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1 Introduction and summary

Strings on AdS3 × S3 × T4 can be supported by a mixture of Ramond-Ramond (RR) and
Neveu-Schwarz-Neveu-Schwarz fluxes (NSNS), see for instance [1] for a recent review. In the
case where the RR flux vanishes, the worldsheet model is a supersymmetric Wess-Zumino-
Witten model, with level k = 1, 2, 3, . . . . A very special case is that of k = 1; in that case,
the string model is dual [2] to a particularly simple (and well-studied, see e.g. [3, 4]) CFT,
the symmetric product orbifold CFT of T 4. This theory has N = (4, 4) superconformal
symmetry,1 and is obtained by taking N copies of a free supersymmetric model with central
charge c = 6 and quotienting by the action of the symmetric group SN . The limit of free
strings corresponds to N → ∞. The states of this theory are labeled by the conjugacy classes
of the symmetric group, i.e. by cycles. At large-N , it is sufficient to study single-cycle states,
which are dual to perturbative closed-string states — quite similarly to how single-trace
operators in N = 4 supersymmetric Yang-Mills theory (SYM) are dual to string states. More
specifically, given a sector with a single cycle of length w, states can be constructed by acting

1The N = (4, 4) superconformal algebra is infinite-dimensional, contains two copies of the Virasoro algebra,
and has as globally-defined subalgebra the Lie superalgebra psu(1, 1|2)⊕psu(1, 1|2) which we will often indicate
as psu(1, 1|2)⊕2.
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freely with fractionally-moded oscillators, such as (for a boson) α−n/w with n > 0, or α̃−n′/w,
again with n′ > 0. This is due to the presence of a twist-w field σw in this sector. The total
dimension of the state is then given by the sum of the mode numbers, (

∑
i ni +

∑
j n

′
j)/w,

plus of course the dimension of σw (which depends on w). Not all states so constructed
are however physical. Invariance under the orbifold action dictates that the total mode
number should be integer,

∑
i ni −

∑
j n

′
j = 0 modw (again, for bosons). This is the analogue

of the level-matching condition in string theory. In this sense, it is tempting to think of
the oscillators of α−n/w and α̃−n′/w as analogues of the “magnons” which appear in N = 4
SYM [5, 6], with momentum p = 2πn/w or p′ = −2πn′/w (as they are left- and right-movers).

At k = 1, N = ∞, and without any RR flux, the theory is essentially free (similarly to
free planar N = 4 SYM). One way to introduce interactions is to turn on the RR flux, whose
strength we indicate with h; in perturbative string theory this can be done adiabatically,
see e.g. [7] for a discussion of the identification of the moduli. From the point of view of
the symmetric-product orbifold, this can be done by deforming the theory by means of a
marginal operator constructed out of the twist-two sector,

h

∫
d2zO(2)(z, z̄) , h≪ 1 . (1.1)

This perturbation has been extensively studied in the literature see for instance [8, 9] and
references therein, especially in the context of the computation of the anomalous dimension
of single-cycle operators. While for any w there are a handful of states which are BPS, and
do not receive any correction to their scaling dimension, one expects most states to have an
anomalous dimensions. More precisely, in the perturbed theory one expects the dimensions
i.e. the eigenvalue of L0 + L̃0, to be corrected starting at order O(h2). Conversely, the spin
L0 − L̃0 is quantised and cannot be corrected. This fact has an interesting consequence.
If we consider a BPS state, and act with a few chiral oscillators α−n/w on it (but without
any antichiral ones), its dimension under L̃0 must nonetheless change. Because L̃0 can be
expressed as the anti-commutator of N = (4, 4) supercharges, we therefore have that a state
containing only chiral oscillators cannot be annihilated by the antichiral supersymmetry
generators G̃ ∈ psu(1, 1|2). Already in 2002 [10, 11], it was suggested that this must result in
an action of the antichiral generators on the chiral oscillators (and vice-versa),[

G, α̃−n1
w
. . . α̃−nr

w

]
̸= 0 ,

[
G̃, α−n1

w
. . . α−nr ′

w

]
̸= 0 , in the perturbed theory. (1.2)

Clearly, this action is not compatible with the original psu(1, 1|2) action. Therefore, it must
vanish both if h = 0 or if α−n1/w . . . α−n′

r/w defines by itself a physical state of the theory.
This action is very reminiscent of the central extension that plays an important role

in integrability of N = 4 SYM [12], see [13, 14] for review, and in AdS3 × S3 × T4 [15],
see [1, 16] for reviews. In fact, AdS3 × S3 × T4 is believed to be integrable in the planar
limit, for arbitrary values of the RR flux h and of the NSNS flux k. This has been proven
to be so at the level of the classical non-linear sigma model action [17]. At the quantum
level, integrability manifest itself on the string worldsheet, when the theory is suitably
gauge-fixed (in a particular lightcone gauge [18]). The gauge-fixing is done with reference to
a BPS state, so that half of the supersymmetries of the model survive in lightcone gauge.
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The theory becomes especially simple in the decompactification limit, where the size of the
worldsheet w2 (which is now related to the R-charge of the reference BPS state) is taken
to infinity. Then, for any h, k we can study the worldsheet theory on a plane; this allows
one to define asymptotic states, of the type

A†(p1) . . . A†(pr)|0⟩w , (1.3)

and an S matrix which scatters them. In fact, this S-matrix is almost entirely fixed by the
symmetries of the lightcone gauge up to a handful of scalar pre-factors, the so-called dressing
factors. For the case of generic h, k, this S-matrix was fixed in [19]. An instrumental tool in
fixing it was precisely the appearance (in the lightcone gauge, and when the level-matching
constraint is not imposed) of symmetries of the type (1.2), which results in a particular
central extension of the lightcone symmetry algebra, so that {G, G̃} ≠ 0.

It is worth stressing that the study of the symmetries and of the S matrix in the
decompactification limit w → ∞ goes well beyond the study of the BMN limit of the
model [5]. For instance, in the decompactification limit, k and h may take any value, and
the energy of a single particle A†(p) takes the rather non-trivial form [19, 20]

H(p) =

√(
µ+ k

2πp
)2

+ 4h2 sin2
(
p

2

)
, (1.4)

where µ ∈ Z is a mass of sorts. Conversely, in the BMN limit one must take the string tension
T =

√
h2 + k2/(4π2) to be large, and the worldsheet momentum p to be small, washing

away much of the physics of the model.3

It is natural to ask whether the predictions of integrability, such as (1.4), may be derived
not from the worldsheet, but directly from the CFT dual, which of course was a big factor
in the success of the integrability program for N = 4 SYM. Historically, one of the first
attempts to study integrability in AdS3/CFT2 was motivated indeed by the study of the
symmetric-product orbifold theory [21, 22] (see also [23]), though at the time this was
believed to be directly related to the RR backgrounds emerging from the D1-D5 system.
In turn, these investigations spurred the study of integrability on the sigma-model side of
the duality, which was initiated for RR backgrounds in [24]. The question of integrability
in the deformed symmetric-product orbifold was recently revisited by [25], building on the
early work of [10, 11, 22]. There, working in first-order perturbation theory around the
symmetric product orbifold, i.e. at

k = 1, h≪ 1 , (1.5)

the authors establish the form of the central extension appearing in the lightcone symmetry
algebra. More specifically, through a computation in first-order conformal perturbation
theory, the authors determine the action of[

G, α̃−n1
w
α̃−n2

w

]
= hΨ̃(n1, n2, w) +O(h2) , in the perturbed theory, (1.6)

2It is not a coincidence that we use the same letter for the length of a w-cycle and the size of the worldsheet;
indeed, in the case that we discuss in this paper, the reference BPS state on the worldsheet is dual to a BPS
state in the w-twist sector of the symmetric-product orbifold.

3In particular, it is impossible to consider k = 1 and h ≪ 1 in the BMN limit, as T → ∞ requires either
k → ∞ or to expand in k/h around h = ∞.
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where Ψ̃(n1, n2, w) is a linear combination of one fermion and one boson oscillator from
the undeformed theory, with mode numbers n1 and n2, or n2 and n1. The coefficients
of the linear combination are explicit functions of (n1, n2, w), and they reproduce all the
characteristics that one expects from integrability, including vanishing for physical values
of n1, n2, having a well defined planar limit w → ∞. The authors then use the form of
these coefficients in the decompactification limit to infer the form of the central extension;
because the central extension is linear in h, they reproduce the algebra of [19], including
its non-trivial coproduct (which they can also extract from the two-particle representation).
They also compute an S matrix using that symmetry algebra, and compare their finding
with the BMN limit of the theory.

In this paper we make more precise the relation of the results of [25] with the existing
integrability literature. In particular, after reviewing the salient points of the integrability
construction, we argue what follows.

1. The correspondence between the modes of symmetric-product orbifold and of the string
should be established in the decompactification limit (at k = 1 and h≪ 1) rather than
in the BMN limit. The map is provided in eqs. (3.9) and (3.10). Indeed in the BMN
limit the tension T =

√
k2

4π2 + h2 goes to infinity with k/(2πh) fixed, which makes it
impossible to distinguish the k = 1 case from the pure-RR one.

2. As was argued in [26], if we allow the momentum p to take arbitrary real values (rather
than restricting to 0 ≤ p < 2π), at k = 1 we should only consider states with µ = 0
(and more generally, |µ| ≤ k − 1). However, again as argued in [26], one can consider
higher-|µ| states as bound states if one restricts the value of p.

3. The authors find the representation of the supercharges at linear order in their deforma-
tion parameter g, and use it to fix the central charge. Through a shortening condition,
this gives (1.2). However, this does not exclude that the function h(g) has a non-trivial
expansion of the type h = g+ c1g

3 + . . . , but it is just a consequence of the form of the
shortening condition and of the fact that the central extension appears at linear order
in h.

4. Because the authors determine the S matrix by a symmetry bootstrap like the one
of [19], it is sufficient to compare the representations derived at linear order of the
perturbation in [25] with the expansion of the worldsheet representations of [19] in the
case k = 1, h ≪ 1. By doing so, we find that [25] indeed reproduces a limit of the
construction of [19], and therefore that the two S matrices must be equivalent. We
also derive the relation between them, which is a little involved just because the two
representations have different co-products.4

All in all, this shows that the results of [25] fit perfectly within the existing integrability
construction [19], and therefore that direct computation in conformal perturbation theory
in the symmetric-product orbifold CFT should provide new insight into completing the

4More specifically, the construction of [19] is in the “string frame” and that of [25] in the “spin-chain frame”;
such small discrepancies are also well-known in N = 4 SYM [27].
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Algebra Generators Indices Interpretation
su(2)• J•

AB A,B = 1, 2 From the torus so(4) ∼= su(2)• ⊕ su(2)◦. We will
see below that it acts as an automorphism on
psu(1, 1|2)L and on psu(1, 1|2)R.

su(2)◦ J◦
ȦḂ Ȧ, Ḃ = 1̇, 2̇ From the torus so(4) ∼= su(2)• ⊕ su(2)◦. We will

see below that it commutes with psu(1, 1|2)L and
with psu(1, 1|2)R.

su(2)L Jαβ α, β = ± “Left” R-symmetry, su(2)L ⊂ psu(1, 1|2)L.
su(2)R J̃α̇β̇ α̇, β̇ = ±̇ “Right” R-symmetry, su(2)R ⊂ psu(1, 1|2)R.

Table 1. Summary of the notation for the four su(2) algebras appearing in AdS3 × S3 × T4 .

integrability program for this duality. We very much hope that this will allow the community
to reach the resounding successes obtained in the study of N = 4 SYM and AdS5 × S5

integrability.

2 A brief review of worldsheet integrability

2.1 Symmetries

The Killing spinors of the AdS3 × S3 × T4 close in two copies of the psu(1, 1|2) superalgebra.
When it will be necessary to distinguish the two copies, we will indicate with “left” and
“right”, and write

psu(1, 1|2)L ⊕ psu(1, 1|2)R . (2.1)

From the torus directions we also have four u(1) shift isometries as well as, locally, an so(4)
symmetry, which we decompose as

so(4)T4 ∼= su(2)• ⊕ su(2)◦ , (2.2)

with generators J•
AB and J◦

ȦḂ, where A,B and Ȧ, Ḃ may take values 1, 2 and 1̇, 2̇, respec-
tively. The anti-symmetric combination of the indices A,B in J•

AB decouples and is not part
of su(2)•, and similarly for Ȧ, Ḃ. Both set of generators satisfy the standard su(2) relations.

