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Abstract. — Let p be a prime, and let K be a finite extension of Q,, with absolute Galois group
Gk. Let m be a uniformizer of K and let K be the Kummer extension obtained by adjoining
to K a system of compatible p”-th roots of =, for all n, and let L be the Galois closure of K.
Using these extensions, Caruso has constructed étale (¢, 7)-modules, which classify p-adic Galois
representations of K. In this paper, we use locally analytic vectors and theories of families of -
modules over Robba rings to prove the overconvergence of (¢, 7)-modules in families. As examples,
we also compute some explicit families of (¢, 7)-modules in some simple cases.
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Introduction

Let K be a finite extension of Q,. We fix an algebraic closure K of K and we let g =
Gal(K/K). In order to study p-adic Galois representations, Fontaine has constructed in [Fon90]
an equivalence of categories V' — D(V') between the category of p-adic representations of Gx
and the category of étale (¢, I')-modules. A (p,T')-module is a finite dimensional vector space
over a local field B of dimension 2, equipped with compatible semilinear actions of a semilinear
Frobenius ¢ and I', and is said to be étale if the Frobenius is of slope 0. In the case K = Q,
(or more generally when K is absolutely unramified), we can actually identify By to the ring

of formal power series ),z a1 k¥ where the sequence (ay) is a bounded sequence of elements
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of K, and such that kli}riaoo ay = 0, the actions of ¢ and I'x being given by p(T) = (14+T)P — 1
and v(T) = (1 4+ T)X1) — 1, where x : G — Z,* is the cyclotomic character.

The ring B does not have a satisfying analytic interpretation which makes it difficult to
work with, but it contains the ring BJ}( of overconvergent power series, which are the power
series that converge and are bounded on an annulus bordered by the unit circle. One of the
fundamental results concerning étale (¢, I'x )-modules is the main theorem of [CC98| that shows
that every étale (¢, ')-module comes by base change from an overconvergent (¢, 'k )-module
defined over B}(.

Let S be a Qp-Banach algebra, such that for every x in the maximal spectrum of S, S/m,, is
a finite extension of Q,. A family of representations of G is a free S-module V of finite rank,
endowed with a linear continuous action of Gg. In [BCO8|, Berger and Colmez generalized
the theory of overconvergent (¢,I')-modules to such families. However, in constract with the
classical theory of (¢, I')-modules, this functor fails to be an equivalence of categories as it is
not essentially surjective. The main obstruction is the absence of a family version of Kedlaya’s
slope filtrations theorems, because the slope polygons of families of p-modules are not locally
constant in general.

The theory of (¢, T')-modules arises from the “dévissage” of the extension K /K through an
intermediate extension Ko,/K which is the cyclotomic extension of K. For many reasons, one
would like to generalize Fontaine’s constructions by using other extensions than the cyclotomic
one. The two main class of extensions considered by now are Kummer extensions (arising
notably from the work of Breuil [Bre98| and Kisin [Kis06]) and Lubin-Tate extensions attached
to uniformizers of a subfield of K, of which the cyclotomic extension is a particular case and
which has been studied in order to try to extend the p-adic Langlands correspondence to GLa(K)
(see for exemple [KR09], [FX14] or [Ber16]). In [Car13], Caruso defined the notion of (¢, 7)-
modules, the analogue of (¢, I')-modules for Kummer extensions. In the particular case of semi-
stable representations, these (¢, 7)-modules coincide with the notion of Breuil-Kisin modules
and can thus be used to study Galois deformation rings as in [Kis08], to classify semi-stable
(integral) Galois representations as in [Liul0], and to study integral models of Shimura varieties
as in [Kis10]. In particular, families of Breuil-Kisin modules are a particular case of families of
(¢, 7)-modules.

The main goal of this paper is to construct a functor similar to the one of Berger and Colmez
but for families of overconvergent étale (¢, 7)-modules. Recall that classical (¢, 7)-modules are
constructed the following way: fix a Kummer extension Ko, = U,,>1 Ky where K, = K(m,) and
() is a compatible sequence of p"-th roots of a given uniformizer = of K. As in the cyclotomic

case, p-adic representations of H; j := Gal(K/K) are classified by étale p-modules over a
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local field B; i of dimension 2 which can be identified with the ring of formal power series
Skez axT*, where (ag) is a bounded sequence of elements of F = K N Q,", the maximal

unramified extension of Q, inside K, and such that kll)r_noo ar = 0. However, the comparison
with the cyclotomic setting ends here, because K, /K is not Galois and there is thus no group
action available to replace the I' action. The idea of Caruso is to add the action of a well chosen
element 7 of G, not directly on the ¢o-module but on the module obtained after tensoring over
B, k by some B k-algebra ]§L endowed with an action of Gal(L/K), where L = Kfoal is the
Galois closure of the extension K,,/K (actually one can show that it’s the same as adding an
action of the whole group Gal(K$*'/K)). As in the cyclotomic case, the ring B, x contains
the ring BL 5 of overconvergent elements, and one can show that that every étale (¢, 7)-module
comes by base change from an overconvergent (p, 7)-module defined over Bi’ K-

The overconvergence of the classical (p, 7)-modules has been proven by two different means
in [GL20] and [GP18] but the first proof does not extend to families as it uses a density result
which no longer holds for families. The proof used in [GP18] can be generalized to construct
families over the Robba ring corresponding to the Kummer extension. First, we construct a
family of ¢p-modules over S @Eiig 1» the “big Robba ring attached to L over S”, endowed with an
action of Gal(L/K). This can be done for example by tensoring our family of representations
V over the generalized Robba ring S®]~3Lg and taking the Gal(K/L)-invariants. Then, we
use the fact that we know there are “enough” locally analytic vectors on this level, using the

results of [BCO8| as an input. Finally, we prove a monodromy descent theorem which allows

us to descend to the level of S @B;ﬁg x> using the computation of the pro-analytic vectors of
S ®]~317rig7 - The result we obtain is the following:
Theorem 0.1 (Theorem A). — Let V be a family of representations of Gk of rank d. Then
there exists so > 0 such that for any s > sg, there exists a unique 5ub—S®Bi:fig7K—module of
(S@]A?;I{g’L)GaI(L/KW) Dj—:fig,K(V)7 which is a family of (p,T)-modules over (S@Bi’jigK,ﬁL’;L)
such that:

1. Di’fig (V) isa S@Bi’iigvK—module locally free of rank d;

2. the map (S@ﬁllg) ®gzphe DI (V) — (S@ET.’S) ®s V' is an isomorphism;

i Ti
T,rig, K 7,rig, K &

3. ifx € X, the map S/m,; Qg Di:fig’K(V) — Di:fig,K(Vw) is an isomorphism.

T

T,rig,

In order to descend this family of (¢, 7)-modules over S®B! . . to a family of (¢, 7)-modules

over the ring S@Bi x of bounded elements of S@Bi rig,ic» one would like to apply a family
version of Kedlaya’s slope filtrations theorems. However, as explained above, there is no family

version of Kedlaya’s slope filtrations theorems.
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Kedlaya and Liu have proven in [KL10] that the functor constructed by Berger and Colmez
in [BCO8]| could be inverted locally around rigid analytic points. The main problem is that
the representations obtained this way may not glue, and the obstruction exists purely at the
residual level. Considering the same question, Hellman proved in [Hell6] that given a family
D of (¢,I')-modules over S @Biig’ > there exists natural subfamilies D™ resp. D*™ which are
étale resp. induced by a family of p-adic representations. Because Hellman’s proof relies only
on the p-structure and does not use the I'-action, it can be translated almost directly to our
setting, even though our Frobenius is not the same as the one appearing in the cyclotomic theory.
Because we already know the family of ¢p-modules D over the Robba ring obtained in theorem
A comes from a family of p-adic representations, this implies that we have D = D" = padm
and allows us to recover the family of (¢, 7)-modules over the ring S @Bi K-

Theorem 0.2 (Theorem B). — Let V' be a family of representations of Gk of rank d. Then
there exists so > 0 such that for any s > so, there exists a family of (,T)-modules Di:‘;((V)
such that:

1. Di%(V) is a S@Bi’}—module locally free of rank d;

2. the map (SEBM) @ ~ 1. Diﬁ((V) — (S&B1) ®g V is an isomorphism;

SeBI*.

3. ifx € X, the map S/m, Qg Dii((V) — DI%(VI) is an isomorphism.

As an example, we then compute the family of all rank 1 (¢, 7)-modules in the particular case
K = Qp and m = p. Let T be such that B; q, is the ring of formal power series » ;.7 apT",
with p(T) = TP, let A = []72, @"(%). We let pg denote the character of Q) sending p to 3
and which is trivial on Z.

Theorem 0.3 (Theorem C). — There exists o € A}f such that the (@, T)-module corre-
sponding to 0 = pg - W - (Xeyel)® admits a basis e in which p(e) = -T7 - (1 — &)™ - e and
() = [6] T ¢"(1+ aT) = -e.

As an other example, we give a description of the Breuil-Kisin modules attached to some
trianguline semistable representations of rank 2. The notion of trianguline representations was
introduced by Colmez in [Col10], which are representations whose attached (p,I')-module over
the Robba ring is a successive extension of rank 1 (¢, I')-modules. First, we show that this is
equivalent for a representation to be trianguline in the sense of Colmez, and to be trianguline
in the sense of (¢, 7)-modules, that is that its (¢, 7)-module is a successive extension of rank 1
(¢, 7)-modules. Using this and the fact that Breuil-Kisin modules can be constructed directly
by using (¢, 7)-modules, we show the following, which is a consequence of theorem C, of the
compatibility between (¢, 7)-modules and Breuil-Kisin modules, and of Kisin’s results [Kis06].

Note that in what follows we let N = %)\. (Please see Section 7 for precise notation.)
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Theorem 0.4 (Theorem D). — Let V be a trianguline semistable representation, with non-
positive Hodge-Tate weights, whose (p,I")-module is an extension of R(61) by R(d2), where
61(Z,) and 62(Z,) belong to Z,, and are respectively of weight k1 and ka. Then the (¢, Nv)-
module attached to V admits a basis in which

_p) k1 _ \inf(—k1,—k2)
Mat () = 61(p)(T - p) (T —p) . ay

0 G2(p)(T —p)~™
and

(kTN By

Mat(Nv) = ( 0 —kTXN)’

where ay, Py € B;rigK. Moreover, V is crystalline if and only if Sy =0 mod [p].
Organization of the paper. — This paper is subdivided into 7 sections. The first one is

devoted to the reminders on Kummer extensions and the definitions of (¢, 7)-modules and (¢, I')-
modules and the relevant period rings that appear in the theory. The second sections recalls the
basics of the theory of locally analytic vectors, its specialization in our case and the properties
we shall need for the rest of the paper. In section 3, we recall a gluing property for coherent
sheaves on noetherian adic spaces. In section 4, we define families of representations and recall
the main results from [BCO8] that attach to such families corresponding families of (p,T')-
modules. Section 5 shows how to construct a family of (¢, 7)-modules over the corresponding
Robba ring, starting with a family of (¢, T')-modules over the “cyclotomic Robba ring”, which
can then be applied to give theorem A. In section 6, we show how to descend such a family
attached to a family of representations, and constructed by using Berger’s and Colmez’s results
as an input, to a family of (p, 7)-modules over the bounded Robba ring, which is our theorem
B. Finally, the explicit computations of (¢, 7)-modules are done in the last section, in which

theorems C and D appear.

Acknowledgements. — The authors would like to thank Ruochuan Liu for helpful conver-

sations and comments.

1. Kummer extensions and (¢, 7)-modules

1.1. Kummer extensions and first definitions. — Let K be a finite extension of Q,, with
ring of integers Ok and residue field k£ and let 7 be a uniformizer of K. Let F' = W(k)[1/p],
so that K/F is a finite totally ramified extension, and let e = [K : F|. Let E(X) € Op[X] be
the minimal poynomial of 7w over F. We let K be an algebraic closure of K and let C, be the
p-adic completion of K. Let v, be the p-adic valuation on C,, such that v,(p) = 1. Let (m,)

be a sequence of elements of K, such that mg = 7 and 7T£ 11 = T Welet K, = K () and
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Ko = Up>1 Kn. Let also €1 be a primitive p-th root of unity and (e,)nen be a compatible
sequence of p"-th roots of unity, which means that ef, 41 = & and let Keyeo = Up,>o K(en) be
the cyclotomic extension of K. Let L := K - K¢yl be the Galois closure of Ko /K, and let

Goo = Gal(L/K), Ha =Gr = Gal(K/L), Tg = Gal(L/Ku).

