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Abstract
Results of a three-dimensional, flux-driven, electrostatic, global, two-fluid turbulence
simulation for a five-field period stellarator with an island divertor are presented. The
numerical simulation is carried out with the GBS code, recently extended to simulate plasma
turbulence in non-axisymmetric magnetic equilibria. The vacuum magnetic field used in the
simulation is generated with the theory of Dommaschk potentials, and describes a
configuration with a central region of nested flux surfaces, surrounded by a chain of magnetic
islands, similar to the diverted configurations of W7-X. The heat outflowing from the core
reaches the island region and is transported along the magnetic islands, striking the vessel
walls, which correspond to the boundary of the simulation domain. The radial transport of
particles and heat is found to be mainly driven by a field-aligned coherent mode with poloidal
number m = 4. The analysis of this mode, based on non-local linear theory considerations,
shows its ballooning nature. In contrast to tokamak simulations and experiments, where blobs
often contribute to transport, we do not observe the presence of intermittent transport events.

Keywords: stellarators, turbulence fluid simulation, GBS

(Some figures may appear in colour only in the online journal)

1. Introduction

In the recent years, the magnetic fusion community has
increasingly focussed its attention on how particles and heat
can be exhausted without damaging the plasma-facing materi-
als, while simultaneously preserving good core performance.

∗ Author to whom any correspondence should be addressed.

Original content from this work may be used under the terms
of the Creative Commons Attribution 4.0 licence. Any further

distribution of this work must maintain attribution to the author(s) and the title
of the work, journal citation and DOI.

Most tokamaks are currently operated in an axisymmet-
ric single-null diverted configuration, consisting of a central
region of closed field lines, surrounded by the scrape-off layer
(SOL), a region of open field lines that are diverted by using
external coils and end up on the solid surfaces of the divertor
plates at a certain distance from the core. The single-null con-
figuration will be adopted by ITER [1], while alternative con-
figurations such as the snowflake or the double-null are being
explored for DEMO [2]. In addition, 3D perturbations might
be used to mitigate and control edge localized modes, affecting
the heat pattern deposition and possibly the boundary turbu-
lence [3, 4]. As for stellarators, diverted solutions also exist. In
W7-X the so-called island divertor configuration is used [5],
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where a chain of magnetic islands surrounds the closed field-
line region, and the heat outflowing from the core is diverted
along the field lines of the islands that strike the plasma-facing
components. Other possible exhaust solutions used in stellara-
tors include the ergodic divertor employed in LHD [6] and the
non-resonant divertor envisaged for HSX [7].

The interplay between the plasma fluxes from the core,
the cross-field transport across the magnetic field lines and
the losses to the walls determine the peak heat loads at the
vessel targets [8]. While boundary turbulence has been thor-
oughly characterized experimentally in tokamaks [9], similar
investigations are still in their infancy in stellarators. In addi-
tion to the measurements carried out in small, low-temperature
plasma stellarators such as TJ-K [10–12], experimental mea-
surements in the edge of W7-X are recent [13–15]. These
have shown significant differences with respect to tokamaks:
field-aligned structures (dubbed filaments) are observed to be
essentially bound to their flux surface, covering very small
radial distances due to their slow radial velocity of the order
of 100 m s−1 [13, 14], while their poloidal velocities are
of the order of a few km s−1 [15]. Similar observations are
reported in the edge of LHD [16, 17]. On the other hand, typ-
ical tokamak measurements show blobs generated near the
separatrix that travel ballistically across the SOL and pro-
vide an important contribution to the global perpendicular
transport, with radial velocities of the order of a few km s−1

[18, 19]. In W7-X, the fluctuations are approximately normally
distributed [15], hinting that the turbulent structures are the
result of fluctuations that have a local origin rather than being
advected from a different radial position, in agreement with
their small radial velocity [14]. While a broad-band turbulent
spectrum in the range 1–10 kHz is observed in stellarators as
in tokamaks [13, 15], quasi-coherent modes with 10–50 kHz
and small poloidal wave-numbers (corresponding to a wave-
length of approximately 30 cm), propagating both in the ion
and electron diamagnetic drift directions, are also observed
in W7-X [13].

Similarly to the experimental investigations, the simulation
of plasma dynamics in the stellarator boundary is still at a very
early stage. The fluid code BOUT++ simulated seeded plasma
filaments in a slab geometry that emulates the radially varying
connection lengths of W7-X [20] and it was recently extended
to simulate non-axisymmetric magnetic fields such as a low-
field-period rotating ellipse [21].

