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1 | INTRODUCTION

The realm of viscoelasticity covers a broad class of phenomena in continuum mechanics relevant to the description of
materials that, when deformed, develop internal stresses of both conservative and dissipative nature. The two most suc-
cessful continuum theories to date, namely, solid elasticity and Newtonian fluid mechanics, represent opposite conditions
in which either dissipative or conservative effects are completely negligible [1]. As a consequence, the mathematical tech-
niques employed to treat the two classes of models developed quite separately. Variational methods became the tool of
choice to deal with elasticity, as testified by numerous authoritative monographs [2-4], while the analysis of nonlinear par-
tial differential equations marked the history of mathematical fluid mechanics [5-9]. In a similar fashion, the treatment
of viscoelasticity has followed different paths when stemming from solid or fluid mechanics.
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Common to all viscoelastic frameworks is the need to keep track of both the material deformation, related to elastic
responses, and the rate of deformation, involved in dissipative effects. We work in a setting typical of the fluid mechanics
approach but also covering models of viscoelastic solids, which will be indeed our starting point. As a matter of fact,
viscoelastic fluid models can also describe visco-elasto-plastic solids in certain regimes. We use the spatial, or Eulerian,
framework and describe viscous stresses by the simplest Newtonian model that leads to the Navier-Stokes equation. The
distinctive features of the models that we introduce are the use of stresses proportional to the logarithm of the strain that
keeps track of the material deformation and of evolution equations for both the current and relaxed strain measures, as
opposed to the single evolution equation for the elastic stress or the conformation tensor that characterizes Oldroyd-type
models of viscoelastic fluids [10-12]. The combination of these two aspects, which have a rather long history in solid
mechanics and plasticity theory, has important consequences on the mathematical analysis of the evolution equations
for our viscoelastic models.

The importance of considering the logarithm of strain measures has been recently highlighted by several works [13-16].
It is intimately related to acknowledging that the mechanical interpretation of those tensors identifies them as elements
of submanifolds of Lie groups. The matrix logarithm provides a mapping to the associated Lie algebra that is key in the
development of constitutive relations. In fact, the Cauchy stress tensor, from which the deformation of the material is
driven, can be naturally interpreted as an element of the tangent or cotangent bundle to the Banach manifold of tensorial
measures of strain, directly related to Lie algebra and logarithmic strains. What may appear a subtle mathematical argu-
ment eventually leads to a more natural balance of the terms that couple the evolution equations for the material to those
for the tensorial measures of strain, as we shall highlight in due course.

Another important aspect of this work is that we need to consider transport equations for tensor fields that are coupled
to the balance of linear momentum, since the strains that affect the elastic stress are advected by the velocity field of the
continuum. This is common to several models for viscoelastic materials featuring the evolution of tensorial measures of
strain or stress [11, 12, 17, 18], but we propose a somewhat different approach to the analysis of such equations.

Transport equations are a classical topic in analysis and mathematical physics for their ubiquitous presence in con-
tinuum mechanical models where the evolution of various fields is coupled with the deformation of the material. This
class of evolution equations is still attracting considerable attention in relation to the existence and regularity of solutions.
They have stimulated the introduction of novel concepts of weak solutions and, beyond the seminal paper by DiPerna
and Lions [19], a number of works have been broadening the field in recent years (see, for instance, Refs. [20-23]).

Nevertheless, the tensorial transport equations we need to consider cannot be reduced to a system of scalar equations
and a direct application of available results remains elusive. This is due to the presence of source terms (essential for the
physical meaning of the model) that produce a nontrivial coupling between different components of the tensor and with
the gradient of the transporting velocity field. Moreover, and most importantly, the interpretation of those tensors within
submanifolds of Lie groups poses serious limitations to the standard application of techniques based on Lebesgue and
Sobolev spaces.

The existence of solutions in the nonlinear finite-deformation regime with natural regularity assumptions on the data
is still an open problem for several viscoelastic models considered in the literature [11], notwithstanding the important
results of Masmoudi [24] on Oldroyd-type models. Notably, Liu and Walkington [25] were able to establish an existence
result by considering initial data that are small in the sense that the relevant tensor field is close to the identity. This
assumption, essentially, allows to linearize the elastic stress—strain relation and perturbatively split the transport equation
for the deformation gradient in two decoupled equations. The first one concerns a rotation field that evolves in a compact
manifold, so that very strong a priori estimates are available and permit a treatment d la Di Perna-Lions of the source in
the transport equation. The second one follows an evolution on the tangent space to the manifold of deformation tensors
and is thus amenable to a linear space analysis. Stronger convergence properties of approximate solutions were obtained,
thanks to a crucial assumption, in a simplified model considered by Lions and Masmoudi [26], who could then prove
global-in-time existence of weak solutions. This inspired also the work of Bejaoui and Majdoub [27] on other models.
Further important results on the viscoelastic dynamics in the vicinity of the elastically-relaxed state were obtained by
Lin and Zhang [28], Lin, Liu, and Zhang [29], and Lei, Liu and Zhou [30]. Another approach to cope with the nonlinear
coupling has been followed by Kalousek [31] and consists in looking for solutions of the equations up to a reminder term
that may or may not be negligible depending on the size of initial data. Also in this case, the relevance of the solution is
proper in a somewhat linear or small-data regime.

We follow a rather different route and introduce the notion of charted weak solutions that provides a way to tackle the
analysis of tensorial transport equations with sources within a linear space setting. When applied to the study of evo-
lution equations for viscoelastic materials, this approach generates solutions enjoying optimal regularity properties in

85UB0I7 SUOWILLOD BAIIRID) 8geot|dde 8y} Aq pausenoB ale ssppiie O ‘8sn J0 S3|n1 10} ARiqiT 8uljuO A3|IAA UO (SUORIPUOD-PUE-SLLBIWID" A3 1M ARR.q)1BUI|UO//SANY) SUOIPUOD pue SWB | 8U183S *[1202/60/TT] Uo ArigiT auluQ A8[IM el eueIyoo) AQ 60T BWW/ZO0T OT/I0p/LL00 A3 | m ARelqpul|uc//sdny Wwolj papeojumod ‘0 ‘9/¥T660T



CIAMPA ET AL. Wl L EY_I_3

relation to the natural estimates on initial data. Moreover, we obtain global-in-time existence of solutions for arbitrarily
large deformations. We exploit the link between a Lie group and the associated Lie algebra through suitable logarithm and
exponential maps and consider important cases in which the relevant tensor manifold, which is an infinite-dimensional
Banach manifold, can be locally parametrized by a single chart in a Banach (or even Hilbert) space. In this way, approxi-
mation and convergence properties on the manifold are reduced to those in the linear setting of the local chart. Charted
weak solutions are based on an approximation scheme and compactness arguments. As of now, the precise meaning of
the limit equation remains to be established. The situation resembles the one encounter in variational problems involving
non-smooth functionals, where Euler-Lagrange equations may be ill-defined at minima.

In Section 2, we present a prototypical model for the dynamics of an incompressible viscoelastic material. This moti-
vating example features tensorial transport equations the analysis of which requires some novel ideas. We introduce the
definition of charted weak solutions for our tensorial equation in Section 3. The proof of existence of suitably defined solu-
tions for the dynamics of the prototypical model is given in Section 4, while Section 5 is devoted to the analysis of a more
structured viscoelastic fluid model. Prospective applications and further research directions are outlined in Section 6,
while Section 7 provides a discussion of some open problems.

