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ABSTRACT. We consider the eigenvalues of the magnetic Laplacian on a bounded domain Q of R? with
uniform magnetic field S > 0 and magnetic Neumann boundary conditions. We find upper and lower bounds
for the ground state energy A1 and we provide semiclassical estimates in the spirit of Kroger for the first Riesz
mean of the eigenvalues. We also discuss upper bounds for the first eigenvalue for non-constant magnetic
fields 8 = B(x) on a simply connected domain in a Riemannian surface.

In particular: we prove the upper bound A; < S for a general plane domain for a constant magnetic field,
and the upper bound A1 < max_ g |B8(x)| for a variable magnetic field when 2 is simply connected.

For smooth domains, we prove a lower bound of A\; depending only on the intensity of the magnetic field 3
and the rolling radius of the domain.

The estimates on the Riesz mean imply an upper bound for the averages of the first k eigenvalues which is

21k
sharp when k — oo and consists of the semiclassical limit ﬁ plus an oscillating term.
We also construct several examples, showing the importance of the topology: in particular we show that an
arbitrarily small tubular neighborhood of a generic simple closed curve has lowest eigenvalue bounded away

from zero, contrary to the case of a simply connected domain of small area, for which A; is always small.
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1. Introduction

The main scope of this paper is to derive upper and lower bounds for the eigenvalues of the magnetic
Laplacian with constant magnetic field 8 > 0 and magnetic Neumann boundary conditions on domains of
R2. Specifically, let

1
(11) A1 = 5(71’2(11’1 + Ildl’g).
We consider the magnetic Laplacian associated with the potential 1-form
(12) BAl = g(—l‘gdzl + l‘ldl‘g)

which generates the magnetic field of constant strength 5, in the sense that d(fA;) = fdv where dv =
dxy N dzo is the volume 2-form. Note that replacing S by —f3 does not change the spectrum, therefore it
is not restrictive to consider S > 0, see Subsection 2.7. The eigenvalues correspond to the energy levels of
a quantum charged particle in a two-dimensional region subject to a transversal magnetic field of constant
strength . It is clear that the interest in the study of the corresponding spectrum originates in Quantum
Mechanics and Mathematical Physics. We refer to the books [19, 35] for more detailed discussions on the
topic.

Nevertheless the subject has attracted a lot of attention in the last decades also in Analysis and Geometry.
Relevant questions which are usually posed in these contexts include geometric bounds for the eigenvalues
and isoperimetric inequalities. In the present paper we will focus on eigenvalue bounds, and in particular
on how the geometry of the domain influences the eigenvalues, with particular attention to the ground state
energy A1(£2, BA1), which turns out to be positive. Concerning previous results on eigenvalue bounds for the
magnetic Neumann problem, we refer to [9, 10, 13, 14, 20, 29, 31].

In this paper the notation A;(£2, A1) refers to the j-th eigenvalue of the magnetic Laplacian with Neumann
conditions and potential SA4; as in (1.2) (when 2 is not simply connected, the choice of the potential form
generating the magnetic field 8 may affect the spectrum, see Subsection 2.2.)

If we set 8 = 0 in (1.2) we fall back into the case of the Neumann Laplacian, for which a huge literature on
eigenvalue bounds is available. In our notation, A;(€2,0) = 0, while A2(€2,0) > 0 is the first positive eigenvalue
of the (non-magnetic) Neumann Laplacian. On the other hand, when 5 > 0, the magnetic spectrum, in
particular A1 (€, A1), displays a peculiar behavior when compared to the usual Laplacian spectrum. We will
list here just a few instances in order to give a glimpse of this fact.

— First, the behavior of the first eigenvalue under homotheties involves the strength of the magnetic field:
for any a > 0 one has:

1
)\j(aQ, ﬁAl) = E)\j (Q, 0425141).

— This and the upper bound (2.16) imply that, for 3 > 0 fixed, A\; (a2, 3A1) — 0 as o — 0T the first
eigenvalue tends to 0 when the domain shrinks homothetically to a point.

— However, the first eigenvalue does not necessarily go to 0 when |2 — 0T: there exist domains with
arbitrarily small area and first eigenvalue bounded away from zero (as a matter of fact, a small tubular
neighborhood of a “generic” simple closed curve has first eigenvalue bounded away from zero, see Example
C.3).

— Still concerning homotheties, given any domain €, for any fixed § > 0 we have \;(af),84;) — ©yf
as a@ — +00, where Qg ~ 0.590106 is a universal constant (de Gennes constant, see [19, Chapter 3]). This
implies that an arbitrarily large volume does not imply a small first eigenvalue. Moreover, note that the
function o — A1 (af), BA;) is not generally increasing (see Figure 3 when 2 is a disk).

— There exist convex domains with inradius bounded below by a positive constant and first eigenvalue
arbitrarily small (see Example 5.12).

— There are striking differences between the magnetic Neumann and the magnetic Dirichlet eigenvalues.

Let us briefly comment on that. Let AP (Bgr,3A;) denote the first magnetic Dirichlet eigenvalue on a
disk of radius R. It is quite standard to prove that AP (Bg, 8A;) is decreasing from +oco to 8 (which is a
strict and sharp lower bound) as a function of R € (0,400), and that the first eigenfunction is real and
radial for any R (see e.g., [38]). Moreover, the Faber-Krahn inequality holds for AP (), 84;), see [15]. On
the other hand, the behavior of the first Neumann eigenvalue A\;(Bgr, 84;1) on disks as a function of R is
very complicated: the first eigenfunction has angular momentum which increases with R; the eigenvalue
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FIGURE 1. First magnetic Dirichlet eigenvalue (in red) of a disk Bg as a function of R; first
magnetic Neumann eigenvalue (in blue) of a disk By as a function of R. Here 5 = 1.

is uniformly bounded, vanishes as R — 07 and presents an oscillating (i.e., non-monotonic) behavior as a
function of R. This phenomenon is known as the Little-Parks effect. It is described for example in [21], see in
particular paragraphs 5 and 6. In the introduction of [21], there are also some physical explanations of this
phenomenon. It could be interesting to compare these facts with the discussion of [18], where the authors
prove the monotonicity of A\ (2, 5A;) with respect to 3 for large 5 (see also [19, §5]). From numerical studies
it seems that A1 (Bgr, 841) < ©¢f for all R, but we have no proof of this fact at the moment. See Figure 1
for a plot of AP(Bg, A1) and A\;(Bg, A;) as functions of R. We refer to Appendix B for more details on the
Neumann problem for disks.

— Finally, we note that the reverse Faber-Krahn inequality for the first magnetic Neumann eigenvalue is still
an open problem, and it definitely does not hold for multiply connected domains. In fact, in [20] the authors
show that, given an annulus ), there exists By = By(£2) such that, for any 8 > o, A1 (Q*, 841) < A1 (R, BAy),
where Q* is a disk with |Q*| = |2]. Note that this is an asymptotic counterexample. From our Example C.3
we see that, for any 8 > 0, there exist plenty of non-simply connected domains which have first eigenvalue
larger than that of the disk of the same area. In fact, as already mentioned, a small tubular neighborhood
(of small area) of a “generic” simple closed curve has first eigenvalue uniformly bounded away from zero,
while a disk with the same (small) area has small first eigenvalue. What we describe in Example C.3 was
also observed in [27, Theorem 3]. In our Appendix A and Example C.3, we give a simple and self-contained
proof of these facts.

These few examples show that understanding the geometric conditions which imply upper or lower bounds
on A\ (2, BA1) is not trivial.

In the present paper we improve the known bounds in different ways. First, we focus on the ground state
energy A1 (€2, A1), which is strictly positive for any value of 8 > 0. We prove a universal upper bound, valid
for any domain, which is strict and is given by S, the intensity of the magnetic field (Theorem 2.1). For
certain classes of domains, which include sub-graphs and polygonal rep-tiles, we prove that an upper bound
is given by ©g (Theorem 2.2), which is optimal in view of the asymptotic behavior A1 (2, BA1) = G5+ 0(8)
as f — 4oo (see [19, Chapter 5]). We also prove a general upper bound for the first eigenvalue when the
magnetic field is non constant, on simply connected Riemannian surfaces, in terms of the sup-norm of the
magnetic field (see Theorem 2.3 and also Section 4 for a discussion on the non simply connected case).
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We continue by considering lower bounds for A; (€, 8A4;). Our starting point are the lower bounds proved
in [14] for simply connected domains, which we use to produce a new lower bound for arbitrary smooth
domains in terms of 3 or 32, depending only on the rolling radius 6 of the domain, see Theorem 2.5.

We then consider the whole spectrum and we prove semiclassical estimates on eigenvalues averages in the
spirit of Kroger [28], which are asymptotically sharp (Theorem 2.6). These estimates imply upper bounds on
single eigenvalues of any order. Note that bounds on eigenvalue averages turn out to be equivalent to bounds
on the first Riesz mean R;(z), in the tradition of Berezin and Li-Yau [4, 32]. Lower bounds for Riesz-means
in case of variable magnetic field have been also obtained in [9]. Upper bounds for Riesz means already exist
for the Dirichlet magnetic eigenvalues in [16] (see also [22]). We note that the behavior of our lower bounds
on Ry is significantly different from the behavior of the upper bounds for Dirichlet Riesz means [16], and
reflects the interplay between the area of the domain, the strength of the magnetic field and the eigenvalue
index.

We include three appendices, where we discuss results which are related to eigenvalue bounds, but have
an interest on their own. Namely, we consider the magnetic Laplacian on embedded curves, establishing in
this setting a sort of “reverse Faber-Krahn” inequality. We also discuss the case of disks and collect a few
other examples, which are instructive in order to understand some of the difficulties in establishing precise
bounds. As already mentioned, there is some intersection between the results of these appendices and results
contained in [21] and [27]. However, the proof we give here are rather simple and self-contained.

The paper is organized as follows. In Section 2 we introduce the mathematical problem, fix the notation,
and state our main results. In Sections 3 and 5 we prove, respectively, the upper and the lower bounds for
A1(€2, BA7). In Section 4 we prove upper bounds for the first eigenvalue in the case of variable magnetic field
on a Riemannian surface. In Section 6 we prove the asymptotically sharp, semiclassical estimates for Riesz
means and averages. In Appendix A we study the eigenvalue problem obtained by restricting the magnetic
potential to embedded curves, and prove an isoperimetric result. In Appendix B we collect a few properties
of magnetic eigenvalues on disks. In Appendix C we provide further examples which help to clarify the
difficulties in finding good bounds.

2. Notation and statement of results

2.1. Generalities on the magnetic Laplacian. Let Q be a bounded domain in R? and let A be a smooth
real 1-form. We define the magnetic differential of a smooth complex valued function u as the complex 1-form
defined as follows:

du = du — iuA.

The adjoint of d is the operator §4 acting on a 1-form w as 64w = dw + iw(A*), where A* is the dual vector
field of A and § is the adjoint of d (note that § = —div). The magnetic Laplacian associated to the potential
A is then defined as A qu = §4d%u. A standard calculation shows that

Aau = Au + |A]Pu + 2i{du, A) + iudiv A,

where divA = —§A is the usual divergence of the 1-form A. Note that in this paper A denote the positive-
definite operator A := —92 , — 02 ... By  we denote a point in R? with Cartesian coordinates (z1,z2).

We will often use polar coordinates (r,t) € [0,+00) x [0,27]. In particular r = |z| = /2% + 3.

We will often identify, by abuse of language (and when this will not create confusion) the form A with
its dual vector field A* (vector potential); the magnetic Laplacian can then be written in the following form,
often found in the literature:

Ay =—(V—iA)
Dually, we define the magnetic gradient of a complex function u as
VA4 := Vu — iud

where A is thought as a vector potential. We consider the eigenvalue problem for the magnetic Laplacian
with magnetic Neumann conditions in 2, namely

{AAu:)\u, in Q,

2.1
2.1) (VAu,N) =0, on 09,
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where N is the outer unit normal to 9. In the second line, one can see (VAu, N) as being the magnetic
normal derivative of u.

