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ABSTRACT. We present a model of crowd motion in regions with moving obsta-
cles, which is based on the notion of measure sweeping process. The obstacle is
modeled by a set-valued map, whose values are complements to r-prox-regular
sets. The crowd motion obeys a nonlinear transport equation outside the ob-
stacle and a normal cone condition (similar to that of the classical sweeping
processes theory) on the boundary. We prove the well-posedness of the model,
give an application to environment optimization problems, and provide some
results of numerical computations.

1. Introduction. Moving crowds are usually modeled, at the macroscopic level,
by evolution PDEs with nonlocal terms [5, 9, 7, 8, 17, 16, 19]. States of these
equations are measures (or densities) which describe the distribution of individuals
(also called agents) on some configuration space, typically, the space of agents’
positions or position-velocity pairs. Nonlocal terms appear due to the fact that the
behavior of each agent depends on the positions of other agents. Such equations
can often be expressed either as Wasserstein gradient flows [2] or nonlocal transport
equations [18]. Each framework has its own advantages: the first one allows to deal
with various diffusion terms, the second one admits vector fields that do not possess
the gradient structure. Stationary obstacles in both cases are handled by imposing
either the Neumann pv-n = 0 or the Dirichlet p = 0 boundary condition. The latter
condition is more demanding: to achieve it one has to adjust nonlocal terms [8] or
introduce specific distances in the space of measures [13].

Measures evolving inside moving domains were considered, probably for the first
time, by Di Marino, Maury and Santambrogio in [11]. They described, in particular,
how a measure p; supported on a time dependent convex set C(t) evolves when it
is pushed by the boundary of C(t). To deal with the problem they introduced a
notion of measure sweeping process and extend the classical Moreau catching-up
scheme to the space of measures.

Our goal is to extend the approach of [11] in two respects: we admit here non-
convex (more precisely, r-prox-regular) driving sets C'(t) and measures p; which are
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not only pushed by 0C(t) but also drift along a given nonlocal vector field ¥ (p).
One can naturally think of such evolution models as perturbed measure sweeping
processes with perturbation given by 7. We shall see that these modifications
turn the concept of measure sweeping process into a usable tool of crowd dynamics.
Moreover, we shall prove that any solution of the measure sweeping process satisfies
the underlying PDE together with the Neumann type condition p(n; +v-ng;) =0
on the boundary of the time dependent domain. Let us stress that below we deal
only with Lipschitz non-local vector field, so basically we stay within the framework
of [18].

We define a moving obstacle by a set-valued map O: [0,7] = R? taking values
among open subsets of R, Instead of dealing with O(t) we prefer to look at its
complement C(t) = R%\ O(t), which we call the viability region. The values of
C: [0,T] = R? are assumed to be closed bounded r-prox-regular sets, for a given
r > 0. The perturbed measure sweeping process is the system of the form

Opr +V - (vepr) =0,
vi(x) = ¥ (pe)(x) € =New (v), (1)
spt(p) C C(1).

where ¥ maps measures to vector fields and N4(x) denotes the proximal normal

cone to A C R% at x. In what follows, P5(R?) denotes the space of probability
measures with finite second moments equipped with the Wasserstein distance W5.

Definition 1.1. An absolutely continuous curve p: [0, T] — P2 (R%) is said to be a
solution of the measure sweeping process (1) if

e there exists a Borel vector field (¢, ) — v¢(z) such that (p,v) satisfies
Owpr +V - (vep) =0

in the sense of distributions;
e the normal cone condition

ve(x) — ¥ (pe)(x) € —Nery(2)
holds for a.e. t € [0,T] and pi-a.e. x € RY;
e spt(p;) C C(¢) for all t € [0,T].

Remark that the normal cone condition implies that v (x) = ¥ (p;)(z) if = lies
in the interior of C(t), which means that inside C(t) the crowd moves according to
the nonlocal transport equation

Ope + V- (¥ (pt)pt) = 0.

The inclusion spt p; C C(t) guaranties that the crowd never leaves the viability
region.

Throughout the paper, we impose the following assumptions:
(A1) There exist L > 0 such that 7 : Po(RY) — C(R?; R?) satisfies

17 (p1) — ¥ (p2)|l oo < LWa(p1,p2) Vpi,p2 € P2(RY)
[V (p) (@) =V (p) ()| < Llz —yl, [V (p)(x)] <L Va,y R Vpe Py(RY),

(A2) There exist M > 0 and 7 > 0 such that the set-valued map C': [0,T] = R is
M-Lipschitz in the Hausdorff distance dy:

dy (C(t),C(s)) < M|t —s| Vit s €[0,T],

and its values are compact r-prox-regular sets.
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Now we are ready to state the main result of the paper.

Theorem 1.2. Let ¥ satisfy (A1) and C satisfy (Az). Then the following asser-
tions hold:

(1) For any ¥ € Po(R?) such that sptd C C(0), there exists a unique solution
p: [0,T] — P2(R?) of the measure sweeping process (1) with py = 9.
(2) The corresponding vector field v satisfies

|ve(x)] <2L+ M, for a.e. t and pi-a.e. x.

In particular, t — p; is (2L + M)-Lipschitz.
(3) If graph C is r'-proz-regular for some r’ > 0 then

£+ vt(x) =0 V(fﬂ?) € NgraphC(tafE)

for a.e. t and pi-a.e. x.
(4) If C is another set-valued map satisfying (Az2) and p is a solution of the
corresponding measure sweeping process then the estimate

(1) < (r(0) + (61 +201) | " (6) do) 255 o)

holds for all t € [0,T], where r(t) = W3 (ps, pr) and A(t) = du(C(t), C(t)).

To prove the existence part we use the following catching-up scheme, which yields,
for every natural N, a sequence of probability measures p;_, £ =0,...,2N.

Algorithm 1 The catching-up scheme (see Figure 1)

. Split [0,7] into 2N segments of length 7 :=T/(2N), then set pg := 9, k := 0.
while 2k7 < T do
Solve the linear continuity equation

Opr +V - (27 (pakr)pe) = 0, pokr = Pajr, (3)
on the segment [2kT, (2k 4+ 1)7] and set Plaki1)r = H(2k+1)7-
4: Project ply, ), onto C((2k + 2)7) and set pf,; ), to be equal to this pro-
jection.
5 k:=k+1.
6: end while

Lol

With p7 _ at hand, we can construct two curves on Po(R9):

e a continuous one p’, by connecting p7, , P(Tzk+1)r with a (unique) trajectory
of (3) and ply; 1)+ Plaji2), With a (unique) Wasserstein geodesic;

o a piecewise constant one p7, which equals to pJ, on [2kT, (2k + 1)7] and
Plok+1)r o0 [(2k + 1)7, (2k + 2)7].

It can be shown that p” converges to some p as 7 — 0. The latter curve, being
absolutely continuous, satisfies 9;p;+V - (vept) = 0, for some velocity v, and spt p; C
C(t), for all t. The piecewise constant curve p”, which has the same limit as p7, is
used to prove the normal cone condition.

Assertion (4) (and, thus, the uniqueness part) follows from the standard repre-
sentation for the time derivative of the squared Wasserstein distance along a pair
of absolutely continuous curves (see [2] or Appendix C).
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c() . c() . C(t+27) . C(t+2r)

FIGURE 1. One step of the catching-up algorithm. Here t = 2k,
the dark rounded rectangle represents an obstacle.

Structure of the paper. In Section 2 we introduce the notation, recall basic proper-
ties of prox-regular sets and standard results concerning the geometry of Po(R?).
Section 3, the most technical one, contains a proof of the existence part of The-
orem 1.2. The well-posedness part is proven in Section 4. Then, in Section 5,
we give an application of Theorem 1.2 to environment optimization problems. Fi-
nally, Section 6 contains some numerical computations for the measure sweeping
process (1).

2. Preliminaries. We begin with notation, then recall some useful facts about
prox-regular sets and the Wasserstein space.