2 | APROTOTYPICAL MODEL FOR VISCOELASTIC MATERIALS

Let us consider a set of labels represented by a bounded domain ©, c R? (with d = 2 or 3) with Lipschitz boundary. The
points of the set of labels are identified by the Lagrangian (or material) coordinates X € Q. Given a time interval [0, T
with T > 0, we define a time-dependent deformation as the map

10, TIxQp —» RY
¢ - LX) = (t,X)

and the deformation gradient tensor field F:[0,TIxQy— Maty(R) with components defined by
N 0Q;
F(t, X)i; = —(t,X).
( ’ )lj OXJ( ’ )

The map @ represents the position at time ¢ of a material point labelled by X. For any ¢ € [0, T], we assume that @(t, -) is
injective and that det F(t, X) > 0 for any (£, X) € [0, T] X Q. For now, we assume that the regularity of ¢ is such that Fis
well defined.
In order to introduce the Eulerian setting without ambiguities, we limit ourselves to the case in which, for all times
e [0, T], p(t, Q) =Q C Rd, where the fixed spatial domain Q is bounded and with Lipschitz boundary. The points of Q
are the spatial coordinates x. Moreover, we define the spatial inverse on Q of the deformation as

_ [0, TIXQ = Q
¢ - t,x) = @t,x)

with the property @(t, ¢(t,X)) = X. The Eulerian velocity field u is defined by

u(t,x) := o:p(t, p(t,x)).

In the Eulerian setting, we will write the evolution equations in terms of u and the Eulerian deformation gradient F,
given by F(¢,x) := F(t, @(t,x)). From the above definition, we see that the map ¢ is the solution of the nonlinear ordinary
differential equation ¢ = u(t, @).

2.1 | Incompressible evolution of the left Cauchy-Green tensor

We define the advective derivative associated with a divergence-free velocity field u as
Dy, =0+ Wm-V).

The evolution equation for the Eulerian version F of the deformation gradient reads

D,F = VuF. @
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From this, we can easily deduce the equation for the left Cauchy-Green tensor B := FF' as
D,B = VuB +BVu'. ()

For an incompressible material, we know that the velocity field is divergence-free and that the determinant of F is
constant. Without loss of generality, we can assume det F(¢,x) = 1 for any instant in time and point in space, implying
also detB(t,x) = 1 for any (t,x) € [0, T] x Q. To ascertain that the evolution generated by Equation (2) preserves the
value of the determinant, it is enough to check that the right-hand side is tangent to the manifold of tensor fields with
unit determinant. To this end, we consider the first variation of the constraint functional

T
CIM] :=/ /(detM—l)
0 Q

that gives, for any test tensor field G,

(6CIM],G) = /OT/Qtr (cofM)TG) = /OT/gtr(M_lG),

where the last equality holds if M is invertible and det M = 1, as is the case for F and B. Considering that divu = tr(Vu) = 0,
we immediately obtain

T T
(6C[B], VuB + BVu') = / / tr (B™'(VuB +BVu")) = / / 2tr(Vu) = 0, 3)
0 Q 0 Q

proving that, for any B in the appropriate set, the right-hand side of (2) is orthogonal to the constraint normal §C[B] in
the sense of the tensor scalar product in L2([0, T] X Q; Maty(R)), induced by the matrix product A : C := tr(ACT). The
transpose on the second factor is irrelevant whenever A or C is symmetric.

2.2 | Viscoelastic Cauchy stress

The evolution equation corresponding to the local balance of linear momentum for a continuum in the Eulerian setting
takes the form

pDyu = divT + of, 4)

where p is the mass density, u is the velocity field, pf is a given force density, and T is the Cauchy stress tensor. The
description of specific materials is addressed by prescribing a constitutive law that expresses the dependence of the stress
T upon kinematic quantities.

For an incompressible viscoelastic material, the Cauchy stress can be additively decomposed in three terms as T =
—pl + Tyi + Te. The pressure field p takes the role of a Lagrange multiplier for the incompressibility constraint and the
corresponding isotropic pressure term adsorbs all the spherical part of the stress, implying that suitable forms of the
viscous stress Ty; and of the elastic contribution T¢ should be traceless. For the viscous stress, we assume the simple
Newtonian form T,; = 24D, where 5 is a constant viscosity and D = %(Vu + Vu") is the symmetric deformation rate
tensor. Note that, for an incompressible material, trD = trVu = 0.

As for the elastic stress, it must depend on a measure of the deformation that neglects rigid rotations, such as the
left Cauchy-Green tensor B. As argued above, since the evolution driven by T, should be tangent to the manifold of
deformation tensors with unit determinant, a natural choice is to consider the matrix logarithm log B (a spatial version
of the Hencky strain tensor), which is traceless whenever det B = 1. We thus assume T¢; = x(log B — log Byer), with ¥ > 0
being an elasticity constant and B,.r representing the relaxed state of deformation, in which no elastic stress arises. For
the time being, we can set Bes = | (as customary in solid mechanics) and obtain the following form of the constitutive
prescription for a viscoelastic solid material:

T = —pl + 24D + x log B. (5)
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By choosing a fixed B,f, we are stating that the relaxed configuration never changes, and in this precise sense, we can
say that the viscoelastic material we are representing is a solid. We will introduce in Section 5 a viscoelastic fluid model, in
which the relaxed configuration represented by Bi.r evolves over time as a consequence of plastic relaxation phenomena.

In summary, the coupled Equations (2) and (4), with the definition (5) and suitable initial and boundary conditions,
represent the differential problem that describes the incompressible evolution of our viscoelastic solid.

3 | TENSORIAL TRANSPORT EQUATIONS AND CHARTED WEAK
SOLUTIONS

Here, we introduce a suitable notion of solution for tensorial transport equations that will lead to a satisfactory treatment,
in Section 4, of the coupled system of evolution equations for the viscoelastic solid model obtained by (2) and (4) under
the constitutive assumption (5) and the incompressibility constraint. We will discuss in Section 6 the broader scope of
applicability our approach in the context of continuum mechanical models.
If we are given a smooth divergence-free vector field u, we can consider the Cauchy problem
0;F +u-VF = VuF, )
F(07 ) = F07
where F is some smooth matrix-valued function with det Fy = 1. Then, by setting B : = FF" and By := FoFg, we have a

solution of

0B+ u-VB=vVuB+B(Vu)T, (7)
B(0, -) = By.

If the vector field is irregular, namely, u € L'((0, T); WP(Q)) for some 1 < p < oo, the Cauchy-Lipschitz theory
cannot be applied, and in particular, distributional solutions of (7) may not be defined. This is indeed our context: If
u is the velocity field that solves a Navier-Stokes-type equation, we have that u is divergence-free and typically u €
L=((0, T); L*(2)) N L*((0, T); Hy ().

3.1 | A Hilbert manifold of tensor fields

To describe divergence-free velocity fields in a weak sense, we employ the standard spaces H and V defined as the closure
of smooth compactly supported divergence-free vector fields on Q with respect to the norm in L%(Q; R%) and H*(Q; RY),
respectively. In particular, V is the subspace of H;(€; RY) of weakly divergence-free vector fields vanishing on < in the
sense of traces.

