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Effective estimation of entropy production

with lacking data

M| Check for updates

Marco Baiesi'?, Tomohiro Nishiyama ®?® & Gianmaria Falasco ® '

Observing stochastic trajectories with rare transitions between states, practically undetectable on
time scales accessible to experiments, makes itimpossible to directly quantify the entropy production
and thus infer whether and how far systems are from equilibrium. To solve this issue for Markovian
jump dynamics, we show a lower bound that outperforms any other estimation of entropy production
(including Bayesian approaches) in regimes lacking data due to the strong irreversibility of state
transitions. Moreover, in the limit of complete irreversibility, our effective version of the thermodynamic
uncertainty relation sets a lower bound to entropy production that depends only on nondissipative
aspects of the dynamics. Such an approach is also valuable when dealing with jump dynamics with a

deterministic limit, such as irreversible chemical reactions.

Energy transduction and information processing—the hallmarks of biolo-
gical systems—can only happen in finite times at the cost of continuous
dissipation. Quantifying time irreversibility and entropy production is thus
a central challenge in experiments on mesoscopic systems out of
equilibrium", including living matter’® and technological devices'".
Experimental efforts have been paralleled by the recent development of
nonequilibrium statistical mechanics, focused on adding methods for esti-
mating the entropy production rate ¢ in steady states'*”™. Several
approaches, for example, focus on improving estimates of ¢ in cases of
incomplete information and coarse-graining”' . Sometimes, they are based
on lower bounds on ¢*'*", of which the thermodynamic uncertainty rela-
tion (TUR) is a prominent example'”**™*". Classical methods estimate o by
adding local contributions from non-zero fluxes between states™. However,
recent approaches have also introduced methods exploiting the statistics of
return times or waiting times’**’.

For high-dimensional diffusive systems or Markov jump processes on
an ample state space, where the experimental estimate of microscopic forces
becomes difficult, the TUR is a valuable tool for quantifying approximately
0. Indeed, the TUR is a frugal inequality, being based only on the knowledge
of the first two cumulants of any current J integrated over a time 7, L.e. its
average (J) and its variance var(J) = (J) — (J)?,

(J)?
var(J) T

¢y

7,
kg

However, (1) might provide a loose bound on ¢. For example, far from
equilibrium, kinetic factors"' often constrain the right-hand side of (1) to
values much smaller than o.

Let us focus on a Markov jump process with transition rate w;; from
statei to state j, in a stationary regime with steady-state probability p;. If there
is a coupling between equilibrium reservoirs and the system, for each for-
ward transition between two states i and j, denoted (i, ), the backward
evolution (j, ) is possible. By defining fluxes ¢; = p;iw;, the mean entropy

production rate is written”™ as

2
é = Z(¢g - ¢ji) ln‘/’_jz. 2)

i<j

The system is in equilibrium only if all currents are zero, that is, ¢;; = ¢;;
for every pair {i, j}. Experimentally, fluxes ¢;; are estimated by counting the
transitions between states i and j in a sufficiently long time interval t.

The challenge we focus on is evaluating the entropy production rate
with experimental data missing the observation of one or more backward
transitions—any null flux makes (2) inapplicable. This situation is
encountered in a vast class of idealized mesoscopic systems such as totally
asymmetric exclusion processes”’, directed percolation®, spontaneous
emission in a zero-temperature environment”, enzymatic reactions®, per-
fect resetting”. A first solution to this problem involves replacing each
unobserved transition ¢; by a fictitious rate ¢;~¢ ' scaling with the
observation time. Intuitively, this corresponds to assuming that no transi-
tion was observed during a time t because its flux was barely lower than t . A
Bayesian approach refines this simple argument, proposing the optimized
assumption ¢;; ~ (p;/p;)/t for null fluxes in unidirectional transitions™.
Hence, it allows us to estimate the entropy production directly from (2).

