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A B S T R A C T

This paper introduces a generalized formulation of incremental elastic moduli for the characterization of strain- 
induced anisotropy in isotropic hyperelastic materials. The proposed approach extends the classical concept of 
incremental stiffness moduli, which are traditionally limited to specific deformation modes such as uniaxial 
stress, simple shear, or hydrostatic stress, by enabling the evaluation of tangent stiffness under arbitrary 
deformation states. This represents a novel and unified framework for quantifying deformation-induced 
anisotropy and directional stiffness variations in hyperelasticity.

Detailed mathematical derivations are presented for the computation of generalized incremental moduli, 
which are applied to both classical and recent isotropic hyperelastic models, including Neo-Hookean, Mooney- 
Rivlin, Fung-Demiray, and Anssari-Benam formulations. The analytical results reveal how strain-induced 
anisotropy evolves under different loading conditions, such as uniaxial, equibiaxial, and simple shear, high
lighting model-dependent trends in stiffening and softening behavior.

Overall, the study demonstrates that the proposed definition of generalized incremental moduli provides a 
comprehensive and versatile tool for the analysis of tangent stiffness in hyperelastic materials, with potential 
applications in material characterization and engineering design.

1. Introduction

The framework of linear elasticity constitutes a robust, precisely 
defined analytical tool, within which model parameters maintain direct 
physical interpretations and exhibit unambiguous identification via 
well-established experimental methodologies. Conversely, hyper
elasticity is a critical field in the characterization of elastomeric mate
rials and soft biological tissues [1–4], whose application and 
implementation is mandatory for the development of computational 
models of soft and biological structures [5–7]. Nevertheless, hyper
elasticity remains an actively evolving research area and is character
ized by complexities that currently limit extensive engineering 
applications. As an example, multiple hyperelastic formulations may 
explain the same experimental results but lead to markedly different 
predictions when extrapolated beyond the experimental range [8]. At 
the same time, for any given formulation, a non-optimal experimental 
design can result in unreliable and/or non-univocal parameters identi
fication [9–11]. The primary challenge of hyperelastic modelling stems 
from the dependence of mechanical properties on the deformation state, 
a phenomenon that affects the theoretical formulations and is confirmed 

by experimental activities [12–14]. Consequently, the constitutive pa
rameters often lose direct physical interpretability and/or applicability 
in the engineering design, frequently being restricted to representations 
of mechanical properties in the undeformed configuration [15–18].

Nonetheless, engineering design necessitates accurate knowledge of 
mechanical properties, such as stiffness moduli, specifically tailored to 
the intended application and the corresponding deformation regime in 
which the material operates. Therefore, there arises the necessity to 
develop rigorous and comprehensive moduli capable of capturing ma
terial stiffness under general deformation conditions. Addressing this 
need, incremental stiffness moduli have been previously introduced 
[19–22], which describe material properties limited to specific defor
mational processes, such as uniaxial tension, simple shear, or hydro
static pressure. Beatty and Stalnaker [19] proposed a definition of the 
Poisson function for finite elasticity and presented comparisons with 
experimental data for uni-axial stress conditions. Scott [22] proposed 
incremental moduli, specifically incremental Young’s modulus, incre
mental Poisson’s ratio, and incremental bulk modulus, highlighting 
their physical significance and calculation based on variations in specific 
stress-strain states, such as uni-axial and hydrostatic stress. Mihai and 
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Goriely [21] further expanded upon these incremental moduli, explicitly 
introducing the incremental shear and torsion moduli, and providing 
comprehensive calculations based on stress-strain derivatives under 
finite deformation conditions, thus enhancing their physical interpret
ability and analytical robustness. Recently, Carniel et al [20] developed 
computational tools for determining incremental moduli and applied 
them to representative hyperelastic formulations. However, these ap
proaches are mainly restricted to the evaluation of incremental moduli 
under specific and simplified stress-strain states, which often differ from 
those occurring in practical material applications. Earlier, Biot [23] 
introduced stress-dependent incremental moduli, showing that initial 
stresses can lead to the anisotropization of an otherwise isotropic ma
terial. More recently, the concept of generalized elasticity moduli has 
been advanced, encompassing the characterization of various stiffness 
attributes (longitudinal, lateral, tangential, and volumetric) pertinent to 
arbitrary deformation states, thereby constituting a versatile and robust 
analytical framework [24]. These generalized moduli explicitly account 
for the directional dependency of material stiffness induced by defor
mation, a phenomenon recognized as strain-induced anisotropy [25]. 
The earliest analyses concerning deformation-induced anisotropy date 
back to the first investigations on the elastic behavior of rubber-like 
materials. In these studies, an anisotropy factor was introduced to 
describe the dimensional variations of a material point along the three 
spatial directions under hydrostatic pressure. This factor allows for the 
identification of differences in the mechanical response among the 
different directions when the material point has been subjected to initial 
stresses [26,27]. Experimental evidence for deformation-induced 
anisotropy has been widely documented, highlighting its occurrence 
in elastomers and other materials. Hamed and Song [28] reported sig
nificant anisotropy arising in uncrosslinked elastomers subjected to 
large deformation, while Toki et al [29] demonstrated through syn
chrotron X-ray diffraction that molecular orientation induced by uni
axial deformation significantly alters the mechanical response of 
vulcanized polyisoprene rubbers. Horgan et al [30], Diani et al [31], 
Dargazany and Itskov [32], Machado et al [33], Marckmann et al [34], 
and Anssari-Benam et al [35] investigated the effects of strain and 
related damage mechanisms, such as the Mullins effect, on the devel
opment of anisotropy in rubber-like materials. Mahnken and Dammann 
[25] analyzed the anisotropization of polymeric materials caused by the 
alignment of macromolecular chains along the principal tensile loading 
directions, and developed a constitutive framework to evaluate their 
induced anisotropic behavior. Further studies by Vader et al [36] using 
collagen gels and Ustinov [37] on various elastomers reinforced these 
findings, showing clear directional dependencies in mechanical prop
erties following deformation. Mokhireva et al. [38] analyzed 
strain-induced anisotropy in elastomeric nanocomposites, showing that 
deformation promotes progressive filler alignment and, consequently, 
directional stiffening. Xian et al [39] highlighted strain-induced 
anisotropy in filled elastomers, explicitly incorporating strain-induced 
crystallization and the deformation-driven alignment of macromolec
ular chains. Mahjoubi et al [40] examined strain-induced phase trans
formation in semicrystalline polylactide, emphasizing how the resulting 
microstructural rearrangements lead to variations in mechanical prop
erties and progressive anisotropization. Gajo and Bigoni [41], Gajo [42], 
Cudny and Staszewska [43] and Cudny et al [44] conducted in
vestigations, within a hyperelasticity framework, into stress-induced 
anisotropy of various soils and sands, and presented comparisons be
tween theoretical predictions and experimental data. The mentioned 
previous studies have proposed mathematical frameworks and reported 
experimental observations of strain-induced anisotropy, but they have 
not provided practical instruments for its quantitative characterization 
and control. By expressing stiffness as a function of deformation 
magnitude and orientation, the generalized elasticity moduli proposed 
by Carniel [24] allow for a systematic quantification of strain-induced 
stiffening, softening, and anisotropy. Accordingly, this paper provides 
a theoretical framework and practical applications illustrating the 