Note that we can identify I'r with Gal(Kcye1/ (Koo N Keyel)) and so to an open subgroup of Z,.
For g € Gk and for n € N, there exists a unique element ¢,(g) € Z/p"Z such that g(m,) =

c
Enn (9) T

n. Since ¢n11(9) = cp(g) mod p”, the sequence (c,(g)) defines an element c(g) of Zy,.
The map g — c(g) is actually a (continuous) 1-cocycle of G to Z,(1), such that ¢(0) =

Gal(K /K« ), and satisfies for g,h € Gal(K /Kx,) :

c(gh) = c(g) + Xeya(g)e(h).

This means that if Z, x Z) is the semi-direct product of Z, by Z; where Z acts on Z,
by multiplication, then the map g € Gk + (c(g), Xcyc1(9)) € Zp X Z,; is a morphism of groups
of Kernel Hy,. The cocycle ¢ factors through H,, and so defines a cocycle that we will still
denote by ¢ : Goo — Zj, which is the Kummer’s cocycle attached to Ko /K.

We let 7 be a topological generator of Gal(L/Kcyc1) such that ¢(r) = 1 (this is exactly the
element corresponding to (1,1) via the isomorphism g € Gy, = (¢(9), Xeye1(9)) € Zp @ Zy). The
relation between 7 and T'g is given by grg—! = 7Xeva(@) . We also let 7, := 7°".

Since we will consider at the same time rings relative to the cyclotomic extension of K and
rings relative to the Kummer extension K, of K, we will write a 7 in index of the rings relative
to the Kummer extension. Note that it does not depend on the choice of 7. We also let
Hyg = Gal(K/Kcya) and H; g = Gal(K/Ky). If A is an algebra endowed with an action of

Gi, welet A = AHK and ATJ( = Ak

1.2. (p,7)-modules, (¢,I')-modules and some (most?) involved rings. — Let
E* = lim Og, = {(z®,2M,...) € OF, : (z"TV) = 2"}
r—axP

and recall that E* is naturally endowed with a ring structure that makes it a perfect ring of
characteristic p which is complete for the valuation vg defined by vg(z) = v,(z®). Let E
be its fraction field. The theory of field of norms of Fontaine-Wintenberger [Win83] allows
us to attach to the extension K /K its field of norms Xg (K~ ) which injects into E. The
sequences (g,) and (m,) define elements of Et which we will denote respectively by e and 7.
Let w = ¢ — 1, and recall that vg(u) = p%l' The image of the injection of X (Ks) inside E
is then E; g := k((7)). Let E. be the separable closure of E; i inside E. Since Gal(K/K«)
acts trivially on E; , every element of Gal(K/K) stabilizes E,, which gives us a morphism

Gal(K/K) — Gal(E;/E; i) which is an isomorphism by theorem 3.2.2 of [Win83].
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Let
A=W(E), At=W(E?'), B=A[1/p] and BT = A*[1/p].

These rings are equipped with a Frobenius ¢ deduced from the one on E by the functoriality
of Witt vectors and with a Gq,-action lifting the one on E and given by ¢ - [z] = [g- z].

These rings are naturally endowed with two different topologies, called respectively the strong
topology and the weak topology. The strong topology is the coarsest topology such that the
projection A > Eis continuous, where E is endowed with the discrete topology. Hence, the
strong topology on A is the p-adic topology. The weak topology is the coarsest topology such
that the projection A Eis continuous, where E is endowed with the topology given by vg.
By [Col08, Prop. 5.2], the action of ¢ on A, A*, B and B* is continuous for both the strong

and the weak topology, and we have
A (Rt g, B - (B =,

Since neither Hy, H; ;¢ nor Gq, act continuously on E or E* for the discrete topology, they
don’t act continuously on A or AT for the p-adic topology. However, since A and AT are
respectively homeomorphic to EN and (E+)N, Gq, acts continuously on A and A" endowed
with the weak topology.

For r > 0, we define B the subset of overconvergent elements of “radius” r of B, by

x = Z p"[zy] such that lim vg(xg) + LT k=
- k—+o00 p—1

and we let Bt = Ur~o B'" be the subset of all overconvergent of B.
We now define a ring A, i inside A as follows:

A g = {Zai[ﬂi,ai € Op lim aq; = O}.

1——00
i€Z

Endowed with the p-adic valuation v,(3;cz ai[7]") = min;ez vp(a;), Ar i is a DVR with residue
field E; k. Let B; gk = A, i[1/p] and let BI% be the subset of B, i given by

Bi% = {Z ai[7]',a; € F such that the a; are bounded and lim wy(a;) +i or_ —i—oo} .
’ i€Z e p—1
Note that Bl = B, x N B
Let B; x = Urso Bi% By §2 of [M195], this is a Henselian field, and its residue ring is
still E; . If M/K is a finite extension, we let E; »; be the extension of E; i corresponding
to M - Koo/ K by the theory of field of norms, which is a separable extension of degree f =
[M - Ko : Ksol. Since Bi,K is Henselian, there exists a finite unramified extension BI}M/B:’K

inside B, of degree f and whose residue field is E. rr. Therefore, there exists (M) > 0 and
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elements x1,...,2y in Bi’ﬁ\gM) such that Bi?w = @{:1 B:“}( -x; for all s > r(M). We let B, ar
be the p-adic completion of B; M-

The Frobenius on B defines by restriction endomorphisms of A; x and B; g, and sends [7]
to [7]P. We also let A = AH>~ and By = Ap[1/p).

A ¢-module D on B i is a B g-vector space of finite dimension d, equipped with a semi-
linear ¢ action such that Mat(y) € GL4(B; k), and we say that it is étale if there exists a basis
of D in which Mat(y) € GL4(Ar k).

Usual (g, 7)-modules can be defined as follows:

Definition 1.1. — A (¢, 7)-module on (B, x,By) is a triple (D, ¢p, G) where:
1. (D, ¢p) is a p-module on B, ;

2. G is a continuous (for the weak topology) semilinear Goo-action on M := B, ®B, x D

such that G commutes with ¢ := vg, ©¥D, ie. for all g € Goo, 90 = M G;
3. regarding D as a sub-B; g-module of M, D C M

We say that a (¢, 7)-module is étale if its underlying p-module on B, k is.

This definition is the same as [GL20, Def. 2.1.5] and not the same as Caruso’s, however
note that both definitions are equivalent for p # 2 (see remark 2.1.6 of [GL20]) and that this
definition “works” in the case p = 2, meaning that we have the following:

Proposition 1.2. — Given an étale (¢, T)-module (D, ¢p,G), we define
V(D)= (Bwg, M)*,

where M = By, @B, ; D is equipped with a Guo-action. Note that V(D) is a Qp-vector space
endowed with a G action induced by the ones on B and M.

The functor D +— V(D) induces an equivalence of categories between the category of étale
(¢, 7)-modules and the category of p-adic representations of Gr .
Proof. — This is [GL20, Prop. 2.1.7]. O

We also quickly recall some of the theory of (p,I')-modules and the definitions of some rings
that appear in this theory, as we will need them later on.

Let Eq, = F,(u) C E. This is the image of the field of norms Xq,((Qp)eyet). Let u =
[e] — 1 € AT. We define a ring Aq, inside A as follows:

Aq, = {Zaiui,ai €Z, lim a; = 0} .

i—>—00
i1€Z

Endowed with the p-adic valuation, Aq, is a DVR with residue field Eq,. Let Bq, = Aq,[1/p].

The Frobenius on B defines by restriction an endomorphism on Bq,, and we also have an action
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of Gq, on Bq,. These actions are given by
(P(u) = (1 + u)p — 17 g(u) = (1 + u)XCycl(g) — 1

and they commute with each other.

Let BTQ:) be the subset of Bq, given by

Bg; = {; a;u',a; € Q, such that the a; are bounded and i_l)ir_noo vp(a;) + Z,pp_r 1= +oo} ,
i
and note that BI;i:, =Bq, N B,

Let BIQ,, = U0 BJ{Q’; By §2 of [M™95], this is a Henselian field, and its residue ring is
still Eq,. If M/Q, is a finite extension, we let Ej; be the extension of Eq, corresponding
to Meyel/ Qpcycl by the theory of field of norms, which is a separable extension of degree f =
[Meyel @ Qpeyql- Since BTQP is Henselian, there exists a finite unramified extension B}r\/l /BIQ,,
inside B, of degree f and whose residue field is Ep;. Therefore, there exists (M) > 0 and
elements z1,...,zf in B}L\Z(M) such that B}L\’/js = EB{:I BTQZ - x; for all s > r(M). We let Bys
be the p-adic completion of B}rw and we let Ajs be its ring of integers for the p-adic valuation.
One can show that By is a subfield of B stable under the action of @ and I'yy = Gal(Meya /M)
(see for example [Col08, Prop. 6.1]).

A p-module D on By is a Bi-vector space of finite dimension d, equipped with a semilinear
¢ action such that Mat(¢) € GL4(Bg), and we say that it is étale if there exists a basis of D
in which Mat(¢) € GLg(A k). We can now define the notion of (¢, 'k )-modules on B:
Definition 1.3. — A (¢,I'k)-module D on By is a p-module on Bg equipped with a com-
muting and continuous (for the weak topology) semilinear action of I'r. We say that it is étale
if the underlying (p-module is.

We then have the following proposition:

Proposition 1.4. — Given an étale (v, ' )-module D, we define
V(D) := (B@g, D)*=",

which is a Qp-vector space endowed with a G action coming from the ones on B and D.
The functor D +— V(D) induces an equivalence of categories between the category of étale

(¢, T k)-modules on Bg and the category of p-adic representations of G .

Proof. — This is [Fon90, Thm. A.3.4.3]. O
1.3. Some more rings of periods. — For r > 0, we define a valuation V'(-,7) on ]§+[[71]]
by setting

-1
V(z,r) = éng(k + 2
€ pr

VE (7))
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for £ = 3o _oo P¥[zk]. If I is a closed subinterval of [0; +oc[, we let V(z,1) = inf,e; V(z,7).
We then define the ring BY as the completion of Bt[1/[7]] for the valuation V (-, ) if 0 & I,
and as the completion of BT for V (-, 1) if I = [0;7]. We will write BT’ for Bl and B;tg for
B0+l We also define B:[lg =Ur>0 Bilg
Let I be a subinterval of ]1,+oo[ or such that 0 € I. Let f(Y) = Y ,cz arY* be a power
series with a; € F' and such that v,(a) + pp_el k/p — +oo when |k| = +oo for all p € I. The

series f([7]) converges in B and we let Bi i denote the set of all f([7]) with f as above. It

is a subring of B! k- The Frobenius gives rise to a map ¢ : Bi K= Bi{K. If m > 0, then we

have ¢~™(BY "D BIK and we let B ;- = gp‘m(B’T’j}l{I), so that B - C Bl ., for all
m > 0.

We also write Bi’rlg i for B[THFOO[ It is a subring of B[ } for all s > r and note that the set
of all f([7]) € B;r_ :lg 5 such that the sequence (aj)rez is bounded is exactly the ring BT’ Let
B! K= Ur>>QB7_7K Let B£Km = cp_m(vaKI) and B£K00 = UmZQB,ﬂK’m so that in particular
we have Ber - BT,K

Recall that, for M a finite extension of K, there exists by the theory of field of norms a
separable extension E; ys/E; i of degree f = [My : K] and an attached unramified extension
Bl M /BT x of degree f with residue field ET M, so that there exists (M) > 0 and elements
Ty, Tp € BT (M) such that BTﬁ\/l - @l K -x; for all s > r(M). If r(M) < min(I), we
let Bi,M be the completion of BH\(J ) for V(-, I), so that Bi,M = @{lei,K - T

We will also define the corresponding rings for the cyclotomic setting, following Berger’s
notations [Ber16, §3] and specializing them to the F' = Q,, setting.

