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ARTICLE INFO ABSTRACT

Keywords: Forecast reconciliation is a post-forecasting process that involves transforming a set
Forecast reconciliation of incoherent forecasts into coherent forecasts which satisfy a given set of linear
Linearly constrained multiple time series constraints for a multivariate time series. In this paper, we extend the current state-
gg;z;;g‘ggrlerecasm of-the-art cross-sectional probabilistic forecast reconciliation approach to encompass
CDP & a cross-temporal framework, where temporal constraints are also applied. Our pro-
Tourism flows posed methodology employs both parametric Gaussian and non-parametric bootstrap
approaches to draw samples from an incoherent cross-temporal distribution. To improve
the estimation of the forecast error covariance matrix, we propose using multi-step
residuals, especially in the time dimension where the usual one-step residuals fail.
To address high-dimensionality issues, we present four alternatives for the covariance
matrix, where we exploit the two-fold nature (cross-sectional and temporal) of the
cross-temporal structure, and introduce the idea of overlapping residuals. We assess
the effectiveness of the proposed cross-temporal reconciliation approaches through a
simulation study that investigates their theoretical and empirical properties and two
forecasting experiments, using the Australian GDP and the Australian Tourism Demand
datasets. For both applications, the optimal cross-temporal reconciliation approaches
significantly outperform the incoherent base forecasts in terms of the continuous ranked
probability score and the energy score. Overall, the results highlight the potential of
the proposed methods to improve the accuracy of probabilistic forecasts and to address
the challenge of integrating disparate scenarios while coherently taking into account
short-term operational, medium-term tactical, and long-term strategic planning.
© 2023 The Author(s). Published by Elsevier B.V. on behalf of International Institute of
Forecasters. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction forecasting demand in supply chains with product cate-
gories (Punia et al., 2020, Kourentzes & Athanasopoulos,
Forecast reconciliation is a post-forecasting process 2021), electricity demand and power generation (Spiliotis

et al.,, 2020, Ben Taieb et al., 2021), GDP and its compo-
nents (Athanasopoulos et al., 2020), tourist flows across
geographic regions and travel purposes (Kourentzes &
Athanasopoulos, 2019), and more. Moreover, effective
decision-making depends on the support of accurate and
coherent forecasts, making the use of forecast recon-

* Corresponding author. ciliation methods increasingly popular in recent years

E-mail address: daniele.girolimetto@unipd.it (D. Girolimetto). (Athanasopoulos et al., 2023).

intended to improve the quality of forecasts for a system
of linearly constrained multiple time series (Hyndman
et al,, 2011, Panagiotelis et al., 2021). There are many
fields where forecast reconciliation is useful, such as when
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Temporal reconciliation is another important aspect of
forecast reconciliation that can help organizations to bet-
ter align their forecasting efforts. This approach consists in
reconciling forecasts that are generated at different time
horizons, such monthly, quarterly, or annual. For example,
a retail company may need to reconcile monthly forecasts
of sales with quarterly forecasts of revenue to ensure that
they are aligned and consistent.

Classical reconciliation approaches (bottom-up, top-
down, middle-out; see Dunn et al., 1976, Gross & Sohl,
1990, Athanasopoulos et al., 2009, respectively) addressed
the issue of incoherent forecasts in a cross-sectional hier-
archy by forecasting only one level, and using these to
generate forecasts for the remaining series. All of these
approaches ignore useful information available at other
levels (Pennings & van Dalen, 2017). Recently, hierarchical
forecasting (Fliedner, 2001) has significantly evolved to
include modern least-squares-based reconciliation tech-
niques in the cross-sectional framework (Hyndman et al.,
2011, Wickramasuriya et al., 2019, Panagiotelis et al.,
2021), later extended to temporal hierarchies (Athana-
sopoulos et al., 2017, Nystrup et al., 2020). Obtaining
coherent forecasts across both the cross-sectional and
temporal dimensions (known as cross-temporal coher-
ence) has been limited to sequential approaches that
address each dimension separately (Kourentzes & Athana-
sopoulos, 2019, Yagli et al, 2019, Punia et al., 2020,
Spiliotis et al.,, 2020). Recently, Di Fonzo and Girolimetto
(2023a) suggested a unified reconciliation step that takes
into account both the cross-sectional and temporal di-
mensions, instead of dealing with them separately, uti-
lizing the entire cross-temporal hierarchy.

However, these cross-temporal works focus on point
forecasting, and do not consider distributional or proba-
bilistic forecasts (Gneiting & Katzfuss, 2014). In the cross-
sectional and temporal frameworks, there have been some
developments towards probabilistic forecasting, includ-
ing Ben Taieb et al. (2017, 2021), Panamtash and Zhou
(2018), Jeon et al. (2019), Yang (2020), Yagli et al. (2020),
Corani et al. (2021), Corani et al. (2023), Zambon et al.
(2022), and Wickramasuriya (2023). Panagiotelis et al.
(2023) made a significant contribution by formalizing
cross-sectional probabilistic reconciliation using the geo-
metric framework for point forecast reconciliation of Pana-
giotelis et al. (2021). They show how a reconciled forecast
can be constructed from an arbitrary base forecast when
its density is available and when only a sample can
be drawn. They also show that in the case of elliptical
distributions, the correct predictive distribution can be
recovered via linear reconciliation, regardless of the base
forecast location and scale parameters, and derive condi-
tions for this to hold in the special case of reconciliation
via projection.

In this paper, we extend cross-sectional probabilistic
reconciliation to the cross-temporal case, working on
issues related to the two-fold nature of this framework.
First, we revise and develop the notation proposed by Di
Fonzo and Girolimetto (2023a) to generalize the work
of Panagiotelis et al. (2023). This allows us to move
from cross-temporal point reconciliation to a probabilis-
tic setting through the generalization of definitions and
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theorems well established in the cross-sectional frame-
work. Second, we propose solutions to draw a sample
from the base forecast distribution according to either
a parametric approach that assumes Gaussianity or a
non-parametric approach that bootstraps the base model
residuals. Third, we propose some solutions to specific
problems that arise when combining the cross-sectional
and temporal dimensions. We propose using multi-step
residuals to estimate the relationships between different
forecast horizons when we deal with temporal levels,
since one-step residuals are not suitable for this pur-
pose. To solve high-dimensionality issues we introduce
the idea of overlapping residuals and consider alternative
forms for constructing the covariance matrix. Fourth, we
propose new shrinkage procedures for reconciliation that
aim to identify a feasible cross-temporal structure. The
algorithms described in this paper are implemented in
the FoReco package (Girolimetto and Di Fonzo, 2023a) for
R (R Core Team, 2022). Furthermore, the online appendix
contains complementary materials on methodological and
practical issues, and supplementary tables and graphs
related to the empirical applications.

The remainder of the paper is structured as follows.
In Section 2, we provide a unified notation for the cross-
sectional, temporal, and cross-temporal point reconcili-
ation. We generalize the cross-sectional definitions and
theorems developed by Panagiotelis et al. (2023) in Sec-
tion 3, and propose both a parametric Gaussian and a non-
parametric bootstrap approach to draw a sample from
the base forecast distribution. In Section 4, we analyze
the structure of the cross-temporal covariance matrix,
proposing four alternative forms, and propose shrinkage
approaches for reconciliation. In addition, we explore
cross-temporal residuals (overlapping and multi-step)
looking at their advantages and limitations. Two empirical
applications using the Australian GDP and the Australian
Tourism Demand datasets are considered in Sections 5
and 6, respectively.! Finally, Section 7 presents conclu-
sions and a future research agenda on this and other
related topics.

2. Notation and definitions

Lety, = [V1ts-.-+Yit>---»>¥Ynt] be an n-variate lin-
early constrained time series observed at the most tem-
porally disaggregated level, with a seasonality of period m
(e.g., m = 12 for monthly data, m = 4 for quarterly data,
m = 24 for hourly data). Suppose that the constraints
are expressed by linear equations such that (Di Fonzo &
Girolimetto, 2023a)

CosY: = Opngx1)s t=1, ..., T, (1)

where C is the (n; x n) zero-constraints cross-sectional
matrix that can be seen as the coefficient matrix of a
linear system with n, equations and n variables.2

An example is a hierarchical time series where se-
ries at upper levels can be expressed by appropriately

1A complete set of results is available at the GitHub repository
https://github.com/danigiro/ctprob.

