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Sommario

La seguente tesi di Dottorato consiste in quattro capitoli, corrispondenti a quattro diversi
articoli che hanno costituito il fulcro della mia attivita di ricerca durante il Ph.D. Tre dei quattro
progetti sono il naturale proseguimento di quanto ho indagato durante gli studi magistrali e
triennali. I primi due progetti trattano le tematiche dei giochi a campo medio e dei giochi di tipo
McKean-Vlasov. In particolare, nel primo lavoro studiamo un gioco discreto ad N giocatori,
per cui la nozione di equilibrio sottostante ¢ quella di equilibrio correlato, e il suo limite di
campo medio. Il secondo lavoro sviluppa un’applicazione dei giochi di tipo McKean-Vlasov
ad un modello per lo studio dell’interazione tra un produttore e un consumatore che agiscono
come speculatori nel mercato delle commodities. Gli ultimi due progetti vertono sullo studio
della modellizzazione della volatilita nei modelli finanziari. Nel terzo capitolo, presentiamo
un’applicazione della quantizzazione funzionale, una tecnica di discretizzazione per processi sto-
castici, ai cosiddetti modelli a volatilita rough con finalita di pricing: in particolare, ci focalizziamo
sul prezzaggio di opzioni sul VIX e sulla volatilita realizzata. Nell'ultimo progetto, sviluppiamo
uno studio teorico dettagliato di un modello a volatilita non Markoviana che e stato recente-

mente introdotto da Guyon.

Abstract

The following PhD Thesis consists of four chapters, corresponding to four different papers,
which have been the core of my research activity during the Ph.D. Three out of four projects
are the natural continuation of what I have been investigating during my Bachelor and Master’s
studies. The first couple of projects deals with mean field and McKean-Viasov games. Indeed, in
the first we study a discrete N-player game and its mean-field limit where the underlying notion
of equilibrium is the one of correlated equilibrium. The second work develops an application of
McKean Vlasov games to model the interaction between a producer and a consumer acting
as speculators in commodity markets. The second couple of projects deals with volatility
modellisation in financial models. In the third project, we present an application of functional
quantization, a discretisation technique for stochastic processes, to rough volatility models with
pricing purposes: in particular, we focus on pricing options on VIX and realised volatility. In
the last project, we develop a detailed theoretical analysis of a path dependent volatility model

that was recently introduced by Guyon.
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Introduction

Fall in love with some activity, and do it! Nobody ever figures out what life is all about, and
it doesn’t matter. Explore the world. Nearly everything is really interesting if you go into it
deeply enough. Work as hard and as much as you want to on the things you like to do the
best. Don't think about what you want to be, but what you want to do. Keep up some kind
of a minimum with other things so that society doesn’t stop you from doing anything at all.

Richard P. Feynman

Disclaimer and educational background

As mentioned in the abstract, this is not the standard Ph.D. Thesis that develops around a
single topic and in which, as a consequence, the chapters display different aspects of a unique
problem. In my specific case, I had the possibility to pursue a Ph.D. program in the same
University in which I had previously completed my Bachelor and Master’s studies. Thus, I was
given the chance to complete my path of study investigating in dept the topics that appealed
me the most during the Bachelor and the Master programs. The first three chapters in the
thesis result from this investigation. The last project can be framed in the same perspective of
continuity and fluidity in the studies. Indeed, it was the result of a proposal to join a previously
started project by one of Prof. Giorgia Callegaro’s coauthors that I had the pleasure to meet
while working on our very first work together.

Since my early Bachelor’s studies I have focused my attention on Probability Theory and
its potential applications to Finance. I have consequently decided to conclude this journey
with a thesis whose title was Optimal Quantization for the Minimisation of Capital Injection in
an Insurance Company. The advisors of this thesis were Prof. Wolfang Runggaldier and Prof.
Giorgia Callegaro. This experience influenced deeply the following decisions  have made in my
studies. Indeed, I was given the chance to meet Prof. Giorgia Callegaro but also to test myself on
an openresearch problem. This experience has been challenging yet extremely stimulating and I
had the opportunity to get acquainted with the (non-standard) random variables’ discretisation
technique which is known as optimal quantization.

I continued with a Master degree focused on Probability Theory and Finance but when I
was approaching the end of my studies I wanted to concentrate on something more theoretical
and not strictly applied to Finance. Prof. Markus Fischer was the advisor of my Master thesis.
Together we studied Existence and Uniqueness of Solutions for a Class of McKean-Vlasov SDEs.
Here, I have first met this particular type of SDEs where the parameters are not just depending



INTRODUCTION

on the process itself but also on its law. While investigating the underlying motivations for the
introduction of this kind of equations, I opened the Pandora’s box of McKean-Vlasov control
problems and mean field games.

I was selected for the PhD program in Padova before submitting the Master’s thesis. I
accepted without hesitation, knowing that Padova would have been a fertile ground to pursue
all the interests that I had discovered during my University studies. My two former advisors
have been so crazy and brave to assume responsibility of me, supervising me together on
different projects so that I could pursue all my inclinations.

Two main topics

After this long autobiographic digression that aims at providing a sort of disclaimer to
justify the heterogeneity in the chapters, let us introduce the two macro-areas in which the four
papers can be framed: mean field and McKean-Vlasov games and volatility modelisation in
financial markets.

McKean-Vlasov and mean field games

Since their first appearance in the pioneering paper [115] by Lasry and Lions in 2006, mean
field games have seen a slow but steady growth in interest until a few years ago when they literally
bursted becoming a well-established field appealing not only theoretically inclined investigators
but also applied mathematicians, engineers, and social scientists. For the sake of completeness,
a similar approach for large games under the name of Nash Certainty Equivalence principle
was investigated by Caines, Huang, and Malhamé in [99], but the natural appeal of the name
mean field games is undeniable and this is how these models are known nowadays.

The essence of mean field games can be summarised via the following idea, which is as
simple as brilliant: given the difficulty of computing equilibria for games where the players
are particularly numerous, the number of players N is assumed to be so big that the game
is well approximated by one with an infinite number of indistinguishable agents. Then, the
analysis is limited to a control problem where a single player represents the whole system. In
order for the passage to the limit to be meaningful, the representative player in the limit game
should reflect in a consistent way the whole population. To this end, the starting N-player
games possess the following characteristics. First of all, they are symmetric: the players are
statistically indistinguishable or, equivalently, their joint law is invariant under permutations
of its arguments. Furthermore, the interaction between the players is of mean field type, namely
the influence of the action of a single agent vanishes as the number of players tends to infinity.
Going more into details, it should be possible to model this interaction via the empirical measure
associated to the system (a sort of centre of gravity of the system, equally weighted by 1/N).
Let us mention that the measure flow in the limit game acts as the limiting counterpart of the
empirical measure.

The underlying idea is similar to what is studied in Mechanical Statistics under the name
of weakly-interacting particle systems. The difference lays in the fact that here the systems are
controlled. Indeed, the agents in the games are rational and so they want to optimise an
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objective functional. The fact that there is an underlying notion of equilibrium in the pre-limit
game and that this has to be reflected in a consistent notion of solution for the limit game is
crucial. Indeed, the distinction among mean field games and McKean-Vlasov control problems
has its roots in the notion of equilibrium that is used in the pre-limit game. In general, mean field
games are based on the concept of Nash equilibrium for the pre-limit N-player games, whereas
McKean-Vlasov control problems originate from N-player games where a central planner has
to face a population of players and thus the underlying notion of equilibrium there is the one
of Stackelberg equilibrium.

As a consequence of the peculiar starting notion of equilibrium, the two limit problems
display a different relationship between the system and the measure flow. Indeed, in mean
field games the idea of best response (which is somehow the core of Nash equilibria) is translated
into the so-called consistency condition in the definition of a solution: only at the equilibrium
the measure flow is the law of the process itself. On the other side, for McKean-Vlasov control
problems the measure flow, which appears in the dynamics and in the objective functional, is
always the law of the state process itself. In analogy to this last one, the terminology McKean-
Vlasov games refers to N-player games where the objective functional as well as the dynamics
depend on the law of the processes.

The interested reader is referred to [33, 34] and [18], for an introduction to mean field games.
Let us notice that the latter two works deal with optimal control problems of McKean-Vlasov
type as well. Nevertheless, for a complete literature review, as well as a clear picture of the state
of the Art in the two game formulations, we refer to the introductions of the specific chapters.

Volatility modelisation

Despite being so simple, classical financial models, where the volatility is assumed to be
constant (e.g. Black-Scholes), are unable to fully describe the complexity and richness in market
data. Motivated by the will, on one side, to reproduce empirically observed stylised facts, and,
on the other side, to replicate the smile and skew behavior under a risk neutral probability
measure, practitioners and academicians have introduced several sophisticated market models
approaching the problem from different perspectives and with different tools. The stylised facts
we are making reference to are essentially two: volatility clustering and the persistence of volatility
in the prices’ times series under the real-world probability measure.

In the perspective of option pricing, i.e. in the attempt to mimick the smile and skew
behavior under a risk neutral probability measure, the approaches to volatility modelling can
be essentially grouped into two. The first class is known under the name Stochastic Volatility
(SV, in short) approach. As one can guess from the name itself, the volatility is assumed to be a
stochastic process whose dynamics, and as a consequence the tractability of the corresponding
model, varies with the specific assumptions of each model. This approach has a crucial feature
in view of model calibration, that is to say it allows for a fast and efficient closed-form pricing
of vanilla derivatives. Stein and Stein model [139], Heston model [92], the SABR model of
Hagan et al. [88], Bergomi model [21] and their extensions are included is this broad class.
Everything comes at a cost and even if these models succeed in reproducing the whole implied

volatility surface in a very parsimonious way, they fail to reproduce the smile behaviour, and in
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particular the steep implied volatility skew that characterises short maturities in equity markets.
Furthermore, there is a side drawback. Indeed, the calibrated vol of vol parameters, as in the
value of the mean reversion parameters, have to reach insanely high values to force the volatility
process to stay in its natural range when historical volatility is very high as a consequence of a
crisis. Dupire in [50] has given birth to a second class known with the name Local Volatility (LV, in
short) approach. Here, the implied volatility surface is built by interpolation of the real prices
so that the absence of arbitrage opportunities condition is preserved. The result is a partial
differential equation for the option price efficiently solvable so that numerous routines are now
available for the calibration of this model. This model has some weaknesses as well. First, the
model requires frequent re-calibration, since the volatility is linked to the level of an asset and
not its return. Furthermore, this approach is not suited for the pricing of options like forward
starting options. Indeed, for local volatility models pricing results from the interpolation of
known information. LV and SV models reveal the same limitations due to the inborn Markovian
nature of both the approaches.

In a first attempt to let a model enjoy some memory overcoming the Markovian strictness as
well as including the fact that volatility is persistent, Comte and Renault [40] introduced a
fractional stochastic volatility model in which the volatility is a fractional Ornstein-Uhlenbeck
process, driven by a fBM with Hurst parameter H > 1/2. This results in a continuous-time
model with stochastic volatility that enjoys the long-memory property that characterises the
fBM itself when its Hurst parameter is bigger than 1/2. Later on, the academic community
realised that the very irregular, i.e. rough, paths of a fBm with H < 1/2 could be exploited to
reproduce the roughness in the volatility trajectories, see e.g. Bayer et al. [14] and Gatheral et
al. [77]. In particular, the value of the H calibrated on market data is around 0.1, thus way
smaller than 0.5 which is the case corresponding to standard BM. Rough volatility has rapidly
gained a huge success and can now praise numerous descendants. The motivation for such a
popularity lays in the fact that these models, despite being so parsimonious in the number of
parameters (just one more than a standard stochastic volatility model), are able to portray not
only the major stylised features of historical volatility time series but also SPX options smiles
and skews. Nevertheless, the price one has to pay in order to handle these models is hidden
in the Hurst parameter H itself. The smaller the value of H, the less regular the trajectories
are but also the less tractable the problem is from a mathematical perspective, see e.g. [53, 55].
Indeed, in this new framework we do not only loose the semi-martingale property of volatility
but also the Markovianity of the dynamics. From a computational viewpoint this implies that
the well-known PDEs and Monte Carlo techniques are not readily available anymore and it
means that for the extensions of classic models like Heston, SABR and Bergomi to the case
where the volatility is rough finding an analytically tractable pricing technique is the very first
challenge. Given the fact that practitioners are mostly concern with fast and efficient pricing,
this is a serious weakness for these models. The main tool is therefore given by approximations
via asymptotic expansions, see e.g. [53, 14, 73], with the sole exception of the rough Heston
model [29]. A new yet very promising stream of literature is now focusing on signatures [43]:

this approach is universal in the sense that it approximates arbitrarily well all classical models.