evolution of such phenomena in isotropic hyperelastic materials. The 
Materials and Methods section reports the fundamentals of hyper
elasticity theory together with the definition of generalized incremental 
moduli, as well as their computation for specific constitutive models. 
Specifically, the Neo-Hookean model [16] offers a simplified, 
polynomial-based approach commonly employed for moderate strain 
applications. The Mooney-Rivlin formulation [15,45] incorporates both 
first and second invariants of strain, providing increased flexibility and 
improved accuracy in representing complex deformation behaviors. The 
Fung-Demiray model [46–48] uses an exponential formulation, effec
tively capturing pronounced stiffening behaviors characteristic of elas
tomers and biological tissues at higher strains [49]. Finally, the recent 
formulation proposed by Anssari-Benam [50] integrates 
molecular-kinetic theory parameters, aiming for comprehensive 
modelling of rubber-like materials, linking theoretical predictions more 
closely to experimental observations. Furthermore, the proposed 
methodology is also applied to the case of isotropic linear elasticity, 
demonstrating that the downgraded form of the theory correctly re
covers the classical relationships reported in the literature. The 
computation and graphical representation of the generalized incre
mental moduli, presented in the Results section, reveal for different 
deformation states, such as uniaxial and equibiaxial tension and 
compression, and simple shear, the evolution of the mechanical prop
erties with respect to the loading directions, thereby illustrating the 
progressive stiffening/softening and anisotropization of the material, as 
extensively addressed in the Discussion section.

2. Materials and methods

The analysis of anisotropization processes occurring in a hyperelastic 
material as a consequence of deformation is carried out by employing 
the concept of generalized incremental moduli. In this regard, Section 
2.1 provides, after a brief review of the fundamentals of hyperelasticity 
theory, the definition of the generalized incremental moduli and the 
description of the procedures for their computation. Subsequently, 
Section 2.2 addresses application cases concerning the calculation of the 
generalized incremental moduli for some typical isotropic hyperelastic 
formulations. Finally, in order to establish a connection with a well- 
known framework, Section 2.3 applies the proposed approach to the 
classical theory of isotropic linear elasticity.

2.1. Generalized incremental moduli

For an isotropic hyperelastic material point, the stress-strain 
behavior is defined through an isotropic hyperelastic potential W. The 
second Piola-Kirchhoff stress tensor S ∈ Sym is related to the right 
Cauchy-Green deformation tensor C = FTF ∈ Psym, being F ∈ Lin+ the 
deformation gradient, via the derivative of the strain energy function, as 
S = 2∂W /∂C. The strain energy W is frequently expressed as a function 
of the principal invariants I1 = tr(C), I2 = (1 /2)

[
I12 − tr

(
C2)] and J =

det(F) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
det(C)

√
[51,52]. By applying the chain rule and considering 

that ∂I1 /∂C = 1, ∂I2 /∂C = I11 − C and ∂J /∂C = (1 /2)JC− 1, it follows 
[53]: 

S = JWJC− 1 + 2W11 + 2W2(I11 − C), (1) 

where W1, W2 and WJ are the derivatives of W with respect to I1, I2 and 
J, respectively. To evaluate the actual stress state of the material, the 
Cauchy stress tensor σ ∈ Sym can be obtained through the push-forward 
operation: 

σ =
1
J

FSFT = WJ1 +
2
J
W1B +

2
J
W2

(
I1B − B2), (2) 

where B = FFT ∈ Psym is the left Cauchy-Green strain tensor.
The mechanical response of the material point can be characterized 
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by generalized incremental stiffness moduli. Given an orthonormal 
reference system n, p, q, for a generic strain state B, the generalized 
incremental Young’s moduli and Poisson’s ratios are defined by 
considering a uni-axial stress variation along direction n, such as dσnn 
(Fig. 1), and evaluating the corresponding stretch variations along the 
directions n, p and q of stretch components λnn, λpp and λqq, such as dλnn, 
dλpp and dλqq.

The generalized incremental Young’s modulus En = λnn(dσnn /dλnn)

along direction n is defined as [24]: 

En = 2λnn
2 ∂σ
∂B

:: (n ⊗ n ⊗ n ⊗ n)−

− 2νnpλpp
2 ∂σ
∂B

:: (n ⊗ n ⊗ p ⊗ p)−

− 2νnqλqq
2 ∂σ
∂B

:: (n ⊗ n ⊗ q ⊗ q)

(3) 

Analogously, the generalized incremental Poisson’s ratios νnp 

= −
(
λnn /λpp

)(
dλpp /dλnn

)
and νnq = −

(
λnn /λqq

)(
dλqq /dλnn

)
describing 

transverse strain along orthogonal directions p and q are computed as:    

where λnn
2 = n⋅B⋅n, λpp

2 = p⋅B⋅p and λqq
2 = q⋅B⋅q, while ‘⋅’ and ‘::’ 

denote the single (i.e., if B is a second rank tensor and n a vector, vector 
v = B⋅n has components vi = Bijnj) and quadruple (i.e., if C and N are 
fourth rank tensor, operation C :: N leads to the scalar quantity CijklNijkl) 
contractions, respectively, while ‘⊗ ’ is the dyadic operator (i.e., if a and 
b are vectors, a⊗ bis a second rank tensor with components aibj; while if 
A and B are second rank tensors, A ⊗ B is a fourth rank tensor with 
components AijBkl) [54–56].

