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Abstract
Achieving an accurate and efficient dynamicmodelling is fundamental inmany robotic applications. The effect of friction in the
dynamic behaviour of a robot is one of the most challenging factors to predict, due to the complexity of the several phenomena
that cause it. Several friction models are available in the literature, each of which can be more or less suitable depending on
the situation and working conditions. In this paper, we present the state of the art and experimental comparison of friction
models for robotic manipulators. We first consider both static and dynamic friction formulations to evaluate their ability to
consider the different friction effects and the factors that influence friction behaviour. Then, twenty-five selected models are
experimentally compared to evaluate their ability to predict friction effects in a UR5e robot with six degrees of freedom. The
results of extensive experiments show good performance of most of the considered friction models in predicting the friction
torque, and in evaluating the energy consumption of the robot when applied together a complete dynamic formulation. The
findings of this study can be used as guidelines for determining the best friction model for the operating conditions under
consideration.

Keywords Dynamics · Energy consumption · Friction modelling · Identification

1 Introduction

Accurate and efficient dynamicmodelling of robotic systems
is crucial for achieving satisfactory performances in many
applications. Examples are the design of control algorithms
[1], where a precise torque prediction is needed to ensure
good trajectory tracking performance [2], or the execution
of industrial manufacturing operations like robotic milling,
which requires the knowledge of the dynamic model of the
robot to avoid undesired vibrations [3]. Moreover, dynamic
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modelling of robotic systems has application in human-robot
interaction [4], and collision detection [5], considering for
example that a collision can be detected if the actual torques
deviate from those computed with the robot dynamic model
[6].

Developing a reliable dynamic model is fundamental also
for energy efficiency purposes, since it is the basis of dif-
ferent methods for reducing the energy expenditure of a
robotic or mechatronic system. Examples of energy effi-
ciency approaches that rely on the dynamic modelling are
the optimal task placement [7, 8], the exploitation of the sys-
tem natural motion [9], and the trajectory planning [10, 11].
Particularly, optimizing robot trajectories requires a good
dynamic model for a precise computation of motor torques
and energy consumption, in order to find the optimal combi-
nation of the trajectory variables [12].

The dynamics of a robotic system is influenced by inertial
(masses, centers ofmass, andmoments of inertia) and friction
parameters, which are often challenging to be correctly iden-
tified. The nonlinear phenomenon of friction is omnipresent
inmechanical systems, and depends on contact geometry and
surfaces, topology, properties of thematerials, relative veloc-
ity, lubricant, humidity, and temperature [13]. Friction results
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in energy losses and heating of the contact surfaces. Focus-
ing on robotics, friction introduces nonlinearities that can
lead to motion control issues, including trajectory tracking
errors, limit cycles, and dynamic instabilities (e.g., stick-slip
can cause abrupt accelerations at low velocities) [14]. Due to
its complexity and impact on the dynamics of a mechanical
system, friction is one of the most important and undesired
phenomena to be considered in order to develop a reliable
dynamic model of a robotic system [15].

Nowadays, an accurate friction modelling is fundamen-
tal in modern manufacturing scenarios like collaborative
robotics, where lightweight robots that work at limited power
and speed are often used [16]. Robotic manipulators for col-
laborative robotics applications generally employ brushless
motors of reduced size and strain wave gearing, like har-
monic drives. Harmonic drives are composed of three main
elements: an elliptical disk (wave generator) that is connected
to the motor shaft and acts as input; a deformable cylindrical
cup with external teeth (called flexspline) which acts as out-
put; and a fixed ring with internal gearing (circular spline)
that surrounds the other two components and meshes with
the flexspline. Harmonic drives are considered the primary
sources of friction losses in a robot joint, as friction is gener-
ally relativelyminimal for brushlessmotors [17]. This type of
transmission is largely adopted since it presents a favorable
power density and high gear ratio in a single stage, resulting
in a compact size and low weight. However, the mechani-
cal efficiency of harmonic drives is limited, primarily due
to meshing losses between the flexspline and the circular
spline. The flexspline has less teeth than the circular spline,
characteristic that allows to obtain, during the rotation of
the wave generator, a relative motion between the flexspline
and the circular spline, but that leads to resistant friction
forces [18]. Furthermore, the complex nonlinear friction and
hysteresis characteristics of these transmissions make their
accurate mathematical modelling challenging [19].

Dynamic and frictionmodelling for collaborative robotics
has been widely investigated and different models have been
proposed in the literature. For instance, Raviola et al. [20]
studied the influence of the temperature and the mounting
configuration on the dynamic behaviour of the UR3 and
UR5 robots with six degrees of freedom (DOFs), whereas the
authors in [21] modeled the effects of the temperature and
the load torque on the friction torque in a 6-DOF ABB IRB
6620 robot. Moreover, Gaz et al. [22] identified the dynamic
parameters of a UR5 e-series robot for human-robot interac-
tion. The dynamic and friction modelling of other robots for
collaborative robotics applications have been studied, such
as the 7-DOF Franka Emika Panda arm [23, 24], the 6-DOF
Indy7 robot [25, 26], the 6-DOFKUKAKR10 robot [27], and
the 6-DOF COMAU Racer 7 robot [28]. However, in all the
above mentioned works, the friction behaviour is described

using only one friction model at a time, without highlighting
advantages and disadvantages of different friction formula-
tions. To the best of our knowledge, a comparison of several
static and dynamic frictionmodels supported by an extensive
experimental validation is not present in the current literature.

In this paper, we present the state of the art on static and
dynamic friction models for robotic manipulators, and an
experimental comparison of twenty-five selected friction for-
mulations on a UR5e robot by Universal Robots. The static
friction models consider only the current state of the system
and adopt differentmathematical functions to capture friction
effects at low velocity.Models where friction is only function
of velocity, and models that take into account also the effects
of joint temperature and load torque are both considered in
this work. Differently, dynamic friction models account for
the history of the system in the friction definition by means
of a differential formulation. Friction models based on arti-
ficial neural networks are not considered in this work. The
considered friction models are applied to a UR5e robot to
evaluate the friction effects in different working conditions.
We take into account not only the influence of velocity (in
both the full velocity range of the robot and at low velocities
only), but also the history of the system, and changes in the
joint temperature and the load torque.

This paper is an extended version of our previous work
in [29]. With respect to [29], this work includes novel con-
tributions that allow us to: (i) compare additional static
friction models that describe friction effects in alternative
ways or consider other friction dependencies (e.g., the power
flow direction) and evaluate the friction models capability
to approximate experimental data in extensive experimental
tests on a UR5e arm; (ii) consider the thermal and dynamic
effects in the friction behaviour; (iii) evaluate the perfor-
mance not only of static but also of dynamic friction models.

To summarize, the main contributions of this work are:

• a comprehensive state of the art on static and dynamic
friction models for robotic manipulators, with particular
focus on industrial robots used in collaborative robotics;

• an extensive experimental comparison of twenty-five
selected static and dynamic friction models applied to
a UR5e robot with six degrees of freedom;

• a quantitative evaluation of the friction prediction capa-
bilities of the considered friction models in terms of: (i)
joint friction torques in a wide range of joint velocities;
(ii) energy consumption of the robot when each friction
model is included in the whole dynamic model of the
robot; (iii) modelling the effects of temperature and load
torque on friction behaviour.

The paper is organized as follows: Section 2 describes
the state of the art on static (Section 2.1) and dynamic
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(Section 2.2) friction models for robotic manipulators. Sec-
tion 3 illustrates the friction parameters identification, whereas
Section 4 the experimental setup. The experimental results
and the comparison of the considered friction models are
reported in Section 5, and the discussion in Section 6. Finally,
Section 7 outlines the conclusions and the future develop-
ments of this work.

