Theoretical and Applied Fracture Mechanics 125 (2023) 103821

Contents lists available at ScienceDirect -
Theoretical and Applied Fracture Mechanics
F[SF\/[F journal homepage: www.elsevier.com/locate/tafmec
)
Exact in-plane stress field solution for isotropic plates with circular holes &&=

reinforced with cylindrically orthotropic rings

Matteo Pastrello, Alessandro Pontefisso, Michele Zappalorto

University of Padova, Department of Management and Engineering, Stradella San Nicola 3, 36100 Vicenza, Italy

ARTICLE INFO ABSTRACT

Keywords:
Reinforced holes
Stress fields
Displacement fields

In this paper an analytical solution for the stress distribution in an infinite plate with a concentrically reinforced
hole under a general loading condition is derived. The developed solution explicitly accounts for the elastic
properties of the plate and of the reinforcing annulus, for the hole radius to reinforcing ring thickness ratio, as
well as the loading conditions, including loads applied onto the hole boundary and on the plate, far away from

the hole. A careful validation of the proposed framework is carried out by comparing the newly developed so-
lution with the results from a number of finite element analyses, documenting a very satisfactory agreement.

The solution derived represents a useful tool toward the understanding of the stress fields in polymeric
components with reinforced holes and made with fused deposition modelling technologies.

1. Introduction

Geometrical variations can severely weaken the mechanical prop-
erties of industrial components, independently of the loading conditions
and materials used. However, for design reasons, holes and notches are
often unavoidable in real parts and, accordingly, explicitly accounting
for stress concentrators in the design process is vital to ensure appro-
priate mechanical performances.

For this reason, many authors devoted efforts to derive stress dis-
tributions in the proximity of notches and holes under several loading
conditions, both for isotropic and anisotropic materials (see, for
example, [1-4] and references reported therein).

A possible strategy to improve the strength of mechanical compo-
nents with holes is to reinforce them with stiff rings or inserts. The
problem of finding the stress distributions around reinforced holes is
that of considerable difficulty. Within this context, and in relation to
isotropic plates, worth of mentioning is the work carried out by Savin,
who developed an analytical solution for an elliptic hole reinforced by
two infinitely rigid arc-shaped plates connected by two symmetrical
braces [5], and Chao et al. [6], deriving the stress fields around an
elliptic hole with an elliptic isotropic annulus as reinforcement. Moving
to orthotropic solids, Lekhnitskii [7] studied the problem of the stress
field in holes with infinitely rigid reinforcements, and many years later
his framework was validated experimentally by Toubal et al. [8] taking
advantage of ESPI technologies.
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Belfield et al. [9] further focused on this problem and provided an
analytical solution for concentrically highly anisotropic reinforcements
around holes in infinite isotropic plates under certain loading condi-
tions. Starting from these bases, several works were carried out to
investigate the stress fields around reinforced geometrical variations in
solids subjected to mechanical or thermal loads (see, among the others,
Aluko and Whitworth [10], Pan et al. [11], Jafari and Jafari [12],
Mohan and Kumar [13], and references reported therein).

On parallel tracks, the development of modern additive
manufacturing technologies for long fiber composites gave rise to the
possibility to generate geometries, and to place reinforcement material,
without the constraints imposed by traditional technologies and opened
new design possibilities worth to be investigated. For this reason, in the
recent years much efforts have been devoted to the study and optimi-
zation of the fused deposition modelling technologies for long fiber
composites (see Khosravani et al. [14] and references quoted therein), as
well as to the fracture behavior of 3D printed specimens around
geometrical discontinuities (Khosravan et al. [15] and reference quoted
therein).

The possibility of strengthening and stress relieving the regions of
composite components close to geometrical variations was also studied
in various works. Among the others, Dave and Sharma [16] studied the
effect of functionally graded laminas on the stress concentrations around
rectangular holes in composite laminates, whilst Yang et al. [17] derived
the stress fields in an isotropic plate with an elliptic hole reinforced with

Received 5 December 2022; Received in revised form 31 January 2023; Accepted 16 February 2023

Available online 24 February 2023
0167-8442/© 2023 Elsevier Ltd. All rights reserved.


mailto:michele.zappalorto@unipd.it
www.sciencedirect.com/science/journal/01678442
https://www.elsevier.com/locate/tafmec
https://doi.org/10.1016/j.tafmec.2023.103821
https://doi.org/10.1016/j.tafmec.2023.103821
https://doi.org/10.1016/j.tafmec.2023.103821
http://crossmark.crossref.org/dialog/?doi=10.1016/j.tafmec.2023.103821&domain=pdf

M. Pastrello et al.

a functionally graded annulus.

Different from previous studies, in this work the attention is focused
on the problem of the stress and displacement fields arising in an
isotropic infinite plate with a circular hole reinforced with a polarly
orthotropic material. The plate is supposed to be subjected to a generic
loading condition, including far applied biaxial tension and shear
loadings, as well as a general radial or shear stress applied onto the hole
boundary.

In order to address this problem, initially, the analytical statement is
formulated using, in combination, the Muskhelishvili complex potential
approach for isotropic plates [18] and the solution provided by Spencer
[19] for a polarly orthotropic annulus. Subsequently, the exact solution
for the problem is obtained in closed form by applying appropriate
boundary conditions and analytically solving the corresponding system.
The derived explicit expressions for the displacement and stress fields
account for the geometrical features and the elastic properties of the
plate and of the reinforcing region. Relevant examples are, eventually,
discussed, comparing the analytical solution with the results from a bulk
of finite element analyses carried out on finite geometries under various
loading conditions.

The solution developed in this work represents a useful tool toward
the understanding of the stress fields in polymeric components with
reinforced holes and made with fused deposition modelling
technologies.

2. Analytical solution
2.1. Statement of the problem

Consider an infinite isotropic plate with a circular hole of radius ry,
reinforced with a concentric polarly orthotropic annulus of thickness s
and outer radius r;, with s = r; —ry. The plate is subjected to radial and
shear stresses in the hole boundary, generally given in the following
Fourier series form:

N
G, (0) =S + Z(S,,\,cos(n@) + S,2sin(nf))
n=1
N 6
G,0(0) =Ty + Z(T,,\,cos(n()) + T,,_zsin(ne))

n=1

where Sy, Ty, S, Ty € R Vi: 1<i<N € N;j € {1,2}.

Being based on a Fourier series expansion, Eq. (1) allows any loading
condition to be described (see also Ref. [9]).
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Fig. 1. Infinite plate with a reinforced circular hole under generic
loading conditions.

Moreover, external far-field constant stresses oy, oy, o5, are applied

to the plate (see Fig. 1).

2.2. General form for the displacement and stress fields in the reinforcing
region

Consider again the schematic in Fig. 1. In the (x,y) plane, the rein-
forcing region is modelled as a polarly orthotropic ring for which the
radial and circumferential directions are principal directions of
elasticity.

Accordingly, the stress and displacements fields in the reinforcing
region can be sought in the same form used by Belfield et al. [9] for the
problem of a concentric annulus. Thus, the following expressions for
displacements and stresses can be invoked (see, again, the reference
system shown in Fig. 1):

)+

(2a)

(2b)
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In Eq. (4a):

In Egs. (2) and (3a-c), the superscript (1) refers to the elastic con-
stants, stresses and displacements of the reinforcing region.