2 Hyndman (2022) and Girolimetto and Di Fonzo (2023b) show
that this zero-constrained representation is more general and
computationally efficient.
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Fig. 1. (a) A simple two-level cross-sectional hierarchy for 3 time series with n, = 1 and n, = 2. (b) A temporal hierarchy for a quarterly series

(m=4and € = {4, 2, 1}).

summing part or all of the series at the bottom level.
Fig. 1(a) shows the two-level hierarchical structure for
three linearly constrained time series such that yr, =
Yxt + Yy V& = 1,...,T. Now let y, = [u] b;]/,
where #; = [yi¢,...,Yn.t) is the ng-vector of upper-
level time series, and by = [Y(ng+1).c y;1,t]/ is the
np-vector of bottom-level time series with n = n, + n,.
The upper- and lower-level time series are connected by
the cross-sectional aggregation matrix A such that u, =
Agsb;. Following Girolimetto and Di Fonzo (2023b), we can
always construct a zero-constraints cross-sectional matrix
from the aggregation matrix, Ces = [In, —Ac], where I,
is an identity matrix of dimension n,. Finally, the cross-

sectional structural matrix is given by S, =

ACS

I, |’
providing the structural representation (Hyndman et al.,
2011) y, = S.b;. Considering the hierarchical example in
Fig. 1(a), we have

As=[1 1], Cx=[1 -1

1 1
Ss=1|1 0].
0 1

In general, there is no reason for u; to be restricted to
simple sums of b;. Therefore, A;; € R"™*™ may contain
any real values, and not only Os and 1s.

Considering now the temporal framework, we denote
as KK = {kp, kp—1, ..., ko, kq1} the set of p factors of m, in
descending order, where k; = 1 and k, = m (Athana-
sopoulos et al,, 2017). For example, for quarterly time
seriesm = 4, p = 3, and K = {4, 2, 1}. Given a factor k of
m, and assuming that T = Nm (where N is the length of
the most temporally aggregated version of the series), we
can construct a temporally aggregated version of the time
series of a single variable {y;};—,.r, through the non-
overlapping sums of its k successive values, which has a

Jjk
Z Yit,
t=(j—1)k+1

T
wherej:1,‘..,Nk,i:1,...,n,Nk:f,andxl[}]:y,;[.

Define 7 as the observation index of the most aggregate

level k,. For a fixed temporal aggregation order k € K,

we stack the observations in the column vector X =

1,T
) ;
[k] [k] [k] .
I:Xi,Mk(T*1)+1 XiMp(r—1)42 - Xi,Mkr]' and obtain the

—1] and

m
A L R

seasonal period equal to My = i X

vector for all the temporal aggregation orders x;; =

k kp— !
oy 1[? v *'1, t =1,...,N. The structural
representation of the temporal hierarchy (Athanasopoulos
. A
et al, 2017) is then x;; = Sex!, where S, = Ite
! m

is the [(m + k*) x m] temporal struc/tural matrix, A, =

[1kp Ikpi_l ® 1, I% ®1k2] is the (k* x m)
temporal aggregation matrix with k* = Z M, the

kek\{ki})
number of upper time series of the temporal hierarchy,
1, is a (kp x 1) vector of all ones, and ® is the Kronecker
product. For each series x;;, i = 1,...,n, we have also
the zero-constrained representation

t=1,...,N
i=1,....,n ~° (2)

where C,e = [Ij» —Ag] is the [k* x (m + k*)] zero-
constraints temporal matrix. Fig. 1(b) shows the hierar-
chical representation of a quarterly time series, for which
m=4, K=1{4,2,1}, and

CieXi v = Oper (k)]

11 1 1 "
A[e:|:l 10 o}, ste:[l“f} and
0 0 1 1 4
100 -1 -1 -1 -1
cte=[0 10 -1 -1 0 o]
001 0 0 -1 -1

When we temporally aggregate each series, the cross-
sectional constraints for the most temporally disaggre-
gated series (1) hold for all the temporal aggregation
orders such that Ccsxj[k] = Op,x1) for k € K and j =

’
1,..., Ny, where x}k] = [u][k]/ bj[k]/] with u][k]

4
[x[f]j XEZ]. j] is the ng-vector of upper time series,

ng+1), j n,j
bottom time series in the temporal hierarchy.

To include both cross-sectional and temporal con-
straints at the same time in a unified framework, we stack
the series into a [n x (m+ k*)] matrix X, where we recall
that n, m, and k* respectively represent the total number
of time series, the seasonal period, and the number of
upper time series of the temporal hierarchy. The rows
and columns represent the cross-sectional and temporal

!
and b][k] = x(“‘] x”‘].J is the np-vector of
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xr—ordered column

Fig. 2. Visual representation of the zero-constraints cross-temporal matrix C, defined in (3) for a system of 3 linearly constrained quarterly time
series (see Fig. 1). The four upper rows describe the cross-sectional constraints (one for each quarter), the remaining rows the temporal constraints
(one for each of the three time series). Colours legend: Os in white, 1s in black, —1s in red.

dimensions, respectively:

x/
1,7 [kp] [kp—1] 1
x| - |=|Uu Ut ... gt
L : — | plkel [kp—1] Bl [’
, v . ... B\
xn,r

where for any fixed k, U [T"] is the (ng x Ni) matrix grouping
the upper time series, and B[Tk] is the (np x Ni) matrix
grouping the bottom time series. For example, for the
cross-temporal structure of Fig. 1, we have for r = 1

4 2 -
[T]1 X'[F ]1 [T]z ‘ Yra Yr2 Yr3 Yra
_ 4 2
X1 = [ ] ‘ [ ] E(]z ‘ Yx1 Yx2 Yx3 Yxa |>
4 2
L XH ‘ X[] E/lz ‘ Yra Yv2 Yv3 Yra
fort =2
4 2 _
X[T]Z ‘ X[] [T]4 ‘ y yre Yr7 Yrs
— [4] [2] [ 1
Xo=1 %, ‘ X3 Xx4 ‘ Yxs5 Yx6 Yx7 Yxs |-
[4] [2] [ 1
L Xy2 | Xv3 Xva ‘y Yre Yv7 Yrs |

and so on. Further, CsX; = O x(miks) and CeX. =
O+ xn). We can consider the cross-temporal framework
as a generalization of the cross-sectional and tempo-
ral frameworks that simultaneously takes into account
both types of constraints. The cross-sectional reconcili-
ation approach proposed by Hyndman et al. (2011) can
be obtained by assuming m = 1, while the temporal
one (Athanasopoulos et al., 2017) is obtained when n = 1
(with ng = 0 and n, = 1).

Di Fonzo and Girolimetto (2023a) show that the cross-
temporal constraints working on the complete set of
observations corresponding to time period t = 1,...,N
can be expressed in a zero-constrained representation
through the full rank [(ngm 4+ nk*) x n(m + k*)]

zero-constraints cross-temporal matrix C, such that
C.
Co = I, ® Cp = CuX; = Ongmtnice)x 1 (3)

where ¥, = vec(X}) = [¥ ., ..., X1, Cc = [Omumxnkr)
I, ® Cs]P’, P is the commutation matrix (Magnus &
Neudecker, 2019, p. 54) such that Pvec(X,) = vec(X’,),
and the operator vec(-) converts a matrix into a vector.
Fig. 2 shows a visual example for the zero-constraints
cross-temporal matrix. A structural representation can be
considered as well: x, = S.:b'" = s(bl"), where

St =8¢ @ See (4)

is the [n(k* + m) x nym] cross-temporal summation ma-
trix, s : R®M — RUMHKY) s the operator describing
the pre-multiplication by S, and bl" = vec(B!'"). In
Fig. 3, we represent S, for a system of three linearly
constrained quarterly time series (see Fig. 1). In agree-
ment with Panagiotelis et al. (2021), x; lies in an (n,m)-
dimensional subspace s of R"**™) which we refer to
as the cross-temporal coherent subspace, spanned by the
columns of S.

2.1. Optimal point forecast reconciliation

Forh=1,...,H,let

5
X
Lh =~[m] [k =[1]

%=l [=|Un - Uy ... U

h = : | g™ ﬁ{k] B
% A P A
n,h

~[k] .
be the h-step-ahead base forecasts, where U,E] is the (ng x
. . . . Kl .
M) matrix grouping the upper time series, E}l] is the
(np x My) matrix grouping the bottom time series for a
given temporal aggregation order k, and H is the forecast
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Fig. 3. Visual representation of the cross-temporal summation matrix S = S¢s ® S¢e defined in (4) for a system of 3 linearly constrained quarterly

time series (see Fig. 1). Colours legend: Os in white, 1s in black.

horizon for the most temporally aggregated time series.
Based on the example in Fig. 1 for H = 1, we have that

Al |2 2 s s s
XTJ ‘ XT,1 XT,z ‘ yT,l Yr2 Y13 YT,4

X, = | s |52 21 | = = = =

X = Xx1 ‘ X1 Xx2 ‘ Yx1 Vx2 Yx3 Yxa4

35%/4,]1 Q[yz,]l 3252]2 ‘ Yva Yrz Yv3 Yva
The matrix ih contains incoherent forecasts, such as
Cct’x\ﬁ\ #  Ongm-nk*)x1] with h = 1,...,H and fx\h =
vec(X;,). In this framework, the definition for forecast
reconciliation in the cross-sectional framework given by
Panagiotelis et al. (2021) can be generalized as follows:

Definition 2.1. Forecast reconciliation adjusts the base
forecast Xy, by finding a mapping v : R*™K) _ & such
that ¥, = v (X,), where ¥, € s is the vector of the
reconciled forecasts.