2 FrictionModelling

Friction modelling is crucial in mechatronic and robotic sys-
tems, in which robot joints operate under various motion
regimes depending on the required application. Numerous
friction models can be found in the literature, each with
a different degree of complexity and effectiveness in cap-
turing the diverse phenomena associated with friction. The
major friction contributions that are usually considered are
the Coulomb friction, the viscous friction, and the Stribeck
effect [30] (Fig. 1). The Coulomb friction is the constant
torque that opposes to the motion, whereas the viscous fric-
tion is proportional to velocity. Furthermore, the Stribeck
effect considers the transition between Coulomb and viscous
friction at low velocities. In this phase, the friction torque
initially decreases with velocity, until a minimum value (i.e.,
Stribeck velocity [21]); then, the friction torque increases
with velocity.

As mentioned above, friction models can be classified in
static and dynamic models [31]. Static models have in gen-
eral a simpler structure and depend on a lower number of
parameters with respect to dynamic models. Dynamic mod-
els are generally based on a differential formulation, enable
to take into account friction behaviour at rest state, as well
as at both low and high velocities [32]. These two classes of
models also differ in the way they describe friction effects
close to zero velocity. For their different characteristics, static
and dynamic models are suitable for different operating con-
ditions. In the following, an overview on the state of the
art of these two classes of friction models for robotic sys-
tems available in the literature is presented, analyzing their
mathematical formulation, as well as the considered friction
effects.

speed

Friction force

Coulomb viscous

speed

Friction force

Coulomb
friction Viscous

friction

Stribeck
effect

Fig. 1 Graphical representation of major friction contributions

2.1 Static FrictionModels

Staticmodels take into account the current state of the system
andnot its history, generally only considering the dependence
of friction on velocity. Therefore, they are more suitable for
applications with significant relative velocities between the
contact surfaces and limited transitions at velocities close to
zero [32]. In the following, we provide an overview on the
main static friction models, with particular focus on those
used in the contexts of industrial and collaborative robotics.
The complete formulations of themodels that are experimen-
tally compared on the UR5e robot (Section 5.1) are reported
and described in Tables 1, and 2. In the tables, the terms
ak indicate the friction parameters that have to be optimized
in order to fit each model with the experimental data from
the robot. Moreover, τ f ,th represents the theoretical friction
torque computed by the model, q̇ is the vector of the joint
velocities, T indicates the vector of the joint temperatures,
and τl represents the load torques.

The most well-known static model is the one proposed
by Coulomb [33] in 1773, which is adopted when a simple
and computationally efficient formulation of friction effects
is required, as in [24, 34]. In the original Coulomb model,
the friction torque is considered as a term dependent on the
direction of the velocity. Although the Coulomb formulation
is effective in describing the behaviour of friction inmany sit-
uations, it is not able to correctly reproduce friction effects at
low velocities. This is due to the discontinuity at zero veloc-
ity, caused by the sign function (see the model formulation
in Table 1), which is not realistic. In the following, we refer
to the Coulomb and viscous friction model as just Coulomb
model, since the viscous term is present in most friction for-
mulations.

Alternativemodels include additional terms to account for
friction effects at low speed. For instance, Grotjahn et al. [35]
added to the Coulombmodel a term proportional to the cubic
root of the velocity (Grotjahn (A)), or a term proportional to
the arctangent (arctan) of the velocity (Grotjahn (B)). These
friction formulations have been used to model friction in a
6-DOF Siemens Manutec-r15 robot. Bittencourt and Gun-
narsson [21] modeled the Stribeck effect in the joints of a
6-DOF ABB IRB 6620 robot with a decreasing exponential
function (Bittencourt (A)), whereas Dong et al. [36] pro-
posed to use two different decreasing exponential terms in the
friction model of a 6-DOF Stäubli TX-90 robot. Moreover,
Karahan and Karci [37] modeled the Stribeck effect with
a decreasing exponential function, and each of the friction
parameter is defined for four different working conditions,
depending on the signs of velocity and acceleration.

Differently, Hao et al. [38] generalized the Coulomb
model adopting a third-degree polynomial formulation (Hao
(A)), which has been used to model friction in a 6-DOF
EFORTER3A-C60 robot. Moreover,Wolf and Iskandar [39]
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Table 1 Overview on the static friction models (accounting for joint velocity only) considered in this paper

Friction model Year Ref. Formulation Description

Bittencourt (A) 2012 [21] τ f ,th =
(
a1 + a2e

−| q̇
a3

|a4 )
sign(q̇) + a5 q̇ • constant directional term

• decreasing exponential term
• velocity-proportional term

Clochiatti 2024 [44] τ f ,th = a1 q̇ + a2 tanh
(
q̇dir
ε

)
+ a3 tanh

(
q̇rev
ε

)

with q̇dir = q̇ and q̇rev = 0 if q̇τact > 0
q̇dir = 0 and q̇rev = q̇ if q̇τact < 0

• velocity-proportional term
• two terms proportional to hyperbolic tangent
of velocity
• the direction of the mechanical power is
considered

Coulomb + viscous 1773 [33] τ f ,th = a1 q̇ + a2sign(q̇) • velocity-proportional term (viscous term)
• constant directional term (Coulomb term)

Dong 2021 [36] τ f ,th = a1 q̇ + a2sign(q̇)(1 − e−a3sign(q̇)q̇) +
a4sign(q̇)e−a5sign(q̇)q̇

• velocity-proportional term
• constant directional term
• two decreasing exponential terms

Gaz (A) 2018 [22] τ f ,th = a1 q̇ + a2 + a3
1+e−a4(q̇+a5) • velocity-proportional term

• constant term
• sigmoidal term

Gaz (B) 2019 [23] τ f ,th = a1
1+e−a2(q̇+a3) − a1

1+e−a2a3
• difference of sigmoidal terms

Grotjahn (A) 2001 [35] τ f ,th = a1 q̇ + a2sign(q̇) + a3 q̇
1/3 • velocity-proportional term

• constant directional term
• termproportional to the cubic root of velocity

Grotjahn (B) 2001 [35] τ f ,th = a1 q̇ + a2sign(q̇) + a3 arctan(a4 q̇) • velocity-proportional term
• constant directional term
• term proportional to arctangent of velocity

Hao (A) 2021 [38] τ f ,th = a1sign(q̇) + a2 q̇ + a3 q̇
2sign(q̇) + a4 q̇

3 • velocity-proportional term
• constant directional term
• term proportional to square of velocity
• term proportional to cube of velocity

Indri (A) 2013 [43] τ f ,th = a1S0 + a2 arctan(a3 q̇) + a4 q̇ + (a5 q̇
2)S0

with S0 = 2
π
arctan(a6 q̇)

• velocity-proportional term
• terms proportional to arctangent of velocity

Makkar 2005 [30] τ f ,th = a1(tanh(a2 q̇)− tanh(a3 q̇))+a4 tanh(a5 q̇)+
a6 q̇

• velocity-proportional term
• term proportional to hyperbolic tangent of
velocity
• difference of hyperbolic terms

Shao 2023 [42] τ f ,th = a1 q̇ + 2a2
π

arctan(a3 q̇) • velocity-proportional term
• term proportional to arctangent of velocity

Wolf 2018 [39] τ f ,th = sign(q̇)(a1+(a2−a1)e
−| q̇

a3
|a4

)+a5sign(q̇) |
q̇ |a6

• constant directional term
• decreasing exponential term
• term proportional to a power of velocity

Zhou 2024 [40] τ f ,th = a1sign(q̇) | q̇ |a2 +a3sign(q̇)(1 −
e
−| q̇

a4
|a5

) + a6sign(q̇)e
−| q̇

a4
|a5

• term proportional to a power of velocity
• constant directional term
• two decreasing exponential terms

τ f ,th is the theoretical joint friction torque computed by the friction models, q̇ represents the joint velocities, whereas ak represents each of the
friction parameters that have to be optimized to fit the model with the experimental data

and Zhou et al. [40] proposed two friction formulations
similar to the ones in [21] and [36], respectively, for the
friction behaviour in a humanoid robot and in a 9-DOF cus-
tom manipulator, respectively. However, the viscous friction
formulations proposed in [39] and [40] are not directly pro-
portional to the velocity, but to a power of it, in order to better
capture friction effects at high velocities. To consider the dif-
ferent friction components at low velocities, “dry friction”

models have been proposed [41]. The dry friction approach
describes friction only at low velocities and therefore it does
not cover the entire range of operating velocities of a generic
robotic system. For this reason, dry friction models are not
considered in this work.