Let I be a subinterval of ]1,+oo[ or such that 0 € I. Let f(Y) = Y.z axY" be a power
series with a; € F and such that vy(ay) + k/p — +00 when |k| — 400 for all p € I. The
series f(u) converges in B! and we let B{Q,, denote the set of all f(u) with f as above. It is a
subring of Eép The Frobenius gives rise to a map ¢ : B{Qp — ng. If m > 0, then we have

_m(Bme) C EI and we let B(Igp,m = @‘m(BgZI), so that B m C B{me+1 for all m > 0.
We also write B;rl’g Q, for B[(S:roo[. It is a subring of Bgf] for all s > r and note that the set
of all f(u) € BL’;QP such that the sequence (ag)rez is bounded is exactly the ring Bg; Let
BIQp = UT>>0B8;. Let BL . = go_m(Bg;I) and BL oo = UngB{ijm so that in particular we
have B om C E{Qp

Recall that, for M a finite extension of Q,, there exists by the theory of field of norms
a separable extension Ej;/Eq, of degree f = [Mcya : (Qp)cya] and an attached unramified
extension BR/[ /BJ{QP of degree f with residue field Ejy;, so that there exists (M) > 0 and
elements 1, zy € B}L\Z(M) such that Bl = @/_, BBZ -y for all s > r(M). If r(M) < min(I),
we let B{, be the completion of BM(M) for V(-, 1), so that B{, = @Zf:lBép - .
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2. Locally analytic and pro-analytic vectors

2.1. Basics of the theory and key lemmas. — In this section, we recall the theory of
locally analytic vectors of Schneider and Teitelbaum [ST02] but here we follow the constructions
of Emerton [Emel?7] as in [Berl6]. In this article, we will use the following multi-index
notations: if ¢ = (c,...,cq) and k = (ki1,...,kq) € N¢ (here N = Z29), then we let ck =
c’fl-...-cfld.

Let G be a p-adic Lie group, and let W be a Q,-Banach representation of G. Let H be an
open subgroup of G such that there exists coordinates c1,---,cq : H — Z, giving rise to an
analytic bijection ¢ : H — Zg. We say that w € W is an H-analytic vector if there exists a
sequence {w }ycna such that wy — 0 in W and such that g(w) = 3y cne €(g)Xwi for all g € H.
We let WH =21 be the space of H-analytic vectors. This space injects into C**(H, W), the space
of all analytic functions f : H — W. Note that C*"(H, W) is a Banach space equipped with its
usual Banach norm, so that we can endow W#~2" with the induced norm, that we will denote
by ||-||zr. With this definition, we have ||w||y = supyena ||wk|| and (WH =22 ||.|| ) is a Banach
space.

The space C*"(H, W) is endowed by an action of H x H x H, given by

((91,92,93) - £)(9) = g1 - f(93 " 993)

and one can recover WH =31 ag the closed subspace of C**(H, W) of its Ajo(H)-invariants,
where A5 : H — H x H x H denotes the map g — (g,9,1) (we refer the reader to [Emel?7,
§3.3] for more details).

We say that a vector w of W is locally analytic if there exists an open subgroup H as above
such that w € WH =22 Let W@ be the space of such vectors, so that W = Ur WH=an where
H runs through a sequence of open subgroups of G. The space W is naturally endowed with
the inductive limit topology, so that it is an LB space.

It is often useful to work with a set of “compatible coordinates” of GG, that is taking an open
compact subgroup G of G such that there exists local coordinates ¢ : G; — (Zp)d such that,
if G, = sz%l for n > 1, then G,, is a subgroup of G satisfying ¢(G,,) = (p"Z,)%. By the
discussion following [BC16, Prop. 2.3], it is always possible to find such a subgroup G; (note
however that it is not unique). We then have W' = (J, o W Gn—an,

In the rest of this article, we will need the following results, most of which appear in [BC186,
§2.1] or [Ber16, §2].

Lemma 2.1. — Let Gy and (Gp)nen be as in the discussion above. Suppose w € WGn—an
Then for all m > n, we have w € W& and ||w||q,, < ||wl||a, . Moreover, we have ||w||q,, =

[|lw|| when m > 0.
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Proof. — This is [BC16, Lemm. 2.4]. O

Lemma 2.2. — If W is a ring such that ||zy|| < ||z|| - ||y|| for x,y € W, then

1. WH= s a ring, and ||lzyl|a < ll|lm - |lyllm if .y € W,

2. ifw e WXNWR then 1/w € W2, In particular, if W is a field, then W' is also a field.
Proof. — See [BC16, Lemm. 2.5]. O

Let W be a Fréchet space whose topology is defined by a sequence {p;},~, of seminorms. Let

W; be the Hausdorff completion of W at p;, so that W = @ W;. The space W' can be defined
1>1
but as stated in [Ber16], this space is too small in general for what we are interested in, and

so we make the following definition, following [Ber16, Def. 2.3]:

Definition 2.3. — If W = @1 W; is a Fréchet representation of G, then we say that a vector
i>1
w € W is pro-analytic if its image ;(w) in W; is locally analytic for all i. We let WP* denote

the set of all pro-analytic vectors of W.

We extend the definition of W' and WP? for LB and LF spaces respectively.
Proposition 2.4. — Let G be a p-adic Lie group, let B be a Banach ring equipped with a
continuous G-action and let W be a free B-module of finite rank, equipped with a compatible G-
action. If the B-module W has a basis wi, ..., wq in which g — Mat(g) is an analytic function
G — GLg(B) C My(B), then

1. WH-an — ?:1 pH—an. wj if H is a subgroup of G;

2. W = @i_, B - w;.
Let G be a p-adic Lie group, let B be a Fréchet ring equipped with a continuous G-action and let
W be a free B-module of finite rank, equipped with a compatible G-action. If the B-module W

has a basis wy, ..., wq in which g — Mat(g) is a pro-analytic function G — GLg(B) C My(B),

then
d

WP = 5 B> - wj.
j=1
Proof. — The part for Banach ring is proven in [BC16, Prop. 2.3] and the one for Fréchet

rings is proven in [Ber16, Prop. 2.4]. O

Proposition 2.5. — Let V and W be two Qp-Banach representations of G and assume that
G acts trivially on W. Then for any H C G as above, we have

(Vew)i-m — yH-agy  and (VRW)"R = ViRgw.

Proof. — We only need to prove the first assertion as the second will follow by taking the
inductive limit. By definition, the space C*"(H,V) is C*(H, Q,)®V. In particular, since the
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completed tensor product is associative [BGR84, §2.1 Prop. 6], we get that
C™(H, VW) = C*™(H,V)RW.
Recall that (VOW)H—2n = can(H, VW )A1.2. This tells us that
(Vew)H—an — (can(H, V)QW ) 12
and since G acts trivially on W, this is equal to
(C*™(H, V) 12@W = VE—angw.
O]

The following proposition gives us a sufficient condition for an action on a Banach space to
be locally analytic:
Proposition 2.6. — Let G be a p-adic Lie group and let W be a p-adic Banach representation
of G. Assume that there exists a compact open subgroup H of G such that, for all g € H and
for all z € W, we have

1
[(g = D)) <p 7= T]x].
Then the action of G on W is locally analytic.
Proof. — See [BSX15, Lemm. 2.14]. O

2.2. Locally analytic vectors relative to G.. — Because of the following result,
Gal(L/K) is not necessarily pro-cyclic when p = 2:
Proposition 2.7. — 1. if Koo N Keya = K, then Gal(L/Kcya) and Gal(L/K«) topologi-

cally generate Goo;

2. if KooNKeyel 2 K, then necessarily p = 2, and Gal(L/Kcyc1) and Gal(L/K«,) topologically
generate an open subgroup of Goo of index 2.

Proof. — For the first point, see [Liu08, Lem. 5.1.2] and for the second one, see [Liul0, Prop.

4.1.5]. 0

If Gal(L/Ks) is not pro-cyclic, we let A C Gal(L/K) be the torsion subgroup, so
that Gal(L/Ko)/A is pro-cyclic and we choose v/ € Gal(L/K) such that its image in
Gal(L/K~)/A is a topological generator. If Gal(L/K) is pro-cyclic, we choose 7' to be a
topological generator of Gal(L/K).

Let 7, := 77" and 7, := (¥/)?". Let G,, C Gal(L/K) be the subgroup topologically generated
by 7, and 7,. It is easy to check that these GG, satisfy the property discussed above lemma 2.1.

Given a G-representation W, we use

WT:17 W'yzl



14 ADITYA KARNATAKI & LEO POYETON

to mean
WwGallL/Key)=1  ppGal(L/Ko)=1

And we use

WT—137 V[/'Tn—an7 Wv—la

to mean
WGal(L/Kcyd)fla’ WGal(L/(KCycl(frn)))fla’ WGal(L/Koo)fla.
Let
log 77" log g
V;i= forn>0, V,:=_——"—— for g € Gal(L/K) close enough to 1
" log,, Xcya1(9)

be the two differential operators acting on Gs-locally analytic representations, where xcycl
stands for the cyclotomic character.
Remark 2.8. — We do not define 7 as an element of Gal(L/K.) even though when
Gal(L/K) is pro-cyclic (and so in particular as soon as p # 2) we could take v = 4. In
particular, although the expression “y = 1”7 might be ambiguous in some cases, we use this
notation for brevity.

Note that if we let W™=l .— W7=la 0 Wr=1 then we have WT™—1a7=1 ¢ W Go—la by
[GP18, Lemm. 3.2.4]. We also have WY~ la 0 W™=l ¢ W%=~12 since Gal(L/Kyq) is normal
in G.

We now recall some results from [GP18] and [Ber16] about locally analytic vectors for G

inside some rings of periods. For n > 0, let 7, = p"~1(p — 1).
Theorem 2.9. — Let I = [ry;r] or [0;7]. Then there exists mo > 0, depending only on k,
such that:

1. (BL)mmer—ana=l B£7K7m for any m > my;

(Bl) 7 =Bl

2.
e \T—pany=1 _ ptre
3. (Brig,L) - BT,rig,K,oo’

Proof. — This is [GP18, Thm. 3.4.4]. Since the notations are not verbatim the same, we

B[T@7+OO)

point out that the rings BL’QL in our setting correspond to the rings rig L

in the setting
of [GP18], and that the rings B; K Bi’;fg Koo here correspond respectively to the rings Bf(oo,
By ") in [GP18]. 0
Theorem 2.10. — Let I = [ry;rg] or [0;7x]. Then there exists mg > 0, depending only on k,
such that:

1. (]~3£)%n+k—anf:1 C Bkm for any m > my;

2 (BLpee - B

,007
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R \y—pa,7=1 _ pT:"e
3. (Brig,L) - Brig,K,oo‘

Proof. — See [Ber16, Thm. 4.4]. O

Theorem 2.11. — Let I = [rg; 1] and let M be a finite extension of K. Let Mo = M - K.
Then

~ B _ B ny
1. (Bi)T la,Gal(L/Mso)=1 _ UnZO@ n(Bi,M);

2. (Bhre )T e Gal/Me)=t = |y oo (BIPT

Proof. — See [GP18, Thm. 4.2.9]. As in the proof of theorem 2.9, we point out to the reader
that the notations are not verbatim the same as in [GP18]. The rings EL’;’L in our setting
correspond to the rings B%JLFOO) in the setting of [GP18], and that the rings Bi,K? Bi’yfi@gk’m

here correspond respectively to the rings B = B[IZ’:FOO) in [GP18|. O

Proposition 2.12. — Let W be a Qp-Banach representation of Goo. Then

(W1a)Va=0 — U py7—1a,Gal(L/Moc) =1
Koo CinMooCL

where My, runs through the set of all finite extensions of Ko, inside L.
Proof. — Let x € (W) such that V., (x) = 0. By definition of V., this means that log g(z) = 0
when g € Gal(L/K) is close enough to 1, so that there exists a finite extension My, /K
contained in L such that logg(z) = 0 for all ¢ € Gal(L/My). Therefore, = belongs to
Wa.Gal(L/Moo)=1 414 thus to W7™—12Gal(L/Moc)=1

Itr € Uk, cpMouctL Wr—laGal(l/Mec)=1 then by [GP18, Lemm. 3.2.4] we know that z € W2,
Since z is invariant by the action of Gal(L/M,) for some finite extension My, /K~ contained

in L, this means that log g(z) = 0 for all g € Gal(L/M,). O

We now exhibit some “interesting” locally analytic vectors for GG, inside the rings ]~3£ Let
A= Tlhso 90"(%(@))) € Bj’rigK as in [Kis06, 1.1.1], let ¢ = log(1 + u) € B;Egj{, and let
b:=1%¢€ AJLF, which is exactly p-t, where t is defined in [Liu08, Ex. 3.2.3]. Note that since ]§TL
is a field, there exists some r(b) > 0 such that 1/b € ﬁz’r(b).