Unknowns Ay, an, Bp, by, Cp, ¢, Dy, dn, En, en, Fn, fn, Gn, &, Hn,

h, Vn<N € N are linearly dependent constants to determine by applying

proper boundary conditions and linked through the following relations

. 72—t~ 1
"n((+e ) -y, (1+d2))

whilst +a, and £, Vn € N are the roots of the following charac-
teristic equations:

(4Db)
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for plain stress.

Differently, the plain strain case can be treated considering a trans-
versely isotropic behaviour in the through the thickness direction (as
usually done for Fibre Reinforced Polymers), according to which EY =

1 1 ()
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expressions for constants L, M and N hold valid:
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where Eﬁ,l)7 Eﬁl), E;l) are Young moduli, z/(,:,), zxﬁ? Poisson ratios and Gg),

Gﬁzl ) shear moduli.
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2.3. General form for the displacement and stress fields in the reinforced
plate (outside the reinforcing region)

The general form for the displacement and stress fields in the plate
outside the reinforcing region can be determined using Muskhelishvili
complex function [18]:

dd(z)
2
o) + oy = 4Re {d—z}
o[ d®(z) dX(z)
(2 _ (2 2i (2) =9, 2i6 [ = 8
Ggg — 0, +2i0y e (z a2 + & 8
@ 14+® doz) —\ _,
u® + i) = o) k®(z) -z & —X(z) )™

where superscript (2) identifies the elastic constants, stresses and dis-
placements in the isotropic plate and E®, 12 are the Young modulus
and the Poisson ratio, respectively.

In order to properly address the problem under investigation, the
following two potential functions are used:

=
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which allow to apply in exact form all the boundary conditions
relevant to the problem under investigation.

Substituting Eq. (9) into Eq. (8) results in the following displacement
and stress fields (according to the reference system shown in Fig. 1):
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A., B, Ay, By, C,, D, Vn<N € N are integration constants to deter-

mine by applying proper boundary conditions, and x = 2 ;Zg; V= %
for plane stress conditions, whilst for plane strain x = 3 -4/, 7 =

V@,

2.4. Boundary conditions and explicit solution for unknown coefficients

The unknowns in the expressions derived in the previous sections can
be determined by applying the following boundary conditions:

i. Far away from the hole (r—o0) the following conditions must be
verified:
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with, r, =ry +s.

Egs. (14) gives a total of 12N +6 linearly independent equations,
enough to determine all the remaining unknowns, where N is the
number of terms used to express internal loads, according to Egs. (1).

To simplify the expressions for the determined constants, the
following auxiliary parameters are introduced:
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Under the condition of plane stress, the following close form ex-
pressions for the unknowns can be determined, for the reinforcing
annulus:
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where E;, Y;, ©;, Q; are real terms explicitly reported in Appendix A and
B and satisfying the following equalities:
(20)
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The constants under plane strain conditions have similar expressions,
and can be easily obtained:

whereas for the isotropic reinforced plate the constants are:
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Table 1
Results of the mesh convergence analysis. FE nodes are those of one-quarter of a
plate.

eo [mm] FE Nodes owlg—o /by
1 r=rop
4.348-10° 4.11
0.5 11.176-10° 4.23
0.1 167.374-10° 4.24
0.05 618.748-10° 4.24
. . 2 E?)
i. changing E® for e
ii. changing v?) for lf—fzz,;

iii. Using Egs. (7b) instead of Eq. (7a) for parameters L, M and N.
3. Discussion and comparison with numerical results

Even if the solution obtained in this work is mathematically exact for
infinite plates, the stress fields resulting from the developed framework
were compared with several numerical analyses carried out on finite
plates with reinforced holes, in order to check their accuracy also in the
presence of finite bodies.

To this end, in the numerical investigations, finite plates with height
and width equal to 250 mm, having a central hole of radius ro = 10 mm
and reinforced with annuli of thickness equal to s = 2, 5 and 10 mm were
considered.

Numerical analyses were carried out with Ansys® version 21 soft-
ware package, using PLANE183 quadrilateral plane elements with plane
stress condition and pure displacement formulation. The mesh is created
in three steps: as a first step, the perimeter of the plate hole is divided
into elements of a given edge-length, e, then, up to a radius of 40 mm
from the hole center, a mapped mesh is created imposing the length of
the quadrilateral elements in the radial direction equal to e; finally, for
the rest of the plate the mesh remains mapped, but imposing 100 ele-
ments in the radial direction with spacing ratio 100. In order to find a
value for e that guarantees the accuracy of displacement and stress
values, a convergence analysis was carried out. To this end, a 250x250
mm plate made of quasi-isotropic GFRP with a hole with radius ro = 10
mm, reinforced with a ring of width s = 2 mm (s/rp = 0.2) was
considered. The plate was subjected to uniaxial tension, with a far
applied nominal stress, o},. With reference to this particular case, the
size of ey was progressively reduced, and the value of the normalized
hoop stress at the hole pole was determined, 6g| ¢y _ /6%,. The results

r=ro
are presented in Table 1, where it is evident that a value ey = 0.05 mm
guarantees the convergence of results.

Accordingly, a value for ey of 0.05 mm was chosen for all the ana-
lyses, resulting in meshes of about 620k nodes and 220k elements for
each plate quadrant.

In this way very fine and regular mesh patterns were obtained,
especially in the region close to the reinforced hole, guaranteeing in all
cases a great accuracy of the numerical results.

Whenever possible, symmetry or skew-symmetry boundary condi-
tions were used, thus modelling one quarter of the plate; whenever this
was not possible, due to the loading conditions the plate was subjected
to, the whole plate was modelled. As a representative example, Fig. 2a-
d reports contour plots for 6gg, 651, Ug and u; in the case of a plate under
biaxial tension and internal pressure.

According to the schematic shown in Fig. 3, for each analysed case,
stresses were evaluated along three main straight paths starting from the
centre of the hole and inclined along the 6 = 0°, 45° and 90° directions
(paths 1, 2 and 3, respectively, in Fig. 3). In addition, stresses were
assessed along the hole boundary (path 4) and along the boundary of the
reinforcing region (path 5). Several loading conditions were considered
in the analyses, including uniaxial tension, biaxial tension, pure shear,
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and uniform and non-uniform internal pressure.

In all the analyses an annular reinforcement made of Carbon Fiber
Reinforced Polymer (CFRP) was considered, with the following prop-
erties: Eg = 147 GPa, E; = 10.3 GPa, Gy, = 7 GPa, v,9 = 0.02.

Differently, for the reinforced plates, two different materials were
considered, i.e.:

i. Polyamide (PA) with E = 3 GPa and v = 0.35;
ii. Quasi-isotropic laminate made of Glass Fiber Reinforced Polymer
(GFRP), with Ex = Ey = 54 GPa, and v12 = v21 = 0.31.

Comparisons between the analytical solution and some of the results
from numerical analyses are shown in Figs. 4-12 for different combi-
nations of materials, geometries and loading conditions. It is evident
that, in all the cases the agreement is very satisfactory. Accordingly, the
proposed solution, mathematically exact in the case of an infinite plate,
can be successfully used also to characterize the stress and displacement
fields in finite plates.