Let us now consider one of the two copies of psu(1, 1|2), let’s say psu(1, 1|2)L. Its bosonic
subalgebra is

sl(2,R)L ⊕ su(2)L
∼= su(1, 1)L ⊕ su(2)L ⊂ psu(1, 1|2)L . (2.3)

This has generators Ln with n = 0,±1 for sl(2,R)L, and Jαβ with α, β = ± for su(2)L.
Once again anti-symmetric combination of αβ in Jαβ decouples. From psu(1, 1|2)R we have
the bosonic subalgebras sl(2,R)R and su(2)R. We will denote the generators of the latter
as J̃α̇β̇, where the indices may take values ±̇. We summarise the notation for the four
su(2) algebras in table 1.

– 5 –
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Let us describe in more detail the (anti)commutation relations which we will need later.
For sl(2,R) we have

[Ln,Lm] = (n−m)Ln−m . (2.4)

In the dual CFT, L−1 is the generator of (chiral) translations, while L0 corresponds to
dilatations and L+1 to special conformal transformations. For su(2) we write, in the basis
J±± and J3 = 1

2(J+− + J−+),

[J3,J±±] = ±J±± , [J++,J−−] = 2J3 . (2.5)

In the dual CFT these represent the chiral part of the R-symmetry algebra.
The superalgebra psu(1, 1|2) has eight odd generators. Four of them have the inter-

pretation of supersymmetry generators in the dual CFT, and we indicate them with QαA,
where A = 1, 2 is the index of the fundamental (or “2”) representation of su(2)•; they have
positive scaling dimension. The remaining four, which we call SαA, have the interpretation of
superconformal generators, with negative scaling dimension. We have

[L0,QαA] = +1
2QαA , [L0,SαA] = −1

2SαA ,

[L+1,QαA] = +SαA, [L−1,SαA] = −QαA.
(2.6)

All odd generators carry a fundamental R-symmetry su(2) index, and obey the standard
relations

[J3,Q±A] = ±1
2Q±A , [J±±,Q∓A] = Q±A , (2.7)

and similarly for SαA. Note that these generators are also charged under su(2)• (due to the
index A). In fact, su(2)• is an outer automorphism of the psu(1, 1|2) algebra. This can be
seen from the anti-commutation relations. The non-vanishing ones are

{QαA,QβB} = εαβεAB 2L−1 , {SαA,SβB} = εαβεAB 2L+1 ,

{Q±,A,S±,B} = ±εAB 2J±± , {Q±,A,S∓,B} = ±ϵAB 2
(
L0 − J3

)
.

(2.8)

The second copy of psu(1, 1|2) is related to the anti-chiral excitations of the dual CFT.
It is given by the generators

L̃ṅ, J̃α̇β̇ , Q̃α̇A, S̃α̇A, with ṅ = 0,±1, α̇, β̇ = ±, A = 1, 2 . (2.9)

or more precisely ṅ = 0̇,±1̇, α̇, β̇ = ±̇ (we will often suppress the dots on the indices
to avoid cluttering the notation).

They satisfy identical commutation relations. Notice that this anti-chiral copy of
psu(1, 1|2) is charged under the same su(2)•. Notice also that both copies of psu(1, 1|2)
commute with su(2)◦. We stress that all chiral generators (anti)commute with the anti-
chiral ones,

[Ln, L̃ṅ] = [Ln, Q̃α̇A] = [Ln, S̃α̇A] = [Jαβ , J̃α̇β̇ ] = . . . = 0 ,
{QαA, Q̃α̇B} = {QαA, S̃α̇B} = {SαA, Q̃α̇B} = {SαA, S̃α̇B} = 0 .

(2.10)

Note finally that in the CFT literature the supersymmetry and superconformal generators
are often indicated as

GαA
− 1

2
= QαA , GαA

+ 1
2

= SαA , G̃α̇A
− 1

2
= Q̃α̇A , G̃α̇A

+ 1
2

= S̃α̇A . (2.11)

– 6 –
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2.2 Light-cone gauge fixing and residual symmetries

The left and right psu(1, 1|2) algebras have the BPS bounds

L0 − J3 ≥ 0 , L̃0 − J̃3 ≥ 0 . (2.12)

Highest-weight states which saturate one of these bounds correspond to left or right short
representations. In that case, the highest-weight state is annihilated by half of the lowering
operators. In the context of the integrability construction, it is particularly convenient to
consider a reference highest-weight state |0⟩w which is short with respect to both the left
and right algebras, so that

L0 |0⟩w = J3 |0⟩w = L̃0 |0⟩w = J̃3 |0⟩w = w

2 |0⟩w , w ∈ Z . (2.13)

This is half-BPS, meaning that it is annihilated by half of the supercharges of psu(1, 1|2)L ⊕
psu(1, 1|2)R, i.e. by eight real supercharges. The algebra preserved by this choice will play
an important role in the construction of the worldsheet S matrix.

Let us review how the choice (2.13) comes up in the light-cone gauge construction of the
string sigma model [28]. We introduce lightcone coordinates and conjugate momenta

x± = ϕ± t

2 , p± = pϕ ± pt , (2.14)

where t is time in AdS3 and ϕ is a great circle on S3. The gauge-fixing condition is then [19]

x+ = τ , p− = 2 , (2.15)

where τ is the worldsheet time and the constant 2 is chosen for a convenient normalisation.
As x+ becomes related to worldsheet time, the conjugate momentum p+ becomes related to
the Hamiltonian density of the gauge-fixed model. This allows us to identify the worldsheet
Hamiltonian as

H = (L0 − J3) + (L̃0 − J̃3) ≥ 0 . (2.16)

The combination of the Cartan generators related to the integral of p− also takes a special
meaning: since the density p− is constant, it becomes related to the classical circumference r
of the worldsheet. In particular, we have

2r =
r∫

0

dσ p− = L0 + J3 + L̃0 + J̃3 , (2.17)

so that we define

R = 1
2
(
L0 + J3 + L̃0 + J̃3

)
. (2.18)

Note that on our reference half-BPS state

R |0⟩w = w |0⟩w . (2.19)

– 7 –
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There are two more combinations of the Cartan charges which we may consider, and we
introduce the notation

M = (L0 − J3) − (L̃0 − J̃3) , B = (L0 + J3) − (L̃0 + J̃3) . (2.20)

Both of these charges, as well as the Hamiltonian, annihilate our reference state

H |0⟩w = M |0⟩w = B |0⟩w = 0 , (2.21)

which will become the vacuum of the gauge-fixed model. It is worth noting that M and
B must take quantised values on physical states, unlike H. In fact, while L0 + L̃0 is the
(real) energy, L0 − L̃0 is the (quantised) spin.

2.2.1 Worldsheet momentum and level matching

Another generator which plays an important role is the worldsheet momentum p, which
in the classical theory is the Noether charge of σ-translations on the worldsheet. In the
quantum theory, we want to impose the level-matching condition for physical states. For
the simplest gauge choice (2.14) we have

p |phys⟩ = 0 . (2.22)

This can be relaxed by allowing winding along the compact light-cone coordinate ϕ, ϕ(r) −
ϕ(0) = 2πn, with n ∈ Z and suitably modifying (2.14), see for instance the discussion in [14].
In this way we obtain the familiar condition

p |phys⟩ = 2πn |phys⟩ , n ∈ Z . (2.23)

Symmetries of the light-cone gauge vacuum. The sub-algebra of psu(1, 1|2)L⊕psu(1, 1|2)R

which annihilates the vacuum |0⟩w is given by

QA ≡ Q+A , SA ≡ εABS−B , Q̃A ≡ εABQ̃+̇B , S̃A ≡ S−̇A , H , M , B .

(2.24)
The supercharges form the algebra [su(1|1)⊕2/u(1)]⊕2

{QA,SB} = δA
B

(
L0 − J3) = 1

2δ
A
B

(
H + M

)
,

{Q̃A, S̃B} = δB
A

(
L̃0 − J̃3) = 1

2δ
B
A

(
H − M

)
,

(2.25)

on which B acts as an automorphism,

[B,QA] = +QA, [B,SA] = −SA,

[B, Q̃A] = −Q̃A, [B, S̃A] = +S̃A.
(2.26)

All the generators (2.24) also commute with the lightcone Hamiltonian H, and are thus
symmetries of the lightcone gauge-fixed model. The charge R plays a special role because,
while it commutes with the Hamiltonian, it does not annihilate the vacuum. This will be
important in what follows, when we will consider excitations over the vacuum of the form

– 8 –
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|Ψ⟩ = O†
Ψ |0⟩w, where O†

Ψ is some combination of suitably-defined creation operators. For
any charge that annihilates the vacuum, such as QA, we have

QA |Ψ⟩ =
[
QA, O†

Ψ

]
|0⟩w , (2.27)

so that we will fit O†
Ψ in a representation of the algebra generated by (2.24). The same

is not possible with R, so that we will not be able to assign a well-defined charge under
R to the excitations in O†

Ψ .

2.2.2 Central extension

Similarly to what happens in AdS5 × S5 [12, 27], the symmetry algebra acting on the gauge-
fixed model is not a subalgebra of psu(1, 1|2)L ⊕ psu(1, 1|2)R like (2.24): it is larger. In fact,
it is given by a twofold central extension of the above algebra, namely

{QA,SB} = 1
2δ

A
B

(
H + M

)
, {Q̃A, S̃B} = 1

2δ
B
A

(
H − M

)
,

{QA, Q̃B} = δA
B C , {SA, S̃B} = δB

A C† ,
(2.28)

where the last line is new. The action of B is unchanged from (2.26), and clearly the central
elements commute with B. The fact that now the left- and right-supercharges have non-trivial
anticommutation relations can appear strange from the point of view of the dual conformal
field theory, but it is important to stress that this central extension is non-trivial only on
non-physical states, meaning on states that do not satisfy the level matching condition (2.23).
As long as a state is physical,

C |phys⟩ = C†|phys⟩ = 0 , (2.29)

as well as

H |phys⟩ = H |phys⟩, M |phys⟩ = M |phys⟩ , with H ≥ 0 , M ∈ Z . (2.30)

This is very similar to what happens in AdS5 × S5 [12, 27]. It is interesting to note that
the first sign of the central extension (2.28) was found precisely by Gava and Narain in
the pp-wave limit of the AdS3 × S3 × T4 string model [11] — in fact, before this central
extension was noted in AdS5/CFT4.

2.2.3 Physical values for the central charges

The last ingredient in understanding the symmetry algebra (2.28) is to relate the value
of its central charges to physical quantities such as the coupling constants of the model
under consideration and the worldsheet momentum p. This was done in [19] following [20]
(see also [28]). We find

C = ih

2
(
eip − 1

)
e2iξ(p) , C† = h

2i
(
e−ip − 1

)
e−2iξ(p) , M = µ+ k

2πp , (2.31)

where h ≥ 0 semiclassically is the coefficient of the RR three-form flux in the classical string
action, k ∈ N is the coefficient of the WZ term, and µ is a free parameter which will distinguish
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L0 J3 L̃0 J̃3

QA +1
2 +1

2 0 0
SA −1

2 −1
2 0 0

Q̃A 0 0 +1
2 +1

2

S̃A 0 0 −1
2 −1

2

C +1
2 +1

2 +1
2 +1

2

C† −1
2 −1

2 −1
2 −1

2

Table 2. The u(1) charges of the generators of the light-cone symmetry algebra, including the central
charges C and C†.

different representations of the algebra. Notice that the expressions of C and C† guarantee
that (2.29) is satisfied once the level-matching constraint (2.23) is imposed. As for M,
imposing the physical condition (2.30) and the level-matching (2.23) yields that it must be

µ ∈ Z . (2.32)

The undetermined phase ξ(p) is a leftover ambiguity; semiclassically, it originates from
the lightcone gauge-fixed model [29]. More generally, it can be undone by rescaling the
supercharges through a u(1) automorphism of the original algebra psu(1, 1|2)⊕2. In the
integrability literature we often set

ξ(p) = 0 , (2.33)

though it is sometimes convenient to set

ξ(p) = −1
4p , (2.34)

which makes C and C† real.
It is worth remarking that while the form of the charges (2.31) was determined based

on semiclassical arguments, it appears unlikely that it may be modified when going towards
weak tension of the string. The only freedom is in the relation of the parameter h with the
string tension, which may be given by a complicated interpolating function like it is the case
for ABJM [30]. The parameters k and µ are quantised and cannot change continuously.