In this Letter, we put forward an additional estimation of the entropy
production rate, not based on (2). Instead, we introduce a lower bound to ¢
(see (15) with (3) below) using the exact quantities needed for the estimation
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of (2), i.e,, single fluxes. Notwithstanding that, our inequality can be tight
and give an estimate of ¢ that outperforms (2) (and any standard TUR) in
regimes lacking data, in which transitions between states may appear
experimentally as unidirectional in a trajectory of finite duration t. The
efficacy of our approach derives from several optimizations related to (i) the
short time limit 7— 0", (ii) the so-called hyperaccurate current’>*>**"",
and, most importantly, (iii) an uncertainty relation’>** in which the specific
presence of the inverse hyperbolic tangent boosts the lower limit imposed to
o by the TUR (1) (the hyperbolic tangent appears in several derivations of
TURs™). In the extreme case in which all observed transitions appear

unidirectional, the inequality simplifies to

> «klog(kt), forxt>1, (3)

o

kg
where the average jumping rate (or dynamical activity, or frenesy™) «
characterizes the degree of agitation of the system. Thus, far from equili-
brium, the nondissipative quantity x binds the average amount of dissipa-
tion 0. Key to our approach is the assumption that the overall rate of all
unobserved (reverse) transitions is of the order ~¢™*. At the same time, we
make no assumption for the specific reverse rate of each unidirectional
transition. Equation (3) can also be used if only forward rates are known

analytically and backward rates are small and unknown. The chemical
reactions described at the end of the paper fall into this scenario.

Results and discussion
Empirical estimation
Equation (2) holds for Markov jump processes with transition rates satis-
fying the local detailed balance condition w;;/w;; = €%, where 5= — s;; is
entropy increase in the environment (in units of kg =1, hereafter) when
transition (4, j) takes place. For these processes, the experimental data we
consider are time series of states (i, i, ..., i) and of the corresponding
jumping times (£, 7, ..., #” < t). The total residence time ¢X that a tra-
jectory spends on a state i gives the empirical steady-state distribution p; =
tR/t that approaches the steady-state probability distribution p; for long
times f.

The estimation of o is based on empirical measurements of fluxes ¢;;,
which we define starting from the number n;; = 1;(f) of observed transitions
()2

.
¢ij_nij=7. (4)

If the observation time ¢ is much larger than the largest time scale, i.e.
> 7, = (min, j¢ij)7l, the empirical flux 71;; converges to ¢; and the
estimate of the entropy production rate simply becomes

- N i
0= Uemp - (nij njz’) n-—. (5)
i<j i

However, our focus is on systems in which < Toys SO that some
transitions (7, j) € Z are probably never observed (1;; = 0) while their reverse
ones (j,i) are (n;#0). In this case, the process appears absolutely
irreversible™ and (4) is inapplicable—the estimate (5) would give an infinite
entropy production. We assume that the network remains connected if one
removes the transitions belonging to the set Z so that the dynamics stays
ergodic. Note that the case where both 71;; = 0 and 11;; = 0 poses no difficulties.
Indeed, one neglects the edge {1, j}, at the possible price of underestimating o.
We leave this understood and deal with the residual cases in which only one
of the two countings is null.

Ifin a time ta transition from i to  is not observed, we conclude that the
typical time scale of the transition is not shorter than ¢, that is ¢; St . A
more quantitative argument” suggests “curing” the numerical estimates of

fluxes by introducing a similar minimal assumption,

n;/t, ifn;>0
0, otherwise,

and uses these regularized estimates of ¢’s in (5).

Lower bounds to

To use TURs, we define currents by counting algebraically transitions
between states. For example, for (i, ), an integrated current during a time 7
is just the counting r;(7) — n;;(7) during that period. By linearly combining
single transition currents via antisymmetric weights c;=— c;; (stored
in a matrix ¢), one may define a generic current J=J.=>_ j
Cij[nij(T) - ”ji(‘f)]-

Among all possible currents, one can choose those giving the best lower
bound to ¢, for instance, by machine learning methods'*’. However,
refs. 50,51 show that the TUR can be analytical optimized by choosing the
hyperaccurate current J b Tn the limit 7 — 0, the coefficients defining J by
take the simple form™
hyp_(pij_gbjiwhij_hji‘ @)

il = ~
/ (/5,7 +¢i oty

Moreover, the TUR (1) is the tightest when ] is integrated over an
infinitesimal time 7 — 0'®'” and can become equality in the limit 7 — 0 only
for overdamped Langevin dynamics. However, for Markovian stationary
processes Eq. (24) in ref. 32 states that

.’ Ur)?