To appropriately deal with the relevant tensor fields, we introduce the set of symmetric traceless d X d matrices M :=
{M € Maty(R) : M™ =M, trM = 0} and the set of tensor fields

B:= {BO : Q > Mats(R) : By = B], detB, = 1, and log B, € L*(Q; M)} ) (8)
We will prove that, for any divergence-free velocity field u € L?([0, T]; V), Equation (2) admits a solution in the set

5. -= | B 110, TIXQ - Maty(R) such thatB = B, detB=1,
T7 1 andlogB € LX([0, T] x Q; M) 0 L=([0, T]; L*(Q; M))

for any T > 0 and for any choice of the initial condition By € B.

Note that, while M is a linear space, neither /3 not By are such, due to the nonlinear constraint of unit determinant.
Most importantly, it is the logarithm of elements of B and Br that belongs to a linear space. The set By is a Hilbert
manifold. In fact, the matrix logarithm is bijective and differentiable on symmetric positive definite tensor fields, and
provides an atlas covering Br with a single local chart represented by the Hilbert space L2([0, T] X Q; M). This fact allows
us to introduce a charted weak topology on By such that a sequence {By,} converges weakly to B if and only if the sequence
{log By, } converges weakly to log B in L2([0, T] x €; M).
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3.2 | Charted weak solutions

Based on the notion of charted weak convergence in the set 3r mentioned above, we can give our main definition and
results. In what follows, we will denote the norm on spaces of the form LP([0, T]; X) by || - ||zox-

Definition 1. Given u € L*([0, T]; H) n L?([0, T]; V) and B, € 13, we say that B € Br is a charted weak solution of
the transport Equation (7) with initial datum By, if there exist two sequences {uy } and {log By} of smooth fields that
satisfy

(1) we ~uin L>([0, T]; H) n L*([0, T]; V),
(ii) logBoyx — log By in L2(€2; M),

and such that the corresponding sequence of smooth solutions { By} of (7) with advecting field u; and initial condition
Bo k satisfies

log By — log B in L®([0, T]; LA(Q; M)).
In particular, B is the limit of {By} in Br with respect to the charted weak topology.
We can now prove the main theorem of this section.
Theorem 3.1. Forany By € Bandu € L*([0, T]; H) nL3([0, T]; V), there exists a charted weak solution B € By of the
Cauchy problem (7), which satisfies
[l log BII7..,. < 16T||Vull},;, + 2l log Boll7.. C)

L®[2 — 1212

Proof. By taking convolutions with standard mollifiers, we can construct sequences {ux} and {logBg} of smooth
fields such that u X uwin L*([0, T]; H) n L*([0, T]; V) and log Box — log By in L3(Q; M). To obtain By, we regu-
larize log By by convolution and then take the matrix exponential. In this way, we directly have a uniform bound on
|| log Boxll|z2 as needed. Then, for any k € N, we consider the unique smooth solution By of

9Bx + (uyc - V)By = Vuy By + B Vuy] (10)

with initial condition By .. Note that, since u; is smooth, existence and uniqueness of a smooth solution By for
problem (7) is a classical result.

The central step of the proof'is establishing suitable a priori estimates on solutions of (10). We multiply Equation (10)
by B;l log By, and by integrating over Q, we obtain (see (A5) in Appendix A)

d 2
;1108 Bill7, + /(uk - V)(log B : log By)dx = 4/(Vuk : log Bi)dx < ;IIVukIIiz + 2¢|| log Bl|7., (€8))
Q Q

where the last term comes from applying Young's inequality with a parameter € > 0, with units of inverse time, that
will be chosen later. The second term of the left-hand side vanishes since u; vanishes on 0Q and divu; = 0. Hence,
by integrating in time, we obtain

2
|| log Bi(t, )I7, < ;IIVukIIisz +2¢|| log Bill7,, . + I log Boll7. (12)

and by the trivial bound
Il log Bill7.,. < TlllogByll}

L2L2 — LooLZ’
we obtain that

2
iooL2 < _llvuklli2L2

(1= 26Tl log By}, < =

2
+ || log Boll7, < ;IIVuIIisz + [l log Boll 7.,
where in the last step, we used the properties of the mollifiers. By choosing ¢ < 1/(2T), say ¢ = 1/(4T), from the
combination of (12) and (3.2), we conclude that any solution of (10) belongs to Br, since log B; € L2([0, T] X Q; M) N

L>([0, T]; L*(2; M)), and the estimate (9) is satisfied by each B.
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Moreover, the sequence {logBy} is uniformly bounded in the spaces L*([0, T] x Q; M) and L*([0, T]; L3(22; M)).
Hence, the existence of a charted weak solution B for (7) follows from a standard compactness argument. The proper-
ties of being symmetric and traceless are linear constraints defining closed subspaces and pass naturally to the limit.
This implies that B is symmetric and detB = 1. O

Remark 3.2. With Theorem 3.1, we have proven that the approximation procedure described in the definition of
charted weak solutions admits a limit that is well behaved, in the sense that it satisfies the integrability properties that
we can a priori establish for a solution of the tensorial transport equation with natural assumptions on the regularity
of the initial data and the advecting velocity field.

Remark 3.3. A better characterization for charted weak solutions remains elusive. This is partly due to the fact that
we cannot pass to the limit directly in the distributional formulation of the equations. A major obstacle originates
from the fact that derivatives of a tensor field do not in general commute with the tensor itself (at variance with the
scalar case) and a theory of renormalized solutions (in the spirit of [32] for example) does not seems to work. This
is intimately linked to the nonlinear nature of the tensor manifold that becomes apparent when we consider the
evolution equation for the logarithm itself, as shown in Appendix C.

4 | EXISTENCE OF SOLUTIONS FOR THE VISCOELASTIC SOLID

By substituting the constitutive assumption (5) in the balance of linear momentum (4) and neglecting external forces (f =
0) for simplicity, we obtain the equations for our viscoelastic solid. Combining it with the incompressibility constraint,
the evolution equations for the left Cauchy—Green tensor, and with suitable initial and boundary conditions, we obtain,
in a time-space domain [0, T] X €, the differential problem

pDyu = —Vp + nAu + kdivlog B, (13a)
D,B = VuB +BVu', (13b)

divu =0, detB =1, (13¢c)

u(0,) = uo, B(0,-) = By, (13d)
ulso = 0. (13e)

Definition 2. We say that a pair (u, B) is a Leray weak solution of the differential problem (13) if

(1) u € L>([0, T]; H) n L3([0, T; V) satisfies Equation (13a) in the distributional sense, namely,
T T
/ /p uo® +u®u : VO)dxdt + /puOG(O, Jdx = —/ / (21D + xlogB) : VOdxdt, (14)
o Jo Q o Jo

for all divergence-free test functions @ € C([0, T) X Q);
(ii) B € Bris a charted weak solution of Equation (13b) with initial datum By;
(iii) the pair (u, B) satisfies, for almost every ¢ € [0, T, the energy inequality

t
plluct. I, + 7 11 log Bt I, +4n /0 IDGs. 113, ds < plluoll}, + 2 log Bolly.. (15)

Note that the energy inequality guarantees that our model is thermodynamically consistent, because the sum of kinetic,
elastic, and dissipated energy is bounded by the total energy at the initial time. To prove the existence of Leray weak
solutions for the differential problem (13), we will make use of the following theorems (see [33, Corollary 8.1] and [34],
respectively).