In more details, the hoop stress component evaluated along the
boundary of the hole for plates under uniaxial tension is reported in
Fig. 4, where it is noteworthy that the stress field magnitude increases
while decreasing the ;> ratio.

The stress components, as evaluated along the boundary of the
reinforcing annulus are reported in Fig. 5 for a PA plate, much less stiff
than the CFRP ring, documenting that also for this case the proposed
framework is very precise.

The accuracy of the analytical solution varying the loading condition
is demonstrated in Figs. 6-11 for different materials and size of the
reinforcing ring. In particular, the following loading conditions were
considered:

i. biaxial tension combined with a constant internal radial pressure
(Fig. 6);

ii. pure in-plane shear (Fig. 7);

iii. in-plane shear combined with a constant internal radial pressure
(Fig. 8);

iv. in-plane shear combined with a non-uniform internal pressure,
simulating the pressure exerted by a pin. In this case, the internal
pressure was described taking advantage of the following equa-
tion (see also Fig. 9a):

200cos[26]  40cos[46]
- 3z Y
40cos[66]  200cos[89]  200cos[106]

7t 6 9z

G, (0) = ©(0) = 100 50sin[6]
i (22)

The results related to this last-mentioned case are presented in
Fig. 9b. Moreover, examples of the displacement distributions are re-
ported in Figs. 10 and 11.

As evident, in all the cases above discussed, the agreement is
extremely satisfactory due to the fact that the hole size (ro = 10 mm) is
small compared to the plate size (plate ligament: 250 mm).

It is also worth of noting that in Figs. 6, 8 and 9 the hoop stress
component is discontinuous; such a behavior is due to the nature of the
problem under investigation and is due to elastic mismatch between the
involved materials; different from stresses, the displacement field is
continuous, as evident from Figs. 10 and 11.

Eventually, in Fig. 12, the attention is focused into a 100x100 mm
plate with a hole of radius 10 mm and a 5 mm thick reinforcement,
under a complex loading condition (namely: biaxial tension, shear stress
and a non-uniform internal pressure). In this latest case, the plate size is
comparable with the hole radius and, as a consequence, the accuracy of
the proposed solution is lower with respect to the previous cases, but still
acceptable, with a maximum difference between numerical results and
theoretical solution within 10%.
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Fig. 2. Example of contour plots in 250x250 mm plates made of quasi-isotropic GFRP; hole radius ro = 10 mm reinforced with a ring of width s = 10 mm. Applied
loads: biaxial tension (o‘f,y = 100 MPa, 65, = 50 MPa) and internal pressure (6, = 100 MPa). Stresses in MPa; displacements in mm.
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, FE analyses.

—_——_"—————_—J

r— — — S S — —— — — — 5
’ Quasi-isotropic GFRP plate
—> 4 Solid lines: Eq. (3b)
’ Path 3 l = Symbols: FE results
\ 3
l S
\ ®
I , ¢!
’ L , 0
) g .
‘ 2
Path 1, 0 20 40 60 80
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\ Fig. 4. Stress component o4y evaluated along the boundary of the hole (path 4
’ in Fig. 3). 250x250 mm isotropic plates made of quasi-isotropic GFRP; hole
’ radius ro = 10 mm reinforced with rings of width s = 2, 5 and 10 mm. Uniaxial
l l tension o}, = 100 MPa. Analytical solution compared with the results from

Fig. 3. Schematics of the paths used for comparing the analytical solution with
numerical (FE) results.
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Fig. 5. Stress components o, 64y, 09 evaluated along the edge of the reinforcing ring (path 5 in Fig. 3). 250x250 mm plates made of PA; hole radius ro = 10 mm
reinforced with a ring of width s = 5 mm. Uniaxial tension, 63, = 100 MPa. Analytical solution compared with the results from FE analyses.
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Fig. 6. Stress components o, 6gy, 09 €valuated along a straight path with 0 = 45° (path 2 in Fig. 3). 250x250 mm plates made of quasi-isotropic GFRP; hole radius
ro = 10 mm reinforced with a ring of width s = 10 mm. Applied loads: biaxial tension (¢}, = 100 MPa, o3, = 50 MPa) and internal pressure (6, = 100MPa).

Analytical solution compared with the results from FE analyses.

35
3 |
E 25 ¢
6 [
2t /
L Oro
1.5 |
L o/
05 - Quasi-isotropic GFRP plate with s/ry =1
! Solid lines: Egs. (3a-c), Egs. (11a-c)
I/ Symbols: FE results

0 C} L L
0 0.2 0.4 0.6 0.8 1 1.2 1.4
Normalized distance from hole's edge, (r-1y)/s

Fig. 7. Stress components o, 0y evaluated along a straight path with 6 = 90°
(path 3 in Fig. 3). 250x250 mm plates made of quasi-isotropic GFRP; hole
radius ro = 10 mm reinforced with a ring of width s = 10 mm. Pure shear
loadings, 6%, = 100 MPa. Analytical solution compared with the results from
FE analyses.
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Fig. 8. Stress components oy and o, evaluated along a straight path with 6 =
0° (path 1 in Fig. 3). 250x250 mm plates made of PA; hole radius ro = 10 mm
reinforced with a ring of width s = 5 mm. Applied loads: pure shear loadings
ngy =100MPa and internal pressure (6, = 100MPa). Analytical solution
compared with the results from FE analyses.
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PA plate with s/r, = 0.5
Solid lines: Egs. (3a-c), Egs. (11a-c)
Symbols: FE results
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Normalized distance from hole's edge, (r-1,)/s

(b)

Fig. 9. (a) Schematic of the internal pressure exerted by a pin, according to the Eq. (22). (b) Stress components o4 and o,y evaluated along a straight path with 6 =
90° (path 3 in Fig. 3). 250x250 mm plates made of PA; hole radius ro = 10 mm reinforced with a ring of width s = 5 mm. Applied loads: pure shear loadings o%, =
100 MPa and non-uniform internal pressure according to Eq. (22) (see also Fig. 9a). Analytical solution compared with the results from FE analyses.

11



M. Pastrello et al. Theoretical and Applied Fracture Mechanics 125 (2023) 103821

0.05

0.04

0.03

0.02

001 | Quasi-isotropic GFRP plate with s/t=1
Solid Lines: Egs. (2a-b), Eqs (10a-b)
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Displacement components u; [mm]

Fig. 10. Displacement components u, and u, evaluated along a straight path with 6 = 45° (path 2 in Fig. 2). 250x250 mm plates made of quasi-isotropic GFRP; hole
radius ro = 10 mm reinforced with a ring of width s = 10 mm. Applied loads: biaxial tension (0‘}‘3,y =100 MPa, ¢%, =50 MPa) and internal pressure (6, = 100 MPa).
Analytical solution compared with the results from FE analyses.
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Fig. 11. Displacement components u, and u, evaluated along a straight path with 8 = 90° (path 3 in Fig. 2). 250x250 mm plates made of PA; hole radius ro = 10 mm
reinforced with a ring of width s = 5 mm. Applied loads: pure shear loadings 6%, = 100 MPa and non-uniform internal pressure according to Eq. (22) (see also
Fig. 9a). Analytical solution compared with the results from FE analyses.
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5 [ Symbols: FE results
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Quasi-isotropic GFRP plate with s/r, = 0.5 g
Solid lines: Egs. (3a-c), Egs. (11a-c
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Fig. 12. Stress components o, 0y, 0r9 €valuated along a straight path with 6 = 0° (path 1 in Fig. 3). 100x100 mm plates made of quasi-isotropic GFRP; hole radius
1o = 10 mm reinforced with a ring of width s = 5 mm. Applied loads: biaxial tension-compression (dgj,y = 100 MPa 65, = —50MPa) shear stress (zfﬁy = 100 MPa) and
non-uniform internal pressure according to Eq. (22) (see also Fig. 9a). Analytical solution compared with the results from FE analyses.