_ thyp
var(J,)t  var(Jp) T for J=J, ®

where 7 = Mr is a time span collecting M short steps of duration 7. It is
therefore useful to exploit the TUR in the short 7limit and define the short-
time precision p(J) as

p(J) = lim —mz . )
%var(J) T
For Markov jump processes, for a generic J, we have
= Z Cij(ﬁbij - ¢ji)T7

i<j

(10)
var() = D _ (¢ + ¢y)7 + O(),
i<j
and the related TUR in the limit 7 — 0 is

02 dhr = 2p0). (11)

Focusing on the hyperaccurate current, which is also characterized by
(J™) =var(J™), the optimized TUR reduces to o> ob, = 2phP
(involving the so-called pseudo-entropy™) with

@~ ¢,
hyp Y J

(12)

In the following, we will use an improvement of the TUR. We start
from the implicit formula derived in™,

2
p()< —0

13
axf (2)* (9
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which depends on the frenesy

k= (95 + ).

i<j

(14)

and the function f that is the inverse of x tanhx. We use the relation
g(x) = x/f(x) with g the inverse function of xtanh™'x™ to turn (13) into an

explicit lower bound on the entropy production

0=2+/pPitanh ™! (\ / thP/K) .

The inequality (15) reduces to the TUR close to equilibrium, where
o — 0, and is tighter than the kinetic uncertainty relation"' far from equi-
librium where tanh(g/2+/p"Px) — 1, namely x> p™*P,

Empirically, for x t > 1, we can approximate the optimized precision
(12) and the frenesy (14) with

(15)

(n; — 11,)?
e _ 5™ i)
phr =N (16)
o ; i+
Kemp = D (it + 1) (17)

i<j

Neither of them does require the regularization (6). However, the
(positive) argument of the tanh ™! function in (15) needs to be strictly lower

. .h
than 1, ie. pe§p<Kemp.

With p?;lpp there arises a problem when one measures irreversible
transitions in all edges, min(71;;, 7;;) = 0 for every i and j: in that case, one
can see that p?}% = Kemp- 10 fix the divergence of tanh ™! that it would lead
to, we use an assumption milder than the requirement of reversibility for all

transitions used for (6).

If p?,’;g, = Kemp> We assume that the observation time ¢ is barely larger
than the typical time needed to have any reverse transition. By denoting a
tiny rate of any unobserved transition (i, j) € 7 as €;; the ratio of the pre-
cision of the hyperaccurate current over the frenesy becomes

Y 2
P ] <)
K Daper( e G2 it e
Kemp + Z(i,j)el'eij

1

(18)
L
emp (j j)eZ
4 4
=1- ~1—-—,
Kempi’ Kt

where we have set Z(i‘j)de,-j = 1/t according to our assumption and we
replaced K, With « because they give the same bound to leading order in £.

Hence, in an experiment measuring only irreversible transitions for
t> 1/x, (15) with (18) still provide a lower bound on the entropy pro-

duction rate:
4
1——
Kt

By Taylor expanding the argument of tanh ™" to the leading order, (19)
simplifies to the lower bound anticipated in (3), which is based simply on
evaluating the frenesy x empirically with (17).

> 2k tanh™! ( (19)

g
kg

Examples

Let us illustrate the performance of the various estimators of the entropy
production rate with the four-state nonequilibrium model sketched in Fig. 1.
Some transitions (black arrows) have a constant rate wj;=1 (in dimen-
sionless units). Other transition rates depend on a nonequilibrium strength
a, with & = 0 representing equilibrium: w;; = e~ (red arrows), and w;; = e
(thin blue arrows). The latter class is the first to go undetected for sufficiently
large o, which causes the empirical estimate 0y, to start deviating from the
theoretical value (« 2 1.7 in Fig. 1). However, 0emp remains the best option
for evaluating o up to a value « = 4, where the lower bound a:'ayfh takes over as
the best ¢ estimator far from equilibrium. Interestingly, for a >4, the
probability f;, to measure a trajectory with only irreversible transitions
(green curve in Fig. 1) is still small. Hence, it is the full scheme with (15) and
the extreme case (3) that provides a good estimate of . For this setup, the
TUR optimized with the hyperaccurate current is only useful close to
equilibrium but is never the best option. For comparison with the hyper-
accurate version, in Fig. 1, we also show the loose lower bound offered by the
TUR for the current J defined on the single edge {i=1,j=2}.