By assuming a hydrostatic pressure variation dσp and measuring the 
corresponding volumetric variation dJ, it is also possible to define a 
generalized incremental bulk modulus Kv = (J /3)dσp /dJ, where σp =

tr(σ) /3, aimed at evaluating the evolution of compressibility under a 
generic stress-strain condition [24]: 

Kv =
2
9

tr
(

∂σ
∂B

: B
)

. (6) 

The fourth rank stiffness tensor ∂σ/∂B [57,58] can be computed 
starting from Eq. (2) and by applying the chain rule: 

∂σ
∂B

=
∂WJ

∂B
⊗ 1 +

2
J

∂W1

∂B
⊗ B+

+
2
J

∂W2

∂B
⊗
(
I1B − B2) −

1
J
(W1 + I1W2)B− 1 ⊗ B+

+
1
J
W2

(
B− 1 ⊗ B2 − 2B ⊗ 1

)
+

2
J
(W1 + I1W2)I

(7) 

being ∂W1 /∂B = (1 /2)JW1JB− 1 + W111+ W12
(
I1B − B2), 

∂W2 /∂B = (1 /2)JW2JB− 1 + W211 + W22
(
I1B − B2) and ∂WJ /∂B =

(1 /2)JWJJB− 1 + WJ11+ WJ2
(
I1B − B2), where W11 = ∂2W /∂I12, 

W22 = ∂2W /∂I22, WJJ = ∂2W /∂J2, W12 = W21 = ∂2W /∂I1∂I2, 
W1J = WJ1 = ∂2W /∂I1∂J and W2J = WJ2 = ∂2W /∂I2∂J are the second 
derivatives of W with respect to the principal invariants, while I is the 
fourth rank unit tensor. In the unstrained configuration (i.e., B = 1), the 
stiffness tensor assumes the following isotropic conformation: 

∂σ
∂B

⃒
⃒
⃒
⃒
B=1

=

⎛

⎜
⎝

1
2
WJJ + 2W1J + 4W2J + 2W11+

+8W12 + 8W22 − W1 − 4W2

⎞

⎟
⎠1 ⊗ 1+

+2(W1 + 3W2)I

(8) 

Fig. 1. Material point kinematics and mechanics. The deformation gradient F =
RU describes the deformation of a material point through the stretch tensor U =
̅̅̅̅
C

√
∈ Psym, and its rigid-body rotation through the rotation tensor R ∈ Orth+. 

The latter allows the transformation from the lagrangian reference system e0
j to 

the eulerian reference system ej. Given an orthonormal reference system 
defined by the directions n, p and q, it is possible to consider a uniaxial vari
ation of stress along direction n. By measuring the resulting stretch variations 
along directions n, p and q, the generalized incremental Young’s moduli and 
Poisson’s ratios can be defined.

νnp = −
λnn

2

λpp
2

[
∂σ
∂B :: (p ⊗ p ⊗ q ⊗ q)

][
∂σ
∂B :: (q ⊗ q ⊗ n ⊗ n)

]

−

[
∂σ
∂B :: (q ⊗ q ⊗ q ⊗ q)

][
∂σ
∂B :: (p ⊗ p ⊗ n ⊗ n)

]

[
∂σ
∂B :: (p ⊗ p ⊗ p ⊗ p)

][
∂σ
∂B :: (q ⊗ q ⊗ q ⊗ q)

]

−

[
∂σ
∂B :: (p ⊗ p ⊗ q ⊗ q)

][
∂σ
∂B :: (q ⊗ q ⊗ p ⊗ p)

], (4) 

νnq = −
λnn

2

λqq
2

[
∂σ
∂B :: (q ⊗ q ⊗ p ⊗ p)

][
∂σ
∂B :: (p ⊗ p ⊗ n ⊗ n)

]

−

[
∂σ
∂B :: (p ⊗ p ⊗ p ⊗ p)

][
∂σ
∂B :: (q ⊗ q ⊗ n ⊗ n)

]

[
∂σ
∂B :: (p ⊗ p ⊗ p ⊗ p)

][
∂σ
∂B :: (q ⊗ q ⊗ q ⊗ q)

]

−

[
∂σ
∂B :: (p ⊗ p ⊗ q ⊗ q)

][
∂σ
∂B :: (q ⊗ q ⊗ p ⊗ p)

], (5) 
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The isotropy of the stiffness tensor implies that, in the unstrained 
configuration, the generalized incremental Young’s modulus and Pois
son’s ratios are independent of direction. However, when evaluated in a 
strained configuration, the directionality of the strain tensor B induces a 
corresponding directionality in the stiffness tensor. As a result, the 
generalized moduli exhibit directional dependence, thereby revealing 
an anisotropic mechanical response. This phenomenon, referred to as 
strain-induced anisotropy, has been experimentally observed even in 
materials that are initially isotropic.

2.2. Isotropic hyperelastic formulations

In order to concretely analyze the trend of generalized incremental 
moduli, representative isotropic hyperelastic formulations based on 
strain invariants were considered. The dependence of the strain energy 
function W on the strain is commonly expressed by decoupling the 
volumetric and the isovolumetric contributions [59,60], U and W̃ 
respectively: 

W(C) = U(J) + W̃(̃I1, Ĩ2), (9) 

where Ĩ1 = J− 2/3I1 and Ĩ2 = J− 4/3I2 are the first and second iso
volumetric invariants. The following expression of the volumetric term 
is frequently assumed [61]: 

U(J) =
K
2
(J − 1)2

, (10) 

where K specifies the bulk modulus in the reference configuration. The 
Neo-Hookean model adopts a polynomial form of the strain energy 
function, as follows [16]: 

W̃
NH
(̃I1) = C1 (̃I1 − 3), (11) 

where C1 = G /2, being G the shear modulus in the reference configu
ration.