2.1. Notation. Below, X and Y are metric spaces, U is an open subset of R?.
P(X) the space of probability measures on X
Py (RY) the space of probability measures p on R? with [ |z|?>du < oo
M(X;R?%)  the space of finite Radon vector measures on X
C(X;Y)  the space of continuous maps f: X —» Y

ckU) the space of k times continuously differentiable maps f: U — R
CHU) the space of all compactly supported maps from C*(U)

K(R%) the space of nonempty compact subsets of R?

K,.(R%) the space of compact r-prox-regular subsets of R?

— the weak (narrow) convergence on M (X;R?)

Wy the quadratic Wasserstein distance on P (R?)

dy the Hausdorff distance on K(R?)

Il oo the supremum norm on C(X;Y)

Lip(f) the minimal Lipschitz constant of f € C(X;Y)

B the closed unit ball in R? centered at 0

a+rB the closed ball in R? with center a € R% and radius r > 0
da(x) the distance between a compact set A C R¢ and a point z € R?¢
Py(x) the projection map, i.e., Pa(x) ={a € A : |z —a| =da(x)}

A° the interior of A C R?

0A the boundary of A C R¢

A€ the complement of A C R¢

Na(z) the proximal normal cone to A C R? at x

2.2. Prox-regular sets. We collect here, for the future references, some basic
properties of proz-regular sets (also called sets with positive reach).

Definition 2.1 ([12, 20]). A closed set S C R? is called r-prox-regular, for
r € (0,400, if the projection map Pg is single-valued and continuous within the
open spherical neighborhood S+ rB° = {x : dg(z) < r}.

A closely related notion of prozimal normal is defined as follows.
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Definition 2.2 ([6, Chapter 11]). Let S be a closed set and z € S. A vector v € R?
is called a proximal normal to S at x if there exists ¢ = o(z,v) > 0 such that

(vy—z)<oly—a> Vyes.
The set Ng(z) consisting of such v defines the proximal normal cone to S at z.

The prox-regular sets can be characterized in several equivalent ways (see [24])
gathered in the proposition below.

Proposition 1. The following assertions are equivalent:
(a) S is r-proz-requalar;
(b) for any x € S, each nonzero proximal normal v € Ng(z) is realized by an
r-ball, i.e.,

v
oy —2) < Doy wyes:

(¢) d% is continuously differentiable over S + rB°.
Moreover, one has

1
5wg(x) =2 — Pg(x) VzeS+rB°,
and, for any positive v’ < r,

|Ps(x) — Ps(y)| < —

Sz —y| Vr,yeS+r'B°.
r—r
2.3. Space of measures. Here we briefly recall basic facts about the Wasserstein
space Po(R%). The corresponding proofs can be found, e.g., in [2, 25].
Space of measures as a metric space. Recall that P»(R?) is a complete separable
metric space when equipped with the quadratic Wasserstein distance [25, Chapter
6]: s
Watp) = (_ut | [le=sParten) @)

€l (p,v)
The infimum above is taken over the set I'(u,v) of all transport plans between
the measures p and v. Recall that a transport plan II € I'(u,v) is a probability
measure on R? x R? whose projections on the first and the second factor are p and
v, respectively. In other words,

WéH = U, W?H =,
where 7!, 72 are the projection maps on the factors. Here # is the pushforward
functor, which works as follows: for any Borel map f: X — Y between metric
spaces, it generates a map f;: P(X) — P(Y) by the rule

(fam)(A) = p (f~'(A)), for all Borel sets A C Y.

Remark that the minimum in (4) can always be achieved. Any transport plan
that provides the minimum is called optimal. A plan 7 is optimal if and only if its
support spt 7 is contained in a cyclically monotone set A C R% x R?, which means
that any finite collection of points (z;,y;) € A, i =1,..., k, satisfies

(y1,22 — 1) + (Y2, 23 — x2) + - - + (Y, 1 — 1) < 0.

The convergence in the Wasserstein distance is slightly stronger then the weak
convergence of measures. More precisely, Wa(pg, p) — 0 if and only if

/sadpk —>/<pdp,
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for any continuous ¢ satisfying ¢(z) < C (1 + |#|?) for some C > 0.
Space of measures as a length space. Recall that the length of a continuous curve
p: [a,b] — P2(RY) is given by

N

L(p) = sup Z Wa(pt, 5P,

i=1
where the supremum is taken among all finite partitionsa =tg <t; <--- <ty =b
of the interval [a, b].

The space Po(R?) is a strictly intrinistic length space, meaning that any two
measures i, € P2(R?) can be connected with a continuous curve whose length
is Wa(p,v) (see [4]). Such a curve is called a minimal geodesic from p to v. Any
minimal geodesic joining p and v can be uniquely parametrized by t € [0, 1] so that

Walpe, ps) = [t — s|[Wa(p, v).
In what follows, by saying that p is a geodesic joining y and v we mean that p is a
minimal geodesic from p to v parametrized in this way.
Any geodesic p joining y and v takes the form py = ((1 — t)7* + 7§7r2)tt II, where II
is an optimal plan between p and v. In particular, if the optimal plan is unique, the

geodesic is unique as well. If an optimal plan IT € T'(u, v) is realized by a transport
map F: R? - RY ie.,

Bp=v. Wiu) = [ o= F@) duto),

then IT = (id, F')yp and thus the geodesic takes the form p, = ((1 —¢)id + tF), p.
Curves in the space of measures. A map p: [0,T] — Po(R?) is called Borel mea-
surable if ¢ — p;(B) is Borel measurable for any Borel set B C R?. Any Borel
measurable p produces a measure p on [0, 7] x R¢ by the rule

T
[ ettamdpten) = [ [ etadntan voe o (0.1) xR,
[0,T] xR 0 Rd
Below, we never distinguish p from p.
Lemma 2.3. If p* — p in C ([0, T]; P2(R?)) then p* — p in M ([0,T] x R%;R)
Proof. For any ¢ € Cy ([0,T] x R?), one has

/ S(dp — dp) = /OT / plt,z) (dpf(x) — dpi(x)) dt.

Since ¢ is bounded and pf — p; in Pa(RY) for each t € [0,7], we conclude that
fR@) = [t z) (dpf(z) — dpi(x)) converges to 0 for all ¢ € [0,7]. On the other
hand, |f*| < 2||¢||eo, hence the assertion follows from Lebesgue’s dominated con-
vergence theorem. O

A curve p: [0,T] = P2(R9) is called absolutely continuous if there exists a func-
tion g € L*([0, 7)) such that

t
Wal(pt, ps) S/ g(t)dr, Vt>s, s,t€][0,T].

If p: [0, T] — P2(R?) is absolutely continuous, the limit

|pl|(t) = lim WQ(pt-f-E?pt)
e—0 |5|
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exists for a.e. ¢ € [0,T] and is called the speed (or the metric derivative) of p at t.
Absolutely continuous curves has finite length which can be expressed as

T
L) = [ 110

The following theorem from [2, Section 8.3] shows that absolutely continuous
curves on Py(R?) are completely characterized by the continuity equations. In the
statement, Li (R%; R%) denotes the space of p-measurable vector fields v: R? — R?

such that
1/2
ol = ([ bl ) <o
]Rd

As usual, two maps v and v’ are considered equivalent if they coincide for p-a.e. .

Theorem 2.4 ([2, Chapter 8.3]). Let p: [0,T] — P2(R%) be an absolutely continu-
ous curve. Then there exists a Borel vector field (t,x) — vi(z) such that

v € Lit(Rd;Rd), vl < 10"(8)  for a.e. t € [0,T],
and the continuity equation
Ope +V - (vepr) =0 (5)

holds in the sense of distributions. Conversely, if a Borel map p: [0,T] — P2(R?)
satisfies equation (5) for some Borel vector field v with

T
| ae < o (6)
then t — py admits an absolutely continuous representative t — g with
'[(t) < [|vellp,  for ace. t €[0,T).
Any Borel vector field v satisfying (5) is called a wvelocity of the absolutely con-
tinuous curve p. If a velocity v is sufficiently regular, e.g.,

T
v € CRLRY) Ve [0,T] and /(Hvt||oo—|—Lip(vt)) dt <oo,  (7)
0

it generates a map W: [0, 7] x [0,7] x R — R? by the rule
U, (x) = y(t), s,tel0,T], xR
where y: [0,7] — R? is a unique solution of the Cauchy problem
yt) = v (y(t)), y(s) ==
This map W, called the flow of v, is well-defined and satisfies the identities
U,o=id, U,;, =V, 0¥, Vs t,7€l0,T]

Moreover, for any s,t € [0,7], the map ¥y ;: R? — R? is a homeomorphism with

Lip(¥,.) < exp ( / t Lip(v,) d7> .