Lemma 2.13. — Ifry > r(b), then both b and 1/b belong to (E[Ee’rk])la.

Proof. — See [GP18, Lemm. 5.1.1]. O

Lemma 2.14. — Let I = [r;s] C (0;400) such that r > r(b). For n > 0, there exists
b, € (B1)2Vv=0 such that b — b, € p"AL.
Proof. — This is [GP18, Lemm. 5.3.2]. O
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3. Kiehl and Tate gluing property

In this section, we recall results from [DLLZ19] that establish Kiehl’s gluing property for
coherent sheaves on noetherian adic spaces.

We recall the gluing formalism from [DLLZ19, Appendix A].

Recall the following definition from [KL15, Def 1.3.7] -

Definition 3.1. — A gluing diagram is a commuting diagram of ring homomorphisms
R — R
\ \J
Ry — Rps

such that the R-module sequence

0—-R—>R ®Ry—> Ri2—0

where the last nontrivial arrow is defined as the difference of the given homomorphisms, is exact.

A gluing datum over this gluing diagram consists of modules My, Ms, M15 over R, Ro, R
respectively, such that there are isomorphisms ¢y : M7 ® Ris = Mo and ¢o : Ms ® Ris = M.
Such a datum is said to be finite if the modules are finite over their respective base rings.

For a gluing datum, we define M := ker(¢y — 13 : My & My — Mjz). There exist natural
morphisms M — M; and M — My of R-modules, which induce maps M ® R; — My and
M ® Ry — My of R1, Ro-modules respectively.

The following result is [KL15, Lem. 1.3.8] -

Lemma 3.2. — For a finite gluing datum such that M ® R1 — My is surjective, the following
hold true.

1. The morphism 11 — o : My & My — Myo is surjective.
2. The morphism M ® Ry — M> is also surjective.

3. There exists a finitely generated R-submodule My of M, such that the morphisms My ®
Ry — My, My ® Re — My are surjective.

The following then is [DLLZ19, Lem. A.3].
Lemma 3.3. — In the setting of previous lemma, assume moreover that R; are noetherian for
i =1,2 and that R; — Ry2 is flat. Suppose that for every finite gluing datum, M ® Ry — M,
is surjective. Then for any finite gluing datum, M is a finitely presented R-module, and the
morphisms M ® Ry — My and M ® Re — Ms are bijective.

We recall the following definition from [DLLZ19].
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Definition 3.4. — We call a homomorphism of Huber rings f : R — S strict adic if, for one,
and hence for every choice of an ideal of definition I C R, its image f(I) is an ideal of definition
for S. It follows that a strict adic homomorphism is an adic homomorphism.

For a strict adic homomorphism, we have the following gluing lemma. (See [KL15, Lem.
2.7.2], [DLLZ19, Lem. A.6].)
Lemma 3.5. — Let Ry — S and Ry — S be adic homomorphisms of complete Huber rings
such that their direct sum ¢ : Ry & Ry — S is a strict adic homomorphism. Then, for any
ideal of definition Is C S, there exists some | > 0 such that, every U € GL,(S) satisfying
U—1¢€ My(I}) can be written as y(Uy)y(Us) for Ui € GLy(R;).
Proof. — We briefly recall the proof. By hypotheses, for any ideals of definitions Iy C R; and
Io C Ry, we have I:q ‘= Yr,er, C S as an ideal of definition. We can choose [ > 0 such that
Ifg C I,S since both are ideals of definition. Then it suffices to prove that any U € GL,(S5)
satisfying U — 1 € M,,(Ig) can be written as 1 (U; )4 (Us) for U; € GLy(R;). Given U € GL,(S)

with V .= U — an(I:gm) for some m > 0, we know by assumption that V arises from a
pair (X,Y) € M,(II") x M,(I§"). Then it follows that U := (1 — X)Utp(1 — Y) satisfies
U—-1eM, (Igm) and we conclude by iterating this procedure. O

The following key lemma then forms the heart of the gluing argument. ([KL15, Lem. 2.7.4],
[DLLZ19, Lem. A.7).)
Lemma 3.6. — In the context of definition 3.1 and the definition of M, assume furthermore

that :

1. The Huber rings Ry, Ro, R12 are complete;
2. R ® Ry — Rys is a strict adic homomorphism; and

3. The map Ry — Ri2 has dense image.

Then for i = 1,2, the natural map M & R; — M; is surjective.
Proof. — Choose sets of generators {m1,1,ma1,...,mp1} and {m12,ma2,...,my,2} of M; and

My respectively of the same cardinality. Then there exist matrices A, B € M, (R;2) such that
Ya(mj1) = ZAij¢1(mi,2)
i
and
P1(myjz2) = ZBijﬂJz(mi,l)
i

for every j.
Since Ro — Rj2 has dense image, by Lemma 3.5, there exists matrix B € M,,(R2) such that
14+ A(B/ - B) = 01051 for some C; € R;. For each j = 1,2,...,n, let x; := (zj1,2j2) =
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(Zi(C’l)ijmi,l,Zi(B/CQ)ijmi,g) S M1 X M2. Then

P1(wj1) — va(wj2) = Y (C1 — AB'Co)ijipr (min)

7

and hence

P1(xj1) — va(j2) = > _((1— AB)Ca)ijth1(msg) =0

]

by definition of A and B. Thus, x; € M. But C; are invertible and hence {xj,i}?:lﬁ fori=1,2,

generates M; over R;, thus giving the claim. O

Finally, we come to the theorem we need for our application.

Theorem 3.7. — Let X = Spa(R, R") be a noetherian affinoid adic space. Then the categories
of coherent sheaves on X and finitely generated R-modules are equivalent to each other via the
global sections functor.

Proof. — It suffices to check the Kiehl gluing property on simple Laurent coverings
Spa(R;, R}),i = 1,2 by [KL15, Lem. 2.4.20]. For any such covering, define Spa(R12, R}5) :=
Spa(Ry, R)) x Spa(Rz2, RJ). (Recall that coproducts exist in the category of adic spaces.) By
the Noetherian hypothesis and [Hub94, Thm. 2.5], R, R;, R12 form a gluing diagram. Further,
R; — Ry is flat with dense image for ¢ = 1,2. Thus, we can conclude by applying Lemmas 3.3
and 3.6. O

4. Families of representations and (p,I')-modules

4.1. Families of representations. — We let S be a Q,-Banach algebra, and we let X be
the set of maximal ideals of S. As in [BCO08|, we think of elements of X" as points and we write
m,, for the maximal ideal of S corresponding to a point x € X. For f € S, we let f(x) denote
the image of f in E, = S/m,.

Instead of working with norms, we work with “valuations” on S, such that for any f,g € S,
we have valg(fg) > valg(f) + vals(g).

Following [BCO08, §2]|, we say that S is an algebra of coefficients if S satisfies the following

conditions:
1. § D Q, and the restriction of valg to Q, is the p-adic valuation vy;
2. for any x € X, E, is a finite extension of Q,;
3. the Jacobson radical rad(S) is zero.

Let S be a Q,-Banach algebra. A family of p-adic representations of G is an S-module V'
free of finite rank d, endowed with a continuous linear action of Gx. Under the assumption

that there exists a free Og-module (where Og is the ring of integers of S for valg) T of rank
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d such that V = S ®0, T, Berger and Colmez show in [BCO08] how to attach to such a
family of representations a family of (¢, I')-modules over S@BJ}(, using what are called Sen-
Tate conditions. They also use a result of étale descent which we will also need:

Let B be a Qp-Banach algebra endowed with a continuous action of a finite group G. Let Bt

denote the ring B endowed with the trivial G-action, and assume that:
1. the B¢-module B is finite free and faithfully flat;
2. we have B* @ ga B ~ @©gyeqB* - e, (where e; = eg,eqen, = 0if g # h and g(en) = egn).

Proposition 4.1. — If S is a Banach algebra (on which G acts trivially), and if M is an

S®B-module locally free of finite type endowed with a semilinear action of G then:
1. M€ is an S®B%-module locally free of finite type;
2. the map (S®B) ®gpBC MY — M is an isomorphism.

Proof. — This is [BCO08, Prop. 2.2.1]. O

4.2. Tate-Sen formalism for Huber rings. — Here we formulate Tate-Sen formalism for
Huber rings. This was developed by the first author in joint work with Ruochuan Liu ([KL21]).
The main ideas behind the Tate-Sen formalism in order to prove descent and decompletion
properties in the cyclotomic setting were first introduced by Sen in [Sen80], and generalized
for higher rings than C, in [CC98]. The explicit mention of the “Tate-Sen conditions” and
of the corresponding framework in a general setting can be found in [Col]. In [BCO08, §3],
this framework is developed for Q,-Banach algebras but the generalization to Huber rings is
straightforward.

Recall that A is called Huber ring if there exists an open adic subring Ay C A (called ring of
definition of A) with finitely generated ideal of definition I. We recall the notion of boundedness
for Huber rings.

Definition 4.2. — Let A be a Huber ring. A subset ¥ C A is bounded if for every open
neighbourhood U of 0 in A, there exists an open neighbourhood V of 0 in A such that

vV cUuU.

We note that any ring of definition Ay C A has to be bounded. Conversely, any open bounded
subring of A is a ring of definition for A. In the case of k an archimedian field and A being a
reduced affinoid algebra over k, the set A® of power-bounded elements is the (closed) unit ball
under the sup-norm.

Now let A be a Huber ring, and S be an A%-algebra. We denote by I g the ideal of definition

for S. We state the generalised Tate-Sen formalism in this setting below.
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Definition 4.3. — Let G be a group acting on an adic ring R. We say G acts on R strict
adically if, for each g € G, the action of g on R gives a strict adic homomorphism R — R.
Assume that S has an action of a profinite group Gog. We assume that it acts on S strict
adically. As before, we also fix a character x : Go — Z,; with open image and set Hp := ker.
For any open subgroup G C Gy, we define H := G N Hy. We set G to be the normaliser of H
in Gy, and we define Ly = Gpg/H.
Then the Tate-Sen conditions are as follows (compare with [BCO08, Def. 3.1.3]).

TS1 There exists an integer /1 > 0, such that for any open subgroups Hy C Hs of Hy, there

exists an « € SH1 such that a.I%} C Sp and Yorety/m T(@) = 1.

TS2 For each open subgroup H of Hy, there exists an increasing sequence (Sg n)n>0 of closed
sub-S0-algebras of S¥, and an integer n(H) > 0 such that for each n > n(H), there is an
S0-linear map Ry : SH 5 g un- There is also an integer o independent of H, such that

the following properties are satisfied by this collection of objects.

(a) For Hy C Ha, we have Sg,,, C SH,n and the restriction of Ry, , to SH2 coincides

with Ry, p.

(b) Ry is Sup-linear and Ry p(x) = 2 if x € Sp,.

(¢) 9(Sun) = Symg—1n and g(Run(v)) = Rypg-1 ,(9) for all g € Go; in particular, Ry,
commutes with the action of I'y.

(d) fn>n(H), and x € I?’ then Ry, (z) € I;ﬂ*b.

(e) If z € §H, then limy, oo Run(x) = .

TS3 There exists an integer I3 > 0, and for each open subgroup G C Gy, an integer n(G) >
ni(H), where H = G N Gy, such that if n > n(G) and v € T'y satisfies n(y) < n, then
v — 1 is invertible on Xg,, := (1 — Ry.n)(SHn), and if € I?, then (y —1)"!(z) € Ig_l:"
for all x € Xp .