For a given forecast horizon h = 1, ..., H, the mapping
Y may be defined as a projection onto s given by (Pana-
giotelis et al., 2021, Di Fonzo & Girolimetto, 2023a):

X =Y Rp) = MR, (5)
s \—1
where M = Inmikr) — QcCly (Ce2cCl)  Ce for a pos-

itive definite matrix Q, and ¥, = vec()N(;). Wickrama-
suriya et al. (2019) showed that the minimum variance

linear unbiased reconciled forecasts satisfying the unbi-
asedness condition E(X; — x;,) = 0 has solution (5) when
Q¢ = Var(x, — xp).

_ Alternatively, the cross-temporal reconciled forecasts
X, may be found according to the structural approach
proposed by Hyndman et al. (2011) for the cross-sectional
framework, yielding X, = S.GX}, for some matrix G. Wick-
ramasuriya et al. (2019) showed that this leads to a
solution equivalent to the cross-temporally reconciled
forecasts in (5), given by

X =y Rn) = (508) ) = S Gy, (6)

where ¢ = (5/,92,'S.)"'s,.Q;', and M = S,G. In
this case, ¥ is the composition of two transformations,
say s o g, where g : RU™HK) 5 Rmm j5 3 continuous
function. In Online Appendix A, we report some Cross-
sectional, temporal, and cross-temporal approximations
for the covariance matrix to be used in (5) and (6).

2.2. Cross-temporal bottom-up forecast reconciliation

The classic bottom-up approach (Dunn et al., 1976,
Dangerfield & Morris, 1992) consists in simply summing
up the base forecasts of the most disaggregated level
in the hierarchy to obtain forecasts of the upper-level
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Fig. 4. A visual representation of partly bottom-up starting from (a) cross-sectionally reconciled forecasts for the temporal order 1 (l~Im and Em)
followed by temporal bottom-up, and (b) temporally reconciled forecasts of the cross-sectional bottom time series (Em, k € k) followed by cross-
sectional bottom-up. The blue background indicates generating reconciled forecasts along one dimension, while the pink background indicates

the forecasts obtained using bottom-up along the other.

series. To reduce the computational cost involved in op-
timal cross-temporal reconciliation, we may be inter-
ested in applying a reconciliation along only one di-
mension (cross-sectional or temporal) and reconstructing
the cross-temporal structure using a partly bottom-up
approach (Di Fonzo & Girolimetto, 2022a, 2023b, Sanguri
et al., 2022).

Fig. 4 provides a visual representation of partly
bottom-up in a two-step cross-temporal reconciliation
approach. On the left (Fig. 4(a)), we first compute the
cross-sectionally reconciled forecasts at the highest fre-
quency (k = 1) and then apply temporal bottom-up to
obtain coherent cross-temporal forecasts. On the right
(Fig. 4(b)), we first compute temporally reconciled fore-
casts for the most disaggregated cross-sectional level, and
then apply the cross-sectional bottom-up. We respec-
tively denote these two-step reconciliation approaches
as ct(rec, bucs) and ct(recg, buy.), where ‘reci.’ and ‘rec.s’
denote a forecast reconciliation approach in the temporal
and cross-sectional dimensions, and ‘bu.’ and ‘bu’ de-
note using bottom-up in the cross-sectional and temporal
dimensions, respectively. It is worth noting that the sim-
ple cross-temporal bottom-up approach corresponds to
ct(bugs, bug) = ct(bug, bus) = ct(bu).

3. Probabilistic forecast reconciliation

To introduce the idea of coherence and probabilistic
forecast reconciliation, we adapt the notations and the
formal definitions introduced in Wickramasuriya (2023)
and Panagiotelis et al. (2023) for the cross-sectional prob-
abilistic case. These definitions can also be generalized to
the cross-temporal framework by following the approach
developed by Corani et al. (2023) for count data. However,
in this paper we only focus on the continuous case.

Our aim is to extend these definitions to cross-temporal
coherent probabilistic forecasts and cross-temporal prob-
abilistic forecast reconciliation. Let (R™™, Fpnym, v) be a
probability space for the bottom time series b[r”, where
Frmym is the Borel o-algebra on R™™, Then a o -algebra F,
can be constructed from the collection of sets s(B) for all
B € Fgnpm.

Definition 3.1 (Cross-Temporal Coherent Probabilistic Fore-
casts). Given the probability space (R™™, Fgnym, v), we de-
fine the coherent probability space as the triple (s, 7;, V)

satisfying the following property: v(s(B)) = v(B), VB €
.F]Rﬂbm.

Let (R™™+K)| 7 miksy, D) be a probability space refer-
ring to the incoherent probabilistic forecast (8;) for all the
n series in the system at any temporal aggregation order
k e K.

Definition 3.2 (Cross-Temporal Probabilistic Forecast Rec-
onciliation). The reconciled probability measure of U with
respect to ¥ is a probability measure v on s with o-
algebra F; satisfying

9(A) = DY (A), VAEF, (7)

where ¥~ 1(A) = {x € RMM™K) .y (x) € A} denotes the
pre-image of A.

The map ¥ may be obtained as the composition s o g,
as for the cross-temporal point reconciliation (6).

Theorem 3.1 (Cross-Temporal Reconciled Samples). Sup-

pose that (X1,...,%.) is a sample drawn from a (cross-
temporal) incoherent probability measure V. Then
(X1,...,X.), where X, = (X)), and £ = 1, ..., L, is a sam-

ple drawn from the (cross-temporal) reconciled probability
measure vV defined in (7).

Proof. See Theorem 4.5 in Panagiotelis et al. (2023) using
Definition 3.2. O

Theorem 3.1 is the cross-temporal extension of The-
orem 4.5 in Panagiotelis et al. (2023), valid only for the
cross-sectional case. It means that a sample from the
reconciled distribution can be obtained by reconciling
each member of a sample from the incoherent distribu-
tion. With this result, we can separate the mechanism
used to generate the base forecasts samples from the
reconciliation phase.

3.1. Parametric framework: Gaussian reconciliation

It is possible to obtain a reconciled probabilistic fore-
cast analytically for some parametric distributions, such
as the multivariate normal (Corani et al., 2021, Eckert
et al., 2021, Panagiotelis et al., 2023, Wickramasuriya,
2023). In the cross-sectional framework, Panagiotelis et al.
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Fig. 5. Overview of cross-temporal forecast reconciliation in the Gaussian framework: two different but equivalent ways of obtaining reconciled
forecast samples, as described in Section 3.1. The acronyms R.F. and B.F. stand for Reconciled and Base Forecasts, respectively. HF-BTS stands for

High Frequency Bottom Time Series.

(2023) show that, starting from an elliptical distribution
for the base forecasts, the reconciled forecast distribution
is also elliptical. Using the results shown in Section 2,
we extend® this result to the cross-temporal case. To
obtain a reconciled forecast using the multivariate normal
distribution, we start with a base forecast distributed as
N(Z, ©2), where X is the mean vector and € is the covari-
ance matrix of the base forecasts. Using standard results
for the Gaussian case, the reconciled forecast distribution
is given by N(%, ©), where

X=Mx and Q=MQM’, (8)

and where M is the projection matrix defined in (5).
Note that if we assume that Q@ = Q. (see the projec-
tion matrices in (5) and (6)), then the covariance matrix
in (8) simplifies to & = MQ. In the cross-temporal
case, sensibly estimating the covariance matrix €2 can be
difficult because we need to consider the temporal and
cross-sectional structures simultaneously. This requires
estimating many parameters, which can be challenging
in practice. Additionally, naively using one-step residuals
to estimate the cross-temporal correlation structure can
lead to an inappropriate estimate of the covariance ma-
trix.* These challenges are explored in more depth in the
following sections.

Focusing on the computational aspect,” we can take
several steps to reduce the time required to obtain sim-
ulations from the reconciled forecast distribution. For
example, when dealing with a genuine hierarchical struc-
ture, it is not necessary to simulate from a normal dis-
tribution with a defined covariance matrix for the entire

3 We assume H = 1 and simplify the notation by removing the h
suffix without loss of generality.

4y particular, some temporal covariances are fixed to zero (see
Online Appendix C for more details).