Absolutely continuous curves generated by regular vector fields admit a nice
representation formula given in following theorem (see [1, Proposition 4] and [2,
Proposition 8.1.7]).

Theorem 2.5. Let p: [0,T] — P2(R%) be an absolutely continuous curve that starts
at ¥ and whose velocity v satisfies (7). Then
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(@) pr = Vo0 for allt € [0,T],
(b) p is a unique solution of (5) that satisfies po = V.

The following result shows that the boundedness of a regular vector field implies
the Lipschitz continuity of the corresponding curve.

Lemma 2.6. Let ¥ be the flow of a bounded vector field w satisfying (7), and
¥ € Po(RY). Then p: [0,T) — Pa(RY) defined by pr = Vo140 is ||w]|oo-Lipschitz.

Proof. Take two time moments s,t € [a, b] such that s < ¢. Since ¥, is a transport
map between pg and p;, we have

Wlprpa) < [ o= Wesla) P dpuo)
On the other hand,
t
Uy i(n) -7 = / w, (U, 1 (z)) dr.

Hence the boundedness of w implies the Lipschitz continuity. O

General absolutely continuous curves admit another useful representation for-
mula. To describe it, we first define, for every ¢t € [0,T], the evaluation map
er: RY x C ([0, T);R?) — R? by ey(z,7) = ~(1).

Theorem 2.7 ([2, Chapter 8.2]). Let p: [0,T] — Po(R?) be an absolutely contin-
uous curve and v be its velocity field such that (6) holds. Then p, = (er)yn for a
suitable Borel probability measure n on R x C ([O, T]; Rd). This measure is concen-
trated on the set T' of pairs (x,7y) such that 7 is an absolutely continuous solutions
of the equation (t) = vy (z(t)), for a.e. t € [0,T], with v(0) = x.

2.4. Projecting measures on sets. Let C' C R? be a bounded r-prox-regular set.
Consider all measures p supported in C":

¢ ={pe PR : sptpCC}.

Lemma 2.8. Let 9 € Po(R?) satisfy spt C C +rB°. Then
(i) there exists Vo € € such that Wa(9,9¢) = inf ,ce Wa (¥, p);
(11) V¢ is unique and given by Vo = (Pc)yd;
(iii) ¥ and ¢ are connected with the unique geodesic py = ((1 —t)id + tPc), 9.

Proof. First note that Pc is single-valued and continuous on C 4 rB° by the defi-
nition of r-prox-regularity. Consider the transport plan II given by

(A) =0 ({z € C+rB° : (x,Pc(z)) € A}).

Its support belongs to graph Po. Hence the cyclical monotonicity of graph Po would
imply the optimality of II. Cyclical monotonicity can be expressed as follows:

> lwi = Po(i)? <l — Po(@ig)]® forany a1,...,2x € C+1B°.
This property clearly holds because
|zi — Po(xi)| = do(xi) < | — Po(@iy)|.
Let ¥ € € satisfy Wa(d¢, ) = Wa (U, 9) and I’ be the corresponding optimal
transport plan. Since 7rﬁlH’ =19, the previous identity can be rewritten as follows:

/ (j — 4> — & — Po(@)?) dr'(z,) = 0.
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The integrand is nonnegative on sptIl’ because |x — y| > | — Po(z)| for all x €
C +rB° and y € C. Therefore, for II'-a.e. (z,y), we have

|z —y[* = |z — Po(x)[*.
Since in the open r-neighborhood of C' the projection Pc is unique, we conclude
that y = Po(z), for IT'-a.e. (z,y). In other words, II' is supported on graph Pe.
Now from 7rﬁ1H = wéH’ =4 it follows that II = IT'.

There are two consequences of this fact: 1) ¥ = 9 (so we established unique-
ness) and 2) the optimal plan II between J¢ and ¥ is unique. Recall that any
geodesic between ¢ and J¢ takes the form p, = ((1 — )7 + 15772)Ti II, where II is an
optimal plan between ¥ and ¥¢. Thus, the geodesic is unique due to the uniqueness
of the optimal plan. O

Definition 2.9. The measure ¥ defined in the previous lemma is called a pro-
jection of ¥ on C.

3. Existence. In this section we shall prove the existence part of Theorem 1.2.

3.1. Continuous approximation. We consider two processes on R?. The first
one q)f,t is the flow of the vector field 27/(). The second one W] ; is defined only
forx € C(s+7)+rB° and t € [s,s + 7| by

t—s)\. t—s
\I/;t(l‘> = |:(1 - ) id + PC(5+T) (CU)

T

Both processes generate maps in the space of measures:
~ 9 ~
(I)S’t(,l?) = ((I)s,t)ﬁﬂ7 \Pg,t(’ﬁ) = (\I};t)ﬁﬂ
We merge these maps to construct a curve ¢t — pj in the following way:

pT — or = (52kr,t (png) ) te [2k7—7 (2k + 1>T] )
O T ke (Paninye) € 1k + 1) (2 +2)7],

Let us find a velocity of this curve. To that end, take

kEeN. (8)

P, s+T -
wl(z) = M, zeC(s+71)+rB°,
T

and note that
V() = &+ (t = s)wi(e).
Hence the time dependent vector field (¢, z) + w{,(v) generating the map (¢, ) ~
U7, (x) satisfies
d T T T T
%qls,t(m) = ws,t (\Ijs,t(x)) = Wy ((E)

Thus we conclude that p” satisfies the continuity equation with the vector field
given by

29 (p3hr) s t € 2kt (2k+1)7),

ol =9 B -1
W(gk+1)r © [\Il(Qk-&-l)'r,t] t € [(2k+1)7, (2k + 2)7],

keN.  (9)
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3.2. Properties of the continuous approximation.

Lemma 3.1. For all sufficiently small T, the curve p™: [0,T] — Po(R?) is well-
defined and Lipschitz with constant 2(L + M). Moreover, |v] (z)| < 2(L + M) for
all t and p]-a.e. x.

Proof. 1. Assume that p” is well-defined up to a time moment s = 2k7 (we can
always choose k = 0). Then spt p] C C(s) because the image of W__ . belongs
to C(s). In order to construct p” on the interval [s, s + 27|, we must show that
spt pg, . lies in the domain of W7, _ ; for all sufficiently small 7. Indeed, by Lipschitz
continuity of C,

C(s)cC(s+27)+2TMB.
This inclusion together with spt p7 C C(s) implies
sptpL, C Pssr (C(s)) CC(s) +27LB C C (s +27) +27(L+ M)B.  (10)

Thus we conclude that spt p7, . C C (s + 27)+rB°, whenever 7 is sufficiently small.
This proves that p” is well-defined on [0, 7.
2. Let us estimate v”. For each t € [s,s 4 7) (here again s = 2kT), we have

of ()| = [27 (p])(x)| < 2L Vo € R
Now suppose that t € [s + 7,5+ 27] and let
of =inf{a : sptpl,, C C(s+27)+aB}.

Then, by construction,

[vf (2)] < Vr e C(s+27) +a"B.

o

T

It follows from (10) that o* < 27(L+ M). Thus, for each t € [s+ T, s+ 27], we have
[vf ()] <2(L+ M) VereC(s+27)+a"B.