Theorem 4.1 (Leray-Schauder). Let (X, || - ||) be a Banach space and let A : X — X be a compact operator. Then, either
Au = u has a solution or the set
S:={ueX:Au= Au forsome A > 1},

is unbounded.
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Lemma 4.2. Let Q C RY be an open and bounded domain with Lipschitz boundary and let v, be a bounded sequence
in L=([0, T]; L*(Q)) N L*([0, T]; H}(Q)). Assume that there exists C and a > 0 such that, for all 5 > 0 sufficiently small,

T-6
[ e 5. -veolde < oo 16)
0

Then, the sequence admits a convergent subsequence in L*([0, T]; L*(Q)).

Proof. 'We denote by ¥, the sequence defined on R%*! which is equal to v, on (0, T)xQ and 0 otherwise. Let0 < 6 < T,
we have that

+oo T-6
/ / [Du(t + 8,%) — Dp(t, x)|>dxdt = / /lvn(t + 8,%x) — vu(t, x)|*dxdt
-0 JR? 0 Q

T
+ / [Dn(t + 8.X) — wu(t, x)|*dxdt < C5* + 26|[vu 7. -
T-5 JR?

On the other hand, if h € ]Rd, we have that

+oo T
/ / |f)n(t,x+h)—f)n(t,x)|2dxdt=/ /
- JR? o JRr¢

where in the last line we used Sobolev's extension theorem. Then, since by assumption the norms ||vy|| ;2 and
[| Vv, ||L212 are equibounded, the assertion follows from an application of Riesz-Fréchet-Kolmogorov theorem. O

2
dxdt < ClhI*||Vvall}

1212’

1
/ Vi, (t,x + sh)hds
0

We can now prove the main theorem of this section.

Theorem 4.3. Given T > 0, for any uy € H and By € B, there exists a Leray weak solution (u, B) of the differential
problem (13) in the sense of Definition 2.

Proof. We divide the proof in several steps.

Step 1 Construction of the approximating sequence (I). We use a Galerkin scheme. Let V; C V5 C ... C H}(Q)
be a sequence of spaces of smooth divergence-free functions, and let | ,V, bedensein V := {v € H(l)(Q) : divw = 0}.
We assume that V,, = span(¢,, ... , ¢,) where ¢; is an eigenfunction of the Stokes system, that is, they satisfy

—1’]A¢i + Vﬂ'i = /1i¢i, il’l Q,
{ divg; = 0, in Q, 17)
¢, =0, on 0Q,
where {4;} is a countable non-decreasing positive sequence. Note that functions in V,, are smooth. For a given v €
c(o, T ];Hé(Q)), we define v, = IT,v € C([0, T]; V,,), where I, : L%(Q) — V,, is the standard projector. Note that,
since divergence-free vector fields are orthogonal to gradients, the pressure term disappears when projecting the flow
equation. Finally, consider the following linear system:

pouy, + pIl, [(vy, - VIu,] = nll,Au, + xI1,div log B,

divu, =0,

9B, + (v, - V)B, = Vu,B, + B,(Vv,)T, (18)
u,(0,-) = IT,uy, B, (0, -) = exp[(log Bo)x].

Since v, is smooth, we can infer that for every n there exists a unique smooth solution B, of the third equation
in (18). On the other hand, the first equation in (18) reduces to the system of ODEs with Lipschitz right-hand side
given by

n
per(t) = — Al (t) — p Z By (D (1) + b(0), foralli=1, ... n, (19)
jk=1
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where, denoting by (-, -) the L? scalar product, we used

=Y OG0, 00 = Y al((x),

i=1 i=1

kTl,div log B, = Z b ()¢ (), Biji = {(¢; - V), ;).

i=1

Then, by standard Cauchy-Lipschitz theory, we can infer that there exists a smooth solution u,, on some time
interval [0, T,,). It is worth noticing that, at this stage, we only have local existence because the Lipschitz constant of
the right-hand side of (19) is not uniformly bounded with respect to n.

Step 2 Energy estimates on u,. We now show that the solution actually exists on any arbitrary set of times [0, T].
This is achieved by showing that the coefficients ¢ do not blow up in finite time. Let s € (0, T,) and take the inner
product of the first equation in (18) with u,(s):

p(z),un(s), un(s)> + 77<_Aun(s)s un(S)> + p<Hn (Wn(8))un(s)), un(S)> = K<HndiV 10g B..(s), un(s)>- (20)

It is easy to show, by integration by parts and application of Cauchy's and Young's inequalities, that

o (0ttn(5), un(9)) = 33 lun(s)112,,

o (—Auy(s), up(s)) = ”Vun(s)llz

12’
* <Hn ((Wn(s))un(s)), un(s)> =0,
« (Ipdivlog By(s), u,(s)) < %7” logB(9)II7, + 3= Vua($)II7,.

Then, by integrating in time, we get

t 2 t
K
pllun(t, 2, +1n / ||Vun<s,->||§zdsspllnnuou,%z+7 / [l 1og Bn(s, )|, ds
0 0

2
K
< plluoll?, + 7<16T||an||izp + 2| log By|I2,).

forall 0 < t < T, < T, where in the last inequality we have used Theorem 3.1. Finally, since ||Vvy||12r2 is uniformly
bounded and ||un(1,‘)||i2 = Zle |cl?‘(t)|2, it follows that the sequence {c!'}! | does not blow-up in finite time.

Step 3 Construction of the approximating sequence (II). Let n € N be fixed and define the following operator
F v, € C(0,TL; V) = u, € C(0, T]; Vy). (21)

Our goal is to show that F has a fixed point. To this end we want to apply Theorem 4.1; then, it is enough to show

(i) wy is equicontinuous in C([0, T1; Vy);
(ii) thesetS :={v e C(0,T];V,) : F(v) = Avfor some A > 1} is bounded.

In particular, note that from (i), we immediately obtain that the operator F is completely continuous by applying
Ascoli-Arzela's Theorem. We start by proving (i), for which it is useful to show that d,u,, € L*/3([0, T]; V*). By setting
u, = F(v,) and testing the equation with ¢ € V, by Holder's inequality, we get

(it ) = == (Vit, Vo) = =-{10g By, Vo) = (0 Vot 01)
< <g”vun(t)”L2 + %II log Bn(t)IIL2> IVl + vl I Vun®llz2 @]l s,
where ¢, :=II,¢. By Sobolev's embedding, we know that

llellis < CillVellre,
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and then from (22), it follows that

4/3 4/3
/ ||atun(r>||“/3dts<%> / ||Vun||“/3dt+T<§> log Ball;5) + ¢} / a1 IV Ot
0 0

P\ 43 (22)
< T“(—) Va2, + T( ) lllogBalI}2 ) + C}"° / a1 IV ON1dt.
p p
Note that we can bound
4/3 4/3 % T §
[ (waonmvmon)as ([ monga) ([ ivmora)
0 0 0
and by arguing again on Sobolev's embeddings, we have
T
/ v (OII7 dt</ CovaOIIZNIVP(O1I7.dE < ColVall7 I VVR1 -
0 0
Finally, thanks to the energy estimates proved in Step 2, we obtain
/ ”atun(t)”4/3dt < G3(T, lluollr2, I 1og Boll 2, Vel L=mnr2y). (23)

Then, since on finite dimensional spaces all the norms are equivalent, we can write
b
I, (t2, ) — wp(ty, Ml < C4/ l|0:tn(s, )lv-ds < Csy/t, — t,
tl

which proves (i). We now prove (ii): Letv, € S, thatis, F(v,) = Av, for some (fixed) A > 1. This means that v, satisfies