5 We use two R packages to sample from the base forecast Gaussian
distribution: MASS (Venables & Ripley, 2002) and Rfast (Papadakis
et al,, 2022) in Sections 5 and 6, respectively.

structure. Instead, we can utilize the properties of ellip-
tical distributions to simulate from the high-frequency
bottom time series and then obtain the complete sim-
ulation through the S, matrix. Furthermore, we do not
need to calculate the reconciled mean and variance and
generate a new sample if we already have a sample from
the normal distribution of the base forecasts; we can sim-
ply apply the point forecast reconciliation (5), as outlined
in Theorem 3.1. Fig. 5 shows two different but equiva-
lent ways of obtaining reconciled forecast samples: the
former from the base distribution through Theorem 3.1,
and the latter from the reconciled distribution through
the high-frequency bottom time series forecasts p" only.
The two rectangles represent the base and reconciled
forecast distributions, respectively. Enclosed within cir-
cles are the distribution parameters involved in the point
forecast reconciliation process, transforming X into X, and
Q into €. The wave-like arrows represent the simulation
processes, generating both base and reconciled forecast
samples. Finally, the bold double arrow ‘="' illustrates
the generation of the reconciled forecast distributions, as
described in Theorem 3.1.

3.2. Non-parametric framework: Bootstrap reconciliation

Analytical expressions for the base and reconciled fore-
cast distributions are sometimes challenging to obtain.
Furthermore, parametric assumptions can be restrictive
and unrealistic. We propose a procedure called cross-
temporal joint (block) bootstrap (ctjb) to generate samples
from the base forecast distributions that preserve cross-
temporal relationships. This approach involves drawing
samples of all series simultaneously from the most tem-
porally aggregated level, and using the most temporally
aggregated level to determine the corresponding time
indices i?ﬁ the other levels.

Let E be the (n x N) matrix of the residuals for
k € K. Fig. 6 (on the left) provides a visualization of these
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Fig. 6. Example of bootstrapped residuals for 3 linearly constrained quarterly time series (see Fig. 1). On the left there are the residual matrices

with 4 years of data (N
residuals are represented.

matrices and how they are related to each other for the
example in Fig. 1. It is assumed that the residuals cover
four years (N 4): the green color corresponds to the
first year, blue to the second year, and so on. Further,
let M; be the model used to calculate the base forecasts
and residuals for the ith series. Assuming H 1, t
is a random draw with replacement from 1, ..., N, and
the ¢™ bootstrap incoherent sample is ?fkg = f,-(M,‘,'é?k] )
where fi(-) depends on the fitted model M;. That is, ')?fkl]
is a sample path simulated for the ith series with error
approximated by the corresponding block bootstrapped
sample residual 'él{k], the ith row of

k] L
eI M(r—1)+1 CiMe
K
E{,] = : kek.
~[k] Skl
€n My(r—1)+1 €n. My
=1kl

Fig. 6 (on the right) shows E_ for the quarterly cross-
temporal hierarchy in Fig. 1.

One of the main advantages of the cross-temporal joint
bootstrap is that it allows us to accurately account for
the dependence between the different levels of temporal
aggregation and not only the cross-sectional dependen-
cies. By sampling residuals from the most temporally
aggregated level and using it to determine the indices for
the other levels, we can ensure that the bootstrap sample
reflects the underlying data distribution. Additionally, the
cross-temporal joint bootstrap is easy to implement for
many forecasting models, making it a practical and effi-
cient tool. Furthermore, this approach is easily scalable in
order to utilize multiple computing power simultaneously
for each individual series. This can be especially useful
when dealing with large datasets or when trying to speed
up the analysis process.

4. Cross-temporal covariance matrix estimation

As the covariance matrix © is unknown in practice,
a natural estimate is the empirical sample covariance

= 4): the green, blue, red and black colors correspond, respectively, to years 1, 2, 3 and 4. On the right the bootstrapped

matrix of the base forecasts €. In this section, our focus is
exclusively on the cross-temporal framework. This means
that we have to estimate r = n(k* + m)[n(k* +m) — 1]/2
different parameters. A possible solution to estimating
many parameters when we have fewer observations than
r is to construct a shrinkage estimator (Efron, 1975, Efron
& Morris, 1975, 1977) using a convex combination of €
and a diagonal target matrix Qp = Q © Iy 4m), such
that Q¢ = AQp + (1 — A)Q, where © is the Hadamard
product, A € [0, 1] is the shrinkage intensity parame-
ter that can be estimated using the unbiased estimator
proposed by Ledoit and Wolf (2004) (see Schéfer & Strim-
mer, 2005). The linear combination involving these two
matrices is referred to as global shrinkage (G), where
all off-diagonal elements are shrunk towards zero.
corresponds to the matrix used by the reconciliation ap-
proach oct(shr) (Di Fonzo & Girolimetto, 2023a). However,
shrinking all off-diagonal elements to zero when we know
that the covariance matrix has a cross-sectional and/or
temporal structure results in information loss. Therefore,
we propose to estimate a smaller matrix, and to use
the cross-sectional and/or temporal structure to obtain a
better estimator for the covariance matrix of the entire
system. Given that S¢; = S ® S, it is possible to express
the actual covariance matrix in terms of three smaller
matrices, such that

ﬁ = Sctﬂhffbtss/ct
= (In ®Ste) th (In ® Ste)/
=8s® Im+k*) Qpes (Ses ® Im+k* )/ s

where Qp_ps is the (nym x npym) covariance matrix for
the bottom time series at the temporal aggregation level
k = 1 (the highest-frequency bottom time series), Q4 is
the (nm x nm) covariance matrix related to all the high-
frequency time series, and Qp;s is the [ny(k* +m) x np(k* +
m)] covariance matrix related to bottom time series at any
temporal aggregation. Eq. (9) offers three decompositions
of the covariance matrix €, each characterized by well-
defined structures: S capturing cross-temporal, I, ® S

(9)
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High frequency (H) Bottom time series (B)

Fig. 7. Representation of four types of covariance matrices that can be obtained from the cross-temporal hierarchical structure (example based on
the quarterly series of Fig. 1) for two different values of A € {0, 1}, the shrinkage parameter. The entries in black are not modified by shrinkage, the
entries in light blue are those actively involved in the shrinkage phase, while the entries in darker blue are derived directly from the cross-sectional
and/or temporal structure and hence are not estimated. Additionally, for A = 1, the white entries correspond to a zero value.

temporal, and S ® I+ cross-sectional relationships. At
the same time, each involves smaller covariance matrices
as Qs _pes, Sy, and Qps. Starting from these representa-
tions, we propose three different approaches (HB, H, and
B, respectively) to approximate 2.

Therefore, we can apply the idea of Stein-type shrink-
age (Efron & Morris, 1977) t0 Qpus_pss, s, and Qps by
using the corresponding empirical base forecasts residu-
als estimation. We obtain the following expressions (see
Online Appendix B for details):

e High-frequency bottom time series shrinkage matrix

(HB):

Qg = ASce 2y —bis.pSke + (1 — A)Scens_pesSes
e High-frequency shrinkage matrix (H):

Q= My ® Ste)y p(In @ Sie) +
(1= 2)n ® Ste) s (In ® See)';
e Bottom time series shrinkage matrix (B):
Q5 =2 Ses ® Imir) Qis.p Ses ® Imier) +
(1= 2) Ses ® Inir) Qis (Ses @ I

where ﬁw =1I;n0© ﬁj, | = {hf — bts, hf, bts}, and X is
the shrinkage parameter. These matrices are not full rank,
meaning their inverses, needed to compute the projection
to the coherent subspace, do not exist. To address this, a
ridge regularization of the form Q-+l is used (Marquardt,
1970), where w is chosen to make the matrix invertible
without introducing excessive bias. Fig. 7 gives some vi-
sual insights on the covariance matrices obtainable with
A = 0 and A = 1, respectively, for a simple cross-
temporal hierarchical structure with three time series and
K = {4, 2, 1} (see Fig. 1).

Another important aspect is the number of parame-
ters to be estimated through the residuals of the base
forecasts. In Table 1 we report the number of different pa-
rameters for the two forecasting experiment: Australian
GDP (see Section 5), and Australian Tourism Demand (see
Section 6). In addition, we calculate the percentage reduc-
tions in the number of parameters compared to the global
approach. As we can see, G involves a considerably large
number of parameters compared to other estimators. HB
leads to the largest decrease of around 85%, whereas
approaches H and B lie somewhere between G and HB.
In general, as m and n increase, using H requires the
estimation of fewer parameters than B.

