))
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ΩAn− 1
= r1

2αn
(
2r1

2βn
(
fβ,ngα,n − fα,ngβ,n

)(
− G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))( f− β,ng− α,n − f− α,ng− β,n

)
+

+G(1)
θr E(2)( − g− β,nhn,− α + g− α,nhn,− β + f− β,nmn,− α − f− α,nmn,− β

)
+

+
(
n2 − 1

)
E(2)2( − ϕ− α,n + ϕ− β,n

)
)+2r0

2βn
(
f− β,ngα,n − fα,ng− β,n

)

(
G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))( fβ,ng− α,n − f− α,ngβ,n

)
+

+G(1)
θr E(2)( gβ,nhn,− α − g− α,nhn,β − fβ,nmn,− α + f− α,nmn,β

)
+
(
n2 − 1

)
E(2)2( ϕ− α,n − ϕβ,n

)
))+

+r0
αn+βn r1

αn+βn (4G(1)2
θr

(
− 3 + ν(2))( 1 + ν(2))( fα,ng− α,n − f− α,ngα,n

)(
fβ,ng− β,n − f− β,ngβ,n

)
−

− 2G(1)
θr E(2)(−

( (
fα,ng− α,n − f− α,ngα,n

)(
gβ,nhn,− β − g− β,nhn,β

))
+

+fβ,n
(
g− β,n

(
− gα,nhn,− α + g− α,nhn,α + fα,nmn,− α − f− α,nmn,α

)
+
(
fα,ng− α,n − f− α,ngα,n

)
mn,− β

)
+

+f− β,n
(
gβ,n
(
gα,nhn,− α − g− α,nhn,α − fα,nmn,− α + f− α,nmn,α

)
+
(
− fα,ng− α,n + f− α,ngα,n

)
mn,β

)
)+

+2
(
n2 − 1

)
E(2)2( ( fβ,ng− β,n − f− β,ngβ,n

)(
ϕ− α,n − ϕα,n

)
+
(
fα,ng− α,n − f− α,ngα,n

)(
ϕ− β,n − ϕβ,n

))
)+

+r0
2αn
(
2r1

2βn
(
fβ,ng− α,n − f− α,ngβ,n

)(
G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))( f− β,ngα,n − fα,ng− β,n

)
+

+G(1)
θr E(2)( g− β,nhn,α − gα,nhn,− β − f− β,nmn,α + fα,nmn,− β

)
+

+
(
n2 − 1

)
E(2)2( ϕα,n − ϕ− β,n

)
)+2r0

2βn
(
f− β,ng− α,n − f− α,ng− β,n

)

(
− G(1)2

θr

(
− 3 + ν(2))( 1 + ν(2))( fβ,ngα,n − fα,ngβ,n

)
+

+G(1)
θr E(2)( − gβ,nhn,α + gα,nhn,β + fβ,nmn,α − fα,nmn,β

)
+
(
n2 − 1

)
E(2)2( − ϕα,n + ϕβ,n

)
))

(B.16)  

Appendix C. Supplementary data 

Supplementary data to this article can be found online at https://doi.org/10.1016/j.tafmec.2023.103821. 
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