The Mooney-Rivlin strain energy involves both the first and the 
second invariants in a polynomial formulation [15,45]: 

W̃
MR

(̃I1, Ĩ2) = C1 (̃I1 − 3) + C2 (̃I2 − 3), (12) 

where C1 + C2 = G /2.
Otherwise, exponential formulation of the strain energy, such as in 

the Fung-Demiray model, can be assumed [46–48]: 

W̃
FD
(̃I1) =

C1

α1
{exp[α1 (̃I1 − 3)] − 1}, (13) 

where C1 = G /2, while α1 quantifies strain stiffening phenomena.
Recently, more general formulations have been reported, such as the 

one proposed by Anssari-Benam [62]: 

W̃
AB
(̃I1) =

3(n − 1)
2n

μN
[

Ĩ1 − 3
3N(n − 1)

− ln
(

Ĩ1 − 3N
3 − 3N

)]

, (14) 

where μ = nG(1 − N) /(1 − nN), while n and N are parameters from the 
kinetic molecular theory [50,62–64].

Details of first and second derivatives of the strain energy functions 
are reported in Appendix A.

2.3. Isotropic linear elasticity

To assess the validity of the proposed theoretical framework, its 
application to the case of isotropic linear elasticity is here considered. In 
this context, the corresponding expressions for the Young’s modulus, 
Poisson’s ratio, and bulk modulus are derived and compared with their 
well-established classical counterparts.

The strain energy density is therefore defined according to the St. 

Venant-Kirchhoff formulation [65–67]: 

WEL(E) =
1
2

κ[tr(E)]2 + μtr
(
E2), (15) 

where κ and μ denote the Lamé constants, and E = (1 /2)(C − 1) is the 
Green-Lagrange strain tensor [51]. Standard computations lead to the 
Cauchy stress tensor: 

σ =
1
J

[κ
2
(I1 − 3)B+ μ

(
B2 − B

)]
. (16) 

Consequently, the derivative of the Cauchy stress tensor with respect 
to B can be evaluated as: 

∂σ
∂B

=
1
J

{κ
2
[1 ⊗ B + (I1 − 3)I] + μ(B ⊗ 1 + 1 ⊗ B − I)

−
1
2

[κ
2
(I1 − 3)B + μ

(
B2 − B

)]
⊗ B− 1

}

.

(17) 

Invoking infinitesimal strains and working in the undeformed 
configuration [68,69], which is consistent with linear elasticity, the 
above relation becomes: 

∂σ
∂B

=
κ
2

1 ⊗ 1 + 2μI. (18) 

Since 1 ⊗ 1 and I are strain-independent and isotropic fourth rank 
tensors [56], the resulting tensor ∂σ/∂B exhibits no dependence on the 
deformation state and thus remains isotropic. No specific loading con
dition or orientation needs to be prescribed for the computation of the 
incremental Young’s modulus reported in Eq. (3), which results in En =

μ(3κ + 2μ) /(κ + μ), the incremental Poisson’s ratio reported in Eq. (4), 
which results in νnp = κ /2(κ + μ), and the incremental bulk modulus 
reported in Eq. (6), which results in Kv = κ + (2 /3)μ. The derived ex
pressions are found to be fully consistent with the classical relationships 
among the constitutive parameters of isotropic linear elasticity [22,70].

3. Results

The previous calculations were applied to evaluate the trend of 
generalized incremental moduli for the proposed isotropic hyperelastic 
formulations. First, Section 3.1 considers the uniaxial stress state, 
analyzing the evolution of the incremental Young’s modulus, the in
cremental Poisson’s ratio and the incremental bulk modulus with 
deformation, under both tensile and compressive conditions. Subse
quently, more complex stress-strain states are examined, namely equi
biaxial tension and compression (Section 3.2) and simple shear (Section 
3.3), for which representative plots are presented to illustrate the 
behavior of the incremental Young’s modulus.

3.1. Uniaxial loading

To provide a clear and immediate overview, generalized incremental 
moduli were computed under uniaxial tensile and compressive condi
tions along direction e3. Values of longitudinal stretch λ33 ranging be
tween 0.4 and 2 were assumed. Transversal stretches λ11 = λ22 were 
computed by solving the nonlinear equation derived from the boundary 
condition of null lateral stress σ11 = σ22 = 0 [49]. Fig. 2 presents the 
results for the different hyperelastic formulations. With regard to the 
Neo-Hookean model, graphs show the trends of the incremental Young’s 
modulus (Fig. 2a), the incremental Poisson’s ratios (Fig. 2b), the in
cremental bulk modulus (Fig. 2c) and the anisotropy ratio (Fig. 2c), the 
latter being defined as the ratio between the incremental Young’s 
modulus along the loading direction and that along a lateral direction. 
Constitutive parameters K = 4.667MPa and C1 = 0.5MPa were 
assumed, which entail a ν0 = 0.4 Poisson’s ratio in the undeformed 
configuration. Keeping fixed the initial Poisson ratio ν0 and modifying 
parameters D and G = 2C1 did not influence the trend of the anisotropy 
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ratio. Similarly, Figs. 2e to 2p report the results for the other hypere
lastic formulations. With reference to the Mooney-Rivlin model 
(Figs. 2e-h), constitutive parameters K = 4.667MPa and C1 = C2 =

0.25MPa were assumed. Keeping fixed the Poisson’s ratio in the unde
formed configuration ν0 = 0.4 and the initial shear stiffness G = 2(C1 +

C2) = 1MPa, values of parameters C1 and C2 were modified to evaluate 
the influence on the anisotropy ratio (Fig. 2h). For the Fung-Demiray 
model (Fig. 2i-l) constitutive parameters K = 4.667MPa, C1 = 0.5MPa 
and α1 = 1 were assumed. The anisotropy ratio was evaluated for α1 

ranging between 0 and 3, keeping fixed the initial Poisson’s ratio ν0 =

Fig. 2. Analysis of generalized incremental moduli for uniaxial tensile and compressive loading along direction e3. Results are reported for the Neo-Hookean 
formulation (K = 4.667MPa and C1 = 0.5MPa) (a-d), the Mooney-Rivlin formulation (K = 4.667MPa and C1 = C2 = 0.25MPa) (e-h), the Fung-Demiray formula
tion (K = 4.667MPa, C1 = 0.5MPa and α1 = 1) (i-l), and the Anssari-Benam formulation (K = 4.667MPa, μ = 0.8571MPa, n = 2 and N = 4) (m-p). Trend of in
cremental Young’s moduli E3 (black curve) and E1 = E2 (green curve) with stretch (a,e,i,m). Trend of incremental Poisson’s ratios ν31 = ν32 (black curve), ν13 = ν23 