The models presented above often include a sign func-
tion, which causes a discontinuity at zero velocity that has to
be avoided to make the friction models suitable for control
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Table 2 Overview on the static friction models (accounting for joint velocity, temperature and/or load torque) considered in this paper

Friction model Year Ref. Formulation Description

Bittencourt (B) 2012 [21] τ f ,th = sign(q̇)(a1 + a2 | τl | +a3 | τl | e−| q̇
a4

|a5 +
+(a6 + a7T )e

−| q̇
a8+a9T

|a5
)+

+(a10 + a11e
−T
a12 )q̇

• constant term linearly dependent on load
• decreasing exponential term linearly depen-
dent on load
• decreasing exponential term function of tem-
perature
• velocity-proportional term that depends on
temperature

Hao (B) 2021 [38] τ f ,th = (a1sign(q̇)+a2 q̇+a3 q̇
2sign(q̇)+a4 q̇

3)(1+
a5(T − T0))

• velocity-proportional term
• constant directional term
• term proportional to square of velocity
• term proportional to cube of velocity
• linear dependency on temperature

Iskandar 2019 [52] τ f ,th = sign(q̇)(Fc + (a1 − Fc)e−|q̇/vs |2 ) +
Fvsign(q̇) | q̇ |δv with Fc = a2+a3T +a4T2, vs =
a5 + a6T + a7T2 ,

Fv = a8 + a9T + a10T2, δv = a11 + a12T + a13T2

• constant directional term
• decreasing exponential term
• term proportional to a power of velocity
• friction coefficients function of temperature

Li 2024 [50] τ f ,th = a1 + sign(q̇)(a2 + a3 | q̇ |a4 +
+√| q̇ |(a5 + a6T + a7T−3) + a8τl 2)

• constant offset term
• constant directional term
• term proportional to a power of velocity
• rational polynomial function of temperature
• directional term dependent on square load
torque

Madsen 2021 [2] τ f ,th = sign(q̇)[a1e−
(

|q̇|
a2

)a3

+
+√| q̇ |(a4(T − T0) + a5(T − T0)−3)]+
+a6 q̇ + a7 | q̇ | q̇ + a8 q̇

3

• velocity-proportional term
• term proportional to square of velocity
• term proportional to cube of velocity
• decreasing exponential term
• rational polynomial function of temperature

Nevmerzhitskiy 2019 [27] τ f ,th = sign(q̇)(a1+a2τ 2
l +(a3+a4e−a5T ) | q̇ |1/2) • constant directional term

• directional term dependent on square load
torque
• term proportional to square root of velocity

Simoni 2019 [51] τ f ,th = (a1sign(q̇)+a2 q̇+a3 q̇
2sign(q̇)+a4 q̇

3)(a5+
a6(T − T0))

• velocity-proportional term
• constant directional term
• term proportional to square of velocity
• term proportional to cube of velocity
• linear dependency on temperature

τ f ,th is the theoretical joint friction torque computed by the friction models, q̇ represents the joint velocities, T indicates the joint temperatures, τl
is the load torque, whereas ak represents each of the friction parameters that have to be optimized to fit the model with the experimental data

purposes [30]. With this aim, Makkar et al. [30] avoided the
discontinuity at zero velocity by means of a hyperbolic tan-
gent function (tanh). Moreover, the same authors modeled
the Stribeck effect as a difference of tanh terms [30]. Simi-
larly, Shao et al. [42] represented the Stribeck effect in the
joints of a 6-DOF manipulator through an arctan, whereas
Indri et al. [43] considered the Stribeck and nonlinear effects
at high velocities in a 6-DOF Comau SMART NS12 robot
thanks to a combination of arctan (Indri (A)). Clochiatti et al.
[44] modeled friction at low velocities in a UR5e robot with
a tanh term. In addition, the authors introduced two different
parameters for low velocities, depending on the power flow
direction to consider that friction behaviour is asymmetric

in harmonic drives. In Table 1, q̇dir indicates the velocities
when the mechanical power flows out of the motor, whereas
q̇rev represents the velocities when the mechanical power
flows in the motor.

Differently from the models described above, Gaz et al.
[22] modeled friction at low velocities in a 6-DOF UR10
manipulator with a sigmoidal function (Gaz (A)). Similarly,
Gaz et al. [23] proposed to model friction in a 7-DOF Franka
Emika Panda arm with a difference of sigmoidal functions,
without including constant or velocity-proportional terms
in the formulation (Gaz (B)). Xiao et al. [45] proposed to
consider the joint positions in the friction computation in a
7-DOF KUKA iiwa R820 robot. Nevertheless, in [21] the
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authors showed that for a robotic joint, the dependence of
friction on the position of the joint position is small and case-
specific, as it is mainly related to geometric imperfections.

The values of friction parameters are not unalterable, but
can change over time, mainly due to joint temperature and
load torque. The change in temperature leads to changes in
the properties of the lubricant and contact surfaces. Simi-
larly, the load torque influences the friction behaviour since
friction arises from the interaction between contact surfaces
and varies according to the applied normal force, which can
be modified by the load torque [21].

The load torque mainly influences the Coulomb friction
and the Stribeck effect [46]. The authors in [21, 47–49]
proposed to model the Coulomb friction as linearly depen-
dent on the absolute value of the load torque. Differently,
Nevmerzhitskiy et al. [27] and Li et al. [50] considered a
quadratic dependencyofCoulomb friction on the load torque.
Furthermore, Bittencourt and Gunnarsson [21] and Hassen
et al. [49] modeled the Stribeck effect as linearly dependent
on the absolute value of the load torque.

Differently from the load torque, the temperature has a
significant nonlinear influence on the viscous friction compo-
nent, and slightly affects the Stribeck effect [46]. To consider
the variation in the Stribeck effect, the authors in [21, 27, 49]
modeled its dependency on temperature through a decreasing
exponential term. Differently, the authors in [38, 51] consid-
ered the changes in the Stribeck effect as linear with the
temperature, whereas Iskandar and Wolf [52] proposed that
the friction coefficients Fc, vs (see Table 2) of the Stribeck
effect change with the temperature as second-degree poly-
nomial functions.

To take into account the influence of the temperature on
the viscous friction, different solutions have been developed.
For example, Hao et al. [38] and Simoni et al. [51] proposed a
model where the viscous friction linearly depends on temper-
ature, whereasMadsen et al. [2] and Li et al. [50] included the
dependency of the viscous friction on temperature through
a rational polynomial function of the temperature. Differ-
ently, the authors in [21, 49] considered the dependency of
viscous friction on temperature through a decreasing expo-
nential term. Furthermore, Iskandar and Wolf [52] modeled
the friction coefficients that take into account the viscous fric-
tion (Fv and δv , see Table 2) as second-degree polynomial
functions of the temperature.

2.2 Dynamic FrictionModels

The dynamic friction models include a state variable that
considers the history of the system and are also called “state
variable” models [31]. The state variable and the joint veloc-
ity are both considered in the computation of the friction
torque. Dynamic models are able to better describe friction
at rest state and very low velocities with respect to static

ones [32]. Therefore, these models are employed especially
for the friction model in mechanical systems that have to
execute precise movements at low velocities, such as col-
laborative robotic assembly [53] and fine-positioning linear
axes [54]. Table 3 collects the dynamic friction models that
are experimentally compared in Section 5.2. These models
have been chosen since they have been previously applied to
robotic systems in the field of collaborative robotics.

One of the first proposed dynamic friction models is the
Dahl model [55], which was developed in 1968 in order to
capture the symmetrical hysteresis loops observed in the fric-
tion behaviour of ball bearings. The Dahl model was inspired
by the stress-strain characteristics of materials, based on the
assumption that friction is the result of the interactions of sur-
face asperities, modeled as bristles that can deflect as elastic
elements. When the contact surfaces are under stress, fric-
tion increases until bonds breaking happens. With reference
to the Dahl model formulation reported in Table 3, the state
variable z represents the mean bristle deflection. Differently
from staticmodels, theDahlmodel does not take into account
the velocity in the friction computation, but only the relative
displacement between the contact surfaces.