Finally it is important to notice that, while the new central elements C and C† are
uncharged under H,M and B, they are actually charged under R,

[R,C] = +C , [R,C†] = −C† . (2.35)

We collect the charges of the various elements of the light-cone symmetry algebra in table 2.
The interpretation is that C and C† are length-changing operators, which relate states built
out of vacua of different charges, such as |0⟩w and |0⟩w±1. This action is not immediately
visible on the vacuum itself, or on physical states, which are annihilated by these charges as
in (2.29). We will see this action in more detail in the next subsection.
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2.3 Representations in the decompactification limit for k = 1

2.3.1 The decompactification limit

The structure of the representations simplifies substantially in the limit where the size of
the worldsheet goes to infinity,

w → ∞ . (2.36)

This can be seen both mathematically and physically. Mathematically, the generator R
decouples, and we do not need account for the length-changing effects (the length is strictly
speaking infinite). Physically, the worldsheet theory is now defined on a line, rather than
on a circle, so that we can consider “well-separated excitations” and construct asymptotic
in and out states.5 For k sufficiently large, these excitations are the modes of the 8 + 8
transverse modes of the string (as well as bound states thereof). While for generic values
of k (in particular, k ̸= 1 and k ̸= 2) the existence of these excitations can be understood
order by order in a perturbative expansion around the BMN geodesic, we stress that we are
considering a fully interacting theory in large volume, without taking the near-BMN limit.
Let us consider the modes corresponding to some excitation on the half-BPS vacuum; for
instance, we could take bosonic excitations coming from T 4. Introducing Zamolodchikov-
Faddeev creation and annihilation operators (see e.g. [14]) for each of these modes A†

j(p),
where j = AȦ denotes the specific mode of T 4 we can create excitations over the vacuum
of definite momenta p1 > p2 > . . . > pk,

A†
j1

(p1) · · ·A†
jk

(pk) |0⟩∞ = |Xj1(p1) . . . Xjk
(pk)⟩∞ , (2.37)

where we ordered the momenta so that the velocities of the particles are v1 > · · · > vk, which
gives an in state, and the subscript indices distinguish the types of particle. This is an explicit
way to realise the state |Ψ⟩ discussed above, where we have written O†

Ψ = A†
j1

(p1) · · ·A†
jk

(pk).
This state is physical if it satisfies the level-matching condition,

k∑
j=1

pj = 2πn , n ∈ Z . (2.38)

Note that even if the k-particle state is physical, any given pair of momenta does not have
to satisfy the level-matching condition. It is believed that this model is integrable so that
the k-body S matrix factorises into a sequence of k(k + 1)/2 two-to-two elastic scattering
processes. Therefore, the two-to-two S-matrix will be constrained by the centrally extended
algebra (2.28), and it is crucial to understand the one- and two-particle representations
of that algebra.

2.4 Shortening condition on the representations

The one-particle irreducible representations should be uniquely determined by the eigenvalues
of the central charges H,M,C,C† and depend on the particle momentum p. Furthermore, we

5This argument becomes a little subtle in the case when these excitations do not have a mass gap, but we
will see that the construction is possible in this case too.
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Y (p)

η1(p) η2(p)

Z(p)

Q
1 ,̃S

1

S 1,
Q̃ 1

Q 2
, S̃ 2S

2 , Q̃
2

Q 2
, S̃ 2

S
2 , Q̃

2

Q
1 ,̃S

1S 1,
Q̃ 1

JAB
•

Z̄(p)

η̄1(p) η̄2(p)

Ȳ (p)

Q
1 ,̃S

1

S 1,
Q̃ 1

Q 2
, S̃ 2S

2 , Q̃
2

Q 2
, S̃ 2

S
2 , Q̃

2

Q
1 ,̃S

1S 1,
Q̃ 1

JAB
•

χȦ(p)

T 1Ȧ(p) T 2Ȧ(p)

χ̃Ȧ(p)

Q
1 ,̃S

1

S 1,
Q̃ 1

Q 2
, S̃ 2S

2 , Q̃
2

Q 2
, S̃ 2

S
2 , Q̃

2

Q
1 ,̃S

1S 1,
Q̃ 1

JAB
•

Figure 1. The short representations in which we can accommodate the 8+8 transverse modes of
the string. The top two diagrams represent modes related to AdS3 × S3, while the bottom diagram
represents modes related to T 4. Note that this picture is valid for k ̸= 1 and k ̸= 2. In particular for
k = 1 we should only consider the T 4 modes.

require that as long as the momentum is real it should be (C†)∗ = C and that H ≥ 0 (in fact,
with our convention we straightforwardly have C = C†). Both conditions follow from the
reality of the algebra (2.28). Finally, in the very special case when p = 0 mod 2π we should
recover (2.29) and (2.30). Aside from these very general considerations, the dimensions of
the representations which actually occurs in this particular models can be determined from a
perturbative analysis. It turns out that all 8 + 8 transverse excitations of the string transform
in (2 + 2)-dimensional representations (meaning: representations containing two bosons and
two fermions), for a total of four such irreducible representations. It is easy to see that
the typical representations of the algebra (2.28) are 16-dimensional. For a representation
to be 4-dimensional, it must obey a shortening condition which can be expressed in terms
of the central charge as follows [15]:

H2 = M2 + 4C C† . (2.39)

This, together with the form of the charges (2.31) and the consideration that we want H ≥ 0,
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H M B at k = 1?

ferm. χȦ(p)
√

k2

4π2 p2 + 4h2 sin2(p
2) k

2πp
k

2πp− 1 yes

T4 bos. T ȦA(p)
√

k2

4π2 p2 + 4h2 sin2(p
2) k

2πp
k

2πp yes

ferm. χ̃Ȧ(p)
√

k2

4π2 p2 + 4h2 sin2(p
2) k

2πp
k

2πp+ 1 yes

S3 bos. Y (p)
√

(1 + k
2πp)2 + 4h2 sin2(p

2) k
2πp+ 1 k

2πp− 1 no

ferm. ηA(p)
√

(1 + k
2πp)2 + 4h2 sin2(p

2) k
2πp+ 1 k

2πp no

AdS3 bos. Z(p)
√

(1 + k
2πp)2 + 4h2 sin2(p

2) k
2πp+ 1 k

2πp+ 1 no

AdS3 bos. Z̄(p)
√

(1 − k
2πp)2 + 4h2 sin2(p

2) k
2πp− 1 k

2πp− 1 no

ferm. η̄A(p)
√

(1 − k
2πp)2 + 4h2 sin2(p

2) k
2πp− 1 k

2πp no

S3 bos. Ȳ (p)
√

(1 − k
2πp)2 + 4h2 sin2(p

2) k
2πp− 1 k

2πp+ 1 no

(“left” Yµ(p)
√

(µ+ k
2πp)2 + 4h2 sin2(p

2) k
2πp+ µ k

2πp− 1 no

bound ηA
µ (p)

√
(µ+ k

2πp)2 + 4h2 sin2(p
2) k

2πp+ µ k
2πp no

states) Zµ(p)
√

(µ+ k
2πp)2 + 4h2 sin2(p

2) k
2πp+ µ k

2πp+ 1 no

(“right” Z̄µ(p)
√

(µ− k
2πp)2 + 4h2 sin2(p

2) k
2πp− µ k

2πp− 1 no

bound η̄A
µ (p)

√
(µ− k

2πp)2 + 4h2 sin2(p
2) k

2πp− µ k
2πp no

states) Ȳµ(p)
√

(µ− k
2πp)2 + 4h2 sin2(p

2) k
2πp− µ k

2πp+ 1 no

Table 3. The physical excitations of the string and their central charges. Each big row is a represen-
tation, with the exception of the first big row which describes together both torus representations (for
Ȧ = 1, 2). Note that we can only determine the three charges H, M, B because the fourth charge
R has been decoupled. The details of the allowed representations depend on the value of k. In the
pure-RR case, that is at k = 0, there are eight plus eight “fundamental particles” (the transverse
modes of the superstring), divided in four representations corresponding to the first three big rows,
as well as infinitely many bound-state representations labeled by µ = 2, 3, . . . . For the backgrounds
involving NSNS flux, that is k > 0, we should not consider all values of µ if we allow the momentum
to take any real value. There are two massless representations corresponding to the torus, plus (k− 1)
massive representations [26]. Hence, for k = 1 there are no massive representations at all, and for
k = 2 the second and third become one and the same representation.

is sufficient to determine the dispersion relation of the model [19, 20],

H(p) =

√(
µ+ k

2πp
)2

+ 4h2 sin2
(
p

2

)
. (2.40)

Recall that µ ∈ Z is quantised and it identifies different representations. A perturbative
computation is therefore sufficient to determine the allowed values of µ. It turns out that, for
generic values of k, the transverse excitations of the string arrange themselves into:
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1. Two irreducible representations with µ = 0 corresponding to the four bosons on the
torus and to the remaining four fermions. These two representations form a doublet
under su(2)◦ (under which the torus fields are charged, see table 1);

2. One irreducible representation with µ = +1, corresponding to one boson from AdS3,
one boson from the sphere, and two fermions;

3. One irreducible representation with µ = −1, corresponding to the other boson from
AdS3, the other boson from the sphere, and two more fermions;

4. Bound-state representations with µ = 2, 3, . . . or µ = −2,−3, . . . ; however, while for
k = 0 there are infinitely-many such bound states (like in AdS5 × S5 [31]), in this case
the maximum allowed value of µ is k − 1 [26] if the momentum p is allowed to take any
real value; we will see that this is the natural choice when we want to compare with
the symmetric-product orbifold i.e. at k = 1, and comment more on the interpretation
of the µ ̸= 0 representations then.

A summary of these four irreducible representations is presented in table 3. The supercharges
act on the representations as illustrated by the diagrams in figure 1.

2.5 One-particle representations for k = 1

Let us now specialise to the k = 1 case. Here we only need the two irreducible representations
corresponding to µ = 0, which we can treat in one go thanks to the indices Ȧ = 1, 2. We
have [19]

[
QA, χȦ(p)

]
= a(p)TAȦ(p) ,

[
QA, TBȦ(p)

]
= εABa(p) χ̃Ȧ(p) ,[

S̃A, χȦ(p)
]

= b̄(p)TAȦ(p) ,
[
S̃A, TBȦ(p)

]
= εAB b̄(p) χ̃Ȧ(p) ,[

SA, TBȦ(p)
]

= εAB ā(p)χȦ(p) ,
[
SA, χ̃Ȧ(p)

]
= ā(p)TAȦ(p) ,[

Q̃A, TBȦ(p)
]

= εABb(p)χȦ(p) ,
[
Q̃A, χ̃Ȧ(p)

]
= b(p)TAȦ(p) .

(2.41)

This somehow redundant structure is a sign that the representation can be factorised as a tensor
product [32], much like in AdS5 ×S5; this is convenient for various explicit computations, but
not important for us here. It follows from this algebra that the central charges have eigenvalues

C(p) = a(p)b(p) , C†(p) = ā(p)b̄(p) , (2.42)

while
H(p) = a(p)ā(p) + b(p)b̄(p), M(p) = a(p)ā(p) − b(p)b̄(p). (2.43)

We follow the conventions of [19] and set

a(p) = e+ i
4 p

√
ih

2 (x−p − x+
p )e+iξ(p) , b(p) = −e

− i
4 p

x−p

√
ih

2 (x−p − x+
p )e+iξ(p) ,

ā(p) = e−
i
4 p

√
ih

2 (x−p − x+
p )e−iξ(p) , b̄(p) = −e

+ i
4 p

x+
p

√
ih

2 (x−p − x+
p )e−iξ(p) ,

(2.44)
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which are written in terms of Zhukovsky variables, whose expression at k = 1 and µ = 0 is

x±p =
1

2πp+
√

1
4π2 p2 + 4h2 sin2(p/2)
2h sin2(p/2)

e±
i
2 p . (2.45)

They satisfy the identities

x+
p

x−p
= eip, x+

p + 1
x+

p
− x−p − 1

x−p
= 2i
h
M(p), x+

p − 1
x+

p
− x−p + 1

x−p
= 2i
h
H(p), (2.46)

from which it follows that the central charges have the form which we want.