Problem (2.1) is understood in the weak sense as follows: find u € H*(2) and X € R such that
(2.2) / (VAu, VAQ) = A/ up, Vo HY(Q).
Q Q
Here H'(Q) is the standard Sobolev space of complex valued functions in L?(Q) with weak first derivatives
in L2(Q).

It is standard to prove that, under reasonable assumptions on 2 (e.g., {2 Lipschitz) problem (2.2) admits
an increasing sequence of positive eigenvalues of finite multiplicity diverging to +oo

Remark on notation. In this paper the notation \;(Q, A) refers to the j-th eigenvalue of the Neumann
problem on Q for the magnetic Laplacian associated to the potential 1-form A, that is, problem (2.1).

Through the rest of the paper we shall implicitly assume that  is a bounded domain for which the
spectrum of (2.2) is discrete. The eigenvalues are variationally characterized as follows

vA 2
(2.3) Aj(Q,A) = min max M
vcH Q) 0£ueU [, |ul?

dim U=j

Note that A;(€2, A) normally depends on both the domain and the potential 1-form; however we observe the
well-known gauge invariance of the spectrum, according to which if we replace A by A+ df, for any function
f such that €'/ is smooth, the spectrum remains unchanged:

(2.4) A (9, A) = X (Q, A+ df).

2.2. Constant magnetic field. In the present paper we will mainly consider the following potential 1-form
Ain (2.1):

A=pA = g(—xzdl’l + .’Eld.TQ),

which we will often call standard potential; here (§ is a positive constant. Note that dA = Sdv is a constant
magnetic field of strength 3, where dv = dx; A dzy is the usual area element of R2. Also observe that
div A = 0. The corresponding eigenvalues will be denoted by A; (€, 6A1).

A remark is perhaps in order here. Observe that if Q is simply connected, then the spectrum of (2.1)
depends only on 3 and not on the potential A. In fact, if A, A’ are two potentials such that dA = dA’ = Sdv,
then they differ by a closed 1-form, which is exact on € since €2 is simply connected: in that case the spectra
of (2.1) with A and A’ coincide by gauge invariance (2.4). The situation is completely different if the domain
is not simply connected, in which case the spectra corresponding to A, A’ differing by a closed 1-form in
general may not coincide. In this case, as we have already declared, we are considering the spectrum of (2.1)
with A defined by (1.2), i.e., A = BA;.

2.3. Upper bounds for ;. We list here the main results concerning upper bounds on the ground state
energy A1(Q, SA1).

The first result is an upper bound for \; (£, 34;), valid for any bounded domain in R?. We present its
proof in Section 3 (Theorem 3.1).

Theorem 2.1. Let Q be a bounded domain in R%. Then
(25) Al(Q,ﬁAl) < p.

Actually, the upper bound (2.5) is a consequence of a more precise bound that we establish in Theorem
3.1, namely
)\1(9, /BAl) S {R2 5221:"«(2 \/>
= if Ro < 1
2 = VB’
where R, denotes the circumradius of €2, namely, the radius of the smallest disk containing 2. Alternatively,
for simply connected domains the upper bound (2.5) follows from

81|

A, BA) < B(l—e” 27 )
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which we prove in Theorem 4.2 (see also Theorem 2.3 here below). Note that this latter bound implies
that for simply connected domains, A;(Q, 34;) — 0 as |[2] — 0T. This is no longer true if £ is not simply
connected, see Example C.3.

For certain classes of domains we prove an asymptotically sharp upper bound. This bound depends on a
universal positive constant, the de Gennes constant ©y =~ 0.590106, which we discuss in more detail in the
next subsection (see (2.13)). Namely, we prove the following

Theorem 2.2. Let Q) be a bounded domain in R%. Assume that, up to isometries, one of the following holds:

1) Q is a sub-graph, namely Q = {(z1,72) € R* 1 a < 1 < b,0 < z2 < g(x1)} for some smooth g : (a,b) —
[0, 4+00);

2) Q is contained in some strip (a,b) x (0,+00) and contains (a,b) x (0,21/00/B).

Then

(2.6) A1(Q, BA1) < Ogp.

Alternatively, assume that

3) Q is a polygonal rep-tile, namely that 9 is a polygon and that Q = Int (| J;~, @;), m > 2, where each w;
18 open and is isometric to \/%Q

Then

(2.7) A1(82, BA1) < OB

The constant Qg is related with the asymptotic behavior of A\ (2, 5A;1) as 8 — 400, in fact, for any
smooth Q it holds ©g = limg_, o0 A1 (€2, 841)/8 (see (2.12)). Hence the bounds (2.6)-(2.7) are optimal in
this sense. We can pose then the following questions.

Open problem 1. Prove that A\ (2, 841) < ©¢p for all Q.

Note that our Theorem 2.2 does not cover the case of an arbitrary disk (disks of small radius are covered
by Theorems 2.1 and 2.3). However, numerical evidences (see Appendix B) suggest that ©(f is a strict upper
bound for all disks. Hence we ask:

Open problem 2. Prove the weaker statement: A\ (B, A1) < Oy for any disk B.

Points 1) and 2) of Theorem 2.2 are proved in Theorem 3.3, while point 3) is proved in Theorem 3.7.
In the case 3) we actually prove in Theorem 3.7 that A\ (R, 8A;) < A(Q)S, where A(R2) < Oy is given by
limg_ 400 A1(£2, BA1)/5. For certain domains with convex corners it is possible to show that A(2) < O, see
[5]. Polygonal rep-tiles with this property are, for example, triangles and parallelograms.

Concerning \; we have also considered the case of a variable magnetic field 5 = 5(z) on simply connected
Riemannian surfaces. We have established a general upper bound which depends only on the field 3, and
not on the magnetic potential.

Theorem 2.3. Let €2 be a smooth, bounded, simply connected domain in an orientable Riemannian surface
M, let A be a smooth 1-form, and let 8 : Q — R be defined by dA = Bdv, where dv is the volume 2-form. Let
A1(Q, A) denote the first eigenvalue of (2.1) with magnetic potential A. Let ¢ : Q — R be the unique solution
to

A¢p =/, inQ,
{q’) =0, on 0f).
and let f* := maxg |f|, ¢* := maxg|d|. The following inequalities hold:
1) M(Q,A) < 5.
2) If B(z) > 0 for all x € Q, then A\ (R, A) < f*(1 — e 2¢7).
3) If B(z) > 0 for all x € Q and Q is a domain of R?, then A\ (2, A) < B*(1 — e~ e ).
4) If Q is a domain of R?, B > 0 is constant and A = BA; is the standard potential (1.2), then

A (9, BA) < B(1— e~ 30,

Theorem 2.3 is a consequence of Theorem 4.2 and Corollary 4.4. In Section 4 we also discuss bounds in
the case of non-simply connected domains.
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Remark 2.4. We remark that 3) cannot hold if Q is not simply connected. In fact, as we show in Example
C.3, there exist non-simply connected domains wy, with |wy| — 0 and A\ (wp, SA1) = ¢ > 0as h — 0%, On
the other hand, if Q is simply connected, 3) implies that A\;(Q2, A) — 0 as |Q] — 0. In the case of 8 > 0

constant, this can be also deduced from [20, Theorem 1.2], which implies that A;(Q, 84;) < %.

2.4. Lower bounds for \;. The next result concerns lower bounds for the first eigenvalue when f is
constant. In order to state the result, we recall that a domain is said to satisfy the d-interior ball condition
with § > 0 if for any x € 09 there exists a disk of radius § > 0 tangent to 02 at = and entirely contained in
Q. In more technical terms, this condition can be also expressed by saying that the injectivity radius of the
boundary is bounded below by §.

Theorem 2.5. Let Q be a smooth bounded domain in R? satisfying the §-interior ball condition. Then there
exists a universal constant C > 0 such that \1(Q, BA;) > CBmin{B6?,1}. That is:

1) M(Q,BA1) > CB26% if B6? < 1;

2) M (Q,BA1) > CBif B6* > 1.

Theorem 2.5 is proved in Section 5 (Theorem 5.10). Its proof relies on a combination of the lower bounds
for magnetic eigenvalues in [14] (see Theorem 5.1) and for the Laplacian eigenvalues in [8] (see Theorem
5.4). Note that the behavior of our lower bounds in ¢ and /3 is consistent with the upper bounds of Theorem
2.1. It is also consistent with the asymptotic behavior of the first eigenvalue with respect to 8 as 3 — 07
and 8 — +o0o. We refer to Remark 5.11 for more discussions on the sharp behavior in # and § of the lower
bounds of Theorem 2.5. A series of examples show that in many situations the bounds given by Theorem 2.5
are good in capturing the behavior of the first eigenvalue (see Examples 5.2, C.2, C.5). In Section 5 we also
prove lower bounds for star-shaped domains in terms of the radii 0 < R < Ry of two disks B(p, R), B(p, Ro)
such that B(p,R) C Q C B(p, Ro) (Proposition 5.6).

2.5. Upper bounds for higher eigenvalues and averages. The next results involve upper bounds for
all the eigenvalues when § is constant. By means of the so-called averaged variational principle (Theorem 6.6)
we obtain asymptotically sharp lower bounds on the first Riesz mean R; of magnetic eigenvalues A;(€2, 5A1),

which is defined by Ri(2) := 372, (2 — A;(, A1)+, where ay := max{0,a}. Lower bounds on R;(z) are

equivalent to upper bounds for elgenvalues averages.

Theorem 2.6. For all z > 0 we have

|€2] \QIB2 z 1
(2.8) Rl(z)zgf ¢2<26 )

where 1(a) = a — [a] — 3 denotes the fluctuation function of a € R, and [a] denotes the integer part of a € R.
Moreover, for any k € N, k > 1 we have

F e (2,4
F 2o A AAy)
where R(a) = g(a —[a])([e] —a+1) € [0, 5/4a].

Theorem 2.6 is proved in Section 6 (Theorem 6.1). We note that our upper bounds are asymptotically

5 lfk;g‘
2

<
(2.9) p

+
Iny
~~
‘w
3
=
~—
=)
N‘

bﬂ

sharp, in fact Weyl’s law for magnetic eigenvalues implies that Ry(z) = \QI 22 + 0(2?%) as z — +oo, or,
equivalently, %2?21 Ai(Q,B41) = nglf + o(k) as k — 4o0o0. The bounds glven in Theorem 2.6 are the
analogue of the Kroger upper bounds for the averages of Laplacian eigenvalues [28]. Note that the Weyl term
% appears in the estimates (2.9) only for large k, and this is natural, since magnetic eigenvalues do not
scale as Laplacian eigenvalues. The first inequality of (2.9) tells us that for small k¥ (depending on 8 and
|Q]) the average of the first k eigenvalues is smaller than 5. This is somehow sharp, as this behavior can
be observed in the case of disks, see Appendix B. However, as k — 400, the upper bound is given by the
semiclassical limit 2 ‘ , plus a remainder term which is oscillating, bounded, and of o(1/k) as k — +oo.

As a corollary of Theorem 2.6 we get upper bounds on single eigenvalues (see Corollary 6.3).

Corollary 2.7. For all k € N we have
8k
(2.10) Ak+1(€, B41) <

<ol + 8.
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Note that this agrees with the fact that the second eigenvalue might go to +oo as |Q| — 0T (contrarily to
the first eigenvalue).

2.6. A reverse Faber-Krahn inequality for the first eigenvalue of embedded curves. We consider
in Appendix A a one-dimensional eigenvalue problem related to the magnetic Laplacian. Namely, let T’
be a simple closed curve bounding some connected domain 2. We consider the standard potential 1-form
A= g(—mgdazl +x1dxs) on R? and restrict it to I, thus obtaining a potential 1-form AF on I' which is simply
defined by Ap(X) = A(X) for all tangent vectors X to I'. If T is parametrized by arc-length as (2(t), y(t)),
t € [0,|T)], then Ap(t) = %(—y(t):c’(t) + x(t)y'(t))dt. We can then define the magnetic differential of a
smooth function v : I' — C by dAry = du — iuAr. Repeating the construction of Section 2.1, we can finally
associate with dAT the magnetic Laplacian A Ap» Which is a second-order differential operator on I, seen as
a one-dimensional Riemannian manifold. We consider the first eigenvalue of A ; ~on I' which we denote by

A1 (F7 AF)
It turns out (see Theorem A.1) that

) 4n? B0\ 2
MF’A”ZW%E%(”‘;W) '

Note that A (', Ar) = 0 if and only if % € N. We deduce then the following isoperimetric inequality (see
Theorem A.2)

Theorem 2.8. Let ) be a bounded, simply connected domain with boundary I, and let Q* be a disk with
|Q] = |Q*| and boundary T*. Then

(2.11) A (D, Ap) < A (D%, Ap-).
If %ﬁ:‘ ¢ N, then equality holds if and only if Q@ = Q*.
2.7. A few properties of magnetic eigenvalues. We collect in this subsection a few properties of the
eigenvalues of (2.1) which will be useful in the sequel.