Since sptp; C C(s+ 27) + o*B, for any t € [s + 7,5 + 27|, we get the desired
estimate on v”. The lipschitzeanity of p™ now follows from Lemma 2.6. O

3.3. Piecewise constant approximation. Let us introduce the map
R™(t) =kr, telkr,(k+1)7),

which can be roughly thought as a “projection” of ¢ on the mesh {k7}72 .
Taking the curves ¢t — p] and ¢ — v, we construct two piecewise constant curves
t — p{ and t — v/ in the following way:
Pt = PRrr@)» U =Vgrys t€[0,T]

The next lemmas establish the relationship between the continuous and the piece-
wise constant approximations.

Lemma 3.2. Consider two families of vector measures ET = v"p" and ET =
B 1y, where p™ and v™ are defined by (8) and (9). Assume that E™ — E, ET — E,

pT —p, p- = p. Then

(1) E=FE and p = p;
(2) E =wvp for some v.
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Proof. 1. Since C.(R4*!) is dense in Cp(R?*!), two Radon measures F and E

coincide if [¢ - dE = [¢ - dE for any ¢ € C2(R!). Fix ¢ € C®(R?1) and
note that

T
/<p~dETf/cp~dET:/0 (/gpm[dpff/go@deZ)dt.

If t € [(2k + 1)7, (2k + 2)7), the definitions of p™ and v™ allow us to write
-1
/SO'UZ dpi = /@'w(gkﬂ)r ° [\IJ‘(er-i-l)-r,t} d[\Ijz—Qk-&-l)T,t}upz—Qk-&-l)r
= /90 o ‘I’(T2k+1)f,t FW(2k+1)T dP(TzkH)Tv

/9047[ dp; = /ww(zkH)T dp(okt1)r-

Hence, by Lemma 3.1,

| [ewider = [o-ordn
< 2Lip()(L+ M) [ [opyre(@) ~ o] Al (o),

Similarly, for t € [2kT, (2k 4+ 1)7), we have

< / ‘cp oW lokt1yrs — ('0‘ Jwersn| doforsn),

/<P vy dpp = 2/@ : 7/(P2kr)d[q>5kr,t]ﬁpgkr
=2 [ o051, F (parr) 0 B i

[e-otam=2 [ ¥ (pur) dof.

Again by Lemma 3.1,

[ et dor— [o-ar dr

<2|[ 0o, (F(par) 0 8iry — (o) di,

+ 2‘ / (po®%ry — @) - ¥ (p2kr) dpy,

< 2l / 9 (5r) © Boirs — ¥ (05| A
+2L / ¢ 0 Pokrt — | dp,

< 2L (Jlpllos + Lin(s)) / (Boiro(z) — ] dpfpr ().
Recalling that

|Popri(z) — x| < 27L, te€2kr,(2k+1)T),
| opt1)re(@) — x| <21(L+ M), te[2k+1)7,(2k+2)7),

we conclude that

| [e-ordor - [oeram| <cr veep.m,
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for some C' > 0 that does not depend on 7. As a consequence,

‘/wdET—/@-dE’T

which implies E = E. By the same arguments, one can show that p = p.

2. We derive the last assertion from the properties of the Benamou-Brenier
functional By (see Appendix A). Since E™ = v”p", Proposition 3(i) and Lemma 3.1
yield

<TCr,

1
B BT =5 [0 <,

for some C' > 0 which does not depend on 7. Hence the lower semicontinuity of Bs
implies
Ba(p, E) < limiionf Ba(p", ET) < 400,

which means, by Proposition 3(iv), that there exists v such that E = vp. O

Lemma 3.3. Let u] = ¥ (p]) and a] = ¥ (py). If ||[p7 — pllec — O then ||p7 —
Pllo = 0 and the sequences of vector measures u™p™ and @’ p" converge to up with

ug =V (pt).

Proof. According to Lemma 3.1, one has

N

17 = plloc <11P" = P lloo + 1127 — plloo

= sup Wa(pg-p):pi) +llp" = plles
te[0,T)

<AL+ M)+ 57 = plloc-

This proves the first assertion.
Let us show that the limit of u”p” is up. Indeed, for any ¢ € C,(R4*1), one has

! T
/O /Rd At dpiey = /o /Rd p(t,z) - ¥ (pe)(x) dpe () dt
T
= /0 /Rd W(t,l') . [”//(ptT)(x) — ’V(pf)(z)] dp{(z) dt
+/o /]Rd o(t,x) -V (pe)(x) [dpy (x) — dpi(w)] dt.

The absolute value of the first integral from the right-hand side is estimated by
Lliellec sup Walpf, pr),
te[0,T]

)

and thus tends to 0. The second integral converges to 0, because (¢,2) — u(x) is
continuous and bounded.
It remains to check that @7 p” — up. For any ¢ € Cy(R9H1), one has

/so-ﬂTdﬁT—/so-udp=/sO~U(dﬁT—dp)+/<p-(ff—u7) dp”
+/ap-(u7—u) dp”.

The first integral from the right-hand side, which can be rewritten as

/oT /Rd ¢(t,x) - u(z) (dp{ — dpf) dt,
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converges to 0 since p; — p; for a.e. t € [0,T]. The absolute values of the last two
integrals can be estimated by

Llj¢llc sup Wa(py,p:) and Liplle sup Wa(py,p:i),
te[0,T] te[0,T]

respectively. This proves the last assertion. O

3.4. Normal cone inclusion. The curves p” and the vector fields v” are con-
structed so that

i +V - (vip{) =0.
The sequence p7, being uniformly Lipschitz by Lemma 3.1, converges (up to a
subsequence) to a Lipschitz map p in C ([O, T1;Ps (Rd)). Lemmas 2.3 and 3.2 yield
that p™ — p and v"p” — wvp for some Borel map v. In particular, it follows that

3,5;7,5 +V- (Ut,ot) =0.
The inclusion spt p; C C(t) is a direct consequence of the following lemma.

Lemma 3.4. Let p € P2(RY) and sptyu, C A+ riB, where A is compact. If
e — poand vy, — 0 then sptu C A.

Proof. The set U,, = (A + r, B)° is open. Hence, for each n, we have
0= Hminfﬂk(Un) > M(Un)
k—o0

This means that u (J,, Un) = 0. It remains to note that

Ut = (NA+mB) =4,

n

completing the proof. O

To prove that p is a solution of (1), it remains to establish the following Propo-
sition 2, whose proof heavily relies on the properties of the piecewise constant
approximation.

Proposition 2. For a.e. t € [0,T), there exists a set Ay C R? such that
ve(x) — ¥ (pe)(x) € —Neow)(x) Vo € A (11)
and pt(Az) = 1.
Consider a set-valued map t > C™(t) defined by
C™(t)=C((2k+2)7), t€ (2kT,(2k+2)7].
Given a measurable selection y(t) € C(t), we define in the same way
5() = 5 (2k +2)7) = Yy € (27, (2K +2)r].

Let us introduce the integral
T
g / /Rd“(’”“x)(@f (@) = ¥ (7) (2), Per o (#) — 77 (1))

- %W(m) — ¥ (p7) ()] - | P (ay () — yT(t)|2) dpl (x)dt,  (12)

where a and b are nonnegative bounded Lipschitz functions. Our aim is to pass to
the limit in the integral as 7 — 0. Without loss of generality, we can consider only
those 7 that satisfy (2N + 2)7 =T for some N € N.



5022 NADEZHDA MALTUGUEVA AND NIKOLAY POGODAEV

Recall that
Y (P3per )5 t € [2kT, (2k + 1)7],
Wiy = 7 (Plansnye) € [2k+ D)7, (2K +2)7].