2.6 Two-particle representation and “string-frame” co-product

Above we have defined the one-particle representation. A naïve way to extend this to a
multi-particle representation would be the Leibnitz rule. For instance, for the central charge C,

[C, χA1(p1) . . . χAn(pn)] =
(

n∑
i=1

C(pi)
)
χA1(p1) . . . χAn(pn), (trivial coproduct). (2.47)

However, this is incompatible with the dependence of the central charges on the momen-
tum (2.31). In particular we can check that

C(p1 + p2) ̸= C(p1) + C(p2) , (2.48)

in general. In fact, these considerations hold regardless of the value of the function ξ(p).
We therefore need to introduce a non-trivial co-product. This can be done by keeping

track of ξ-dependence of multi-particle representations [27] or by constructing an ad-hoc
coproduct [19]. We obtain

QA(p1, p2) = QA(p1) ⊗ 1 e+iξ(p2) + e+ i
2 p1+iξ(p1) Σ ⊗QA(p2) ,

Q̃A(p1, p2) = Q̃A(p1) ⊗ 1 e+iξ(p2) + e+ i
2 p1+iξ(p1) Σ ⊗ Q̃A(p2) ,

SA(p1, p2) = SA(p1) ⊗ 1 e−iξ(p2) + e−
i
2 p1−iξ(p1) Σ ⊗ SA(p2) ,

S̃A(p1, p2) = S̃A(p1) ⊗ 1 e−iξ(p2) + e−
i
2 p1−iξ(p1) Σ ⊗ S̃A(p2) ,

(2.49)

where Σ = (−1)F is the fermion-sign matrix, which we made explicit as we are dealing with
supercharges, and the one-particle representation is that discussed in the previous section.
For the central charges, this gives

C(p1, p2) = C(p1) + eip1C(p2) = C(p1 + p2) , (2.50)

and similarly for C†, while the co-product of H and M remains unchanged

H(p1, p2) = H(p1) +H(p2) , M(p1, p2) = M(p1) +M(p2) . (2.51)

This way of defining the co-product is natural in string theory, and is especially convenient
when considering the mirror model. We will see however that there is another co-product
prescription, which is sometimes called “the spin-chain frame”.
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2
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6

0

L0 − J3

p

2π
−4 −3 −2 −1 1 2 3 4

2

4

6

0

L̃0 − J̃3

p

2π

Figure 2. We plot the left and right part of the energy, given by 1
2 (H ± M), for two excitations in

the µ = 0 representation. The solid cyan line corresponds to k = 1 and h = 2; the dashed blue line
corresponds to k = 1 and h = 0.2. We see that for any h ≥ 0, the left part of the Hamiltonian vanishes
at p = −2π,−4π, . . . , and the right part vanishes for p = 0, 2π, . . . (that is, for physical states). When
h→ 0, each plot degenerates into a piecewise-linear function of the form ± 1

2πpΘ(±p), where Θ(p) is
the Heaviside function.

2.7 Two-particle S matrix

Having fixed the two-particle representation, we can impose that the two-particle S-matrix
S(p1, p2) commutes with all the linear constraints

QA(p2, p1)S(p1, p2) = S(p1, p2)QA(p1, p2) ,
Q̃A(p2, p1)S(p1, p2) = S(p1, p2) Q̃A(p1, p2) ,
SA(p2, p1)S(p1, p2) = S(p1, p2)SA(p1, p2) ,
S̃A(p2, p1)S(p1, p2) = S(p1, p2) S̃A(p1, p2) ,

(2.52)

where we can represent S(p1, p2) explictly as a matrix. It is known that, for each choice of
irreducible representations, this determines S(p1, p2) uniquely up to an overall normalisation,
the so-called dressing factor [19]. Moreover, the resulting S-matrix automatically satisfies
the Yang-Baxter equation. The explicit form of S(p1, p2) may be found in [19].

3 The symmetric-product orbifold limit

In the previous section we recapped the results of [19], valid for any k, h, and specialised
them to the case of k = 1 and h arbitrary. Now we want to further specialise them to the
case where h ≪ 1, i.e. around the symmetric-product CFT of T 4.

3.1 Free symmetric orbifold dispersion at h = 0

We expect that the unperturbed symmetric-product CFT of T 4 should arise from the h→ 0
limit of the formulae of the above section. Indeed, this is the setup where the background
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is supported only by the Kalb-Ramond B-field and by the H = dB flux. In this case we
have that the shortening condition (2.39) becomes

H2 = M2 , that is
(
L0 − J3)(L̃0 − J̃3) = 0 . (3.1)

In other words, the excitations may be charged under the chiral part of the lightcone
Hamiltonian, or under the anti-chiral part, but not under both. More explicitly we have,
for any k

H =
∣∣∣∣µ+ k

2πp
∣∣∣∣ , M = µ+ k

2πp , |µ| ≤ k − 1 , (3.2)

which for the special case of k = 1 is simply

H = 1
2π |p| , M = 1

2πp , (3.3)

which means that

L0 − J3 = p

2π Θ(p) , L̃0 − J̃3 = − p

2π Θ(−p) , (3.4)

where Θ is the Heaviside step function, see also figure 2.
At generic k, this chiral structure matches perfectly with the worldsheet description

of the sl(2) ⊕ su(2) Wess-Zumino-Witten model [33]. In the specific case of k = 1, it also
matches with the description of the states in the symmetric-product orbifold of T4. Indeed
the symmetric-product orbifold CFT is naturally split into chiral and anti-chiral excitations.
This was an early argument to propose that the symmetric-orbifold of T4 should be dual
to a pure-NSNS worldsheet model [34], and more specifically to the model at k = 1, as it
was subsequently established by CFT techniques [2].

These excitations can be easily matched with those appearing in the symmetric-product
orbifold of T 4, SymN (T 4), in the N → ∞ limit (corresponding to the free string theory). We
identify the psu(1, 1|2)⊕2 with the globally defined generators of N = (4, 4) superconformal
symmetry. In particular L0 is the chiral scaling generator, and J3 is the chiral Cartan
generator of R-symmetry. Consider a sector where w copies of the symmetric product orbifold
form a w-cycle, and the remaining N − w copies are trivial 1-cycles. Such a state can be
created by acting on the CFT vacuum with a w-twist field σw. Due to the presence of the
twist field, the “ground state” of this twisted sector is not BPS: its energy under L0 + L̃0
depends on w, and it is greater than zero;6 its sl(2) spin L0 − L̃0 is zero, and so are its
R-symmetry charges. In the vicinity of the twist field σw, the fundamental modes of the
bosons and fermion fields are fractionally-moded, and they take the form

αAȦ
− n

w
, α̃AȦ

− n
w
, ΨαȦ

− 1
2−

n
w
, Ψ̃α̇Ȧ

− 1
2−

n
w
. (3.5)

Because some of the fermion modes have negative lightcone energy L0 − J3, it is possible to
construct several BPS states from the twisted vacuum [4] by filling a Fermi sea with ΨαȦ

− 1
2−

n
w

’s

and Ψ̃α̇Ȧ
− 1

2−
n
w

’s (with their n ≥ 0). In particular, there is one (and only one) state |0⟩w with

L0|0⟩w = L̃0|0⟩w = J3|0⟩w = J̃3|0⟩w = w

2 |0⟩w , (3.6)

6Specifically, for w odd it is (w − 1/w)/4 and for w even it is w/4; this slight difference is due to the
contribution of the fermion zero-modes.
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and without any charge under su(2)◦. Up to a normalisation, this is schematically7

|0⟩w = εȦḂΨ+Ȧ
− 1

2
Ψ̃+Ḃ

− 1
2

⌊w
2 ⌋∏

n=1

(
Ψ+1̇

− 1
2 + n

w

Ψ+2̇
− 1

2 + n
w

Ψ̃+1̇
− 1

2 + n
w

Ψ̃+2̇
− 1

2 + n
w

)
σw|0⟩ , (3.7)

where |0⟩ is the CFT vacuum. Since this state is BPS, it is annihilated by the supercharges
QA, Q̃A, SA, S̃A introduced in the previous section. As a result, all the excitations on |0⟩w

must transform in a representation of the symmetry algebra generated by QA, Q̃A, SA and
S̃A. It is clear that the excitations which do not annihilate the vacuum are those in (3.5) with
n > 0 (or n = 0 in the case of the fermion zero-modes). Furthermore, we immediately see that

[L0 − J3, αAȦ
− n

w
] = n

w
αAȦ
− n

w
, [L̃0 − J̃3, α̃AȦ

− n
w

] = n

w
α̃AȦ
− n

w
,

[L0 − J3,Ψ+Ȧ
− 1

2−
n
w

] = n

w
Ψ+Ȧ

− 1
2−

n
w

, [L̃0 − J̃3, Ψ̃+Ȧ
− 1

2−
n
w

] = n

w
Ψ̃+Ȧ

− 1
2−

n
w

,

[L0 − J3,Ψ−Ȧ
+ 1

2−
n
w

] = n

w
Ψ−Ȧ

+ 1
2−

n
w

, [L̃0 − J̃3, Ψ̃−Ȧ
+ 1

2−
n
w

] = n

w
Ψ̃−Ȧ

+ 1
2−

n
w

,

(3.8)

while the chiral generators annihilate the anti-chiral excitations, and viceversa. The remaining
charges can be easily found, and they are collected in table 4.

Comparing table 4 with the values in table 3 at h = 0 immediately suggests the
identifications8

αAȦ
− n

w
= TAȦ(p) , Ψ+Ȧ

− 1
2−

n
w

= χ̃Ȧ(p), Ψ−Ȧ
+ 1

2−
n
w

= χȦ(p), p = 2πn
w

≥ 0, (3.9)

as well as

α̃AȦ
− n

w
= TAȦ(p) , Ψ̃+Ȧ

− 1
2−

n
w

= χȦ(p), Ψ̃−Ȧ
+ 1

2−
n
w

= χ̃Ȧ(p), p = −2πn
w

≤ 0. (3.10)

One should be slightly careful in keeping track of fermion zero-modes, as explained in [35].
Finally, note that with this identification the level-matching condition (2.23) turns into
the orbifold-invariance condition, i.e. that the sum of the chiral and anti-chiral fractionary
modes should be integer.

Having discussed the representations at any h in (2.44), it is easy to take the h → 0
limit and find

a(p) = e+ i
4 p+iξ(p)

√
p

2πΘ(+p) , b(p) = s e+ i
4 p+iξ(p)

√
−p
2π Θ(−p) ,

ā(p) = e−
i
4 p−iξ(p)

√
p

2πΘ(+p) , b̄(p) = s e−
i
4 p−iξ(p)

√
−p
2π Θ(−p) ,

(3.11)

where s = −sign[sin(p/2)] can be reabsorbed for instance by redefining the fermions e.g.
χ(p) → sχ(p) and χ̃(p) → sχ̃(p). In any case, it is clear that in this limit the representation
is split into two parts,

p > 0 which we call “chiral”, p < 0 which we call “antichiral”, (3.12)

for µ = 0 modes.
7Strictly speaking, this expression is valid for w odd; for w even one has to be mindful of the existence

of a Clifford module worth of states, so that the twist field can be written as σαα̇
2m; in this formula, we are

implicitly choosing σ−−
2m as a reference state and acting to get the desired R-charge [4].

8One should not confuse the tilde on χ̃ with the one arising from chiral/antichiral fields in the CFT, except
when studying the zero-modes of the fermions.
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Mode L0 L̃0 −J3 −J̃3 su(2)• su(2)◦ H M B State

Ψ−Ȧ

+ 1
2−

n
w

−1
2 + n

w 0 +1
2 0 1 2 n

w
n
w

n
w − 1 χȦ(p)

αAȦ
− n

w
0 + n

w 0 0 0 2 2 n
w

n
w + n

w TAȦ(p)

Ψ+Ȧ

−1
2−

n
w

+1
2 + n

w 0 −1
2 0 1 2 n

w
n
w

n
w + 1 χ̃Ȧ(p)

Ψ̃+Ȧ

−1
2−

n
w

0 +1
2 + n

w 0 −1
2 1 2 n

w − n
w − n

w − 1 χȦ(−p)

α̃AȦ
− n

w
0 0 + n

w 0 0 2 2 n
w − n

w − n
w TAȦ(−p)

Ψ̃−Ȧ

+ 1
2−

n
w

0 −1
2 + n

w 0 +1
2 1 2 n

w − n
w − n

w + 1 χ̃Ȧ(−p)

QA +1
2 0 −1

2 0 2 1 0 0 +1

SA −1
2 0 +1

2 0 2 1 0 0 −1

Q̃A 0 +1
2 0 −1

2 2 1 0 0 −1

S̃A 0 −1
2 0 +1

2 2 1 0 0 +1

Table 4. Cartan charges of the excitations over the BPS vacuum of the SymNT
4 theory and their

corresponding state in terms of the representations of figure 1, with the identification p = 2πn/w in
the convention p > 0. We also list the Cartan charges of the supercharges which annihilate |0⟩w; they
cannot be interpreted in terms of single excitations with µ = 0, as we will discuss below.