First, we recall that \;(©2, 3A;) are invariant under isometries, namely, if M is an isometry of R?, then

Aj(2, BA1) = A;(M(Q), BA1).

For the proof we refer to [30, Appendix A].

For any 8 € R it is not difficult to show that

A (Q, A1) = X;(Q, —BA1).

The proof can be performed by observing that u is an eigenfunction corresponding to X; (€2, 5A;) if and only
if @ is an eigenfunction corresponding to A; (€2, —8A1). Therefore it is not restrictive to consider only positive
values of 3.

The asymptotics of A (€2, BA;) for large magnetic field have been investigated in depth (see e.g., [19, §8]).
It turns out that if Q is smooth, then

(2.12) lim A8, 541)

=0
B—~+o00 ﬂ 0

where Op > 0 is a universal constant (de Gennes constant) defined as

2.13 Oy = mi =

(2.13) 0 = min (&) = (o),

with (&) being the first eigenvalue of the following one-dimensional problem:
—f"(t) + (E+ )2 f(t) = &) f(t), t€(0,+00)
7'(0) = 0.

For any £ € R it is standard to show that problem (2.14) admits a discrete spectrum made of a sequence of
simple, non-negative eigenvalues diverging to +o0o. It is known (see [19]) that

0o = &2 ~ 0.590106,

(2.14)
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and that £y < 0. We may refer e.g., to [6] for the numerical approximation of Oy and for an estimate of the
remainder.

The limit (2.12) has a surprising consequence for the first eigenvalue of a family of homothetic domains.
It follows from (2.3) (see also [19]) that for all & > 0 and 3 > 0,

(2.15) 2i(Q,8) = a?)\; (aQ, 52141) :
«
From (2.15) we see that, for fixed 5 > 0,
1
A(af), BAL) = ﬁ)\l((l, o?BA1) = 0B+ 0(1), asa— +oo.

In particular, the asymptotic limit is strictly positive and does not depend on the measure of the domain.

On the other hand we have that for all fixed 5 > 0, lim,_,g+ A1 (@€, A1) = 0. In fact, let us take f to be
the solution of

Af=0, in €,
(Vf,Ny=—A{(N), on 9.
Then the 1-form A’ = A; + df satisfies
dA’" = dv,
0A" =0
A'(N) =0,

and it follows from gauge invariance (see (2.4)) that A\;(Q,a?8A4") = A1 (9, a?BA;). Taking the test function
u=11n (2.3) we get

1 202 ,
M(af pA) = (@ a8y < o [ AP
Q

€
Actually, by [19, Proposition 1.5.2] we see that the inequality is exact as a — 0 in the sense that
(1252
(2.16) A (af), BAY) = ] / |A']2 + O(a*B?).
Q

as a — 0%. If Q is simply connected, A’ = Acun, Where Ay, is a distinguished potential 1-form which
differs from A by an exact 1-form (see Section 4 for the precise definition of Agup ).

The peculiar behavior of magnetic Neumann eigenvalues is clearly highlighted in Figure 3, were we have
represented the analytic branches of the eigenvalues of the magnetic Laplacian with 8 = 1 on the disk
Bpg := B(0,R) as functions of R. The first eigenvalue is singled out just by taking the minimum among
all analytic branches. It vanishes as R — 0% with quadratic speed, and shows an oscillating behavior as R
grows. It remains bounded and converges to ©g as R — +oo. For the disk Bg, from (2.16) (see also [20]) we
can make the asymptotic behavior at R = 0 more precise:
62R2

8

(2.17) A1 (Bg, BA1) = +o(R?*), asR—0%.

3. Upper bounds for A\;: proofs
In this section we establish upper bounds for A\1(Q, A1) (8 > 0 constant).
In order to state our first result, we recall the definition of circumradius Rg of a domain Q:
Rq :=inf {R > 0 : there exists 2z € R? such that Q C B(zg, R)} .

We have the following theorem, which implies Theorem 2.1.

Theorem 3.1. For any bounded domain Q2 with circumradius Rq we have

B— i, if Ro > L,
(3.1) AL, BA1) < {Rglﬂff‘% B
L

In particular, if Rq < 1/v/B, then A\1(Q, BA1) < 3/2. 1t follows that, for all 3 >0
A(Q,841) < B.
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Proof. Through the proof we shall denote A1 (€2, BA;) simply by A1, while we shall write A for SA;. Let (r,t)

denote the standard polar coordinates in R?, where r = || and ¢ is the angular variable. We define the family
. 2

of functions {u,(r,t)}nen, expressed in polar coordinates, by setting uy, (r,t) := rreinte=% | Recalling that

in polar coordinates

Oru  O3u 3?2
_ 52 T it
(3.2) Aqgu=—0;u— 2 + 1

it is standard to prove that A u, = Bu,. A standard computation (see also [3]) shows that

u + 180,

1
‘VAun|2 = 5|un|2 - §A|un|2'

Hence, from the min-max principle (2.3) we find that for all n € N

1
(3.3) )‘1/ |un|2 S/ |vAun|2 :6/ Iun‘Q_*/ A|un|2~
Q Q Q 2 Q

Now, if the last term of (3.3) has a negative sign, this would immediately imply that § is a strict upper
bound, but this is not in general the case.

We start by proving the second inequality of (3.1). Assume that, up to translations, Q C B(0, Rq), and
consider (3.3) with n = 0. We have

2 21 2 2 2 R2p3? 2
e en [ g [srra-neF 4 [ e < B o
Q Q 2 Q 2 Q 2 Q

This proves the second inequality in (3.1). Note that this inequality is valid for any /3, however it implies a

strict upper bound by S only for Rg < \/% .

We want to improve the upper bound for large Rq and to conclude the proof of (3.1). The main idea
behind the proof of the first inequality of (3.1) is to average inequality (3.3) with respect to n. Namely, we
multiply both sides of (3.3) by some a, > 0, and sum the resulting inequalities over n, where n ranges in
some subset of N. Choosing the weights a,, in a suitable way, we will be able to make the sum of the terms
involving Alu,|? at the right-hand side of (3.3) negative, in a controlled way. Let then a,, > 0, n =0, ..., N.
From (3.3) we get

N N 1 N
w3 aluf <5 [ Zanum—z/A(Zaan),
2 p=0 2 p=0 Q n=0

which implies

f A Z'r]:[: anwn|2
(3-4) Alﬁﬂ—%ﬂ (N ° 2).
fQ D n=0 Gn|tn]

Now, we note that

2
U, |? = 67%7‘2“,

hence

N , N
_ Br
g an\un\zze 2 g anr".
n=0

n=0

The scope is now to choose suitable a,, > 0 and take the limit as N — oo. This is done by noting that

oo
2 n
5 =3 Dy
2npl
n=0
and the convergence is uniform on any compact interval of R;. Then we choose

_p

a pry
" enn)
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with ¢ > 0. Hence, on any compact set of R?, we have

N
gr?
3.5 I |2 = &35 (20
(35) Wi, D anlua? =

and

N 2
. B 2| _ 520 (2c+ (2—0)r*B)(2—¢)
i 5 (Lot ) < eopet g

Now, we assume that Q C B(0, Rg). Then we have, for r < Rg

(2c+ (2 —)r?B)(2 —¢) _ 2(2—c¢) n (2 —c)?r?p < 2(2—c¢) n (2—- 0)2R?l6'

c? c c
Consider now the function

Cc C

2(2 —¢) N (2 - c)2R’;‘25'

g(c) = g 2

We have that 4
g(c) =~ 5+ B2~ c)RE)
and
lim g(c) = +o0, CETOOQ(C) = BRE — 2.

c—0t

We see that if Rg # ﬁ

2R3
/ Q
Jd()=0 <— c=——>—.
(c) R3B—1
. 1 . . . 2R38 Y 1

Now, 1f2 Ro > 5 We choose this ¢, and with this choice g (R?ﬁ_l) = ~BR% We conclude that, when

_ 2R2B

- Rglﬂﬂq7

N
. 2o o (204+(2=¢)r?B)(2 —¢) 1 sy

. lim —A (Y 2 - %2 2-0 < eE o,

(3 6) N—1>r—I|-100 (nO an‘un| > €’ s c? - R%e ’

Using (3.5) and (3.6) in (3.4) we deduce the first inequality of (3.1).
O

Remark 3.2. The upper bound for Rg < —= shows a correct behavior with respect to 3, which is quadratic,
in view of (2.15), (2.16) and (2.17).

In view of the asymptotic behavior (2.12) the natural question is whether ©¢f is an upper bound for
A1(Q, BAy), for any domain 2. We prove this result for certain classes of domains.

Theorem 3.3. Let Q be a bounded domain of R? satisfying (up to isometries) one of the following two
conditions:
1) Q is a sub-graph, namely
Q={(r1,12) ER*:a<z; <b,0< w3 <g(r1)}
for some smooth g : (a,b) = [0, +00), —00 < a < b < 4o0.

2) Q is contained in some strip (a,b) x (0,+00) and contains (a,b) x (0,—2&/v/B), where & < 0 is the
constant defined in (2.13).

Then
(3.7) A1(Q, BA1) < ©9f.
Proof. We first remark that it is sufficient to prove the result for 8 = 1. In fact, from (2.15) we have that

M, 8A1) = BA (Y, Ay), where Q' = /8. Now, Q is a sub-graph of the form 1) if and only if Q' is;
satisfies condition 2) if and only if ' does with 8 = 1.

Let f be a first eigenfunction of (2.14) with £ = £ < 0 and hence first eigenvalue ©g, defined in (2.13).
Recall that ©g = £2. We can choose f > 0 on [0, +00). We recall that f satisfies

(3.8) —f"(t) + (€0 + 1) f(t) = Oof(t), t € (0, +00), [f'(0)=0.
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We prove that f' < 0 on (0,400) and that lim;—, o f(¢) = im0 f/(¢) = 0. Equation (3.8) implies that
/" has only one zero in (0,+0c0), namely —2&, (moreover, f/(0) = 0). This implies that f’ is monotone on
(—2&p, +00), and since f € H*((0,+0o0)), necessarily f’ is increasing to 0 on (—2&p, +00) and lim;_,, f'(t) =
0. On the other hand, f’ is decreasing on (0,—2&;). Moreover, f’(0) = 0 and f(0) > 0. Suppose by
contradiction that f is not decreasing on (0, 4+00). This would imply the existence of ¢y € (0, 400) such that
f'(to) = 0. Since f'(0) = 0 and limy 4 f'(t) = 0, this would imply the existence of two distinct points
t1,ta2 € (0,400) such that f”(¢t1) = f”(t2) = 0, but this is impossible since f”(¢t) = 0 on (0, +00) if and only if
t = —2&. This proves that f/ < 0 on (0,+00). In particular then, lim;_, . f(t) = 0, since f € L?((0,4+o0)).

We consider the magnetic Laplacian A 4/, where A" = —(&§, 4+ x2)dz;. By gauge invariance, the Neumann
spectrum of Ay coincides with the Neumann spectrum of Ay, on Q (the two forms differ by an exact
1-form). From now on we shall denote A\;(£2, A1) simply by A

We are ready to prove 1) for § = 1. Using f(x2) as test function in (2.3) we get

(z1)
)\1/ f2 / \Vf‘2 + (& +x2 / /g xg + (& +12)2f2(x2))d$2dx1

—90/f2 / flg(z1)) (:El))dx1<@0/f2

We have used, in the integration by parts, the fact that f’(0) = 0; the last inequality follows since f is
positive and strictly decreasing.