The take-home lesson we should learn from the study of rough volatility is the following;:
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despite being analytically tractable the Markovian framework is restrictive and allowing for
memory in the volatility dynamics can prove itself to be extremely beneficial in reproducing
most of market data stylised facts. In fact, implied volatility as well as future realised volatility
are conditioned by the asset price trajectories in the recent past and the assumption that this
should happen in a Markovian fashion, i.e. that the future should depend on the past only
through the present, is unjustified. Indeed, recent studies have shown that financial markets
reveal an evident path-dependent volatility pattern, see Guyon [86]. Another advantage of
this last approach lays in its natural ability to disclose volatility in a solely endogenous way:
no extra source of randomness is needed to generate a rich spot-vol dynamics. In turn, this
yields the uniqueness of the corresponding prices under the only risk neutral measure. Under
this approach, not just the current underlying asset prices but all the past ones store all the
information exchanged by market participants. As a consequence, the volatility dynamics and
the past asset returns are naturally linked and making the so-called Zumbach effect, see [142,
143, 44, 54, 78], reproducible.

Unquestionably, the natural setting for a volatility model is non Markovian. The use of a
fractional process to introduce memory, as in the rough volatility approach, has prove itself to
be a parsimonious and elegant way although lacking of analytical tractability. On the other
hand, the presence of memory can be taken into account by adopting a path dependent volatility
approach. These two approaches are deeply different and focus on different features of market
data but the crucial point is the will to correctly introduce a dependence on the past in the
volatility dynamics.

For a thorough literature review on rough volatility, respectively path dependent volatility,
we refer the reader to the introduction at the beginning of the corresponding chapter.

Structure of the Ph.D. thesis

Now, we present the structure of the thesis. As mentioned above, each chapter represents
a self-contained and autonomous paper. As a consequence, the notation changes chapter by
chapter. The order in which we decided to present the work is not chronological but it is not
casual either. Indeed, we begin by the most theoretical, namely a paper on a particular game
theoretical problem, to proceed then with the second one, that provides an application of the
so-called McKean-Vlasov games, to, finally, dive deeply into financial problems and associated
applications of numerical discretisation techniques with the last couple of works.

Chapter 1 is devoted to paper [26]. This paper is a joint collaboration with my supervisor
Prof. Markus Fischer and Prof. Luciano Campi (University of Milan). The paper was submitted
for publication in December 2022 and it is available on arXiv. We focus on correlated equilibria
(CE, in short) in game theory, which are a generalisation of Nash equilibria allowing for the
possibility of a correlation between the strategies of the players. We study these equilibria in the
context of N-player and mean field games, extending the results in [30] relaxing the hypothesis
that the strategies used by the players are restricted. This generalisation is highly non-trivial and
introduces several technical difficulties in the problem. In particular, we discuss the problem
of constructing approximate equilibria when deviating players have access to the aggregate
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system state. An explicit example of a correlated mean field game solution not of Nash-type
is provided as well. Finally, in the Appendix we present a direct proof for the existence of
correlated solutions in mean field games for the case in restricted strategies.

In Chapter 2 we present paper [4]. This paper, written in collaboration with my Ph.D.
co-supervisor Prof. Giorgia Callegaro and Profs. Rente Aid (Université Paris Dauphine) and
Luciano Campi (University of Milan), deals with commodity market prices manipulation. It was
published in Applied Mathematics and Optimization in September 2022. We study a two-player
Linear-Quadratic McKean-Vlasov stochastic differential game in which an energy producer
affects the price dynamics of the good controlling drift and volatility of her production rate,
while a consumer manipulates the price through his consumption rate in a similar way. Using
methods based on the martingale optimality principle and BSDEs, we find a Nash equilibrium
and characterise the corresponding strategies and payoffs in semi-explicit form. Numerical
results are also provided.

Chapter 3 deals with paper [25]. This paper has been written in collaboration with Prof.
Giorgia Callegaro and Prof. Antoine Jacquier (Imperial College London). It was submitted in
July 2021 and its preliminary version is available on arXiv. It deals with a specific discretisation
technique in the paths space of stochastic processes, namely product functional quantization,
applied to the recent trendy field of rough processes. We focus, in particular, on the dis-
cretisation, in the trajectories space, of a family of Gaussian Volterra stochastic processes and
the possible applications to the pricing of derivatives on the VIX volatility index and realised
variance.

Finally, in Chapter 4 we discuss paper [27] which was submitted for publication in November
2022 and is available in the current version on arXiv. This project is a collaboration with Prof.
Antoine Jacquier and Ph.D. Chloé Lacombe (Morgan Stanley). We provide a thorough analysis
of the path-dependent volatility model introduced by Guyon in [86], proving existence and
uniqueness of a strong solution, characterising its behaviour at boundary points, providing

asymptotic closed-form option prices as well as deriving small-time behaviour estimates.
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Correlated equilibria for mean field games with progressive

strategies

If there is intelligent life on other planets, in a majority of them, they would have discovered

correlated equilibrium before Nash equilibrium.

Roger Myerson

This work is a joint collaboration with Prof. Luciano Campi and Prof. Markus Fischer. The
corresponding paper was submitted in December 2022 and it is available on arXiv. In a discrete
space and time framework, we study the mean field game limit for a class of symmetric N-
player games based on the notion of correlated equilibrium. We give a definition of correlated
solution that allows to construct approximate N-player correlated equilibria that are robust
with respect to progressive deviations. We illustrate our definition by way of an example with
explicit solutions. In the Appendix we display a detailed proof of chaos propagation as well as

a direct proof for the existence of solutions for the mean field game in restricted strategies.

1.1 Introduction

Building on [30], we consider correlated equilibria for a simple class of symmetric finite
horizon N-player games in discrete time and their natural mean field game counterpart as the
number of players N goes to infinity.

MFGs is the acronym for mean field games and refers to a stream of literature in game theory
extremely popular nowadays whose origins are quite recent. Indeed, MFGs were introduced
nearly at the same time but independently by [99] and [115] in the mid 2000’s. In a nutshell,
MEGs are limit systems for symmetric stochastic N-player games with mean field interaction
for N — co. Thanks to the mean field interaction among the players, a kind of law of large
numbers (known as propagation of chaos), one expects the empirical distribution of the players’
states to converge as N — oo to the law of some representative player. In the limit, the concept
of Nash equilibrium translates into a two-step solution where (i) the representative player reacts
optimally to the measure flow representing the distribution of the whole population, and (ii)
the latter arises as aggregation of all such identical players’ best responses at equilibrium. The
reader interested in a broad yet detailed overview on the topic from a probabilistic viewpoint
is referred to the two-volume book by Carmona and Delarue [33].

The connection between MFGs and their finite-player counterpart can be established in two
ways. Crucialis the choice of the type of strategies the players are allowed to play. Ononehand, a
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solution to the MFG can be exploited in order to build approximate Nash equilibria for N-player
games; see, e.g., [32, 81, 99]. Existence of solutions can be established under general assumptions
for various types of MFGs; see [110] and more recently [49]. On the other hand, approximate
N-player Nash equilibria can be shown to converge to solutions of the corresponding MFG,
as N — oo. Cardaliaguet, Delarue, Lasry and Lions in [31] gave an important contribution
in this direction when the strategies are of closed loop type, exploiting the well-posedness of
the so-called master equation, which implies uniqueness of MFG solutions. Later, Lacker in
[111] was able to establish a general convergence result for non-degenerate diffusions, which he
subsequently extended to the common noise case in the joint article [112] with Le Flem.

Correlated equilibria were first introduced for many-player games by Robert Aumann, see
[10, 9]. His idea can be summarised in the following way: A correlation device or mediator (he)
picks a strategy profile according to some probability distribution which is common knowledge
among the players. Then, according to the selected profile, he privately suggests a strategy to
each player, meaning that each player only knows the recommendation provided to him by the
mediator. A correlated equilibrium (CE, for short) is a probability distribution on the space
of strategy profiles such that no player is willing to unilaterally deviate from the mediator’s
suggestion. We notice that, when the distribution used by the mediator to generate his recom-
mendations has a product form, then CE reduces to the usual notion of Nash equilibrium in
mixed strategies. Traffic lights in routing games provide an intuitive example of a mediator in
everyday life, e.g. [133, Section 13.1.4]. Other interpretations for such equilibria are available
in the literature, we refer the interested reader to, e.g., [11].

The notion of CE was originally introduced for static games with complete information and
it rapidly led to a massive research activity in game theory as well as in economic theory along
many directions. The survey [62] provides a thorough analysis on several aspects of the more
general notion of communication equilibrium within a wide range of games, such as stochastic
games and games with incomplete information. In particular, for stochastic games we also
refer to [136, 135, 137]. Many pleasant features of CE justify the scientific community interest
towards it, for instance the fact that it may lead to higher payoffs than Nash equilibria, its lower
computational complexity (see, e.g.,[80]), and also that CE are reachable by a wide range of

learning procedures (see [89]).

CE in mean field games where first studied in [30], where the authors established approxima-
tion and convergence results for a class of symmetric finite horizon games in restricted strategies.
After [30] two more papers on correlated equilibria in mean field games appeared, by Paul
Miiller and co-authors [126, 125], whose setting is very close to ours. Indeed, they, too, consider
discrete time games with finite state and action spaces. The mean field interaction is modeled
in the N-player games via the empirical measure of players’ states. Players’ strategies depend
only on the player’s individual states in a Markovian fashion. We stress that their definition of
correlated equilibrium is different from the one we give in [30]. In particular, it does not require
any explicit consistency condition for the flow of measures, which is obtained as a consequence
of their definition. Nonetheless the most recent paper [125] has an interesting discussion on
how to pass from our definition in [30] to theirs and vice-versa. Lastly, big parts of those papers

are devoted to more computational issues focusing on learning algorithms approximating the
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equilibria.

Here, we consider correlated equilibria for a simple class of symmetric finite horizon N-
player games and their natural MFG counterpart as N — co. In the N-player setting, the state
variables evolve in discrete time, both state space and the set of control actions are finite. The
mediator recommends restricted strategies to the players, that is, feedback strategies that depend
only on time and the corresponding individual state variable. This is the same framework as
in [30]. As opposed to that work, and also to [126, 125], the deviating player is allowed to
use (randomised) progressive strategies, that is, strategies that depend on the evolution of the
entire system state up to current time; see Remark 1.4.4 below. We stress that the possibility for
the players to deviate by playing progressive strategies make the analysis and the proofs much

more delicate than in [30]. Our main results can be summarised as follows:

- We extend the notion of correlated solution for a mean field game to allow for progressive
deviations. Two formulations are presented, one based on closed-loop controls, the other
on stochastic open-loop controls.

- Starting from suitable correlated MFG solutions, we construct approximate N-player
correlated equilibria that are robust against progressive deviations.