To appreciate the influence of the trajectory duration on the estimators,
in Fig. 2a, we plot the scaling with the sampling time ¢ of 0y, and alt‘ayfh. In
this example, the farther one goes from equilibrium, thelonger o, remains
the better estimator. This aspect can be crucial if, for experimental limita-
tions, one is restricted to a finite . It is also emphasized in Fig. 2b, where we
plot the time at which o¢,, becomes larger than ai;yfh, as a function of the
true dissipation rate oy,. Again, it shows that in more dissipative regimes, one
canrely on o, if trajectories are too short to obtain a good estimate of dg,
with Gemp.

The second example shows how our lower bound may scale favorably
with the system size compared to the other o estimators. We study a periodic
ring of N states with local energy u; = — cos(27i/N) and transitions
rates Wy =1, w;,_; = exp[—a/N + u; — u;_,] (temperature is T=1).
Figure 3 shows the ratios of UI%YI?R, ogyfh, and e, over the theoretical value
Oy as a function of the nonequilibrium force «, both for a ring with N =10
and for alonger ring with N = 20 states. For each N, we see that agynﬂl far from
equilibrium is the best estimator of the entropy production rate. Further-
more, it also appears to be the estimator that scales better by increasing the
system size: its plateau at o/0y, ~ 1 scales linearly with N (the inset of Fig. 3

12 1.0
h
e —— ohw  —— af, Oth
10 / \\ —— ok T e 0.8
oAt—% o=
8 K 3/ /'/'/
o ,/‘/ 0.6
o ‘/'/
° fir
7 +0.4
=
4 =
(0] Z7 i) (iii)
5 A A y 0.2
G
/ //
0 = — — — o 00
0 1 2 3 4 5 6 7 8
a

Fig. 1 | Estimation of the entropy production in a 4-state model. For the 4-states
model (inset and description in the subsection Examples), estimates of the entropy
production rate and theoretical value gy, (left axis), and the fraction of trajectories
displaying only irreversible transitions (green curve, right axis) as a function of the
nonequilibrium strength «. The sampling time is ¢ = 10°, and bands show one
standard deviation variability over trajectories. Highlighted regions: (i) the empirical
estimate works well while lower bounds progressively depart from s (ii) Gemp
deviates from oy, but remains the best estimator; (iii) the lower bound a?ﬁ is the best
estimator.
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Fig. 2 | Estimation of the entropy production as a function of the sampling time.
a For three values of the nonequilibrium parameter « (see legend) i 1n the model of
Fig. 1, scaling with the sampling time ¢ of the estimators o, and at > and theo-

retical values (horizontal thick lines). Bands show one standard deviation variability

over trajectories. b Time when 0cmp, becomes larger than Ulanh’ as a function of ay,.
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Fig. 3 | Estimation of the entropy production for a ring model. For the ring model
described in the subsection Examples, we show various estimates of the entropy
production rate divided by the theoretical value, for ¢ =10 as a function of the
nonequilibrium strength a/N, for ring lengths N =10 and N = 20. The inset shows
a*/N. For a« — 0, the standard deviation of o/0y, (shaded bands) are amplified
because also oy, — 0.

shows the a* value where o/0y, drops below the arbitrary threshold 0.9,
divided by N, as a function of N), while this is not the case for the empirical
estimate 0¢,p. These results propose agyfh
tinuous limit to deterministic, macroscopic conditions. Next, we explore this

possibility.

as a valuable resource in a con-

Deterministic limit

Our approach extends to deterministic dynamics resulting from the mac-
roscopic limit of underlying Markov jump processes for many interacting
particles such as driven or active gasses””, diffusive and reacting
particles”*’, mean-field Ising and Potts models®"*, and charges in electronic
circuits”. In these models, the state’s label i is a vector with entries that
indicate the number of particles of a given type. The system becomes
deterministic when the typical number of particles goes to infinity, con-
trolled by a parameter, such as a system size V — oo. In this limit, it is
customary to introduce continuous states x=i/V*% eg., a vector of

concentrations, such that w;; = Vw,(x) where + r labels the transitions to (or
from) the states infinitesimally close to x. Such transition rate scaling is
equivalent to measuring events in a macroscopic time t = ¢V. The prob-
ability p; ~ 8(x — x*) peaks around the most probable state (x) =ux*The
entropy production rate (5) becomes extensive in V*, and its density takes
the deterministic value

9 = S ) o, (e )

o
>0 (x*)

(20)

with w.,(x*) the macroscopic fluxes.