Hence J7 can be rewritten as

o =¥ () = {

(2k+1)7
Z/Q a(t) dt/b(x) (<7/ (P3kr) (x)7PC((2k+2)'r) (z) - y(2k+2)'r>

k=0 Y 2kT

1 - 2 -
- 5‘7/ (P2kr) (95)’ ) ‘PC((2k+2)'r)(x) - y(2k+2)7’ ) dp3p-(x)
(2k+1)7
# X [ atsnde [ 8@ (@) = 7 (ki) @)

k=0 2kT

Pe((2k42)r) () = Y(art2yr)
1 T T
—§|w(2k+1)r(l‘)—7/ (P(2k+1)7> ($)|'|PC((2k+2)T)( )— Y(2k+2)T | )dp(Qk—i-l)‘r( )-

Since

)

|w(T2k:+1)r($) -7 (P?zkﬂ)r) (m)’ 2 |w(72k+1)r(95)| - {7/ <p2—2k+1)'r) (z)
we conclude that J7 < JT + JJ + JJ, where

N (2k+1)T
J{ = Z (/Qk a(t) dt/b($)<7/ (P3kr) (), Po(rt2)r)(T) — y(2k+2)r> dpir (2)
k=0 T

(2k+1)7
_/Zk a(t+7) dt/b p(%_H )(m),

Po(2k+2)7) (%) = Yrt2)r) d/?(Tzk+1)T($)>7

N (2k+1)7
- %Z (/2 a(t) dt/b(:c)k//(pékf) ()]

k=0 kT

2 T
| Po(@ri)n () — yeks2)r| dpie, (@)

(2k+1)7
- [ et [ W (i) @)

kT

2 T
| Po(@rtay) () = Yento)r] dp(2k+1)-r('r))7

(2k+1)
Js = Z a(t+7)dt | b(z) (<w(Tzk+1)T(93)7 Pe(@2r+2)r) (T) — y(2k+2)‘r>
2k
k=0"2RT
1 2 -
| (2k+1)7— | |PC((2k+2)T)( ) - y(2k+2)7'| ) dp(2k+1)7'(x)'

We are going to show that J{ = O(7) and J] = O(7).

Lemma 3.5. Given py, po € Po(R?) and a Lipschitz function b € C(R?), suppose
that

(a) there exists K € K,(R?) such that spt i Uspt po C K + L B;
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(b) there exist a Borel measurable map ¢: R? — R? and C > 0 such that s =
i and |z —Y(z)| < CT for all x.

Then there exists Cq > 0 such that
| [3@) 0 (@), i) = ) (o)
— [ o) e a) Prcla) ~ ) diao)] < €
| [3@ 7 )@ - 1Pre(o) = o dos(a)
= [ o) ) )] 1Pre(o) — o dpa(o)] < o

forally € K + §B.

Proof. 1. We start with the first inequality. Note that

/ b(z) (¥ (12)(2), P () — y) diaa)
- / bo(z) (¥ (2) 0 (), P 0 () — y) dpa (x).

Now taking 21 = z and x4 = ¥(z), we may write

b(x1) (¥ () (1), P (21) — y) — b(w2) (¥ (p2) (22), Pre (22) — y)
= (b(z1) = b(w2)) - (¥ (p1)(21), P (21) — y)
+ b(x2) (V' () (1), Pre (1) — y) = (¥ (p2)(22), P (22) = y)) -

The first term from the right-hand side can be estimated by
Lip(b)L|z1 — x| - [P (21) — y|.

To deal with the second term, consider the difference

(¥ () (21), Pr (1) — y) — (¥ (12)(22), P (22) — y)
= (¥ (1) (@1) = ¥ (u2)(21), Pr (1) — y)
+ (V (p2)(21) = ¥ (p2)(z )»PK(l“l) Y)
+ (¥ (p2)(22), Pc(71) — P (22)) -

Our assumptions imply that the first term from the right-hand side can be estimated
by LWa (1, p2)|Pr (1) — yl, the second term by L|r; — 2| - |Px(x1) — y|, and the
third term by L |Pk(x1) — Pk (z2)|.

Since b is bounded on K + 5B and, for all x; € spt p1, we have

o1 = 2l = |z~ w(a)| < C,
1/2
2(pni) < ([l = v@P d(@) " < o

|Pr (1) — Pr(x2)| < 2|zy — 22| <2CT, (by Proposition 1) (13)
|Pr(z1) — y| < diam K + 7.

After combining all the estimates, we get the desired inequality.
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2. The second inequality can be proven in the similar way. We begin with the
identity

8@ 7 2)(@) - | Prcta) = of? dao)

= [bow@) ¥ (1) 0 0@ [Pac 0 6(0) — o dps ).
Again, by taking x1 = x and x2 = ¥(x), we get
b(x1) [V (1) (21)] - [P (1) = y|* = ba) [V (n2) (w2)] - [ P () =y
= (b(x1) — b(w2)) - [ () (@1)] - | P () — y?
b2 (17 () @)l - 1P (1) =yl = 17 (2)(@2)| - | Pc(2) = o) -

The first term from the right-hand side is estimated by Lip(b)CL (diam K + r)* 7
As for the second term, we have

| (1) (1) - | Prc (1) — yl* = |7 (2) (@2)| - | Pic (w2) — g
= (17 () (@) = |7 (p2)(22)] ) - | Prc(21) — yI°
[V (u2) (@) - (1P (1) — yI* = |Pre(z2) — yI*) (14)

We can easily estimate the first term in (14) because

|17 () (@) = 17 () (z2)] | <17 (1) (1) = 7 (n2) (22)]
< L|:v1 - {Egl + LWQ(,U,l,,U,Q) < 2LCT.

Thanks to (13) and the identity

|Prc(21) =y = |Pxc(ws) = yI” = |Pr(21) = Prc(2)] - [P (21) + Prc(w2) — 2y,

we can estimate the second term in (14) by 4LC7T (diam K + r). Combining all the
estimates above, we obtain the desired inequality. O

Lemma 3.6. Let a: [0,T] — R be Lipschitz, s € [0,T — 7|, and o, 8 € R. Then

‘a/s ) dt - 5/ alt +7) dt] < Jo|Lip(@) +]a — 8] - a]
Proof. After rearranging the left-hand side can be written as follows:
‘a/HT la(t) — a(t + 7)) dt + (o — B) /SH alt + 7).
Now the requiredsestimate easily follows from the Li;schitz continuity of a. O

Lemma 3.7. One has J{ = O(7), JI = O(1).
Proof. 1. We begin with J7. Let us take

o= /b(x) <% (pgkr) (‘T)’ PC((2k+2)T) (1’) - y(2k+2)7> dpng({E),
p= /b(l“) 7/ szkH)T) (), Po(@r+2)r) (@) —y(2k+2)7> dplops1)r (T)-
We know that spt piar42), C C ((2k +2)7). Hence if 7 is small enough then

.
sPt parr Uspt prars1)r C C((2k +2)7) + 5 B.
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Lemma 3.5 implies that |o — 8] < Cy7 for some C; > 0. Now from Lemma 3.6 it
follows that

(2k+1)7 (2k+1)T
a/ a(t) dt — 8 a(t + 7) dt = O(72). (15)
2kt 2kt

This gives JT = (N +1)O(7?) = LLO(7?) = O(7).
2. To deal with JJ we take

T 2 T
a= /b(x)’"f/ (P3rr) ()] - | Po(@rtayr) (@) = yento)r | dpie, (@),

B = /b($)|"// (P(TzkH)T) (@)] - |Peariarn (@) — Yarszyr| dplok41)r (T)-

Then Lemma 3.6 gives (15) and, as a consequence, JJ = O(7). O
Since —w(y;, 1), (%) is a proximal normal to C'((2k + 2)7) at Pc(ak+2)-(2), we

conclude that

<wz—2k+1)r(x)ﬂ Pe(2k+2)r)(T) — y(2k+2)‘r>
1

2
~ 9 | (2k+1)‘r | |PC((2]€+2)T)( ) — y(2k:+2)7'| <0,
for all z € C ((2k + 2)7) 4+ rB°. This means that J] < 0. So we have
J™+0(r) < 0. (16)

Lemma 3.8. Let y(-) be a Lipschitz continuous selection of C(-) and a € C(R),
b € C(RY) be nonnegative bounded Lipschitz functions. Then

[ atan)(tete) = (o0 @ w0 = 0(02) |2~ (o)) )t <,
for some nonnegative Borel map o: [0,T] x R — R.