Aporvy, + ApIl,[(vy, - VIV, ] = Agll, Av, + I1,divlog B,
Adivy, =0,

atBn + (vn : V)Bn = anBn + Bn(vvn)T’

(0, ) = Il,up, Br(0,-) = EXP[(IOg Bo)ul-

4

We multiply the first equation in (24) by v, and integrate in space and time to obtain
t t
/lp/ [, (t, )| 2dx + 2An/ /len(s,x)lzdxds = /Ip/ [TL 10 (x)|dx — 21(/ / log B,.(s,x) : Vv,(s,x)dxds (25)
Q 0o Je Q 0o Je
On the other hand, by multiplying the equation for B, by B, log B, and arguing as in Theorem 3.1, we obtain

t
1 / | log Bu(t, x)2dx = = / | log Bo.n|2dx + 2 / / Y, : log Badxds. (26)
2 /o 2 /o o Jo

Summing (25) plus « times (26), we easily obtain

t
/ [V (t,x)|dx + 1 / / |V, (s, x)|*dxds < / I, 120 (0)dx + = = / | log By, |*dx. (27)
Q p Jo Ja Q A2p Jq

Considering that A > 1, we can show that ||v,||r~r2 and ||v, ||z are bounded uniformly with respect to A. Since all
the norms are equivalent on finite-dimensional subspaces, this implies the boundedness of the set S. In conclusion,
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we have proven that F satisfies the hypothesis of Theorem 4.1, hence it follows that there exists a fixed point such
that u, = F(u,).

Step 4 Convergence of the approximating sequence. Let {(u,,B,)} be a sequence with u, fixed points as con-
structed in previous step. We show that such a sequence converges to a Leray weak solution of (13). First of all, by the
energy estimates proved in Step 2, the sequence {u, } satisfies the bound

[t || Lor2nr2mn < Cluo, log By).
Then, there exists a vector field u € L*L? n L?H" such that
u, = u inL*L*nL°H".

Moreover, following the proof of Theorem 3.1, we obtain the existence of a charted weak solution B for Equation (13b)
such that the sequence approximating log B is precisely {log B, }.

The only thing left to prove is the compactness in L2([0, T]; H) for the sequence {u,} in order to pass to the limit in
the integral formulation of the equation. This follows from Lemma 4.2: Note that for a sequence of fixed points, the
constant in (23) does not depend on n, telling us that an estimate like the one in (16) holds.

Step 5 Energy inequality. We first observe that, for a smooth divergence-free vector field u that vanishes on 0Q, we
have

|Vull?, = —/divVu ‘u= —/(diVVu+ Vdivu) - udx = —2/diVD ~udx = 2/D : Vudx = 2||DJ|?,. (28)
Q Q Q Q

By arguing as in the proof of (ii) in Step 3, (u,, B,,) satisfies the energy balance

t
K K
Pl + 511 10g Bt I, + 41 | 1D,5, 1, ds = plMTaol, + 5 10g Boa .. 29)
0

Then, by the lower semi-continuity of the norms with respect to weak convergence and the strong convergence of
the initial datum, we get that (u, B) satisfies the energy inequality in Definition 2. O

5 | AVISCOELASTIC FLUID MODEL

As mentioned above, we can construct models for viscoelastic fluids by keeping the very simple form T, = x(logB —
log Byes) of the elastic stress, but letting B evolve and consequently depart from the identity tensor used for the solid
model. The visoelastic stress tensor is again

T =—pl+ 24D + x(log B — log Byy), (30)

but the prescription of an evolution equation for B.s is now necessary and represents the heart of the modeling effort.

We base our proposal of what could be regarded as the simplest example of a more general class of models on a few
basic considerations. First of all, the tensor B,f represents a state of incompressible deformation in which the elastic stress
vanishes and, as such, we must keep det B, = 1 and the symmetry of B, throughout the evolution. This suggests that a
general evolution equation for B,es should be of the form

DuBref = ABref + BrefAT

for some traceless tensor field A. The fact that A should be traceless to preserve the unit determinant property is apparent
from the discussion in Section 2.1.

Then, if we were to start from a situation in which B, = B and apply a rigid rotation to the material, no elastic stress
should arise. It means that B, must rotate with B and hence A should reduce to W = %(Vu — Vu'") in that special
case. More generally, we may wish to have the eigenvectors of B, that always rotate coherently with those of B. To this
end, we can extract from Vu a contribution that, under the evolution generated by Equation (2), leaves the eignevalues
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of B unchanged, while inducing the rotation of its eigenvectors. This can be achieved, as explained in Appendix B, by
projecting out the component of Vu on the subspace of symmetric tensors that commute with B. We denote by Q the
component of Vu orthogonal to that subspace, for which we obviously have the bound ||Q||z < ||Vul| 2.

Finally, we need to introduce a relaxation parameter, ;, that sets a time scale over which, in a static deformation exper-
iment, the elastic stress relaxes significantly. It means that the eigenvalues of By should evolve as long as log Bt is
different from log B. By combining these last requirements, we can set A = Q + 7, !(log B — log B,f) and obtain

1
DyBiet = QByer + BrefQT + T_ [(log B - 10g Bref)Bret + Bref(log B- 10g Bref)] . (31)

We stress that the model obtained combining (30) and (31) is possibly the simplest model that satisfies the physical and
mathematical considerations given above, but surely not the only possible choice.
The differential problem that describes the viscoelastic flow in [0, T] X Q thus becomes

pDyu = —Vp + nAu + kdiv(log B — log Byes), (32a)

D,B =VuB +Bvu', (32b)

DuBret = QBret + BrefQ" + 777! [(log B — 10g Bre)Bret + Brer(log B — log Byer)| , (320)
divu =0, detB = detBys = 1, (32d)

u(0,-) = uy, B(0, ) = Ber(0, -) = By, (32e)

ulog =0. (32f)

5.1 | A priori estimates

We now prove a formal a priori estimate on By that plays a key role in what follows. Assume that B¢ is a smooth tensor
which satisfies (32¢). We multiply Equation (32c) by Bref_l log Byf and observe that

(i) 0/Bref : Bref_1 log Bret = %%l log Bretl%
(i) (- V)Bref : Brer ' 10gBrer = 3 (u - V)| log Bret 2,
(iii) QBref : Brer ' 10g Brer = tr(Q" logBrer) = Q : 1og Bres,
(iv) BrefQT . Bref_1 log Bret = Q : log By,
(v) (logB —10g Bief)Bres : Bref_1 log Bret = (log B — 1og Brer) : Brer,
(Vl) Bref(log B- 10g Bref) . Bref_1 log Bref = (log B- log Bref) . Bref-

Then, by using the identities above and integrating in space, we obtain

d 2 . 4 ) 4 2

d_” log Bref(t, ')”Lz =4/Q: log Brerdx + — log B: lOg Brerdx — — I log BrEflle' (33)

t Q Ty Q Tr
The last term on the right hand side above is negative, then we can drop it and integrate in time to get
t 4 t
logBu(t )l <4 | [Q:logBadnds + 2 [ [ 10gB : logBurdds + [10gB(0. . (34)
0o Ja Tt Jo Ja

and by using Young's inequality, we obtain

1 1 2e,T
Il 10g BretlI2..,» < 2e1[1QII2,,, + 2T (— + > |l log BretllZ..,» + —— Il log BII2..,, + Il log Bo 12, (35)
€1 TrEQ Tr
By choosing £; = 8T and ¢, = 8T /7, and since Q is a projection of Vu, we finally get
2 2 32T2 2 2
” log Bref”LmLz S 32T||Vu”L2L2 + 7” 10g B||L°°L2 + 2” log BOHLZ' (36)