(green curve), and ν12 = ν21 (red curve) with stretch (b) (b,f,j,n). Trend of the incremental bulk modulus with stretch (c,g,k,o). Evolution of the anisotropy ratio 
E3 /E1 = E3 /E2 with stretch: Neo-Hookean formulation (d); Mooney-Rivlin formulation with parameter C1 and C2 ranging between 0 MPa and 0.5 MPa (initial 
Poisson ratio and shear stiffness were kept constant) (h); Fung-Demiray formulation with values of parameter α1 ranging between 0 and 3 (initial Poisson ratio and 
shear stiffness were kept constant) (l); Anssari-Benam formulation with values of parameter n ranging between 0.5 and 7 (initial Poisson ratio and shear stiffness were 
kept constant) (p).
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0.4 and the initial shear stiffness G = 2C1 = 1MPa (Fig. 2l). Finally, with 
reference to the Anssari-Benam formulation (Fig. 2m-p), constitutive 
parameters K = 4.667MPa, μ = 0.8571MPa, n = 2 and N = 4 were 
assumed. Keeping fixed the Poisson’s ratio in the undeformed configu
ration ν0 = 0.4 and the initial shear stiffness G = μ(1 − nN)/[n(1 − N)] =

1MPa, parameter n was modified to evaluate the influence on the 
anisotropy ratio (Fig. 2p). The constitutive parameters were selected 
without reference to a specific material, assuming stiffness characteris
tics typical of elastomeric materials and ensuring the comparability of 
results among the different hyperelastic formulations.

The anisotropic polar envelopes of the incremental Young’s modulus 
in different deformed configurations are reported in Figs. 3 and 4 for 
Neo-Hookean (Figs. 3a,b and 4a,b), Mooney-Rivlin (Figs. 3c,d and 4c,d), 
Fung-Demiray (Figs. 3e,f and 4e,f) and Anssari-Benam (Figs. 3g,h and 4g, 
h) formulations. Plots are provided considering two uniaxial tensile 
conditions, such as λ33 = 1.33 (Figs. 3a,c,e,g) and λ33 = 1.66 (Figs. 3b,d, 
f,h), and two uniaxial compressive conditions, such as λ33 = 0.80 
(Figs. 4a,c,e,g) andλ33 = 0.60 (Figs. 4b,d,f,h).

3.2. Equibiaxial loading

Aiming to further investigate the trend of generalized incremental 
moduli, they have been computed under equibiaxial tensile and 
compressive conditions in the plane generated by directions e1 and e2. 
Values of applied stretches λ11 and λ22 ranging between 0.80 and 1.66 
were assumed. Transversal stretch λ33 was computed by solving the 
nonlinear equation derived from the boundary condition of null lateral 
stress σ33 = 0 [16]. Fig. 5 provides an overview of the envelopes of the 
generalized Young’s modulus for the investigated hyperelastic formu
lations, considering both tensile (λ11 = λ22 = 1.66) and compressive 
(λ11 = λ22 = 0.80) conditions.

3.3. Simple shear

Finally, the trend of generalized Young’s modulus was investigated 
for simple shear in the plane generated by directions e1 and e3. The 
following expression was assumed for the left Cauchy-Green strain 
tensor: 

B =

⎡

⎣
1 + γ2 0 γ

0 1 0
γ 0 1

⎤

⎦, (19) 

where γ is the shear strain [71,72]. The polar envelopes of the gener
alized Young’s modulus are reported in Fig. 6 for the different hypere
lastic formulations, together with cartesian plots depicting the trend of 
generalized Young’s modulus in the e1 - e3 plane for γ = 0.80.

For the purpose of performing a comparison among the different 
hyperelastic formulations and assessing the influence of selected 
constitutive parameters, the envelopes of the generalized Young’s 
modulus were constructed under a simple shear condition (γ = 0.8) for 
various parameter sets (Fig. 7), such as C1 and C2 for the Mooney-Rivlin 
formulation (parameter K = 4.667MPa was kept constant) (Figs. 7a-d), 
α1 for the Fung-Demiray model (parameters K = 4.667MPa and C1 =

0.5MPa were kept constant) (Figs. 7a-d) (Figs. 7e-h), n and N for the 
Anssari-Benam formulation (parameter K = 4.667MPa was kept 

(caption on next column)

Fig. 3. Analysis of generalized incremental Young’s modulus for uniaxial ten
sile loading along direction e3. Results are reported for the Neo-Hookean 
formulation (K = 4.667MPa and C1 = 0.5MPa) (a,b), the Mooney-Rivlin 
formulation (K = 4.667MPa and C1 = C2 = 0.25MPa) (c,d), the Fung- 
Demiray formulation (K = 4.667MPa, C1 = 0.5MPa and α1 = 1) (e,f), and 
the Anssari-Benam formulation (K = 4.667MPa, μ = 0.8571MPa, n = 2 and 
N = 4) (g,h). Polar envelops of the generalized Young’s modulus En along a 
generic direction n are reported for uniaxial tensile loading corresponding to 
λ33 = 1.33 (a,c,e,g) and λ33 = 1.66 (b,d,f,h).
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constant, while parameter μ = nG(1 − N) /(1 − nN) was adjusted to 
ensure G = 1MPa) (Figs. 7i-l). The choice of a simple shear configura
tion was motivated by its ability to simultaneously generate tensile and 
compressive principal stress components [73], thus providing a 
comprehensive representation of material response. In all cases, the 
constitutive parameters were selected with the aim of highlighting the 
predictive capabilities and distinctive features of each formulation, 
rather than reproducing the behavior of a specific material.