3.2 On the representations with µ ̸= 0

We have discussed in and around table 3 that, for k = 1, we may restrict to representations
with µ = 0 as long as we consider excitations with arbitrary momentum p ∈ R. Let us see
why this is the case. First, we note that even when h > 0, in the w = ∞ theory, the particle
content of the theory as well as the form of the S matrix is determined by representation
theory in terms of the allowed “asymptotic states”, which in turn are build out of asymptotic
particle excitations of definite momentum p. Short irreducible representations with the
same values of the central charges are isomorphic and yield indistinguishable particles. Note
that the eigenvalues of the central charges H, M, B, which determine the representation
coefficients, are unchanged under the simultaneous shift

µ→ µ± k , p→ p∓ 2π . (3.13)

This means that for k = 1 all representations can be obtained by taking only µ = 0 represen-
tations and allowing (the real part of) p to take any value. This was also discussed in [26].

This, and a principle of economy, makes us conjecture that the µ = 0 representations
give the whole spectrum of the theory.9 Of course in principle it could be that isomorphic
representations should be counted multiple times — for instance, that the spectrum of

9Note that from the point of view of counting representations up to isomorphisms, this is equivalent to
allowing µ to take integer values, but restricting p to a fundamental region of size 2π.
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Mode L0 L̃0 −J3 −J̃3 su(2)• H M B State

J−−
− n

w
0 + n

w 0 +1 0 1 1 + n
w 1 + n

w
n
w − 1 Y (p)

Q−A

− 1
2−

n
w

1
2 + n

w 0 +1
2 0 2 1 + n

w 1 + n
w

n
w ηA(p)

L(low)
−1− n

w
1 + n

w 0 0 0 1 1 + n
w 1 + n

w
n
w + 1 Z(p)

L̃(high)
−1− n

w
0 1 + n

w 0 0 1 1 + n
w −1 − n

w − n
w − 1 Z̄(−p)

Q̃−A

− 1
2−

n
w

0 1
2 + n

w 0 +1
2 2 1 + n

w −1 − n
w − n

w η̄A(−p)

J̃−−
− n

w
0 0 + n

w 0 +1 1 1 + n
w −1 − n

w − n
w + 1 Ȳ (−p)

L(high)
+1− n

w
−1 + n

w 0 0 0 1 −1 + n
w −1 + n

w
n
w − 1 Z̄(p)

Q+A

+ 1
2−

n
w

−1
2 + n

w 0 −1
2 0 2 −1 + n

w −1 + n
w

n
w η̄A(p)

J++
− n

w
0 + n

w 0 −1 0 1 −1 + n
w −1 + n

w
n
w + 1 Ȳ (p)

J̃++
− n

w
0 + n

w 0 −1 1 −1 + n
w 1 − n

w − n
w − 1 Y (−p)

Q̃+A

+ 1
2−

n
w

0 −1
2 + n

w 0 −1
2 2 −1 + n

w 1 − n
w − n

w ηA(−p)

L̃(low)
+1− n

w
0 −1 + n

w 0 0 1 −1 + n
w 1 − n

w − n
w + 1 Z(−p)

Table 5. Cartan charges of modes of the currents. The charge under B can be used to identify
the “slope” of the momentum, i.e. if the excitations should be identified with particles with group
velocity ∂

∂pH(p) = + 1
2π (chiral) or ∂

∂pH(p) = − 1
2π (antichiral). In terms of the momentum, chiral

particles have p > −2πµ, generalising (3.12). The first block of three excitations corresponds to chiral
excitations with µ = +1, while the second block corresponds to antichiral particles with µ = −1. The
generator L(low)

−n/w is actually a linear combination of L and J3 such that [QA,L(low)
−n/w] = 0. Similarly,

L(high)
−n/w is given by the orthogonal combination, so that [SA,L(low)

−n/w] = 0. The first two blocks contain
the lowering operators of psu(1, 1|2)L ⊕ psu(1, 1|2)R (cf. table 4) which arise at n = p = 0. The
remaining two blocks, which we include for completeness, contain the other two “slopes” of the
dispersion relation: antichiral excitations with µ = +1 and chiral ones with µ = −1; they only exist
for n > 2w (correspondingly, for µp < −2π).

asymptotic states includes particles of any real p with several values of µ, which due to (3.13)
results in degeneracies. To rule this out we note that the partition function of the undeformed
orbifold theory is obtained from the µ = 0 excitations alone, and that the partition function
of the deformed theory is to be regular for small h (if a bunch of new states appeared at
O(h), one could not do conformal perturbation theory).

To clarify this let us identify the µ = ±1 representations in terms symmetric-product
orbifold fields. We expect those modes to be related to the generators of psu(1, 1|2)L ⊕
psu(1, 1|2)R [10, 11]. Indeed, the fractionary modes of the currents fit precisely in the
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“diamond” structure of the modules of figure 1 with the desired charges of H,M,B.10 It is
worth noting that the charge under R is not the same as for the representations tables 2
and 5, but of course the charge R decouples in the decompactification limit w → ∞. It is
then clear that µ = ±1 modes and µ = 0 modes are not independent. For instance11

J++
− n

w
=
∑

ℓ

εȦḂΨ+Ȧ

− 1
2−

n−ℓ
w

Ψ+Ḃ

+ 1
2−

ℓ
w

, (3.14)

which indicates how the µ = ±1 excitations are bilinear combinations of fundamental modes.
Once again, counting all modes with µ = 0 as well as all |µ| = 1 modes would be overcounting;
the same goes with representations with µ = ±2,±3, . . . which should be identified with
multilinear combinations of the fundamental fields. We rather should restrict to µ = 0 and
consider any value of the real part of the momentum.

Finally we note that in (3.14), i.e. at h = 0, the currents should not be considered as
bound states. While there is a similarity with the bound states of the pure-RR model (see
e.g. [36]) in that the R-charges add up as expected, at h = 0 the dispersion relation is linear
and there is no binding energy. Hence, we should consider these as composite states, rather
than bound states, at h = 0. We will return later to the issue of bound states for h > 0.

3.3 Small-h perturbation and length-changing effects

In a similar way, we can find the prediction from integrability at the next subleading order in
h, which amounts to turning on a bit of RR flux. In terms of the symmetric-product orbifold,
this is related to deforming the theory with a marginal operator from the w = 2 sector of the
theory. Namely, up to a normalisation the deforming operator corresponds to the state

|O⟩ = εαβεα̇β̇εABQαAQ̃α̇Bσββ̇
2 |0⟩ , (3.15)

where the indices on σ2 indicate the states in the Clifford module of the twist-2 sector.
In conformal perturbation theory, one can then find the corrections to various observables
by repeated insertions of O. The resulting correlation functions should obey a number of
selection rules due to orbifold invariance (ie. due to the fact that they must be single-valued).
For instance, a three point function involving an operator on a w-cycle and O must necessarily
involve an operator on a (w ± 1) cycle in order to be non-vanishing.

We can describe the expected outcome of such a computation from our finite-h representa-
tions. As we can see already from the finite-h dispersion, as well as pictorially from figure 2, we
expect that at this order chiral excitation will not be annihilated by the anti-chiral generators,
and vice-versa. For instance, let us consider a chiral excitation, for instance TAȦ(p) with
p = 2πn/w > 0, which by our map (3.2) must correspond to αAȦ

−n/w. Indicating its charges by

(L0,−J3; L̃0,−J̃3) , (3.16)

we have seen that we have, at h > 0

TAȦ(p)|0⟩w ∼ αAȦ
− n

w
|0⟩w ∼

(
δH + 1

2πp+ w

2 ,−w2 ;
δH − 1

2πp+ w

2 ,−w2

)
, (3.17)

10A.S. would like to thank Olof Ohlsson Sax for many discussions on this point, leading to the construction
of table 5 in spring 2015 at the GGI in Florence.

11This relation is valid at h = 0 and gets corrected order by order in h.
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where δH is the anomalous dimension due to the RR deformation. In particular

δH =
√

1
4π2 p

2 + 4h2 sin2
(
p

2

)
− 1

2πp = O(h2) . (3.18)

Suppose that we now act with a chiral charge, such as QBεAB . Then, it is clear that we get
the fermion excitation with the same H and M (equivalently, same L0 − J3 and L̃0 − J̃3),
but with shifted L0 and J3 charges (both increased):

Ψ+Ȧ(p)|0⟩w ∼ Ψ+Ȧ
− 1

2−
n
w

|0⟩w ∼
(
δH + 1

2πp+ w + 1
2 ,−w + 1

2 ;
δH − 1

2πp+ w

2 ,−w2

)
. (3.19)

Suppose now that we act with the antichiral charge S̃+BεAB . According to figure 1 we expect
this action to give the same state Ψ+Ȧ(p) in the decompactification (w → ∞) limit. However,
the superconformal charge S̃+BεAB should decrease both L̃0 and J̃3, and give(

δH + 1
2πp+ w

2 ,−w2 ;
δH − 1

2πp+ w − 1
2 ,−w − 1

2

)
. (3.20)

The correct way to interpret this is in terms of a length-changing effect. This intuition is
behind the famous dynamical spin-chain of Beisert [12] and it is also the way that integrability
was first understood in the context of AdS3/CFT2 [15]. Namely we have the state

Ψ+Ȧ(p)|0⟩w−1 ∼ Ψ+Ȧ
− 1

2−
n

w−1
|0⟩w−1

∼
(
δH + 1

2πp+ (w − 1) + 1
2 ,−(w − 1) + 1

2 ;
δH − 1

2πp+ w − 1
2 ,−w − 1

2

)
.

(3.21)

If we had considered instead the action of Q̃A, which is related to SA, we would have found
instead w → w + 1. In a similar way, we find that the action of the chiral generators on
anti-chiral states must also change the length w → w±1. All these expressions are apparently
problematic, because our modes are originally quantised in 1/w rather than in 1/(w ± 1);
however, this is just a sign that this action is strictly speaking only well defined in the
w → ∞ limit, as is well known [27].

Of course we know that this action is zero at order h0: at that order, only the chiral-on-
chiral and antichiral-on-antichiral actions are non-vanishing. In fact, an explicit expansion
of the representation coefficients (2.44)

a(p) = a0(p) + h δa(p) +O(h2) , ā(p) = ā0(p) + h δā(p) +O(h2) ,
b(p) = b0(p) + h δb(p) +O(h2) , b̄(p) = b̄0(p) + h δb̄(p) +O(h2) ,

(3.22)

shows that the chiral-on-antichiral and antichiral-on-chiral actions are of order O(h). More
specifically we have at order h for the antichiral-on-chiral

Q̃AαBȦ
− n

w
|0⟩w = h εABδb(p) Ψ−Ȧ

+ 1
2−

n
w+1

|0⟩w+1,

Q̃AΨ+Ȧ
− 1

2−
n
w

|0⟩w = h δb(p)αAȦ
− n

w+1
|0⟩w+1,

S̃AαBȦ
− n

w
|0⟩w = h εABδb̄(p) Ψ+Ȧ

− 1
2−

n
w−1

|0⟩w−1,

S̃AΨ−Ȧ
+ 1

2−
n
w

|0⟩w = h δb̄(p)αAȦ
− n

w−1
|0⟩w−1,

(3.23)
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and for the chiral-on-antichiral

QAα̃BȦ
− n

w
|0⟩w = h εABδa(p) Ψ̃−

+ 1
2−

n
w+1

|0⟩w+1,

QAΨ̃+
− 1

2−
n
w

|0⟩w = h δa(p) α̃AȦ
− n

w+1
|0⟩w+1,

SAα̃BȦ
− n

w
|0⟩w = h εABδā(p) Ψ̃+

− 1
2−

n
w−1

|0⟩w−1,

SAΨ̃+
− 1

2−
n
w

|0⟩w = h δā(p) α̃AȦ
− n

w−1
|0⟩w−1.