Based on this idea, Bliman and Sorine developed a family
of dynamic friction models [56–58] for considering stiction,
which is the force that has to be overcome to permit the rela-
tive motion between the contact surfaces. The same authors
underlined that friction does not depend on velocity, but only
on the distance covered by one of the two coupled surfaces
with respect to the other. However, the Bliman-Sorine model
is not able to consider the Stribeck effect, as the Dahl model
does [59]. To solve this problem, DeWit et al. [60] proposed
in 1995 the LuGre model. Similarly to the Dahl model, the
LuGre model is based on the bristle analogy, but considers
also the velocity in the friction formulation, introducing a
bristle damping term and a function that takes the Stribeck
effect into account. Similar to the LuGre model is the elasto-
plastic one, developed byDupont et al. [61]. Its formulation is
similar to the LuGre model, but considers the displacement
of the surfaces as divided into two different contributions:
the elastic and plastic displacements. When the surfaces are
sticking, the plastic displacement is constant, whereas during
the sliding phase, the elastic displacement remains constant.

Starting from the LuGre model, several modifications
have been proposed to improve the friction modelling. Indri
et al. [28] observed that the LuGre model shows unfeasible
peaks in the friction torque each time the velocity changes its
sign rapidly, due to the damping term. To avoid this unreal-
istic behaviour, the authors proposed to modify the damping
term so as to take into account the value of the relative
acceleration between the contact surfaces (Indri (B)). This
approach has been validated on a Comau Racer3 robot and a
Comau Racer7 manipulator. In the same context, Swevers et
al. [62] developed the Leuvenmodel, which is also capable of
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Table 3 Overview on the dynamic friction models considered in this paper

Friction model Year Ref. Formulation Description

Dahl 1968 [55]

{
τ f ,th = a1 z

ż = q̇ sign
(
1 − sign(q̇)a1

z
a2

)∣∣∣1 − sign(q̇)a1
z
a2

∣∣∣
a3 • linear dependency on the state variable z

• not dependent on joint velocity
• Stribeck effect not considered

Indri (B) 2020 [28]

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

τ f ,th = a1 z + fσ1 ż + τ f v

ż = S20 q̇ − a1
S1
g z

fσ1 = a2√
a3

(
q̈max
q̇max

q̇

)2

+q̈2
+ a4

g = a6 + a7
2
π
arctan(S1a8)

τ f v = a9 q̇ + (a10 q̇
2)S0

with S0 = 2
π
arctan(a5 q̇) , S1 = S0 q̇

• term linearly dependent on the state variable z
• dependency on derivative of the state variable ż
function of velocity and acceleration
• consider the maximum velocity (q̇max ) and
acceleration (q̈max ) during the trajectory
• velocity-proportional term
• term proportional to the product of the arctangent
of velocity and the square of velocity

LuGre 1995 [60]

⎧
⎪⎨
⎪⎩

τ f ,th = a1 z + a2 ż + a3 q̇

ż = q̇ − a1
|q̇|
g z

g = a4 + (a5 − a4)e−(q̇/a6)a7

• term linearly dependent on the state variable z
• term linearly dependent on derivative of the state
variable ż
• velocity-proportional term

Tadese 2022 [26]

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

τ f ,th = a1 z + a2 ż + fv
ż = q̇ − a1

|q̇|
g z

g = a3 + (a4 − a3)e−|q̇/a5|2

fv = (a6 + a7T )(1 − e−|(a8+a9T )q̇|(a10+a11T )
)

• term linearly dependent on the state variable z
• term linearly dependent on derivative of the state
variable ż
• decreasing exponential term function of temperature

τ f ,th is the theoretical joint friction torque computed by the friction models, q̇ represents the joint velocities, T indicates the joint temperatures, τl
is the load torque, z represents the state variable, whereas ak represents each of the friction parameters that have to be optimized to fit the model
with the experimental data

capturing pre-sliding hysteresis with nonlocal memory. The
generalizedMaxwell slipmodel [63] is a further development
of the Leuven model, which models friction as a connection
of N single-state friction models. Each single-state friction
model is defined by the same dynamic model and has the
same input displacement and velocity, but different values of
parameters.

However, as for the static models, all the above mentioned
dynamic friction models do not consider temperature and
load torque changes. Therefore, other authors extended the
dynamic friction models in order to take into account these
other dependencies. For example, Xiao et al. [53] added a
fourth term to the LuGre formulation to account for the effect
of the torque load, and applied this model to the joints of a
manipulator with 6 DOFs. In the model by Xiao et al., the
load-related friction torque is considered dependent on the
sign of both the load torque and the velocity. Differently,
Tadese et al. [25] proposed an extension of the LuGre model
that takes into account the effects of both load torque and
temperature in a 6-DOF Indy7 robot. As shown in Table 3,
for the temperature term the parameters are function of the
temperature and the sign of the velocity. Instead, for the load

torque contribution, the parameters dependon the velocity, its
sign and the sign of the load torque. Furthermore, the authors
in [26] proposed another extension of the LuGre model that
considers temperature changes similarly to [25], but not the
influence of the load torque.

3 Friction Parameters Identification

In this section, we describe the procedure used for the iden-
tification of friction parameters according to each friction
model reported in Tables 1, 2, and 3. This general procedure
can be applied to any kind of manipulator or robotic system,
once the following data are available:

• joint positions q;
• joint velocities q̇;
• joint accelerations q̈;
• actual joint torques τ act ;
• joint temperatures T (only for models that account for
temperature changes).
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In case the actual joint torques τact are not directly avail-
able from the robot controller, these can be computed from
the actual motor currents Im, knowing the vector of the gear
ratios ir , and the vector of the motor torque constants kt , as:

τ act = ir kt Im (1)

To extrapolate the friction contribution τ f from the joint
torques τ act , the whole dynamics of the robot needs to be
considered. The torque contribution τ dyn not related to fric-
tion during the trajectory (q, q̇, q̈) can be derived from the
dynamic model of the manipulator as:

τ dyn = M(q)q̈ + C(q, q̇)q̇ + g(q) (2)

where M(q) represents the mass matrix of the robot, which
accounts for the inertia of links, motors and reducers.
C(q, q̇)q̇ considers the Coriolis and centrifugal effects,
whereas g(q) represents gravity. Assuming that masses, cen-
ters of mass, and inertia parameters of the robot are well
known, aswell as the robot parameters, τ dyn canbe computed
from joint positions, velocities, and accelerations. However,
in cases where the available robot dynamics is uncertain or
inaccurate, an alternative approach based on interval arith-
metic, as in [64], can be considered.

Therefore, the joint friction torques τ f can be computed
as:

τ f = τ act − τ dyn (3)

In the following, the joint friction torques extrapolated
from the experimental data are indicated with τ f ,exp to dis-
tinguish them from the theoretical ones (τ f ,th) obtained with
each of the friction models.

The parameters ak of the considered friction models
(Tables 1, 2, and 3) can be derived exploiting the values of
τ f ,exp, fitting each model with the experimental data from
the robot under consideration. For this purpose, the root-

mean-square (RMS) error e
τ f ,RMS
j of the difference between

the experimental and the theoretical joint friction torques is
minimized for each joint of the robot as:

e
τ f ,RMS
j (x)=

√√√√1

n

n∑
i=1

(τ f ,exp,i j − τ f ,th,i j (x))2, j =1, ..., N

(4)

where n is the number of samples of the considered trajectory
of the robot, N represents the number of robot joints, whereas
x is the vector of the parameters ak of the considered friction

model. The minimization of e
τ f ,RMS
j is casted as a bounded

optimization problem formulated as follows:

min
x∈χ

e
τ f ,RMS
j (x)

χ = [
xL xU

]T (5)

where x is the vector of the optimization variables (the fric-
tionmodel parametersak),whereasχ includes the lower (xL )
and upper (xU ) bounds of the optimization variables. The
number of elements of x depends on the number of parame-
ters of the friction model to be optimized. For instance, in the
Coulomb model [33] the optimization variables are a1 and
a2 (k = 2), whereas in the LuGre model [60] x includes a1,
a2, a3, a4, a5, a6, and a7 (k = 7).