Proof. 1. We shall prove the lemma by passing to the limit in (16) as 7 — 0. But
first, let us show that E” = &7 p” with

o7 (t2) = o o (@) = ¥ () (@)
tends to op for some Borel map o. Since all E™ are supported on the compact set
Cr= {(t,ac) cxeC(t)+ gB, te [O,T]}
and, by Lemma 3.1, their total variations are uniformly bounded:

_ 1 T
|ET| i/&fdﬁf < ﬂ/ (3L +2M) dt,

0
we conclude that E7 weakly converges (up to a subsequence) to some nonnegative
measure E. As in Lemma 3.2, the corresponding Benamou-Brenier functional is
uniformly bounded:

Bo(p™, ET) = /|g 12 dp </ (3L +2M)? dt.

Hence the lower semicontinuity of By (Proposition 3) implies that Ba(p, F) < +00,
and therefore E = op, for a Borel map o.

2. Let us show that we get the desired limit if we replace Pg- () (x) — 97 () with
f(t,z) = Pow(xz) — y(t). Indeed, if 7 is small then spt p” C C,. The function f
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is continuous inside C, thanks to Lemma B.1. Recalling Lemmas 3.2 and 3.3, we
obtain

T
| [ et (tnla) = ¥ )@, £02) = ot 2(0,2) ()

in the limit. Since spt p; C C(t), we have Pc4)(z) = « for all x € spt p;. This gives
the desired inequality.

3. The function f, being defined on a compact set, is uniformly continuous. In
particular, for any € > 0 there exists § such that for all 7 < §

|f(t,z) — f(R*(t),2)] <e V(tx)€C,.
Hence letting a] = o] — ¥ (p]) we get

‘// [F(RE(8),2) = f(t,2)] - d(@ 7")(t, )| 0.

Similarly using uniform continuity of |f|? we can show that

| [ o) 11 0.0 - 1f.2)P] - do 5 (t,2)] >0,
which completes the proof. O

To proceed, we need one more technical lemma.

Lemma 3.9. Let i be a Borel measure on R* with compact support and p: R? — R
be a bounded Borel measurable function. If for any smooth function a: R? — [0, 1]
we have

[ ate)ete) duta) <0
then ¢(x) <0 for p-a.e. x.

Proof. Let A = {z: ¢(x) > 0}. Since A is measurable and p is regular then, for
any € > 0, there exist a compact set F. C A and an open set G. D A such that
w(A\ Fy) < e and p(G: \ A) < e. By Urysohn’s lemma there exists a smooth
function a.: R? — [0, 1] which is 1 on F. and 0 outside of G.. Consider the obvious

identity
/aawdu=/ aasodqu/ astpdw/ asp dp.
F, A\F, G \A

= € €

Since ¢ > 0 on A\ F. and ¢ <0 on G. \ A, we obtain

/ aawdu=/ wduZ/wdﬂ—cu(A\Fe),
FE Fs A

/ aspdp >0,
A\F.

/ azp dp 2/ pdp > —cp(Ge \ A),
G \A A

€

where c is chosen so that |¢(z)| < ¢ for all x € R%. These inequalities imply

/asgodu > / pdu — 2ce. (17)
A

Suppose that ©(A) > 0. Then fA @dup > 0. Indeed, A contains a density point y
of ¢ (see, e.g., [3, Theorem 5.8.8]) and from ¢(y) = lim, o m fy-H’B odu >0
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it follows that [, ¢ du > fyHB @dyu > 0 for some r. Thus, choosing ¢ small enough
makes the right-hand side of (17) strictly positive and leads to a contradiction. [

Proof of Proposition 2. Take a countable dense subset subset {t,}, of [0,T].
Then, for each t,,, choose a countable dense subset {zX}, of C(t,). The set of pairs
{(tn, 2%)},.1 is also countable. For each (t,, %) we consider the map y, x: [0, 7] —

R? defined by

~Jnk(t) € Now,  Ynk(ta) = 2.

This map is uniquely defined and Lipschitz continuous. We state that {yn i (t)}n.k
is dense in C(¢) for each t € [0,7]. Indeed, since C' is lower semicontinuous, for
any t and any open ball z + eB° such that C(t) N {x + eB°} # & there exists ¢,
such that C(t,)N{z+eB°} # &. The latter set has nonempty interior and we can
select from it some z%. Since t,, can be arbitrary close to t then y,, () € z + eB°,
as desired.

Now, for each y,, 1, apply Lemma 3.9 to the inequality established in Lemma 3.8.
Then we get

/R b(@)(ve2) =7 (p1) (), 7 = g r(®)) = 0(t,2) - 2 =y (8)?) dpu(a) <0

for all ¢ € [0, T]\ I, x, where each I, ;, is a set of Lebesgue measure zero. The union
I of these sets also has measure zero. Since y, ;(t) are dense in C(t), we have

[ bl mas (o) =7 (o) (@) =) = o(t,2) - |o = of* ) dpu(a) <0,

for all ¢t € [0, 7]\ I. Using again Lemma 3.9, we obtain that for p;-a.e. z

(vil@) =¥ (po) (2), 2 —y) < olt,2) - lo —y* Wy e C),
This completes the proof. O

4. Continuous dependence. Before passing to the continuous dependence, let
us prove assertions (2) and (3) of Theorem 1.2.

Lemma 4.1. For each solution p of (1) assertions (1) and (2) of Theorem 1.2 hold.

Proof. 1. Since the velocity v of p can be tweaked on a p-negligible set without
changing the solution of the continuity equation, we may assume that (11) holds
for all ¢ and .

2. Let us show that p = Ey(A x 1), where 7 is defined as in Theorem 2.7, A is
the one dimensional Lebesgue measure, and E: (t,x,7v) — (¢, 7v(t)). Indeed, take
A C[0,T] x R and denote by A; its slice {¢ : (¢,£) € A}. Then

T

p(4) = /0 pil(Ar) dt = /0 n (e (Ar) dt = /0 (A dt = (A x m)(A),

where A = {(t,x,7) : (t,7(t)) € A}. It remains to note that A = E~*(A).

3. Let T be defined as in Theorem 2.7 and A C [0, 7] x T be the set of all triples
(t,z,7) such that 4(t) exists and equals to v;(y(t)). We are going to show that A
is a set of full measure A x 1. By Fubini’s theorem,

(Axn)(fl)=/FA([1<x,y))dn(x,v)7 where Ag ) ={t: (t,z,7) € 4},

Now we obtain (A x 5)(A) = T because )\(A(IW)) =T, for all z and ~.
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4. Since p = Ey4(A x 1), we conclude that E(A) is a set of full measure p. In
other words, for p-a.e. (t,x) there exists a solution y of the sweeping process

9(t) € 7 (p)(y(t)) = Now(y(t),  for ae. t €[0,T7,

such that y(t) = x, y(t) exists and equals to v(x).
5. Now we deduce from [23, Theorem 2.4] that |vs(x)| < 2L+ M for p-a.e. (¢,x)
and from Proposition 4 that

E+n-v(x) =0 VY(&n) € Naraphc(t, )

for p-a.e. (t,x), when graph C is r’-prox-regular. O

Let p',p?: [0,T] — Pa(R?) be solutions of the sweeping processes (1) corre-

sponding to the set-valued maps C*,C?: [0,T] — K,(R%), respectively. By v}, v?

we denote their velocity fields.

In order to prove the continuous dependence, we are going to differentiate the

function r(t) = W3 (p, p?). Since both curves p' and p? are absolutely continuous,

we can use the formula
d
G =2 [ [ (@)~ ) - v) diLy o),

whose proof repeats that of Theorem 8.4.7 [2] (we put it in Appendix C, for com-
pleteness). The measure H,1 ,2 in the right-hand side denotes an optimal plan
between p; and p?.