T
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A second important relation is an identity involving the quantity log B — log B,es. In the model under consideration,
thanks to the properties of the tensorial evolution equations, if B and B, have the same eigenvectors at time ¢ = 0, then
they commute at any time. Under such provisions, we have log B — log B;er = 10g(BBref_1), and the tensor field BB, ! is
symmetric positive definite and with unit determinant. In light of the identity (A3) presented in Appendix A, we have

Du(BBres!) = VuBBres ' + BVU'Bres ! — BBrer ‘A — BATBes L. (37)

Multiplying Equation (37) by (BretB™) log(BBref_l), taking into account that all tensors involved except Vu and A are
symmetric and commute with each other, and integrating in space, we obtain

d _ _
;1 10g(BBrer DIz, =4 / (Vu—A) : log(BBret Hdx.
Q

By considering that A = Q + 7, log(BBys ') and that Q is orthogonal to symmetric tensors that commute with B, we
finally arrive at the identities

d _ _ 4 _
4 logBB. 12, = 4 / Var - logBBrr)dx ~ ¥ 110g®B I, (39)
Q T

and

t t
_ _ 4 _
Iog(BB )17 =4 [ /D : logBBur xas— £ [ log(@B s, 39)
0 Q rJo
where we used the symmetry of log(BBref_l) and the initial condition (32e).

5.2 | Existence of Leray weak solutions

In this section, we prove an existence theorem of weak solutions for the system (32). In essence, we need to extend the
notion of charted weak solution, to cover the equation for Byf, and that of Leray weak solutions and then follow arguments
analogous to those in the previous sections.

Definition 3. Given u € L*([0, T]; H) n L*([0, T]; V), B € Br, and By € B, we say that Bt € Br is a charted weak
solution of the transport Equation (31) with initial datum By if there exist sequences {uy}, {log By}, and {log By} of
smooth fields that satisfy

(i) w — uin L2([0, T1; H) 0 L2([0, T]; V),
(ii) logBy — logB in L*([0, T1; L3(€; M),
(iii) logBygy — log By in L(€2; M),

and such that the corresponding sequence of smooth solutions {Cy} of (31) with advecting field uy, driving By, and
initial condition By satisfies

log Cr — log Bret in L¥([0, TT; LA(Q; M)).
In particular, Bt is the limit of {Cy} in By with respect to the charted weak topology.

Theorem 5.1. Given T > 0, for any By € BB, u € L*([0, T]; H) n L*([0, T]; V) and B € Br, there exists a charted weak
solution B,,; € Br of Equation (31) with initial condition B,,.

Remark 5.2. The proof of Theorem 5.1 is a mere adaptation of that of Theorem 3.1 based on the availability of the
estimate (36).

Definition 4. A triple (u, B, By) is a Leray weak solution of the differential problem (32) if

(1) u € L=([0, T]; H) n L*([0, T; V) satisfies Equation (32a) in the distributional sense, namely

T T
/ / p(Wd®+u®u : VO)dxdt + / u,©(0, )dx = — / / (2D + x(log B — log Be)) : VOdxdz, (40)
0 Q Q 0 Q
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for all divergence-free test functions ® € C*([0, T) X Q);
(ii) B € By is a charted weak solution of Equation (32b) with initial datum By;
(iii) Brer € Br is a charted weak solution of Equation (32c) with initial datum B;
(iv) the triple (u, B, Byes) satisfies, for almost every ¢ € [0, T, the energy inequality

t
plluce, )2, + S 1110g B(t, ) ~ 10g Bre(t, )2 + 41 / IDGs, 12, ds
0
(41)

2 t
# 25 [ 1ogBGs. ) - log Bt s <l
r Jo

Note that, in this case, the energy inequality features an additional term, proportional to k /z;, that represents the energy
dissipated by the plastic evolution of B.

Theorem 5.3. Given T > 0, forany uy € H and By € B, there exists a Leray weak solution (u, B, B.f) of the differential
problem (32) in the sense of Definition (4).

Proof. The proof is very similar to that of Theorem 4.3, hence, we only describe the differences.

Step 1 Construction of the approximating sequence (I). We start by constructing and approximating sequence
u, in the same way of Step 1 of Theorem 4.3. We fixa v € C([0, T]; HS(Q)), and we define v, = IT,v € C([0, T]; V),
where IT,, : L*(Q) — V,, is the standard projector. Then, consider the following linear system

POy + pIly, [(Vy, - VI, ] = nll,Auy, + x11,div(log B, — 1og Bret ),

divu, =0,

0B + (W, - V)B, = VB, + By(Vv,)T, (42)
atBref,n + (vn . V)Bref,n = QnBref,n + Bref,no-rlt- + Tl [(log Bn - 10g Bref,n)Bref,n + Bref,n(log Bn - 10g Bref,n)] s

un(Ov ) = H}’luO’ Bn(o’ ) = Bref,n(ov ) = BO,ns '

where Q,, is a suitable projection of Vu,, described in Appendix B. Since v, is smooth, there exists a unique solution
of the above system, at least for small times ¢ < T,.

Step 2 Energy estimates on u,,. In full analogy with Step 2 of Theorem 4.3, we only need to prove an energy estimate
on u,. This follows form the use of Theorem 3.1 and of the a priori estimate (36) and leads to

t 2 t
(e, I, + 7 / O / 1 10g Ba(s. ) — 10g Breg(s. ) ds
0 0

(43)
2
K
< pliuolly, + =5 [16TG77 + 32T%)||Vwll7,,. + 2277 +32T%)| log Boll7.)] .
r
forall0 <t < T, < T. Since || Vv, ||i2L2 is uniformly bounded, u,, does not blow up in finite time.
Step 3 Construction of the approximating sequence (IT). We consider again the operator
F :v, € C(0,T]; Vy,) = uy, € C([0, T]; Vy). (44)

The proof of the equicontinuity of u,, simply requires substituting (log B, — log Byt ;) for log B,, in the argument of
Theorem 4.3. Since log B,, and log Bt , belong to the same space, no difficulty arises.

To prove that the set S := {v € C([0, T]; V) : F(v) = Avfor some A > 1} is bounded we proceed as follows. We fix
A > 1 and substitute Av, in place of u, in system (42), then we multiply the first equation by v, and integrate in space
and time to obtain

t t
/lp/|vn|2dx+ 2/1r]/ /lenlzdxds = /lp/|1'1nu0)|2dx— 2K/ /(log B, — log Bret) : Vv,dxds. (45)
Q o Ja Q o Jo
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By taking the sum of (45) with « /2 times (39) applied to B, and B¢, we easily find

2 t
/|vn|2dx+—”/ /|an|2dxdssnuo||§2, 46)
Q P Jo Jo

that provides a A-independent bound on v, and the boundedness of S by norm equivalence.
Step 4 Convergence of the approximating sequence. The convergence of u,,, B, and Byt , can be shown precisely
as in Step 4 of Theorem 4.3.