4. Conclusions

In this work a new and exact analytical solution was derived for an
isotropic infinite plate with a circular hole reinforced with a polarly
orthotropic material and a generic loading condition.

The proposed close form solution for the displacement and stress
fields is able to properly account for the geometrical features and the
elastic properties of the plate and of the reinforcing region.

The accuracy of the proposed framework, exact in the case of infinite
bodies, was checked against the results from a bulk of finite element
analyses carried out on relevant cases related to plates with a finite size,
documenting a very satisfactory agreement.

The solution developed in this work represents a useful tool toward

Appendix A

Let’s introduce the following constants:

nt+ g ¥
TP B e
My, = (n+2)+Q2n+1)p,, -2 (n+d,,)

Pyrn = ¢y.n - (n + 2) + y(2)( - (l’l - 2) + n¢7~ﬂ)

8y f%n =1+y+ ”¢y_n§

the understanding of the stress fields in polymeric components with
reinforced holes and made with fused deposition modelling
technologies.
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By =V — 2n+1) + (' — (n+2))¢ (A1)

yn

Using relations (21) it is possible to explicitly derive parameters =;, Y;, Q; to be used in Eq. (20):

Ze, =1 (= G (14 8o (F at = 8-at) + 20 (14 601) )+
e (roc;i,‘) (14 0O) s (e — 8ar) — 200ED 0y (1 + ) )

Vi, =2 (= G (14 02) (-t = 8-a1)8as +200E @ gun (1 + ¢y )+
473 (ro(;g) (L + ) g a1 (fur — 8a1) — 2r0E@g_ai (1 + ¢y )

QEI = Gélr) [rgl r(lll (Q‘E(Z)é, - G(le) (1 + V(2>)(5 + 5) ) (fa,lgfa.l _ffa‘lga,l) +

(A.2)

A (an + E8ar) (= G (1 +8¥) (Far = 8-01) + 2BV (14 6y) )+

2 (6 + £8 ) (G;‘) (141 (fur — ga1) — 2E? (1 + ¢, ) ]
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B, =ry'r]! (ZrOE(Z)gffaJ - V()G(gi) (1 + l/(z))((s +&Ef-an >+
i (roG((,l,) (1 + I/(z))f(ﬂm - g—a.l) — 2"()Ea)f(l + ¢-a,l) )
Yo, =g r! <2VOE(2)€g—u,l - VOGLIV) (14+62)(6+8)g-ai )+
4 ( — roG((,l,> (1+2)8(foan — 8-at) + 2rpE@5(1+ ¢_y,y) )
B, = <2r0E(2)§f[,J — 710Gy (1 + V@) (8 + &) >+
+rgt <roG5,l,) (14 1) E(fur = 8a1) — 2rEPE(1 + ) )
Y, =" (2r0E(2>nga,1 - rOGg_) (1+ l/(2>)(5 +&)ga )+
17 (= Gl (L 02)8(fas = gar) +200E@5(1+ 4,1 )
Qc, = Gy [t (= 2890+ G (14 6) (64 8) ) (fuag 0t —f agar) +
3 (O + E8a) (GO (14 6) (P — ga) =269 (14 6,) )+
)

1 (Ot + E8-a) (= OB (14 02) (fa = a1) + 269 (1 4+ 1) )

Oc, = P 20 G (14 0%) (Fruz = g-a2) (28 52 —F p2852) -
— 611Gy E? (fy28-p2 — f-p28p2) (1 + b_u2) } +
1 {rfﬁz [ —2nGY (140 (fpa — 8-p2) (fp28-a2 — f-a28pa) +
+6nGYE? (28 a2 — fa2gpa) (1 +d_y0) |+
+r” [Zrl G2 (1 + VD) (F 28 ar — Fargp2) (oo — 8p2) —

— 6nGWE (f 28 a2 —Fa2842) (1 + 2) | }

Ec, = rgﬁ/jn rlllﬁﬂn (”OGEJ:-)Z( -3+ ’/(2)) (1 + @ )f—a.n (f/x.ng—/x.n —f—/x,ng/}.n)'i-
+roG(112>E(2)f—a.n (g/i,nhn,—/f - 8—/i,nhn./x _f/i‘nmn.—/} +f—//,nmn./x) +
+ (1 = 1) roE®2f (b _p — bpa) )+
7 (P (G (= 3 +0) (1 1) f 8 an — s )+
710G E@ 30 (8- pabin—a — 8-anltn—s — F-pattin—a + f-antn_p)
Jr(nZ - 1)’0E(2)2f n (¢—a,n - ¢7ﬂj‘l))+
+1" (=106 (= 3+ 6) (14 00) s (a8 = F-an8pn) +
+r()Gélr>E(2>f7/f‘n( = 8paln-a + 8—anlnp + fynMu—a — f-antup)+
+(n* = D) rEP2f g (= g+ 5a))))

Y, = rﬁ””’” P ("OG(S?Z( -3+ V<2)) (1 4+ V) g_an (Fpn8—pn — -pn8pn) +
+rOGélr>E(2>g—a,n (gﬁ,nhn.—/i - g—ﬁ.nhn,ﬂ 7f}1‘,11mn,—ﬂ +f—/1‘,nmn,/7)+
+(n? = 1)rE®2g 0 (P_p — pu) )+
i (r?}" (VoGélr)z( =3+ (1 4+ 02) (f pugan —F-angpn)&pnt
+r0G(()lr>E(2>gﬂ.n (gfﬁ.nhn,—a - g—oulhn‘—ﬂ 7.f—/3.nmn,—a +.f—a.nmn.—ﬂ) +
+(n2 - l)roE(z)zgﬁ-n (¢—a.n - 45—11,71))+
+ré/j" (7"0Gélr)2( -3 + l/<2)) (1 + I/(Z))gfﬂ.n (fﬂ.ng—a.n 7f7a,ngﬁ.n)+
410Gy ED (= 8puhna + 8-anbnp + Fyau—a — F-anting)+
(1 = 1) rE@ g5 (= b+ bpa))))

®cz = rf)'””z r?ﬁﬂz [* 2"1G((;lr>2(1 + 1-’(2>) (fa.z - ga.z) (f/;.zgfﬁz 7f—ﬁ.2gﬂ.2) +
+ 611Gy E? (f28-p2 — f-pa8p2) (1 + da2) ]Jr
+ri® {V%ﬂz [zrlcél,)z (1402 (Fopz — 8-p2) (Fr28a2 — fargp2) —
- 6r,GyE® (f28a2 — fu28p2) (1 + b _p,) ]+
+r? [ = 211Gl (14 12) (fp28u2 — far8-p2) (f2 — 8p2) +