4. Discussion

The present paper reports the computation and the representation of 
the generalized incremental moduli for several isotropic hyperelastic 
formulations, considering different types of stress-strain conditions. 
With regard to uniaxial loading along direction e3, the analysis of the 
trends of incremental moduli with strain (Fig. 2) and the polar envelopes 
(Figs. 3,4) clearly highlights the process of anisotropization due to the 
strong loading directionality. The e1 - e2 plane remains a plane of isot
ropy, consistent with the equivalence of these directions under the 
applied loading, resulting in a transversely isotropic configuration. 
Under uniaxial tension, all the analyzed hyperelastic formulations show 
a significant increase in the longitudinal modulus E3 (Figs. 2a,e,i,m), 
which corresponds to an elongation of the generalized Young’s modulus 
envelope (Fig. 3). The Mooney-Rivlin model (Fig. 2e) shows an excep
tion, with an initial slight decrease in E3 followed by an increasing trend, 
depending on the assumed constitutive parameters. The lateral moduli 
E1 and E2 tend to decrease in the Neo-Hookean (Fig. 2a) and Anssari- 
Benam formulations (Fig. 2m), while they increase in the Mooney- 
Rivlin (Fig. 2e) and Fung-Demiray models (Fig. 2i), with the latter 
showing an initial slight drop followed by a marked increase. The me
chanical response observed is consistent with the microstructural evo
lution undergone, for instance, by elastomeric materials during 
progressive elongation along a specific direction. In the undeformed 
configuration, an elastomeric material exhibits a random coil arrange
ment of entangled macromolecular chains [74–76]. The application of 
uniaxial loading leads to the gradual disentanglement and alignment of 
these macromolecules along the loading direction. This microstructural 
reorganization, leading to deformation-induced anisotropy, has been 
well documented both theoretically [25,77,78] and experimentally [28,
29]. For uniaxial compression, all models predict an overall growth of 
the longitudinal modulus E3 (Figs. 2a,e,i,m), except for an initial drop at 
small strains (Figs. 2a,i,m). The lateral moduli E1 and E2 generally in
crease. It is worth noting, as also confirmed by the envelopes of the 
generalized Young’s modulus, that the Neo-Hookean (Figs. 2a, 3a,b, 4a, 
b), Fung-Demiray (Figs. 2i, 3e,f, 4e,f), and Anssari-Benam (Figs. 2m, 3g, 
h, 4g,h) formulations exhibit greater stiffening along the loading direc
tion under tension, whereas under compression the stiffening becomes 
more pronounced in the orthogonal plane. In contrast, the Moon
ey–Rivlin formulation, for the assumed set of constitutive parameters, 
exhibits the opposite trend (Figs. 2e, 3c,d, 4c,d).

For the generalized Poisson’s ratios (Figs. 2b,f,j,n), the diagrams start 
from the common isotropic undeformed state and then diverge toward 
trends compatible with transversely isotropic behavior [79–81]. As an 
example, the trends of the generalized Poisson’s ratios for the 
Neo-Hookean (Fig. 2b) and the Anssari-Benam (Fig. 2n) formulations 
can be examined under uniaxial tension along direction e3. A marked 
increase in stiffness is observed along direction e3, accompanied by a 
reduction along directions e1 and e2 (Figs. 2a,m). Correspondingly, 
significant variations occur in the Poisson’s ratios ν13 and ν12. The 
Poisson’s ratio ν13 decreases with increasing deformation, as the pro
gressive anisotropy leads to enhanced stiffness along direction e3. In 
fact, when the material is loaded along direction e1, this stiffness limits 
the lateral deformation along direction e3. At the same time, to maintain 
continuity in compressibility, the reduced contraction along direction e3 

is compensated by a greater contraction along direction e2, resulting in 

Fig. 4. Analysis of generalized incremental Young’s modulus for uniaxial 
compressive loading along direction e3. Results are reported for the Neo- 
Hookean formulation (K = 4.667MPa and C1 = 0.5MPa) (a,b), the Mooney- 
Rivlin formulation (K = 4.667MPa and C1 = C2 = 0.25MPa) (c,d), the Fung- 
Demiray formulation (K = 4.667MPa, C1 = 0.5MPa and α1 = 1) (e,f), and 
the Anssari-Benam formulation (K = 4.667MPa, μ = 0.8571MPa, n = 2 and N 
= 4) (g,h). Polar envelops of the generalized Young’s modulus En along a 
generic direction n are reported for uniaxial compressive loading corresponding 
to λ33 = 0.8 (a,c,e,g) and λ33 = 0.6 (b,d,f,h).
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an increase in ν12. Under uniaxial compression along direction e3, the 
increase in stiffness is more pronounced along directions e1 and e2. This 
produces the opposite trend for the Poisson ratios, with ν13 increasing 
and ν12 decreasing as the deformation along direction e3 progresses. 
Regarding the Poisson’s ratios ν31 and ν32, in uniaxial loading along 
direction e3, directions e1 and e2 define a plane of isotropy, with ho
mogeneous stiffness variations that do not generate lateral deformation 
imbalance. Overall, variations in the Poisson’s ratios are directly related 
to changes in the deviatoric and volumetric stiffness components 
(Figs. 2c,g,k,o), which can be evaluated as reported by Carniel [24].

The different evolution of longitudinal modulus E3 compared to 
lateral moduli E1 and E2 illustrates the anisotropy process, further 
quantified by the anisotropy ratio diagrams (Figs. 2d,h,l,p). All formu
lations show significant anisotropization under tensile loading, while 
under compression the degree of anisotropy is model-dependent, being 
more pronounced in the Mooney-Rivlin and Fung-Demiray formulations 
with specific parameters combinations. In this sense, the anisotropy 
ratio diagrams provide a means to evaluate the influence of selected 
constitutive parameters, such as the stiffness distribution between C1 
and C2 for the Mooney-Rivlin formulation, the parameter α1 for the 
Fung-Demiray model, and the parameter n for the Anssari-Benam 
formulation, on the model behavior.

With reference to a uniaxial tension condition, the envelopes of the 
generalized Young’s modulus exhibit, for all formulations, a clear ten
dency toward anisotropization (Fig. 3). With regard to compressive 
uniaxial loading, for the Neo-Hookean (Figs. 4a,b) and Anssari-Benam 
(Figs. 4g,h) models, the generalized Young’s modulus envelope shows 
only slight deviations from spherical isotropic symmetry under 

compression. In contrast, the Mooney-Rivlin (Figs. 4c,d) and Fung- 
Demiray models (Figs. 4e,f) display more complex patterns, indicating 
stronger anisotropization.