The modelling accuracy of the different friction models is
first evaluated in terms of joint friction torque errors as:

eτ f = τ f ,exp − τ f ,th (6)

This quantitative index measures the capability of each
friction model to represent the joint torques of the robot, and
provides a first indication of the performance of each friction
model in the prediction of the dynamic behavior of the robotic
system.

Furthermore, the total electrical energy consumed by the
robot during the trajectory is also considered to estimate the
capability of each frictionmodel in reproducing the energetic
behaviour of the robot (when used in the complete dynamic
formulation of the manipulator). In this context, to simplify
the computation of the consumed energy, we represent the
AC brushless motors, normally mounted in a robotic joint, as
equivalent DC motors thanks to the Park-Clark transforma-
tion [65]. In this way, the theoretical electrical powerWe,th, j

for the j-th motor can be calculated through the following
equation [44], which accounts for both the Joule losses and
the mechanical losses in the electrical motors of the manip-
ulator:

We,th, j = 1

k2m, j

( τdyn, j + τ f ,th, j

ir , j

)2 + kb, j
kt, j

q̇ j (τdyn, j + τ f ,th, j ), j = 1, ..., N

(7)

where km, j is the motor constant of the j-th joint, kb, j rep-
resents the back-emf constant of the j-th joint, and kt, j
indicates the torque constant of the j-th joint. Furthermore,
τdyn, j is j-th joint theoretical dynamic torque, τ f ,th, j repre-
sents the j-th joint theoretical friction torque, ir , j indicates
the j-th joint gear ratio, whereas q̇ j is the j-th joint veloc-
ity. The sum τdyn, j + τ f ,th, j represents the theoretical actual
joint torques, needed to perform the desired trajectory.

The j-thmotor experimental electrical powerWe,exp, j can
be computed from Eq. 7, substituting τdyn, j + τ f ,th, j with
the experimental actual joint torques τact, j , leading to the
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following equation:

We,exp, j = 1

k2m, j

(τact, j

ir , j

)2 + kb, j
kt, j

q̇ jτact, j , j = 1, ..., N

(8)

Then, the theoretical and experimental total electrical
energies consumed by the robot (Ee,tot,th and Ee,tot,exp,
respectively) can be computed as the sumover the robot joints
of the integral of the theoretical and experimental electrical
power, respectively, over time, as follows:

Ee,tot,th =
N∑
j=1

T∫

0

We,th, j dt (9)

Ee,tot,exp =
N∑
j=1

T∫

0

We,exp, j dt (10)

Finally, the error difference between the electrical energy
computedwith each frictionmodel and the one obtained from
the experimental data can be evaluated:

e
Ee,tot
tot = Ee,tot,exp − Ee,tot,th (11)

This second quantitative index based on the energy con-
sumption of the robot serves as a further measure of the
effectiveness of each friction model, when used together
with the dynamic model of the robot, offering insights into
the practical applicability of each friction model. By analyz-
ing both joint torque representation and energy consumption
error, we can comprehensively evaluate the overall accuracy
and efficiency of the friction models under various operating
conditions.

4 Experimental Setup

The friction parameters identification procedure described
in Section 3 is applied to a UR5e manipulator available at
the Mechatronics and Robotics Lab of University of Udine
(Italy), shown in Fig. 2. The UR5e robot has 6 DOFs, a pay-
load of 5 Kg, and an operational reach of 850 mm. This
manipulator mounts HFUS-25-2SH strain wave gearing in
the first three joints, and HFUS-14-2SH strain wave gearing
in the last three joints, both produced by Harmonic Drive SE
[44]. Both types of reducers have a gear ratio equal to 100:1;
the first type presents a maximum input speed of 7500 rpm
and a repeated peak torque of 157 Nm, whereas the sec-
ond exhibits a maximum input speed of 14000 rpm and
a repeated peak torque of 28 Nm [66]. The dynamic and
electro-mechanic parameters of the robot used to computed

Fig. 2 The UR5e robot used in the experimental tests

τdyn and the theoretical energetic expenditure Ee,tot,th are
taken from [44].

The robot is controlled with a computer running Ubuntu
18.04 with an Intel Core i5-10600K CPU @4.10 GHz and
31.2 GB of RAM. ROS (Robot Operating System) Melodic
and Python 3.6 are used to program the robot, which is con-
trolled viaTCP/IP connection.TheRealTimeDataExchange
(RTDE) protocol is adopted for real-time communication and
data acquisition at 500 Hz. From the control interface, the
required data listed in Section 3 can be acquired. However,
the actual joint torques are not directly available from the
controller of the UR5e robot, and have to be obtained from
the actual motor currents through Eq. 1.

For the experimental tests, bespoke excitation trajectories
are designed to cover the whole range of joint velocities and
accelerations of the robot. For the static friction models only
accounting for joint velocity, the trajectory for the robot is
planned in the joint space using trapezoidal speed profiles
(Test (1)). To explore the whole range of velocities of the
robot, six random points are chosen in the joint space so
as to bring at least one joint close to its velocity limit for
each of the five point-to-point motions, while meeting the
robot kinematics and dynamics joint limits. In this way, we
ensure that the robot is working in challenging conditions
with multiple changes of direction in its workspace, and the
inertial load is highly variable during the test. The 3D path
of the robot end-effector corresponding to the trajectory of
Test (1) is shown in Fig. 3a.

Regarding the static friction models that also account for
temperature changes, the tests for the robot are defined so
as to repeat the same trajectory multiple times and catch the
warming up of the mechanical system. In this case, we adopt
a fifth-degree polynomial motion law planned in the joint
space between each couple of a set of twenty way points
(Test (2)). The way points are selected randomly with the
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Fig. 3 Representation of the 3D path of the robot end-effector in the
Cartesian space planned for Test (1) (a), and for Test (2) (b). The con-
figuration of the robot shown in the figures represents its initial and final
joint positions in the experimental tests

same approach of Test (1). Fifth-degree polynomial trajec-
tories are chosen to ensure a smooth robot motion and avoid
sudden robot stops due to abrupt accelerations at low temper-
atures of the robot joints (the high viscosity of the lubricant
can cause a joint deviation from the reference value [67]).
The entire trajectory lasts sixty seconds and it is repeated
ninety times. The 3D path of the robot during one of the
repeated trajectories of Test (2) is shown in Fig. 3b.

The trajectory of Test (1) is however not suitable for fric-
tion parameters identification of the dynamic friction models
that do not consider temperature changes, since it is too
short to cause any temperature variation. Therefore, for the
dynamic friction models the data acquired during the first

trajectory of Test (2) are used (sixty seconds, a duration con-
sidered sufficient for evaluating the influence of the history
of the system). For the dynamic frictionmodels that also take
into account the temperature changes, the data acquired from
all the ninety repeated trajectories of Test (2) are considered.

The considered friction models reported in Tables 1, 2,
and 3 are implemented in Matlab 2020b, using a computer
equipped with 32 GB of RAM and an Intel Core i5-10600K
CPU@4.10 GHz processor running Windows 10 Pro. In the
friction models that also account for load effects, the load
torque τl is computed as τdyn . Regarding the dynamic friction
models, the state variable z is obtained from its deriva-
tive ż through integration with the forward Euler method.
For each friction model and for each robot joint, the opti-
mization problem of Eq. 5 is solved with the constrained
nonlinearmultivariableMatlab function fmincon implement-
ing the sequential quadratic programming (SQP) method. In
order to better explore the design domain χ for each of the
considered models, we perform a multi-start optimization,
randomly selecting 20 points within each parameter bound.
Finally, for each friction model, among the 20 optimal com-
binations of parameters found, only the one with the smallest

e
τ f ,RMS
j is considered.

5 Experimental Results

In this section we present the experimental results obtained
by fitting the considered static and dynamic friction models
to the experimental data obtained with the UR5e robot. In
Section 5.1 the performance of the static friction models in
reproducing the joint friction torques of the robot and com-
puting its total energy consumption are presented, whereas
the results of the dynamic friction models are illustrated in
Section 5.2.