- We provide an explicit example for a mean field game possessing correlated solutions
against progressive deviations that have non-deterministic flows of measures and satisfy
all conditions of the approximation result.

The rest of the paper is structured as follows. In Section 1.2, we introduce the notation
and state some preliminary definitions. In Section 1.3, we describe the underlying N-player
games and give the definition of (approximate) correlated equilibrium against progressive
deviations. Section 1.4 is dedicated to the corresponding mean field game. Correlated MFG
solutions are first defined in feedback strategies with deviations that may directly depend on the
possibly random flow of measures. In Section 1.5 we give an alternative definition of correlated
MFG solution in stochastic open-loop strategies and establish an equivalence between the two
formulations. Our main result is given in Section 1.6, where we show that suitable correlated
MEFG solutions yield approximate correlated solutions for the N-player game. An example of a
correlated MFG with explicit solutions satisfying the assumptions of our approximation result
is provided in Section 1.7. In Appendix 1.A, we collect some auxiliary results related to chaos
propagation and in Appendix 1.B we provide a direct proof for the existence of solutions in

restricted strategies.

1.2 Preliminaries and notation

We denote with [[m, M]| the set of natural numbers greater or equal to m and lower or
equal to M, namely we set [m, M] := {m,m+1,...,M -1, M}. A given (T + 1)-dimensional
vector, (xg,...,xr), will be denoted with (xt)tT:0 or just by x when its indices are clear from
the context. Then, the (t + 1)-dimensional vector of its first t + 1 components is denoted with
x® = (xo,x1,...,%). Similarly, for a T-dimensional vector, (x1,...,xr), we introduce the
notation (xt)thl (just x when the context is clear), and the t-dimensional vector of its first ¢

components is denoted with x® = (xq, ..., x0). Finally, let us fix a notation that is useful in
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the following. Let (Q, ¥,P) be a complete probability space supporting a (X, B(X))-valued
random variable, X.

We consider the (discrete) time frame [0, T]], with finite final time T € N. The individual
states and the control actions lie in non-empty finite sets X and I', respectively. We mostly deal
with finite sets and the sets of probability measures on them. Throughout the whole paper
these sets are equipped with the discrete metric and the metric dist(:, -), respectively, making
them Polish spaces. The metric dist(-, -) on the set $(E) of probability measures over a finite set
E is defined as follows. For p, fi € P(E), set

dist(u, 1) = 5 3 u(e) - )]
e€E

Notice that this metric is compatible with the weak convergence topology and, for measures
over finite sets, weak convergence is equivalent to the convergence in total variation. The set
Z = 10,1] is the space of noise states. All the variables representing idiosyncratic noise are

distributed according to v, uniform distribution on Z = [0, 1].

The one-step individual state dynamics is given by the following system function:
W0, T-1xXXxPX)xTxZ — X.
The running costs are specified through a function:
f:[0,T-1]xX xP(X)xI — R.
The terminal costs are described by the following function:
F: XxP(X) —R.

Consider the product space [0, T — 1]] x X X P(X)T. We equip this space with the product
topology with respect to the topologies defined on each space, that are, respectively, discrete
topology for [0, T — 1]] and X, since they are finite sets, and the topology of weak convergence
for the space P(X). Then, on the space [0, T — 1] X X x P(X)T, we consider the o-algebra:

B([0, T -1 x X x P(X)") = B([0,T - 1])) ® B(X) ® B(P(X)")
=200 g 2% @ B(P(X))T,

where 2F denotes the power set of a finite set E. Notice that B(P(X)) is the Borel o-algebra
induced by the topology of weak convergence, that in our case, where the state space X is finite,
coincides with the one induced by the metric dist(-, -), on £(X). On the finite set I' we consider
the discrete topology and its Borel o-algebra.

Let us define ﬁ, the set of progressive feedback strategies:
R = {(p 0, T-1]x X" xP(X)I — T, @ progressively measurable}.

As it is used several times in the following, we introduce another set of feedback strategies.

10
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It corresponds to the Markov strategies that depend only on the individual player’s state, see
restricted strategies in [30]:
R = {go [0, T 1] x X —>r}.

This space is equipped, as all finite sets in this paper, with the discrete topology. Notice that we
have the natural inclusion R C R, and R is compact since it is finite.

Furthermore, for convenience of notation, for each t € [0, T — 1]], we set

& = {(p XTI xPX)! —T, ¢ Borel—measurable},

gD .= {(p [0, x X x P(X)*! — T, ¢ progressively measurable},
and the corresponding restricted quantities
E=86:= { p: X—T, o Borel—measurable},
gb =gt.= {(p 0, t]|xX —T, ¢ Borel—measurable}.

When considering the N-player game, the set of progressively measurable feedback strate-
gies corresponds to the following subset of R

Ry = {qo 0, T -1 x XT x (Mz)fj)T — I, ¢ progressively measurable},

where Mf, = {m € P(X) : foranyx € X, m(x) = %,k € [0, N]} is the set of empirical

measures of N-samples. Notice that the set Ry is finite. Indeed this is a consequence of the
finiteness of MZ)\(], whose cardinality is % Thus, we endow this set with the discrete
topology. Analogously to what is done above, we set

t+1

gt,N = {(p s X x (M;};) —TI, ¢ Borel—measurable},
g;\t[) = {(p [0, ¢] x X+ x (/\/(ﬁ)”1 — I, ¢ progressively measurable}.
Finally, set
D:={w:R —> R}, 23::{w:7’é—>7’€\},

which are respectively the sets of restricted and not strategies modifications. Notice again that
the former set is clearly finite and the latter, when restricted to the N-player game, is finite and
denoted by

ZSN = {w . ﬁN — ﬁ]\]}

In the following we make extensive use of the concepts of regular conditional distribution
and probability kernel, for which we refer to [105]. For all N € N, we define the set of flows of
kernels

Ky :={B = (,Bt)th_Ol : B+ probability kernel from (ﬁN,B(ﬁN)) to (gt,N,ﬁ(gt,N)),

11
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forallt € [0, TT}.

We can provide a natural interpretation for a flow of kernels § € Ky in our context. It represents
some procedure through which players in the N-player game select their strategies. Indeed, a
player receives a Rn-valued suggestion from the mediator at the beginning of the game and
then, at each time step ¢ € [0, T — 1]], determines his gt,N-valued strategy as a function of the
suggestion received and an additional independent randomisation factor (e.g. tossing a coin).

Finally, in the following, all o-algebras and filtrations are assumed to be completed w.r.t.
P-null sets.

1.3 The N-player game

Consider a fixed number of players, N € N, and let mN € P(X"™) represent the initial
distribution of the N-player system. For any probability distribution y € P(Ry), we define the
set N;V as

NN = {7 € PRy x Ry) : T, dp) = Bolp, dio) - fr-1(p, dr-1)y(dp),
for some f§ = (ﬁt)th_Ol € WN}.
where, for all t € [0, T — 1]], ¢; is the short form for ¢(¢,-,-). The elements of N;\] represent
the joint distribution of the mediator’s suggestion and players’ strategy choices. In particular,

if y € N}, then the first marginal of  equals y.
Finally, for a probability distribution y~ € P (ﬁ% ), we denote its i-th marginal by

le() = VN(ﬁNX"'X'X"'XﬁN)/
where - on the right-hand side above occupies the i-th coordinate.

Definition 1.3.1. We call correlated suggestion any probability distribution yN € P(ﬁ%). Then,
consider a probability distribution y € N I\I’\, and call it a strategy modification for the i-th player. Let

(Qn, Fn, Pn) be a complete probability space carrying X-valued random variables (th’N L. X tN ANHT

M
N\T
RN’

ﬁN-valued random variables ®1, ..., Py, E)i, and Z-valued random variables (Etl’N P _, and

(94)! 2y such that the following properties hold:

i) Py o (XN, ..., X)) =mN;
PN ° (q)li--~/q)N)_1 = VN/

i1) (étl’N, e éf\[’N I_, arei.id. all distributed according to v;
i) (¢ th_Ol are i.i.d. all distributed according to v;
iv) (53’1\], cee, éi\[’N thl, (Xé’N N )T, and (q)j);\]:l are independent;

j=17 \WVtli=0~

v) Po (P, CBi)‘l =yand, forany t € [0, T — 1], CBi(t, -, +) is o(®;, 34)-measurable;

12
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vi) foranyt € [0, T —1]],

X;f\ll—\y(t XzN zN (AIS(t XZN,[JIN) £t+1)

t+1

X]N—\I’(,XZ’N,M @i, XN, W), )i By,

where yi N denotes the empirical measure of all N players’ states but the I-th,
ie. ‘ut N 1 Z] S1jl 5X]N, and p''N (yi’N)tT:O e P(X)T+L.
Any tuple (Qn, T, Br), (@), (905, (6, .., &ML % o;, (XN, X)) satisfy-
ing the conditions above is called a realisation of the triple (m~, N, %) for player ie[1,N].

The correlated suggestion 3N represents the known distribution, over the product set of the
players’ strategies, according to which the mediator gives his recommendations to the players,
while y represents the strategy modification for the deviating i-th player, encoded as the joint
distribution of the suggestion received and the strategy he is actually taking into action. The
fact that, forany ¢t € [0, T —1]], Cf)i(t, -,+) is 0(D;, ¥)-measurable yields that, at any time instant
t € [0, T — 1], the it" player can exploit an (independent) randomisation device to choose the
strategy that he actually implements.

Remark 1.3.2. Notice that, for any w € Dy, given a sequence of suggestions (®j)§\7: " D; = w(®;)
satisfies assumption v) in Definition 1.3.1, with o(®;(t,-,-)) € o(D;) and P o (P;, ;)(de,dy) =
Remark 1.3.3. We make the following useful remarks concerning (conditional) independence properties

of a realisation.

i) Notice that the following inclusion of c-algebras holds o(®;) C C a((OnZ), @), by definition.
Indeed, we have

o(@) = o(®@i(t,-, M) =\ o@ilt,, NS\ a(@,9) = a(®, (315

tef0,T-1]] tefl0,T-1]]

The identities above hold since, for all t € [[0, T — 1], gt N are equipped with discrete topology
(making them Polish spaces) so the Borel c-algebra of the product space RN coincides with the
product of the Borel o-algebras of St N. Thus, the o-algebra generated by a Ry-valued r.v.
coincides with the one generated by its components in St,N

ii) Notice that the assumptions in Definition 1.3.1, in particular iv) and v), imply that for a realisation
of (mN, yN,3) as above

(étl’N, ., éf\l’N t1/ (X] )N1 and (CDl, (D; )Nl)) are independent.
In fact, by v), a@i,(CD‘)Nl)) C o((9)]C 0,(CD-)N1) and the o-algebras o((9;)]-), (D; )Nl)
a((étl’N, . cff\] ANYT ) and a((X] )Nl) are independent by iv).
iii) For a realisation of (mN,yN, ), as above,
(<D]-)§.\]: , and ®; are conditionally independent given ®;.
We notice that (®;); := (CD]')?I: Land S = (9 th‘Ol are conditionally independent given @;. Indeed,
given A € B(R%), B € B(Z™"Y), we have, Py-a.s.,
En[14((D});))15(9)|D;] = EN[EN[1a(D))))15(D)|(D1, . .., PN)]|D;]

13
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= EN[14(®)) EN 1RO (@1, .., DN)][;]
= En[14((9))/)En[15(9)]|P;] = En[15(8)En[14((D;);) D]
= En[15(9)|D; JEN[14((D});)|D;].
Then, for arbitrary sets A € B(ﬁ%), B € B(Ry), exploiting iv) and v) and the conditional
independence showed above, we see, Pn-a.s.,
EN[14((®}),)15(®:)|®] = EN[ENn[14((P)),)15(D@1)|a (S, @)]|P;]
= En[15(P)EN[14((®)))|a (3, @)]|D;]
= Ex[15(P1)En[14((P))))|;]| @]
= En[15(®))|0; [En[14((D)),)|D;]
= En[15(®@)|D; |EN[14((®));)| 7]
Remark 1.3.4. There is a strategy modification of particular interest for every correlated suggestion and
every player. It reflects the case in which the player i, as all the other players, follows the suggestion he

is given by the mediator. Exploiting the definition of realisation of a certain triple, this corresponds to
D; = Cf)i,PN—a.s.. In particular, let Py o ch'_l =y, we have

Py o (7, ;)" (dg, dy) = Py o (@, @) H(de, dy) = 5,(d)y(de).