For an ensemble of objects satisfying these axioms, we prove that an analogue of the theorem
of Berger and Colmez holds.
Theorem 4.4 (Existence of (¢,I')-modules over an appropriate Robba ring)

Let A be a Huber ring and let S be an A°-algebra satisfying (T'S1),(T'S2), and (T'S3) as
above. Let T be an A-representation of dimension d of Go, V.= A®40 T, and k be an integer
such that p* € I§+2l2+2l3. Let G be the subgroup of Go acting trivially on T /pFT, let H = GUH,
and let n > n(G). Then, S°® 40 T contains a unique SY , -submodule DY, (T), which is free of

rank d and satisfies the following properties -

1. D%’n(T) is fired by H and stable under the action of Gy.
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2. The natural map
D%,H(T) ®S}){ S" S Rup T
is an tsomorphism.

3. There is a basis of D%’n(T) over S?J,n that is l3-fixred by G/H. That is, for any v € G/H,
the matrix W, by which v acts in this basis, belongs to Md(I?Hn)'

We first prove a number of lemmas needed for this proof, deferring the proof to the end of
this section.

Lemma 4.5. — Let H be an open subgroup of Hy. If a > 11 is an integer, and k € N and
if T — U; is a continuous cocycle of H valued in GLd(g) satisfying Ur — 1 € pkMd(g), and
Ur—-1¢ Md(I%), then for all such T € H, there exists a matriz M € GLg(S), satisfying
M —1 € p"My(S), and M —1 € Md(Ig_ll) such that the cocycle 7 — M~*U.7(M) satisfies
(MU (M) —-1) € 1%“.
Proof. — Let H; be an open subgroup of H such that U, —1 € I%HHI if 7 € Hy. Let a € S
such that 3° ¢ g, () = 1 and a.[él C Sp. If Q is a system of representatives for H/H, we
define

Mg = Z o(a)Us,.

oeQ

We have Mg — 1 = 3> cq0(a)(Uy —1). This implies that Mg — 1 € Md(I%_ll). Moreover,
Mél = > nlo(l — Mg)", since the sum on right hand side converges, and Mél € Md(Ig) for
some m > 0 and Mg € GLg(S5).

If 7 € Hy, then by the cocycle condition we get U, — U, = U,(c(U;) —1). Let Q" be another
set of representatives for H/H;. Then, for any ¢’ € @' there exists a 7 € H; and o € Q such
that o/ = o7. Thus, we get

Mg — Mg =Y 0(a)(Uy = Upr) = Y a(a)Us (1 = o(Uy)).
oes ocs
Thus,

Mg — Mg € Md(1§+1).
For any 7 € Hy,

Urr(Mg) = > 70(a)Ur7(Uy) = Mrg.
oeR
Then,

MélUTT(MQ) =1+ Mél(MTQ — Mp)

with Mél(MTQ — Mg) € Md(I%H). Setting M = Mg, we get the result. O
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Corollary 4.6. — Under the same hypotheses as the above lemma, there exists a matric
M € GLy(S) such that M € Md(Ig_ll) and

M 'U,o(M) =1
for all 0 € Hy.

Proof. — Repeat the lemma for (¢« =+ a+1 — a+2 — ---) and take limits of the matrices you

get from the lemma. O

Lemma 4.7. — Letd > 0. Leta,b € R such that a > lo+13+6 and b > Sup(a+la, 2lo+2l3+9).
Let H be an open subgroup of Hp, n > n(H), v € Tx satisfying n(y) < n and let U =
1 +pkU1 +pkU2, with -

U, € Md(Ig‘;:L)a Us; € Md(]%;{r)
where r := max(n) : pF € I3

Then, there exists a matric M € 1 + pFMy(S®) such that M — 1 € I%_ZQ_Z3 such that

M=YU~r(M) = 1+ p*Vy + p*Va with -
Vi€ My(Ig," ). Va € Ma(IZ*°).
Proof. — By the conditions (7'S2) and (7'S3), we can write Us in the form Uy = Ry, (Uz) +
(1 =) (V) with Rp,(p*FUs) € Md(I%_IQ) and p*V e Md(I%_l2_l3).
Thus,
L+ p"V) UL+ p"V) = (1= p*V +p V2 — )1+ 9L+ p"U2) (1 4+ Py (V).
This gives
(1 4+ p"V)7U~N(1 4 p*V) = 1 4 p*UL + (v — 1)V 4 p*Us + (terms of degree > 2).

Let V7 = pkUl +kaH,n(U2) and let the terms of degree > 2 be denoted by W. Then we see
that M = (14 p*V) and Vo = W gives us the result. O
Corollary 4.8. — Under the same hypotheses as the above lemma, there exists a matrix
M € GL4(S™) with further M —1 € Md(ﬂ’sflrl?’) such that M—*U~(M) € GLy(St.n)-

Proof. — Repeat the above construction for (b — b+ — b+ 26 — ...) (Take 6 = 1 in fact).
Then take the limit. O

Lemma 4.9. — Let H be an open subgroup of Hy, n > n(H). Let v € Ty satisfying n < n(7)
and let B € GLg(S™). If there exist Vi, Va € GLy(Sp.p) with Vi —1,Va—1 € Md(ﬂsf’) such that
v(B) = ViBVy, then B € GL4(Sun)-

Proof. — If C' = B — Ru(B), then v(C) = V1CV3, since the map Ry, is Sy p-linear and

commutes with the action of v. We have to prove C = 0. We have -

1C) = C =WV, = C = (Vi = 1)CVa + NC(Vo = 1) + (Vi = 1)C(Va = 1),
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Hence, if C € Md(Ig‘), we have v(C)—-C € Md(ﬂg’”lﬁl) which by (7°S3) implies that C = 0. O

Finally, we come to the proposition that connects all the lemmas together.

Proposition 4.10. — Let S be an f-adic ring satisfying the azioms (T'S1),(T'S2),(T'S3) for
f-adic rings. Let o — U, be a continuous 1-cocycle for Gy taking values in GLd(g). If G
is a distinguished open subgroup of Go such that U, — 1 € pkMd(g), and in fact U, — 1 €
Md(1§+2l2+2l3) for all 0 € G and if H = Hy N G, then there exists a matrix M such that
M € 1+p*My(S) satisfying M —1 € Md(%ﬁb) such that the 1-cocycle 0 — Vy := MU 0 (M)
is trivial over H and takes values in Sy n(q)-

Proof. — Corollary 4.6 gives a matrix My € 1+ pFMy(S) with M — 1 € Md(1?2+2l3) such
that the 1-cocycle o — UL := M 'U,7(M;) is trivial on H and thus by inflation provides a
1-cocycle for the group 'y taking values in SH. (Since G is distinguished in Gy, this implies
that Gy = Go.)

Let v € Ty with n(y) = n(G). In particular, ~ is in the image of G and U,-1¢ pFMy(SH)
with further U —1 € Md(I?QJ“%). By corollary 4.8, we get a matrix My € 1+ pFMy(SH) with
My, —1¢€ Md(1§+l3) such that M{lUév(Mg) € GLi(SHn@))

Then, letting M = M; My, we have M € 1 + p*My(S) and in fact, M — 1 € Md(I§+l3), and
the cocyle 7 — MU, 7(M) is trivial over H and takes values in GLq(S). In fact, the matrix
V, € GLy(Spn(c)) and V, — 1 € Mdag*b).

It remains to prove that V. € GL4q(Spy () for all 7 € Go. To this end, if 7 € Go, we have

the relation 7y = v7 in Go/H and the cocycle condition gives the relation -
Vit (Vy) = Vo (Ve).

Then we apply lemma 4.9 with B = V., V} = V{l and Vo = 7(V,) to deduce the fact that V;
takes values in G'Lq(Sp 5 (z))- This finishes the proof. O

We use these results to supply a proof of Theorem 4.4 below.
Proof of Theorem 4.4. — Let vy,...,vq be a basis for T over A° and let U, = (uf]) be the
matrix of vectors o(v1),...,0(vg) over the basis vy,...,v4. Then o0 — U, is a continuous
1-cocycle taking values in GLg(A%) € GL4(S°).

From the hypotheses, we have U, € 1 + p*My(A°) if o is in G. By proposition 4.10, we get
a matrix M € GLy(S) satisfying M — 1 € Md(Ié?H?’) (and thus M € GL4(S%)) such that the
cocycle 0 — V, := M~'U,0(M) is trivial over H, and takes values in GLd(SHm(G))ﬂGLd(gO) =
GLd(S?J,n(G))' If M = (m;;), and if e, = Zj»lzl m; ,v;, we have
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If 0 € H, this gives the fact that eq1,...,eq is a basis for S0 ® 40 T over SO that is fixed by H.
Now, if v € G/H, the matrix W of y in the basis e1, ..., eq is of the form M ~'U,o(M), where
o€ Gisalift of v, and W — 1 € Md(Ié?H?’). Thus we deduce that the sub—S%jn(G)—module

generated by eq,...,eq satisfies the required properties, and thus we get the existence of such
a module.
It remains to show the uniqueness. Fix a v € T'y satisfying n(y) = n(G). Let e1,...,eq and

el,... e, are two bases of S0 ® 40 T over S° fixed by H, such that the matrices W and W’ of
~ in these bases are in GLd(go), with n > n(G), satisfying W — 1, W' —1 € Md(Iéﬁ’). Then, let

B be the matrix of the vectors ¢,

J
W’ = B7'W~(W). Then, by lemma 4.9, we deduce that B takes values in S H.n, and hence

in S%m. This implies that the two S’?{’n—modules generated by eq,...,eq and €], ..., ¢} are the

in the basis e,...,eq. Then, B is fixed by H, and we have

same. This finishes the proof.

O]

Remark 4.11. — Assume the hypotheses of Theorem 4.4. If we define Dy ,,(T) := Sy, ® S0,
D%’H(T ), then Dp ,(T') is a free module of rank d over Sy ,,. It is the unique sub-Sy ,-module

of S ® 40 T satisfying the following properties :
1. Dy, (T) is fixed by H and is stable under Gy.

2. The natural map S @Sy DEn(T) — S ® 40 T is an isomorphism.

3. Dy (T) has a basis over Sy, that is [3-fixed by G/H.

The proof is exactly the same as that of Theorem 4.4.

4.3. Overconvergent families of (¢, I')-modules. — Let A" be the ring of integers of BT
for the valuation V (-,r). The Sen-Tate conditions applied to the ring AR [1/[7]] (note that
this is the ring A1 of Berger and Colmez but that our ring AT% is indeed the same as the
ring ATPT?I of Berger and Colmez) allow Berger and Colmez to attach a family of (¢, I')-modules

to a family of representations:

Let S be a Qp,-Banach algebra, let V' be an S-representation of Gx, let T" be an Og-lattice
of V stable under the action of Gx, and let M be a finite Galois extension of K such that G
acts trivially on 7'/12pT. Let n(M) be as defined in [BCO08, §4] and let (V) = max((p —
Dp*)=1 4/(M)). Up to increasing r(V), we make sure that there exists n(V) such that
p"V)=1(p —1) = (V). We also let, as in [BCO8], ¢1, o and c3 be constants such that ¢; > 0,
c2 >0, c3 > 1/(p—1) and such that ¢; + 2¢2 + 2¢3 < v,(12p).

Proposition 4.12. — If V is an S-representation of Gi of dimension d, and if n > n(M),

t,2=t =1

)

Py =1 N
then ((’)5®AT’pP ) ®og T contains a unique sub-Os@A,, b -module Dy, " (T), free of rank d,
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fized by Hyy, stable under Gi and having an almost T yr-invariant basis (in the sense of Faltings)
such that:

0sBAMT DLT (1) = (0sBAMT) @0, T

(Os®A" 7)) ® po=t Dy (T) = (Os®@A" 77 ) @0y T

OS@ANI,:

p—1

Moreover, there exists a basis of D;FW? (T') in which, if v € Ty, then the matriz W, of v in
this basis satisfies V(W — 1,[1, 400]) > c3.