(3.24)

The explicit form of the first-order representation coefficients can also be found from Taylor-
expanding those of [19]. We find

a(p) =


+e+ i

4 p+iξ(p)
√

p
2π +O(h2) if p > 0 ,

s e+ i
4 p+iξ(p) sin(p

2)√
− p

2π

h+O(h3) if p < 0 ,

ā(p) =


+e−

i
4 p−iξ(p)

√
p

2π +O(h2) if p > 0 ,

s e−
i
4 p−iξ(p) sin(p

2)√
− p

2π

h+O(h3) if p < 0 ,

(3.25)

while for the remaining coefficients the role of negative and positive momenta swaps,

b(p) =


−e+ i

4 p+iξ(p) sin(p
2)√
p

2π

h+O(h3) if p > 0 ,

s e+ i
4 p+iξ(p)

√
− p

2π +O(h2) if p < 0 ,

b̄(p) =


−e−

i
4 p−iξ(p) sin(p

2)√
p

2π

h+O(h3) if p > 0 ,

s e−
i
4 p−iξ(p)

√
− p

2π +O(h2) if p < 0 ,

(3.26)

In the language of [16] (see in particular section 5 there), the positive-momentum (chiral)
representations behave like “left” representations, and the negative-momentum (antichiral)
ones behave like “right” representations.

3.4 The “spin-chain frame” from the length-changing effects

If we take the view that the length-changing effects only occur for antichiral-on-chiral or
chiral-on-antichiral actions, it is natural to ask the coproduct to be trivial for the chiral-
on-chiral or antichiral-on-antichiral action. This is the spin-chain frame coproduct, which
we define separately for the two representations. In this context, the braiding factors in
the coproduct have the natural interpretation of Z±-markers [12], see also section 5 of [16],
which have a Zamolodchikov-Faddev algebra of sorts,

Z±X (p) = e∓ipX (p)Z± , (3.27)
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where X (p) is any excitation. Hence, in this frame it is also natural to set

ξ(p) = 0 . (3.28)

Chiral representation (p > 0). In this case we want the chiral supercharge to have a
trivial coproduct, and the antichiral ones to have a nontrivial braiding. Hence we set:

QA(p1, p2) = QA(p1) ⊗ 1 + Σ ⊗QA(p2) ,
Q̃A(p1, p2) = Q̃A(p1) ⊗ 1 e+ip2 + Σ ⊗ Q̃A(p2) ,
SA(p1, p2) = SA(p1) ⊗ 1 + Σ ⊗ SA(p2) ,
S̃A(p1, p2) = S̃A(p1) ⊗ 1 e−ip2 + Σ ⊗ S̃A(p2) .

(3.29)

Antichiral representation (p < 0). In a similar (or rather opposite) way, we set:

QA(p1, p2) = QA(p1) ⊗ 1 e+ip2 + Σ ⊗QA(p2) ,
Q̃A(p1, p2) = Q̃A(p1) ⊗ 1 + Σ ⊗ Q̃A(p2) ,
SA(p1, p2) = SA(p1) ⊗ 1 e−ip2 + Σ ⊗ SA(p2) ,
S̃A(p1, p2) = S̃A(p1) ⊗ 1 + Σ ⊗ S̃A(p2) ,

(3.30)

String-frame coproduct. For the reader’s convenience we repeat here the string frame
coproduct (2.49) in the simpler case ξ(p) = 0. Note how it is sort of a “symmetrised” version
of the spin-chain frame one.12

QA(p1, p2) = QA(p1) ⊗ 1 + e+ i
2 p1 Σ ⊗QA(p2) ,

Q̃A(p1, p2) = Q̃A(p1) ⊗ 1 + e+ i
2 p1 Σ ⊗ Q̃A(p2) ,

SA(p1, p2) = SA(p1) ⊗ 1 + e−
i
2 p1 Σ ⊗ SA(p2) ,

S̃A(p1, p2) = S̃A(p1) ⊗ 1 + e−
i
2 p1 Σ ⊗ S̃A(p2) ,

(3.31)

4 Comparison with the results of Gaberdiel-Gopakumar-Nairz

In [25] the authors have compute the length-changing action of eqs. (3.23) and (3.24) starting
within the framework of conformal perturbation theory. Technically, this is the computation
of a correlation function involving the states on the r.h.s. of eqs. (3.23) and (3.24) (say at
the origin of the complex plane), those on the l.h.s. (say at infinity), in the presence of the
supercharges and of the deformation operator O of eq. (3.15) (at first-order in h). In fact,
they also perform the computation in the presence of two magnon-like excitations, which
allows them to extract the non-trivial coproduct. Their computation is performed at finite w,
but as discussed we are only interested in the w → ∞ limit of their results, because only in
this decompactification limit we can truly give a sense to this algebra.

12The fact that the braiding factor is on the second term is a matter of convention, though not inconsequential;
technically, the coproduct in the spin-chain frame is the opposite of the one in the string frame.
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Looking at the form of the results of [25], we first observe a slightly different notation
with the one used in the integrability literature (and in the sections above). Namely the
definition of the momentum is related as follows

(
1 − p

)∣∣∣
GGN

= p

2π

∣∣∣
here

. (4.1)

Translating their results in our notation, we notice that the charges Q which for us and in the
AdS3 integrability literature are the supersymmetry generators (i.e., their anticommutator
gives a derivative) are called S in [25]. The simplest way to account for such a discrepancy is
to relabel the highest- and lowest-weight states of each representation (which is tantamount to
exchanging lowering and raising operators). With this in mind we see that on the one-particle
representation they find

C(p) = g

2i
(
1 − e−ip) . (4.2)

This indeed coincides with our (2.31) for

ξ(p) = 0 , (4.3)

with the identification

h = g . (4.4)

Hence, this allows to match the parameter h, which in [19] was introduced just on the basis
of the allowed symmetries, with the symmetric-product orbifold parameter g. Of course
we expected the relation to be linear, but it is interesting to note that the normalisation
coefficient seems to be precisely one.

We can now look at the representation coefficient; already from section 3.3 of [25],
which deals with O(h0), we notice a discrepancy: there, the coefficients are chosen to be
real (as a consequence of the definition of the supercharges), whereas what we get from
expanding [19], (3.11) is not real for real momentum. This is of course not an issue, as the
precise form of the representation depends on the choice of a basis. It is sufficient to rescale
our fermions to get rid of the complex terms in (3.11). To this end, it is sufficient to rescale

χ(p) → e+ i
4 |p|χ(p) , αAȦ(p) → αAȦ(p), χ̃(p) → e−

i
4 |p|χ̃(p) . (4.5)

In fact, we can also get rid of the fastidious sign s = ±1 of (3.11) by this rescaling. This
rescaling can be rewritten in terms of the symmetric-orbifold excitations using (3.9) and (3.10).
In that language, the appearance of |p| in the exponent is not concerning at all, as we anyway
treat p > 0 and p < 0 as separate representations.
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After the rescaling of the fermions to make the O(h0) term real, we see that the O(h1)
picks up a phase of the type e±

i
2 p sin(p/2) = ±(1 − e±ip)/(2i), so that we get13

a(p) =


+
√

p
2π +O(h2) if p > 0 ,

+1 − e−ip√
− p

2π

h

2i +O(h3) if p < 0 ,

ā(p) =


+
√

p
2π +O(h2) if p > 0 ,

−1 − e+ip√
− p

2π

h

2i +O(h3) if p < 0 ,

(4.6)

and similarly

b(p) =


+1 − e−ip√

p
2π

h

2i +O(h3) if p > 0 ,

+
√
− p

2π +O(h2) if p < 0 ,

b̄(p) =


−1 − e+ip√

p
2π

h

2i +O(h3) if p > 0 ,

+
√
− p

2π +O(h2) if p < 0 .

(4.7)

These appear to be the representation coeffiecients of [25]. It is of course unsurprising that we
can match the representation coefficients up to a change of basis: since we are dealing with
two irreducible representations which have the same central charges, they must be unitarily
equivalent. By picking a basis in the representation space, we can represent the change of
basis (4.5) as a diagonal matrix V(p), which acts on any state Φ⃗(p) as

Φ⃗(p) → V(p) · Φ⃗(p) . (4.8)

It remains to deal with the co-product of [25], which is in the “spin-chain frame” rather
than in the “string frame” [19], see above for a discussion of such frames, and in particular
eqs. (3.29) to (3.31). The map between these two frames is described in detail in [16], starting
from eqs. (5.65). Let us briefly summarise it. We start by making the spin-chain frame
coproduct a little more symmetric, so that it has the same form for either representation.
We perform a change of basis of the two-particle Hilbert space by means of a matrix

U(p2) ⊗ 1 , (4.9)

13Note that we would find the same expansion at this order even if the dependence on h were given by a
functions f(h) = h + O(h3).
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Note that this change of basis cannot be induced by a change of the one-particle basis. A
diagonal matrix is sufficient to obtain

U †
p2 ⊗ 1 ·QA(p1, p2) · Up2 ⊗ 1 = QA(p1) ⊗ 1 e+ i

2 p2 + Σ ⊗QA(p2) ,

U †
p2 ⊗ 1 · Q̃A(p1, p2) · Up2 ⊗ 1 = Q̃A(p1) ⊗ 1 e+ i

2 p2 + Σ ⊗ Q̃A(p2) ,

U †
p2 ⊗ 1 · SA(p1, p2) · Up2 ⊗ 1 = SA(p1) ⊗ 1 e−

i
2 p2 + Σ ⊗ SA(p2) ,

U †
p2 ⊗ 1 · S̃A(p1, p2) · Up2 ⊗ 1 = S̃A(p1) ⊗ 1 e−

i
2 p2 + Σ ⊗ S̃A(p2) ,

(4.10)

which is reminiscent of the string-frame coproduct up to having the braiding on the first,
rather than second, term. In fact, this is the opposite coproduct with respect to what we
want. If we introduce the labels “s.c.” and “str.” we have that schematically

U †
p2 ⊗ 1 ·QA

s.c.(p1, p2) · Up2 ⊗ 1 = Πg ·QA
str.(p2, p1) · Πg , (4.11)

where Πg is the graded permutation matrix which swaps the first and the second Hilbert
spaces (taking also care of the Fermion signs).

Recall [19] that the S-matrix S(p1, p2) is uniquely fixed, up to a dressing factor for each
choice of irreducible representations, by the symmetries which we have been discussing. Let
us say that in string-frame we have

Q(p2, p1) · S(p1, p2) = S(p1, p2) ·Q(p1, p2) . (4.12)

Hence, due to (4.11), we have that the two S matrices are also related:

Sstr.(p1, p2) = Πg · 1 ⊗ U †
p1 · V

†
p2 ⊗ V †

p1 · Ss.c.(p2, p1) · Vp2 ⊗ Vp1 · Up1 ⊗ 1 · Πg , (4.13)

where the matrices V and U are actually diagonal.

Notation for symmetry generators and states. In this paragraph we relate the notation
for the symmetry generators used in the integrability literature (which we have used above)
with that of [25]. Let us start with the identification of the symmetry generators. Above, see
in particular eqs. (2.11) and (2.24), we have denoted by Q the supersymmetry generators
(which have positive dimension under the dilatation operator, and whose anticommutator
yields translations) and with S the superconformal symmetry generator (which have negative
dimension under the dilatation operator, and whose anticommutator yields the special
conformal transformations); this follows the integrability literature (see in particular [19] and,
for a more detailed discussion of the algebra, [35]). The notation of [25] is different and we have

Q1
∣∣∣
there

= S2
∣∣∣
here

, Q2
∣∣∣
there

= −S1
∣∣∣
here

, S1
∣∣∣
there

= Q2
∣∣∣
here

, S2
∣∣∣
there

= −Q1
∣∣∣
here

,

Q̃1
∣∣∣
there

= −S̃1
∣∣∣
here

, Q̃2
∣∣∣
there

= S̃2
∣∣∣
here

, S̃1
∣∣∣
there

= −Q̃1
∣∣∣
here

, S̃2
∣∣∣
there

= Q̃2
∣∣∣
here

.