2In order to IfI‘O\;e 2) (and re-prove 1)), we use f(z2) as test function in (2.3), and use the identity
f?=—=ff"+3(f?)". We obtain

69 & [ £ [V @ nl = [ (1 o)+ [0

—e [ g [y

We are left with the study %fQ(F)”. In fact the upper bound \; < ©¢ holds provided %fﬂ(fz)” <0.
We see that

1 oo 2\ 1 * 2\ : 1 2\/

5 (f)" =5 lim [ (f7)"= lim S(f7)(s)= lim f(s)f'(s)=0
0

2 2 s—+oo 0 s—+oo0 2 s—-+00

since f/(0) = 0. Moreover, using the identity "> = —ff” + +(f?)" and the differential equation satisfied by

f, we find that

1

S (F2)(6) = (F)%(8) + tf2 ()t + 2¢0)

and this quantity is non-negative for t > —2¢&,.
We easily deduce two facts:
) %fOL(f2)” <0 forall L > 0.
2 [,(f3)" <0 for all I C RT such that (0, —2&) C I.
Either a) or b) imply the inequality (3.7). We show now that 1) and 2) in the statement of Theorem 3.3
imply a) and b), respectively. In fact, we can re-write the last term of (3.9) as

o (L)

where P(2) = {z1 € R: (21,22) € Q} C R and, for any z1 € P(Q), E(x1) = {x2 € (0,+00) : (x1,22) € Q}.
Recall that we have assumed that 2 is in the half-plane x5 > 0. Assume we are in the hypothesis 1) or 2):
1) Qis a sub-graph. Then we have E(x;) = (0, L(x4)) for all 1, L(z1) > 0, which is a).

2) Q is contained in some strip (a,b) x (0,+00) and €2 contains (a,b) x (0, —2&), which is b).

The proof is now concluded.
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Remark 3.4. Note that the case 2) of Theorem 3.3 implies an upper bound for A;(Q, 84;) with ©yf for a
class of domains containing also non-simply connected domains. We just require that a suitable rectangle is
contained in the domain. Note that as 8 — 400 the size of the rectangle becomes small, hence more domains
are allowed for the upper bound. As B — 0%, less domains are allowed. However, as 5 — 07 we have in
general better upper bounds than G/, in fact upper bounds behave like C3% as 8 — 07 (see (2.16), see also
[19]). Note also that suitable unions of domains of the form 1) and 2) still enjoy the upper bound ©¢g.

We prove now a similar upper bound for polygonal rep-tiles.

Definition 3.5. The interior Q of a polygon in R? is called a rep-tile if there exists an integer m > 2 such

that
Q = Int (U wi> ,
i=1

where each w; is isometric to \/%Q (€2 is then said to be rep-m).

Remark 3.6. The above terminology was introduced by S. W. Golomb as an abbreviation of replicating figure
(see [23], where many examples are given). He also considered non-polygonal rep-tiles, which are however too
irregular to be domains in our sense. Although the definition is restrictive, all triangles and all parallelograms
are polygonal rep-tiles, more precisely all are rep-4. Let us note that not all polygonal rep-tiles are covered
by the previous Theorem 3.3, e.g., parallelograms are not.

We have already recalled that for any smooth bounded domain, the limit (2.12) holds. We now assume
that the boundary of ) is a polygon, with N vertices and with corresponding angles aq, ..., ay. Under this
assumption, it follows from [5, Corollary 1.3] that there exists a constant A(2) < 0y, depending only on the
angles «ag, such that

. )\1 (Qa 5A1)
1 ————= = A(Q).
T B )

More specifically,

A(Q) = min p(as),

where, for a €]0, 27|, u(«) is the bottom of the spectrum of the magnetic Laplacian with unit magnetic field in
the infinite sector of angular opening « (see e.g. [19, Section 4.4] for more details). It is proved in [5, Remarks

2.6 and 4.3] that p(a) < g for all « €]0, 5], which implies that A(Q) < ©¢ whenever min;< <y as < 5.

This is in particular the case when ( is a triangle or a parallelogram. It has been conjectured that p(a) < g
for all « €]0, 7], and progress in this direction is made in [7, 17]. The result corresponds to the existence of
an eigenvalue below the essential spectrum. It would immediately follow from the stronger conjecture that
a — p(a) is increasing in the interval ]0, 7[ (see [5, Remark 3.1] and [19, Conjecture 4.4.2]).

We are now ready to state the next theorem.
Theorem 3.7. Let ) be a polygonal rep-tile. Then
(3.10) A1(Q,841) < A(Q) B.

Proof. The proof is an adaptation of the argument from Pdlya (see [34]). We fix one of the pieces in the
decomposition of §2, say wy. For all g € R,

(3.11) A(wr, BAL) < Ai(, BAY).
Indeed, the Sobolev space H!(£2) can be seen as a subspace of H(£'), with

Q= U w;. (the union is disjoint)
i=1
The Hilbert space H'(€') can itself be seen as the direct sum

@Hl(wi).
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This last identification tells us that A;(€', 841) = A\i (w1, BA1), and the inclusion H'(Q) ¢ H*(Q') implies,
by the variational definition of eigenvalues, that

M (Y, BAL) < A (9, BA1).
This yields (3.11). In particular, replacing 8 by mS we have
A1(wi, mpBAL) < A (Q,mBA;)
for all m > 0. On the other hand, the scaling property of the magnetic eigenvalues tells us that

(312) Al(wl,mﬂAl) = )\1 (\/:lmQ,mﬂAl) = m>\1 (Q,ﬂAl) .
We get

1
Iterating (3.13), we obtain that for all positive integers k,
1
(3.14) M(QB41) < —p (Q,m*BA;).

Taking & — 400, we find
A (Q,6A A (Q,mFBA
A&, 5A) < hminfw < A(Q). 0
6 k——+o00 mk ,8
This concludes the proof.

4. Upper bounds of \; for variable magnetic fields: proofs

In this section we consider the first eigenvalue of problem (2.1) when € is a planar domain or more generally
a domain in an orientable compact surface M, and A is an arbitrary smooth magnetic potential (a smooth
1-form) giving rise to a (variable) magnetic field dA = Bdv, where dv is the Riemannian volume form of M.
Through this section we shall denote the first eigenvalue of (2.1) by A1 (2, A). As we have already discussed
in Subsection 2.7, if  is simply connected, A1(£2, A) depends only on 5. In the case that {2 is not simply
connected, given A, A’ with dA = dA" = dv, we have in general A;(Q, A) # A1 (2, A’). In this case we shall
choose a distinguished primitive of Sdv, which we will call A.y,. In order to define A.q,, wWe need a few
preliminaries.

Let ©Q be a smooth, bounded domain in an orientable Riemannian surface M, and let 8 : Q@ — R be a
given smooth function. Consider problem

1) {A¢>=ﬁ, in Q,

¢=0, on 0f).
Problem (4.1) admits a unique solution which reduces to the torsion function when 8 = 1. We denote A qp
the 1-form defined by Acq, = — x d¢, where * is the Hodge-star operator acting on differential forms, for a

chosen orientation of (2. Recall that the Hodge-star operator is defined by the following relation: for any pair
of 1-forms 1,12 we have

Y1 Axipg = (1, 99)dv,
and %1 = dv, xdv = 1. For example, in R? (-, -) stands for the standard scalar product and, with Cartesian
coordinates (z1,x2) and positive orthonormal basis (3%1, 8%2)7 one has x1 = dxq Adxo, xdr1 = drso, xdxo =
—dxq, x(dx1 A dze) = 1. We denote by § the co-differential (on 1-forms we have § = —div). We prove the
following lemma.

Lemma 4.1. The form Acqn is a primitive of Bdv, i.e., dAcqn = Bdv.

Proof. We recall that 6 = — x dx, which implies that, for 1-forms, x§ = —d* and é*x = — x d. Consider the
1-form Acqn = — x d¢, where ¢ solves (4.1). Then

dAcan = —d * do = *5d¢ = *A¢ =% = [Bdv.

We are ready to state the main result of this section.



15

Theorem 4.2. Let §) be a smooth, bounded, simply connected domain in an orientable Riemannian surface
M. Let A be a smooth 1-form and let 5 : Q — R be defined by dA = [dv, where dv is the volume 2-form.
Let M\ (2, A) denote the first eigenvalue of (2.1) with magnetic potential A. Let ¢ : Q@ — R be the unique
solution to (4.1). Then
fQ 2¢ — Ddv

Jo e*¢dv

If Q is not simply connected, the inequality holds for A1 (2, Acan).

(4.2) A€, A)

Proof. Clearly, it is enough to show the assertion for A = A.q, = — * d¢. Note that then, since the Hodge
star operator is an isometry, we have |A|> = |d¢|?. If u is a real valued smooth function then we have from
(2.3)

(4.3) Al(Q,A)/uZS/ |vu\2+\A|2u2:/ Vul? + Vo[ o
Q Q Q

We take u = e? so that Au = —u |Ve|* + uA¢p = —u|Ve¢|* + up. Integrating by parts, taking into account
that on 02 one has u =1 and g—}{, = 92 and using the Green formula on the last boundary integral, we get:

N>
/ Vul? :/uAu+/ u— / Vol u / Bu? —1).
Q Q Q
Inserting this identity in the right-hand side of (4.3) we obtain the assertion. d

Remark 4.3. It can be shown that A.., has the least L?-norm among all primitives of 3. The following
natural question arises: is A1 (€2, Acan) = infga—gas A1(2, A)? At the moment we don’t have an answer. We
thank the Referee for posing the question.

Let us set 8* = maxg |3, ¢* = maxg |¢|. From Theorem 4.2 we deduce the following

Corollary 4.4. Let ) be a smooth, bounded, simply connected domain in an orientable Riemannian surface
M, and let A be any smooth 1-form such that dA = Bdv, with B : Q — R smooth. Then

1)

(4.4) A1(Q,4) < 5.

2) If B(x) > 0 for all x € Q, then

(4.5) A (Q,A) < B*(1—e 2.
3) If B(x) >0 for all x € Q and Q is a domain in R?, then

(4.6) M, A) < BH(1— e 55,

4) If Q is a domain in R%, B > 0 is constant and A = BA; is the standard potential (1.2) (hence B(z) =3 >
0), then
slal

(4.7) AM(Q,841) <B(l—e 27 ).
5) If Q is not simply connected, all the inequalities above hold with A = Acan.

Proof. We start by proving 1). We note that replacing A by —A, the eigenfunctions of problem (2.1) are
changed to their conjugates, but the spectrum remains the same. From Theorem 4.2 we have

AlﬂA/ 2¢</5

and, at the same time, changing 5 to —( and ¢ to —

Al(Q,A)/Qe*%§/Qfﬂ(e*2¢fl).

Summing up the two inequalities we obtain
/\1(Q,A)/ cosh(2¢) < [ Bsinh(2¢) < ,B*/ [sinh(2¢)] = B*/ sinh(]2¢]) < ﬁ*/ cosh(2¢).
Q Q Q Q Q
This proves (4.4).
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We pass to 2). Inequality (4.5) follows immediately from (4.2): from the maximum principle, since 8 > 0,
we have that ¢ > 0, and we conclude by rough estimates.

We prove 3). Inequality (4.6), is a consequence of the well-known isoperimetric inequality

max ¢ < max@py,
Q Br

where ¢q, ¢, are the solutions of (4.1) with 3 = 1 on Q and Bg, respectively, see [39]. Here Q C R?

and Br C R? is a disk of radius R centered at 0 with |Br| = |[Q|. In fact, we have the explicit expression
¢r(z) = $(R? — |z[?), and therefore ¢} = maxg—¢p, = ‘4%'. Now, observe that A(8*¢q) = 5* > B on
and f*¢pq = 0 on 9. Hence, by the maximum principle we have ¢ < 5*¢q on 2 and hence

519

¢* =max ¢ < " max g <
Q Q am

Next we consider 4): inequality (4.7) follows immediately from (4.6).