We denote this special strategy modification with 1, € N}V .
Notice that property v) is obviously satisfied in this case and, viceversa, for a realisation of the triple
(mN, yN, LVN), we have ®@; = CE, Pyn-a.s. and &)i(t, -, ) is 0(D;, O¢)-measurable, for any t € [0, T —1]].

We associate to each triple (m™,yN,7) € P(X Ny x 7)(7’%\1]\\;) X P(ﬁN X ﬁN) a cost functional
for player i, through the following expression that exploits the concept of realisation:

T-1
i,N i,N & [, i i,N i,N
D (1 b XN N ) P (N )|

F=

Ji (m¥, N, 7) =E

By construction, the right-hand side of (1.3) does not depend on the particular realisation
but only on (mY, N, 7). Indeed, y € N ;\ij yields

P(de,d) = BN (@, dyo) ... BN (D), dyr)(yN)(dg),

for some ﬁN = (ﬁf\] )eefo,r] € K- Thus, the cost functional above is well-posed and we write

JNmN, N, 9)

N
:/ / / [ "'/ G (xll"~/xNI(POI~'-/(PT—llull-'-/ulell"~/ZNT)
XN JZNT JRY J &N &rn

BY (ui, depr) -+ B (ui, dpo)y™N (dus, ..., dun)v®N(dz1, ..., dzyr)mSN (dxy, . . ., dxn),

for some measurable function GV : XN x &y X ... X Er—1 N X Rﬁ]’ x ZNT 5 R.

14
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Since, for each i € [1, N, the functional | ZN (-) represents the costs that player i faces, his aim
is to minimise it. As natural when dealing with several players, we deal with an equilibrium

concept for optimality.

Definition 1.3.5. Let ¢ > 0. We call a distribution yN € P(ﬁ%) an e-correlated equilibrium with
initial distribution mN € P(XN) if we have

TR N, N, ) < TN, N 7) + e,

for every player i € [1, N and every strategy modification y € N n.
In particular, we call yN a correlated equilibrium, denoted by CE, if ¢ = 0.

Definition 1.3.5 is in line with the notion of correlated equilibrium present in the literature.
We stress that, here, the deviating player has access to the entire history of the system and, in
addition, is allowed to use a randomisation device.

1.4 The mean field game

Let mg € P(X) be the initial distribution of our mean field system. In this model there is
only one representative player in the mean field game because of the symmetry in the N-player
game.

Definition 1.4.1. Let p € P(R x P(X )T+1) and call it a correlated suggestion. Call strategy
modification a function w € D. Then, let (Q,F,P) be a probability space supporting X-valued

process (Xy)[_,, an R-valued random variable ®, a P(X)"*! -valued random variable y and Z-valued

T

random variables (&t),_y,

such that the following properties hold:
i) Po XO_ 1= mp,
i) Po (@, (u)f_)) " = p;

iii) (&; thl are i.i.d. all distributed according to v;

iv) (5t)tT:1/ Xo and (D, (yt)tT:O) are independent;

v) the evolution of (X;)!_, follows this dynamics: for any t € [0, T — 1],
Xiv1 =V (8, Xe, e, w o O(t, X, 1), &), P-a.s.. (1.4.1)

We call any tuple ((Q, F,P), D, (yt)tho, Xo, (&)tT:l, w, (Xf);rzo) satisfying the conditions above a
realisation of the triple (my, p, p).

The strategy modification w represents how the representative player decides to deviate
from the suggestion he was given. Notice that, contrary to the N-player game where the i"
player can exploit a randomisation device when selecting the strategy to put in action, the choice

here is a deterministic functional of the suggestion, @, provided by the mediator.

Remark 1.4.2. As for the N-player game, we can characterise the form of a realisation for the case in
which the representative player follows the suggestion provided to him.
This is the case when the function w is just the identity. Indeed, we have w o ¢(t, x®, m®) = o(t, xt),
foreacht € [0, T — 1] and ¢ € R. We call this special modification 1.
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The player in the mean field game faces costs associated to the triple (g, p, w) € P(X) X
P (R x P(X)"*1) x D that are given by

](mOI P, ZU) =E

T-1
D (b Xe e 0 (e, XU, 5) + F (X, pr)
t=0

Asnoticed for the N-player game, we highlight that the cost functional above is well defined
since the right-hand side does not depend on the realisation considered but only on (my, p, w),

and we may write

J(mo, p, w) = / / / Gulx, ¢, z, m)p(dg, dm)v®T (dz)mo(dx),
X JzT JrxpxyH

for some function G, : X X R x ZT x P(X)T*1 — R.

Definition 1.4.3. We say that p € P(R x P(X )T+1) is a correlated solution for the mean field
game with initial distribution mg € P(X), if the following two conditions hold:

(Opt) For each strateqy modification w € D,
J(mo, p, 1) < J(mg, p, w).

(Con) For any realisation of (my, p, 1), namely ((Q, 7, P),(D, (yt)tTZO,XO, (ét)thl, L, (Xt)tho)/ setting
FH = o((ur)l,), we have

pe() =P(Xp € - |F4), te[0,T].

The first condition above is called optimality condition, the second is called consistency condi-
tion.

Remark 1.4.4. A correlated solution according to Definition 1.4.3 is an element of P (RXP (X )T+1). The
mediator thus suggests to play strategies that depend only on time and the representative player’s current
state (Markov open-loop or restricted strategies as in [30]). By the optimality condition, following the
mediator’s recommendations in those restricted strategies has to be optimal against progressive deviations,
that is, strategies that may depend on the entire history of state and flow of measures up to current time.
More precisely, if the representative player decides to deviate, then she chooses a strategy modification
w (not equal to the identity on R) that takes a (restricted) strategy recommended by the mediator and
transforms it into a progressive feedback strategy, which is then applied to generate the state dynamics;
see Equation (1.4.1).

Remark 1.4.5. In the consistency condition of Definition 1.4.3, we take conditional distribution with
respect to FV, the o-algebra generated by the entire flow of measures p (up to terminal time T). This
implies the generally weaker condition

{“lt() = P(Xt € - |7:t#)’ te [[0/ T]]/ (142)

where 7-;“ =0 ((us)' ) is the o-algebra generated by the flow of measures y up to time t. The intuition
behind conditioning on the entire flow of measures is the following. In choosing a correlated equilibrium,
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the mediator wants to induce a certain behavior of the population. That behavior is represented by the
flow of measures . In equilibrium, the representative player accepts the mediator’s recommendations.
But those recommendations are potentially correlated with the flow of measures up to terminal time. As a
consequence, the player’s state X; at any intermediate time t can be correlated with the flow of measures u
also at future times. In order to reproduce the population behavior given by u, the representative player’s
state must therefore satisfy the consistency condition according to (Con), not just (1.4.2). For further
discussion also see Remark 4.2 in [30].

1.5 The mean field game in open-loop strategies

Now, we formalise an alternative structure for the mean field game, extending the class of
admissible control policies. We then prove in Section 1.5.2 that, under a mild assumption on
the form of the correlated solution p, the value of the MFG remains the same.

1.5.1 The definition of the MFG in open-loop strategies

Let mp € P(X) be the initial distribution of the mean field system.

Definition 1.5.1. Lef p € P(R X P(X)TH)

Atuple (QQ, 7, P), {gt}t 0D, (yt)t _o» Xo, (ét)t 17 (ut)th‘Ol) is said to be an open-loop control policy
(open-loop strategy) if (QO, 7, P) is a complete probability space supporting X-valued random variables
X;, t € [0, T, an R-valued random variable ®, a P(X)T+! -valued random vuriable u, Z-valued random
variables (ét _y and T-valued random variables u;, t € [[0,T —1], and {Qt Lisq complete filtration
such that

i) Po (Xp)™! =my;

i) Po (D, (u)l_)) " =p;
iii) (5t)tT:1 are i.i.d. all distributed according v;
iv) (&)t 1 Xo and (®, ([ut)tT:O) are independent;
iv’) foreacht € [[0,T —1]:

- & is Gi-measurable and &k, k = 1,...,T — t, are jointly independent of G,
- G =H; Vv o(u) v o(®) Vv 6(Xo), with H; independent of o(®, ([ut)tT:O, Xo),

— u; is Gy-measurable;

v) forallt € [0, T —1]),
Xt+1 =V (t/ Xt/ Ui, Ut, £t+1) s P-a.s..

We denote with A the set of all open-loop control policies and, with a slight abuse of notation, in the
following we write (ut) Le A for ((Q F,P), {Qt}t 09, (‘ut)t O,Xo, (&)t 1/ (ut) ) € A.
We call any tuple ((Q2, T P), {G:}1o) 2P ()l _or Xo, (&, (u)l 0 (Xf)tzo) as above a realisation
of the triple (myg, p, (“f)tzo

17
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Remark 1.5.2. Notice that this new setting includes the previous one. Indeed, setting, fort € [0, T —1]],
ur = w o O(t, xX®, y(t)), the recursive structure of the problem yields that u; is G;-measurable with
Gi = 0(Xo) V o(®) vV a(u®) v a(EW), that is Hy = o(£W), and thus all the conditions in iv’) hold.
In particular, the closed-loop strategy 1, corresponding to the case in which the i"-player follows the

mediator’s suggestion induces the open-loop admissible strategy
uli=rod(t, XY, u) = o, X;), DdeR.

In this case the costs associated to the triple (my, p, (ut)tT:_(}) € P(X) X P(RxPX )T+1) X A

are given by
T-1

T(mOI P, (ut)z":—()l) =E Zf (tl Xtr ‘ut/ut) +F (XT/ FT) .
t=0

In this definition of the costs, there is a little abuse of notation. Indeed, (ut)T I e A stands for
((Q 7: P) {gt}t O,(D (Ht f= OIXO/ (ét t= 1,(l/it) )E ﬂ

Definition 1.5.3. We say that p € P(R x P(X )T+1) is an open-loop correlated solution for the
mean field game with initial distribution mg € P(X), if the following two conditions hold:

(Opt) For each strategqy modification (ut)T leq,
](mOI P, (u;)tz_o ) < T(mOI P, (ut)zz_ol)'

(Con) Forany realisation of (o, p, (u}){)), namely (Q, 7, {Ge} {5, B), @, (o, Xo, (€01, ()5,
(X)), setting F := ‘7((P‘t)tT:o) we have

pe() =P(Xp € - |FY), te[0,T].

1.5.2 The optimal value of the objective functional in the MFG

This section is devoted to proving that the value of the objective functional at equilibrium
in the limit game remains the same if we enlarge the set of admissible strategies to include
open-loop controls with the information structure given in Definition 1.5.1.

We start by showing that, under suitable technical assumptions needed to guarantee the
well-posedness of all the conditional expectations involved, a conditional Dynamic Programming
Principle holds for MFG solutions in the sense of Definition 1.4.3. Then, we prove by backward
induction in time that the value of the MFG in closed-loop strategies is the same as the one in
open-loop strategies and that, therefore, a closed-loop solution according to Definition 1.4.3 is
also an open-loop solution according to Definition 1.5.3.

