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Abstract

Peridynamics is a non-local continuum theory capable of modeling crack initiation and
propagation in solid bodies. However, the layer near the boundary of the body exhibits a
stiffness fluctuation due to the so-called surface effect and the inaccurate way of imposing
the boundary conditions. Moreover, in numerical models discretized using the meshfree
method with uniform grid spacing, there are no nodes on the external surface of the body
where the boundary conditions should be applied. Inspired by the method of the fictitious
nodes with the Taylor-based extrapolation, we propose an innovative method that intro-
duces a new type of nodes lying on the external surface of the body, i.e., the surface nodes.
These nodes represent the interactions between the nodes within the body and the fictitious
nodes surrounding the body, and they are used to mitigate the surface effect and prop-
erly impose the boundary conditions via the concept of force flux. Moreover, a procedure
to compute the analytical solution of peridynamic problems is developed: a manufactured
displacement field is prescribed and the volume and surface forces, to obtain that displace-
ment field, are computed. The benefits of the surface node method are shown by means of
several 2D and 3D quasi-static examples by comparing the numerical results with other
methods with or without boundary corrections.

Keywords Surface node method - Manufactured solution - 3D force flux - Surface effect -
Boundary conditions - Numerical method

1 Introduction

Peridynamics is a non-local continuum theory of solid mechanics devised to intrinsi-

cally model discontinuities in the displacement field, such as crack initiation and propa-
gation [1, 2]. This is possible because peridynamic equations do not contain any spatial
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derivatives, but only integrals. Peridynamic points interact with each other if their dis-
tance is smaller than or equal to a prescribed value 6, called the horizon size. Therefore,
the interactions of a point are contained in a sphere, named neighborhood, centered in
that point with a radius §.

The most commonly used method to solve numerically peridynamic integrals is a
uniform meshfree discretization with a mid-point quadrature rule [3-6]. In the litera-
ture, there are many examples of the good agreement of peridynamic results compared
to mechanical experiments involving fracture [7, 8]. Nonetheless, the non-local nature
of Peridynamics leads to three main drawbacks:

¢ higher computational cost with respect to numerical models based on classical con-
tinuum mechanics, such as the Finite Element Method (FEM);

e undesired stiffness fluctuations near the boundary of the body, known as surface
effect or skin effect;

e difficulty in imposing properly the boundary conditions.

The coupling between Peridynamics and FEM can be exploited to reduce the compu-
tational cost: Peridynamics is used only where cracks are more likely to propagate,
whereas FEM-based approaches are used for the rest of the domain [9-20]. The sur-
face effect is due to the fact that the neighborhoods near the boundary of the body are
incomplete, so that the most external layer of the body has different stiffness properties
with respect to the bulk of the body [21-26]. Another issue related to the boundary is
that external loads and constraints should be distributed over a layer of finite thickness
near the boundary [27], but the definition of a standard method for imposing non-local
boundary conditions is problematic.

Both the surface effect and the problem of the imposition of the non-local boundary
conditions can be reduced by decreasing the horizon size 6 near the boundary with the
variable horizon method [24, 28-33]. However, this approach inevitably varies the peri-
dynamic solution where the value of 6 is modified. The mechanical properties of the inter-
actions between nodes near the boundary can be tuned to correct the surface effect [23,
27, 34-37], but the peridynamic solution exhibits some undesired fluctuations near the
boundary because of the inaccurate imposition of the boundary conditions [22]. Another
approach implies the reformulation of the peridynamic equations via the peridynamic dif-
ferential operator [38—42].

The method of the fictitious nodes is arguably the most commonly used to mitigate the
boundary issues: a layer of nodes is added all around the body to complete the neighbor-
hoods of the nodes close to the boundary, thus the surface effect vanishes [35, 43, 44]. How-
ever, the displacements of the fictitious nodes are unknown and may be extrapolated with
the displacements of the nodes within the body. Many authors suggested that this extrapola-
tion can be used to enforce boundary conditions [22, 27, 32, 33, 45-51], but the formulae
they used are case-dependent and applicable only to simple geometries. On the other hand,
we proposed in [25, 26] that the non-local concept of force flux, i.e., the peridynamic ver-
sion of stress, should be exploited to coherently impose the boundary conditions. Further-
more, we employed the extrapolation based on the Taylor series expansion, with a general
truncation order N, which adopts the nearest-node strategy, to manage more complex body
geometry. Nevertheless, the method we proposed is limited to 2-dimensional cases and
makes use of the Lagrange multipliers to impose the boundary conditions. The main dis-
advantages in imposing the boundary conditions via Lagrange multipliers are related to the
structure of the matrix to solve [52, 53]:
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the dimensions of the matrix increase because of the higher number of unknowns;
the matrix is not, in general, positive definite;

the matrix is not banded;

there are zeroes on the diagonal of the matrix.

Clearly, these characteristics make the matrix more computationally expensive to invert.

Inspired by [25, 26], this paper aims at developing a novel numerical method to impose the
boundary conditions in peridynamic models without the use of Lagrange multipliers. We intro-
duce a new type of nodes, the surface nodes, that represent the external surface of the body.
The surface nodes have their own degrees of freedom that can be used during the Taylor-based
extrapolation of the displacements. The equations of motion of the surface nodes are based on
the concept of force flux, thus they represent the interactions between the fictitious nodes and
the nodes within the body. Thanks to this fact, the boundary conditions can be applied directly
to the surface nodes, as one would do in a local model, without the use of the Lagrange mul-
tipliers. The number of unknowns is still higher than that of a model without corrections at
the boundary, but the new unknowns have the physical meaning of the displacements of the
external surface of the body. The stiffness matrix is still not, in general, positive definite, but
its bandwidth remains the same as that of the peridynamic system without corrections to the
boundary issues and there are no zeroes on its diagonal. Hence, the numerical solution to the
system of equations can be found more efficiently by a computational standpoint. Furthermore,
with respect to the previous method of the fictitious nodes, the surface node method allows for
a simpler implementation (the boundary conditions are imposed as one would do in a local
model). 3D static numerical examples are presented to show the benefits achieved by the new
method. In the Appendix, we also developed a procedure to obtain the peridynamic analyti-
cal solutions, which are then employed to compute the errors in the numerical models. The
comparison with other methods recently developed to correct the surface effect and impose the
peridynamic boundary conditions is provided as well.

The paper is organized as follows: Section 2 reviews briefly the main equations of ordinary
state-based Peridynamics and the method of the fictitious layer to correct the boundary issues;
Section 3 presents the numerical implementation of the novel method of the surface nodes;
Section 4 shows the differences between the models with and without the use of the method
of the surface nodes; Section 5 compares the proposed method with three of the most recent
methods for boundary corrections; Section 6 draws the conclusions. Furthermore, the Appen-
dix shows a procedure to compute the analytical solutions for peridynamic problems when
prescribing an (even complex) displacement field.

2 Review of Peridynamic Theory

A peridynamic interaction between neighboring points x and x’ is called bond and is identified
by the relative position vector in the initial configuration as

&=x-x, (D

where ||&]| < 6. Therefore, point x interacts with all the points in the neighborhood
H, = {X' e B(t,) : €]l < 6}, where B(%,) is the body in the initial configuration and &
is the horizon size, as shown in Fig. 1. The relative displacement vector 7 is defined in the
deformed configuration B(¢) at time ¢ > £, as
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Fig.1 Body modelled with Peridynamics in the initial configuration B(f,) and deformed configuration
B(t > t,): the force state f arises due to the deformation of the body

n= u(xl’ t) - ll(X, Z) ) (2)

where u is the displacement field. Note that £ + 7 is the relative position of points x and x’
in the deformed configuration.
The peridynamic equation of motion of a point X is given by [1, 2]:

p(x)i(x, 1) = / f(x,x',1)dV,, + b(x,1), 3)
H

X

where p is the material density, ii is the acceleration field, f is the force state (force per unit
volume squared), dV,, is the differential volume of a point x" within the neighborhood H,,
and b is the external force density field. In quasi-static conditions, Eq. (3) becomes the
equilibrium equation of point x:

—/ f(x,x")dV, = b(x). )
H

X

The value of f(x, x’) is determined in the following.