Step 5 Energy inequality. Note that, by arguing as in the proof of Step 3 with A = 1 and by recalling the identity (28),
the triple (u,, By, Bret ) satisfies the following identity involving kinetic, elastic, and dissipated energy:

t
p”un(ts )”iz + g” 10g Bn(t’ ) - log Bref,n(ts )“iz + 4’7/ ”Dn(s’ )”iz ds
0
(47)

2 t
+ 2 / 1108 By (5. ) — log Bret(s. 1%, ds = plI Tt 1.
T 0

Then, by the lower semi-continuity of the norms with respect to weak convergence and the strong convergence of
the initial datum, we get that (u, B, B) satisfies the energy inequality in Definition 4. O

6 | FURTHER APPLICATIONS

In this section, we highlight the broader scope of applicability of charted weak solutions by recalling the form of objec-
tive rates that have been proposed in connection with non-Newtonian fluid models requiring the transport of tensorial
quantities.

In this work, we proposed to follow the evolution of two distinct tensor fields, B and By, with the former linked to the
kinematics of the current deformation and the latter encoding the local elastically neutral state, and then build the elastic
response out of a combination of those. A more standard approach seeks to model the evolution of the viscoelastic stress
by postulating an evolution for either the stress itself or a conformation tensor, considered as a proxy for the evolving
structural properties of the material. A cornerstone for this approach is the seminal paper by Oldroyd [10].

Let us denote by A the evolving tensor field of interest. Following Oldroyd's reasoning, in situations where dissipative
interactions are dominant and microscopic inertial effects should be neglected, the material response cannot depend
on a global uniform acceleration of the material points [35]. Hence, particular attention should be paid to the way A
transforms after a change of reference frame. Given a time-dependent frame rotation Q, an objective tensor A transforms
as A* = QAQ'". In general, the rate D, A of an objective tensor is not objective [1]. Indeed, after defining the frame spin
as the anti-symmetric tensor Q = (D,QQ" and recalling that Q'Q = I, we find

DA = QD,AQ" + (D,QAQ" + QAD,Q" = Q(D,AQ" + QA* — A*Q.

However, by the transformation law of the anti-symmetric part of the velocity gradient, that reads W* = QWQ" +Q, it is
possible to define an objective corotational rate for the tensor A as

o

A :=D,A+ AW - WA. (48)

Objectivity is equally preserved if we add objective tensors or a combination of them on the right-hand side. In par-
ticular, the symmetric part D of the velocity gradient Vu is objective, and adding AD + DA to (48), we can get the
covariantly-convected (or lower-convected) rate

A
A :=D,A+AVu+Vu'A, (49)
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and adding AD — DA, we obtain the contravariantly-convected rate

<

A :=D,A—VuA - Avu', (50)

while adding —2AVu — 2Vu'A to (49), we obtain the upper-convected (or Oldroyd's) rate

v
A :=D,A—AVu—-Vu'A. (51)

Evolution equations featuring any of these objective rates, widely used in non-Newtonian fluid models, can be tackled
using the notion of charted weak solutions. Importantly, additional relaxation terms in the tensorial evolution should be
postulated in conjunction with the form of the elastic stress in ways that lead to a good interaction with the momentum
balance equation. This would allow to obtain existence results for their coupled evolution, as is the case for the models
presented above.

Finally, further directions in the construction of viscoelastic models that could benefit from our approach involve con-
sidering the role of finite extensibility of the polymeric chains that confer viscoelastic properties to several materials. This
results in a strongly nonlinear response under continuous deformation and in an evolution for the relaxed state dom-
inated by plastic effects. The emphasis we placed on the evolution equation for the relaxed state as a basic ingredient
to describe viscoelasticity represents a key step in connecting non-Newtonian fluid mechanics to plasticity theory in an
Eulerian setting.

7 | DISCUSSION OF OPEN PROBLEMS

Regarding the notion of charted weak solutions introduced above, there are a few important questions that remain open.
First of all, we may ask whether the weak convergence of approximate solutions in Definition 1 is actually a strong
convergence. There are examples of similar equations in which it is possible to obtain such improved convergence by
careful estimates of remainder terms in the sequence of norm defects [24, 26, 27]. Exploring that direction, we have found
essential obstructions to the argument due to the inherent lack of integrability of the rotation term Q in the logarith-
mic strain Equation (C1). The potential mismatch of the eigenvectors between different terms of the weakly converging
sequence {log By} is also the main source of difficulties in proving a Cauchy property, and hence strong convergence, of
that sequence. This is another instance of the deep difference between what can be achieved in the analysis of tensorial
equations as opposed to scalar ones.

Related to the issue of strong convergence, there is the question of whether a charted weak solution of (7) is a solution
in a more classical sense. Even in the presence of a strong convergence, the lack of integrability estimates for the tensor
field B would prevent interpreting (7) in the sense of distributions. One could try to base the meaning of (7) on a notion
of distributional solution for the logarithmic strain Equation (C1), but we face again a lack of estimates on the source
terms appearing in the latter equation. A different way to tackle this issue would be to consider Equation (6) for the tensor
field F. In the work by Kalousek [31], the author proves that if Fy € L? and divF, = 0, then one can give a distributional
meaning to Equation (6). However, although in principle we could assume these further properties, it is not clear how to
provide a link between the charted weak solution B and the weak limit F. In spite of these difficulties, we believe that it is
of paramount importance to place the tensorial evolution equations in the manifold setting suggested by the mechanical
meaning of the tensor fields. This can in fact provide a solid ground for the treatment of finite-deformation problems, as
shown by our results that apply to arbitrarily large deformations.

Finally, the tensorial nature of the transported quantities and the consequent lack of commutativity prevent us from
proving uniqueness of charted weak solutions using direct computations, in spite of the availability of a priori estimates.
This is due to the fact that such estimates control the eigenvalues of the tensor fields (which is sufficient to obtain weak
compactness) but cannot constrain the rotation of eigenvectors in an effective way. Obviously, one should address all of
these points for charted weak solutions of (7) with a given velocity field before working on possible improvements of the
results regarding the coupled equations of viscoelastic models.
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APPENDIX A: DETAILS ON A PRIORI ESTIMATES

In this section, we establish some accessory results useful in obtaining identities and estimates. We begin by considering a
symmetric tensor field C that can be diagonalized as C = RDRT, with D diagonal and R orthogonal. By differentiating the
relation RR" = I, we find that the tensor field QR 1= (DuF%)RT is anti-symmetric. This entails the fundamental relation
D,C = QrC - CQr + R(D,DR". (A1)
If we now consider a matrix-valued analytic function f of C such that f(C) = Rf (D)RT, we find that

Duf(C)=Qr/(C) - /(C)QR + f'(C)RMD.DIR" = Qrf(C) - f(C)Qr + /' (C)(DuC - QrC +CQR).  (A2)

We are interested in two particular cases of matrix functions, namely the inverse C™" and the logarithm log C. If det C #
0, exploiting the commutation properties of diagonal matrices, we have

D,C'=QrC"'-C'Qr - C ' (D,C-QrC+CQRIC' =-C'(D,C)C. (A3)
Moreover, if C is symmetric and positive definite, we obtain

DulogC = Qrlog C — (logC)Qr — C:QRC: + C:QrC: + C3(D,C)C 2, (A4)
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that leads to

%Du(logC : logC) = (D, 1logC) : logC
=QrlogC : logC — (logC)QR : logC — QR : logC+ QR : 10gC+C_§(DuC)C_§ : logC
=D,C : C'logC, (A5)

where we used the cyclic property of the trace, the symmetry of C, and the fact that powers of C and log C commute.