The assertion 5) is straightforward. This concludes the proof. O

5. Lower bounds for \;: proofs

The study of lower bounds for A1 (€2, 5A41) (8 > 0 constant) is rather challenging. It is easy to produce
small eigenvalues by perturbing a domain €2 with a local perturbation near the boundary, namely, attaching
to Q a small Cheeger dumbbell, as for the usual Neumann problem for the Laplacian (see the counterexample
in [12, p. 420]). On the other hand, one can produce examples of convex domains of large diameter and any
area with first eigenvalue either arbitrarily small or bounded away from zero. Also, there exist thin domains
with first eigenvalue arbitrarily small or uniformly bounded away from zero as the thickness goes to zero. We
have collected a series of examples in Appendix C.

The starting point of our analysis is [14, Theorem 5.1], which provides lower bounds for A;(Q, SA;) in
terms of 3,]Q|, AY(Q2) (the second Neumann eigenvalue of the Laplacian on ), and the inradius pq of €,
defined by

5.1 q = sup inf |z —yl.
(5.1) poi=sup inf |z —y|
We recall it here for the reader’s convenience.

Theorem 5.1 ([14, Theorem 5.1]). Let  be bounded, simply connected domain in R%. Then
T B (Q)

5.2 (@ BA > 1 TN ) g
2 V5= Go] B ey (@) o
and

2 \N
(5.3) M, 4y) > . PN D) g e

=49 g+24M(Q)°
where A (Q) is the first positive eigenvalue of the Neumann Laplacian on Q and pq is the inradius of €.

Note that for some domains the lower bounds given by Theorem 5.1 are not optimal. The following
example clarifies this.

Example 5.2. Let Q =] — k, k[x] —1/2,1/2[, with k € N. Then pg = 1/2. As k — +o00, A (Q) — 0, and
therefore the lower bound given by (5.2)-(5.3) goes to 0 as well. On the other hand, we have
k
Q = Int U Q
I=—k
where

Q =, (1+1)[x]—1/2,1/2].
Clearly, bounds (5.2)-(5.3) hold for \1(Q, BAy) with po, = 1/2, A3 () = 72 and || = 1. Therefore the
same lower bound holds for Q (see Theorem 5.3), and this lower bound does not depend on k, therefore is
uniformly bounded away from 0 as k — +00.
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The direct application of Theorem 5.1 to the previous example does not yield a good lower bound since
the behavior of A (Q) and A1 (2, 8A;) drastically diverge as k — +o00: AY () tends to 0 (the area goes to
+00) while A1(£2, 5A4;) stays uniformly bounded away from zero (large area does not imply small eigenvalue).
However, the use of a suitable covering of €2 and the application of Theorem 5.1 on each piece of the covering,
allow to improve the lower bound. This is the main idea behind the main result of this section. Before stating
it, we need some preliminary results.

Theorem 5.3. Let Q) be a smooth bounded domain in R? such that

N
Q = Int U Qi,
i=1

where ; C Q are subdomains such that a point p € Q is contained in at most K such subdomains. Then

(5.4) M(Q, B4 >~ o min (9, 4)

[RRRE}

Proof. Through the proof we shall denote S8A; simply by A. Let u be an eigenfunction associated with
A(9,5A1). Then its restriction to €2; is a suitable test function for the min-max principle (2.3) for

A1(9;, A1), which means:
(@A) [P < [ 90,
Q Q
Summing over ¢ = 1,..., N we get

N N
(5.5) Z/\l(Qi,A)/ |u|? SZ/ |VAu[2.
i=1 i i=17%%

For the left-hand side of (5.5) we have

(5.6) Z)\l 0;,A) / u|? > ; qun A (Q Z/ lul> > rflm A1(Q /|u|2

while for the right-hand side of (5.5) we have

N
(5.7) Z/ VAU < K/ VAU,
=178 Q

Thanks to (5.6), (5.7) and (5.5) we get

It follows that

O

We will look for coverings €2 = Int Ufil Q;, where each €); is star-shaped with respect to some of its points.
In order to combine Theorems 5.1 and 5.3 we need to have good estimates for Ay (€;). We can get it as a
special case of a result of [8]:

Theorem 5.4 ([8, Theorem 1]). Let Q C R? be a smooth, bounded domain. Assume that ) is star-shaped
with respect to a point p € Q. Let R be the radius of the largest ball centered at p contained in Q and Ry be
the radius of the smallest ball centered at p containing 2. There exists a universal constant C1 > 0 such that
the first nonzero Neumann eigenvalue Ay () has a lower bound given by

R2
(5.8) 2 (Q) = Ciry
RO
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Remark 5.5. The result of [8] is stated for compact manifold with smooth boundary. In particular it holds
for smooth Euclidean domains. However, it is valid also for piecewise smooth, Lipschitz domains by approx-
imation with smooth domains. In fact, since €2 is star-shaped, we can consider a family of smooth domains
Q. C Q with boundaries living in an e-tubular neighborhood of 92, which uniformly approximate 2 and
which are star-shaped with respect to p. Clearly, the radii R(e), Ro(¢) of Q¢ (as in Theorem 5.4) converge to
R, Ry, respectively. Moreover, we have spectral convergence of A;V(QE) to )\év(Q) (see e.g., [2, §5]).

A combination of Theorems 5.1 and 5.4 allows to prove a lower bound for A\;(Q,3A;) for star-shaped
domains.

Proposition 5.6. Let Q be a domain which is star-shaped with respect to a point p, and let R, Ry > 0 be
defined as in Theorem 5.4. Then

RS . -
Al(QaﬂAl) ZCIB2R78’ lf/BSpQQ

and .
R°p : 2
M(Q,BA) > e f 3>
1( 7/8 1)_CR8(R26+1)’ 1/B—pQ7
for some universal constant ¢ > 0.
Proof. By Theorem 5.4 we have
R2
N
Ay () > C1ng-
Moreover )
M@ W<, 752 pa >R,

S A I
where v := AP(B(0,1)) denotes the first Dirichlet eigenvalue of the disk of radius 1. Recall that A\Y () <

AP (Q) is the Friedlander inequality.
We use these inequalities in (5.2) to get

C1 8RS
>
M fd) 2 ARG (B?pgR? + 67)

when [ < p52. We note that in this hypothesis, 32p3 R? < 8%pg < 1. Hence we deduce that for 8 < p52

C1B?R8
AM(QBA) > ————.

Analogously, considering (5.3), we get that

C15RS
M(Q,BA) >
18, 541) 2 4RS(R26 + 24v)
when § > p{f. The proof is concluded by observing that a suitable constant ¢ in the proposition is given by
_ O
c= g2t O

96~ *
We recall the following

Definition 5.7. A domain € satisfies the d-interior ball condition if, for any = € 92, there exists a ball of
radius ¢ tangent to 02 at x and entirely contained in €.

For smooth domains, this is equivalent to saying that the injectivity radius of the normal exponential map
is at least §. Therefore any point of a segment hitting the boundary orthogonally at p € 02 minimizes the
distance to the boundary up to distance § to p.

Definition 5.8. Let Q be a bounded domain with smooth boundary, and let € > 0. A maximal collection
of points P. = {p1, ..., pn} with the following properties:

o dist(p;,pr) > ¢ for all j # k,
o dist(p;,00Q) > ¢ for all j,

is called a maximal e-net.
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The goal is to produce a general lower bound for the first eigenvalue A1(Q2, BA;) of domains 2 with the
o-interior ball condition depending only on § (and ). To this aim we cover § by star-shaped subdomains
Q;, and use Proposition 5.6 to control A1(€;, 84;) and then Theorem 5.3 to control A;(€2, 5A;). In the case
of convex domains with the d-interior ball condition, a suitable covering is proved in [11, Lemma 11]. We
extend here this last result dropping the convexity assumption.

Lemma 5.9. Let Q be a bounded domain with smooth boundary and let P. = {p1,...,pn} be a mazimal e-net
in Q. Assume that Q satisfies the d-interior ball condition with 6 > €. Then Q0 admits an open covering
{Q,..., 0.}, Q= Q, with the following properties:
o cvery §); is star-shaped with respect to some point p; € ; and has piecewise smooth boundary.
e For eachi=1,...,n one has B(p;,£/2) C Q; C B(p;, 2¢).
o There exists a universal constant M € N (not depending on ) such that a point x € Q can be
contained in at most M of the domains €;.

Proof. We remark that the difficulty of covering 2 by star-shaped domains €2; lies in the region near the
boundary. Indeed, far from the boundary it is easy to find a nice covering. We will proceed in two steps.
The family {€;} will be the union of a family {; p} of domains having a non empty intersection with the
boundary 9§ and a family of domains {§; ;} which do not intersect the boundary. We will prove the result
for e = 4; it clearly holds for 0 < € < § since the d-interior ball condition implies the e-interior ball condition
forall 0 < e < 6.

Step 1: construction of the domains {Q; g}. Let 9; be the equidistant set to O

005 = {x € Q : dist(x, 00) = d}.
By definition, if z € 99, then the ball B(z,d) C Q is tangent to 9 at at least one point.
Let P; = {z1, ...,z } be a maximal g—net in 0Qs, that is dist(x;, ;) > % if i # 3.
Then, we define

Qip= {UB(m,(S) cx € 0Qs and dist(x,x;) < g}

In particular, x; € B(x,d) for each z € 9Qs with dist(x, z;) < g so that Q; p is star-shaped with respect to
the point z; and
B(.’Eué) C Qi,B C B($1,25)
We have: 2
{x € Q : dist(z,00) < 2} C U 19; B.

To see this, let y € Q with dist(y,9Q) < 3—25 and ¢y’ € 9O be such that dist(y,y’) = dist(y, Q). The line
segment determined by 3" and y cuts 95 at a point . By maximality of the net P;, there exists z; € Py
with dist(z, ;) < $ and B(z,0) C Q; 5. As dist(z,y) <, we have y € Q; p.

Step 2: construction of the domains {Q;;}. Let P = {yi1,...,ym} be a maximal g—net of the
domain {z € Q : dist(z,0Q) > 32}, Then, we choose the domain €;; to be the ball B(y;, ). As the
intersection with 0f2 is empty, €2, 1 is convex, and star-shaped with respect to y;. By maximality, the domain
{z € Q: dist(z,00) > 32} is covered by U™, B(y;, 3).

It follows that the domain 2 is covered by the union of the domains {€; g} and {€; 1}, which we denote
by {;}7_,. From Step 1 and Step 2 it follows that for each ¢ = 1,...,n there exists p; € €; such that
B(p;, g) C ; C B(p;, 26), and dist(p;, pj) > % for all ¢ # j. It is then easy to deduce that there is a universal
constant M € N (not depending on ) such that a point can be contained in at most M of these domains

(see for example Step 2 of the proof of Theorem 1 in [11]).
(]

We introduce the following class of domains:
(5.9) As = {Q C R?* : Q is smooth, with §—interior ball condition}.

We define the rolling radius of €2 as
0(Q2) :=sup{d : Q€ As}.

We are now ready to state the main result of this section
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Theorem 5.10. There exist a universal constant C > 0 such that, for all Q € As we have A\ (2, A1) >
CBmin{B62,1}. That is:

i) A (Q,BA) > CB%82 if B6% < 1;

ii) M(Q,BA1) > CB if B5* > 1.

Proof. We consider first the case 8 = 1. Let € A for some § > 0.

Assume first ¢ < 1. From Lemma 5.9 we find that Q admits an open covering {Q1, ..., Qn} with each Q;
star-shaped with respect to some p; € Q;, and with B(p;,0/2) C Q; C B(p;,26), j = 1,...,N. We apply
Proposition 5.6 to each €);, and find that

(5.10) M(Q, A > 8%, i 1< pg”?
and
(5.11) M(Q A e, i 12 pg?,

where pq; is the inradius of {2; and ¢; is a universal constant given by 214

5.9, and the fact that 6 < 1, we deduce that

c. From Theorem 5.3, Lemma

c
(5.12) M(Q,A4;)) > Mla?
Let now ¢ > 1. Since Q € As we see that Q € A, and with the same arguments above we deduce that
c

(5.13) A (€, Ay) > MI
In conclusion, from (5.12) and (5.13) we obtain, for all § > 0,
(5.14) A(Q, Ay) > Cﬂl min{s2, 1}.
Finally, by applying (5.14) to the domain /3, which belongs to A /55, we get that for any 8 > 0

& .
(5.15) (€, 841) = BAa(VBQ, Ay) > - min{5%5%, ).
This yields the final result once we set C := ¢1 /M. d

Remark 5.11. Let us discuss the bounds of Theorem 5.10. We note that the lower bound behaves like 3242
as § — 07. This is consistent with the examples of domains with small width (for which \; (€, 3A4;) behaves
like 3262), see Theorem C.1, see also Appendices A and C. Concerning specifically the lower bound 7), we
note that the behavior is quadratic in § and in 3. We have seen in Theorem 3.1 that this quadratic behavior
in 3 for small 3 is correct, in particular when Rg+/3 < 1, where Rq denotes the circumradius of 2. As for the
linear behavior in § of the lower bound %), this is correct in view of the asymptotic behavior of A1(§2, 541)
as f — 400, see (2.12). In any case, we remark that the relevant quantity in our bounds is the behavior of
the product /3¢ (and not of § or 3 alone).