2.1 Ordinary State-Based Peridynamics

The reference position scalar state x represents the bond length in the initial configuration:

x =&l ®)
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On the other hand, the extension scalar state e represents the elongation (or contraction)
of the bond in the deformed configuration:

e=|IE+nll -l (6)

Hereinafter, the Gaussian influence function is adopted:

2
= exp <— ] ) 9

For later use, the weighted volume m and the dilatation 8 of a point x are defined respec-
tively as

m(x) = / wx*dVy, ®)
H

X

o(x) = — / wxedVy, ©)
m(x) Ju,

where ¢, = 3 [2].
In ordinary state-based Peridynamics, the force state is aligned with the bond direction
for any deformation, as depicted in Figure 1. The bond direction is defined as
s+n

S Y (10)

Hence, the force state can be computed as [2]

N ) 1 1
Pxx) = [k0<m(x) * m(x'))QJ-H- ke<m(x) - m(x’))Qg]m’ ()

withk, = -3(1 —4v)E/(2(1 + v)(1 — 2v))and k, = 15E/(2(1 + v)), where vis the Poisson’s
ratio and Eis the Young’s modulus. The constants k, and k, are derived by equalizing the peri-
dynamic strain energy density of a point with a complete neighborhood under homogeneous
deformation, with the strain energy density in a point subjected to the same deformation in
classical continuum mechanics [2].

2.2 Force Flux

Suppose that the force flux 7, i.e., the peridynamic concept of stress, should be computed
at a point x in the direction of the unit vector n. As shown in Fig. 2, the plane with nor-
mal n passing through point x is named P. The unit sphere Q centered in X represents
all the directions that the bonds passing through x may have, and d€,, is the differen-
tial solid angle on Q in direction m of the considered bond. In order for the bond to pass
through the plane P, the points of that bond must lie in the different half-spaces generated
by P. Therefore, we define the points of a bond in the direction m as x’ = x — sm and
X" =x+ (r—s)m, where 0 < s < §and s < r < § (see Fig. 2).

The force flux is defined as the resultant of the forces per unit area of all the bonds
intersecting P in x [54]:
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Fig.2 The force flux 7(x, n) - 7_[ s~
computed at point x in direction - X N
n is the resultant of the forces
per unit area of all the bonds
passing through plane P with
normal n. The bonds may have
any direction m within the unit
sphere Q and the two points

of the bond are defined by the
values s and r as X’ = x — sm
and X" = X + (r — s)m, where
0 < s < 6 (dashed line) and

s < r < 6 (dashdotted line)

) 1)
‘r(x,n):% / / / £(x',x")(m - n) 7 drds dQ,,, . (12)
QJ0 K

The factor (m - n) in the integrand is required to project the force state along the direc-
tion n. Note that the integration limits in Eq. (12) allow to consider every bond passing
through point x. However, each bond is repeated twice in the integration domain (for both
directions m and —m), thus the integral is divided by 2.

2.3 Problems at the Boundaries

The non-local formulation of the peridynamic theory exhibits two issues near the bound-
ary: the so-called surface effect and the difficulty of imposing properly the boundary con-
ditions. The former is due to the incomplete neighborhoods of points close to the boundary
of the body [22], as shown in Fig. 3. The mechanical properties of peridynamic materials
are indeed computed for points with a complete neighborhood, i.e., in the bulk of the body.
Note that the lacking part of the neighborhood increases as the points are near the faces,
the edges, or the vertices of the body, hence the stiffness fluctuations due to the surface
effect are expected to increase accordingly [26].

In local models, boundary conditions are imposed on the points lying on the bound-
ary. This is possible because, for instance, a force applied to a point has a “local” influ-
ence only on that point. On the other hand, in non-local models such as Peridynamics, a
force applied to a point influences a spherical region surrounding that point (see the con-
cept of force flux in Section 2.2). Therefore, peridynamic boundary conditions should be
imposed in a layer of finite thickness near the boundary of the body. Nonetheless, how to
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Fig.3 Some points in the bulk, 7
as x, have a complete neighbor- B (tO) i X/ \‘
hood, whereas other points near | ® !
the boundary, as x’ and x”, have \ ,
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“distribute” the boundary conditions over a finite layer of material is still an open issue in
Peridynamics.

2.4 Method of the Fictitious Layer

The addition of a layer JF of fictitious points of thickness 6 around the body is a simple way
to complete the neighborhoods of the points near the boundary [43], as shown in Fig. 4. The
displacements of the fictitious points are evaluated by means of an extrapolation procedure in
order to ensure that the fictitious layer keeps deforming as the body.

We adopt the Taylor-based extrapolation method with the nearest-node strategy for its sim-
plicity [25, 26]. The displacement vector of a point X, = {x/, Y, zf}T in the fictitious layer F
is determined as the Taylor series expansion truncated at a general order N > 1 about the clos-
est pointx, = {x,,y,,z.} ' of the body:

N (y —x )"y —y (2 — 2 )" gt .
>y - 4 : )3

n!lny!nsg! ox™dy™ 0z

N
u(xf) =u(x,)+ Z

n=1n,;=0n,=0

Fig.4 When a fictitious layer of F(to)
thickness 6 is added around the 0 -
body, all the points of the body i N

have a complete neighborhood B(ty) I/ < \
| M I'
\
\ //
N 7
- =< S~ _ o~
5 S
4 \
/
\
1 X - =~
| e ! , -7 N
1
\
\\ s / 1 \
N 7 1 X \
~ - _ 7z | L] .
-7 \
/
A 7/
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where n; = n —n; — n,. Note that the points of the body closest to the fictitious points are
the ones at the boundary of the body itself. To mitigate the surface effect, the weighted
volume of the fictitious points is computed as if their neighborhoods were complete, thus
m(X,) = m(x,.). Moreover, since the dilatation is a measure of strain, that of the fictitious
points is evaluated by means of a Taylor series expansion as in Eq. (13) with a truncation
order N — 1. If the displacements are extrapolated with a truncation order N = 1, then the
dilatation of a fictitious point is equal to the dilatation of the closest point of the body:
0(x,) = 0(x.). Otherwise for N > 2, the dilatation of a fictitious point is determined as

e O =y (Zp—zJ)" gntmimg(x )
f f c f c c
0(x,) = 0(x,) + . . . s
( f) ( ) ZI Z() 20 I’l2! I’l3! dx™ dy™ oz
n= nl— ﬂz—

(14)
where ny =n—n; —n,.

The Taylor-based extrapolation method is able to correct the surface effect when the
truncation order N matches the order of the displacement field: for instance, if the dis-
placements vary linearly, a Taylor series expansion with N = 1 exactly extrapolates the dis-
placements in the fictitious layer. For a displacement field of general order, more accurate
results are obtained by increasing the truncation order.

In order to impose the boundary conditions in a non-local way, the equation which gov-
erns the behavior of the points at the boundary of the body is based on the concept of force
flux [25, 26]:

(X, n) = p(x.), (15)

where n is the outward unit vector normal to the boundary in x, and p is the force per unit
area applied to x.. Because of the definition of force flux (Eq. 12), the external load p is
“spread”, in a non-local way, within the most external layer of the body via the bonds that
are passing through x.