In this letter we present results of the first global, two-fluid,
flux-driven simulation of a stellarator with an island divertor.
The simulation is performed with the GBS code, which has
been used in the past decade to simulate the tokamak boundary
[22–28], and it is here extended to non-axisymmetric magnetic
fields. GBS solves the drift-reduced Braginskii equations [29],
valid in the high collisionality regime, which is often justified
in the plasma boundary of magnetic fusion devices as well
as in the core of low-temperature devices (e.g., TJ-K [30]).
All quantities are evolved in time without separation between
equilibrium and fluctuating parts. We consider here the electro-
static limit, we apply the Boussinesq approximation [22], and
we neglect gyroviscous terms as well as the coupling to the
neutral dynamics, although these are implemented in the most

recent version of the GBS code for tokamak simulations [23].
Within these approximations, the drift-reduced model evolved
by GBS is:
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In equations (1)–(7), all quantities are normalized to reference
values: density n, electron temperature Te and ion temperature
Ti are normalized to n0, Te0 and Ti0; electron parallel veloc-
ity V‖e and ion parallel velocity V‖i are both normalized to
the sound speed cs0 =

√
Te0/mi; vorticity ω and the electro-

static potential Φ are normalized to Te0/(eρ2
s0) and Te0/e; time

is normalized to R0/cs0, where R0 is the machine major radius;
and perpendicular and parallel lengths are normalized to the
ion sonic Larmor radius, ρs0 =

√
Te0mi/(eB0), and R0, respec-

tively. The normalized parallel current is j‖ = n(V‖i − V‖e) and
B is the magnetic field normalized to the magnitude of the field
on axis, B0.
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Figure 1. Poincaré plot of the magnetic field used in this work on two poloidal planes at different toroidal angles. The boundary of the
simulation domain is represented in blue.

Figure 2. Three-dimensional snapshot of plasma density,
representing the geometry of the simulation considered here. The
surface depicted corresponds to the LCFS and a field line (black
line) is superimposed.

The dimensionless parameters appearing in the equations
are the normalized ion sonic Larmor radius ρ∗ = ρs0/R0, the
normalized electron and ion parallel diffusivities, χ‖e and χ‖i,
considered here as constants, the ion to electron temperature
ratio τ = Ti0/Te0, the normalized electron and ion viscosities,
η0e and η0i, which we also set to constant values, and the nor-
malized Spitzer resistivity ν = ν0T3/2

e with ν0 given in [26].
Small numerical diffusion terms such as Dn∇⊥

2n and D‖
n∇‖

2n
(and similar for the other fields) are introduced to improve the
numerical stability of the code and the simulation results show
that they lead to significantly lower perpendicular transport
than turbulence. The terms Sn, STe and STi denote the sources
of density, electron and ion temperature, respectively. Mag-
netic pre-sheath boundary conditions, described in [31, 32],
are applied to all quantities at the end of the field lines inter-
secting the walls, except for the density and vorticity, that sat-
isfy, respectively, ∂sn = 0 and ω = 0, where s is the direction
normal to the wall.

The normalized geometrical operators appearing in
equations (1)–(7) are the parallel gradient ∇‖u = b · ∇u,
the Poisson brackets [Φ, u] = b · [∇Φ×∇u], the curva-
ture operator C(u) = (B/2)

[
∇× (b/B)

]
· ∇u, the parallel

Laplacian ∇2
‖u = b · ∇(b · ∇u) and the perpendicular

Laplacian ∇2
⊥u = ∇ · [(b ×∇u) × b]. While these oper-

ators are not toroidally symmetric in contrast to tokamak

simulations, their implementation is straightforward in
GBS thanks to the versatility of its non field-aligned. For
their numerical implementation, we expand the geometri-
cal operators in the following small parameters: the ratio
between the poloidal components and the norm of the mag-
netic field, δ = BR/B ∼ BZ/B; the normalized mirror ratio,
Δ = (Bmax − Bmin)/B, where B is the averaged value of B
along the toroidal direction and (Bmax − Bmin) is the ripple
amplitude; and the ratio between perpendicular and parallel
turbulence length scales, σ = l⊥/l‖. We then retain only the
leading order terms in these expansion parameters. For the
stellarator configuration considered in this work δ ∼ 0.1,
Δ � 0.1 and a posteriori we verify that σ ∼ 0.01, confirming
the validity of the expansion.

The physical model in equations (1)–(7) is discretized in
a cylindrical grid (R,φ, Z), with R the radial coordinate, φ the
toroidal angle and Z the vertical coordinate. The simulation
domain is a torus of radius R0 with a rectangular cross-section
of size LR × LZ. Equations (1)–(6) are advanced in time with
an explicit Runge–Kutta fourth-order scheme, while spatial
derivatives are computed with a fourth-order finite difference
scheme [26, 33].