Our first assumption requires the state dynamics to be non-degenerate; more precisely:

(A1) Foranyt € [[0,T — 1]}, any m € P(X),any x,y € X and any u €T,
P(W(t,x,m,u,Z)=y) >0,
where Z is a random variable with distribution v.

In addition, we make a finiteness assumption on the structure of the correlated solution. To
this end, let p be a solution of the MFG starting at mg according to Definition 1.4.3. Consider a re-
alisation ((Q, ¥, P), @, (‘ut)t _or X0, (ét)t 1w, (Xt)tho) of (mp, p, w) according to Definition 1.4.1.

18
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Given the fact that R is finite and limiting our analysis to the functions ¢ € R such that
P(® = @) > 0, the induced conditional probability Py(-) := P(-|® = ¢) is well-defined. The

finiteness assumption on p is now:

(R1) If (D, (ur),_,) is distributed according to p, then there exists, for any choice of ¢ € R such
that P(® = ¢) > 0, a subset P, C P(X )T+ of finite cardinality such that P(p(y(T) €Py) =1
and, for any m € Py, Po,(uD) = m) > 0.

Remark 1.5.4. The assumptions above are used to ensure the well-posedness of conditional probabilities
of the form Py(-|u® = m®, X = x®), for any m® e P(g), any x¥ e X1, where Pq(ot) =
Tlp ()1 (Py) = {m € P(X) " s.t. there exists | € P(X) ' s.t. (m,]) € Py}. Indeed, for this to hold
it is enough to check that Py(u' = m, X1 = xM) > 0, for any x© € X™ and any m € P,,. First,
exploiting disintegration we write

P(P(”(T) =m, XD = x(T)) - Pq)(X(T) - x(T)“i(T) =m)- PW(V(T) =m), (1.5.1)

where the second term in the product on the right is clearly strictly positive by Assumption (R1). Then,
another round of disintegration yields

IP(p(X(T) = x(T)ly(T) = m)

T-1
= P(P(XO = xol”(T) =m) l_[ P(p(XtH = xt+1|[l(T) =m, X® = X(t)) (1.5.2)
t=0
T-1
= mo({xo}) [ [Pp(Xesa = xra ™ = m, X = x),
t=0

Now, exploiting the iterative dynamics of the state in the game, we have that, for any fixed t € [0, T —1]],

P(p(XHl = xt+1|H(T) = m/X(t) = x(t))

=Py (W(t, xp, my, up, &) = xpa|uD = m, XO = x0) (1.5.3)
= Z Po(\W(t, xt,m, Y, Erv1) = Xp41)Pp(ur = Y| =m, Xx® = x) >0,
yel

Hence, putting together Equations (1.5.1), (1.5.2) and (1.5.3), we get

T-1
Py (u™ = m, X1 = xT) > P (u™ = mymo({xo}) [ |Pp(Xes1 = x| = m, XO = x1) > 0.
t=0

Finally notice that the very same proof can be carried out replacing u; with w o @(t, x®), m(t)) and so the
result holds, in particular, for the MFG in Definition 1.4.1.

Let p be a solution of the MFG starting at my and satisfying (R1). Consider a realisation
((Q, F,P), @, (u){_y Xo, (&), w, (X)[,) of (mg, p,w). Set pa(-|@) = P(u € -|® = ¢). Sucha
realisation then has the following properties, conditionally on the event {® = ¢}:
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i)y Py o (Xo)™! =my;

i)y, Py o (P, (Ht) —0)” 1= =Py o (g, (#t) —0)” 1= =04y ® p2(-|p);
iii), (&)]_, areiid. all distributed according to Py, - (&)7! = v;
iv)p (&)1, Xo and (u tho are independent w.r.t. Py;

v), forallt € [[0,T —1]],

X =W (£, X w0 (1, XO,u0), 11), Ppras.
Notice that properties i), ii), iii)y, iv), and v), are a consequence of the corresponding
properties in the unconditional setting and the independence in property iv).
Hence, the (conditional) costs associated to the triple (mg, p, w) € P(X)xP (RxP(X )T+1) D

are
T-1

]qo(mOr P, ZU) =E

f (t/Xt/ [th,w © (P(t/ X(t)/ #(t))) +F (XT/ [UT) s

where Ey[-] := E[|® = ¢].
We set

]({J(t/ x(t)/ m(t)/ ZU) = E(P
s=t

T-1
D (s, Xs,us,w 0 (s, X, 1) + F(Xr, pr)| X = x0, y®) = m(”] :

and thus, in particular,
](p(T/ x(T)r m(T)I ZU) = F(xT/ TI’ZT).

Notice that, for any fixed t € [0, T—-1]], X® and (ys) s—11 are Py-conditionally independent given
u®. Indeed, consider a fixed t € [0, T — 1] and let x) € X**1 and m!**1 := (m,)]_, | € P([PT_”,
with P = i (Py) = {m € PX) T st thereexists | € P(X) st (Im) € Py}

Exploiting tower property and measurability, we have

Po(XW = x, () sy = mI"uD) = BB [L 0y (X)L ey () )1 Xo, o, €016
= Ep[L 0y (XEp L revy (1) ()Xo, 1, €]
= B[ (X E g [1 iy (1) T, )]
= B[y (1) s )T [1 0y (X )]
=P (X(t) = x(t)|[~l(t))Pq;((fls = m[t+1]|“(t)).

s=t+1
As a consequence of the conditional independence stated above, if w o ¢(u,-) = w o @(u,-),
foru >t, J,(t, x®, m®, w) = Jo(t, x®), m®), @). Indeed, take w, w € D such that w o p(u,-) =
w o @(u,-), foru > t. We have

Jo(t, x®,m®, @) (1.5.4)
T-1
D, X, s, @0 (s, X, 1) 4+ B(X, )| XH) = 20, u®) = m(”]

s=t

—E(p

=: By [Gt(x om®, (Fs)s t+1'(55)sT:t+1f@ o (s, .))Z:t)p((t) - x(t),y(t) - m(t)]
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= / 2y G m®,ml Y, @) @ e (s, DB ((s)] g = ml )T dz)

mlt+llepl=!
= [ Y G, @ o (s, DBy = ST
m[”l]e?’({,”
= Jo(t, x,m®),w),
where we have used the notation dz = dz¢41, . .., dzr and in the third identity we have exploited

the fact that, for any fixed t € [[0,T —1]], X ) and (ys) , are Py, -conditionally independent
given ).

Then, we write J,(t, x®, m®, (ws)_,) = Tolt, x®, m®), w). Thus, the optimal value function is

defined as
T-1
= inf E, Z F(s, Xs, s, we(s, X, yu®)) + F(Xp, ur)| XO = x®, y® = O |,
Z{)gE‘Rt

where ﬁf ={w:[t, T x XT x P, — I', progressively measurable}.
Our aim, now, is to show that, even in this non-Markovian setting, the following DPP holds.

Proposition 1.5.5. Forany t € [0, T — 1],

= infE, [f(t X, m, ) + Vi (f (x,W(t, x,my, Y, E1), (m(),ym))

yer

X0 = 0, 0 = m(t)].

Proof. By construction and measurability properties, it holds

V(p(t,x(t),m(t))
[ T-1
= inf E, Zf(s,Xs,us,wt(S,X(S),u(S))) + P(XT,;JT)‘X(” =x®, u® = m(”]
thRt | s=t
T-1
= inf E, f(t xp, my, wi(t, x®, m®)) + Z £(s, X, s, wi(s, X, u®))
wrERy s=t+1
+ F(X7, yT)(X(” = 20y =
= lnf\ f(t/ xt/mtlwt(t/ x(t)/ m(t)))
thR[
+ Z Py (W(t, x¢, mp, wi(t, ', m®), &) = v, prer = 11XG = 2, 4O = ).

(y,)eXxPy

T-1
E(p[ Z f(s, X, s, we(s, X, u)) + F(Xr, pr)| XD = (x1), y), ut*V = (m(”,l)]}

s=t+1

Now, exploiting the fact that #,, is finite (to exchange the inf and the summation) and the
conditional independence property shown above (together with the consequent identity in
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Equation (1.5.4)), we have
V@(t, x(t), m(t))
= inf 11’11; {f(t, xt,mt,y)

yer Wi+1€R 41

O Py, 1) = Y = XY =20, 1) = m®),
(y,)eXxP,

T-1
Ep| D £l X pe s (X, 1) + FOr, up)| XD = (20, ), 1D = (o), z)]}

s=t+1

= lnf {f(t/ Xt, My, 7/)
yerl

+ Z inf {Pw(\l’(t,xt,mn%ém) =y, i1 = [x® = x(f)’#(t) _ .
(y 1)eXxP, Vit eRi1

T-1
Ep| Y Xty w0, (X, uO) + FOXr, ) [XOHD = (60, y), w0 = (9, 1) }}

s=t+1

= inf {f(t/ X, My, )/) + {Vq)(t + 1/ (x(t+l)’ ]/); (m(t)l l))
yer

(y,)eXXP,

' P(P(\I](t/ Xt, Mg, Y, £t+1) = y/ Ht+l = llx(t) = x(t)/ [u(t) = m(t))}}

= )l/rellf {E(P [f(t/ Xt, Mg, 7/) + V(P(tl (x(t),\y(t’ Xt, Mg, % £t+1))/ (m(t)r ‘ut+1))|X(t) = x(t)l [-l(t) = m(t)] }

O

Thus, we have shown the DPP and we can proceed with the second step.

Proposition 1.5.6. Assume (A1). Let p € P(R x P(X)T*1) be a correlated solution of the MFG in
closed-loop strategies starting at mg according to Definition 1.4.3. If p satisfies (R1), then p is a solution
for the mean field game in open-loop strategies, as in Definition 1.5.3, too. In particular, for any ¢ € R,
17(p(t, x®, m®) and Vol(t, x®, m®) coincide.

Remark 1.5.7. Notice that, since the consistency conditions in Definitions 1.4.3 and 1.5.3 are the same
and the set of closed-loop strategies is included in the set of open-loop strategies, a solution of the correlated
MFG in open-loop strategies, p € P(R x P(X)T*1), is automatically a solution for the corresponding
game in closed-loop strategies.

Proof. We have already discussed the form of the objective functional for the MFG in closed-loop
controls when showing the DPP. Regarding the relaxed MFG, conditionally on the suggestion re-
ceived by the representative player (that is on the event {® = ¢}), a realisation of (my, p, (ut)th‘Ol),

ie. atuple (Q,F,{G:} ) P), @, (u)Ly Xo, (&0, (u)[Z), (Xi)[,), satisfies the following:

i)q) Pq) © (XO)_l = My,

22
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i)y Py o (P, (ur){_y) ™" = Op ® p2(‘19);
iii), (&), areiid. all distributed according Py, o (&)~} = v;
iv), (&)thl, Xp and (Ht)tho are independent w.r.t. Py;

iv’), Foreacht € [[0,T - 1],

- &pis Gi-measurable and &4, k =1, ..., T —t, are jointly independent of G; w.r.t. Py,

-G =HV o(y(t>) V o (P) Vv 0(Xp), with H; independent of G((Ht)tT:of Xo, ®) wort. Py,

- u; is Gi-measurable,

V'), foranyt € [0, T - 1],
Xt+1 = \I](tl Xt/ Ut , Ut, €t+1) ’ ]P(p'a-s--

Let’s quickly review how we check the properties in iv’),,. Notice that the other properties
are trivial. Let us first recall that measurability properties concern o-algebras and not the
specific probability measure on them, hence we have to exhibit proofs only for the independence
properties. For any arbitrary fixed t € [0, T — 1]], we have

. (éHk)%;{, are jointly independent of G; w.r.t. P,,. Indeed, let A € G; and (Bk)i;f € B(2),
exploiting the tower property, the fact that o(®) € G; and the fact that G; and (&;4x i;{
are independent w.r.t. P, we obtain

E[l{(p}(q))lAlB1 (€t+1) s ]-BT_[(ET)]

Pp(AN{&+1 € Bi}N---N{&r € Br}) =

P(®=¢)
_ E[E[1p)(®)1a1p,(Er+1) - - T (E7)IGH]]  ElLp)(PVLAE[1p, (Er41) - - 15y, ()G ]]
) B(@ =) ) F(@=9)
_ E[1y (@)1 [T} P&k € BO] T _
_ o) = ﬂ P(Erk € BOP(A|D = @),

e G = H: Vv o‘(y(t)) V o(®) vV 0(Xp), with H; independent of o(u, Xo, ) w.rt. Py,. By
assumption, H;, 0(Xo) and o(®P, u) are independent w.r.t. P. Take A € H;, B € o(u) and
C € 0(Xp), we get

E[1(p)(@)1a1p1c]  E[E[1(}(®)1alplc|®, u]]  E[1p)(P)13E[1a1c|D, u]]

P,(ANBNC)=

P@=¢) P(D = ¢) - P(® = ¢)
_ El1y(P)13E[141c]]  P(A)P(C)E[14)(P)15]
_ o - S = P, (A)P,(C)P,(B).