It is worth noting that when using the HB covari-
ance matrix, we make the assumption that the base error
covariance matrix is coherent. This assumption is valid
provided that the base forecasts also approximately fulfill
constraints (3), which is expected for any reasonable set
of forecasts. In addition, with this covariance matrix, the
computational complexity of the reconciliation phase is
reduced. Specifically, Theorem 4.1 extends Theorem 1
in Hyndman et al. (2011), showing that reconciling using a
coherent covariance matrix simplifies to the ols approach.

Theorem 4.1. Let ﬁhf_b[s /pe a [(npm) x (nym)] p.d.
matrix. Then, using Q¢ = Sct2pmesS,, in the reconciliation
formulae (5) and (6) is equivalent to using Q¢ = Inmiir)
(ols approach).

Proof. See Online Appendix B. O

In the forecasting experiments that follow (and in the
simulation in Online Appendix C), we closely analyze
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Number of different parameters that need to be estimated for the Australian GDP (see Section 5) and
the Australian Tourism Demand (see Section 6) forecasting experiments. The percentage reductions in
the number of parameters compared to the global approach G are reported in parentheses.

Method # of different parameters GDP Tourism
G o rm—1

G po Mk m)["(; +m) -1l 221445 108052 350

K+ I +m)— 1

B rp < T +m)[""2( tm-1 94395 (57%) 36231328 (66%)
nm[nm — 1]

H < TS < 72390 (67%) 19848 150 (82%)
nym[nym — 1]

HB = L <y 30876 (86%) 6655776 (94%)

these different constructions with a dual purpose. In par-
ticular, we use the full covariance matrix (A = 0) of
the base forecasts to obtain base forecast samples of the
linearly constrained time series under Gaussianity. We
also use the shrinkage versions as approximations of the
covariance matrix to be used for reconciliation (excluding
HB; see Theorem 4.1). This allows us to better understand
the properties and abilities of each parameterization.

4.1. Multi-step residuals

Model residuals may be used to estimate the covari-
ance matrix in cross-temporal forecast reconciliation. In
time series analysis, it is common to use residuals cor-
responding to one-step-ahead forecasts. However, due to
the temporal dimension in our setting, residuals corre-
sponding to different forecast horizons are required. Thus,

we define multi-step residuals as e,[k,} i = xl[’; h —3?,{5]+hu.
wherei = 1,...,n,j = 1,..., Ny, and’;??}kmt is the h-

step fitted value, calculated as the h-step-ahead forecast
using data up to time j. In general, these residuals are
autocorrelated, except when h = 1.

Following Di Fonzo and Girolimetto (2023a), we use
a matrix organization of the residuals similar to the one
for the base forecasts in Section 2.1. Specifically, let N be
the total number of observations for the most temporally
aggregate time series. Then, the Ny-vectors of multi-step
residuals for the temporal aggrega/tion k and the series i,

[k Ik [k] ; -
e, = |eh1 €iny inn | Withh = 1,... M,

can be organized in matrix form as

[k] [k]

el[,kl],l €22 €} My My
Ef=| :
el[,kl].NkakJﬁl ez[,kz],N,rMHz et[,kl\]/lk.Nk
LetE; = [E,[m] Elm]. Then the [N xn(m+k*)] cross-

temporal residual matrix is given by E = E,|.

E,

To better understand the properties OL the proposed
alternatives, a simulation study was performed (the re-
sults are shown in Online Appendix C). We studied the
effect of combining cross-sectional and temporal aggre-
gations using a simple hierarchy, where the small size
and nature of the data generating process make it possible
to calculate the true cross-temporal covariance structure
exactly, thus providing insights into the nature of the time
series data involved in the forecast reconciliation process.

We find that simulating base forecasts from multi-step
residuals allows for a more accurate estimation of the co-
variance matrix and that reconciliation further improves
the forecast accuracy.

4.2. Overlapping residuals

Another issue that arises in the case of cross-temporal
reconciliation is the low number of available residuals,
especially for the higher orders of temporal aggregation.
A possible solution is to use residuals calculated using
overlapping series by allowing the year to have a varying
starting time. To better explain how to calculate over-
lapping residuals, assume we have a single series y
yi ¥2 y3 yr—1 ¥rl]. We can construct k non-
overlapping series such that

Ni—s
xlkls — {x][k],s} 7
=1

jk—s
where K5

i T Z

= Y,
t=(—1)k+s+1

with s = 0,...,(k — 1). For example, suppose we have
a semi-annual series with k = 2 and T = 6. Then we
can construct two annual time series depending on which
time is deemed the start of the year:

!
[2],0 _ [2],0 [2],0 [2],0
X —[X1 X5 Xy ]

’
= [JH +Y2 Y3+Ysa Y5 +y6] ,

and

/

’
AT = [x[f]’l xgz]’l] = [J’2 +y3 ya +}’5] .

To calculate overlapping residuals, we propose the follow-
ing steps:

1. Fita model to x¥10 (i.e., select an appropriate model
and estimate the model parameters using the avail-
able data) and calculate the residuals.

2. Apply the same model in Step 1 to x5 for s =
1, ..., k— 1 without re-estimating the parameters,
and calculate the residuals.

The resulting residuals can be used to estimate the co-
variance matrix in cross-temporal forecast reconciliation.
This increases the number of available residuals, partic-
ularly when working with higher-frequency observations
such as monthly or daily data. It is important to note that
this approach assumes that the model used in Step 1 is
appropriate for all the different series ¥'X*. Some seasonal
models will not be appropriate, as the seasonal pattern
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Cross-temporal reconciliation approaches for the Australian GDP (see Section 5) and the Australian Tourism Demand (see
Section 6) forecasting experiments. All the reconciliation procedures are available in FoReco (Girolimetto and Di Fonzo, 2023a).

Partly bottom-up (Section 2.2) starting from cross-sectional reconciled forecasts using the shr
Optimal cross-temporal reconciliation for the struc, wilsv and bdshr approaches. One-step residuals

Optimal cross-temporal reconciliation with multi-step residuals (see Section 4.1) for the approaches

presented in Section 4: hshr for high-frequency shrinkage, and bshr for bottom time series

Label Description
ct(shres, buge)
approach.
oct( - )
were used with wisv and bdshr.
octy( - )
shrinkage.
octe( - )
bdshr approaches.
octop(hshr)

Optimal cross-temporal reconciliation with overlapping residuals (see Section 4.2) for the wisv and

Optimal cross-temporal reconciliation with overlapping and multi-step residuals (see Section 4.1

and 4.2) for the hshr (high-frequency shrinkage) approach presented in Section 4.

will be shifted for different values of s. However, this will
not affect seasonal ARIMA models, as the seasonality is
defined in terms of lags which are unaffected by the value
of s.

5. Forecasting Australian GDP

The Australian Quarterly National Accounts (QNA)
dataset has been widely studied in the literature on fore-
cast reconciliation (Athanasopoulos et al., 2020, Di Fonzo
& Girolimetto, 2023a). Building on these results, we now
consider cross-temporally reconciled probabilistic fore-
casts.

We use univariate ARIMA models® to obtain quarterly
base forecasts for the n = 95 QNA time series, span-
ning the period 1984:Q4-2018:Q1, defining GDP from
both the Income and Expenditure sides. We perform a
rolling forecast experiment with an expanding window:
the first training sample spans the period 1984:Q4 to
1994:Q3, and the last ends in 2017:Q1, for a total of 91
forecast origins. For the temporal aggregation dimension,
we aggregate the quarterly data to both semi-annual and
annual. We obtain four-, two-, and one-step-ahead base
forecasts from the quarterly, semi-annual, and annual
frequencies, respectively; i.e.,, K = {4, 2, 1}.

The base forecast samples in the Gaussian case are
obtained using the sample covariance matrices with the
global (G) and high-frequency (H) parameterizations (Sec-
tion 4), since it is not possible to identify a unique rep-
resentation for the other cases.” We compare the results
obtained using multi-step residuals with and without
overlapping, in order to measure the benefit of obtain-
ing overlapping residuals. In the non-parametric case,
we use the cross-temporal joint bootstrap (ctjb) pre-
sented in Section 3.2. Finally, to reconcile the resulting
(1000) base forecasts samples, we applied the following
techniques8 (see Table 2): ct(shre, bug), ct(wlscs, bug),
octy(wlsv), octy(bdshr), and oct,y(hshr).

6 We use the auto.arima function from the R package
forecast (Hyndman et al., 2023).

7 When simultaneously considering hierarchies from the Income
and Expenditure sides, the result is a general linearly constrained time
series, where bottom and upper time series are not uniquely defined,
such that the cross-sectional bottom-up reconciliation approach is
unfeasible (Girolimetto & Di Fonzo, 2023b).

8 The results with shrunk covariance matrices are available in
Online Appendix D.2, where we also report the results obtained using
other reconciliation approaches.