For the present study we exploit the properties of Dom-
masck potentials [34] to analytically construct a five-field
period stellarator-symmetric vacuum field with a 5/9 chain
of islands surrounding a volume of nested magnetic surfaces,
which consist essentially of rotating ellipses without torsion.
The magnetic shear is very small with the rotational transform
varying from 0.500 at the magnetic axis and 0.555 at the last
closed flux surface (LCFS). Since the LCFS is not well defined
in a stellarator, we consider it as being a surface very close to
the island chain (red surface in figure 1). The lengths LR and
LZ are adjusted such that the islands strike the top and bottom
of the simulation box, as can be seen in figure 1. In such con-
figuration, heat and particles outflowing from the core reach
the island region and are transported along the magnetic field
of the islands, eventually striking the top and bottom walls at
specific toroidal locations.

The simulation presented here is started from a noisy ini-
tial state and, after a transient, reaches a quasi-steady state,
where sources, parallel and perpendicular transport and losses
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Figure 3. Equilibrium profiles of density (left) and electrostatic potential (right), obtained by time-averaging the simulation results. Top and
bottom correspond to the toroidal planes φ = 0 and φ = 0.6, respectively.

at vessel balance each other. Therefore, the fluctuating part
of the fields is not separated from the equilibrium part in
GBS. We focus our discussion on the results of a simula-
tion that uses the following parameters:ρ−1

∗ = 1000, ν0 = 0.1,
τ = 1, χ‖e,i = η0e,i = 1.0, Dn = DTe = DTi = DV‖e

= DV‖i
=

Dω = 10, D‖
n = D‖

ω = 1, LR = 380ρs0, LZ = 230ρs0, a grid
resolution of NR × NZ × Nφ = 200 × 120 × 200 points and a
time-step of 2.9 × 10−6R0/cs0. A convergence test to assess
the accuracy of the simulation was made. In particular we con-
sidered a simulation with grid NR × NZ × Nφ = 250 × 150 ×
200 and another simulation with grid NR × NZ × Nφ = 250 ×
150 × 250, which is at the limit of our computational capa-
bilities. In both cases we verified that the dynamics of the
simulation is similar to the one presented here. The sources
for density and temperature, Sn = STe = STi , are localized
around a magnetic surface near the LCFS. In figure 2, a global
overview of the simulation geometry is shown with a snapshot
of density once the quasi-steady state is reached. Particles are
mostly exhausted where field lines strike the vessel, which is
revealed by the high plasma density regions appearing on the
top wall.

In figure 3 the equilibrium (i.e., time-averaged) profiles of
density and potential are shown at two different toroidal loca-
tions. We observe that the plasma is well confined inside the
LCFS, and that the electrostatic potential is negative in the core
and positive in the edge. The radial electric field is therefore
negative, which corresponds to the ion-root regime, expected
as well in the neoclassical high-collisional regime [35].

Snapshots of density and electrostatic potential in the quasi-
steady state at two different toroidal angles are shown in

figure 4. A mode with poloidal mode number m = 4 (corre-
sponding to kyρs0 ≈ 0.04, where y is the binormal direction,
being x the radial and z the parallel coordinates) and toroidal
mode number n = 5 dominates the global dynamics of the
system. The mode is coherent and rotates in the ion diamag-
netic direction. Furthermore, the mode is field-aligned, as can
be seen in figure 2, where a field line has been traced for
several toroidal transits on the LCFS and is shown with a
black line. No broad-band turbulence nor blobs are observed,
highly contrasting with typical tokamak boundary simulations
[36, 37]. The presence of a coherent dominant mode is a
robust feature of the simulation. In fact, an m = 4 mode
appears in other simulations performed with lower and
higher strength of the plasma and temperature sources, and
also in simulations with larger sizes, ρ−1

∗ = 1500, 2000 (not
shown). An analysis of Ohm’s law (4) shows that the elec-
trostatic approximation for the dominant mode is valid for
β 	 0.2%.

An analysis on the balance of the density equation shows
that approximately 80% of the radial transport of particles
across the LCFS is due to the time-averaged fluctuating
E × B-flux,

Γx
E×B =

〈
ñṼ x

E×B

〉
t
= −

〈
ñ
B

(
∇Φ̃× b

)
x

〉
t

, (8)

where we denote with tilde fluctuating quantities and 〈·〉t
time averages (i.e., n = ñ + 〈n〉t). The largest contribution
to this flux is given by the m = 4 mode. Indeed, we
have verified a good agreement between the flux of par-
ticles evaluated numerically by using equation (8), and
the time-averaged E × B-flux due to a single coherent
mode,
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Figure 4. Snapshot of density, n (left) and electrostatic potential, Φ (right), in the quasi-steady state. Top and bottom correspond to the
toroidal planes φ = 0 and φ = 0.6, respectively.

Figure 5. Time-averaged fluctuating E × B radial flux on the LCFS evaluated according to equation (8) (left panel); phase-difference
between potential and density, δΦ−n (middle panel); fluctuations’ amplitude (right panel); as evaluated from the GBS simulation. θ = 0
corresponds to the outboard midplane.