The (conditional) costs associated to the triple (myg, p, (ut)tT:‘Ol) € P(X)XP(RxP(X )TH) XA

are
T-1

Jo(mo, p, (u)'=)) == B,

f (t,Xt,yt,ut)) +F (XT/[JT)] .

t=0
Then,

Vw(t,x(t),m(t)): inf E,

() g eA

T-1
Zf(s’ Xs, Us, us) + F(XT/ HT)'X(t) = x(t)/ [J(t) = m(t)] ’

s=t
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and so, in particular, at the terminal time T € N, we have
Vo (T, xD, m ™) = F(Xr, mr).

We want to prove that ‘7@ = V. One side of the inequality is straightforward. Indeed,
closed-loop controls as in Definition 1.4.1 induce admissible open-loop controls in the sense of
Definition 1.5.1, through

up :=wo @(t, x® y(t)), te[0,T-1].

Thus, it holds 17¢ < V,. We show that \7(,) > V,, by backward induction on t. We have
‘Zp (T, xD, mD) = F(Xr, mr) = Vo(T, x™M,m ™). Now, as an induction hypothesis, assume that
17q0(t +1,xE ), mtD) = vt + 1, xY, m+D). To prove that ﬁ(p(t, x®,m®) =V, (¢, x®,m®),
it is enough to check that T(p(t, x®, m®), (up){2)) = Vlt, x®, m®), for any admissible sequence
of controls u € A. Exploiting the definitions and induction hypothesis, we see

T-1

D f(s, Xs, s, us) + F(Xr, pr)

s=t

](p(t/ x(t)/ m(t), (uf)?;ol) = E(P

X0 = x40 = m(t)]

=Ey [f (¢, x¢, my, )| XE = 2O y® = m<t>]

+/ P(p(XHl = X1, Ut+1 = mt+1|X(t) = x(t)/ [J(t) = m(t))'
XxP(X)

T-1

> fls, X, s, us) + F(Xr, )

s=t+1

= E(P [f(t, xt/mt/ut)

'E(p

X(t+1) — x(t+1)"u(t+1) — m(t+1)]

szxmdﬂ)zmm]+/° To(t 41,2040, @D )
XXP(X)

: P(p(XtH = Xt41, Bt+1 = mt+1|X(t) = x(t)/ [J(t) = m(t))

X — x(t),u(t) = m(t)] +/ Vit + 1, x+D) gy 4Dy,

= E(P [f(t/ Xt, My, Mt) XxP(X)
X

) P(p(XtH = Xt+1, Ht+1 = mt+1|X(t) = x(t)/ H(t) = m(t))-

Now, exploiting, in sequence, the fact that &;,1 is jointly independent of X ®) 1, and y(t”), the
tower property, the fact that u; is G;-measurable, the fact that ;11 and G; are Py,-conditionally
independent given u(*) and the measurability properties of conditional expectations, we obtain,
forany A € B(P (X)), B e B(Z)and C € B(I),

Py(tt+1 € A, Ere € B,y € CIXY = x0, 40 = ) (1.5.5)
=Pp(&ra € BIXY =6,y = mOPy (s € A,y € CIXO =20,y = m®)
E[(La(r41)Le () Ly (X103 (1)L (D))]
P(X®) = x0, 4y = m®), d = ¢)
E[E[14(ut41)1G: 11 ()1 oy (X D)L 00 (1)1 ) (@)]
P(X® = x0, 4y = m®), d = ¢)

=Py(&t+1 € B)

=Py(&r+1 € B)
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[E[1a(pe+1)|D, ,U(t)]lc (“t)l{x(t)}(X(t))l{m(w}(H(t))l{(p}(q))]
P(X® = x®), yu) = m®), d = @)
=Py (&ra1 € BE[1c(u)E[1a (1)@, pD]|XY = x, 4 = m®), @ = ]
= Py(&rs1 € B)E[1a(u1)|P = @, ) = mOE[1c ()| XY = xO, u® = m®, @ = ]
= Pp(&n1 € BPp(pra € Alu® = m )Py (uy € CIXY = 20,y = m®)
= v(B)Py (e € Alu = m)14(C),

E
= Py(&t4+1 € B)

where A;(C) := Py(u; € CIX® = x®, y(t) =m®). Then, exploiting the iterative dynamics of the
state and Equation (1.5.5), we have
Jo(t, x®,m® w2 > B, [f(t,x,mt,ut)

+ V(P(t +1, (x(t)r ‘y(t/ Xt, M, Ut, £t+1))r (m(t)/ .ut+1))|X(t) = x(t)/ ,u(t) = m(t)]

= B | £t x,mt, ) + / Vit +1, O, W, e, me, g, 2), (), pys)(@)| X0 = 50, 1 = )|
Z

-/ {f(t,x,mt,w Ji Eq)[vgo(t+L(x“),wa,xt,mt,y,z>>,<m<f>,m+l>>|u<f>=m<”]v<dz)}m<dy>
r Z

> inf {f(t,x, me,y)) +/ Eqy [V<p(t +1,(x,W(t, x;, my, v,2)), (m(t),ut+1))|y(t) = m(f)] v(dz)}
yer z

= Vo(t, x®),m®),

where the last identity follows from the DPP in Proposition 1.5.5. Finally, to conclude it is
sufficient to integrate with respect to p;(d¢). Hence, we have shown that under Assumptions

(A1) and (R1) the optimal value of the two mean field games is the same.

1.6 Approximate N-player correlated equilibria

Here, we show how to construct approximate N-player correlated equilibria starting from a
suitable solution of the MFG. We make the following additional assumptions on dynamics and
costs:

(A2) Continuity of W: [0, T - 1| X X XI'XxZ — X :

1) Forevery (t,x,y) € [0,T — 1] x X X I' and for all m, m € P(X),
V({22 Wit 3, m, y,2) £ W(t,x, 7, , 2)}) < W(dist(m, 71),

where : [0, +00) — [0, 1] is some non-decreasing function with lim;_,o+ W(s) = 0.

2) For any t € [[0,T — 1], W(¢t,-) is 7 ® v-almost everywhere continuous, for every
TeP(X XP(X)XT).

(A3) The functions f and F, running cost and terminal cost, are Lipschitz continuous with the
same Lipschitz constant L.

For an illustration of the continuity assumption (A2) on the dynamics, see [30, Remark 6.1].
Assumption (A3) is rather standard; in our finite setting, it is a true restriction only with respect
to the measure argument of f and F.

The correlated suggestion p we start with must satisfy, in addition to (R1), the following

condition on its information structure:
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R2) If (D, (yt)tTZO) is distributed according to p, then there exist a; : [0,1] x P(X)!*? — &,
t € [0, T — 1], Borel-measurable functions and a uniformly distributed random variable

z 4 v, independent of u s.t. P(¢,-) := ay(Z, ;,L(t”))(-), forall t € [0, T —1].

Remark 1.6.1. If p satisfies (R2), then it admits a decomposition of the form

p(Cox---xCr_1 X B) = /Pl(CO X -+« X Cr_1|m)pa(dm)
B
= / /Z ® 0 0 4, (2 mtt+0y (Ce)v(dz) pa(dm),
B

for any C; € B(E), t € [0,T — 1] and B € @1 B(P(X)) and where, for t € [0,T — 1], a; :
[0,1] x P(X)"** — & are Borel functions.

Finally let us notice that, if (©, (u)]_,) is distributed according to p that satisfies (R2), then, for each
t € [0, T — 11, @) and p are conditionally independent given u**V. The example presented in Section

1.7 seems to suggest that the two conditions are equivalent.

Theorem 1.6.2. Let my € P(X), and suppose (A1)—(A3) hold. Let p € P(R x P(X)'*!) be a
correlated solution of the mean field game starting at mg and satisfying (R1)—(R2). For N € N, define
YN € P(RY) by

N
N — .
YN(Cy % % Cy) = /P(xﬂ“ gp1(C]|m)p2(dm).

Then, for all N € N, yN is an en-correlated equilibrium for the N-player game with initial distribution

RN

My

and the sequence {en }nen C [0, +00) is such that limy e en = 0.

Remark 1.6.3. Let (Z ]-);\]: 1 beiid. rou.sdistributed according to v, also independent of i, and define, for
j € [1, N]|, ®; through ®;(t,-) := a(Z;, y(t”))(-), t € [0, T — 1], with « as in (R2). Then we have
Po ((Dl, - ,(I)N)_l = )/N = /P(X)T+1 H]I\il P1(|m),02(dm)

Proof. We prove the result only for strategy modifications of the first player. Then, the general
result is a consequence of the symmetry in the problem. With a small abuse of notation, we
simply write ¢ for 1), when its clear from the context the distribution that it refers to. We also
use this same symbol ¢ for both the N-player game and the mean field game. Consider the
correlated suggestion yN € P(RYN) defined in the statement of the theorem. For each N € N,

yN is an ey-correlated equilibrium for the initial distribution mg’N , once the sequence {en}nen
is defined as
EN = ]{V(mg’N, yN, t)— _inf ]{\I(mg’N, )/N,EN), forall N e N.
ﬁNGN N

71

By definition of infimum, it is possible to find a sequence of strategy modifications, {)7N Inenw C
NV{V’ such that

_ . 1
IN@mEN, YN Ny < inf NN, N Ny + =, NelN. (1.6.1)
ﬁNeNy{\l N
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Thence, to complete the proof of the theorem, so showing that ey 1\2;0 0, it suffices to prove
the following:
hm ]1 (m®N’ N L N) = ](mOI P, l) (162)

lll\rlnmf]1 (m ,y yN) > J(mo, p, 1). (1.6.3)

Proof of (1.6.2). First of all, let us notice that the following equation holds
g = [ RNy sy patam),
1 P(X)T+1 Vi1

where, for each N € N and for each m € P(X)T*1, YN := @Np;(-|m). In fact, it holds yi\’ =

VN o TCI1 = (/p(X)TJrl Pl(lm)®NP2(dm)) o chl = /p(X)TJrl P1(|m)102(dm)/ and ’)/Hl\/l]/l = an\{ ° nl_l =

p1(|m)®N o it = pi(:|m).
Indeed, thanks to the particular structure of the cost functional and the fact that LN (de,du) =
6u(d(p)yi\](du), we write

I mEN, N,

N N ®NT ®N
/XN /ZNT /RN/G (x, @, (u)); N 2)0u (dp)yN (duy, ..., duy )v®NT (dz)m&N (dx)

N N ®NT oN
«/XN ,/ZNT ./RN/G (x, (1/!])] 1,2))/ (duq, ..., dun)v (d_z)mo (dx)