One may wonder if the hypothesis on the J-interior ball condition is too restrictive, and if just having a
large inradius would imply a large lower bound. This is not the case as we can see in the following example
of a convex domain with large inradius and small first eigenvalue.

Example 5.12. Let T be a triangle with base {(x1,0) : x1 € (=1/2,1/2)} and height of length L (namely,
the segment (0,x2) with xo € (0,L)). Then, the inradius is uniformly bounded from below and the first
eigenvalue vanishes as L — +oo. To see this, consider the subsets T' = {(x1,29) € T : 29 € (L — 2V L, L)}
and T" = {(z1,20) € T : 29 € (L — 2V L,L — VL)}. We can build a function u supported on T' with
arbitrarily small Rayleigh quotient as follows. Take u(x1,x2) = 6_%x1$2¢($2) where ¢(xz2) =1 on T\ T,
H(L —2VL) = 0 and é(xo) is linear in T". Standard computations (see also Example C.2) show that then
)\1(T, ﬂAl) < CL™t.

However, Theorem 5.10 does not apply to the case of a triangle as in the previous example, since it is not
smooth (its rolling radius is § = 0). For non-smooth domains we would rather use Proposition 5.6, which
gives a good lower bound for the domain in Example 5.12.



21

6. Semiclassical estimates for averages of eigenvalues: proofs

In this section we prove asymptotically sharp lower bounds for the first Riesz mean of magnetic eigenvalues
(upper bounds for averages) in the spirit of Kroger [28]. This will imply upper bounds on single eigenvalues.
We recall that the first Riesz mean R; of magnetic eigenvalues is defined by Ry (z) = Z]oo (2= X(Q, A1)+,
where a4 = max{0,a}. Through all this section we shall drop the dependence of A;(€, 5A;) on Ay, 3, and
simply write A;. Also, through all this section, A will denote the standard potential BA;. We also denote by

[a] the integer part of a € R and by 1(a) :=a — [a] — %, a € R, the fluctuation function.

Theorem 6.1. Let Q be a bounded domain of R%. For all z > 0 we have

2

(6.1 mez e CBe (24 ),
Equivalently, for all k € N, k > 1 we have

1< ok ok
6.2 ST <SR
©2) 2= Tgr (F):
where
(63) R(X) = S (X — DX)([X] - X +1)

Before proving the theorem, we state a few remarks and consequences.

Corollary 6.2. Forallk e N, k < %ﬁf‘ we have

k
1
(6.4) A dA<B
j=1
Proof. We give an estimate for the remainder function

R(X) = (X - [XD(X] - X +1).

|

First of all, note that the function
G(X) = (X - [XD(X] =X +1)

is such that G(n) =0 for all n € N, G(z) > 0, and on each interval (n,n + 1) has a unique maximum which
is § and is reached when X =n + 3. Hence 0 < G(X) < 1. Therefore

B
0<R
(X) < 5
If 0 < X <1 one immediately checks that R(X) = 8(1 - X). If k < % then 0 < X <1 and from (6.16)
we immediately get (6.4). O

We observe that Theorem 6.1 implies bounds on single eigenvalues, as in [28].

Corollary 6.3. For any k € N we have

8k
o0
Proof. For k = 0 we have already proved that A; < 8 in Theorem 3.1. We consider (6.1) with z = A\py;.
Then for the left-hand side of (6.1) we have

k k

Ri(Apt1) = Z()\k+1 Aj) = kX1 — Z)\ < kA1

j=1 Jj=1

(6.5) Aes1 < 2 4 B.

Hence we obtain the inequality

kX >
k+1 283 5

ANl 829 5 (A 1
> - (0 +
81 2T
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4 2100|2 Ak 1
Akr1 < i <k+\/k2 ﬁ' | W( ;El+2)>’

Since 0 < 9¥?(a) < % for all a € R, and using va? + b2 < a+ b for all a,b > 0, we obtain (6.5). O

which yields

Remark 6.4. Let us compare the bounds given by Theorem 6.1 with the corresponding bounds for the
Neumann Laplacian in two dimensions proved in [28]:

i 2k
2N <

= |2
Here by )\év we denote the Neumann eigenvalues of the Laplacian on ). Clearly, in our situation, bounds

of the form (6.6) cannot hold for any &k and any value of |2|: the inequality is clearly violated when k& = 1
and || — +oo. Hence it is natural to distinguish the regime || > % and |Q| < % Also, the appearing

(6.6)

?’r\r—‘

of oscillations in the remainders of the estimates of Theorem 6.1 seems to be natural for this operator (see
Appendices A and B). The semiclassical estimates of Theorem 6.1 should be compared with those for the
magnetic Dirichlet Laplacian proved in [16]. In particular, for magnetic Dirichlet eigenvalues a lower bound
on eigenvalues averages is given by the Weyl term, as for the Laplacian.

Another Corollary of Theorem 6.1 is the following lower bound on the trace of the magnetic heat kernel,
which is asymptotically sharp as ¢t — 0%.

Corollary 6.5. For allt > 0 we have
S e Mt > §|Q|
47 sinh(St)

Proof. The inequality follows by Laplace transforming inequality (6.1) (see e.g., [26, §2.1]). O

The proof of Theorem 6.1 relies on the so-called averaged variational principle of Harrell-Stubbe [25,
Theorem 3.1], which is an efficient way of recovering Kroger’s result [28], and can be easily applied in various
situations. We recall it here for the reader’s convenience.

Theorem 6.6. Let H be a self-adjoint operator in a Hilbert space (H, (-, -, )% ) with discrete spectrum, made
of eigenvalues denoted by
W1SW2S'SWJS"

with corresponding orthonormalized eigenvectors {g;} e oy. The closed quadratic form corresponding to H
is denoted Q(p, ¢) for any ¢ in the quadratic form domain Q(H) C H. Let f, € Q(H) be a family of vectors
indexed by a variable p ranging over a measure space (M, X, 0). Suppose that My is a measurable subset of
M. Then for any z € R,

(6.7) g —wi)e /zm g5, fo)ul? do > /5m 1A l2 — Qe f,) do,

provided that the integrals converge. Here a denotes the positive part of a real number a.
We state the following Lemma which contains some known facts on eigenfunctions of A4 on R2.

Lemma 6.7. Let u,; € C(R?) be defined in polar coordinates (r,t) by

.22 2
Un (1, t) :=e -5 r" L} < B) ,

where by L' (y) we denote the associated Laguerre polynomial, namely

l .
Z (l+n\y aedd L
with I,n € N (in particular, Ly(y) =1). Then
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i) Aaun; = B(1+20)u,; onR?: the functions Un, are eigenfunctions of Aa on R? with eigenvalue B(1+21).
Each eigenspace has infinite dimension.
it) |VAup > = B(1+ 20 un|? — 3 A un 2
1) [po UniTm i =0 if m#mn orl #k.

1
2_n(2 " gy 2
= B I

Vn 1 Umk = OmnOik, hence {vn 1 }nien is an orthonormal system in L*(R?).

v) Let vy,

The proof follows from standard computations, using the expression of A4 in polar coordinates (3.2) (see
also [3]).

The next lemma establishes a basic inequality for R (z) which is the cornerstone of the proof of Theorem
6.1.

Lemma 6.8. For all z > 0 we have

o0 /B o0
6.9 — A\ — B2l —1)
(6.9 ;wj+_2§ )
Proof. We apply the averaged variational principle (6.7) with H = L3(Q), H = Aa, Q(f, f fQ IVAF|2,

Q(H) = H'(Q), wj = \j, g; = u;, where u; are the the L?*(Q)-normalized eigenfunctions assomated with
the eigenvalues A; of Ay on , M = N x N with the counting measure o, and My = N x {0, ..., L} for some
L e N, and f, which is, for p = (n,1), the restriction to 2 of v, ;. Then (6.7) reads

(6.10) Z (z—Aj ZZ /vn 1Ty >ZZ/ (2|vnal® — |VAUnl|)

1=0 n=0 1=0 n=0
Now, since {05, 1 }n 1en is an orthonormal family in L?(R?), we have that

ZZ /”n,zfj S/Q|uj|2:

=0 n=0

2

2

hence, by Lemma 6.7, ii)

e L oo
(6.11) Z(Z—Aj)+>/ﬂ<zZZ|vnl| —ZZWAUMP)

7j=1 =0 n=0 =0 n=0
L oo
— [ (G- ser+ mpua+ ZZAWO
2 \ =0 n=0 1=0 n=0
L
Zz— B2l +1)) Z/MM + = ZZ/A\WH
=0 =0 n=0

We will prove in Lemma 6.9 here below that

(6.12) iwm(x)ﬁ - % <1+e 2 p (mfz)),

n=0
where P;(y) is a polynomial of degree 2/ — 1 in the variable y. The convergence of the series (6.12) is uniform
|2
on any compact set. In particular, Y0 o Alv, i (2)|* = %A (6_%H(ﬁ|$‘2/2)).
Then, from (6.11) we get that, for all L € N and z > 0,

(6.13) i +2/92i§(1+ 5 p (5|;I2>>(2_5(21+1))

Jj=1
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Inequality (6.13) holds for any fixed L, and it is clearly valid if we replace |z| by |z + z¢|, To € R? (this
amounts to choosing vy, ;(r,t) where (r,t) are polar coordinates centered at zo). Then, for any L € N, taking
|xo| = 400, we deduce that the last term of (6.13) goes to 0, and hence

oo L+1
(6.14) > (z=X)s > _mQ'Z B(21 +1)) B' |Z+: B(21—1)).

j=1

This implies immediately (6.9). O
We are now ready to prove Theorem 6.1.

Proof of Theorem 6.1. Inequality (6.9) is the cornerstone of this proof. The statements of Theorem 6.1 are
consequences of this inequality. We prove first (6.1). We consider the right-hand side of (6.9) and re-write it

as
B9 &, 2 B2|Q|
o= }l:g(gf(zz E: (2 -1))4

where w = i + % Then, some algebraic manipulations yield

2 0o 2 [w] 2
T 2w =)= =1 = TS w1y~ et 1) = Z e — -

™

_ % (w—;—ww)) (w—;w(w)) PO (1) - B

_A 2 B 1
T oom 482 or v (25+ )

This proves (6.1).

Before proving (6.2), we note that, choosing z = A1, inequality (6.9) reads

|Z B2l —1)), <0

which implies A\; < 5(2] —1) for all [ > 1, and in particular, A; < 8. This is an alternative way of recovering
(2.1) (however the inequality is not strict).

Now we prove (6.2). Consider now the two functions

and
gz) ==Y (z— Bl -1),

These two functions are convex. Let us define, for any w > 0, the functions

Lfl(w) == sup(zw = f(2)), - Llg](w) := sup(zw = 9()).

z>0

These two functions are the Legendre transforms of f and g. Since f, g are convex, we have, for all w > 0,
that f(z) > g(z) <= L[f|(w) < L[g](w).