The accuracy of the probabilistic forecasts is evalu-
ated using the continuous ranked probability score (CRPS;
see Matheson & Winkler, 1976, Gneiting & Katzfuss, 2014),
which is an index that considers the single series and
provides us with a marginal evaluation of the approaches.
In addition, we employ the energy score (ES; see Gneiting
& Katzfuss, 2014), which is the CRPS extension to the
multivariate case, to evaluate the forecasting accuracy for
the whole system (Panagiotelis et al., 2023, Wickrama-
suriya, 2023). In particular, we consider the geometric
mean of the relative CRPS (Fleming & Wallace, 1986) and
the relative ES:

1
n [k] n
RelCRPS = I1 CRPSijs and
25\ cppsti
[kjlzl i,0,0 (10)
RelESM = s
Jos o
ES)

where j denotes the reconciliation approach, and s indi-
cates the approach used to simulate the base forecasts. As
a reference approach (s = 0 and j = 0), we consider the
base forecasts produced by the bootstrap approach. If we
consider all the temporal aggregation orders (i.e. Vk € K),
the overall accuracy indices are given by

1
n(k*m)
CRPS!¥!
RelCRPS; s = 1_[ — and
’ CRPS™
l:k]EK:n i,0,0 (11)
1
ESKI\ te+m)
RelES;s = ([ | =%
’ [k]
kekC ESO,O
5.1. Results

Forecasting accuracy indices based on the CRPS and
ES are presented in Table 3. As a benchmark approach,
we use the base forecasts calculated using the bootstrap
method. For base forecasts, we find that using a para-
metric approach with the normal distribution performs
better than the non-parametric bootstrap approach. This
is likely due to the limited number of residuals available
for bootstrapping, which does not allow for sufficient ex-
ploration of the data. Directly specifying diagonal covari-
ance matrices seems to be more effective than shrinking
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RelCRPS and ES ratio indices defined in (10) and (11) for the Australian QNA dataset. Approaches performing worse
than the benchmark (bootstrap base forecasts, ctjb) are highlighted in red, the best for each column is marked in bold,
and the overall lowest value is highlighted in blue. The reconciliation approaches are described in Table 2.

Reconciliation Base forecasts’ sample approach

approach
ctjb Gaussian approach? ctjb Gaussian approach?
Gn Hy Gon Hon Gn Hy Gon Hon
RelCRPS
Vk € {4,2,1} k=1
base 1.000 0.979 0.995 0.968 0.976 1.000  0.988 0.988 0.971 0.971
ct(shres, buge) 0.937 0.956 0.956 0.976 0.976 0.992 1.008 1.008 1.029 1.029
ct(wlscs, bug) 0.930 0.917 0.917 0.898 0.898 0.986 0.974 0.975 0.956 0.956
octy(wlsv) 0926 0911 0912 0.896 0895 0984 0.971 0970 0954 0.954
oct,(bdshr) 0.978 0.964 0.946 0.952 0.930 1.034 1.016 1.003 1.005 0.989
oct,p(hshr) 1.006 0.983 1.009 0.974 1.001 1.068 1.046 1.059 1.034 1.061
k=2 k=4
base 1.000 0.984 0.993 0.968 0.976 1.000 0.966 1.004 0964  0.981
ct(shres, buge) 0.949 0.966 0.966 0.987 0.987 0874  0.896 0.896 0914 0914
ct(wlscs, buge) 0.942 0.928 0.928 0.909 0.909 0.866 0.853 0.853 0.834 0.834
octy(wlsv) 0938  0.921 0923 0907 0906 0860 0.847 0.848 0.832 0.830
oct,(bdshr) 0.991 0.974 0.957 0964  0.942 0914  0.905 0.883 0.892 0.865
octop(hshr) 1.021 0.996 1.021 0.987 1.016 0934 0912 0.951 0904  0.931
ES ratio indices
Vk € {4,2,1} k=1
base 1.000 0.970 0.988 0.960 0.970 1.000 0.977 0.977 0.965 0.965
ct(shres, buge) 0.897 0.944 0944 0973 0.973 0.964 1.001 1.001 1.033 1.033
ct(wlscs, bug) 0886 0880 0.880 0860 0860 0954 0944 0945 0928 0.928
octy(wlsv) 0.891 0.879  0.881 0864  0.864  0.958 0.945 0.945 0.931 0.931
oct,(bdshr) 0.940 0.928 0.910 0.918 0.895 1.004 0.986 0.971 0.980 0.961
octop(hshr) 0.986 0.968 0.999 0.959 0.992 1.053 1.034 1.049 1.024 1.055
k=2 k=4
base 1.000 0.972 0.985 0.959 0.969 1.000  0.959 1.000 0.957 0.976
ct(shres, buge) 0.915 0.961 0.960 0.991 0.991 0.818 0.874 0.874 0.899 0.900
ct(wlscs, bug) 0904 089 0.896 0877 0877 0.807 0.805 0.805 0.782  0.783
octy(wlsv) 0.908 0.895 0.898 0.881 0.882 0.812 0.802  0.806 0.786 0.786
oct,(bdshr) 0.960 0.947 0.929 0.938 0915 0860  0.856 0.836 0.841 0.816
octop(hshr) 1.007 0.988 1.017 0.979 1.014 0904  0.888 0.934 0.881 0913

2 The Gaussian method employs a sample covariance matrix: G, and Hj, use multi-step residuals and G,, and H,;, use

overlapping and multi-step residuals.

to a target covariance matrix. Among all the procedures,
ct(wlscs, bug) and oct,(wisv) show the greatest relative
gains. In contrast, octop(hshr) does not show much im-
provement. Furthermore, the greatest improvements are
observed for higher temporal aggregation levels.

We utilize the non-parametric Friedman test and the
post hoc multiple-comparison-with-the-best (MCB)
Nemenyi test (Koning et al., 2005, Kourentzes & Athana-
sopoulos, 2019, Makridakis et al., 2022, Kourentzes, 2022)
to determine whether the forecasting performances of
the different techniques are significantly different from
one another. Fig. 8 presents the MCB using the CRPS. The
probabilistic forecasts from ct(wls., bug) and oct,(wlsv)
are significantly better than the base forecasts at any level
of aggregation. Unlike the application on the Australian
Tourism Demand dataset (see Section 6), in this case, one
of the partly bottom-up approaches is not significantly
worse than the optimal approach.

Overall, we find that using overlapping residuals al-
most always leads to a greater improvement in terms of
both the ES and CRPS. Forecasts at the most aggregated
level (year) seem to benefit the most from reconcilia-
tion, and using one-step overlapping residuals appears
to be sufficient to improve forecasts if the generation of
the base forecasts sample paths takes into account the
multi-step structure.

6. Forecasting Australian Tourism Demand

The Australian Tourism Demand dataset (Wickrama-
suriya et al., 2019) measures the number of nights Aus-
tralians spent away from home. It includes 228 monthly
observations of Visitor Nights (VNs) from January 1998
to December 2016, and has a cross-sectional grouped
structure based on a geographic hierarchy crossed by pur-
pose of travel. The geographic hierarchy comprises seven
states, 27 zones, and 76 regions, for a total of 111 nested
geographic divisions. Six of these zones are each formed
by a single region, resulting in 105 unique nodes in the hi-
erarchy. The purpose of travel comprises four categories:
holiday, visiting friends and relatives, business, and other.
To avoid redundancies (Di Fonzo & Girolimetto, 2022b),
24 nodes are not considered, resulting in an unbalanced
hierarchy of 525 unique nodes instead of the theoretical
555 with duplicated nodes. The dataset includes the 304
bottom series, which are aggregated into 221 upper time
series. Table 4 omits duplicated entries and updates the
information in Table 7 from Wickramasuriya et al. (2019).
The data can be temporally aggregated into two, three,
four, six, or 12 months (K = {12, 4, 3, 2, 1}).