Let ¢ = 1,2. By definition, ¥ (p})(z) — vj(z) € Ngi()(x), for a.e. t € [0,T] and
pi-a.e. © € R Since the values of C? are r-prox-regular, Proposition 1(b) implies
that

(vi(@) = ¥ (p)(2), 2 —y) < ir |vi(x) = ¥ (o) (@) & = yI?, (18)

for a.e. t € 0,7, pi-a.e. € R%, and all y € C*(t).
According to Lemma C.1, we have

55 Wih ) = [[ (h@) = i )x ) dtyp (o)
- / / (W) — V(o) @),z — ) dTy 2 (2, )
+ / / (W2 (W) — ¥ () )y — ) Ty 3 (2,y)

+ / / () @) — V() )z — y) dTLy 2 (2, y)
=10+ 1+ Is. (19)

for a.e. t € [0,7].
We split the first integral I; as follows:

I = / / (W} (@) = V() @),z — Porgn () dT,y 2 (1)
+ / / (W (@) — V(o) (@), Porgo(y) — v) dILy e (z.). (20)
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Note that ¢+ Pc1(y(y) is, in general, a set-valued map. Here, slightly abusing the
notation, we denoted by Pc14)(y) its measurable selection, which always exists’.
Taking into account the inclusions

spt 1 2 C spt pi x spt p7 C C(t) x C3(t),
we deduce from (18) and assertion (2) of Theorem 1.2 that

// (vi (x) = 7 (pp) (@), & = Poray(y)) dILy 2 (w,y) < w

/ / (0} (&) — ¥ (p}) (@), Poro () — v) Tz () < (3L + MIA(2),

where A(t) = dg (C*(t),C?(t)). This gives

W22(p17 p2)a

3L+ M
—7T

<
I < (BL+ M)A®) + -

(t)-

The same inequality holds for I5.
We rewrite the last integral I5 as the sum

/ (1) (@) = V(o) (@), — ) Ty (i, )

+ / (D) (&) — V(02 (w), & — ) T,y 2 ().

The first integral above is bounded by

([P eh -l anw) - (f1e = olam,; pto.0) P W),

thanks to L-Lipschitz continuity of 7 : Po(R?) — C(R?RY). The second one is
bounded by LW (p;, p?) due to L-Lipschitz continuity of ¥ (p?) € C(R%;R?). Thus,
we have I3 < 4Lr(t).

Plugging the above estimates into (19) gives

3L+ M
7(t) < (6L +2M)A(t) + (41: + ;) r(t).
r
By Gronwall’s lemma, we obtain (2), thus completing the proof of assertion (4).
Finally, note that uniqueness in assertion (1) is a direct consequence of the above
estimate.

5. Application to environment optimization. An important task of crowd
dynamics is to understand how environment affects the crowd motion. Consider
a specific question: can an obstacle, such as a column, placed at the right spot
help the crowd to evacuate a room? We know that under some circumstances it
happens in the real life [14]. Numerical experiments (see Section 6) show that this
phenomenon, called Braess’s paradox [15], can be reproduced in our model. But
can we find the best shape and position of the obstacle?

Let us formulate this problem within our framework. Suppose that r is a fixed
positive constant, ) a compact r-prox-regular set that represents the region where
the crowd can move, ¥ a compactly supported measure on {2 which defines agents’
distribution. We assume that €2 consists of two parts: the safe S and the dangerous

1Since Poiy) ={y +dc1y() - BN Cl(t), Po1 is measurable as an intersection of two

measurable set-valued maps; hence it has a measurable selection.
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D regions. The crowd leaves the dangerous region moving along a given nonlocal
vector field v; = ¥ (p;). Our aim is to place an obstacle O C 2 so that the number
of agents staying in D by a time moment 7" were minimal. As was discussed before,
each obstacle defines the corresponding viability region C' = Q\ O. We assume that
admissible viability regions C' belong to the set

c={Cek,(RY: Ccq 9C)=1}.

The following theorem says that among all admissible viability regions one can
always choose an optimal one.

Theorem 5.1. Let p©: [0,T] — Po(R?) denote the trajectory of (1) which corre-
sponds to C(t) = C, for C € C. If D is open then the minimization problem

min {pg(D) : CeC}
admits a solution.

Proof. We know that C ~ p$% is continuous as a map K,(R%) — P2(R?). Since
D is open, we conclude, by the Portmanteau theorem, that C' +— pg (D) is lower
semicontinuous as K, (R?) — R. To complete the proof, it suffices to show that C
is compact.

We can always extract from any sequence C,, € C a subsequence converging
to some compact set C' C Q (see, e.g., [21, p. 120]). By Theorem 4.13 in [12],
C € K.(R%). Hausdorff convergence implies that for any k¥ € N one may find n(k)
such that Cpy C C + %B. This means that ¢ (C+ %B) = 1, for each k£ € N.

Therefore, 1 = kli_>1101019 (C++1B) = ﬂ(ﬂzozl(C' + %B)) =9(C). O

6. Numerical computations. While continuous dependence on the moving set
leads to existence results in environment optimization problems, continuous depen-
dence on the initial measure provides an algorithm for computing trajectories of (1).
Indeed, let p be a trajectory issuing from 9 € Po(R%). We can always approximate
¥ by a discrete measure Uy = % vazl 0z, (because such measures are dense in
Py (RY) [25]). The corresponding trajectory px, being absolutely continuous, con-
sists of discrete measures as well (note that several d-functions could be glued into
one along the way, but they can never be split again). Now, we can easily com-
pute py by applying the catching-up scheme. Theorem 1.2 shows that py — p in
C([0,T); Po(R%)) as N — oo.

Below we provide computations for two simple models of crowd dynamics taken
from [17] and [9].

Example 1 (Attraction/repulsion model). The first model [17] corresponds to

H)(e) = wie) + [ Ko~ y)duly)

where w: R? — R? is a drift and K the attraction/repulsion kernel of the form

K(z) = _Aax exp (— @> A exp (— @}

2a? 2a? 2r2 2r2
Here a and r determine the attraction and repulsion ranges, A, and A, the attrac-
tion and repulsion intensities. It is common to take r < a, so agents repulse each
other at short distances and attract at large ones. One can easily verify that ¥
satisfies our assumptions if w is bounded and Lipschitz.




CROWDS IN REGIONS WITH MOVING OBSTACLES 5031

time = 2.00 time = 6.00 time = 10.00

FIGURE 2. Solutions to the attraction/repulsion model (Exam-
ple 1) at time moments ¢t = 2,6,10,14,16,18. The initial mea-
sure ¥ is the Gaussian probability distribution on R? with mean
(4,0) and variance id. The obstacle is the blue ellipse moving from
the bottom left to the top right corner. Parameters of the model:
A, =4, A, =7, a = 1/\/5, r = 0.5, w = —0.3, parameters of
discretization: 7 = 0.01, N = 300.

For the computations presented in Figure 2, we choose A, = 4, A, =7, a =
1/v2, r = 0.5, w = —0.3, 7 = 0.01. The moving set is given by C(t) = {z €
R?2 : f(t,x) <0} with

flt,z) = —(x1 — 0.5t +2)% — 4(29 — 0.5t + 4)* + 2,

that is, our obstacle is an ellipse crossing the crowd. We approximate the initial
measure 9 (the Gaussian measure with mean (4,0) and variance id) by a discrete
measure % ZZI\; 05, with z; randomly distributed according to ¥, N = 300.

Example 2 (Congestion model). The second model [9] corresponds to the choice

Y ()(z) = w(z) - ( [tz - yl)du(y)) ,

where w: R? — R? is a given vector field, n: R — R, is a smooth bell-shaped
function, 1: Ry — [0,1] is Lipschitz and non-increasing. The idea behind this
model is that the velocity of an agent located at = decreases as the number of
agents around z (estimated by [n(|z — y|) du(y)) grows.
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No obstacle

time = 2.00, inside = 100.00%

o

time = 6.00, inside = 92.33%

time = 10.00, inside = 64.67%

o 2

time = 14.00, inside = 43.00%

o

time = 20.00, inside = 19.67%

Stationary obstacle

time = 2.00, inside = 100.00%

time = 6.00, inside = 92.67%

time = 10.00, inside = 62.33%

o 2

time = 14.00, inside = 38.67%

o

time = 20.00, inside = 14.67%

Nag. ¢
P Lo
- a

Moving obstacle

time = 2.00, inside = 100.00%

me = 10.00, inside = 69.67%

e
b

o 2

time = 14.00, inside = 47.67%

o

time = 20.00, inside = 0.00%

A
'."«.‘-3,.