5.1 Comparison of Static FrictionModels

Figures 4, 5, 6, and 7 and Table 4 report the experimen-
tal results for the static friction models accounting for joint
velocity only, listed in Table 1. Figure 4 depicts the trajectory
of Test (1) in terms of joint positions q, velocities q̇, acceler-
ations q̈, and end-effector velocities ẋ, ẏ, ż over time. From
the graph of the end-effector velocities, it can be seen that
the end-effector exceeds sometimes its maximum velocity,
equal to 1 m/s. This points out that the excitation trajectory
of Test (1) is challenging for the robot and is therefore suit-
able to stress the system over a wide velocity range. Figure 5
shows the joint torques τact and experimental friction torques
τ f ,exp over time during Test (1). Figure 6 reports a compar-
ison between the experimental joint friction torque for the
first two joints of the robot and the theoretical one computed
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Fig. 4 Joint positions q, velocities q̇, accelerations q̈, and end-effector velocities ẋ, ẏ, ż over time during Test (1)

by means of three different models, i.e., the ones in [22, 33],
and [43]. From Fig. 6 it can be seen that the three different
models approximate the experimental data differently, since
they include different functions in their formulation. This evi-
dence proves that each considered friction model is suitable
for a different situation, depending on the friction behaviour
and working conditions.

Furthermore, Fig. 7 illustrates the box plots of the joint
friction torque errors (computed from Eq. 6) of the consid-
ered models for the first two joints. In the box plots, the
middle mark represents the median, while the bottom and
top of each box indicate the first and third quartiles.Whiskers
refer to the most extreme data points that are not considered
outliers. We report both the box plots obtained considering
the whole range of joint velocities and those retrieved by tak-

ing into account only the joint velocities comprised between
±0.1 rad/s, in order to asses the ability of the models to
describe friction torques also at low velocities. A precise
dynamicmodelling at lowvelocities is fundamental in collab-
orative robotics, where the robots are often limited in speed
for safety of the human operator [64].

Finally, Table 4 reports, for the considered static models,
the joints friction errors for the first and second joints as
mean ± standard deviation, the theoretical electrical energy
consumed by the robot during the trajectory (derived from
Eq. 7), the electrical energy error between the theoretical
and the experimental data (obtained with Eq. 11), and the
corresponding percentage error. The experimental results
illustrated in Fig. 7 and in Table 4 allow us to compare the
considered static friction models and assess their capabilities
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Fig. 5 Joint torques τact and experimental friction torques τ f ,exp over time during Test (1)

Fig. 6 Friction torques over
joint velocities for joints 1 and
2, considering three different
models for approximating the
experimental data: Coulomb
[33], Gaz (A) [22], and Indri (A)
[43]
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Fig. 7 Box plot representation of the torque errors for the different models for joints 1 and 2 for the whole range of velocities for Test (1); box plot
representation of the torque errors for the different models for joints 1 and 2 for velocities between -0.1 and 0.1 rad/s for Test (1)

to correctly predict the joint friction torques of the robot and
in reproducing the energetic behaviour of the robot. More
in detail, the model Gaz (A) [22] is the one that shows
lower values of friction torque errors for both joints 1 and
2, whereas the lowest errors in the computation of the total

electrical energy are obtainedwhenusing themodel proposed
by Clochiatti et al. [44].

Figures 8, 9, 10, 11, and 12 and Table 5 show the experi-
mental results for the static friction models that account for
joint velocity, temperature and/or load torque, reported in
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Table 4 Experimental results
for the static friction models
accounting for joint velocity
only: friction torque errors
(mean ± standard deviation) for
joints 1 (e

τ f
1 ) and 2 (e

τ f
2 ), total

electrical energy spent during
the trajectory (Ee,tot,th)
computed with the different
models, total electrical energy
errors obtained with the models
with respect to the experimental

data (e
Ee,tot
tot ), and corresponding

percentage error (e
Ee,tot ,%
tot ) with

respect to the
Ee,tot,exp = 772.57 J

Friction model Ref. e
τ f
1 [Nm] e

τ f
2 [Nm] Ee,tot,th [J] e

Ee,tot
tot [J] e

Ee,tot ,%
tot [%]

Bittencourt (A) [21] 0.32 ± 2.66 −0.86 ± 3.08 775.13 −2.56 −0.33

Clochiatti [44] 0.02 ± 2.86 −0.26 ± 2.63 772.98 −0.41 −0.05

Coulomb [33] 0.05 ± 3.07 −1.12 ± 3.70 775.37 −2.80 −0.36

Dong [36] 0.29 ± 2.59 −0.78 ± 2.96 775.07 −2.50 −0.32

Gaz (A) [22] 0.00 ± 2.44 0.00 ± 2.94 774.85 −2.28 −0.30

Gaz (B) [23] 1.34 ± 4.34 −0.36 ± 3.44 767.21 5.36 0.69

Grotjahn (A) [35] 0.30 ± 2.55 −0.78 ± 3.00 775.17 −2.60 −0.34

Grotjahn (B) [35] 0.29 ± 2.57 −0.79 ± 2.96 775.08 −2.51 −0.32

Hao (A) [38] 0.29 ± 2.73 −0.89 ± 3.24 775.23 −2.65 −0.34

Indri (A) [43] 0.25 ± 2.53 −0.78 ± 2.95 775.10 −2.53 −0.33

Makkar [30] 0.23 ± 2.52 −0.76 ± 2.95 775.05 −2.48 −0.32

Shao [42] 0.31 ± 2.61 −0.79 ± 2.96 775.07 −2.50 −0.32

Wolf [39] 0.23 ± 2.51 −0.77 ± 2.99 775.14 −2.57 −0.33

Zhou [40] 0.32 ± 2.62 −0.77 ± 2.99 774.86 −2.29 −0.30

Table 2. Figure 8 illustrates the joint positions q̇, velocities
q̇, accelerations q̈, and end-effector velocities ẋ, ẏ, ż over
time during a cycle of Test (2). Figure 9 depicts the joint
torques τact and the experimental friction torques τ f ,exp

over time during the first and the ninetieth cycles, showing
that from the first to the ninetieth cycle (i.e., after one hour
and a half of continuous working of the robot) both τact and
τ f ,exp are reduced due to the increasing of temperature. The
effect of the temperature variation can be noted also from
Figs. 10 and 11, which compare the experimental joint fric-
tion torques for the first two jointswith the ones obtainedwith
the models by [50] and [52], respectively. Figures 10 and 11
show that the friction torque decreases with the increasing of
temperature. Comparing these two figures, we can observe
slightly differences in the friction approximation of the two
considered models, highlighting again that different friction
formulations do not model friction in the same way.

Moreover, Fig. 12 illustrates the box plots of the joint
friction torque errors of the considered models for the first
two joints. Similarly to Fig. 7, Fig. 12 depicts the difference
between the experimental friction torque and the theoretical
ones for the entire range of joint velocities and consider-
ing only the joint velocities comprises between ±0.1 rad/s.
Finally, Table 5 reports the difference between the experi-
mental friction torque and the considered theoretical ones,
the electrical energy consumed by the robot during the tra-
jectory computed with the friction models, the error in the
computation of the electrical energy consumed between the
theoretical and the experimental data, and the correspond-
ing percentage error. With the experimental results showed
in Fig. 12 and in Table 5, we can compare the considered
models and evaluate their ability of capture the influence of
temperature and load torque on the friction behaviour in the
joints of the UR5e robot. In this case, the model by Li et

al. [50] shows the best performance in representing the fric-
tion torques and in the computation of the consumed energy
with respect to alternative approaches.

5.2 Comparison of Dynamic FrictionModels

To evaluate the modelling performance of the dynamic fric-
tion models, we exploit the data acquired from Test (2). The
trajectory of one cycle of the robot is reported in Fig. 8,
whereas Fig. 9 shows the joint torques and joint friction
torques over time during Test (2). As explained in Section 4,
for the dynamic friction models that do not account for tem-
perature changes (i.e., Dahl [55], Indri (B) [28], LuGre [60])
only the first cycle of Test (2) is considered, whereas for the
model by Tadese et al. [26] that also takes into account the
temperature changes, all cycles of Test (2) are adopted.