+ 61y G(S]r)E(Z) (f—/i,zga.z —fa,zg—/x.z) (1 + ¢/},z) ] }
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2, = ot (R (= oG (= 3402 (1 U)o a8 — Fo ) +
+r0Gn(91r>E(2)f/1.n( — & palna + anhn—p +f-pnMina —fa,nmn,—/i)"r
+(0* = DE (= G + b pa))+
(oG (= 3+ V) (1 + V) f o (fon8an — Fungpn) +
+10Ghy EOF 1 (8pahna — Sanhnp = FynMin + Fanting) + (A8)
(1 = DECS g (Pap = pa) )+
iy (—VoGélr)z( -3+ ’/(2)) (1+ V(z))fa.n (f318—pn — [ -pn8pn)+
+r()Gélr>E(2>fﬂ,n( — 8pnhn_p + 8 palnp + [ratn—p — f-paug)+
+(7 = D)roE® (= by + ¢5,))

Y, =rgrf (rfﬁ" ( — Gy (= 3+ V) (1412 (Fpn8an — fen&-pn)8ont+
+r()Gélr)E(2)g/5.n( &—pnlna + anhn—p + f-palng — fa.nmn.—//)+
+(7* = 1) roE® gy, (= by + bp))+
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Jr)’oG g ﬂn(gﬁnhna gan np — ﬁ}nmna +fanmnﬂ)+ (Ag)
+(n* = l)roE 8 (Pan — )+
+’{)}" rfaﬁﬁ" (_rOGél)z( -3+ l/(z)) (1 + I/(z))gu,n (f/i,ng—/i,n 7f7/},ng/1‘,n) +
+rOGélr>E(2>ga,n( = 8pnhn—p + 8—pulnp + fpata—p — [-pamng)+
+ (0 = D)rE® g (= ¢y + d5,))
G, = ’ﬁzrlzuﬁﬂz {2” Gm (1 + ’/(2)) (f—a,z - g—a,z) (f—ﬂlga.z *fa.zg—ﬂ.z) -
—6r1GYE? (f_y28an — furgp2) (1 + 0 ]+
+rgz rll)!2 {rgﬁﬂz [ —2n Gé:-)z(l + V(z)) (fa.z - ga,z) (f—/i‘zg—a‘z —ffa.zgf/x,z) +
(A.10)

+6r Géi)E(z) (Fop28-a2 —f-a28-p2) (1 + ¢s2) ]+
ﬁz [2"1 (1 + ! )(fzx,Zg—mZ 7f—u,2ga.2) (ff/x.z - gfﬂ.z) —

— 6 Gg, 'E® (fe28-a2 = f-a28a2) (1 + ¢_p,) ] }

g, = 1y P (0GR (= 3+ 0) (14 V) fo i (Fan8an — Foanan) +

+10Go  EQS o (8anttn-a — §-anhna — fantn-a + f-antna) +

(0 = ) ED (b — %))

g (”OG(slr)z( -3+ ”(2)) (1+ V(z))f—a.n (F-pngan — fun8—pn)+

+10Go ES 0 (8- palna — Sanhinp — f-patMua + Frntt_p) + (A11)
( ~ )R E®f g (ap — b_pu))+
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(07 = )rED o (= P+ bp))

YG = Vg vt (]l w (VOG(I)Z( -3 + l/(z)) (1 + U(Z)) (fa.ng—a‘n 7f—a,nga.n)g—ﬁ.n+
+r0G9, g ﬂn(ganhn —a g—a.nhn.a _fa.nmn,—a +f—11.nmn,a)+

(I’l - l)r (¢ an qsoz,n))+
+r(§a r2 (i" I)r ( 3+1/ )(1+y(2))gfan(f—ﬁngan7fang—ﬂ.n)+
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O = [ =20 G (14 2) (F a2 — 8 -a2) (r8e2 —fozpz) +
+6nGYy B (fa8a2 — fargpe) (1 +d_02) |+
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+ (Z)Wﬂ"'ﬁ"(’oGéf)( =3+ 1) (1 4+ 1) g v (Fsn8an — fungpn)+
+10Gy E¥g_ an(8pnlna — Ganlng — fynMua + fantng)+
+(n* — l)roE 8 an (Pan = bpa) )+

P (=Gl (= 34 12) (1+ 1) ga (f3n8an — Foanpn) +

+r0G0,. E@ &m( — &pnhn—a + &—anhnpg + oMy —a *f—a,nmnﬁ)Jr
+(0* = ) E g (= b + ¢p,))

&n

(A.15)

0, = GiY (3 (1" (fpan — Fungpn) (Gof pn (= Go) (02 = 3) (14 1) g + Emy o )+
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+f/i.n (g—[},nmn.a + ga,nmn.—[}) +f—,/)'.n( — 8pnMna — ga.nmm//))) + (n2 - I)E(Z)z
((fﬂng —pn —S-p. ngﬂn) (¢ —an ¢a,n) + (fawg—a.n *f—a,nga.n) (¢—/i.n - ¢/i.n) ))+
2(1‘ ( P (fﬂng an angﬂn) (Gélr)z( -3+ I/(z)) (1 + V<2)) (f—/}ngu.n 7fa.ng—/1‘,n)+
(0 = 1)EP (o — ) — G EO(— 20+ 1)gan + 1 gant
+(2n + l)gf,/)‘.n - L’(z)g—li.n +f—,/}.nmn,a _fa.nmn,fﬂ + (I’l + z)gfﬂ.ndhz.n_
~Pg g utpon + (-(n+2)+ nva))ga,nqﬁ_ﬁyn))Jr
+r[2)ﬁ" (f—ﬁ.ng—a.n 7f—(x,ng—/i,n) (76(31)2( -3 + 1/(2)) (1 + I/<2)) (f[} n8an 7fu,ngﬂ.n)+
(0 = DED (= g+ dy,) + Gy EO (= (204 Dgan + 1% + (204 Dga—
_D(Z)g/i,n +f/i.nmn,a _fa.nmn.ﬁ + (” + Z)gﬁ‘n(l)a,n_
2 gppg + () = (1 +2)) 8unty,))

(A.16)
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Appendix B

Using the auxiliary functions (A.1) and Egs. (23), it is possible to further derive parameters Z;, Y;, 9;, Q; used in Eq. (22):

2
B = <rOG§,?2( — 310 (14 49) log[rlz] o (OF a1 + E2 it )+
+8r E?7, (C —log {ﬂ} —log {ﬂ} ¢—a.l> -
Yo ro
oGy E? (14 VP)fo1 (2(8 + &) + 125 — &)log[r?] +3( — 6+ E)log[r?]+

+ (24 ~ dlog H — 3¢log[r?] + 1 ¢log[r?] )f +
0

+( — 20 + 4log H — 3¢log[r?] + v1¢log [rﬂ})gfa,l +
0
+(=2(6+&) + V(85— &)log[r?] +3(— 6+ &)log[r])b_a1))+

+rp™™ (*VOG((;L)Z( -3+ Va)) (1 + V(Z))Zlog [rlz]f—a,l (5fa.1 + fga,1)+
+8rE ( ~{+log H + log H ¢a.l) +
) o