3 Method of the Surface Nodes

In this section, we show how to implement the method of the fictitious layer in a numerical
peridynamic model via the introduction of the surface nodes. The body domain and the fic-
titious layer are discretized by adopting the meshfree method with a uniform grid spacing
h [3, 4], as shown in Fig. 5. The nodes within the body and the fictitious layer are respec-
tively called interior nodes and fictitious nodes. Each node of the grid is representative of a
cell with cubic volume V = /3. Since the boundary conditions are imposed on the external
surface of the body, we add a new type of nodes, namely the surface nodes (marked by
solid squares in Fig. 5), near the most external interior nodes. Each surface node represents
a cell face of one of the interior nodes closest to the boundary, i.e., a square area A = h?
of the external surface of the body. Note that, since the surface nodes do not represent a
volume cell, they do not have the properties of weighted volume and dilatation. Indeed, a
surface node is not connected to any bond but is related to the bonds that intersect its area,
as explained in Section 3.4.
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Fig.5 Uniform peridynamic grid of interior nodes (solid circles) and fictitious nodes (empty circles), with
the introduction of the surface nodes (solid squares) on the external surface of the body

3.1 Numerical Force States

Consider two nodes i and j that are connected by the bond
i =% —X;. (16)

Surface nodes are not connected to any bond, therefore nodes i and j can be either inte-
rior or fictitious nodes. The relative displacement vector of this bond after the deformation
of the body is computed as

n; =0 -u, (17)

where u; and w; are the displacement vectors of nodes i and j, respectively. If one of these
nodes is in the fictitious layer, then its displacements are determined by the Taylor-based
extrapolation method described in Section 3.2. The reference position scalar state and the
influence function of the bond are evaluated as follows:

x; = 151l (18)

15117

ij X 52

19)

Under the assumption of small displacements, the bond direction vector is given as

@ Springer



530 Journal of Peridynamics and Nonlocal Modeling (2023) 5:521-555

— St
G lggmyl
I ll<lig;l g, (20)

[F"1 /I
Similarly, the extension scalar state of the bond is computed as

g; = 185+ myll = 1€l
Inl<lel g,

M Y,

~ ;- m

@
i

In the discretized model, the integrals over the neighborhood H; of a node i are eval-
uated numerically as the summation for each node j with a portion of the cell within H,,
as shown in Fig. 6. Therefore, the weighted volume m; and the dilatation 6, of a node i
are determined from Egs. (8) and (9) as

_ 2
i = 2y 05 BV (22)
JEH,
0. = 3 Vv
f—;Z%&j&jﬁu i (23)
L jeN;

where f;V; represents the quadrature weight, with V; = V(x;). Note that, since surface
nodes are representative of the external surface of the body, they do not have weighted
volumes or dilatations which are volume properties. The quadrature coefficient g is com-
puted as the volume fraction of the cell lying within the neighborhood [4, 6]. If the cell of
node j is completely within the neighborhood, then f; = 1, otherwise 0 < §; < 1, as shown

Fig.6 The neighborhood H; of

anode i is constituted by the
nodes (black dots) with a portion L4 L4 °
of their cell within the neighbor-
hood (blue area). The quadrature
coefficient f; is the volume frac- ° ° ° ° °
tion of cell of node j lying inside
the neighborhood
£ Bii=1
[ [ ([ ] [ ] [ [ ]
[
[ [ ([ ] (] (] [ ]
[ ] [ [ ] [ ] (] [ ]
[ ] [ ] [ ] [ ]
Bij <1
[ ] [ ] [ ]
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in Fig. 6. The algorithm to compute accurately the quadrature coefficients in 3D peridy-
namic problems can be found in [6].
Therefore, the force state of the bond is computed from Eq. (11) as

b; 9./' 1 1
f; = [k9<g+J>Qy)fij+ke<;+_,>—ufu]mif' (24)
i j 12 ./

If either node i or node j is fictitious, then its weighted volume and dilatation are
determined by the Taylor-based extrapolation method described in Section 3.2.

3.2 Numerical Taylor-Based Extrapolation Method

The Taylor-based extrapolation method with the nearest-node strategy is employed to
determine the values of the displacements, weighted volumes, and dilatations of the
fictitious nodes as a function of the corresponding values of the interior nodes. This
method has been described in [25, 26]. However, the use of the surface nodes introduces
new degrees of freedom in the numerical model, in addition to the degrees of freedom
of the interior nodes, and the Taylor-based extrapolation method should be adapted
accordingly.

The weighted volumes and dilatations of interior nodes are numerically computed in
Egs. (22) and (23), respectively. The fictitious nodes are used to complete the neighbor-
hoods of the interior nodes close to the boundary of the body, as shown in Fig. 5. There-
fore, all the interior nodes have the same value of the weighted volume. This value is
assigned also to the weighted volumes of the fictitious nodes, as dictated by the Taylor-
based extrapolation method.

Suppose that N is the order of truncation of the Taylor series expansions to extrapo-
late the displacements of the fictitious nodes. If N =1, then the dilatation of a ficti-
tious node is equal to the dilatation of the closest interior node. Otherwise, the dilata-
tions should be extrapolated with Taylor expansions truncated at the order N — 1. The
numerical procedure to determine the dilatation 8, of a fictitious node x; is carried out
as follows:

1. find the interior node x,, which is the closest to node Xp;
2. perform a Taylor series expansion of 8, = 6(x,) about node x,,:

-l n n-n (x —x ) 1 (y -y )”2 (zr — 2 )”3 gtnatny g
=X = Vb '~ % b
0, =0, + Z} Z‘b 2‘6 AR e
n=1 n;=0 n,=

where ny; =n—n; — ny;

3. find the interior nodes x,, closest to X, so that the set of found nodes includes at least
n, different x, coordinates, n, different y, coordinates and n; different z;, coordinates
for each derivative in Eq. (25), where n,, n, and n; are the possible orders of the deriv-
ative in the three directions;

4. for each of the found nodes k, perform a Taylor series expansion of their dilatations
0, = 0(x;,) about node x,:
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n n—n

(xp, _xb)' ()’b =) (g, — 7)™ gutmtmig
‘9'7—9”222 : : — : ~. (26)

n,! ny! ox™ gy"07"

n=1 n;=0n,=0

5. solve the system of equations in Eq. (26) to obtain the derivatives of 8, as a function of
the dilatations 6, and 6, :

grutntnig

gz =/ 0); @n

6. substitute Eq. (27) in Eq. (25) to obtain the dilatation of the fictitious node as a func-
tion of the dilatations of the interior nodes:

0y =1(6,.6,). (28)

On the other hand, the surface nodes can be included in the Taylor-based extrapolation
method for the displacements to improve the accuracy of the procedure. Thus, the numeri-
cal procedure to determine the displacement vector u, of a fictitious node X, is carried out
as follows:

7. find the surface node x, which is the closest to node Xg;
8. perform a Taylor series expansion of u, = u(x;) about node x;:

N n n-n

(Xf —x)M ()’f =y (zp—z)" gty
w=u o+ Y : C : . (29)

n! n,! ns! ox™ dy" 07"

n=1 n;=0n,=0

where ny =n —n; —ny;

9. add to the set of interior nodes x;, found in Step 3 the surface nodes closest to X so
that the new set of found nodes x, includes at least n, different x, coordinates, n, dif-
ferent Ys, coordinates and n; different z, coordinates for each derivative in Eq. (29);

10. for each of the found nodes ¢, perform a Taylor series expansion of their displace-
ment vectors u, = u(x_‘. ) about node x:

U (x _x) ! (y_)‘ _ys)nz (Zs _Zs)n3 an1+n2+n3u

u, = +ZZZ . qnz! . an! .Mlaynzaz;; (30)

n=1n;=0n,=0

11. solve the system of equations in Eq. (30) to obtain the derivatives of u, as a function
of the displacement vectors u  and u :
q

ot u,

v dynozh =f(ug,u; )3 (3D

12.  substitute Eq. (31) in Eq. (29) to obtain the displacement vector of the fictitious node
as a function of the displacement vectors of the interior and surface nodes:

u = fuguy ). (32)

Note that the procedure to determine the displacement vectors of the fictitious nodes is
same as that to determine their dilatations except for Step 9, in which the number of con-
sidered nodes is increased. This is due to the fact that the Taylor series expansion for the
displacement vector has a truncation order of N instead of N — 1.
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3.3 Equilibrium Equation for Interior Nodes

An interior node is representative of the volume within its own cells. The behavior of an inte-
rior node i is described by the peridynamic equilibrium equation (Eq. 4), which can be written
in the discretized form (multiplying both sides of the equation by the cell volume V; = V(x;)) as

= 2 5B Vi=b Vi, (33)

JEH;

where b, is the external force density vector applied to node i.

If some of the nodes j within the neighborhood H; of node i are fictitious nodes, then
the force states f;; are computed with the dilatations and the displacement vectors obtained
with the Taylor-based extrapolation method (see Section 3.2). Since the neighborhood H;
is complete, the stiffness fluctuations near the boundary of the body due to the surface
effect are reduced (and, in some cases, eliminated).

3.4 Equation for Surface Nodes

A surface node represents a portion of the external surface of the body, namely one of
the cell faces lying on the external surface (see Fig. 5). The equation of a surface node i
(Eq. 15) is based on the concept of force flux:

T(Xl’ 1) - pl ’ (34)

where n, is the outward unit vector normal to the face of the cell and p is the force per unit
area applied to x,. Equation 34 equates the externally applied stress (p;) to the force flux,
i.e., the resultant of the forces of the bonds crossing the surface node.

Suppose that A; = A(x;) is the area represented by the surface node. Since a regular grid
of peridynamic nodes is used, A; = h® where h is the grid spacing. The force flux z(x;, n;)
is computed numerically as the sum of the force states (multiplied by the volumes V; and
V, of the interacting nodes j and k and divided by A;) of all the bonds intersecting the area
A, [26]:

T(x;,n,) = Al Z @ Ky B Vi Vi
CE N A £ (35)
my - n; > 0
where a;, is a coefficient equal to 1/4 if the bond intersects A; at a vertex, 1/2 if the bond
intersects A; at a point on the edges or 1 if the bond intersects A; at any other point. Figure 7a
represents the latter case in which the contribution of the bond & is completely attributed to
the force flux of node i (¢, = 1). If the bond &, intersects the area A, at a point on an edge
as shown in Fig. 7b, that edge is shared between node i and an adjacent node. Therefore,
only half of the force state f; contributes to the force flux of node i (@, = 1/2) and the other
half to the force flux of the adjacent node. Similarly, if the bond &, intersects the area A; at a
vertex as shown in Fig. 7c, the contribution of that bond is shared equally by the 4 adJacent
nodes (ay = 1/4).
Thus, the governing equation for the surface nodes is obtained by substituting Eq. (35)
in Eq. (34) and multiplying both sides by A;:
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(b) ajr =1/2.

() ajx = 1/4.

Fig.7 Values of the coefficient @ used in the computation of the force flux for different types of intersec-
tion between the bond &;; and the area A; of the surface node i

Z a4 B B Vi Vi = PiA; -
Ex NA # @ (36)
my -n; > 0
Since the bond &, intersects the area A, lying on the external surface of the body, at least
one of the nodes in the bond is a fictitious node. Therefore Eq. (36) involves many ficti-
tious nodes, the displacement vectors and dilatations of which are determined by means of
the Taylor-based extrapolation method illustrated in Section 3.2.
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3.5 Peridynamic System of Equations

On the one hand, Eq. (33), which describes the equilibrium of a volume cell, can be applied
to every interior node. On the other hand, Eq. (36) can be applied to every surface node.
The left-hand side of both Eqs. (33) and (36) can be rewritten as functions of the displace-
ments of the interior and surface nodes, as shown in Sections 3.1 and 3.2. Therefore, the
peridynamic system of equation is given in the standard form as

Ki="f, (37)

where K is the peridynamic stiffness matrix,  is the displacement vector containing the
displacements of interior and surface nodes and f is the force vector.

Please note that the stiffness matrix K is different from the one described in [25, 26],
in which the introduction of the Lagrange multipliers is required to solve the system of
equations. In the new method, the displacements of the surface nodes are considered as
degrees of freedom of the system and the stiffness matrix embeds also the equations for
those nodes. This allows to solve directly the system of equations shown in Eq. (37), with-
out the use of the Lagrange multipliers. The advantages of this method with respect to the
previous Taylor-based extrapolation method are the following:

e the new unknowns introduced in the system have the physical meaning of the displace-
ments of the external surface of the body, so there is a better description of the mechan-
ical behavior of the boundary of the body;

e the boundary conditions can be applied as one would do in a local model, namely by
constraining the displacements in the vector @ of some nodes and by prescribing the
forces in the vector f acting on the other nodes;

¢ if elimination techniques are employed to impose numerically the boundary conditions,
the dimensions of the stiffness matrix are reduced (this was not possible with the use of
the Lagrange multipliers);

e the structure of the stiffness matrix (banded and with no zeroes on the diagonal) allows
for a more efficient inversion of the matrix itself;

e the reaction forces at constrained degrees of freedom can be simply obtained by multi-
plying the corresponding rows of the stiffness matrix K by the displacement vector u.

Table 1 Properties of the body

and its discretization parameters Property Value
Length £, =032m
Width ¢, =0.13m
Depth £,=0.13m
Young’s modulus E =10GPa
Poisson’s ratio v=02
Grid spacing h=0.0lm
m-ratio m=3
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4 Numerical Examples

Consider a body, the properties of which are reported in Table 1. The body is discretized
with the meshfree method with a uniform grid spacing h. The ratio between the horizon
and the grid spacing is defined as m-ratio: m = 6 /h. The m-ratio is chosen to be equal to 3
as a compromise between the accuracy of the results and the computational cost. The quad-
rature coefficients for m = 3 can be found in Table D1 of Appendix D in [6].

Two different sets of boundary conditions are imposed on the body in order to verify the
accuracy of the results: a simple traction and a manufactured loading. In the former case,
the analytical peridynamic solution is a displacement field varying linearly, the same solu-
tion which is obtained with classical continuum mechanics [14]. In the latter case, inspired
by [5], we suppose that the peridynamic solution is a manufactured displacement field
varying more than linearly. By prescribing this displacement field to the body, we are able
to compute the force states of the bonds via Eq. (11). Then, the volumetric loading of the
interior of the body and the peridynamic stress at the boundary can be obtained by solv-
ing respectively Eqs. (4) and (15). Therefore, if these volumetric loading and peridynamic
stress at the boundary, i.e., the manufactured loads, are imposed on the body, the analytical
peridynamic solution is the displacement field prescribed at the beginning. Note that, since
the manufactured displacement field varies more than linearly, the peridynamic solution
is different from the analytical solution obtained with classical mechanics. The procedure
shown in the Appendix can be repeated with different prescribed displacement fields to
obtain other analytical solutions with the peridynamic theory.