Γc =
ky

2B
|ñφ̃| sin(δΦ−n), (9)

where δΦ−n is the phase-difference between potential and den-
sity obtained from the correlation between them, being the
fluctuation amplitudes and phase-difference from the simula-
tion results. In figure 5 we show the E × B-flux evaluated using
equation (8) on the unfolded LCFS (left panel of figure 5),
where it is seen that the flux peaks on the stellarator high-
field side (θ = 0 corresponding to the outboard midplane).
This is due to the fact that the amplitude of the fluctuations is
larger at θ = π (right panel of figure 5), overcoming the phase-
difference term, which is larger on the low-field side (middle
panel of figure 5).

We use a non-local linear theory in order to investigate the
properties of the coherent mode dominating the simulation.
Namely, we linearize GBS equations, equations (1)–(7), by
assuming that all quantities vary as

u(x, θ,φ) = u0(x) + ũ(x)eγt+i(mθ−nφ), (10)

where x ranges from 0 at the magnetic axis to 1 at the LCFS,
u0 is the background profile obtained from the GBS simulation
by time and flux surface averaging, m and n are the poloidal
and toroidal mode numbers and γ is the growth-rate of the
mode. Note that the mode ũ depends on x, in agreement with
the non-local nature of the mode dominating the simulation. In
the linearized system of equations, we simplify the magnetic

5
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Figure 6. Density eigenmodes resulting from the linear theory with m = 4 and n = 5: including all driving terms (top panel); excluding the
drift-waves drive (middle panel); excluding the ballooning drive (bottom panel).

curvature operator by assuming a circular tokamak geometry,
motivated by the fact that in the stellarator simulated in this
work, the magnitude of the magnetic field varies, up to first
order, with 1/R. After linearizing the equations and evaluat-
ing the curvature operator at the low-field side, the study of
the linear modes reduces to an eigenvalue equation. In figure 6
(top panel), we show the eigenmode solution with m = 4 and
n = 5, corresponding to the wavenumbers of the coherent
mode observed in the nonlinear simulation. Similarly to the
perturbation appearing in the non-linear simulation, the linear
mode is large close to the LCFS and its amplitude decreases
towards the core.

We now show that the identified linear mode is able to trans-
port the radial E × B-flux of the non-linear simulation. For this
purpose, we consider the E × B-flux as given by equation (9)
for the linear eigenmode. The phase difference is obtained sim-
ply by computing the phase between the density and potential
eigenfunctions of the mode. We determine the amplitude of the
linear mode from a balance between the radial E × B-flux and
the plasma source:∫

∂Ω

Γc dS =

∫
Ω

Snρ∗ dV , (11)

where Ω is the volume contained inside the LCFS and ∂Ω its
surface area. Using equations (9) and (11) we obtain

|ñφ̃| ∼ 2B
ky

∫
ΩSnρ∗ dV∫

∂ΩdS
1

sin(δΦ−n)
. (12)

While for most (m, n) modes the amplitude of the perturbations
obtained from equation (12) exceeds by orders of magnitude
the one observed in the non-linear simulation, for the m = 4,

n = 5 mode we obtain |ñφ̃| ∼ 0.4, which is comparable to the
values observed in the non-linear simulation (see figure 5).

Finally, we address the nature of the m = 4 mode by remov-
ing either the ballooning or the drift-waves instabilities from
the linear equations. The drive of the former is removed
by zeroing out the curvature term of the vorticity equation,
equation (6). On the other hand, by removing the parallel
gradient terms of temperature and pressure in Ohm’s law,
equation (4), we preclude drift-waves from the system. As
shown in figure 6, the eigenmode is not significantly affected
by the removal of the drift-waves (middle panel). On the other
hand, the eigenmode without ballooning drive (bottom panel)
is significantly different and is no longer localized in the edge
region. Thus, the linear theory points to a ballooning-like
nature of the mode that dominates the simulation, a finding to
be confirmed by linear analysis that take into account a more
complex geometry.

To conclude, the GBS code has been upgraded to simu-
late plasma turbulence in three-dimensional magnetic config-
urations such as those of stellarators, but also of tokamaks
with 3D perturbations. This letter presents the first global fluid
simulation of the plasma dynamics in a stellarator with an
island divertor. We show that, in the particular configuration
produced with the Dommashck potentials considered here,
the dynamics of the plasma is dominated by a coherent low
(m = 4) poloidal mode, with no blobs detaching into the
SOL. The mode is studied with a non-local linear model,
which points out the ballooning-like nature of this mode.
These results highly contrast with typical tokamak boundary
simulations and investigations are ongoing to understand the
cause of this difference, as well as the link with experimental
observations.
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