+10G E (14 12)f 01 (2(6 + &) + 1P (5 — &)log [1?] +3( — 6+ &)log[r*]+ B.1)

n (2c — 4log H — 3¢log[r?] + VP ¢log[n?] ) fort
0

+< —2¢ +4log {:ﬂ — 3¢log[r?] + v?¢log [rlz}) gort

+( =206 +&) + V(8 — &)log[r?] +3( — 5+ &)log[r*]) dai))+

o (=GO (= 3+ 02) (1 4+ 02) Elog [1?] (furg a1 —f-a18en)+
+8EDE (b gy — ) + 170Gy ED (1 +0%) E(28 0~

—3log[r*]g_ay + VPlog[r\*]g-a1 — 28a1 + 3log[r?] gu1—
—Plog[r*] a1 + 28a10_a1 + 3108[r17] a1 o1 — VP l0g 17 8arh_u +
ot (24 3log[n?] + (= 2+ 3log[1?] ) _us — v2log[r?] (1 + ¢_u)) +
+( =2 =3log[r?] + vV2log[r1*])g-a1Pus +f-a1( — 2 — log[r*]+

+(2 = 310g[11*] ) pay + by + V108 [ (1 + 1))

17
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Yy = okl rOGE,I,)Z( -3+9)(1+ y(z))zlog [r12)8at (8 et + E8—at)+

+8r0E(2)2gu,1 (C —log [ﬂ} —log {Q} ¢7a.1) —
o To

7r0G(9]r)E(2) (1 + 1/<2))ga71 (2(8 4+ &) + VP (6 — &)log [rlz] +3(—56+¢&)log [rlz] +

+ (2c — 4log [:—‘} = 3¢log[r®] + VP clog[r?] )f +
0

+< —2{ + 4log {ﬁ} — 3¢log [rlz} +1¥¢log [rlz})g,a,l—l-
To
+H( =26+ +17(8 — §log[n?] +3( — 5+ &)log[r*])h_1))+

7% (—roG(glr)z( -3+ I/(2>) (1+ I/(Z))zlog [r1%] 8=a1 (8fu1 + Egan) +

+8r0E<2)2g,0,_, ( —{+log {Q} + log {ﬂ} ¢a,1) +
"o Yo
+roGy E® (14 10P) g 1 (2(5+ &) + VP (5 — E)log[r?] +3( — 6 + &)log[r*] + (B.2)
n (2¢ — 4log H — 3¢log[r?] + V@ ¢log[n?] ) foit
0
+< — 20 +4log {?} — 3¢log [rlz} + 1/<2)Clog [rlz})ga,1+
0
+(—2(6+8) + v (5 - &)log[r’] +3(— 5+ &)log[r*] ) un))+
+rpr ™ (—"océlr)z( -3+ l/(z)) (1 + U(z))zélog[”lz} (fa.lg—a,l —f—a,lga.1)+
+810E®28 (¢ — ) — oG ED (1 + 1) 8(2g 1 —
—3log[r*]g-a1 + v l0g[r1*]8-a1 — 28as + 3log[r1*] gas—
—1%log [11*]8a1 + 2801901 + 3108 [11*] 8uath o) — log [r1%]) 81 _as+
it (24 3log[r?] + (= 2+ 3log[r1*]) p_qy — v Plog[r2] (1 + ¢_yy)) +
+( —2—3log [rlz} +1log [rlz])g,a‘]qﬁa_’l +frai ( —2—3log [r]ZH-‘r
+(2 = 310g[11?] ) pas + Pan + VP10 [r] (1 + $i1))))

Q; =4Gy, (=3 +12) (5 (2E<2>¢ — Gy (1+12)(5+¢) ) (fur8 et —f-ai8ar)+
7 (St + £8un) ( =Gy (1 +02) (Fan = 8-a) +2EP (14 ¢_,,) )+ (B.3)

10 (&t + E8-01) (G0 (1 +0) (fas = 8ar) =269 (1 + 1) )

EXO = rlza'(—”UGg]r)(l +1/(2))2fu.1(5f—a,1 +§g—u.1)+
+roE@ (1+ 1/(2)) it (C(faas + 8-a1) + (6= (1+¢_oy) )+
+12 (Gl (1 4+ 62) Foas (s + E8a) —
—1E® (1 4+ V) (¢ (fur + 8an) + (6 — O (1 + ¢uy) )+ B4
R0 (ro Gy (14 V%) E (st —foat ) +
+r0E®? (1 4+ 1) E(fur + gat + (far + 8at) P01 —
~foar (1 ¢an) = 8-a1 (1 4+ @)

18
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Y = o (*roGél) (1+ V(Z))zga,l (6f et + E8ait)+
+rE? (14 1) a1 (C(fran + 8-a1) + 6= &) (1 +¢_uy) )+
g (roGél,> (1+ l/(z))zg—a.l (&t + E8an)—
7r0E<2) (1 + l1(2))g7u,1 (C(fu.l + 8a.1) + (5 - 5)(1 + ¢a.1) ))+
+rg'r]! (—roG(glr)(l + I/(Z))zﬁ 0181 —f-a18a1)+
+r0E®? (1412 8(—fuy — 8at — (far + 8at)P_ar+
ot (14 ) + 8-t (14 b))

QK(,: 4(”3‘ rlll1 (2E(2)§ - GS)lr) (1 + U(Z))((s + 5) ) (fu.lgfa.l 7ffa,1ga,l)+
+r%a1 (6f;l.l + §g(1,l) ( - Gélr) (1 + I/(z)) (f—a.l - g—a‘l) + 2E(2> (1 + ¢—u.l) )Jr

+r(§al (6ffa.l + fgfa.l) (G;l,) (1 + Va)) (fa,l - g{t.l) - ZE(Z) (1 + ¢a.l) ))

Bz, = 1 (102Gl (1 02) o (8 + E8—)
ot E?t (B + V) fas + (= 1+ 02) g an+
(= 8+ 06— &) = 38) (14 b)) + 1 (=107 Ggy) (1412 F o (8t + £8ar) —
o B (=10 gar — (B + 1)t ) — (WP (65— &) — 6 —38) (1 + ¢yy)))+
0 (—ror Gl (1 4+ V) E(fur§ - —f-a1ar) +
4R EQE(— (B 4+ V)it (1 4+ ) ) + B+ 1) far (1 + o)+
H(=140D) (= gat (1 + ¢ 01) + 8-at (1 + ¢01) )

Y, = (03 GY) (1419 8o (8 + E8-aa) -
—”n”fE(z)fa.l((:JJ + v(z))Cgfa,l + (— 1+ V(z))gg—a.1+
(= 8+02(8 &) = 3E) (1+b_01))) + i (—10r2 Gy (1+1%) gt (s + £8ar) —
—rorE¥g a1 (6 = V78)gar = (3 + 1) fur ) = (VP16 — &) =6 =38 ) (1 + 4,1)))+
0 (—ror Gl (14+ 1) 8(fur g —f-a18er)
—rorEOS(—((3 + V) fur (1 + b)) + B4+ V)t (14 )+
+( -1 +”(2)) ( — 8a,l (1 + ¢—a.l) + 8-a1 (1 + (]5“,]) )))

Qc = 406 (2E9¢ = Gy (14 6) (64 €) ) (far8-at —f-a18ar) +
1 (o + E8a) (= GO (14 2) (s = g-aa) + 2BV (14 0h_y) )+