Proof. — The first part of the proposition is [BCO8, Prop. 4.2.8]. The part on the action of
I'pr comes from [BCO8, Prop. 4.2.1] and the Tate-Sen conditions. O

If V is an S-representation of G of dimension d and if » > r(V'), then Berger and Colmez
define:

p—1
-|‘7 P

D (V) = (SEBY] @i "Dy iy (V).
Berger and Colmez then prove the following;:

Theorem 4.18. — If V is an S-representation of Gi of dimension d and if r > r(V'), then:
1. Dkr(V) s a locally free S@B%—module of rank d;
2. the map (SSBT") ®seBlr D}{ — (S&B") @5 V is an isomorphism.

Proof. — See [BCO8, Thm. 4.2.9]. O

5. Analytic families of (p, 7)-modules over the Robba ring

In this section, we explain how to attach to a family of (¢, I")-modules over S@BTK (satis-
fying some additional conditions) a family of (y,7)-modules over (S@B;ﬁg’ K,SQA@EL& ). In
particular, using the family of (¢, I')-modules given by theorem 4.13 attached to a family of
representations V' will give us a family of (¢, 7)-modules over the Robba ring S @Bimig’ x Which

is canonically attached to V.

5.1. Overconvergent (¢,I')-modules and locally analytic vectors. — Let S be a Q,-
Banach algebra and let V' be an S-representation of Gx of dimension d. For 0 < r < s, we

let

(V) = (S&BL") @g V)9e.

DyH(v) = ((5&BI)) @ V)9 and D! i

rig,L
These two spaces are topological representations of Go,. By theorem 4.13, we have an other
description of ﬁg;s](V) and EL’QL(V) for r > s(V):
— Dpv) = (8B @, D (V):
— Dln(V) = (58Bl 1) & ot DR (V).
Proposition 5.1. — We have
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L (DfF W) = (s&BEH™ @ ol DR (V)

2 (Dl L (V)P = (SBBIE M) &z, DI (V).

Proof. — The first thing to prove is that the elements of DT’T(V) seen as elements of D%S} (V)
for s > r, are locally analytic (and hence pro-analytic as elements of Drlg x(V)). By proposition
2.6, it suffices to check that there exists a basis of D[IQ S](V) and a compact open subgroup H
of 'k such that for all g € H, ||g — 1(x)|| < piﬁHxH for all elements x of that basis. By the
second point of proposition 4.12, we can take H = I'y,.

Using this result and proposition 2.4, we get that

DLV = (SEBL™)* @ s, DI(V)

and that

(Dliga (V)™ = (SBB )P @ ot . DE (V).

We can now use proposition 2.5, which tells us that

(S®]§[L7“;8])1a _ S@(E[g;S])la

and that

(S®Brlg L) S®(Bilg, )pa
which concludes the proof. O
5.2. Monodromy descent and overconvergent families of (p, 7)-modules. — We will

now prove a monodromy descent theorem in order to produce a family of overconvergent (¢, 7)-
modules attached to a family of p-adic representations of Gx, using the overconvergent family
of (¢, 'k )-modules attached to it by [BCO8] as an input.

Let M be a free S®( rig, 1 )P*-module of rank d, endowed with a surjective Frobenius ¢ :
M — M and with a pro-analytic action of Gal(L/K). We have:
Lemma 5.2. — Let r > 0 be such that M and all its structures are defined over S@(EI{;L)W
and such that b, 1 € BrlgL
I C [r,4o0], we let M = @SRBL)™ - m;. Then (MH)V+=0 is o SS(BL)V"=0-module free of
rank d such that

Let my,--- ,mq be a basis of M. If I is a closed interval with

= (S®BL)" ®(s§(1§IL)1a)W:0 (MT)¥>=0.
Proof. — Let 0, = %V7 and let D, = Mat(0y). In order to prove the lemma, it suffices to show
that there exists H € GLg((S®BE)™) such that 8, (H) + D, H = 0.
For k € N let D, = Mat(@’j). For n big enough, the series given by

_ KTk
H= Z(—1)ka(bk§’”)

k>0
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converges in My((S®BL)™) to a solution of 0y(H)+ DyH = 0. Moreover, for n big enough, we
have || Dy (b — b7)*/k!|| < 1 for k > 1 so that H € GLg((S®BL)"). O

Theorem 5.3. — If M is a free (S@Biig )P*-module of rank d, endowed with a surjective
Frobenius ¢ and a compatible pro-analytic action of Gal(L/K), such that V(M) C M, then

MVr=0 js a free ((S®Br1g )PV module of rank d and we have

Vo=
= ((5EByig 1)) @ sz, o MU

Proof. — Lemma 5.2 allows us to find solutions on every closed interval I with I C [r, +oo[ and
we now explain how to glue these solutions using the Frobenius as in the proof of theorem 6.1
of [Ber16|.

Let I be such that I Npl # () and let J = I Npl. Let my,--- ,mq be a basis of (M!)V~+=0,
The Frobenius ¢ defines bijections % : (M1)V+=0 — (MP"1)V+=0 for all k > 0. Let P €
My((S®B?)™®) be the matrix of (¢(m1),- - ,p(mg)) in the basis (mq,--- ,mg).

Since (my,---,mg) is a basis of M by lemma 5.2, it also is a basis of M7, so that M’ =

(S&B)* @ ~~; M!. But M! = (S&B)* @ (M1)V+=9 50 that

S®BI ((S@Ei)la)vf\lzo

= (SBBL)" @ sy uyer-o M)

We then have
(MJ)VanO ((S@BL)la ®((S®]§£)13)V7:0 (MI)VW:O)VW:O
and thus

(MJ)V'VZO — ((S@)Ei)la)V»Y:O ® MI)VPY:O

(5B, yayva=o (
so that (my,--- ,my) is also a basis of (M7)V+=0, For the same reasons, (¢(m1),--- ,p(mq)) is
also a basis of (M”)V7=0 and thus P € GLy4((S&BL)?)V-=0),

By proposition 2.12 we have ((S®B/ )2)V-=0) = UN.nBL v, where N runs through the finite
extensions of K contained in L. Therefore there exists a finite extension N of K, contained in
L, and n > 0 such that P € GLd(S®B£7N7n). For k >0, let I;, = p*I and Jj, = I}, N I41, and
let Ej, = @ 1BTNn ©*(m;). Since P € GLq(B},,), we have o*(P) € GLd(S®BTNn), and
hence

SEBM, , ® Ep = S&BM, ® - Ejin

Tpi1
S BT N,n

SEBFy
for all k > 0. The {Ej}r>0 form therefore a vector bundle over S@B[Tﬁ;‘f[ for r = min(I). By
theorem 3.7 there exist ny,--- ,ng elements of Ny>oE, C M such that E, = @d 1S®B£’“Nn STy
for all k > 0. These elements give us a basis of MVY>=0 over (S®Brlg APV =0and thus a

basis of M over (S®Br1g )P O
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Theorem 5.4. — Let M be a free (S®BrlgL)pa-module of rank d, endowed with a bijective
Frobenius ¢ and a compatible pro-analytic action of Gal(L/K), such that V(M) C M. Then

M= 4s a locally free SRB! -module of rank d and we have

7,rig, K,00"

= ((B};

rig, L)pa) ®BT Mﬁy:l'

T,rig, K,00

Proof. — Theorem 5.3 shows that M V=0 is a free ((S®BLg’L)pa)V7:0—module of rank d, such
that

T _ V,=0 _
Brigr &1, v M =M

as -modules over S@JEL&L endowed with a compatible action of Gal(L/K). By proposition
2.12, we have the equality ((S®B!._,)P*)V2=0 = Un.n S&BI
finite extension N of K contained in L, n > 0 and s1,---,sq a basis of MV*=0 such that
Mat(p) € GLd(S®BTr1gNn)
follows. We let My = @ (S®B7r1g ~) - ¢"(si), so that My is a p-module over SRB!

such that MV>=0 = (S®BLg yPaVr=0 seBt My.
T,rig, N

There exists therefore a

rig,L T,rig, N,n"

We can always assume that N/K is Galois and we do so in what

T,rig, N

Moreover, since

(S®Br1g L) pa ® Vy=0 MV’YZO’

((S&Bl, L )P*)
we get that
(S®Br1g L) ®S®B]L My,

T,rig, N
so that we can endow My with a structure of a (¢, 7x)-module over (SRB_ righ N S®Br1g )

endowed with an action of Gal(N/K), by defining the action of Gx on S’®Brlg L Ogzmt My
T,rig, N
as the one defined diagonally on the left handside of the tensor product
SEB, , ® M=S8&Bl,, ®gpi  My.

=t
(S Brlg L)p T,rig, N

In particular, by proposition 4.1, My := MJI\?T’K = MX,ZI is a family of (¢, 7)-modules, locally

free of rank d over (S’®B”1g,K,S®B“g 1) such that M = (,S’(X)Brlg )P? RgzB! Mpg. By

T,rig, K
construction, we have Mz C M7=! so that M=! is a family of p-module over (S(@BL&L)1[’3""Y:1
of rank d, and thus

=1

(S®Brlg L) a (S@ﬁjig’L)pa,’y:1 M"/ .

Since we have (S@EL&L)WW ! S®BT rig K00
the result. O

by theorem 2.9 and proposition 2.5, this implies

Theorem 5.5. — LetV be a family of representations of G of rank d. Then there exists so > 0

such that for any s > so, there exists a unique sub-S@BI* c-module of (S@EI{;’L)GaI(L/Koo)

T,rig,
Di’jigK(V), which is a family of (, T)-modules over (S®B1 flg Bil’g 1) such that:
Di flg k(V) isa S®BJr rrig, i “module locally free of rank d;
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2. the map (SRBL) ®gzphe DI* V)= — (S®BI*) ®g V is an isomorphism;
K

Il T, ri, Il
g e 8K g

(V) — DI,

3. if v € X, the map S/mgg®sDTS rrig K

rig K (V) is an isomorphism.

Proof. — Let V be a family of representations of Gg over S, of dimension d. Let M =
DjlgL(V) = (S®Brlg L) ® Dks(V) where DkS(V) is the family of overconvergent (p,T)-
modules attached to V by theorem 4.13. By theorem 5.4, M7=! is a free (S@BLgL)paW:l—

module of rank d, such that we have the following isomorphism:

S®Biig,L ®(S@]§Lg o par=1 M7= (S®B11g ®s V)

as families of p-modules over S @EL 1, endowed with a compatible action of Gal(L/K).
By theorem 2.9 and proposition 2.5, (S®BTg p)pan=l S®BT rig, K 00"

n >0 and s1,---,8q a basis of M7=! such that Mat(p) € GL4(S®B
L1 (SEB! L, k) - ¢"(s:), so that D]

1 T
M’Y (S®Br1g

There exist therefore

Trngn) We let Dirlg

rrig 18 a family of ¢-modules over S®B77rig, x such that

pa,y=1 T
) ® ®BI rlg K DT,rlg‘

The module D! . is entirely determined by this condition: if Dy, Dy are two SEB!

T,rig T,rigK "~

modules satisfying this condition and if X is the base change matrix and P;, P, the matrices
of ¢, then X € GLy(S®B! for n > 0, but X also satisfies X = P, '¢(X)P; so that
X e GLd(S®BTr1g K)

This proves item 1. Item 2 follows from the isomorphism

T,rig, Kn)

S®Biig,L ®(S@]§Ilg L)pa,'y:l M (S®Bilg ®S V)gL
and item 3 follows from the unicity of the family we constructed. n

Remark 5.6. — Unfortunately, in contrast with the situation of [BCO08] and because of the
method we use, we do not have any control of the sy which appears in theorem 5.5.
Remark 5.7. — The same techniques could be used to produce a family of (¢,I')-modules

over the cyclotomic Robba ring from a family of (¢, 7)-modules.

6. An étale descent

In this section, we show that the families of (¢, 7)-modules over the Robba ring S®BT rlg K
associated to a family of Galois representations descend to the bounded Robba ring S ®BT’ K
This is achieved analogously to results of [KL10] and [Hel16].

The following is a modification of an approximation lemma due to Kedlaya and Liu ([KL10,
Theorem 5.2]). (Also see [Hell6, Lemma 5.3] in Hellmann’s work.)
Lemma 6.1. — Let S be a Banach algebra over Q. Let Mg be a free étale (o, T)-module

over S@BiK. Suppose that there exists a basis of Mg on which ¢ — 1 acts via a matriz whose
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entries have positive p-adic valuation. Then
Vs = (Ms @ gzt « (S@A@QpET))@:l

is a free S-linear representation.