FIGURE 3. Solutions to the congestion model (Example 2) at

time moments ¢t = 2,6, 10,14, 20.

First column: no obstacle

(¢ = (100,100), @ = (0.9,0.16), w = 0), second column: a station-
ary obstacle (¢ = (1.1,0), a = (0.9,0.16), w = 0), third column:
a moving obstacle (¢ = (1.1,0), a = (0.9,0.1), w = 1). The ini-
tial measure ¥ is absolutely continuous with density 31—21[2,6]“,4’4].
Parameters of the model: b = 0.6, § = 0.1, parameters of dis-
cretization: 7 = 0.01, N = 300.
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To define the non-local vector field we choose the following functions:

1
\\/ w(x) = —M(l—kxfﬂxlxg),
2 2
/ Y(r) =1 — — arctan kKx*,
™
1

1
zer/a?-1, r<¢g,
0, otherwise,

/\\ £=0.3, k= 1000, 8 = 0.466.

Field lines of w are the parabolas depicted above. The moving set is given by

y

\

Ct)={zeR®: f(t,z) <0}\ (I +6B°), where I = {z =0, |y| > b}, b,0 >0,

flta) = (4

x1 — c1) coswt — (29 — ¢2) sinwt)2
aj

(1 — c1) sinwt + (ze — o) coswt 2 1

( a9 ) i
Here I + 6 B° models a wall with an exit and f an elliptic obstacle with semi-axis
a1, as rotating around its center ¢ = (c1,¢2). In our case, b = 0.6, 6 = 0.1, 7 =
0.01. The initial measure is absolutely continuous with density 51[2’6]“,4,4]. We
approximate it by a discrete measure % 22111 0z, , where z; are uniformly distributed
on the rectangle [2,6] x [—4,4], N = 300. Solutions of (1) for various ¢, a, w are
presented in Figure 3. Note that, by the time moment T' = 20, the dangerous region
D = {x > 0} contains 19.67% of the total mass if there are no obstacles, 14.67%
for the stationary obstacle, 0.00% for the moving obstacle. Hence Braess’s paradox
may indeed occur in (1).

Appendix A. The Benamou-Brenier functional. For any couple (p, E), where
p € M(X;R) is a measure and E € M(X;R?) is a vector measure, we correspond
the number

Bg(p,E)zsup{/xa(x)dp(x)—i—/Xb(x)- dE(z) - (a,b)er(X;Kg)},

where

1
K2: {(a,b) ERXRd: a+§‘b|2 SO}

Proposition 3 (Proposition 5.18 [22]). The map Bg is convex and lower semicon-
tinuous on M(X;R) x M(X;R?). Moreover,

(Z) 82 > 07

(ii) Cp(X; K3) can be replaced with L*°(X; K3) in the definition of Ba,
(#ii) if p and E are absolutely continuous with respect to a positive measure X then

Ba(p. E) = / folpl@), B(z)) dA(x),
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where
il =0,
fao(t,) = sup (at+b-2)=40 ift=0,z=0,
(a0)Eke +o0 otherwise;
(iv) Ba(p, E) < +00 only if p> 0 and E < p,
(v) for p >0 and E < p, we have E = vp and Ba(p, E) = % [ |v|* dp.

Appendix B. Continuity of the projection map.

Lemma B.1. Let A, 25 A and z,, — x. If the projections Ps(z) and Pa, (zy)
are unique then Pa, (x,) — Pa(z).

Proof. Consider the following functions

Fo(y) = xa, () +zn —yl% F(y) = xaly) + |z —yl%,

where y 4 denotes the indicator function of A. From [10, Proposition 4.15] it follows
that F' = I'-lim F,. By our assumptions, each P4, (2,) is a unique minimizer of F,,
and P4 (x) is a unique minimizer of F. Since all P4, (x,) belong to a compact set
(because {A,} is convergent), one may extract a converging subsequence. By one
of the key properties of I'-convergence [10, Corollary 7.17], its limit is a minimizer
of F, i.e., Py(x). This means that P4 (x,) — Pa(x). O

Appendix C. Derivative of the squared Wasserstein distance.

Lemma C.1. Let u, vy be two absolutely continuous curves in Ps (Rd) and ug, vy
be their velocity vector fields. Then, for a.e. t, one has

W) =2 [ [ (o) = w0),2 = ) dlLs (0.0),

where 11,,, ., is an optimal transport plan from pg to vy.

Proof. We shall prove the formula for all ¢ satisfying the following conditions: 1)

h h
W2 (e, v4) is differentiable, 2) limy, o 7‘}[/2(“”}’:’3”“) =0, 3) limy, o 7‘4/2(”“2’13”“) =

0. Here
St =id + huy, P! =id + ho.
Proposition 8.4.6 from [2] says that all such ¢ compose a set of full measure.
First, we show that

d_ o . WE (S, Plhve) — W3 (s, vr)
%WQ (s Vs)|s=t = Alg% h

Indeed,
2 2 _ w2(ah h 2
W3 (tns Vigen) — Wy (e, i) = W3 (Sggpe, Prgve) — W3 (e, ve)
+ W3 (pa s vern) — W;(S&Nta Pt]ﬁ’/t)»

so if we show that

W3 psns vien) — W3 (Sh e, Plivy)
lim =0,
h—0 h

we are done. Let us note that

|W3 (pte4ns vesn) — WQZ(S&M, Pt}ﬁyt)| < C |Walpiesns vesn) — W2(Sthg/ita Pt}éVt)

)
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for some C' > 0. Now,
(Wo(pttgns vesn) = Wa(Siype, Pigve)| < [Wottesn, vern) — Wa(Siypie, vern)|
+ |Wa(Shypue, visn) — Wa( Sty Plive)|
< Wa(ptetn, Sthﬁut) + Wa(Vegn, Ptfél/t)-

It remains to apply properties 2) and 3).
Choose any optimal plan II between u; and v;. Note that the following plan
(St om!, P o m?)4II transports Spu; to Plivy. Hence

W3 (Sl Plpn) < [l () =y = (o) il )
< W2 (10, 1) + 1 / fug(z) — e (y) [ dT(z, y)

421 [(ule) - vlw).o - ) dlGa.p)

Therefore, if h > 0, we get
d

W )lems <2 [ o) — vl o) dll(o, ).

If h < 0, we get the opposite inequality. O

Appendix D. No-flux property. Here we prove a simple property of the per-
turbed sweeping process

§(t) € vi(y(1) — Now (y(t)) for a.e. ¢ € 0,7 (21)

that we failed to find in the literature. Below ((s,z),(t,y)) denotes the scalar
product in R and x - y the scalar product in R<.

Proposition 4. Let (t,z) — vi(x) be measurable in t, L-Lipschitz in x and L-
bounded, C: [0,T] = R? satisfy (A2) and have r'-proz-regular graph, v’ > 0. Let y
be a solution of (21). Iftyg € (0,T) is so that y(to) exists then (1,y(tg)) is tangent
to graph C at (to,y(to)) in the sense that

£+ y(tO) = 0 V(fﬂ?) € NgraphC(th y(tO))'
Proof. Pick some (§,71) € Ngraph c(to, y(t0)). By Proposition 1(b), we have

L, y0) — (o, w00 = (& 1), (30) — (tosai0)) 2 0, (22)

for all t sufficiently close to tg. Since for ¢ = tg the function on the left-hand side
of (22) becomes 0, we conclude that ¢y is its extremal point. By Fermat’s rule,
§+y(to) -n=0. O
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