The two static examples are solved firstly without the fictitious and surface nodes. In
this case, the boundary conditions are applied to the interior nodes closest to the boundary,
as one would do in a local model. In particular, since the most external interior nodes are
not exactly lying on the boundary (see Fig. 5), the constraints are imposed by assigning to
those nodes the analytical value of the displacement field at their position. Subsequently,
the same examples are solved by adopting the method of the surface nodes. The numerical
results are compared with the analytical peridynamic solution and the magnitude of the
error in a node i is computed as

u —7\> v — .\ 2 w.—w.\ 2
el = <’_ ’>+<’_ ,>+<,_ ) (38)
Mmax vlnd)( Wmax

where u;, v; and w; are the displacements in the three directions obtained with the numerical
model, u;, v; and w; are the displacements obtained with the analytical solution computed
at x; and u,,,,,, V,,,, and w,,,. are the maximum magnitude of the analytical displacements.

The analytical solution will be computed for each example in the following sections.

4.1 Body Under Traction

The boundary conditions of the body subjected to simple traction are shown in Figure 8.
The analytical solution in this case is given as
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Fig. 8 Boundary conditions for the body under the traction p = 10 MPa. The origin of the reference system
lies at the center of the constrained face of the body. The constraints are described by the following equa-

tiOIlS:u(x:())=(),v()c=(),y=—7y =()andw(x=(),z=—7‘ =0
4
EX
u(x, y, 2) —y p
)4
ux) =4qvy.z) p=9— v+ =) ¢, (39)
E 2
w(x,y,2)

where p is the traction load. Thus, the body is elongated along the x-axis and contracted in
the other two directions.

Figure 9a shows the magnitude of the displacement error computed as in Eq. (38) for
the peridynamic model without any correction at the boundaries of the body. In this case,
there are evident displacement fluctuations near the external surface which are due to the

£ Displacement_Error Magnitude ¥ Displacement_Error Magnitude
<~ 0.0000 0.1 0.2 0.3064 < < 0.0000 0.0002 0.0004 0.0006

— | — — L —

(a) No boundary corrections. (b) With surface nodes (N =1).

Fig. 9 Magnitude of the displacement errors when no corrections at the boundaries of the body are adopted
(a) and when the method of the surface nodes, with an order of truncation N =1 for the Taylor-based
extrapolation, is used (b). Note that the colormaps refer to different values in the two plots. The asymmetry
of the errors is due to the asymmetric constraints in y and z directions
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surface effect and the approximated way of imposing the boundary conditions. Note that
the errors are much larger especially near the edges and the vertices of the body, as com-
monly observed in surface effect phenomena [26], reaching a maximum magnitude of
more than 30%. On the other hand, when the method of the surface nodes is employed with
an order of truncation N = 1 for the Taylor-based extrapolation, the fluctuations due to the
surface effect are eliminated and the peridynamic boundary conditions are imposed prop-
erly (see Fig. 9b). Nonetheless, there are still small errors, with a maximum magnitude of
0.06%, due to the discretization of the peridynamic equations.

4.2 Body Under Manufactured Loading

When considering the same mechanical problem, Peridynamics and classical continuum
mechanics may provide different solutions [14]. Since Peridynamics has been developed rela-
tively recently, it is difficult to find analytical solutions to benchmark problems. Therefore,
inspired by [5], we computed in the Appendix the forces that should be applied to the body to
obtain a prescribed displacement field. The boundary conditions of the body subjected to the
manufactured loading are shown in Fig. 10. The manufactured volumetric loading is given as

ko, 2k
bl(-x7y7z) —Cw(gg'i'g)
b(x) =4 by(x,y,2) ¢ = _cu<’z+&)_c 2% b (40)
b3 (X, ¥, Z) 3 15 5
0
where ¢, = 0.05m™}, ¢, = —0.06 m~2? and ¢,, = —0.02 m~! are randomly chosen constants.

The components of the manufactured peridynamic stress tensor 7(x) can be computed as

( k k k,
T”(X)—C<30 )y+c<3"+g>x
k,
rzz(x)—c( 1)y+c("+ )
. ky | k,
Jm33(x) =¢, ( E)y+cw( "+;>x, @1
k, A
T,(X) = cuEx+c %A—?)
k.
113(X) =Cy 15 15 <o
T)3(X) = 0
Fig. 10 Boundary conditions for To9
the body under the manufactured i>
loading. The face at x = 0 is con- ’
strained in all directions, whereas
the loads are computed from Egs. & @ & 112

(40) and (41)

T22
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where A| = (%\/;erf(l) - % exp(—1)>55 and A, = (g\/;erf(l) - % exp(—1)>57, “erf”
and “exp” stand respectively for the Gaussian error function and the exponential function.
The surface force, used to impose the surface loading at the free faces of the body, at a
point x on the external surface of the body with an outward normal n can be computed as
7(x,n) = 7(X) - n.

If the manufactured loading is applied to the body, then the analytical peridynamic solu-
tion is given as

u(x, y, z) Cu Xy
u(x) =3 vy, p =13 ¢,x ¢ (42)
w(x,y,2) cyXZ

The deformation given by this displacement field is shown in Fig. 11.

Figure 12 shows the magnitude of the displacement error computed as in Eq. (38).
The errors obtained without corrections at the boundary (Fig. 9a) are considerably
higher than those obtained with the method of the surface nodes (Fig. 9b—d). Indeed,
the maximum magnitudes of the displacement errors are respectively over 130% and
below 1%. This is due to the surface effect and, especially, to the approximated way
of imposing the boundary conditions. In the model without boundary corrections, the
surface loads are indeed applied to the nodes closest to the boundary of the body, which
however are distant 4/2 from the external surface (where the loads should actually be
applied). On the other hand, the surface nodes lie exactly on the external surface of the
body and allow to enforce the boundary conditions exactly where they are supposed to
be imposed, while also mitigating the surface effect.

Since the analytical solution for the displacement field in Eq. (42) is at most cubic, we
expect to capture the proper displacements in the fictitious layer with an order of truncation
N = 3 for the Taylor-based extrapolation. The numerical results indeed show that the mag-
nitude of the errors decreases as the order of truncation is increased from 1 to 3 (compare

Fig. 11 Analytical solution of the
displacement field for the body
under manufactured loading. The
deformation of the body is mag-
nified by 50 times for visualiza-
tion reasons

Displacement Magnitude
<« 0.0000 0.0005 0.001 0.0015 0.0021

——
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Y a

Displacement_Error Magnitude Displacement_Error Magnitude

<~ 0.0000 0.4 0.8 1.3317 < = 0.0000 0.003 0.006 0.0094
— | — -_— | —
() No boundary corrections. (b) With surface nodes (N =1).

¥

Displacement_Error Magnitude
2 ~x 0.0000 0.001 0.002 0.003 0.0042 Displacement_Error Magnitude

¥

[ — < ~« 0.0000 0.001 0.002 0.003 0.0040

— | | —
(d) With surface nodes (N = 3).

—
(¢) With surface nodes (N = 2).

Fig. 12 Magnitude of the displacement errors when no corrections at the boundaries of the body are adopted (a) and
when the method of the surface nodes, with different order of truncation for the Taylor-based extrapolation, is used
(b-d). Note that the colormaps refer to different values in the plots. Also, note that the difference between N = 2
and N = 3is very small because the errors due to the truncation of the Taylor series expansions in the displacement
extrapolation are negligible compared to the errors due to the discretization of the peridynamic equations

Fig. 9b—d). However, even if N = 3 is chosen, there are still small errors, with a maximum
magnitude of 0.4%. These residual errors, due to the discretization of the peridynamic equa-
tions [6], can be further reduced by increasing the value of the m-ratio, i.e., decreasing the
value of the grid spacing & when the horizon size 6 is kept constant [26].