A standard computation shows that
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52|Q|< {%w] )(M[MD ~ 02— 1)
Flalt) = 52 Gl 1) Gl ami) ) = e
Y < {277[0] ) <27rw B _27rw_) 529 [27rw
~ 2 Clael) ) st~ Laet)) e el
We choose now w = k, so that the inequality L[f](k) < L[g](k) reads
_ B9 27k ok [ 27k B2 [ 2xk 1?
(019 Z <50 (2] +1) Gl - o)) + 5 [l
Setting X = ‘ | (6 15), we see that
2 2Q
> < 2B e x-S e
Jj=1
_ A9 B 2 2 y2
—?(Q[X]‘Fl)(X—[X])'F?(X + [X]7 - X7)
_ B9 . B9 B2 (y2 _ 2
= e P oy 4 e - i) + 212 e - x)
_ 2nk® B9 B 52
=+ S+ vec- oy + 2B
where we have used the fact that 2 2‘Q|X 2 = 2‘”’“|2 Dividing both sides by k& we find
1 B

(6.16) PRE o R - DK - X+ )

where we recall that X = % This concludes the proof.

We prove the following lemma on sums of eigenfunctions of A, on R2.

Lemma 6.9. We have

> onala)? = 2

n=0

(1+

BI;QD

where Py(y) is a polynomial of degree 21 — 1 in the variable y. If l = 0, then Py(y) = 0.

Proof. We note that
/8 -y l' n

2 _ -
ons (@) = 5™

27re

with y = , S0 that

(6.17)

;\vn,l(m)P = Z l+n

Therefore, we need to study

(6.18) Z% my"L?(y)Q.
We use (6.8) to expand one factor L} (y) in (6.18)
S L = Y T
— (I +n)! — (I +n)!

1Y Li(y)?

"Li'(y)*.

Sen() Y

i—0

T

25
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and change the order of summation:

00 l i i 00
il (—=1)"y* y" L7 (y)({ + n)I!
"Li(y)® = l :
Z RSOl 2 ; =) Z;O (n+ ) +n)!
Using the second identlty (Rodrlgues formula) in (6.8) we get
00 l o
—1)'y eV d _
6 19 ’r’L 2 — ( _ l+7‘L y
; l+n L) ;(l—i)!ilnzzo(nJri)!dyl(y )
(_1)zyz dl 1 yn—i-z
— eV “ Yo i
’ ; —otdy \© Y 2 (n+ 1)
~ (D d St
=e’ ———— [e7vy T [ e =
; (I — )l dyt Jz:(:)j!
~ (1 ('Y d Y4
— o A =i i — Yy
=, (z) T A A D
=0 7=0

l oo i—1

N (—1)iy* d . : Y

— Y y l=i _ o l=ig=y Z

=€ +ez<i) I dyl Yy y e Zj[ ’
i=1 j=0

The proof follows now inserting (6.19) in (6.17), and observing that the second summand in the last line of
(6.19) is just a polynomial of degree 21 — 1. O

Appendix A. Eigenvalues of embedded curves and thin tubular neighborhoods

In this section we consider the magnetic Laplacian on embedded curves. Throughout this section, by I'
we denote a simple, closed curve, which is the boundary of some simply connected domain 2 in R? (namely,
I' =090).

As potential one-form, we consider the restriction A of the standard magnetic potential A = g(—itzdl’l +
xz1dxs) to I and study the magnetic Laplacian associated to Ar (see also the discussion in Subsection 2.6).

It should be noted that Ar is closed for dimensional reasons (i.e., dAp = 0), hence it generates a vanishing
magnetic field on I'. We denote by A; (T, Ap) the corresponding eigenvalues, which can be explicitly computed.

Theorem A.1. Let I be an embedded curve, which is the boundary of a simply connected domain Q C R2,
and consider the magnetic Laplacian associated with the potential Ar as above. Its spectrum is then given by

the collection )
42 B19|

- 472 BIQ\ 2
(A1) Mi(T Ar) = o (n = 5 )

hence M\ (T, Ar) = 0 if and only if | = 2”7“ for some n € N.

In particular

Proof. Note that, being a compact one-dimensional Riemannian manifold, T" is isometric to the circle with
the same length; from [10, Proposition 7], we know that the spectrum is given by:

A 472
>\n (R AF) = W

(n— @AF)Q, n ez
R 1 . .
where ®Ar = o fr Ar is the flux of Ar around T' oriented counter-clockwise (however the spectrum does
™
not depend on the orientation). We compute the flux knowing that I' = 9Q and get, by the Stokes formula:
i 1 Q

s o
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The conclusion follows. O

As a corollary, the classical isoperimetric inequality implies the following fact which, by abuse of language,
can be interpreted as a “reverse Faber-Krahn inequality” for the first magnetic eigenvalue of the boundary
of simply connected domains.

Theorem A.2. Let Q C R? be a smooth simply connected domain with boundary T, and let Q* be a disk
with |Q| = |Q*| and boundary T*. Then
M (T, Ap) < M\ (0%, Ap).
If Q] # 2”7” for all n € N, then equality holds if and only if Q = Q*. In particular, we have
(42) M A <
with equality if and only if Q is a disk of radius R = ﬁ

Proof. The first assertion is an immediate consequence of (A.1) and the isoperimetric inequality. We prove

2 2
the second assertion. Assume first that %f:‘ < % so that we have min, ¢z (n — %) = (%ﬁ}‘) < %%

hence ) 510 3
N 4= 1

MO AN < — - - —— < =

(T F)*|r|2 2 21 — 4

by the isoperimetric inequality |T'|> > 47 |2|. Note that the equality holds if and only if € is a disk of area

2
%. Then, we assume % > %, and observe that min,, ¢y, (n — %) < %. It follows that
- 47?1 T B
MITAPD) € — - = < —— < =,
1( F) = |F|2 4 = 4|Q‘ 4
Finally, one checks easily that for a disk of radius R = - we have equality in (A.2). The proof is complete.

VB
0

Remark A.3. Note that, in the case of a circle I'g of radius R, for a fixed 3, we always have a sequence of

radii R,, such that Al(FRn,flpRn) = 0. This amounts to R, = \/%, n € N.

Note also, that for these values of R,,, we have that 3 is an eigenvalue of the magnetic Laplacian on Bp,
(see Appendix B).

Moreover, A1(I'g, Ar ) — 0 as R — +o0, but the convergence is not monotonic. There is a subsequence,
as we have said, where it is equal to zero. See Figure 2 below and Figure 1 in [21]. We note again the
oscillating behaviour of the first eigenvalue as a function of the radius (Little-Parks effect). We observed
an analogous behavior in the remainder of the lower bound for R;(z) in Theorem 6.1. Also, an oscillating
behavior is evident numerically for the magnetic eigenvalues of disks, (see Figure 3).

Appendix B. Eigenvalues of the disk

In this section we consider the eigenvalues of the disk Br := B(0, R) when 8 > 0 is constant. We shall
denote them by \;(Bgr, BA1). Let A = BA;. Writing A qu = Au in Bpg in polar coordinates (r,t) (see (3.2)),
for the ansatz u = v(r)e'™, n € Z, we see that v solves

—v"(r) — @ + (% - ﬂ)zv(r) = dv(r)

(B.1) T
v(R) =0.
A bounded solution to the differential equation in (B.1) is given by
TR r’p
(B.2) vp(r)=e T r L%(%,l) (2> ,

where LS () denotes the generalized Laguerre function (see e.g., [1, §22] for precise definitions and properties).
The eigenvalues are determined by imposing v),(R) = 0. For each n € Z we have a sequence

0<Ai(n,B,R) < Xe(n,B,R) < -+ N +o0.
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FIGURE 2. First eigenvalue on a circle of radius R as a function of R, for § = 1.

Clearly,
)\I(BRa BAI) = rnnelg )\l(nv 57 R)

This minimum depends on § and R, but it is rather complicated to identify which n € Z realizes it, for given
B, R. It is easy to see that the minimum, in any case, is achieved for some n € N. The analytic branches
(i.e., A1(n, B8, R)) show a very intriguing behavior. A first numerical study can be found e.g., in [37]. Due to
the rescaling properties of A;(Bgr,841), it is not restrictive to fix 8 = 1 and study the behavior of the first
eigenvalue as function of R.

Note that the analogous study for the magnetic Laplacian with Dirichlet conditions is simpler (even if
the computations are not trivial), and a complete picture is available (see [38]). In particular, the first
eigenfunction is always radial, i.e., n = 0.

The peculiar behavior of the eigenvalue A;(Bgr, 341) as a function of R is well illustrated in Figure 3 (see
also Figure 1 in [21]). Recall that the eigenvalues of Bg are implicitly characterized by v}, (R) = 0, where v,
is defined in (B.2). In Figure 3 we have plotted the zero level sets of the function

d ([ _s2 . B
F(R,)\)_U;L(R)_d,r‘(e ar L%<%_1) (2)> 5
r=R

for the choice f = 1, in the region (R, \) € [0, 6] x [0,1] for n =0, ..., 10. The first eigenvalue is the minimum
of all the analytic branches of eigenvalues A\ (n, 1, R) for n =0, ..., 10.

We note that the first eigenvalue has an oscillating behavior as a function of R. The black dashed line in
Figure 3 corresponds to O ~ 0.590106. This suggests that open problem 2 should have a positive answer.
In Figure 3 we recognize a precise order. In fact, the first eigenvalue is given by A1(0,1, R) for R € (0, Ry),
then by A1(1,1, R) for R € (R, Rz), and so on. This was highlighted in the numerical study of [37].

Even though we cannot give precise information on the eigenvalues of disks, explicit computations allow
to have more insight on Theorem 6.1. We have observed in Corollary 6.2 that if || > 2”7", then

(B.3) %ZAj(Q,BAl) <B.
j=1

For the disk Br the condition reads R > 4/ %” We show now that when R = , /%", the first n eigenvalues

are strictly smaller than 8, which clearly implies (B.3). Moreover, in this case 0 is an eigenvalue, and, in
particular, it is at least the n + 1-th eigenvalue.
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FIGURE 3. Analytic branches A1(n,1,R), n = 0,...,10. In particular n = 0 (red), n =1
(orange), n = 2 (blue), n = 3 (purple), n = 4 (dark green), n = 5 (light green), n = 6
(cyan), n =7 (gray), n = 8 (black), n = 9 (pink), n = 10 (brown). Here the variable on the
abscissae axis is the radius R. The first eigenvalue is given by the minimum of all analytic
branches, and is highlighted in dark brown.

Proposition B.1. Let R = ,/%" for some n € N. Then A\ (Bg,841) < -+ < M(Br,841) < 8 and
B = M\ (Bgr, A1) for some k >mn+ 1.

Proof. Tt is easy to show that the function (in polar coordinates (r,t))
g2 .
fo(rt) =e T rle™

is an eigenfunction corresponding to the eigenvalue 8 (see (3.2)). Consider now the functions f,(r,t) =

Br2
e 14 r’e
fB(O,R) |vAfm|2
fB(o,R) |fm|2

if and only if m < n. Since {f, "m_:lo is an orthogonal family in L?(Bg), this will imply from the min-max
principle (2.3) that there are at least n eigenvalues strictly below §, and, as a consequence, that J is at least
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the n 4+ 1-th eigenvalue. A standard computation shows that

fB(o,R) VA fnl? m! —m?2T(m,n) +2ml(m +1,n) — T(m + 2,n)

fB(O,R)|fm‘2 m! —T(m+1,n)

where I' denotes here the incomplete Gamma function. Now, for m = n this gives exactly 8. Now, let

m! —m?T(m,n) + 2mI(m + 1,n) — T(m + 2,n)
m! —T'(m+1,n)

G(m,n) :=

We have G(n,n) = 1. Moreover,
lim G(m,n)=1.
n—-+o0o
Now G(m,n) < 1 if and only if
—m?T(m,n) + (2m + DHT(m + 1,n) —T(m +2,n) < 0
and using the properties of the Gamma function we see that
—m?T(m,n) + 2m + D)I(m +1,n) —T(m +2,n) = n™e " (m — n)
which means that G(m,n) < 1 for all m < n. The proof is concluded. O

From Figure 3 it seems evident that when R = %", B is exactly the n + 1-th eigenvalue (recall that
B =1 in Figure 3): the analytic branch corresponding to n € N intersects the horizontal line A = 8 = 1 at
R = +/2n. We are left with the following
Open problem 3 Prove that for R > %” the first n + 1 eigenvalues of By lie below (; prove that for any

domain with || > 2”7” the first n + 1 eigenvalues lie below §; improve (if true) inequality (6.4) as follows:
for all |©2] > 2”7"
1 n+1
— A (Q,841) < 6.
HH; §(%BA1) < 8

Appendix C. Further examples

In this Appendix we provide further examples which highlight the difficulties in finding lower bounds for
)\1 (Q7 BAl ) .