APPENDIX B: ROTATION OF PRINCIPAL STRAINS

We consider a given symmetric matrix B € Mat,(R) positive definite and with detB = 1. Denoting by b; fori =1, ... ,d
orthonormal eigenvectors of B, we can consider the tensors

Zi=bi®bi fOI'i=1,...,d,
Zd+i=%(bi®bj+bj®bi) fori,j=1,...,d with j > i,
2

Zus,; = ——(b;®b;—b, @by  fori,j=1,...dwith j>i,
2 2

and form the basis Z = {Z; : i = 1, ... ,d?} for Maty(R) that is orthonormal with respect to the scalar product A : C =
tr(ACT) that defines orthogonality in Matg(R).

Proposition B.1. The orthogonal complement of the subspace
Cg := {M € Maty(R) : M" = M and MB — BM = 0}
is the sum of the subspaces A of anti-symmetric matrices and

Ks := {M € Maty(R) : MB + BM" = 0}.

Remark B.2. Given the defining properties of these subspaces, the projection Q of Vu on Cé is solely and the only
responsible for the rotation of the eigenvectors of B generated by Equation (2), beyond the effect of mere advection.
Such an orthogonal projection can be effectively computed by subtracting from Vu its projections on the elements of
the basis Z that generate Cg. Note that .4 and Kg need not be orthogonal subspaces of Cé.

Proof. To prove our claim, there are a few cases to be considered. If B = |, then Cg comprises all symmetric matrices,
Kg is equal to A, and Cé— = A. If we now assume that B has distinct (and positive) eigenvalues b;, i = 1, ... ,d, and
we represent matrices on the eigenbasis of B mentioned above, matrices M = (m;;) in Kp are such that

o ford = 2, we have 2my1b; = 0, 2my,b, = 0, and m,b, + bym,; = 0 from which we conclude that m;; = my, =0
and my; = —(b1/by)my;
« for d = 3, we similarly obtain my; = my, = ms; = 0 and

miy = —(b1/by)my, misz = —(b1/b3)ms;, my3 = —(by/b3)ms,.

In both cases, since the eigenvalues are all distinct, we immediately conclude that A4 N Kg = {0}. Given that the
non-null elements of Kp are clearly not symmetric, that subspace is not orthogonal to .A. Nevertheless, the dimensions
of Kg and A are both equal to 1, if d = 2, or 3, if d = 3, and add up to the dimension of Cé. In this case, the latter
subspace is a direct sum of the former two.

This settles the matter for d = 2, but in the three-dimensional case, we need to consider what happens if two
eigenvalues coincide and are distinct from the third one. Without loss of generality we can assume b; # b, = b;. We
still obtain m; = my, = m33 = 0 and

miy = —(b1/b)my, miz = —(b1/by)ms;, Moz = —M3;.
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We easily see that the intersection between .4 and Kg has dimension equal to 1, while both subspaces have dimension
3. By Grassmann's formula, dim(A + Kg) = 5 = dim Cé, since the degeneracy of the eigenvalues implies dim Cg = 4.
This concludes our argument. O

Our result gives an alternate proof of a theorem given by Fattal & Kupferman [36] and includes the cases in which
the eigenvalues are degenerate. We stress that the linear decomposition of a matrix M as the sum of three terms, belong-
ing respectively to Cg, K, and A, is unique only when the three subspaces are in a direct sum. Our construction with
orthogonal projections on a tensorial basis provides a general way to compute the component of Vu that generates only
the rotation of the eigenvectors of B.

APPENDIX C: EQUATION FOR THE LOGARITHMIC STRAIN

We can now use the results of the previous appendices to deduce an evolution equation for log B starting from the
evolution equation for the left Cauchy-Green tensor B.

First of all, we consider the decomposition Vu = Q + K + S, where S is symmetric and commutes with B, Q is
anti-symmetric and generates the rotation of the eigenvectors of B, and K is such that KB + BK™ = 0. With this, the
evolution equation for B becomes

D,B = VuB +BVu' = QB - BQ +2SB.

We now substitute this result in the equation for log B implied by (A4) and, considering that Q = Qg, obtain

Dy, logB = QlogB — (logB)Q + 28S. (C1)

Even though this equation may seem linear, we should keep in mind that both Q and S depend on B in a nontrivial way.

8518017 SUOWWOD 3A1eR.D 3ol (dde auyy Aq pausenob aJe sajolfe YO ‘88N 4O Sa|ni Joj A1 8UIIUO A8|1M UO (SUOPUOD-PUe-SWLRIALIOD A8 1M Aleq 1 [BU UO//:SdNY) SUORIPUOD PR SWiB | 84} 83S " [¥Z02/60/TT] U0 A%eiqiT 8ul|uo AB|IM *eife}eLeIL00D AQ 6910T BUIL/Z00T OT/I0PAW00 A3 | im AReiq | jpuljuo//Sdny LWo1) papeoiumoq ‘0 ‘9/4T660T



	Viscoelasticity, logarithmic stresses, and tensorial transport equations
	Abstract
	1 INTRODUCTION
	2 A PROTOTYPICAL MODEL FOR VISCOELASTIC MATERIALS
	2.1. Incompressible evolution of the left Cauchy–Green tensor
	2.2. Viscoelastic Cauchy stress

	3 TENSORIAL TRANSPORT EQUATIONS AND CHARTED WEAK SOLUTIONS
	3.1. A Hilbert manifold of tensor fields
	3.2. Charted weak solutions

	4 Existence of solutions for the viscoelastic solid
	5 A viscoelastic fluid model
	5.1. A priori estimates
	5.2. Existence of Leray weak solutions

	6 FURTHER APPLICATIONS
	7 DISCUSSION OF OPEN PROBLEMS
	REFERENCES
	APPENDIX A : DETAILS ON A PRIORI ESTIMATES
	APPENDIX B : ROTATION OF PRINCIPAL STRAINS
	APPENDIX C : EQUATION FOR THE LOGARITHMIC STRAIN



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2001
  ]
  /PDFX1aCheck true
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Euroscale Coated v2)
  /PDFXOutputConditionIdentifier (FOGRA1)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <>
    /CHT <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF che devono essere conformi o verificati in base a PDF/X-1a:2001, uno standard ISO per lo scambio di contenuto grafico. Per ulteriori informazioni sulla creazione di documenti PDF compatibili con PDF/X-1a, consultare la Guida dell'utente di Acrobat. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 4.0 e versioni successive.)
    /JPN <>
    /KOR <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die moeten worden gecontroleerd of moeten voldoen aan PDF/X-1a:2001, een ISO-standaard voor het uitwisselen van grafische gegevens. Raadpleeg de gebruikershandleiding van Acrobat voor meer informatie over het maken van PDF-documenten die compatibel zijn met PDF/X-1a. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 4.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG (Modified PDFX1a settings for Blackwell publications)
    /ENU (Use these settings to create Adobe PDF documents that are to be checked or must conform to PDF/X-1a:2001, an ISO standard for graphic content exchange.  For more information on creating PDF/X-1a compliant PDF documents, please refer to the Acrobat User Guide.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /HighResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