5 Comparison with Other Methods
The surface effect and the imposition of the boundary conditions are two well-known
issues in Peridynamics, which were thoroughly analyzed in the literature. Many meth-

ods have been indeed devised to mitigate these problems at the boundary (see, for
instance, [22]). There are mainly three types of methods for boundary corrections:
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the modification of the stiffness of the bonds near the boundary [23, 27, 34-37],
the introduction of the fictitious nodes surrounding the body and the extrapolation of
their displacements along with the implementation of the peridynamic boundary condi-
tions [22, 25-27, 32, 33, 45-51],

¢ the modification of the equations governing the nodes near the boundary thanks to the
peridynamic differential operator [38—42].

Even though it employs the fictitious layer as in the second type of methods, the surface
node method differs from all the previously proposed methods. The main difference is the
introduction of new degrees of freedom at the boundary of the body, governed by new
equations based on the concept of force flux. In the following, the most recent versions of
the three types of methods are reviewed and compared with the surface node method.

For the comparison, we consider an example of a 2D body under plane strain conditions
subjected to simple traction p = 240 MPa. Note that, under these conditions, the coeffi-
cients for the computation of the dilatation and the force state (respectively Eqs. 9 and 11)
should be modified to ¢, =2, k, = —(1 —4v)E/((1 +v)(1 —2v)) and k, =4E/(1 +v).
The boundary conditions and the properties of the plate, which are the same as those of a
numerical example in [42], are shown respectively in Fig. 13 and Table 2. The quadrature
coefficients are computed with the algorithm proposed in Appendix A of [6].

The peridynamic analytical solution of this problem, which is the same analytical solu-
tion obtained with classical continuum mechanics [14], is given as

—v(l+v)p .
_Juey) | _ E
ll(X) = {v(x,y)} = (1 _VZ)py ) (43)
E
Therefore, the error in a node i is computed as
u; —u; ’
€u. = — b
' umax
v, -7, (44)
€, == >
' Vmax

where u; and v; are the displacements in the two directions obtained with the numerical
model, u; and V; are the displacements obtained with the analytical solution computed at x;,

and u,,,, and v,,,, are the maximum magnitude of the analytical displacements.

5.1 Position-Aware Linear Solid (PALS)

The Position-Aware Linear Solid (PALS) constitutive model proposes a kinematic correc-
tion that modifies the influence function differently for the dilatation and the deviatoric
part of the extension [22, 37]. This method introduces two sets of constraints, called match-
ing deformations, which prescribe homogeneous strain conditions in the whole body.
The two sets of matching deformations, representing the deformations either for uniaxial
strains or for simple shear, are used to define two linear systems of equations for each
node via the Lagrange multipliers. The solution of these two systems, corresponding to
the matching deformations for uniaxial strains or simple shear, leads to the determination
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Fig. 13 Boundary conditions for A A
the plate under traction p p

fomol
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Table 2 Properties of the plate

and its discretization parameters Property Value
Length £, =5mm
Width ¢y =25mm
Young’s modulus E = 148 GPa
Poisson’s ratio v=03
Grid spacing h=0.125mm
m-ratio m=3

of the dilatation and deviatoric influence functions, respectively. Since only the influence
functions of the nodes near the boundary are automatically modified, the method is called
position-aware.

The modification of the bond properties through the dilatation and deviatoric influence
functions allows to restore the proper values of stiffness in the whole body, also near the
boundaries, under homogeneous deformations. However, the PALS approach does not deal
with the problem of the imposition of the peridynamic boundary conditions and exhibits
even larger errors when the deformation is non-homogeneous.

5.2 Mirror Node Method (MNM)

The Mirror Node Method (MNM), developed in [50], is based on introducing the ficti-
tious nodes surrounding the peridynamic body. In state-based Peridynamics, the thickness
of the fictitious layer for the MNM is equal to 26. Each fictitious node is associated with
the node within the body closest to the point at the same (symmetric) distance from the
boundary, the so-called mirror node. The direction for this search of the mirror node is
given by the peridynamic gradient, a vector defined in such a way as to point towards the
region of nodes with the more complete neighborhoods, i.e., the bulk of the body. The
fictitious nodes are employed to mitigate the surface effect and to impose the boundary
condition thanks to the mirror nodes. The displacements of the fictitious nodes are indeed
determined depending on the values of the Dirichlet or Neumann boundary conditions at
the boundary and on the displacements of the corresponding mirror nodes.

Even if the MNM is similar to the Surface Node Method (SNM) in exploiting the ficti-
tious nodes to deal with both the surface effect and the imposition of the boundary condi-
tions, the two methods differ considerably in the way they do it. Indeed, the Taylor-based
extrapolation used in the SNM does not need the computation of the peridynamic gradient
but only the search for the nearest node of the body. Moreover, in the SNM, higher-order
terms of the Taylor expansion may increase the accuracy in the case of a superlinear displace-
ment field, and the external forces are consistently applied in the peridynamic framework.

5.3 Peridynamic Differential Operator (PDDO)

The Peridynamic Differential Operator (PDDO) was introduced in [38] and then was used
to recast the formulation of the bond associated non-ordinary state-based Peridynam-
ics [40]. In this model, the PDDO can be used to correct the surface effect and impose
the boundary conditions without the fictitious layer [42]. The domain of the body is parti-
tioned into three subdomains:
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e the set of the most external layer of nodes, where the boundary conditions are enforced
via the PDDO equations;

e the set of the remaining nodes with a distance from the boundary smaller than 26,
where the peridynamic equations are modified to correct the surface effect;

e the set of the nodes with a distance from the boundary greater than 26, which are gov-
erned by the standard peridynamic equations.

To some extent, the PDDO method and the Surface Node Method (SNM) are similar since
they use different equations than the standard ones to correct the surface effect and impose
the boundary conditions. However, the differences between the two methods to implement
the boundary corrections are evident: the PDDO method exploits a layer of nodes within
the body, whereas the SNM the fictitious nodes outside the body. This is the reason why, in
the SNM, all the nodes in the interior of the body are still governed by the standard peridy-
namic equations, and crack propagation is naturally included in the peridynamic formula-
tion near the boundary of the body as well.

5.4 Comparison with Surface Node Method (SNM)

The SNM retains the unique quality of having some nodes positioned exactly at the bound-
ary of the body, i.e., the surface nodes, representing the non-local mechanical behavior of
the external surface of the body. Thanks to these new nodes, the boundary conditions are
not imposed at a distance of 4/2 from the boundary as in the other methods, where # is the
uniform grid spacing, but can be imposed exactly where they are supposed to. Moreover,
the boundary conditions are imposed as one would do in a local model, namely by setting
the values of the corresponding degrees of freedom in either the displacement vector or the
force vector (in Equation 37). This is a very handy characteristic that is not exhibited in
most of the other methods in the literature.

Figures 14 and 15 show the errors, respectively for the displacements in x and y direc-
tions, computed with Eq. (44) for the example in Fig. 13. Since the PALS approach is
expected to correct the surface effects under homogeneous deformation, the errors in

Fig. 14 Errors of the displace- € [%)]
ments in x direction for the
following methods for boundary
corrections: a Position-Aware
Linear Solid, b Mirror Node
Method, ¢ Peridynamic Dif-
ferential Operator, and d Surface
Node Method

S

(a) with paLs. (b) with MnM. (€) with PDDO. (d) With SNM.
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Fig. 15 Errors of the displace- € [%)]

ments in y direction for the
following methods for boundary _
corrections: a Position-Aware
Linear Solid, b Mirror Node 1
Method, ¢ Peridynamic Dif-
ferential Operator, and d Surface
Node Method
0

(@) with pars. (b) with My, (€) with PopO.  (d) With SNM.