(4.14)
In the integrability notation, the indices on the supercharges indicate their transformation
under the su(2)• automorphism and are raised and lowered with the Levi-Civita tensor.
As a result, the identification of the states for the chiral representation (that is, for the
representation that at h = 0 is annihilated by the Q̃ and S̃ charges) is

ψ−
∣∣∣
there

= χ1̇
∣∣∣
here

, αA
∣∣∣
there

= TA1̇
∣∣∣
here

, (A = 1, 2), ψ+
∣∣∣
there

= χ̃1̇
∣∣∣
here

, (4.15)
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where the momentum of the magnons for the chiral representation is identified with the
mode number as explained above, see in particular table 4. The index Ȧ = 1̇ refers to su(2)◦.
There is another identical representation, with Ȧ = 2̇, which in terms of [25] is related to the
excitations ᾱA (A = 1, 2) and ψ̄±. As for the anti-chiral representation we have

ψ̃+
∣∣∣
there

= χ1̇
∣∣∣
here

, α̃A
∣∣∣
there

= TA1̇
∣∣∣
here

, (A = 1, 2), ψ̃−
∣∣∣
there

= χ̃1̇
∣∣∣
here

, (4.16)

where now the relation with mode number and momenta has the opposite sign than in the chiral
representation, cf. again table 4. Note that the highest-weight state in the representation,
corresponding to χ1̇, is ψ̃+ rather than ψ̃−, because spin J3 − J̃3 has to match (while the
total R-charge R is decoupled at w = ∞). Finally, the anti-chiral representation with Ȧ = 2̇
is related to the excitations ˜̄αA (A = 1, 2) and ˜̄ψ± of [25]. With this identification of the
states, and keeping in mind the convention of [25] for the momentum (4.1), the matching of
the S matrix presented in [25] with the one existing in the integrability literature, e.g. [19, 35]
follows from the change of basis (4.13).

4.1 Further details on the dictionary between spin-chain and string frames

After this paper appeared on the arXiv, the authors of [25] revised their manuscript but
maintained that the S matrix which they constructed may be different in the LR/RL sector.
We find it therefore appropriate to further clarify this point. One possible cause for confusion14

may be that in the LR S-matrix in the spin-chain frame it is necessary to introduce Beisert’s
Z± markers, while this is not so in the string-frame S matrix. While this has been discussed
elsewhere at some length [14, 16, 27], let us further comment on the case at hand.

To begin with, it may be worth noting that the early literature for AdS3 × S3 × T 4

integrability has actually been written in the spin-chain frame, using the Z± markers, see
for instance eqs. (3.10) and (3.13) in [32]; in the same paper, the equivalence with the
string-frame is discussed. Ref. [32] dealt with the pure-RR massive S-matrix, but actually the
discussion of the spin-versus-string frame is the same that of this case, because it only hinges
on length-changing effects (the shifts of R-charge) as we discussed in section 3.2, and these are
the same as here. The reason while most of the subsequent integrability literature has been
directly written in the string-frame is that this allowed to straightforwardly match with many
near-pp-wave computations developed over the years, see e.g. [37] and references therein.

Let us now elaborate a bit on the spin-chain frame. If we imagine to have a spin chain of
large but finite length w, we find that it is necessary to shift w → w ± 1 to correctly account
for the action of, say, a chiral generator on an anti-chiral excitation, as we have discussed
in section 3.2. What we have represented there in terms of shifts of w → w ± 1 may also
be represented by inserting the Z± markers which insert or remove one site close to the
magnon (let’s say, by convention, immediately to its right). In this language, for instance,
equation (3.23) for the chiral representation would read

Q̃A|TBȦ
p ⟩ = εABb(p) |χȦ

p Z+⟩, Q̃A|χ̃Ȧ
p ⟩ = b(p) |TAȦ

p Z+⟩,

S̃A|TBȦ
p ⟩ = εAB b̄(p) |χ̃Ȧ

p Z−⟩, S̃A|χȦ
p ⟩ = b̄(p) |TAȦ

p Z−⟩,
(4.17)

14We thank the anonymous referee for bringing this point to our attention.
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where to further simplify the formulae we have already made the identifications of table 4
and traded the mode number n for the momentum p = 2πn/w; we have also reinstated
b(p) = h δb(p) +O(h2) and b̄(p) = h δb̄(p) +O(h2) because the small-h expansion is actually
irrelevant (and distracting) for the point we are making. On top of these relations, we
also have the action of the chiral generators on the chiral representation, which does not
include any length-changing effects,

QA|TBȦ
p ⟩ = εABa(p) |χ̃Ȧ

p ⟩, QA|χȦ
p ⟩ = α(p) |TAȦ

p ⟩,

SA|TBȦ
p ⟩ = εAB ā(p) |χȦ

p ⟩, SA|χ̃Ȧ
p ⟩ = ā(p) |TAȦ

p ⟩.
(4.18)

The only way to interpret eqs. (4.17) and (4.18) as a representation is to identify

|χȦ
p Z±⟩ = |χȦ

p ⟩, |χȦ
p Z±⟩ = |χȦ

p ⟩, |χ̃Ȧ
p Z±⟩ = |χ̃Ȧ

p ⟩, as w → ∞ . (4.19)

This is absolutely fine in the decompactification limit, as R decouples. Then one has a four
dimensional module (for each value of Ȧ = 1, 2) of the type of figure 1, as it should be.

This makes it seem that the length-changing effects play no role in the above repre-
sentation, and that is actually true for the one-magnon representation. It is however not
true for the multi-magnon representation. For instance, on a two-magnon state one would
get expressions of the form

Q̃A|χ̃Ȧ1
p1 χ̃

Ȧ2
p2 ⟩ = b(p1) |TAȦ1

p1 Z+χ̃Ȧ2
p2 ⟩ − b(p2) |χ̃Ȧ1

p1 T
AȦ2
p2 Z+⟩ , (4.20)

and so on. For the chiral-chiral two-particle representation, instead of a four-dimensional
module, we get sixteen states, with various insertions of Z± either after the first or the
second excitation. Again, in the w → ∞ limit this is just a sixteen-dimensional module,
thanks to identifications of the type

|TAȦ1
p1 Z±χ̃Ȧ2

p2 ⟩ = e∓ip2 |TAȦ1
p1 χ̃Ȧ2

p2 Z
+⟩ = e∓ip2 |TAȦ1

p1 χ̃Ȧ2
p2 ⟩ . (4.21)

More generally, if Xp is any magnon, one accounts for the effect of adding or subtracting
a site like we mentioned in (3.27), that is

|Z±Xp⟩ = e∓ip |XpZ±⟩ = e∓ip |Xp⟩ , as w → ∞ . (4.22)

The net effect of the bookkeeping provided by the Z± markers is then to endow the two-particle
representation with a non-trivial coproduct in terms of the braiding factors e±ip2 , e.g.,

Q̃A|χ̃Ȧ1
p1 χ̃

Ȧ2
p2 ⟩ = eip2b(p1) |TAȦ1

p1 χ̃Ȧ2
p2 Z

+⟩ − b(p2) |χ̃Ȧ1
p1 T

AȦ2
p2 Z+⟩ ,

= eip2b(p1) |TAȦ1
p1 χ̃Ȧ2

p2 ⟩ − b(p2) |χ̃Ȧ1
p1 T

AȦ2
p2 ⟩ ,

(4.23)

where in the last line we omitted the Z+-marker as it is irrelevant in the decompactification
limit. This gives precisely the representaiton of eq. (3.29). The story is the same for the
antichiral-antichiral representation, see eq. (3.30), as well as for the chiral-antichiral and
antichiral-chiral, which follow straightforwardly — because the braiding factors e±ip2 depend
only on the Z± marker arising from the first particle, the coproduct of the chiral-antichiral
representation takes the form (3.29) and the coproduct of the antichiral-chiral representation

– 29 –



J
H
E
P
0
8
(
2
0
2
4
)
1
7
9

takes the form (3.30). Of course one should use the appropriate form of the one-particle
representation coefficients QA(pj), Q̃A(pj), SA(pj), S̃A(pj) depending on whether pj is chiral
or antichiral. In any case, the form of these coproducts and the map between string frame
and spin-chain frame was worked out and discussed at some lenght in the literature, see e.g.
eq. (5.44) of [16]. Let us provide some guidance on how to read those results. Briefly: it is
actually convenient to first use the fact that the one-particle irreducible representations that
we are considering may be written as tensor products of two-dimensional representations
of a smaller algebra generated by four supercharges Q, Q̃, S, S̃;15 at the algebra level, this
is tantamount to writing

Q1 = Q ⊗ 1 , Q2 = 1 ⊗ Q , . . . , (4.24)

see [19] for details on the decompositions into two-dimensional representations. The two-
dimensional representations have the form discussed in [15], where the braiding factors for
left-left, left-right, etc., representations was originally worked out.

Having understood that, in the limit w → ∞, the Z± markers yield braiding factors but
do not result in new states, it is easy to understand their effect on the S matrix. Because the
S matrix (up to a normalisation) is fixed by the commutation relations with the supercharges
in the two-particle representations, it knows about the non-trivial coproduct. This choice
of co-product can be modified, however, by means of a change of the two-particle basis
(as we discussed above). In this way, the S matrix can be translated to the string frame
(or, should one want, to other coproducts). The change of the two-particle basis has to
be properly taken into account when writing the Bethe-Yang equations of the model, of
course, by properly redefining the volume.16

Finally, the fact that the presence of the Z± markers is particularly evident in the
chiral-antichiral (or left-right) sector, as highlighted already in eqs. (3.10) and (3.13) in [32], is
simply due to the fact that there are processes which preserve H,M,B without preserving R.
This just cannot happen when scattering two isomorphic representations. If one would like to
keep track of the charge under R and balance it between the left and right side of the equation,
it is necessary to include Z± markers, keeping in mind however that they are irrelevant at
w → ∞, due to the identifications of the type of eqs. (4.19), (4.21), and (4.22). Indeed, if
one accepts such identifications at the level of the algebra (which is necessary to construct a
consistent representation), there is no reason not to do so at the level of the S matrix.

4.2 On the “matching” with the pp-wave spectrum

It is also worth discussing the matching with the pp-wave spectrum on which the authors
of [25] put some emphasis.17 The analysis of Berenstein, Maldacena and Nastase (BMN) [5]
suggested that it was possible to match excitations in a limit of AdS5 × S5 strings (at large

15This is similar to what happens for AdS5 × S5, where the 16-dimensional representation of su(2|2)⊕2 for
fundamental excitations can be written as tensor product of two 4-dimensional representations of su(2|2).

16In a sense, the whole point of the string frame versus spin-chain frame discussion is that the natural
notions of volume are different in the spin-chain and on the string worldsheet; in one case it is the R-charge of
the vacuum, in the other it is the charge under R of the state. This has been discussed in a context closely
related to this one in [33].

17We also thank the anonymous referee for underscoring the opportunity of further discussing this point.
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tension T ∼
√
λ and expanded around a null geodesic of large angular momentum J , which

yields the lightcone gauge-fixed string on the pp-wave geometry) with “magnons” of N = 4
SYM in a double-scaling limit where one is left with a coupling constant λ′ = λ/J2 (where,
in N = 4 SYM, λ is the ’t Hooft coupling and J the R-charge, and both are large). Ref. [5]
also suggested that similar constructions may apply to other AdS/CFT setups, including
AdS3 × S3 × T 4, though initially a great deal of attention was devoted to the case of N = 4
SYM. It was relatively soon understood [38, 39] that the matching in λ′ was not exact,
see also [40]. In hindsight, the underlying integrable structure and the large amount of
supersymmetry are the reasons for the matching, and it just so happens that the first few
orders of the λ′ expansion match, due to the particular form of the S matrix [39] and of the
simple form of the relation between the ’t Hooft coupling and the string tension.18 It is by
now understood that the near-pp-wave expansion may be used as a test of e.g. integrability
conjectures only in the large-tension (and large-J) regime.