We perform a rolling forecast experiment with an
expanding window. The process begins by using the first
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Gaussian approach
(Overlapping and multi-step residuals, H)

ke{4,2,1}
octon(hshr) -4.76 —Q—
ct(shreg, buge) - 4.61 —0—
base -4.13 A
octy(bdshr) - 3.41 —0—

ct(wlsgs, buge) —2.13 —Q—
octo(wlsv)-1.96  —@— Friedman test p-value < 0.001
2 3 4 5
k=1
octon(hshr) - 5.06 —0—
ct(shres, buye) - 4.87 —0—
octy(bdshr) -3.72 —Q—
base - 3.09 —A—
ct(wlscs, buge) —2.19 —Q—
octy(wlsv) -2.06 —@— Friedman test p-value < 0.001
2 3 4 5
k=2
octon(hshr) - 4.93 —0—
ct(shres, bue) - 4.58 —Q0—
base -4.17 ——
octy(bdshr) - 3.38 —0—
ct(wlsgs, buge) —2.11 —0—
octo(wlsv) -1.84  —@— Friedman test p-value < 0.001
2 3 4 5
k=4
base - 5.14 —A—
ct(shres, buge) - 4.39 —0—
octon(hshr) - 4.28 —0—
octy(bdshr) -3.14 —Q—
ct(wlscs, buge) —2.08 —0—
octy(wlsv) -1.97  —@— Friedman test p-value < 0.001
2 3 4 5
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Cross—temporal Joint Bootstrap approach

ke{4,2,1}
octy(bdshr) - 4.61 —O—
octon(hshr) - 4.46 —0—
base - 4.35 ——
ct(shrgs, buge) - 2.85 —0—

ct(wlsgs, buye) - 2.46 —0—
0010(W|5V) -227 —@— Friedman test p-value < 0.001
2 3 4
k=1
octo(bdshr) - 4.91 —0—
octyn(hshr) - 4.82 —0—
base - 3.45 —A—
ct(shrgs, buge) -2.97 —0—
ct(wlsgs, buge) - 2.47 ——
octy(wlsv) -2.38  —@— Friedman test p-value < 0.001
2 3 4 5
k=2
octo(bdshr) - 4.61 —0—
octon(hshr) - 4.58 —0—
base - 4.29 —A—
ct(shres, buye) - 2.85 —0—
ct(wlsgs, buye) - 2.46 —0—
octy(wlsv) -2.2  —@— Friedman test p-value < 0.001
2 3 4 5
k=4
base - 5.29 —A—
octy(bdshr) - 4.33 —0—
octon(hshr) - 3.98 —0—
ct(shrgs, buge) -2.73 —Q—
ct(wlsgs, buge) - 2.44 —Q—
octy(wlsv) -2.23  —@— Friedman test p-value < 0.001
2 3 4 5

Fig. 8. MCB Nemenyi test for the Australian QNA dataset using CRPS at different temporal aggregation levels for the Gaussian (using overlapping and
multi-step residuals, H) and non-parametric bootstrap approaches. In each panel, the Friedman test p-value is reported in the lower-right corner.
The mean rank of each approach is shown to the right of its name. Statistically significant differences in performance are indicated if the intervals
of two forecast reconciliation procedures do not overlap. Thus, approaches that do not overlap with the blue interval are considered significantly

worse than the best, and vice versa.

Table 4
Grouped time series for the Australian Tourism Demand
dataset.
Number of series
GD PT Tot.
Australia 1 4 5
States 7 28 35
Zones? 21 84 105
Regions 76 304 380
Total 105 420 525

2 Six Zones with only one region are included in ‘Regions’.
‘GD’: geographic division; ‘PT": purpose of travel.

10 years, from January 1998 to December 2008, to gen-
erate forecasts for the entire following year (2009). Then,
the training set is increased by one month. This process is
repeated until the last training set is used (January 1998
to December 2015) with a total of 85 different test sets.
For the temporal aggregation dimension, we aggregate
the monthly data up to annual data. We obtain twelve-,

six-, four-, three-, two-, and one-step-ahead base fore-
casts from the monthly data and the aggregation over 2, 3,
4, 6, and 12 months. ETS models selected by minimizing
the AICc criterion (Hyndman et al,, 2023) are fitted to
the log-transformed data, with the resulting base fore-
casts being back-transformed to produce non-negative
forecasts (Wickramasuriya et al., 2020).

The (1000) base forecast samples are obtained using
the Gaussian approach with sample® covariance matrices
(Section 4) using multi-step residuals’® and the boot-
strap approach (Section 3.2). For reconciliation, six differ-
ent approaches are adopted (see Table 2): ct(shrg, bug.),
oct(struc), oct(wlsv), oct(bdshr), octy(bshr), and octy,(hshr).

Negative forecasts may be produced during the rec-
onciliation phase (Wickramasuriya et al., 2020, Di Fonzo

9 The results with shrunk covariance matrices are available in
Online Appendix E.2, where we also report the results obtained using
other reconciliation approaches.

10 we do not include overlapping, as we are unable to correctly
determine the residuals for the overlapping series using ETS models
(see Section 4.2).
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Table 5
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RelCRPS and ES ratio indices defined in (10) and (11) for the Australian Tourism Demand dataset. Approaches performing
worse than the benchmark (bootstrap base forecasts, ctjb) are highlighted in red, the best for each column is marked
in bold, and the overall lowest value is highlighted in blue. The reconciliation approaches are described in Table 2.

Reconciliation Base forecasts’ sample approach

approach
ctjb Gaussian approach? ctjb Gaussian approach?
G B H HB G B H HB
RelCRPS
Vk € {12,6,4,3,2,1} k=1
base 1.000 0.971 0.971 0.973 0.973 1.000 0.972 0.972 0.972 0.972
ct(shres, buge) 1.057 0.974 0.969 0.974 0.969 0.976 0.963 0.962 0.963 0.962
oct(struc) 0.982 0.962 0.961 0.961 0.959 0.970 0.963 0.963 0.963 0.963
oct(wlsv) 0.987 0.959 0.959 0.958 0.957 0.952 0.957 0.957 0.957 0.957
oct(bdshr) 0.975 0956 0.953  0.952 0.951 0949 0955 0953 0954 0.954
octp(bshr) 0.994 1.018 1.020 1.016 1.019 0.988 1.007 1.013 1.006 1.012
octp(hshr) 0.969 0.993 0.993 0.990 0.991 0.953 0.977 0.977 0.979 0.979
k=3 k=12
base 1.000 0.971 0.971 0.972 0.973 1.000 0.968 0.967 0.969 0.969
ct(shres, buge) 1.041 0.977 0.974 0.977 0.974 1.163 0.977 0.965 0.977 0.965
oct(struc) 0.986 0.967 0.966 0.966 0.965 0.982 0.951 0.949 0.947 0.943
oct(wlsv) 0.983 0.963 0.962 0.962 0.962 1.025 0.954 0.953 0.949 0.947
oct(bdshr) 0.972 0960 0.958  0.957 0.957 1.002 0950 0.944 0.939 0.935
octy(bshr) 0.999 1.021 1.022 1.018 1.022 0.987 1.024 1.021 1.021 1.019
octp(hshr) 0.971 0.994 0.994 0.992 0.993 0.978 1.003 1.005 0.996 0.997
ES ratio indices
Vk € {12,6,4,3,2, 1} k=1
base 1.000 0.956 0.955 0.958 0.951 1.000 0.952 0.950 0.952 0.950
ct(shres, buge) 1.243 0.886 0.879 0.886 0.879 1.098 0.929 0.928 0.930 0.927
oct(struc) 1.085 0.917 0.915 0.916 0912 1.027 0.943 0.942 0.943 0.942
oct(wlsv) 1.132 0.933 0.929 0.931 0.927 1.050 0.951 0.949 0.950 0.949
oct(bdshr) 1.047 0.904 0.897 0.897 0.891 1.009 0.936 0.933 0.934 0.931
octp(bshr) 0.931 0.867 0.866 0.863 0.860  0.965 0.927 0.927 0.925 0.923
octp(hshr) 1.081 0.935 0.931 0.935 0.927 1.028 0.952 0.951 0.952 0.950
k=3 k=12
base 1.000 0.961 0.958 0.960 0.955 1.000 0.942 0.947 0.951 0.937
ct(shres, buge) 1.245 0911 0.904 0911 0.904 1.326 0.779 0.767 0.777 0.766
oct(struc) 1.096 0.939 0.936 0.938 0.933 1.077 0.826 0.822 0.823 0.818
oct(wlsv) 1.142 0.953 0.949 0.951 0.946 1.149 0.851 0.845 0.847 0.840
oct(bdshr) 1.060 0.926 0.920 0.921 0915 1.021 0.808 0.796 0.796 0.787
octy(bshr) 0.954 0.895 0.895 0.892 0.887 0.833 0.741 0.741 0.737 0.735
octp(hshr) 1.093 0.955 0.951 0.956 0.949 1.066 0.851 0.846 0.848 0.838

2 The Gaussian method employs a sample covariance matrix and includes four techniques (G, B, H, HB) with multi-step

residuals.

& Girolimetto, 2022b, 2023b), thus generating unreason-
able values (e.g., a negative forecast for tourism demand
makes no sense). To overcome this limitation, we ap-
plied the simple heuristic proposed by Di Fonzo and
Girolimetto (2022a, 2023b). Following Theorem 3.1, we
are thus able to obtain reconciled samples respecting
non-negativity constraints starting from an incoherent
sample simulated from a Gaussian distribution. Finally,
to evaluate the performance, we employ the continuous
ranked probability score (CRPS), the energy score (ES), and
the multiple-comparison-with-the-best (MCB) Nemenyi
test, introduced in Sections 5 and 5.1.