/XN /z /W)m /R GN(x, (), 2)yp (dus, ..., dun)pa(dm)v®NT (dz)mEN (dx)
‘/p({\,)m (-/XN ./zNT /RN GN(x, (u])] L 2)ym(duy, ..., dun)v®NT(dz)m® N(dx))pz(dm)

/ (/ / / GN(x, @, (1), 2)6 (d) 7 (du)v®NT(dz)m®N(dx))pz(dm)
p(X)T*'l XN JZNT JRN+1
:/ N(m®N,yn1\1’,L N )p2(dm).

p(X)TH Vi

Notice that, here we have implicitly exploited the conditional independence and independence
properties proved in Remark 1.3.3, points ii) and iii). Indeed, assume Py o (&51, Dy,...,PN) =2
and denote with A; the measure projected on it ith component(s), that is A; := A o (1;)!. Let
A,Bi,...,By € B(Ry). Exploiting Remark 1.3.3 (iii), we get

PN((iSl EA,(Dl S Bl,...,(I)N S BN)

N
=[ 131(901)[ _ 1A(d¢)I_I1Bj((Pj)A1,3,...,N+1(d¢,dsz,---,d<PN|<P1)7\2(d(P1)
RN RNXRI\Fl

j=2

=[ 1131(901)/ 1A(d¢)/\1(d¢|(P1)/ nlB (P)As,.. N+1(d@2, ..., denlp1)A2(der)
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N
=/A _ 1A(d¢)HlBj((Pj)Al(dllf|(P1)A3 ..... N+1(d@a, ..., den|p1)Aa(der)
RNXR?]] ]:1

N
— [ @] 15000 @) e, .., dp),
NXRy j=1

where the last step is a consequence of the fact that Py o (Py, ... ,Pyn)7! = yN and Py o
(D, D)7 = LN Thus, we have A(dy, dey, ..., doN) = 6q,1(d1,b)yN(d(p1, ..., denN).

Furthermore, for the mean field game, we have

](mOI P, L) = / ](mOI Pl(lm) ® 6m1 l)PZ(dm),
p(X)TH

where pi(:|m) as in the statement of the theorem. In fact, with similar computations as above

for ]{\’, we get
J(mo, p, 1) = / / / G.(x, ¢, z,m)p(de, dm)v®T (dz)mg(dx)
X JZT JRxP(X)T+1

) /x/zr /p(x)m /R Gu(x, ¢, z, m)p1(delm)pa(dm)v®' (dz)mo(dx)
= eT
) /7>(X)T+1 /x/zr /R Gulx, @, z,m)pr(delm)v=" (dz)mo(dx)pa(dm)

_ / J(mo, pr(-1m) ® S, Opa(dm),
P(X)T*'l

and this ends the proof of the identity.

In the proof of (1.6.2), that is the case in which all the players follow the mediator’s suggestion,
computations simplify considerably. Indeed, since the recommendation N belongs to P(RY),
for any N € N, we can proceed as in the proof of [30, Theorem 5.1 and Theorem 6.1], that is
through the following three steps:

1. We show that, for any fixed m € P(X )T*1 | there exists a subsequence of indices such that
klglc}ojll\lk(m?Nk/ ’)/nl\{kl L) = ](mOI Pm/ me)/
for some p,; € P(R X P(X)T1), with yN = py(-|m)®N.

2. We prove a result of chaos propagation that enables us to deduce that, in the limit, for all
m € P(X)™!, we have
Py o (X[", uf") " = i)' ® 6m, forallt € [[0,T],

for some m[" € P(X).
3. We show that, for py-almost every m € P(X)'*!, (in]")[_, = (m)]_,, independently of the

convergent subsequence considered, and conclude by integrating in (m;)[_, € P(X)T*!
w.r.t. po(dm).
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Step 1

Fix a flow of measure m € P(X)"*! . Consider the sequence of trlples {(m®N , N, )}nen. For

eaChN €N, con51derthetuple ((QNm, FNm, PNym), (q)N A 5\]1, (SN m)t iy (51 N oL, EZ\I’N’m T

t=1’
T 1_o) arealisation of (m®N, y,ﬁ‘{, t). Since we are proving (1.6.2), w.l.o.g.

we assume that CDi\] m = CDi\I ", Py m-a.s. Set, forany N € N,

n — PN n O (q)N ,m ([Jl ,N,m Z‘ o (51 ,N,m z" 1/&51\],ml (th,N,m Z“:O)—l.
Since, for any N € N, )} belongs to the compact set P(R X P(X)TH x ZT x R x XT*1), the
sequence {1 }nen admits a convergent subsequence, {nﬁk}keN, with limit 7,,. On a suitable
probability space, (Qu, Fon, Prn), we consider a R X P(X)T+! x ZT x R x XT+1- valued random
vector, (O™, (y;” Y (ém)t 1,(13’” (Xm) _o), such that

Nm =P o(CI)m,(yt Py (E;” o 1,(Dm (Xm) 0)_

and set

pm =By 0 (O, (")) € PR X P(X)T),
Bt = Py o (O™, @™, (1" tho)—l EPRXRxPX)).

Then, the limit variables, (O™, (y;” iy (5;” (Xm) _o), satisfy the following properties:

tl’

1,N,m
XO

i) By the continuous mapping theorem and the fact that, by hypothesis, 4 my, for all

N € N, we get
Py o (X(])n)_l =my

ii) py =Py o (O™, ([u;’1 o)~ Le P(R x P(X)T1), by definition.

iii) Asaconsequence of the independence of the variables (51 AN tT 17 Xé AN and (q)i\l’m, &15?’”)

and the fact that they jointly converge in distribution, together with the continuous map-
ping theorem and the fact that 51 Nm o, NeN,te [1, T, we have

& 4 v, forany t € [1,T].

iv) Since, for any N € N, (Div’m = Cf)i\]m, PN, m-a.s., we get ®" = ®", P,,-a.s. Then, we have
o (t, xO, m®) = om(t, x®, m®) = (@™, xO), m®).
Furthermore, since (CDN" m)j\]"l, Cf)i\]"’m, as well as ®" and ®", are R-valued variables,
reasoning as in the Step 3 of the proof of [30, Theorem 5.1], we get that (£")]. Xy and
(D™, (u}" )T o) are independent.

t=1’

v) Furthermore, proceeding as in the Step 3. of the proof of [30, Theorem 5.1], it is possible
to prove that (X/")!_; follows the dynamics: for any ¢ € [0, T — 1],

Xm

=W (X, 00 (6, X0, 5 0) &), By,

=W, X0 (1, X)), ).

These features Correspond to properties i)-v) in Definition 1.4.1. We have proved that the tu-
ple (Qu, Fn, Pr), @, (uf" t or X' (5’”)t 17 ", (Xt’”)tT:O) is a realisation of the triple (g, py, t).
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Furthermore, since, for any N € N, Py, o (<1)i\]'m)‘1 = p1(-|m), we get Py, o (@)1 = p1(:|m).
Furthermore, we have

Tim J3% g™,y 1) = J(mo, pu, ). (1.6.4)

Equation (1.6.4) follows from the joint convergence in distribution of the variables that form
a realisation together with hypothesis (A3) and the dominated convergence theorem. Notice
that, here, the fact that @i\] M as well as ®@,,, are R-valued is crucial.

Step 2

The symmetry and independence among the players in the pre-limit game enable us to
prove a result of chaos propagation for the convergent subsequence associated to (mng LN 0.
We are not going to show this property directly but exploiting an equivalent characterisation of
propagation of chaos, namely [82, Theorem 4.2](see Theorem 1.A.1, in the Appendix).

In fact, we can work iteratively to show that chaos propagates from t tot+1 foreach t € [0, T—1]].
This fact implies

Py o (X[, uf") ™! = ] ® oz, t e [0, TJ.

for some deterministic flow of measures (n?l”)tho e P(X)™!, with mg' = m.
We show that propagation of chaos holds, for our specific structure, for the first time step. This
same reasoning can be immediately extended to the other time steps implying our thesis. We

N

notice that this is possible only because the variables {q)?] o }].:1 take values in R. For a detailed

proof see Appendix 1.A.

Reframing the result (1.6) of chaos propagation in the dynamics described in Equation (1.6),
we get, Py;-a.s.,

t+1 7=+l

XM o=W(t, X", mm,om(t,X"),&n,),
Pyo (XM =m",  telo,T].

Notice that, in the variable @, we are omitting the dependence on the measure m. We are
allowed to do this because this variable takes values in R, being distributed according to
p1(:|m). The system in (1.6) has a unique solution. It is a consequence of the iterative definition
of the process (X;")[_, and of properties i)-v) of the limit realisation. Thence, the flow of
measures (i1]")[_ € P(X)™*!, corresponding to this system, is uniquely determined for each
(m)T_y € PX)T .

Step 3

Now, our aim is to prove that (in]" tT=0 = (mt)tho, for pp-almost all (mf)tho € P(X)T*! . Letpbe
the correlated solution for the mean field game starting at mg, as in the statement of the theorem,
and consider a realisation of (my, p, 1), i.e. ((Q*, F*,P*), @, (u; tho' X5, &N (X;)tTZO). By
definition of realisation, such a tuple satisfies properties i)-v) in Definition 1.4.1. In particular,

without loss of generality, we set
i) Pro(Xp)™ =mo;

i) B o (@, (1)) = p;
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iii) (€))7, iid. with & L v;
iv) (& )t 1 X5 and (@7, (1} tho) independent;
iv’) ((®*) = O, P*-ass,;
v) forallt € [0, T —1]],
Xty =W {6 X 5,000 (X7 1), 610) = W (L X005, (1K), 65,), o
The fact that p is a correlated solution for the mean field game (consistency condition) and
the definition of p;(-|m) imply, respectively, that, for pp-almost all m € P(X)T*! , we have:

o P (X; € |y = (m)iy) =m,  te[0,T];

o " CD* |(!~lt (mt)?:O) = P1(|m)r

Then, setting Q™ (-) = P*(-|(u} tho = (mf)tho), we get:
e Q"o (X)) =my, t e [0, T];

e Q"o () = pi(-Im);

e Q"o (é’*)_l =v, te[1,T];

where the last item is a consequence of the fact that (&} ) _, is jointly independent of (L)L f=07
by property iv) above. Hence, for p-almost all (m;)[_, € P(X)"*! , Q"-almost surely, for any
t € [0, T — 1]}, we have

X:+1 =W (t’X* my, (t Xi ) 5t+1)

Q"o (X3) ™ =my, t € [0, T].

This means that the tuple ((Q*, F*,Q"), @, (u})" 1o X5, (&5 )t 1,(X§)tT:0) is a solution for the
system (1.6). Finally, exploiting the uniqueness of solutlon for this system, we obtain the
following identities, that hold for p;-almost all (mt)tT:O € P(X)T+:

(m (mt)t "y pm =Py o (@™, [Jm)_l =Q" o (¥, m)_l = P1(|m) ® Om-

Notice that the second equation is a consequence of the fact that P, o (®")~! = py(-|m). In
particular, we rewrite the equation in (1.6.4) as

BNk Nk 1) = J(mo, pr(1m) ® b, 0).

lim JN(m
k—o0 ]1 (
Notice that the limit above does not depend on the subsequence considered and so we can
deduce that the whole sequence converges to this limit. Now, an application of the dominated
convergence theorem, together with the identities (1.6) and (1.6), yields

®N | N

I}im ]1 (m LY, L) = hm ]f]( SN

N
L Vs )p2(dm)

/7>(X)T+1 N fi\](mw,ynzf,om(dm)

B /SD(X)TH J(mo, p1(:|m) ® b, t)p2(dm) = J(mo, p, 1).
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This ends the proof of (1.6.2).