In the case of AdS3 × S3 × T 4 the near-pp-wave expansion of the string model has been
studied extensively, especially with reference to the S matrix in the integrability literature.
When dealing with the pp-wave geometry proper, the light-cone gauge-fixed theory is free.
The spectrum is given by oscillators with dispersion19

H(p, µ) =
√

p2 + 2qµp + µ2 , (4.25)

where 0 ≤ q ≤ 1 is a property of the background and µ = 0,±1. The worldsheet momentum
p is quantised in units of T/w where w is the R-charge of the lightcone gauge and T is the
tension.20 The pp-wave worldsheet Hamiltonian is the leading-order term of an expansion of
the light-cone gauge-fixed worldsheet model of AdS3 × S3 × T 4 strings, in the limit in which
the string tension is large, the R-charge is large, and their ratio is fixed. In this way, one can
find that the “free” pp-wave picture is corrected by interactions, and they can be used to
derive the tree-level near-pp-wave S matrix (as discussed in [42] for the mixed-flux background
and µ = ±1 modes). In fact, one can do more and even consider loops, which correspond
to sub-leading orders in the near-pp-wave expansion, see e.g. [37] and references therein; all
these computations had been originally considered in the case of AdS5 × S5, see [43].

For the mixed-flux AdS3 × S3 × T 4 with parameters h > 0 and k ∈ N, the near-pp-wave
limit requires the tension T ,

T =

√
k2

4π2 + h2 , (4.26)

to be large; the lightcone momentum (the eigenvalue w of R) is also large, in such a way that
T/w is fixed, and the worldsheet momentum of pp-wave excitation is also small. This is not
the decompactification limit which we have discussed so far (both in the orbifold or on the

18Things are much more complicated in AdS4/CF T3, where the relation between the string tension and the
Chern-Simons coupling is quite nontrivial, see [41].

19This was essentially derived in the original work [5]; for a more detailed analysis see also [42] for the case
µ = ±1 and see [19] for general µ.

20We call tension T the dimensionless quantity T = R2
AdS/(2πα′) where R is the AdS3 radius and α′ is the

string slope function.
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worldsheet) where T is finite, p is finite, and only w is large (see also [14] for a pedagogical
explanation). To recover the pp-wave dispersion (4.25) from the one which we obtained by
symmetry in decompactification limit (2.40) we can set [19, 42]

k = 2πq T, h =
√

1 − q2 T , p = p
T
, T =

√
k2

4π2 + h2 ≫ 1, p, q fixed. (4.27)

where q and p remain finite as T → ∞. Because the pp-wave limit requires the tension to
be infinite, this limit gives only very limited insight into finite-k backgrounds. Indeed, in
the pp-wave limit such backgrounds have q = 0 and are indistinguishable from the pure-RR
k = 0 background as T → ∞.

This general setup is at odds with the discussion of the BMN limit of [25]. There, the
authors first of all restrict to the case µ = −1; this is because even if they are considering
torus modes, which have µ = 0, in effect they have decided to expand their momentum as

p = 2π − p
T
, p ≪ 1, T fixed, with k = 1, h≪ 1. (4.28)

This is not the standard near-pp-wave expansion; first of all the worldsheet momentum should
be expanded around zero. In this case, the net effect of this choice looks like shifting µ, due
to the periodicity (3.13). This explains why, at the end of the day, the authors find a formal
matching with the µ = −1 dispersion.21 Secondly and more importantly, the authors work
at fixed tension (fixed k = 1, and finite h) while taking p ≪ 1 as in (4.28). Hence, they
are just considering a particular expansion of decompactified light-cone gauge-fixed model;
again it is different from the pp-wave expansion where the tension must become large. They
find q = (1 + 4π2h2)−1/2, which is what could be found just from inverting the well-known
relations (4.27) at fixed h, k.22 In this sense, this matching does not contain any information
aside from that coming from (4.27), which is however not valid in the small-tension regime
of the orbifold theory. The symmetric-orbifold results should instead be matched with the
decompactified string for fixed h, k or, at most, with the pp-wave background at T → ∞
(which necessarily means q = 0) if one takes the limit of a very strong deformation.

4.3 On bound states in the h > 0 model

We finally would like to comment on the bound-state discussion of [25] in more detail.23 The
S-matrix of [19] can, when expressed in terms of the Zhukovsky variables x±1 and x±2 develop
poles or zeros which reduce its rank; this happens for instance in the left-left sector. In fact,
the condition for bound states is, in terms of the Zhukovsky variables, exactly the same as

21One could also just study modes with µ = ±1 in the usual near-pp-wave expansion, and expand the
momentum around zero; see table 5 for the matching of the µ = ±1 modes with the modes of the currents.

22The same result would have followed by considering (2.40), expanding the momentum as p = 2πM − p/T

and comparing with the pp-wave dispersion for a given µ. This is just a consequence of (3.13) and that the
expression under the square root is quadratic at small p. Each coefficient of the second order polynomial may
be fixed just by allowing for sufficiently many parameters in the matching (the constant piece gives M = −µ,
the linear piece fixes units in which the momentum p is quantised, and the quadratic term fixes q).

23We thank the anonymous referee for raising this matter.
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for the pure-Ramond-Ramond S matrix [15] and it reads24

x+
1 = x−2 . (4.29)

Under this condition the tensor product of two short representation of “mass” and momentum
(µ1, p1) and (µ2, p2) becomes reducible, and it yields a short representation of mass and
momentum (µ1 + µ2, p1 + p2) [36, 44, 45]. While this is true algebraically, regardless of
the physical interpretation of the Zhukovsky variables, it is however worth noting that the
equation (4.29) may not have a physical solution, and that the bound state representation
may not be distinct from a fundamental-particle representation.

For instance, in the pure-RR case, where k = 0 and h > 0, this equation has solution
when x±j = x±(pj , µj) with µ1 = µ2 = 1 (or µ1 = µ2 = −1). The solution, in momentum
space, can be thought as taking the form25

p1 = p

2 + if(p, h) , p2 = p

2 − if(p, h) , (4.30)

for some appropriate function f(p, h), so that the total energy is real and positive (and the
total momentum is real and equal to p). However, this equation has no solution if µ1 = 0, or
µ2 = 0, or both. In the RR case, it so happens that all representations with µ = 2, 3, 4 . . . are
distinct from each other, but this is not necessarily the case (in fact, in relativistic integrable
models typically the bound-state fusion procedure closes onto itself after finitely-many steps).

To begin with one must carefully study which configurations of particles allow for a
bound-state solution. In principle this requires a detailed discussion of the physical region
of the model, along the lines of [31], establishing which values of complex momentum are
allowed in the model. For instance, in the case of a relativistic model, bound states are
physical when the difference of the relativistic rapidities of the particles26 ϑ21 = ϑ2 − ϑ1 is
lying in the physical strip 0 < Im[ϑ21] < π. In the case at hand, for h > 0 the model is
non-relativistic. It appears that it easiest to describe the physical region of the model in
terms of deformed u-variables (first introduced in [20]),

uL(x) = x+ 1
x
− k

πh
ln(x) , uR(x) = x+ 1

x
+ k

πh
ln(x) , (4.31)

whereby, using the inverse functions xL,R(u) we have x±L,j = xL(u± ih
2 |µj |) and x±R,j = xR(uj ±

ih
2 |µj |). The map xL,R(u) has three branch cuts, two of which are related to the branch
cut of ln(x), while the remaining is of the square root type, see [26]. The definition of a
physical region for complex momenta, or complex u, can be done in terms of the u-plane with
cuts [26]. This definition goes hand in hand with the discussion of crossing symmetry (which
requires an analytic continuation to the anti-particle region through complex momenta) and
the construction of a crossing-invariant dressing factor, which was done very recently [47].27

24These bound states have been studied for the RR case in [36, 44, 45] and for the mixed-flux case
in [20, 26, 46]. Note also that this is formally the same bound-state condition of AdS5 × S5.

25In practice, for the RR model it is actually more appropriate to discuss bound states in terms of the
u-rapidity, u = x± + 1/x± ∓ 2i/h, see e.g. [45]. This is very similar to what happens for AdS5 × S5 strings.
Because the u-plane has cuts, the function f(p, h) needs not be real in general.

26Recall that for a relativistic model with particles of mass m, H = m cosh ϑ and p = m sinh ϑ.
27The analytic structure of this model was also recently discussed in [46], but their discussion of the physical

region is not entirely clear to us.
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Without delving too deep in the analytic properties of the model, we would like to briefly
remark on the discussion of bound states presented in [25].

In [25] the authors notice the presence of a bound state pole for the “LL” sector of the
S-matrix. In the notation of the existing integrability literature, they consider the S matrix
of [19] with k = 1, h > 0 they take two particles with µ1 = µ2 = 0 and 0 < Re[pj ] < 2π
(somewhat confusingly, they assign to massless particles bound state number Q = 1, whereas it
should really be Q = 0). Because the S matrix for the RR model and for the mixed-flux model
have the same form in terms of Zhukovski variables, the bound-state pole noticed by [25]
is formally exactly the same as in [15, 36, 44, 45], when expressed in terms of Zhukovsky
variables. The condition reads like in eq. (4.29). Because the analysis of [25] does not considers
whether a physical solution of (4.29) exists, or what form the bound state representation takes,
they seem to find the same structure of bound states as in the Ramond-Ramond model or in
AdS5 ×S5 — infinitely many distinct bound states with bound-state number Q = 1, 2, 3, . . . .

Without having delving into the discussion of the physical regions in terms of the u-
rapidity [26], it is easy to see that (4.29) does not always admit a solution for the mixed-flux
model. To this end, we can study it in terms of the momenta and see (numerically) that for
small p > 0 no solution like (4.30) exists. It is necessary to take p to be sufficiently large
for such solutions to exist, and in particular solutions of the type (4.30) appear for p > 2π
for h≪ 1. Moreover, it is also easy to see that the bound-state representations that one may
construct are not all inequivalent (unlike what is the case in the pure-RR model).

This fits with the discussion of [26, 47], which we will briefly repeat. In fact, let us
consider general k, and specialise it to k = 1 later. There are two equivalent pictures. In the
one picture, we allow the real part of the momentum p to take any value; in the context of the
u-plane, this means gluing several sheets through the cut related to ln(x) in (4.31) (recall that
p = −i ln x+ + i ln x−). At the level of the S matrix, this requires an analytic continuation
which is trivial for the matrix part of the S matrix, but nontrivial for the dressing factor
(because the dressing factor is not a meromorphic function of x±, see [47]). This allows us
to define the S matrix on a covering of the u-plane, similar to what considered in [46]. The
particles created in this way can in general form bound states, but only (k − 1) distinct
bound-state representations exist. The k-th bound state representation is isomorphic to the
original fundamental particle representation, owing to (3.13), because the central charges
M ,H, B take the same value and they are the only thing in the decompactification limit
w → ∞ (where the S matrix is defined).28 As remarked in section 3.2, the charge R is not
the same, but R decouples at w → ∞ (and it is reinstated in the Bethe-Yang equations by
correctly identifying the reference state). Therefore, the “fused” S matrix of the k-th bound
state should be related to the S matrix analytically continued at p → p + 2π through the
cut of ln(x). This is a tautology for the matrix part of the S matrix (and it can be easily
checked); it is however a non-trivial constraint on the analytic structure of the dressing factor,
on which we plan to return in future work. For the case of k = 1, it means that for the

28Strictly speaking, one should also consider the Fermion grading of the resulting module, i.e. the fermion
sign (−1)F of the highest weight state of the module; this is discussed in [26]. Additionally, not all (k − 1)
bound-state representations should be truly distinct: half of them should be related to the other half by charge
conjugation.
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purpose of constructing the S-matrix it is sufficient to continue the momentum to arbitrary
real values. The alternative point of view is to insist that the real part of the momentum
should be bounded by 2π, or in terms of u that only the fundamental Riemann sheet is part
of the physical region. In this case it natural to describe particles in regions with larger and
larger values of |Re[p]| as arising from bound states with larger and larger values of |µ|, again
using (3.13). It is perhaps appealing that in this way one can make contact with the composite
nature of the particles with |µ| = 1, which can be identified with modes of the current as
identified in table 5 with mode numbers suitably constrained to a region of size w. However,
this is not particularly illuminating when one considers even larger values of |Re[p]| or |µ|.

We conclude this brief discussion by emphasising once more that one can either consider
any real value of p (and then only (k − 1) distinct bound-state representations exist) or
restrict p to a fundamental region of real range 2π, i.e. restrict u to a fundamental sheet
(and then bound states should be considered, having care of correctly identifying the physical
region for complex momenta). However, one should not do both (consider any p and count
any bound state representations) as this would result in over-counting. In the particular case
of k = 1, this can also be immediately seen by continuity when one takes h → 0.
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