Figures 13 and 14 represent a comparison between the
experimental joint friction torques and the theoretical ones
obtained with the models by [60] and [28], respectively, for
all the six joints of the UR5e robot. Observing the whole
velocity range, it can be seen that, for a single velocity, fric-
tion can assume different values. This is due to the fact that
the dynamic friction models take into account not only the
current state, but also the history of the system, leading to
different friction values for a same state of the system.More-
over, in Figs. 13 and 14 a magnified view of friction behavior
at very low velocities (between ±0.02 rad/s) is provided.
This particular highlights the presence of the hysteresis phe-
nomenon, which is typical characteristic of harmonic drives
[68]. This behaviour cannot be considered by static friction
models due to their formulation, and it is particularly relevant
when a robotic system operates at low velocities.

Furthermore, Fig. 15 reports the box plots of the joint
friction torque errors for the first and second joint between
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Fig. 8 Joint positions q, velocities q̇, accelerations q̈, and end-effector velocities ẋ, ẏ, ż over time during one cycle of Test (2)

the experimental data and each considered model. Also in
this case, both the box plots obtained considering the whole
range of joint velocities and taking into account only the joint
velocities comprised between ±0.1 rad/s are depicted. From
Fig. 15 it can be seen that the Dahl model [55] presents an

error larger than the other models, since it does not consider
the influence of the value of velocity in the friction behaviour.

Finally, Table 6 illustrates the experimental results of the
considered dynamic friction models in terms of joint fric-
tion torque error for the first two joints, theoretical electrical
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Fig. 9 Joint torques τact and experimental friction torques τ f ,exp over time during the first (left) and the ninetieth cycle (right) of Test (2)

Fig. 10 Friction torques over
joint velocities and joint
temperatures for joints 1 and 2
for Test (2), considering the data
obtained with the model in [50]
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Fig. 11 Friction torques over
joint velocities and joint
temperatures for joints 1 and 2
for Test (2), considering the data
obtained with the model in [52]

energy expenditure Ee,tot,th during the trajectory, electrical
energy error between the experimental data and the results
obtained with each model, and the corresponding percent-
age error. For the Tadese model [26], experimental electrical
energy consumed Ee,tot,exp is equal to 17452 J, whereas for
the other three dynamic frictionmodels considered it is equal
to 2121 J. Also from Table 6 a larger error of the Dahl model
with respect to the other considered models can be observed.
Moreover, from Fig. 15 and Table 6 we are able to evaluate
the friction modelling capabilities of the considered dynamic
friction models, both for the entire range of velocities and for
low velocities.

6 Discussion

A wide number of friction models exists in the present
literature: each model includes different contributions and
describes friction behaviour in alternative ways (see Fig. 6),
resulting suitable for different scenarios, systems, and work-
ing conditions. Static friction models have the advantage of
a simpler structure and generally few parameters, making
them computationally efficient [32]. However, most static
friction models do not take into account changes in temper-
ature and load torque, nor the history of the system, limiting

their application when the working conditions vary signifi-
cantly over time.

For example, the Coulomb model [33] exhibits one of
the simplest structures, since it includes only two parame-
ters. Nevertheless, its friction modelling error with respect
to the other static models is indeed rather small if we con-
sider the whole range of velocities (excluding the model in
[23], which is evidently the less accurate one), as can be seen
from Fig. 7 and Table 4. This small difference is due to the
friction approximation of the model at low velocities. Focus-
ing on the energy consumption, a friction modelling error at
low velocities is scarsely relevant, since in this case the elec-
trical power is generally low, leading to a limited electrical
energy error, as can be seen from Table 4. Alternative static
friction models proposed different formulations to consider
the friction behaviour at low velocities. Nevertheless, despite
their complexity and how they consider the various compo-
nents of friction, their accuracy is relatively comparable (see
Fig. 7 and Table 4).

Among the static friction models, some of them incorpo-
rate the effects of temperature and load torque, making them
more versatile as they can represent the system behaviour
under variable operational conditions. These models are par-
ticularly useful in applications where temperature and load
torque change significantly influences friction effects, such
as in high-speed machinery or systems exposed to changing
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Fig. 12 Box plot representation
of the torque errors for the
different models for joints 1 and
2 for the whole range of
velocities for Test (2); box plot
representation of the torque
errors for the different models
for joints 1 and 2 for velocities
comprises between -0.1 and 0.1
rad/s for Test (2)

environmental conditions. Generally, thesemodels are exten-
sions of the ones accounting for joint velocity only in order
to capture the influence of temperature and load torque on
friction behaviour.Among the consideredmodels, their accu-
racy in terms of friction modelling is comparable, as it can
be observed from Fig. 12 and Table 5. Considering instead
their ability in representing the energetic behaviour of the
robotic system, from Table 5 it can be noted that the model
that provides the best results is the one in [50].

Differently from the static friction models, the dynamic
ones are more sophisticated, capable of capturing complex
phenomena like low-speed hysteresis and the dependency
of friction on past system states. Figures 13 and 14 high-
light the ability of dynamic friction models in describing the
low-speed hysteresis phenomenon. However, these models
include a differential formulation for describing the system
behavior more accurately, leading to higher computational
times and the availability of the system history, which can
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Table 5 Experimental results for the considered static friction mod-
els accounting for joint velocity, temperature and load torque: friction
torque errors (mean± standard deviation) for joints 1 (e

τ f
1 ) and 2 (e

τ f
2 ),

total electrical energy spent during the trajectory (Ee,tot,th) computed

with the differentmodels, total electrical energy errors obtainedwith the

models with respect to the experimental data (e
Ee,tot
tot ), and correspond-

ing percentage error (e
Ee,tot ,%
tot ) with respect to the Ee,tot,exp = 17452 J

Friction model Ref. e
τ f
1 [Nm] e

τ f
2 [Nm] Ee,tot,th [J] e

Ee,tot
tot [J] e

Ee,tot ,%
tot [%]

Bittencourt (B) [21] −0.20 ± 3.19 −0.85 ± 3.07 17512 −60.78 −0.35

Hao (B) [38] −0.06 ± 2.82 −0.85 ± 2.71 17525 −73.36 −0.42

Iskandar [52] −0.27 ± 2.36 −0.91 ± 2.51 17513 −61.50 −0.35

Li [50] 0.00 ± 2.46 0.00 ± 2.50 17457 −5.09 −0.03

Madsen [2] −0.10 ± 2.71 −0.86 ± 2.67 17514 −61.97 −0.36

Nevmerzhitskiy [27] −0.16 ± 2.97 −0.92 ± 2.71 17519 −67.86 −0.39

Simoni [51] −0.06 ± 2.81 −0.85 ± 2.71 17525 −73.36 −0.42

be challenging to obtain and implement in real-time applica-
tions. Figure 15 and Table 6 show that the Dahl model [55]
is by far the less accurate in modelling friction in the whole
range of velocities of a robotic system, since it does not con-
sider the velocity value in the friction torque computation.
For the other three dynamic friction models considered (i.e.,
Indri (B) [28], LuGre [60], and Tadese [26]), Fig. 15 and
Table 6 show that their accuracy is similar, both in terms of
friction modelling and electrical energy computation.

From the analysis of the considered friction models pro-
vided above, it appears that static friction models are simpler

and computationally more efficient, but they lack to consider
friction at low velocities adequately. For this reason, they
are more suitable where the robotic or mechatronic system
operates at significant joint velocities and there are limited
transitions at velocities close to zero, and these transitions
happenwith high accelerations [32]. Furthermore, static fric-
tion models accounting also for joint temperature and load
torque can be useful when the working conditions change
over time. Conversely, dynamic friction models are more
complex and require higher computational times, but they

Fig. 13 Friction torques over joint velocities for all the six joints for the first cycle of Test (2), considering the data obtained with the LuGre model
[60]
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Fig. 14 Friction torques over joint velocities for all the six joints for the first cycle of Test (2), considering the data obtained with model in [28]

are able to better represent friction at low velocities, as for
example in collaborative robotic applications [53, 64].