10 (Ot + €8t (G0 (14 02) (s = 8aa) = 269 (1 4 1) )
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0; = 12 (10 (1?2 (f328-0 — f-a28p2) (Géf.)z (1+ 1-'(2>)2 (f-p28az — fa28-p2)
+3ED ($uz = d-pa) = G ED (14 0Y) Uz + a2 —F 522+ ) -
=8 p2 (14 2a2) + (fuz + 28a2) P _p2))+
+ro2 (f—/i,zg—a,z —f—azg—/f.z) (—Gél,ﬂ (1 + V(2>)2 (f/iaga,z —fa.zg/x.z) +
F3ED (= oy + ) + G ED (14 12) (2 + gar—
~J52(2+ baz) = 82 (1 +20h02) + (fuz +2802)hp2)))+
+ry 2% (rl i (f/;‘zga,z —fa,zgﬁ.z) ( - Gélr)z (l + D(z))z (f—,/i.nga.Z —f—a.zg—/f.z)+
+3EC2 (= pun + ) + Gy ED (1402 (f 22+ o) — 802 (1 + 20 00) +
Hfoar(2+b_pa) +8ar(1+2¢_45,) )+
+10" (f_p28a2 — fur8-52) (GY” (1+ 1/(2))2 (fr28-a2 = f-a28s2)+ (B.10)
+3EC? (¢—a.2 - ¢/;.2) - Gg)ly)E(z) (1 + "’(2))( = 2fp2 — 8pa—
—(fo2 +28p2) Pap + a2 (2+ bp2) + 80 (1 +2¢55))))+
Hro Py @ (2GR (1 + l/(z))z (fa28-az —f-a28a2) (fp28-p2 — f-p28p2) +
F3E®?((fp28-p2 = F-5282) (a2 = Bu2) + (farg-a2 = f-a28u2) (P-p2 — bp2)) —
—Go ED (1 +02) (fp28-p2 — F-p28s2) ( — 8aa (1 +26 o) + 8-a2(1+26,5))+
+faz (2 (g,/;‘z (2 + ¢a_2) + 8a2 (2 + ¢—/j,2)) —fop2 (gp,z (2 + ¢a,z) + 8a2 (2 + ¢/;‘z))+
+8a2(8p2(1+20_5,) — gp2(1 +2652) ) )+
Hoa(fp2(8-52(2+ ¢ a2) +8-02(2+ b))+
+fp2 (g/f.z (2 + 4)7(1,2) +8-a2 (2 + ¢ﬁ,2) ) +
+8-ax( —gp2(1+ 2477;3,2) +g42(1+ 2¢//.z))))))

Oz, =1 (r* (n™ (fp28a2 — fungp2) (— G,” (1+ ”(2))2 (f-p28-a2 = f-a28-p2)+
A3ED2(—p_os + b yo) + Gy ED (= goan +gpa +fpa( — 22+ %) -
BV a2 (22 +1P) + B+ p_y,)+
TP (= g pa (14200 00) +8-an(1+2¢_55))))+
10" (fp28a2 — fur8-p2) (G(si)z(] + ”(2))2 (fh28-a2 —f-a28p2) +
+3EC2($_yy — by2) — G ED (=g an + gpa + 552 (= 22+ V%) = 3+ 02)p_p0)+
Hoaa (4430 12 (24 ) + V2 (= 2 (1420 ) + 8-aa (1 +262)))))+
102 (12 (f28-a2 — f-an8p2) (G (1 + ”w)z (2802 = fuzg-p2) +
3E2(hr — b ) — G ED(—guz + 8-p2 — f-p2 (4 + 3hys + 12 (2 + ¢hyn) )+
Haz (22 +02) + B+12) ) + 0P (= gop2(1+26,5) + 8a2(1+26 4,))))+
+r*- (f—/i.zg—a.z —f—a,zg—li,2) (_Gglz)z (1 + ”(2))2 (flf’?g‘l-z _f”’~2g/’~2) +
F3ECR (= un + o) + Go ED (—gan + gpat
2 (=4 =30y =V 2+ Pa2)) +fur (4430 + 12 2+ ¢p0))+ G0
-H/(Z)( — 8p2 (1 + 24’{1‘2) + 8a2 (1 + 2¢/}.2)))))+
+ry@ty 2t (ZGQPZ (1 + l/(z))2 (fa,zg—a,z 7f—m2ga‘2) (fﬂ,zg—ﬂ,z -f —ﬂ,zgﬂz) +
A3ECP ((fr28-p2 —F-p282) (h-az = Paz) + (fa28-a2 —F-a28a2) (b_p2 — #p2)) +
-‘rGél,)E(z)( — ((Fp28-p2 — [-528p2) (8a2 — VP gar (1+2¢_,,)+
8-z (= 14+ 0P (1 426,,))))+
o2 (8 5222+ V2) + B+ D) _02) + 8 02 (22 +12)+
+(3+ I/(z))qﬁ,ﬂ,z)) —fopalgpa(2(2+0P) + 3+ 1/(2))4’7a.2)+
+8-a2(4 43052 + 17 (24 ¢)))+
+8-az(gp2(— 1+ (1+2¢_55)) — gopa( = 1+ (1 +2¢,,))))+
+fan(—f32 (8—/;.2 (4 + 3¢, + v (2 + (ﬁa.z)) + 8a2 (2(2 + ’/(2)) + (3 + D(Z))(ﬁfﬁl))"'
52 (852 (4 4+ 30n + V7 (24 $u2)) + a2 (4 + 380 + 17 (24 ¢2)) ) +
+8a2 (g2 — VP82 (1420 ) + 852 (= 1 +07 (1424,)))))))
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=
A_(n-1)

~(n-1)

— ror ™ E® (refor, zan+/znfm< —GY(1+?) (fm (8 pn(Dan —1) = & an(bpn — 1))+
g (&an(@pn = 1) = 8pn (D = 1)) +Fan (80 (D — 1) = gpu(dp — 1))+
F(1+ DE® (@ putba = 80P + 8on—pu + Fpn (= b + P_p) +

+f pan (457“ - ¢/3.n) - (f—a.n + g—a.n) (4571},” - ¢ﬂ,n) - g—ﬂ,n¢1},n))+

102 P (GE (U4 0%) (Fin (8-pn (= 1+ ) = Ban (= 1+ _y))+

- (8an (Bpn = 1) = 8pn (Pa = 1)) +Fan (800 (D_p = 1) = 8- (Bpn = 1)))—
—(n+ DED (@ pubun = 8paban + 8pnt—pn + Fon( = Pan + D_p) +

+fpn (¢a,n - ¢/1.n) - (fa,n + ga.n) (4”7/;.” - ¢y,n) — & pntpa))t

0% 1 (Pefyn (= G (1 02) (£ (8 = 1+ ) = 8an( = 1+ Bi0))+
+an (gfa‘rz ((l)—/}‘n - 1) —8—pn (¢—rl.n - 1)) +foan (g—/j.n ((/Ja,n - 1) — 8an ((/L/;ﬂ - 1)))""
0+ DE® (gunt o = 8- pab—an + &puban +F-pn( = D+ Pan) +