We first show that domains with small width have small first eigenvalue. Recall that the width € of a
domain (Q is defined as the infimum of the numbers h > 0 such that, up to isometries, 2 is contained in a
strip | — 0o, 00[x] — h/2, h/2].

Theorem C.1. Let ) be a bounded domain of width €. Then
€252

A1(Q,841) < Y

Proof. Suppose that Q C] — 0o, 00[x] — €/2,¢/2[. We consider the test function u(zy,z2) = eifTiTe jp (2.3).
A standard computation shows that

(VAuU|? = g222.
Since |u| = 1, we deduce
fQ |VAU|2 _ [3262

e A TE

Of course, this is only relevant if the width is small enough.

Thanks to Theorem C.1 we show that there exist convex domains of any area with small first eigenvalue.
Example C.2. Let Q. =] — L, L[x] — €¢/2,¢/2[, L,e > 0. For any L > 0,

6262

(C.1) A1 (Qe, BA7) < 1

In particular, A\ (Qc, A1) — 0 as e — 0.
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Note that the upper bound (C.1) does not depend on L, so that || could be as large (or small) as one
wishes. The Rayleigh quotient goes to 0 proportionally to 32¢2. We recall the Payne-Weinberger inequality
[33] for the first positive eigenvalue of the Neumann Laplacian A

2

s
Q

valid for convex domains. Here dg, is the diameter of Q. Example C.2 shows that (C.2) does not extend to
the first magnetic eigenvalue.

One may be tempted to conclude that thin domains, or domains with small area, have small first eigenvalue.
To this regard, we remark that topology plays a role: if Q is simply connected with small area, it is true
that the first eigenvalue is small, see Remark 2.4. A bit surprisingly, this is not true if the domain is not
simply connected. We show examples of thin domains, of arbitrarily small area and first eigenvalue uniformly
bounded away from zero.

Example C.3. Let I' be a closed simple curve which is the boundary of a smooth bounded domain 2. Let
wp = {z € Q: dist(z,I') < h} be a small tubular neighborhood of T'. Then

1) if B2 ¢ N,
2 2
A1 (wp, BAL) > ‘411% 17{161% (n — @S) — \/Bh7

for all h € (0,¢q), for some €g > 0 depending only on  and j;

2) zf% €N, then
A1(wp, BA1) = 0

as h — 0%

In particular, A (wp, BA1) — 0 as h — 07 if and only if % eN.

Proof. Point 1) follows from Theorem C.7, while point 2) follows from Proposition C.9. We postpone the
corresponding proofs at the end of this section.
Alternatively, it is proved in [36, §9] that

\j(wn, BA1) = X(T, Ar)

as h — 07, where ), (F,A[‘) denote the magnetic eigenvalues on I' endowed with the restriction of the
standard potential SA;. In particular, A\ (wp, SA1) — Al(F,AF) as h — 07, and we have seen in Theorem
A.1 that A (T, Ar) = 0 if and only if 22l ¢ N. 0

Remark C.4. 1) If the curve I' = 99 is generic, in the sense that %f:l ¢ N, then for small h the domain wy,
has arbitrarily small area and first eigenvalue bounded away from zero.

2) If T is an arbitrary curve then we know from A.2 that A (T, A]") < g; as a consequence, when h is

sufficiently small, one has A1 (wp, 8A1) < ©¢f, and we have another family of domains for which A\ (2, A1) <
Oop.

In conclusion we have plenty of domains with arbitrarily small volume and thickness, and first eigenvalue
either arbitrarily close to zero, or bounded away from zero, and this depends on the area enclosed by I'.
Note that the domains of Example C.3 are thin, but not simply connected. If we consider tubes around open
curves the first eigenvalue always tends to zero as the tube shrinks to the curve.

Example C.5. Let T' be an open simple curve and let wy, := {x € Q : dist(z,T') < h}. Then

)\l(waﬁAl) —0
as h — 0%,
Proof. Through all the proof, we will denote by A the standard potential BA;. Let \;(T, flp) denote the
magnetic eigenvalues on I' endowed with the restriction of A to the curve, and magnetic Neumann boundary
conditions at the endpoints (see Subsection 2.6). Since the restriction of A to I' is exact, we conclude that

A (T, AF) are just the Neumann eigenvalues on I', and in particular, Al(FAF) = 0. Let wy, be a tube of size
h around T'. Then, by [36, §9] we have that A (ws, 841) — A (T, Ap) = 0 as h — 0. Note that the limit
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A1 (wp, BA1) — 0 follows also by the fact that wy, is simply connected and its area goes to zero, see Corollary
4.4, point 4). O

We show now a final example of annuli with large area, small thickness (i.e., small rolling radius at each
point of the boundary), and first eigenvalue close to zero.

Example C.6. Let C, := {x € R? : /Cn < r <+/Cn + Dn®}, where (r,t) are the polar coordinates in R?,
C,D>0and0< a< % We have that |Cp,| — +00 and A1(Cp, BA1) = 0 as n — +oc0.

Proof. We have |C,| = wDn®, while the thickness of the annulus (the difference between the two radii)
behaves like n®~1/2 as n — 4o0o. Taking C' = % and u(r,t) = €™ as test functions in (2.3), a standard
computation shows that A\;(C,, A1) — 0 as n — 4+o00. With a bit of more work it is possible to deduce the
same result for any C' > 0. 0

These examples show that finding good lower bounds for Ay (€2, A1) is a difficult task. It seems that the
condition on the rolling radius of Theorem 5.10 is quite natural in many situations.

We conclude this section with the proofs of Theorem C.7 and Proposition C.9 which we have used to
discuss Example C.3.

Theorem C.7. Let T" be a closed simple curve which is the boundary of a smooth bounded domain 2, and
let B > 0 be such that % Z N. Let wy, := {z € Q : dist(z,I') < h} be a small tubular neighborhood of T.
There exists €g > 0 depending only on Q and B such that, for all h € (0,€y) one has:

A1 (wh, BAL) > M (T, Ap) — \/Bh,

Proof. Through all the proof, we will denote by A the standard potential 5A;. Let 0 denote the injectivity
radius of the normal exponential map, which is positive being Q smooth. For r < §, let I, = {& € Q :
dist(z,I') = r) be the equidistant at distance r to the boundary. In Lemma C.8 here below we prove that

(C.3) M (Dr, Ap,) > M(T, Ap) — /Br,

for all 7 € [0, o), where A (T, A, ) is the lowest eigenvalue of the curve T, with potential Ap, (the restriction
of the standard potential to the curve). The constant €y will be defined in the proof of Lemma C.8. Inequality
(C.3) is the main ingredient of the proof of Theorem C.7.

Take a first eigenfunction u of wy with ||ul|2(y,) = 1. By the coarea formula

h
/ |VAu\2:/ / |VAu2dsdr.
Wh 0 FT

Fix a point p € T, and consider an orthonormal frame (7, N) at p, where T is tangent to I', and N is normal
to it. At p we have:
VAU = [(VAu, T)? + [(VAu, N)? > (A0, T)? = [VAT

We can then use the restriction of u as a test-function for the magnetic Laplacian associated to the pair
(T, Ap, ). This gives, using (C.3)

/ |VAFv‘u|2dszAl(rr,Ar,,,)/ ul*ds > (A (T, Ar) — fr/ [ul*ds > (M (T, Ar) — fh/ Jul*ds
r,

T

for all » € [0, h]. Integrating on [0, h] we obtain

/|VAu|2 (M (T, Ap) — fh/|u|2: (T, Ar) — \/Bh.
Wh

Wh
The proof is complete by observing that f |VAu? = A\ (wp, BAY).
O

Lemma C.8. Let I' be a closed simple curve which is the boundary of a smooth bounded domain ), and
let B > 0 be such that % ZN. Let T, := {x € Q : dist(z,I") = r} be the equidistant at distance r to the
boundary. There exists eg > 0 depending only on  and 8 such that, for all r € (0,€y) one has:

M(Dy, Ar ) > M(T, Ar) — /Br-
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Proof. Let ¢ be the injectivity radius of the normal exponential map; hence the distance function p(x) :=
dist(z,I") is smooth for p < 4.
Let Q. = {z € Q: p(x) > r}: for r €0,6), the curve I',, = 99, is smooth. We set for brevity:

A(r) =19, L(r) = Ix|,
so that A(0) = ||, L(0) = |['|. Theorem A.1 gives, for all r € [0,0):

. w2 )N 2
(C.4) M) = 7 min (- 50

We recall the well-known facts that, on the interval [0, d), A(r) is smooth and decreasing, A'(r) = —L(r)
and L'(r) = —2m, so that A(r) = A(0) — L(0)r + mr? (see e.g., [24, §1.2]). We will use the inequalities:

(C.5) A(0) — L(0)r < A(r) < A(0) and L(r) < L(0).
Since % ¢ N, we have from Theorem A.1 that Al(F,AF) > 0. In particular, there is a unique n € N such
that
B9 1 Aty 1
(C.6) 97 €(n 2,n) or —— 6(n,n+2}.

Since |Q,| = A(r) is continuous and decreasing, there exists a positive ¢y < § for which the inequalities in
(C.6) continue to hold for the domain . for all r € [0, ¢y), that is:

() g o ety
and (C.4) gives:
2 = BA(r) - BAW) € (n—3,n),
(C.8) \/m = gA(rL)@ 2rn 5317(2") |
I e (n, 7+ 3]

Set for brevity f(r) = \/A1(Ty, Ar,). We use (C.5) to see that, in the first case of (C.8) we have immediately
f(r) > f(0), while in the second we obtain f(r) > f(0) —r. Squaring both sides of this last inequality we get

F(r)? > f(0)* = 2f(0)r,
From Theorem A.2 we see that f(0) = /A (T, Ar) < @ so that f(r)? > f(0)® — /Br, which is the

assertion.

O

Proposition C.9. Let T’ be a closed simple curve which is the boundary of a smooth bounded domain € for
which % € N. Let wy, := {x € Q : dist(z,T') < h} be a small tubular neighborhood of I'. Then

hllr(r)l_'_ )\1((4)}“ BAI) =0.

Proof. Let 0 be the injectivity radius of the normal exponential map. From now on we shall assume h € (0, 0).
Let f: Q2 — R be the solution of

(Vf,N)=—A;(N), on 0.

Define A’ = Ay + df, where A; is defined in (1.1). We note that dA’ = dA; = dv, divA’ =0, and A'(N) =0
on 9. On , and on any wy,, A; and A’ differ by an exact one-form, hence A1 (wp, BA1) = A1(wp, BA") for
all h € (0,0). Consider now the function v : I' = C

{Af:m in Q,

v(s) := € Jo A/F,
where s is the arc-length variable on I' and A} is the restriction of SA’ to . We define a test function u on
wy, extending v constantly in the normal direction to I'. Namely, for = € wy, we set u(z) := v(s(z)), where
s(z) is the arc-length coordinate of the (unique) nearest point to z on I'. By construction u is smooth on wy,
since v(|T]) = e fo Ar = €812l = 2™ for some n € N. Moreover, it does not depend on h. Let p € T, and
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let (T, N) be an orthonormal frame, where T is tangent to I at p, and N is a unit normal to I at p. Then,
at any p € I' we have du(T) = iuAp(T), so that d°4"w(T) = 0. Moreover d?4 u(N) = 0 since 4’'(N) = 0.
We conclude that d?4"u = 0 on T', or, equivalently, VA =0 onT.

This implies that ||vﬁA/u||Lco(wh) — 0 as h — 07. From the min-max principle (2.3) we have

VAA |2 VAA |12 w
Al(thBAl) :)\l(w}uﬁA/) S fwh| _ | < || HL (Wh)| h|
fwh |ul |wh|
since ul? = 1 = |wp|. The proof is complete. =
S, lul?= [, p p
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