We are interested in the case where backward transitions (r < 0) are
practically not observable, i.e., the fluxes w_,(x*) are negligibly small
compared to the experimental errors. Since x is also extensive in V, we define
the frenesy density k = x/V = ) w,(x*) and apply (3) as

o > klog(k f). (21)
The formula above holds for <1/ max(w_, (x*)), which is the typical
time when backward fluxes become sizable.

We compare (20) and (21) for systems of chemical reactions with mass
action kinetics, ie., each flux w,,(x*) is given by the product of reactant
concentrations times the rate constant k.,”. In particular, we take the fol-
lowing model of two chemical species, X and Y, with uni- and bimolecular
reactions,

k+l k+2
=X 2X=X+4+Y
k—l k—l
(22)
k+3 k+4
X=Y Y=20.
k., Pl

Figure 4a shows, for a specific set of rate constants, that the bound (21)
outperforms the empirical estimation (20) for all times when the dynamics
appears absolutely irreversible. This occurs for all randomly drawn values of
the rate constants (Fig. 4b). Additionally, we plot the histogram of times qat
which (21) and (20) reach the fraction g<1 of the theoretical entropy
production rate, for g = 0.6 in Fig. 4c and g = 0.8. Figure 4d. Times resulting
from (21) are significantly shorter than those from the empirical mea-
sure (20).

The application of (3) is possible either when the forward rates are
analytically known (as in the example in Fig. 4) or when they can be
experimentally reconstructed. Direct measurement of chemical fluxes is a
challenging task. One case in which they are measurable with high pre-
cision is photochemical reactions in which the emission of photons at a
specific known frequency signals the reaction events (see” and references
therein). In general, one can measure reliably only concentrations, from
which one can extract reaction fluxes only in specific networks (and if the
reaction constants are known). We note, however, that the same method
exemplified with chemical reactions can be used, e.g., for electronic cir-
cuits, where counting electron fluxes between resistive elements is much
easier.

Conclusion

In summary, the lower bound (15), turning into (3) for systems that appear
absolutely irreversible, is more effective than the direct estimate (5) with (6)
in cases of lacking data. Knowledge of the macroscopic fluxes is enough to
apply our formula (3), which outperforms the direct estimation in strongly
irreversible systems where all backward fluxes are undetectable. Thus, we
provide a effective tool to estimate the dissipation in biological and artificial
systems, whose performances are limited by energetic constraints™”*",
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Fig. 4 | Estimation of the entropy production in a 1.0 1.0
deterministic chemical reaction network. (b)
a Estimates (20) and (21) normalized to the true oy, 0.8
as a function of macroscopic time f up to the inverse £0.614 . 65 0.8
of the maximum flux, for the chemical reaction B -
network (22) with forward rate constants l; 0.4 g% 06
ki,=15,2,1,02} and backward k_, = 10~ b With ' . shp |
2000 random realizations of the chemical reaction 0.2 fa"h
network (uniformly sampled rate constants — Oemp 0.4
k€ [1072 10°], and k_, = 10"°), estimate (20) 0.0 '
vs. (21), both normalized to the true Gy, for a fixed 0 1000 2000 3000 0.4 0;6 . 0.8 1.0
time 7 = 0.1/ max(w,(x*)). ¢ Probability distribu- t Gemp | Oth
tion of £, for g=0.6, and d 4 =0.8.
(c) o | [0-0006 (d) ~hyp
0.0100 tanh tanh
I o, . Oem
~ 0.0075 " 10.0004 P
fied
00050 0.0002
0.0025
0'00000 608'00000 5000 10000
Eq

Methods

Dynamics of the stochastic model systems described in the subsection
Examples and the deterministic chemical reaction network described in
subsection Deterministic limit have been obtained by the standard Gillespie
algorithm and numerical integration of the rate equations, respectively.

Data availability
The data that support the findings of this study are available from the
corresponding author upon reasonable request.

Code availability
The numerical codes that support the findings of this study are available
from the corresponding author upon reasonable request.
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