In this work, we have compared various friction models,
delineating their advantages and disadvantages to provide a
comprehensive guideline for selecting and applying the most
suitable. This comparison is particularly useful in the field
of collaborative robotics, where robots often are operated
among a wide range of operative speeds, and friction forces
represent a major source of energy losses. By understand-
ing the strengths and limitations of each model, practitioners
can make informed decisions that enhance the performance,
efficiency, and reliability of robotic systems.

7 Conclusions

In this paper, the state of the art and an experimental compar-
ison of friction models for robotic manipulators have been
presented. We investigated both static and dynamic friction
models, analyzing their formulation, features, and capabili-
ties. For some of the models considered here, not only speed
dependance but also load torque and temperature have been
taken into account. Then, an extensive experimental compar-
ison of twenty-five friction models on a UR5e robot with 6
DOFs is provided. The experimental results evidenced the
capabilities of the considered models to capture different

friction components. Static friction models generally exhibit
a simpler formulation, but they do not consider friction at
low velocities properly. Furthermore, only few static models
are able to take into account the effects of temperature and
load torque on friction behaviour. Dynamic models instead
can better represent friction in the entire range of velocities,
especially at very low velocities at a cost of increased com-
plexity. However, almost all the considered models are able
to provide satisfactory results, both in terms of friction torque
prediction and energy consumption evaluation.

The comparison of the selected models evidence that,
since they consider various friction contributions and in dif-
ferent ways, the different friction models are suitable for
different applications andworking conditions. Consequently,
this paper can be used as a guideline in the selection of the
friction model best suited to the considered operating condi-
tion. Furthermore, thesemodels canbe considered for friction
modelling in various fields of robotics, such as design of
control algorithms, trajectory planning for energy efficiency
purposes, and applications for collaborative robotics.

Future work will include the investigation and devel-
opment of friction models based on artificial intelligence
(AI) approaches to accurately predict friction behavior under
different conditions. This will involve exploring various
machine learning algorithms for friction modelling [69, 70],
friction compensation [71, 72], or adaptation of existing
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Fig. 15 Box plot representation of the torque errors for the different
models for joints 1 and 2 for the whole range of velocities for the con-
sidered dynamicmodels; box plot representation of the torque errors for

the different models for joints 1 and 2 for velocities comprises between
-0.1 and 0.1 rad/s for the considered dynamic models

Table 6 Experimental results for the considered dynamic friction mod-
els: friction torque errors (mean ± standard deviation) for joints 1
(e

τ f
1 ) and 2 (e

τ f
2 ), total electrical energy spent during the trajectory

(Ee,tot,th) computed with the different models, total electrical energy

errors obtained with the models with respect to the experimental data

(e
Ee,tot
tot ), and corresponding percentage error (e

Ee,tot ,%
tot ) with respect to

the Ee,tot,exp

Friction model Ref. e
τ f
1 [Nm] e

τ f
2 [Nm] Ee,tot,th [J] e

Ee,tot
tot [J] e

Ee,tot ,%
tot [%]

Dahl [55] −0.70 ± 9.14 −0.36 ± 5.19 1680 441.23 20.80

Indri (B) [28] 0.12 ± 1.94 −0.73 ± 2.34 2126 −4.56 −0.22

LuGre [60] 0.12 ± 1.89 −0.74 ± 2.26 2128 −6.59 −0.31

Tadese [26] 0.04 ± 3.27 −0.64 ± 2.86 17337 114.92 0.66
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friction models [73]. Additionally, we aim to integrate these
AI-based models with existing simulation frameworks to
enhance their predictive capabilities and efficiency. Finally,
extensive validation and testing will be carried out to ensure
the robustness and reliability of the proposed AI-based mod-
els in practical applications.

AOptimal Friction Parameters

Table 7 reports the optimal friction parameters obtained by
fitting each of the selected twenty-five models to the exper-
imental data of the UR5e robot. The values reported in the
table are related to the friction modelling of joint 1 of the
robot.

Table 7 Optimal friction parameters of the considered friction models for the first joint of the robot

Friction model Ref. Optimal friction parameters ak

Static friction models (accounting for joint velocity only)

Bittencourt (A) [21] a1 = −1388; a2 = 1395; a3 = −12.62; a4 = 1.12; a5 = 96.30

Clochiatti [44] a1 = 12.03; a2 = 10.84; a3 = 10.79

Coulomb [33] a1 = 12.35; a2 = 10.30

Dong [36] a1 = 10.45; a2 = 13.61; a3 = 16.34; a4 = 3.24; a5 = 16.34

Gaz (A) [22] a1 = 10.54; a2 = −13.55; a3 = 26.89; a4 = 25.37; a5 = 0.02

Gaz (B) [23] a1 = 71.87; a2 = 1.79; a3 = 0.01

Grotjahn (A) [35] a1 = 5.58; a2 = 3.14; a3 = 15.92

Grotjahn (B) [35] a1 = 10.13; a2 = 3.01; a3 = 7.24; a4 = 22.65

Hao (A) [38] a1 = 8.06; a2 = 22.66; a3 = −7.26; a4 = 1.24

Indri (A) [43] a1 = 6.03; a2 = 4.06; a3 = 899.76; a4 = 13.04; a5 = −0.98; a6 = 15.59

Makkar [30] a1 = 7.07; a2 = 0.84; a3 = −17.93; a4 = 4.04; a5 = 88486; a6 = 8.37

Shao [42] a1 = 10.25; a2 = 14.12; a3 = 33.75

Wolf [39] a1 = 306.24; a2 = −4.30; a3 = 44.35; a4 = 0.89; a5 = 18.29; a6 = 0.10

Zhou [40] a1 = 19.33; a2 = 0.58; a3 = −379.32; a4 = 264.32; a5 = 366.69; a6 = 5.50

Static friction models (accounting for joint velocity, temperature and/or load torque)

Bittencourt (B) [21] a1 = −5.26; a2 = −0.04; a3 = 0.43; a4 = −3.72; a5 = 1887; a6 = 15.83; a7 = −0.07; a8 = −38.75;
a9 = 77.72; a10 = 10.93; a11 = 169.30; a12 = 6.95;

Hao (B) [38] a1 = 8.16; a2 = 40.32; a3 = −25.34; a4 = 6.92; a5 = −0.02

Iskandar [52] a1 = 0.05; a2 = 0.63; a3 = 1.77; a4 = −0.04; a5 = 8.11; a6 = −0.70; a7 = 0.01; a8 = 21.16;
a9 = 0.19; a10 = −0.01; a11 = 0.18; a12 = 0.01; a13 = −0.0001

Li [50] a1 = −0.18; a2 = −0.82; a3 = 6.99; a4 = 0.06; a5 = 16.77; a6 = −0.06; a7 = 0.001; a8 = −0.008

Madsen [2] a1 = 6.36; a2 = 0.44; a3 = 2.99; a4 = −0.28; a5 = 40.68; a6 = 50.39; a7 = −30.75; a8 = 7.57

Nevmerzhitskiy [27] a1 = 4.26; a2 = −0.01; a3 = 20.40; a4 = −87.40; a5 = 309.89

Simoni [51] a1 = 10.09; a2 = 49.89; a3 = −31.35; a4 = 8.57; a5 = 0.81; a6 = −0.01

Dynamic friction models

Dahl [55] a1 = 26350; a2 = 81.09; a3 = 25.43

Indri (B) [28] a1 = 90124; a2 = 1699; a3 = 29859; a4 = 496.74; a5 = 6198; a6 = 9.25; a7 = 3646; a8 = 0.04;
a9 = −71.88; a10 = −4.13

LuGre [60] a1 = 102467; a2 = 562.39; a3 = −91.75; a4 = 74716; a5 = 7.70; a6 = 1002; a7 = 0.94

Tadese [26] a1 = 14753; a2 = 467.25; a3 = 31.20; a4 = 10.31; a5 = −0.89; a6 = 10.26; a7 = −0.11; a8 = 74.88;
a9 = 4870; a10 = 717.03; a11 = −32.26
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