6.1. Results

The CRPS and ES indices are shown, respectively, in
Table 5 for monthly, quarterly and annual forecasts. These
tables are divided by different temporal levels and each
column uses a different approach to calculate the base
forecasts, referred to as ‘base’. The bootstrap method is
used as a benchmark to calculate the accuracy indices.

Base forecasts using a Gaussian approach are better in
terms of both the CRPS and ES compared to the boot-
strap approach (the benchmark). Assumptions of trun-
cated Gaussianity (Gaussian with negative values set to
zero) may seem strict, but given the limited number of
residuals, it can lead to improved forecasts in terms of
CRPS and ES. Bootstrap forecasts suffer from the limited
number of available residuals, leading in general to lower
forecast accuracy. The Gaussian approach overcomes this
limitation and provides better results. Regarding the dif-
ferent covariance matrix estimates for Gaussian base fore-
casts, there are no big differences. For this reason, using
only the high-frequency bottom time series can be useful
to estimate fewer parameters and reduce the initial high
dimensionality.

In the Gaussian case, partly bottom-up techniques like
ct(shr, bug) lead to better results than the benchmark
(bootstrap base forecasts). However, it is not always guar-
anteed that the improvement is higher than the starting
base forecasts (by comparing the value of each column).



D. Girolimetto, G. Athanasopoulos, T. Di Fonzo et al.

Gaussian approach
(multi-step residuals, HB)

ke{12,6,4,3,2,1}

octy(bshr) - 4.75
octy(hshr) - 4.64
base - 4.52
ct(shreg, buge) - 3.96
oct(wlsv) - 3.54
oct(struc) - 3.41
oct(bdshr) -3.18

o

Friedman test p-value < 0.001
3.5 4.0 45
k=1

oct,(bshr) - 5.09 —0—

oct,(hshr) - 4.82
base - 4.5

ct(shres, bue) - 3.62
oct(wlsv) -3.5
oct(struc) - 3.5
oct(bdshr) -2.97

—O—
—A—

—o—
—0—
—0—

Friedman test p-value <0.001
4.0 45 5.0

k=3
octy(bshr) - 4.79 —Q—
octp(hshr) - 4.7 —0—
base -4.6 —A—
ct(shres, buge) - 3.94 —0—

oct(wlsv) - 3.46 —Q—

oct(struc) - 3.35 —0—
oct(bdshr) -3.16  —@— Friedman test p-value < 0.001

3.0 3.5 4.0 4.5 5.0
k=12
octy(hshr) - 4.46 —O0—
octy(bshr) - 4.45 —0—
base - 4.3 —A—
ct(shres, buge) -4.13 —0—

oct(wlsv) -3.78 00—
oct(bdshr) -3.45 F——@—

oct(struc) -3.44  —@—— Friedman test p-value < 0.001

3.2 3.6 4.0 4.4

ct(shreg, buge) - 5.24

International Journal of Forecasting xxx (xXxx) Xxx

Cross—temporal Joint Bootstrap approach

ke{12,6,4,3,2,1}

HOA
base-4.9 *Al
oct(wlsv) - 4.03
octy(bshr) - 3.58
oct(bdshr) - 3.47
octy(hshr) - 3.4

oct(struc) - 3.38 Friedman test p-value <0.001

3.5 4.0 4.5 5.0

base -5.77

A

ct(shreg, buge) - 4.49

ct(shres, buge) - 5.35

ct(shreg, buge) - 5.58

octy(bshr) - 3.99
octy(hshr) -3.74
oct(wlsv) - 3.53
oct(struc) - 3.43

OCt(dehl’) -3.06 Friedman test p-value <0.001

3 4 5 6
k=3

—@—
base -5.01 A

oct(wlsv) - 3.97
octy(bshr) - 3.55
oct(bdshr) - 3.42
oct(struc) - 3.37

octy(hshr) -3.33 Friedman test p-value < 0.001

3.5 4.0 4.5 5.0 5.5
k=12

o
oct(wlsv) - 4.48
base - 4.03
oct(bdshr) - 3.91
oct(struc) - 3.38
octy(hshr) - 3.32

octy(bshr) -3.3 Friedman test p-value < 0.001

3 4 5

Fig. 9. MCB Nemenyi test for the Australian Tourism Demand dataset using the CRPS at different temporal aggregation levels for the Gaussian
(multi-step residuals, HB) and the non-parametric bootstrap approaches. In each panel, the Friedman test p-value is reported in the lower-right
corner. The mean rank of each approach is shown to the right of its name. Statistically significant differences in performance are indicated if
the intervals of two forecast reconciliation procedures do not overlap. Thus, approaches that do not overlap with the blue interval are considered

significantly worse than the best, and vice versa.

This is particularly true for higher levels of temporal ag-
gregation. Overall, oct(bdshr) is almost always the best
in terms of the CRPS. The shrinkage approach octy(hshr)
performs well in the bootstrap case: it is competitive with
oct(bdshr) at a lower temporal frequency (k € {2, 1})
and it is able to improve for k > 3. In terms of the ES,
oct(bdshr) is still competitive, although it does not always
show the best relative performance, like octy(bshr). It is
also worth noting that oct(struc), which does not make
use of residuals, proves to be competitive by consistently
improving on the base forecasts in terms of both the CRPS
and ES.

Fig. 9 shows the MCB using the CRPS for the Gaus-
sian approach using multi-step residuals (HB) and the
non-parametric bootstrap approach. In general, the partly
bottom-up procedure improves with respect to the base
forecasts at the monthly level, but optimal cross-temporal

procedures are always better. In the bootstrap framework,
we can identify a group of three procedures—oct(bdshr),
oct(hshr), and oct(struc)—that are almost always in the
group of best approaches (denoted by the blue dot). In the
Gaussian framework, oct(wlsv), oct(struc), and oct(bdshr)
are always significantly better than the base forecasts
and equivalent in terms of the results for temporal ag-
gregation orders greater than two. For monthly series,
oct(bdshr) is always significantly better than all other
approaches.

7. Conclusion

In this paper, we extended the probabilistic recon-
ciliation setting developed by Panagiotelis et al. (2023)
for the cross-sectional case to the cross-temporal frame-
work. Through appropriate notation, we showed how
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theorems and definitions valid for the cross-sectional case
can be reinterpreted and extended. The general nota-
tion proposed can help investigate extensions following
different probabilistic approaches, such as those in Jeon
et al. (2019), Ben Taieb et al. (2021), and Corani et al.
(2023). We proposed a Gaussian and a bootstrap ap-
proach to simulate the base forecasts that takes into
account both cross-sectional and temporal relationships
simultaneously, opening the way for further research into
cross-temporal probabilistic forecasting.

Moreover, we analyzed the use of residuals, show-
ing that one-step residuals fail to capture the tempo-
ral structure, and proposed multi-step residuals that can
fully capture the cross-temporal relationships. Due to the
high-dimensionality of the cross-temporal setting when
dealing with covariance matrices, we proposed four al-
ternative forms to reduce the number of parameters to
be estimated, showing that the overlapping residuals may
reduce the high-dimensionality burden by increasing the
number of available residuals. These ideas warrant further
investigation in future works.

Finally, we performed empirical applications on two
datasets commonly used in forecast reconciliation re-
search: Australian GDP from Income and Expenditure
sides and Australian Tourism Demand. We found that
in both cases, optimal cross-temporal reconciliation ap-
proaches significantly improved on base forecasts. We
also compared these with partly bottom-up techniques
that use uni-dimensional reconciliation (either
cross-sectional or temporal) and confirmed that simul-
taneously exploiting both dimensions in reconciliation
produces better results, especially at higher levels of tem-
poral aggregation. This was more evident in the Australian
Tourism Demand application, where the involved tempo-
ral hierarchies are richer, allowing the regression-based
forecast reconciliation approaches to capture and exploit
more features of the data through the available tem-
poral aggregation levels (Kourentzes et al., 2014, 2017,
Kourentzes & Petropoulos, 2016) compared to the partly
bottom-up approach. In these two datasets, oct(wlisv)
and oct(bdshr) appeared as the two best performing ap-
proaches in terms of improving both forecast accuracy
and computational efficiency (see the online appendix),
thus corroborating the results of Di Fonzo and Girolimetto
(2023a) for point forecast reconciliation.

In conclusion, cross-temporal forecast reconciliation is
an important tool to improve the accuracy of forecasts
while simultaneously ensuring their coherency in both
space and time. Furthermore, these techniques can be
customized to suit the specific needs of an organization,
allowing for the incorporation of relevant domain-specific
knowledge (e.g., non-negative constraints) and expertise,
ensuring that the resulting forecasts are not only accurate
but also coherent and more reliable for decision-making
purposes.
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