Proof. — This follows from [KL10, Theorem 5.2] once we note two things. Namely, the state-
ment there is written for (¢, ')-modules, but the assertion and the argument is only for the
p-action. Second thing to note is that the Frobenius in our case is a priori different, but the
argument in [KL10, Lemma 5.1, Theorem 5.2] takes place over the extended Robba ring where

the Frobenius matches. O

The following is an analogue of [Hel16, Lemma 5.3], written as a restatement of this lemma.
Lemma 6.2. — For S a Banach algebra over Q,, let N be a free p-module over S@]A?;Lg of
rank d such that there exists a basis on which ¢ —1 acts via a matriz whose entries have positive
p-adic valuation. Then Ne=1 g free of rank d as an S-module.

Proof. — This is Lemma 6.1. 0

We now state our étale descent theorem:

Theorem 6.3. — LetV be a family representations of G of rank d and D! (V') the associated

T,rig
family of (v, T)-modules associated to it over S@Bi’rigﬂ. Then there exists a model DI}K(V)
of D;rig(V) over S@B;K such that the base extension

(Dl k(V) ®gapr , SEBLgx ) = Dl (V)
s an tsomorphism.
Proof. — We argue as in [Hel16, Theorem 5.3]. For this purpose we briefly transport to the
adic space setting. Let X = Spa(S, ST) denote the adic space corresponding to the rigid analytic
space associated with S. For A/ a family of (p, 7)-modules of rank d We define

XXﬁlm = {x S X|dimk($) ((N ®S@BT S@B]L ) ® k‘(:C)) = d} .

1i
T,rig, K g

Then, we first note that for the family D! (V), X%‘ﬁm = X since the family of (¢, 7)-

T,rig - (V)

modules comes from the family V of Galois representationsg.
Then, we note that [KL10, Lemma 7.3, Theorem 7.4] give us, for each x € X, the existence
of a neighbourhood U of X and a local étale descent DI’ x(Vl]v) over S @B;ri& i of the family
Dt

- (V|v) over S &B! , on which the matrix of ¢ — 1 has positive p-adic valuation. Notice
T,rig T,K

again that the assertion and argument there is written for a family of (¢, I')-modules, but only
uses, and constructs a model for, the p-action. Then, statement and proof of [Hel16, Theorem
5.3] shows, using Lemma 6.2, that this gives the required descent over X adm (i.e. the local

families glue over X ™) which is X in our case as noted. This finishes the proof. O
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The main theorem of our paper now follows:
Theorem 6.4. — Let V' be a family of representations of Gk of rank d. Then there exists
s > 0 such that for any s > so, there exists a family of (p, T)-modules Di‘;((V) such that:

1. Di%(V) is a S@Bi’}—module locally free of rank d;

2. the map (SOB™) ® DI}(V) — (S&BY*) ®g V is an isomorphism;

SEBIS
3. if x € X, the map S/m; ®@g Dii((V) — Di}(Vz) is an isomorphism.
Proof. — Ttems 1 and 2 directly follow from theorems 5.5 and 6.3. Item 3 follows from the

unicity in theorem 5.5. O

7. Explicit computations

In this section, we compute some explicit families of (¢, 7)-modules in some simple cases.

7.1. Rank 1 (¢, 7)-modules. — We keep the same notations as introduced in §1. We now
assume that K = Q, and we let K, be a Kummer extension of Q, relative to p. For simplicity,
we also assume that p # 2. Note that, by remark 2.1.6 of [GL20], in order to completely
describe the (¢, 7)-module attached to some representation V', it suffices to give the action of 7
instead of the whole action of Gal(L/K) (this was also the original definition of (¢, 7)-modules
of Caruso).

Let E be a finite extension of Q. For § : Q; — Q) a continuous character, we let Rg(J)
denote the rank 1 (p,I')-module over £ ®q, Biig’QP with a basis es; where the actions of ¢
and I' are given by ¢(es) = d(p) - 5 and y(es) = d(Xcyel(7)) - €s. By [Coll0], every rank 1
(¢, T')-module over £ ®q, B! is of the form Rg(§) for some 6 : Q; — E*.

ringp
Recall that we put b = £ € A7, where A = [1>0 Lp”(@ — 1) in this setting. We have

P
Pl-p _ 1 _ (=Dl . Aty At
A — 1 B By [Fon94, 2.3.3], [¢][p] —p is a gfnerator of ker(f : AT — A™) and
since [e] — 1 is killed by 6, this implies that « := % €A™

Lemma 7.1. — Let V = Qp(—1). Then the associated (p, T)-module admits a basis e in which
o) = (7]~ p) - e and 7(e) = T2 (1 + alf]) - .

Proof. — The overconvergence of (¢, 7)-modules implies in particular that the (¢, 7)-module
attached to V = Q,(—1) is overconvergent and thus (Bl ®q, V) is of dimension 1 over
B:,Qp' In particular, (Bi RQ, V)H7K is generated by an element z ® a # 0, and up to dividing
by an element of Q;, we can assume that a = 1. Therefore there exists z € BL z # 0, such
that for all g € H q,, 9(2) = Xcyci(g)z. This also implies that G, acts trivially on z so that
z € BI’L. Let » > 0 be such that z € BITL and such that 1/b € ETLT The proof of the

overconvergence of (¢, 7)-modules shows that the elements of the overconvergent (¢, 7)-module
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lie within (BL& 1 ®q, V)P* and therefore z ® 1 is pro-analytic for the action of Gal(L/Q;), and

thus z € (]A?;Ii’;L)pa.

Now if 7y is a topological generator of Gal(L/K), we have v(b) = Xeye1 (7)b, so that z/b € BL
is left invariant by . Moreover, since z and 1/b are pro-analytic vectors of Bl

rig, L’ it is still
the case for z/b. This implies that 2/b € (BL; L)pawlei’:ig Q. Py theorem 2.9, so that
z/b € BI’::ingP,OO'

Thus there exists n such that z/b € Lp*”(Bi”finngp) and thus ¢"(z/b) € Bi:f;;;T,K' But z and b

are bounded elements belonging to BTL and we have BTL N Bif:;qp = Bi’g:, so that ¢"(z/b) €

T : _ 1 n — n T ; n — 1
B q,- Since b= %, we have ¢"(t) = p"t € ¢"(A)-B; 1, and since ¢"(X) = T BB Y

we havete)\‘BiL.
Therefore, we have b € Bi’ ; and we can take z = b as a basis of V(—1). The action of 7 and

@ on b coincide with the ones given for the basis e of the (¢, 7)-module. O

Recall that by local class field theory, the abelianization Wg; of the Weil group Wq, of Q,
is isomorphic to Q;, so that we can see any continuous character ¢ : Q; — Q; as a continuous
character of Wq,. Moreover, if §(p) € Z, then it extends by continuity to a character of Gq,.

Note that there is a unique way of writing Yeye1(9) = w(9) - (Xeya(9)) where w(g)P~! =1 and
{(Xeyel(g)) =1 mod p. The functions are still characters of Gg, and we have the following well
known result:

Lemma 7.2. — Every character Gq, — Z, is of the form § = pg - w" - (Xeyel)® where v €
Z/(p—1)Z,s€Zy and B € L.

Lemma 7.3. — If 6 : Q; — Q) is trivial when restricted on Z), then the (¢, T)-module
corresponding to Rq,(8) admits a basis e in which (e) = 0(p) - e and the action of Gy, is trivial
on e.

Proof. — Let es be the basis of Rq,(6) such that p(es) = é(p) - e and the action of I' is trivial
on eg, which is the same assumption as in the lemma by local class field theory. Therefore,
€5 € ((Elig,L ®BIig,Qp Rq,(6))P*)7=! since the action of Gq, and therefore also the action of G,
is trivial on es. In particular, by theorem 2.9, there exists n > 0 such that ¢"(es) is a basis of
the (¢, 7)-module corresponding to Rq, (0) but then es also is a basis of the (¢, 7)-module, and
it satisfies the stated properties. O

For any g € Gq,, we have Xeyal(9)P™ € 1+ pZ,. Therefore, for any a € Zy, (Xi";j)a has
a sense as a character of Gq,, and if s = (p — 1)a then we have (XIS;C})“ = (Xeya)®. We write
T, for the Z,-adic representation of Gq, corresponding to the character (xcy«)® and we let
Vs = Qp ®Zp Ts.

Lemma 7.4. — If s1 = s3 mod p”* then T,, = T,, mod p~*!
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Proof. — Thif just follows from the fact that for any g € Gq, we have (Xcya)® =
(chcl(g)p_l)l’js and the fact that chcl(g)P—l €1+ pZ,. 0

For s € Z,, we let M, (s) be the (¢, 7)-module over (AiK,ATL) having a basis es in which
ples) = (1 — %)S -es and T(es) = [e]* T1120 @™ (1 + aT)* - es. Note that this makes sense for
s € Zy since [e] = (1 + ([e] — 1)).

Lemma 7.5. — If s1 = s5 mod p* then M, (s1) = M,(s2) mod (p, [p])* + ([p])*.

Proof. — This follows from the fact that (14 T)?" =1+ T*% mod (p, T)**L. O

Theorem 7.6. — The (¢, T)-module corresponding to § = pig-w" - (Xeyel)® admits a basis e in
which p(e) = B [p]" - (1 — [%])_S e and 7(e) = [e] T TL%5 ¢™(1 + ofp]) "% - e.

Proof. — By lemma 7.1 and compatibility with tensor products, the (p, 7)-module attached to
Q,(1 — p) admits a basis y in which p(y) = ([p] — p)?~* and 7(y) = [1720 @™ (1 + a[p]))P~! - y.
In the basis z = %, we get that ¢(z) = (1 — [%])p_l and 7(z) = [EP‘% T (1+afp))Pt- 2.

Therefore, for all s € N, the (¢, 7)-module M;(—s) is the (¢, 7)-module attached to the
representation V' = Q,((1 — p)s). By lemmas 7.4 and 7.5 and since (p — 1)N is a dense subset
of Z,, this means that for any s € Z,, the (¢, 7)-module M (—s) is the (¢, 7)-module over
(ALK7 ;&TL) attached to the representation V = Q,((1 — p)s) = Ts.

In particular, for s = ﬁ, the (o, 7)-module M, (s) is the one attached to (xcyc). By
compatibility with tensor products, lemma 7.1, and by the fact that w = xcya - (chdfl, we get
that the (p, 7)-module attached to w admits a basis e in which ¢(e) = [p] - e and 7(e) = [¢] - e.

The theorem now follows by compatibility with tensor products, lemma 7.3 and our choice

of normalization of local class field theory. O

Theorem 7.6 gives us therefore a description of every (¢, 7)-module of rank 1.

7.2. Trianguline (¢, 7)-modules. — In [Col10], Colmez introduced the notion of triangu-
line representations, which are representations whose attached (¢,I')-module over the Robba
ring is a successive extension of rank 1 (p,T')-modules. Colmez then computed the (¢, T’)-
modules attached to rank 2 trianguline representations, and those computations played a huge
part in the construction of the p-adic Langlands correspondence for GL2(Q)).

Here, our goal is to give some description of the rank 2 (¢, 7)-modules attached to semistable
representations. As in [Col10], we can define a notion of trianguline representations, relative
to the theory of (¢, 7)-modules: we say that a representation is 7-trianguline if its (¢, 7)-
module over B;rig’ , 1s a successive extension of rank 1 (¢, 7)-modules. The next proposition
shows that the notion of 7-trianguline representations coincides with the notion of trianguline

representations of Colmez. In order to keep the notations simple, we write Di rig(-) the functor
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constructed in theorem 5.5, from (¢, I')-modules over the Robba ring to (¢, 7)-modules over

.|.
BT,rig,K‘
Proposition 7.7. — A sequence 0 — D1 —» D — Dy — 0 in the tannakian category of

(¢, T')-modules over the Robba ring is exact if and only if the sequence

0— D! . (D) — D! . (D) —s D! . (Dy) — 0

T,rig T,rig T,rig

is exact in the category of (¢, T)-modules. Moreover, the first sequence is split if and only if the

second one is.