Figs. 14a and 15a are due to the approximated way boundary conditions were imposed.
Note that this method reduces the errors of the displacements in the direction of the load
(v direction) but still yields significant errors in the perpendicular direction (x direction).
The numerical results obtained with the MNM are really close to the analytical solution for
the displacements in x direction, except in one of the corners (see Fig. 14a). However, the
errors for the displacements in y direction (Fig. 15b) are the highest among the four ana-
lyzed methods due to the approximated imposition of the Neumann boundary conditions
via the mirror nodes.

Both PALS and MNM are implemented in the same peridynamic framework of the
SNM, namely the ordinary state-based Peridynamics, but they provide, on average, larger
errors than SNM. The numerical errors obtained with the method involving the PDDO
are similar to those obtained with the SNM: both methods do not exhibit fluctuations of
the displacements near the boundary and yield, on average, smaller errors than PALS and
MNM methods. However, the PDDO method is based on the non-ordinary state-based
Peridynamics framework, which is different from the model used for the SNM. Therefore,
the comparison between these two methods can be only qualitative. The advantages of
using the SNM over the PDDO method are mainly two:

e the complete knowledge of the mechanical behavior of the external surface of peridy-
namic bodies is achieved solely with the SNM thanks to the surface nodes lying exactly
at the boundary,

e the PDDO method is limited to cracks that propagate far from the nodes where bound-
ary conditions are imposed (this limitation is not present in the SNM).

6 Conclusions
Peridynamics, as typical of non-local theories, exhibits some issues near the boundaries

of the body: an undesired stiffness fluctuation due to incomplete neighborhoods close to
the external surface of the body, phenomenon known as surface effect, and a difficulty
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in imposing properly the boundary conditions. In [25, 26], we proposed an innovative
method, i.e., the Taylor-based extrapolation method with the nearest-node strategy, to miti-
gate the surface effect by means of the introduction of the fictitious nodes and to impose
properly the peridynamic boundary conditions via the concept of force flux. The main
disadvantage of this method is that the system of equations is solved through the use of
the Lagrange multipliers, that increases the number of unknowns and leads to an equation
structure which is not computationally efficient to solve.

Therefore, we developed the method of the surface nodes which exploits the same con-
cepts of the previous method, but also avoids the use of the Lagrange multipliers. Each
surface node represents a portion of the external surface of the body. The displacements of
these nodes are new degrees of freedom in the model and their corresponding equations are
based on the concept of force flux. In this regard, the surface nodes may be considered as
representative of the interactions between the most external layer of the body and the ficti-
tious layer surrounding the body. The boundary conditions can be applied directly to these
nodes, exactly as one would do in a local model. Moreover, the Taylor-based extrapolation
is adapted by including the contributions of the new degrees of freedom associated to the
surface nodes.

For the first time, the concepts of the Taylor-based extrapolation method are applied to
3D peridynamic models: 3D static numerical examples have been carried out to verify the
accuracy of the method of the surface nodes. The improvements of the proposed method
are evident when compared to a peridynamic model without corrections at the bound-
ary: the undesired stiffness fluctuations near the external surface of the body are sensibly
reduced (or even eliminated) and the errors of the numerical solution decrease by 2 orders
of magnitude.

Moreover, the advantages of the proposed method are the following:

e it defines in a clear way how the boundary conditions in Peridynamics are imposed and
removes the arbitrariness of other methods in distributing the constraints or the external
loads over the layer of the body close to the boundary;

e the introduction of the new unknowns, namely the displacements of the surface nodes,
allows for a better description of the mechanical behavior of the external surface of the
body;

e the implementation of the boundary conditions in peridynamic models is straightfor-
ward since it is similar to what one would do in a local model (for instance, by using
elimination techniques);

e there is no need to use of the Lagrange multipliers, thus the stiffness matrix can be
numerically inverted in a more efficient way.

We compared the proposed method with three of the most recently developed meth-
ods for boundary corrections. This comparison highlights that the surface node
method yields the most accurate numerical results with respect to the other methods
applied in the framework of ordinary state-based Peridynamics. The unique char-
acteristics of the surface nodes, namely the knowledge of the non-local mechanical
behavior of the external surface of peridynamic bodies and the imposition of the
boundary conditions exactly at the boundary, make the proposed method one of the
most attractive to use.
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Moreover, we computed the peridynamic analytical solution for a relatively complex
displacement field. In the literature, only few analytical solutions are available for peridy-
namic problems. The Appendix shows a procedure to analytically obtain the volume and
surface forces when a displacement field is prescribed. The same procedure can be applied
to different displacement fields in order to attain other analytical solutions with the peridy-
namic theory.

Appendix. Analytical Solution to the Manufactured Problem

A peridynamic problem is said to be manufactured when the forces applied to a body are
computed from a given displacement field, which can be arbitrarily chosen (provided that
the integrals in the peridynamic equations are explicitly solvable). Therefore, consider an
infinite body which is subjected to the following displacement field:

u(x, y,2) cyxy
ux) =3 vx,y,2) p=4¢, 23, (45)
w(x,y,2) C, Xz

where ¢, ¢, and c,, are arbitrarily chosen constants. The volume forces that should be
applied to the infinite body to obtain this displacement field can be computed from Eq. (4)
as

s
b(x) = — / / f(x,x") 2 dQ,, dl, (46)
aJo
where the differential volume dV,, has been rewritten as > dQ,, d/, in which [ = ||x’ — x||
is the length of the bond and d€,,, is the differential solid angle in direction m of the bond.
The direction m may vary on the unit sphere Q centered in x and the length [ of the bond is
comprised between 0 and 8, so that all the bonds within the neighborhood H, of the point x
are considered within the limits of the integration domain.

However, we would like to consider a body with finite dimensions (imagine to cut out
a piece of the infinite body). This means that some forces arise at the external surfaces of
the finite body (where the infinite body is cut). Therefore, we need to compute the peridy-
namic stress tensor as

1) ]
T(x):% / / / f(x',x") @ mr* drdsdQ,, , 47
QJO s

where r = ||x” —x'||, s = ||x’ — x|| and “®” stands for the dyadic product. The limits of
the integration domain can be visualized in Fig. 2. If the stress tensor is multiplied by the
outward unit vector n normal to the external surface, one can obtain the above-mentioned
forces, or force fluxes, arisen at the external surface of the finite body: 7(x,n) = 7(x) - n.
For later use, we solve hereinafter the integrals that will appear in the computation of
the forces. Since both Egs. (46) and (47) contain an integral over a unit sphere Q, that
integral is equal to 0 whenever the integrand involves an odd exponent for at least one of
the components m;, with i = 1,2, 3, of the vector m of the bond direction (antisymmetric
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function integrated over a symmetric domain). The analytical solutions of the integrals
which involve the bond direction vector are:

/ dQ, =4n, (48)
Q
4
/ m’ dQ, = . (49)
Q 3
4
ml4 de = ?7[ M (50)
Q
2.2 47[
2m2dQ, = 2%
/gm, m; A€y = 73 (51)
42 _ 4z
/Q mm? 4, = 3£, (52)

where i,j = 1,2,3 with i # j. On the other hand, the integrals involving the bond length /
(see Eq. 46) are solved as follows:

é _lz
/0 exp <5—2>14 dl = <%\/;erf(1) - %exp(—l))és = A,. (53)

where “erf” is the Gaussian error function and “exp” is the exponential function. We name
A, the solution of Eq. (53) to simplify and shorten the next formulae. The solutions for the
integrals required to compute the peridynamic stress tensor are:

8 1) r2
/ / exp <—5—2>r3 drds=A,, 54
0 s

o 2\ 3 15 29
[) [ exp <—§>r* (> = 3sr+3s%)drds = (ﬁ\/;erf(l) ~ 16 exp(—1)>57 =A,.
(55)
These analytical solutions are valid only for the Gaussian influence function in Eq. (7), but
they can be computed also if other influence functions are adopted (the values of A; and A,

would be different).
The analytical value of the weighted volume of a point x with complete neighborhood

(from Eq. 8) is:
3 lz
m(x) :// exp <—§>l“dld§2m =4zA, . (56)
QJO
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We show hereinafter how to compute the volume and surface forces applied to a peridy-
namic body to obtain the displacement field in Eq. (45).