For equibiaxial loading in the e1 - e2 plane (Fig. 5), a transition from 
isotropic to transversely isotropic symmetry is observed, being e1 - e2 

the isotropic plane again. The Neo-Hookean (Figs. 5a,b) and Anssari- 
Benam (Figs. 5g,h) models show minor deviations from spherical 
shape of the polar envelop, while the Mooney-Rivlin (Figs. 5c,d) and 
Fung-Demiray (Figs. 5e,f) formulations exhibit marked deviations, 
particularly under tension (Figs. 6c,e), confirming their greater sus
ceptibility to anisotropy.

Finally, the analysis of simple shear behavior confirms the devel
opment of anisotropy with deformation (Fig. 6). In simple shear in the e1 

- e3 plane, two quadrants, the first and third, experience predominant 
tension, while the second and fourth are mainly in compression. In the 
Neo-Hookean (Figs. 6a,e) and Anssari-Benam (Figs. 6d,h) models, there 
is a marked increase in stiffness in the tensile quadrants, with a less 
evident effect in compression quadrants. For the Mooney-Rivlin 
(Figs. 6b,f) and Fung-Demiray (Figs. 6c,g) formulations, the response 
is more complex, showing greater stiffening in compression for the 
former and greater stiffening in tension for the latter. With reference 
again to the simple shear condition, the influence of specific constitutive 
parameters on the morphology of the envelope of the generalized 
Young’s modulus was analyzed for the hyperelastic formulations 
(Fig. 7). For the Mooney-Rivlin model, a progressive redistribution of 
stiffness from parameter C1 to parameter C2 was analyzed (Figs. 7a-d). 
Starting from a condition equivalent to the Neo-Hookean model (i.e., 
C2 = 0), a gradual migration of stiffness was observed from directions 

Fig. 5. Polar envelopes of generalized incremental Young’s modulus En along a generic direction n for equibiaxial tensile (λ11 = λ22 = 1.66) (a-d) and compressive 
(λ11 = λ22 = 0.80) (e-h) loading conditions. Envelopes are reported for the Neo-Hookean formulation (K = 4.667MPa and C1 = 0.5MPa) (a,e), the Mooney-Rivlin 
formulation (K = 4.667MPa and C1 = C2 = 0.25MPa) (b,f), the Fung-Demiray formulation (K = 4.667MPa, C1 = 0.5MPa and α1 = 0.5MPa) (c,g) and the Anssari- 
Benam formulation (K = 4.667MPa, μ = 0.8571MPa, n = 2 and N = 4) (d,h).
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pertaining to the quadrants subjected to tension toward those subjected 
to compression. In the case of the Fung-Demiray formulation, the effect 
of the nonlinearity parameter α1 was examined (Figs. 7e-h). For α1 = 0, 
the response moves toward that of the Neo-Hookean model, whereas 
increasing values of α1 result in a progressively more pronounced ani
sotropization of the mechanical response. Finally, for the Anssari-Benam 
formulation, a distinct tendency toward anisotropy is observed for 
decreasing values of the parameters n and N, indicating a stronger 
directional dependence of stiffness under shear deformation (Figs. 7i-l).

From the analyses presented above, it emerges that all the investi
gated hyperelastic formulations exhibit deformation-induced anisot
ropy, although with different magnitudes and directional 
characteristics. This phenomenon is particularly pronounced in the 
Fung-Demiray and the Anssari-Benam models, as observed from the 
polar envelopes, where the parameter α1 and parameters n and N play a 
major role in influencing the anisotropization process. It should also be 
noted that, in the case of the Mooney-Rivlin model, the redistribution of 
stiffness between C1 and C2 leads to different tendencies toward aniso
tropization: under tension, the effect is more pronounced when C1 
predominates, whereas under compression it becomes more evident 
when C2 is dominant.

5. Conclusions

The analyses presented in this study demonstrate the effectiveness of 
the generalized incremental moduli in characterizing strain-induced 
phenomena, such as stiffening, softening, and anisotropization, in 
isotropic hyperelastic materials. Applied to both classical and contem
porary formulations (Neo-Hookean, Mooney-Rivlin, Fung-Demiray, and 
Anssari-Benam), this framework provides a unified and rigorous 
description of the evolution of mechanical properties under various 
deformation states, including uniaxial and equibiaxial tension, 

compression, and simple shear. The results reveal a progressive depar
ture from isotropy, with distinct stiffness variations along the principal 
loading directions. The generalized incremental moduli thus represent a 
quantitative tool for assessing such directional effects and for eluci
dating the mechanisms underlying deformation-induced anisotropy. 
Beyond the theoretical contribution, the proposed approach offers 
practical relevance for evaluating the tangent stiffness of hyperelastic 
materials under specific loading conditions and in engineering design. In 
this sense, the generalized incremental moduli may serve as a concep
tual bridge between constitutive modeling and the design of soft or 
rubber-like components, where local stiffness adaptation under large 
deformations is crucial, such as in elastomeric device optimization, soft 
robotics, biomechanics, and in silico medicine [82–86].

Limitations of the present work must be acknowledged. This study 
focused on isotropic materials in their undeformed configuration, 
neglecting pre-existing anisotropy or microstructural heterogeneity that 
may be present in real materials. Moreover, the results are based on 
theoretical and analytical computations, without experimental valida
tion under complex deformation states. Future research should therefore 
include systematic experimental investigations to verify and calibrate 
the theoretical predictions, as well as possible extensions of the frame
work to inherently anisotropic or fiber-reinforced materials. As an 
example, future experimental activities should combine standard ma
terial testing machines with ultrasound devices, to enable the mea
surement of elastic moduli as a function of the applied strain and their 
directional dependence, as it has been already proposed by Sasaki et al 
[87]. Such developments would further strengthen the applicability and 
reliability of the generalized incremental moduli concept as a compre
hensive tool for both material characterization and engineering design.