Proof. — It suffices to prove that the functor D;rig(-) is an equivalence of tannakian categories.
T

In order to do so, we introduce an other category, the one of (¢, Gal(L/K'))-modules over ErigL,

which is the category of ¢-modules over EL& ;, endowed with a compatible continuous action of

Gal(L/K). Note that the construction of our functor D! (+) is constructed first by extending

T,rig
the scalars of a (¢, I')-module D to ELgL, which is therefore a (¢, Gal(L/K))-module, and then
showing a to descend from the (¢, Gal(L/K))-module to D;rig(D). We will also denote by

Di’rig(-) the functor obtained in §5 from the category of (p, Gal(L/K))-modules over EL&L to
T

the category of (¢, 7)-modules over B! ..

T

T,rig

(-) from the category of
T

T,rig

It is clear from the constructions of §5 that the functor D

(¢, Gal(L/K))-modules over Eiig’L to the category of (p,7)-modules over B induces an

equivalence of categories whose quasi-inverse is the extension of scalars to ]~31ig - The fact that

the extension of scalars to BLg ;, is compatible with exact sequences and tensor products implies
that D;rig(-) is an equivalence of tannakian categories.

We could use the same proof and remark 5.7 in order to show that the extension of scalars
to ]A?;Ii& ; induces an equivalence of tannakian categories between the category of (¢, I')-modules
over the Robba ring and the category of (¢, Gal(L/K))-modules over EL& .- Here, we use the
fact that we can apply the Tate-Sen formalism to descend from the category of (¢, Gal(L/K))-
modules over ]~3Lg7 1, to the category of (¢,I")-modules over the Robba ring, and it is clear from

the constructions that the functor thus obtained is a quasi-inverse to the extension of scalars to
ot

Brig,L'
Therefore, the functor D;rig(-) is an equivalence of tannakian categories, from the category
of (¢,I")-modules over the Robba ring to the category of (¢, 7)-modules over Bi’rig. O

Recall that given a character § : Q) — E*, we let Rg(d) denote the (¢,I')-module with a
basis es where the actions of ¢ and I' are given by p(es) = d(p) - e5 and y(e5) = 6(Xeyal (7)) - €s-
The constructions in §5 to produce (¢, 7)-modules from (¢, I')-modules imply that, for any

character ¢ : Q, — E*, there exists u,s € (ET

Y )P?*, unique mod Bi Q,’ such that e;s :=

(urs5 ®es) is a basis of the corresponding (¢, 7)-module over B!

Frig K Note that the uniqueness
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of ur s comes from the uniqueness in theorem 5.5, and the mod Bi,Qp part comes from the fact

that a base change inside a rank 1 (¢, 7)-module over BI,rig,Qp
(B!

Trig, k)= Bl,Qp' Note that by the same reasoning as in lemma 7.3, we can take u,s = 1 if

is carried on by an element of

5|Z; =1. We let R(9) denot~e the corresponding (¢, 7)-module over E ®q, B;riggp. We also
let a, s € Bi’rig’K and d, s € Biig,L be such that p(e;5) = ar5-ers and 7(e;5) = dr5 - 6.
Proposition 7.8. — Let D be a triangular (¢,I')-module over E ®q, Biigqp, extension of
RE(01) by RE(d2), with basis (e1,e2) in which we have
qi(p) ap
Mat =
() ( 0 d(p)

and

_ 51 (chcl(')/)) ﬁD
Mat(’}/) = < 0 52(chcl(7))> ‘

Then there exists ¢ p € (]§T )P?, satisfying

rig,L
Y(er,0)01(x(7)) + 62(x (7)) urs, 8D = ¢,

and such that (u;5 ® e1,crp @ el + urs, ® e2) is a basis of D! (D), in which

rig, 7

Mat(@) = oné ﬁ(go(CT’D)é‘l (p) + uT,5262 (p)_lar,52 - CT,DaT,52) .
0 aT,52
and
d, s 7(¢r,n)
Mat(7) = < 761 27,51 ) ‘
T,52

Proof. — Since e1(E ®q, BLg qQ,) is a sub-saturated-(¢,I')-module of rank 1 of D, and by
construction of u,s , we have that (u,s5 ® e1)(F ®q, Bj—,rig,Qp) generates a sub-saturated-
(¢, 7)-module of rank 1 of DI, (D). Therefore, we can find a,d € (B, ,)P* with d invertible,

rig,T rig,L
such that (u,5 ®e1,a®e; +d®eg) is a basis of the (¢, 7)-module DL&T (D). In terms of base

change matrix, this implies that (quél Z) € GL2((Byig,z.)?*) is the base change matrix from

(e1,€e2) to a basis of D! (D). By proposition 7.7, we know that we can choose such a basis

rig,7
so that the (¢, 7)-module is triangular in this basis, and can be seen as an extension of R (d1)
by R,(d2). We can therefore choose d = u,s,. For (u,5 ®e1,a ® e +d ® ez) to be a basis of
Df

rig.+ (D), we have to have

gla®er +urs, ®er) =a®er + Urs, ® e
for all g € Gal(L/K) ~ I'. Thus, we have

@)d1(x(7)) + 82(x(7)) ™ urs,p = a,

using the fact that v(urs,) = d2(x (7)) 'urs, by definition of u, g,.
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We now compute the matrices of ¢ and 7 in the basis (u;5 ® e1,a ® e1 + ur5, ® e2). We
already know that p(u,s ®@e1) = ars, - (urs, ®e1), and that 7(ur5 ®e1) =drs, - (urs Rer).
We have

vla®er +urs, ®ez) = p(a)di(p)er + ¢(urs,) ® (aper + da(p)ea)
and thus
pla®er +urs, ®e2) = (p(a)di(p) + (urs,)ap) ® e1 + arsurs, @ e2
so that
pla®er +urs, ®ez) = ars,(a® e +urs, @ ez) + (p(a)d1(p) + ¢(urs,)ap — aars,) @ ey.

Therefore, the matrix of ¢ in this basis is

1 1,
Mat(tp) _ (a?)(sl Ur, 51 (@(a)él (p) + U’T,5252 (p) aT,52 aaT,52)> )

aT762

For the matrix of 7, we have

T(@a®er +urs, ®ex) = 7(a) ®er + T(urs,) @ en

d, 7(a)
Mat(1) = ( 651 “wh) .

The proposition follows by taking ¢, p = a. O

so that

Unfortunately, it is actually quite difficult to describe the action of Gal(L/K) (or even of 7)

for (y, 7)-modules, because the action happens over a ring which is too big. Because of this, we

T
T,rig, K*

We define as in [Poy19, §3] an operator Ny on (]~3lig )P, by Ny := 51V, Since b € ]~3TL and
is locally analytic by [GP18, Lemm. 5.1.1], the operator Ny : (]A?;Lng)pa — (]A?;Iing)pa is well
defined, and more generally, the connexion Ny : (B, L®DT (V))P2 — (B L®DT (V)P is

want to replace the action of 7 with something that acts directly on the p-module over B

rig, T,rig rig, T,rig
well defined. Moreover, since V- ([7]) = t[7] and since A € Bi7rig7K, we have that Ny (Bi7rig,K) C
Bi,ri& x» and the choice of the sign is made so that the operator Ny we just defined on Bivri& K

coincides with the operator Ny defined by Kisin in [Kis06], because with this definition one
can check that Ny ([7]) = —A[7].
Definition 7.9. — A (¢, Ny)-module on B!

i s a free B! x-module D endowed with

T,rig, T,rig,
a Frobenius and a compatible operator Ny : D — D over Ny Bi rig K Bi rig, K> which
means that for all m € D and for all z € Bi’rig’K, Ny(z-m) = Ny(x) - m+ x - Ny(m), and

wich satisfies the relation Ny o ¢ = %(([g)] pp o Ny.
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Proposition 7.10. — If D is a (@, 7)-module over (B;rig’K,ETL), then the operator Ny :=
=2V, defined on (Eiig7L ®pi D)P? satisfies

ig, K

Ny(D) c D.
Proof. — This is [Poy19, Prop 3.6]. O

Given a p-adic representation V' of Gg, the operator Ny associated with its (¢, 7)-module

Df

rrig(V) induces a structure of (¢, Ny)-module. Unfortunately, the functor thus obtained is

no longer faithful by [Poy19, Prop. 3.7]. In the particular case of semistable representations
however, one can check that the data of the (¢, Ny)-module is sufficient in order to recover
the representation. By [Poy19, Prop. 4.36], the (¢, Ny)-modules arising from (¢, 7)-modules
attached to semistable representations are exactly the Breuil-Kisin modules defined in [Kis06].
Once this identification has been made, the fact that the data of the (¢, Ny)-module is sufficient
to recover the representation can be done through Kisin’s work [Kis06]. The following propo-
sition gives some description of what we can expect (¢, Ny)-modules attached to trianguline
semistable representations to look like. In what follows, we let A\’ denote ﬁ)\.

Proposition 7.11. — Let V be a trianguline semistable representation, with nonpositive
Hodge-Tate weights, whose (¢,T')-module is an extension of R(61) by R(02), where 61(Z,)
and 03(Z,) belong to Z,, and are respectively of weight k1 and ka. Then the (p, Ny)-module
attached to V' admits a basis in which

_(BGE - (- ay
M‘“‘“”‘( 0 52() (] — p) )

and
Mat(Ny) = (‘klow _kf[%x> |

I Moreover, V is crystalline if and only if By =0 mod [p]

where ay, By € BT,rigK.

Proof. — This is straightforward and follows directly from the fact that there exists a basis of
the (¢, 7)-module attached to V' corresponding to the extension of the (¢, 7)-module attached
to 1 by the one attached to d2 (which is proposition 7.7), alongside the computations of rank
1 (¢, 7)-modules given by theorem 7.6.

For the matrix of Ny, we compute the operator Ny attached to the representation Q,(—k),
with & > 1. Let e; denote a basis of Q,(—Fk). Then the corresponding (¢, 7)-module admits

U= i—kek as a basis by the same reasoning as in lemma 7.1. Therefore, we have

A tk A tk

Nv(u) = —gvr(ﬁ) TCp = (_*) : (—]{ZVT()\)W " Ck-

t
Thus, we get that

No(u) = k%VT()\) u,
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which is what we wanted, because +V () = [ﬁ]ﬁ()\).

The rest of the proposition follows from Kisin’s results [Kis06] and once again the fact that
Kisin’s constructions are compatible with our definition of (¢, Ny )-modules thanks to [Poy19,
Prop. 4.36]. Because V is semistable with nonpositive weights, its corresponding (¢, 7)-module

is of finite E-height, which implies that Mat(y) € ([p] — p)*Ma (B!

T rig, ). For the last condition,

Kisin’s theory shows that the (¢, N)-module attached to semistable representations can be
recovered through the (p, Ny)-module, by reduction mod [p]. The operator N is then the
reduction mod [p] of Ny, and thus in our case we get that N = 0 (which means that V is

crystalline) if and only if Sy =0 mod [p)]. O

As an example, we give a description of the (¢, 7)-module and the (¢, Ny )-module attached
to the “false Tate curve”. This description is a bit more explicit than the constructions above
and we do not assume that K = Q, anymore. Recall that the false Tate curve T' can be defined
as follows: it is the Z,)-module of rank 2, with basis (e1, e2) and endowed with an action of Gx
given by g(e1) = x(g)e1 and g(e2) = c(g)e1 + e2, where ¢ is the Kummer cocycle defined in §1.
We let V' be the p-adic representation of Gk given by T'®z, Q,.

Since for all g € Gal(K/Kx), we have ¢(g) = 0, this implies that ( - e1,e2) is a basis of the
attached (p, 7)-module, where b is the element of §2 defined by b = % In this basis, we have

EQ) g
Mat(go):(E(grD 1)

bop
Mat(r)—(Tg’) 1).

The computations for Ny (4 -e1) are the same as in the proof of proposition 7.11, and for Ny (e2)

and

it suffices to note that since 7(ez) = e1 + ez, we have V;(e2) = e; and thus Ny(e2) = —3eq, so
that
—[#N -1
Mat(Ny) = [ .
(Nv) ( 0 0 >
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