A.1 Computation of Volume Forces

Under the assumption of small displacements, the extension scalar state of the bond between
points x and x’ is computed as

e= [u(x’) - u(x)] -m

Cy ('xly, - .Xy) m,
=1 ¢, (=) p-qm,
¢, (x'7 = xz) m;
C, (lzmlmz + xim, + ylml) m, (57)
=19 ¢,(Pm} +3xPm? + 3x%m,) ¢ -4 m,
¢, (Pmym; + xim; + zlm, ) m,

L

= cu(lszmz + xImm, + ylmlz)
+ cv(l3ml3m2 + 3xlzm12m2 + 3lem1m2)
+ cw(lzm]mS2 +xlm32 + zlm]m3) ,

where the equations X’ = x + /m,, y = y + Im, and z’ = z + /m; have been used.

By substituting Eq. (63) in Eq. (9) (and neglecting the terms of the extension scalar state
with an odd exponent for the components of the bond direction vector), the dilatation in a
point X is given as

s
3 P\ 2 2
0(x) = o /Q/) exp (—5—2)1 (cuym1 + ¢, xm; ) dldQ,,

3 0 P\a 2 2
= InA, /o exp <—§>l dl cuy/gml de"‘wa/Qm3 de, (58)

= iA (c i +c x4—”>
471'A1 1 uy3 w 3
=cy+c,x.

The volume force applied to a point x is computed by substituting Eq. (11) in Eq. (46)
(where m(x) = m(x)):

1 ? P ,
b = - /9 /0 exp (—§>{kgl[0(x)+0(x )| +2k,e}m > dQ, dl. (59)

We rewrite the two main terms of the integrand as follows:
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m
[0x) + 0| m = [c,(y +)) + ¢, (x+x')] {m,
g
my
= [e,(Imy +2y) +¢,,(Im; + 2x)] S m, (60)
mg
¢, /mm, + cwlml2 + [c,(2y + 2x)|m,
= culmz2 +c,imm, + |c,2y +2x)|m, o,

¢, Imyms + ¢, lm;my + [c,(2y + 2x)| m;

Im}m, + xm?’m, + ym?

em=c,/ lm12m22 + xm1m22 + ymlzm2
lm12m2m3 +xm;m,m; + ymlzm3

3

4m, + 3xlm£m2 +3x’m’m,
2

12mé
+ec,l Pm’m} + 3xim’m} + 3x*m;m; (61)

lzm]3m2m3 + 3xlm12m2m3 + 3x*m;m,m;

Im’m7 + xm;m} + zm?’m,
+c,l lm1m2m32 + )cm2m32 + zm;m,m;
Im;m} + xm} + zm;m?
Therefore, keeping only the terms with all even exponents of the components of the
bond direction vector, Eq. (5§9) becomes

-

5 ) ¢, m? ¢, m’m;
1 ! 2 ) 2 22 (e
b(x) = ——— exp | —— )| kol"y cums ¢+ 2k,079 (¢, +3c,x)m my ¢ |I7dQ,, dl
m(x) Ja Jo 82 0
5 P cwm£2 ¢, mim?
=- / exp|—= | dl/ koy c,m; ¢ +2k,3 (¢, +3c,mim} ¢ [dQ,
4zl Jy 52 o 0 5 172
c c
1 4z 8z v
=——A| =k + =k~ c,+3
4IZ'A1 1 3 0\ Cu 15 ¢ Cu 0 X
ky | 2k,
(s +3)
= ky 2K\ 2%,
_Cu<?€ + E) Gy 5 X
0
(62)
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This is the volume force that should be applied to the body to obtain the manufactured dis-
placement field and the same formula is reported in Eq. (40).

A.2 Computation of Surface Forces

Under the assumption of small displacements, the extension scalar state of the bond
between points X' = x — sm and x” = x + (r — s)m is computed as

e= [u(x”) - u(x’)] -m

c, (x// "o x/y/) m,
— cv(x”3 _x/3) m,
c, (x//z// _ XIZ/) m,
¢, [("* = 2sr)m;m, + xrm, + yrm, | m,
3_qen 2 33 2 2 2 (63)
=19 ¢,[(* =35 +3sm} + 3x(r> — 2sr)m? + 3x%rm,| -4 m,
¢, [(* = 2sr)m;m; + xrm; + zrm, | m,

=c, [(r2 - 25r)m12m2 +xrm;m, + yrmf]
+c, [(r3 — 3517 + 3s2r)ml3m2 +3x(r? - 25r)11112m2 + 3x2rmlm2]
+¢,|(* = 2s)mm7 + xrm; + zrm;ms] ,
where the equations X' =x—sm,, Yy =y—-sm,, 7z =z-—sm; X' =x+(—sm,
Y =y+(r—s)m,and 7’ = z+ (r — s5)m; have been used.

The peridynamic stress tensor of a point x is computed by substituting Eq. (11) in Eq.
(47) (where m(x") = m(x"") = m(x)):

6 é
7(x) = 2ml(x) /Q /0 / exp (-2-2) {kor[0(x) + 0(x")] + 2k,e}m ® m > drdsdQ,,
(64)

We rewrite the sum of the dilatations as follows:

0x") +0(x") =, (y’ + y”) +c, (x' +x")

= ¢, [(r = 29)m, + 2y] + ¢, [(r = 29)m; +2x] , (65)

Then, by omitting the terms with at least one odd exponent for the components of the bond
direction vector, the peridynamic stress tensor is given as
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2
| 5 6 2 m; 0 0
T(X) = —— exp ( —= || 2k, (c.y +¢,x)] 0 m2 0
) 2m(x)_/ﬂ‘/0'[ p( 52) 0 (u) w) m;
0 0 m}
c,ym} + ¢, om?m? - (c,x +3c,x*)m?m? ¢,zm?m?
3
+2k, 7| (¢, x +3c,x)m?m? c,ym?m? + ¢, xm?m? 0
¢, zm?im} 0 c,ymimZ + ¢, xmy
0 cvml4m22 0
+2k, (% =35+ 35| e,mfm2 0 0 ||drdsde,
0 0 0
100
1 4z
= ——|2ky(c,y+c,x)A—]| 010
87A, 9( uY v ) 13
001
3¢,y +c,x cx +3c,x? 2
4
+2keA]£ cx+3e, X2 cy+e,x 0
CyZ 0 ¢,y +3c,x
. 010
L
+2k,c,A,=—| 1 0 0
’35
000
ko4 ke ko ke ke ke 2 kA k
Cu(3 +3 )y+cw T+ 15>x cu15x+c‘.(5x + 3 A.) Cyisl
= k (2 g ke M gk pe (by &
cu15x+cv(5x +15A‘) 614(3+1 y+ec, 3+15)x 0
e 5 0 (Bt ke, (4 k)

(66)

The surface force at a point x on the external surface of the body with a normal n can be
computed as 7(x,n) = 7(x) - n. The components of the stress tensor are reported in Eq. 41.
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