Finally, it must be underlined that the present work deals with a 
definition of incremental moduli exclusively within the framework of 
the theory of elasticity. However, materials that are traditionally 

Fig. 6. Trend of generalized incremental Young’s modulus for simple shear with γ = 0.8. Fully three-dimensional envelopes of generalized modulus En along a 
generic direction n (a-d) are reported together with cartesian plots (e-h) depicting the trend of the generalized Young’s modulus in the e1 - e3 plane. Results are 
reported for the Neo-Hookean formulation (K = 4.667MPa and C1 = 0.5MPa) (a,e), the Mooney-Rivlin formulation (K = 4.667MPa and C1 = C2 = 0.25MPa) (b,f), 
the Fung-Demiray formulation (K = 4.667MPa, C1 = 0.5MPa and α1 = 0.5MPa) (c,g) and the Anssari-Benam formulation (K = 4.667MPa, μ = 0.8571MPa, n = 2 
and N = 4) (d,h).

E.L. Carniel                                                                                                                                                                                                                                       International Journal of Mechanical Sciences 310 (2026) 111076 

9 



modeled as hyperelastic, such as elastomers and soft biological tissues, 
typically exhibit a time-dependent mechanical response. In such cases, 
the hyperelastic core of a viscoelastic formulation serves to describe 
either the instantaneous response and the thermodynamic equilibrium 
behavior [88,89]. Ongoing research activities are directed toward 
developing a formal definition of incremental moduli that can represent 
the time evolution of mechanical properties, taking as a reference the 
concepts of creep modulus, relaxation modulus, and apparent and 

complex moduli [90,91].
In conclusion, it should be emphasized that the presented results, and 

consequently the related discussions, are strongly affected by the spe
cific constitutive parameters adopted in each hyperelastic model. 
Moreover, since numerous other hyperelastic formulations have been 
proposed in the literature, extending the analysis of generalized moduli 
to these models would provide a broader understanding of their me
chanical behavior. In this context, the proposed methodology is fully 

Fig. 7. Trend of the generalized incremental Young’s modulus under simple shear conditions with γ = 0.8. Polar envelopes of generalized modulus En along a 
generic direction n are reported for the Mooney-Rivlin formulation, assuming a progressive transfer of stiffness from C1 to C2 (a-d); for the Fung-Demiray formu
lation, assuming increasing values of the nonlinearity parameter α1 (e-h); and for the Anssari-Benam formulation, assuming combinations corresponding to 
increasing values of the parameters n and N (i-l).
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general and can be readily applied to different materials and their cor
responding constitutive formulation and parameters.
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Appendix A

Regarding the different hyperelastic formulations, derivatives of the strain energy function can be computed as reported in Table A.1.

Table A.1 
Analytical expressions of the first and second derivatives of the strain energy functions for the investigated isotropic hyperelastic formulations.

Neo-Hookean formulation WNH(J, Ĩ1) = (K /2)(J − 1)2 + C1 (̃I1 − 3)
WNH

1 = C1J− 2/3 WNH
2 = 0 WNH

J = K(J − 1) − (2 /3)C1J− 5/3I1
WNH

11 = 0 WNH
22 = 0 WNH

JJ = K+ (10 /9)C1J− 8/3I1
WNH

12 = 0 WNH
1J = − (2 /3)C1J− 5/3 WNH

2J = 0
Mooney-Rivlin formulation WMR(J, Ĩ1, Ĩ2) = (K /2)(J − 1)2

+ C1 (̃I1 − 3)+ C2 (̃I2 − 3)
WMR

1 = C1J− 2/3 WMR
2 = C2J− 4/3 WMR

J = K(J − 1) − (2 /3)C1J− 5/3I1 − (4 /3)C2J− 7/3I2
WMR

11 = 0 WMR
22 = 0 WMR

JJ = K+ (10 /9)C1J− 8/3I1 + (28 /9)C2J− 10/3I2
WMR

12 = 0 WMR
1J = − (2 /3)C1J− 5/3 WMR

2J = − (4 /3)C2J− 7/3

Fung-Demiray formulation WFD(J, Ĩ1) = (K /2)(J − 1)2
+ (C1 /α1){exp[α1 (̃I1 − 3)] − 1}

WFD
1 = C1J− 2/3exp

[
α1

(
J− 2/3I1 − 3

)]
WFD

2 = 0 WFD
J = K(J − 1) −

2
3
C1J− 5/3I1exp

[
α1

(
J− 2/3I1 − 3

)]

WFD
11 = α1C1J− 4/3exp

[
α1

(
J− 2/3I1 − 3

)]
WFD

22 = 0 WFD
JJ = K+ (10 /9)C1J− 8/3I1exp

[
α1

(
J− 2/3I1 − 3

)]
+

(4 /9)α1C1J− 10/3I12exp
[
α1

(
J− 2/3I1 − 3

)]

WFD
12 = 0 WFD

1J = − (2 /3)C1J− 5/3 ( 1 + α1J− 2/3I1
)
exp

[
α1

(
J− 2/3I1 −

3
)]

WFD
2J = 0

Anssari-Benam formulation
WAB(J, Ĩ1) = (K /2)(J − 1)2

+
3(n − 1)

2n
μN

[
Ĩ1 − 3

3N(n − 1)
− ln

(
Ĩ1 − 3N
3 − 3N

)]

WAB
1 =

3(n − 1)
2n

μN
[

1
3N(n − 1)

−

1
J− 2/3I1 − 3N

]

J− 2/3

WAB
2 = 0 WAB

J = K(J − 1) −
(n − 1)

n
μN

[
1

3N(n − 1)
−

1
J− 2/3I1 − 3N

]

J− 5/3I1

WAB
11 =

3(n − 1)
2n

μN
J− 4/3

(
J− 2/3I1 − 3N

)2
WAB

22 = 0
WAB

JJ =
n − 1

n
μN

{
2J− 10/3I12

3
(
J− 2/3I1 − 3N

)2 +
5
3

[
1

3N(n − 1)
−

1
J− 2/3I1 − 3N

]

J− 8/3I1

}

WAB
12 = 0

WAB
1J = −

n − 1
n

μN

{
J− 7/3I1

(
J− 2/3I1 − 3N

)2 +

[
1

3N(n − 1)
−

1
J− 2/3I1 − 3N

]

J− 5/3

}

WAB
2J = 0
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