+foan (¢—a.n - ¢7,/;,n) - (f—u,n + g—a.n) (¢a,n - ¢—ﬁ,r1) — 8an_p,))+

£107ef (Gl (14 0) (i (8 ( = 1+ 6s) = 8an( = 14+ 6,)) +
Hoan(8-an(@pn = 1) = 8pn (B = 1)) +Fan(@pn (Pan = 1 +) = 8an(dp — 1+)))—

(4 DE® (8unt_an = 8500 -an + 8pnPan +Fpa (= D + Pa) +

Hoan (D an — Bpn) = Fan + 8=an) (Pun — Ppn) — Sanbpn))))

= rr " EO /1y g (= G (14 6) (B (80 ($-an = 1) = 8-an($p = 1))+
g (8-an(bpn = 1) = 8pa (D0 = 1)) +F-an (8pn(D-p0 = 1) = 8-pa(¢pn = )))+
A1+ DED (8 pntpn = 8pnb-an + 8a—pn +Spn (= D + b_pa) +

A g (Dn = D) = (Fan + 8 an) (D — Pp) — & pubp,))+

102 11 (Gl (14 0) (i (8- (= 1+ ) = an (= 1+ p,))+

+f g (8an(Dpp = 1) = 8o (b — 1)) +fan (8o (D — 1) — & pa (P — 1)) —

(0 + DEP (8- puban = 8paPan + 8pab—pn +Fpn (= P + b_p) +

A pn(Dan = Ppn) — Fan + 8an) (D_pp — Ppn) — 8 pubp))+

o (1o (= G (1402 (£ p(Ban( = 1+ boa) = 8-an( = 1+ i)+
Hoan(8-an(@_pn = 1) = 8 pn(Bovs = 1)) +Foan (8- (P = 1) = 8an(Ppu — 1))+
1+ DED (Qund_ o — 8 pntn + 8 pnan + I pn( = Dn + bun) +

Han (D = Pp) = (Fan+8-an) (Bun — D_ps) — Gantbp,))+

10”78 pn (Gé',> (1+02) (fﬂ,n (8en( =140 0s) = &an( =1+ ¢un))+

(8 an(Bpn = 1) = 8 (D0 — 1)) +F-an(8pn (B — 1+ ) = an(dp — 1+)))—
—(n4+ DE® (gunt_an — 8pn—an + 8pnBun +Fpn (= D + Pun) +

Hoan(Dan = Ppn) = Foan + 8-an) Pan — Ppu) — Gantbpn))))
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(B.12)
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[1]

al

—(n+1)

Y

C_ s

= ron""'E®) (r o™ (r 17 fyn (G(gi) (gf/m (fanP-an — f-anPan)+

+fpn (= SanP-an + &-anPan) + ( = fang-an +F-angan)P-pn)+

HED (1 + 2)f - pn (= b-ap + Pan) + 181 (= Py + bap) +

01+ 2fan(Dan = ) +18an (b ap = b pn) = (1 + 2)f an + 180 ) (Bap = bpa)))+
+16°"f g (GL‘,) (f,s,n (8anP—an — &-anPan) +fan( — 8paP—an + & anPpn)+

f-an(8pnPan — 8anPpn)) — 4EX (0 +2)fpn( = g + Pun) +

4185 (= b+ Pan) + 0+ 2fan(Pan = Bpa) +

+18an (D an — Bpn) = (1 2D+ 18- ) (Bun — b))+

1ol 2 (Gf;f-) (f/z.n( — 8 puP-an + &-anP—pn)+

g (8paP-an = &-anPpn) +F-an( = 8paD-pn + & paPpn) )+

HAED (0 + 20fjpn (= b + Pp) +18p0 (= P+ b_p) +

A0+ 20 g (D an = bpn) +18pa (b an = Bpa) = (04 2w+ 18 ) (D g0 — Bpa)))+
1 P Pof (Gﬁ;i) (f/;,n (8—puPan — anP—pn)+

+fpn (= 8puPan + ZanPpn) + fan (8pal—pn — 8—pulpn))—

—4ED (0 + 2y (= Pan + b_pa) + 1850 (= b + ) + (0420 (b — Ppa) +

+ng7,/i.n (47(;”1 - (/)/}.n) - ((” + z)fa.n + N8an ) ((/)—/i,n - ¢/i,n))))

= ror" " E® (r® 1y (1% g (GL‘,) (g—ﬁ,n (fanP-an — F-anPan)+

+f7/i,n( — 8anlP-an + gfa,npa,n) + ( 7ﬁ1,ng—a,n +f7a,nga.n)p7/}‘n)+
HAE® (0 + 20 pu (= -+ Pan) + 18 (= Fan + Pan) +

+(i’l + 2) an (d)—a.n - ¢—/i,n) + n8an (¢—a.n - q’)f/i‘n) - ((}’l + Z)ffa,n + ng—aﬂ) (¢11.n - q’)—/i‘n) ))+

+r02ﬂ"g7,/i.n (Gélr> (ﬁin (ga‘npfa.n - gfa‘npa,n) +fa.n( - g/f,npfa,n + gfa,npﬂ.n) +

+fan(8paPan — Zanbpn)) — AED ((n+ 2)fpu( = g + Pan) +
A18pn (= Pcop + Pun) + (0 4+ 2fn (D — Pp)+
+ngan (d)—a.n - (/) ,n) - ((” + z)f*(l.n + ng—a,n) ((p(l,n - ¢/}.n))))+

+r0ﬁ" r 2t 8an <Gélr) <fﬁn ( - gfﬂ,np—a,n + 8—a,n177ﬂm) +

+fpn (8/1.np—a.n -8 —a.n[J/i,n) +f —a,n( — 8paP—pn + g—/i,np/}.n) )+
HAED (04 2)fpa (= Pan + Dpn) + 185 (— P + D)+

+(" + z)ffﬂ,n (¢—a.n - ¢ﬂ,n) +ng_pn (¢—a,n - ¢/3,n) - ((” + z)ffa,n + ng,,,v,,) (¢—/).n - ¢ﬁ.n)))+

+r02a"+ﬂ" rl/;”gfa.n (Gélr> (fﬂ,n (gfﬂ,npa,n - ga,np*ﬂvn) +

+ffﬂ.ﬂ( — 8pnPan + ga.np/?‘,n) +fa.,n (g[}.np—/},n - g—/i,npﬁ.n))_
—4ED (14 2y (= b + Do) + 1850 (= G + ) + (1420 g (b = bpa) +

+ng_pn (¢a.n - ¢ﬂ.n) - ((n + Z)fa,n + ”ga,n) (¢—ﬂw - ¢ﬂJ1))))
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(B.14)

(B.15)
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Ap

Q T rl2u,, (21‘] & (f,/i,nga.n _fa‘ng/}.n) ( -

Gy (~
+Gy E? (= 8 paln o+ 8 anhn g+ F-pamn o = Fanttn )+
(0 = DE (= g+ ¢_p) ) 200" (F-pn8an = fun8pn)
(GH (=3 2) (146 (8 i) +
+G‘£i]r)E(2) (8phn—a — 8-anhnp — fpnMn—a + f-anmng) + (n* — 1)
o P @ (4GS (—
<26 ED (~ ((fung-an — f-an8an) (8pnhn—p — &-pabnp))+
g (8-pn (=
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Supplementary data to this article can be found online at https://doi.org/10.1016/j.tafmec.2023.103821.
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