Proof of (1.6.3). Consider the minimising sequence of strategy modifications {7™ }yen C NhN’
defined in (1.6.1). Now, set

N
Tn(der,..., don, dm) : = | (X) pi(dejlm) | pa(dm)
j=1

N T-1

® (/ ®(Sat(zj,m(t-#l))(d(Pj(t,‘))V(dZ]‘) p2(dm)
=1 \WZ =0

=VYm (dgol, ey dqu)pz(dm) € P(RN X P(X)TH ),

where a; has been chosen according to (R2), see Remark 1.6.1 and 1.6.3. The peculiar form
of the starting MFG solution p that satisfies assumption (R2), and the consequent form of the
correlated suggestion in the N-player game, will be crucial to give an interpretation to any N-
player game realisation in the mean-field sense. Now, we want to build a sequence of realisations
of {(m®N , YN, 7M)}nen. For a fixed N € N, let (Qy, Fn, Pn) be a complete probability space.
On this probability space, we set:

J\N
i) (X ]1,

(D; )] ", R-valued random variables, such that

X-valued random variables i.i.d. according to my;

@i(t,”) = ar(Zj, u"Y),  j=1,...,N, t=0,...,T-1,
with (Z]-)].I\i1 iid. £ vand independent of u 2 p2.

In particular, thisimplies thatPNO((CD])Nl, e 1(dg01, ..., den,dm) = ?N(dgol, ..., den,dm)

and so that Py o ((®; )Nl) Y(des,...,dpN) = yn(de, ..., doN);

ii) (i;'tl, .. cSN )7 107 Z-valued random variables i.i.d. all distributed according to v;

iii) (St) iy Z-valued random variables i.i.d. all distributed according to v;
iv) (&,.... &N, (X] 0)j=1/ (u)i_y, (Zj);\il) and (9)/ are independent;

v) YN, R-valued random variable s.t. Tfl(t, ) = wN(S, @1)(), withw) : [0,1] X R — Ein
Borel function, for any t € [0, T — 1]|, and Py o ((Dl,]?N)_l =yN.

We set the following dynamics for the X-valued processes, (X]
[0, T -1],

e 0,] € [[1,N], for t €

iN jN j
X[ =w (6 XN, w0 X)) €lL,), Pas,

where, for all t € [[0,T]] and j € [1, N]], yi’N = N T Zk¢] k=1 6XkN and N (yt t o- This
corresponds to the case where all the players stick to the suggestlon given by the mediator.

1The existence of these Borel functions is a consequence of the measurability condition in v) in Definition 1.3.1
and of Doob’s Lemma (see [105, Lemma 1.13]).
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Then, we define another sequence of processes, (X] Lo J € [[1,N], setting X] X and,
fort € [0, T —1],

I N _ /N ~JN I N
XN =w (6 XN, N, 0, XN, 8L, (1.65)
§t+1 =V (t/)?tl'NflJt YN XN, N, 5t+1) Pn-as.,

where, for all t € [[0,T] and j € [[1,N], u ~]N = ﬁZkN# k=1 Oxkn and wN = (~]N T
4 t

This represents the case in which only the f1rst player is deviating from the suggestion ac-
cording to the minimising sequence of strategy modifications introduced in the beginning of
the proof. Hence, ((Qn, v, Bx), (@)1, (91 0,(;,.. LENE @, (XN, XY ) and
(Qn, N, PN), (D; )] 1 (O )t 0,(£t,.. EN)t 1, (X1N XNN T _o) are, respectlvely, a re-

ON YN )and (m N yN ) for the first player Indeed, we notice that,

alisation of the triple (m;
with this construction, also condltlon v) in Definition 1. 3 1 is satisfied.
Then, we define another sequence of processes, (X] j € [2, N]), setting X] X0 and,

fort € [0, T —1],

tO’

N SN~ N

where, forall t € [0, T], u Al N.= N T Zk > XkN and N (A1 AN T o- These processes describe
the evolution of the system excludmg the first player.

—1,N —1,N
Finally, we define the process, (X, )tT:O’ setting X, := Xé and, for t € [0,T — 1],
—1,N —1,N ~ =N ~
XN = w (t, X, YUN(, XN, N, 5}+1) , Pn-as. (1.6.6)

This last one is an auxiliary process whose utility will be made clear in the following. From
now on, for simplicity of notation, for t € [0, T — 1]|, we write ﬁl’N for YN (t, XN, ).

First of all, we focus on ((Qn, Fn, PN), CD1,(yt)t o (yl N tT 07 (St)t o (E )t 17 (X1 ANYT O) For all
t € [0, T]l, an application of the tower property yields

En[dist(u;™, p)] = / En[dist(u; ™, pe)lp = m]pa(dm).
p(X)T+1

Conditionally on the event {(Ht)z; = (my)L t—o}, we have already seen that (yt converges

t 0
weakly to (mt)tT:O, as N goes to infinity. Since (1) - € P(X )T*1 is deterministic, the conver-

gence result above holds in probability, that is, for any fixed ¢ > 0, P} (dist(y}’N, ut) > €) =00
Then, we have

EM[dist(u, ™, we)] < PO (dist(py ™, p) > €) + eP(dist(u ™, pe) < e)

<PV (d1st(yt JUE) > €)+ € plniy g,

and we obtain by the arbitrariness of ¢ > 0 that E% [dist([ug’N , )] w 0, for any t € [0, T].
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Finally, by disintegration, an application of the dominated convergence theorem yields

lim EN[dist(y}’N,‘ut)] = / lim EN[dlst(yt ,yt)|y m]pa(dm) =0, forallt € [[0,T],
N—oco PX)T+ N—oo

and consequently
I\}im En[distr(u'N, u)] = 0. (1.6.7)

Now, we prove the following claim.

Claim 1. Forany A = ()\t)tT:O € {ﬁ;N,] e1,N]}u {y{;’N,j e [[1,N]}

lim B [distr (A, g'N)] = 0.

Proof of Claim 1. We prove the claim for A = /"N, the proof for A = p/*N being similar. Since by

definition of distr, we have

E [distr(/N, g"N)| = E

T
Z dist(ﬁJt'N ) ﬁ} } Z E [d1st(y p yt ,
=0
it suffices to prove that, for any j € [|]1, N]|, and any ¢ € [|0, T]],

lim E [dlst(yt , y}’N)] =0. (1.6.8)

N—oo

We notice that the definition of the distance dist together with the upper bound for empirical
measures in (2.1) in [30] implies that, for all j € [|]1, N]|, t € [0, T],

N
+ Yr(XN XN, (1.6.9)
1=2

[dISt(”lN’”{,N)] SN-1tNoT

In fact, for j = 1, we have
N N
~IN ~iNy| & 1 .1 (~I,N "Z,N)
[dlst(y s by )] < E N1 IZZZIXZ,N;&XZ,N =N_-1 ZP X #EX).

Whereas, for j € [|12, N]|, we get

[dlSt(y U )] m Z 15N, zin + mlil,Ni)?j,N
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Furthermore, we prove that, for all ¢ € [|0, T]], we have the following convergence, as N — oo,
s N
li > P ( ek ) .
nglo N 1 = * 0

In fact, (1.6), with t = 0, follows from the fact that, for all N € N,
a i\N iN
Sl YL _
PB(XN £ RN =0
i=2

which is a consequence of the fact that, by construction, forall N € N, j € [1, N]], ié’N = Xé,
Py-a.s. and forall N € N, j € [2,N]], }?é’N = Xé, Pn-a.s.. Then, we prove (1.6) for a generic
time, reasoning by induction. Let us assume that (1.6) holds for t, for all j € [|2, N]|, we have

]N j,.N ]N i N TN |, 5N ]N i N TN _ N
P (Xt+1 Xt+1) P (Xt+1 Xt+1 ’ X X ) +P (Xt+1 Xt+1 ’ X Xt )

<P (XN 2 SN (XY 2 RN XN = 2N) =,

where we have exploited disintegration. Using the iterative definition of the processes (X] o

and (XZ )L i—o through W and the fact that ®;, by construction, takes values in R we get

*:P(\y(t,i{N,ﬁ{N o, XN, &l ) w (6 XA, 0y XY, e ) XY = R )
B (Y 4 )

:P(\y (t’itj’N'“t @i, X[, 5t+1) ¢\y(t’§ij'N o, X, 5t+1) X" = it]N)
+P ()?{N # )A(ZN)

SN <N <>j,N ~j,N ,N SiN ~1,N ,N
=P (X" # ] )+P(\y(t,X{ N, @, XN, ) (8 N Y, 0, X )5t+1))

Then, an application of Fubini’s Theorem, together with the independence properties of
(& +1)] L, yields

N J:N viN , wiN
P (Xt+1 # Xt+1) P (Xt # Xt ) +E

v/Zl{W(tr§{N~]N®(t X]N)Z)i‘lf( XN N @, XN, )}v(dz)]

<B(X]V 2 XN) + B [aaist Y, m)

where the inequality in the last row follows from Assumption (A2) 1).
Now, notice that

(1.6.9)
lim max E[dst ]N,AlN] < lim
Now jelzNg 1 () N

1
N -1

Mz

+ (XIN XIN)} 0,

1=2
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because of the induction hypothesis. Thence, with the notation dlst(y] N, ‘TI} N) = 6?] , for any

e > 0, we have

E[%d @, gy ]: E[QB(SN]
max, (dist(z,”, ;) max, (6;")

< max |BE [913(6N)|6N > e] PN > ¢)+ B [%(5N)|5N < g] PN < ¢)
jell2,N] ] ] ] ] ]

< max {||QB|IWP(5N > e)+E[QB(6N)|6N < e]}
jell2,N ] J g

[2,N1
E[(S;V]
< max {||QB||WP(6N >¢)+ %(é)} < W(e) + ||W||eo max
iel2,N jelzN] €

LIS max E[dlst(y] N,ﬁ} N)] 5 W(e),

<W(e) + ——
& jell2,N

where we have made use of disintegration, the fact that 2 is bounded, Markov’s inequality and
the convergence result in (1.6).

The fact that 2 converges to 0 as its argument goes to zero and the arbitrariness of ¢ > 0
therefore implies

Jim {J;Ex E szB(dlst(~fN,ﬁ}N))]} =0. (1.6.10)

Applying once more the induction hypothesis to the inequality in (1.6), we get

1 iN iN 1 Si N ~1,N
1\1{11110 mP (Xt+1 # Xt+1) < A}%{WP( # X,/ )+]€m[[2a1>\<lﬂE[§IB(d1st([u s U )] =0.

Thus, we have shown (1.6), which, together with (1.6.9), implies (1.6.8) and so our claim.

Then, by the triangular inequality and the monotonicity of expectation, Equation (1.6.7)

together with the statement in Claim 1 yields

En[distr @Y, 1)] < En[distr (@Y, G)] + En[distr (@Y, p'V)] + Bx[distr(uY, p)] =50
(1.6.11)
Now, set
- . . .
RN, yN 7Ny =By | > XN, ) + XN, ) [
and . .
=N —1,N _ —1,N
]1 (mo 17 )/N) _EN Zf(t’Xt l!’ltlul},N)J'_F(XT /‘UT) 7
L t=0 ]

e <LN . . .
with processes X'V and X defined in Equations (1.6.5) and (1.6.6).
Now, consider a real valued sequence {f}nen s.t., for any n € N, f, = h, + g, + h with
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lim, e 1y =0, g, 20, forall n € N. Then,

liminf f, > h. (1.6.12)
n—00

In order to prove Equation (1.6.3), we want to exploit the inequality in Equation (1.6.12)

_ -N
with gy = J; (&N, yN, V) = J(mg, p, 1), hy = TNmEN, yN, 7Ny - ], (m(?N,V ,7N)and h =
J(mo, p, t). First of all, (A3) and the convergence in Equation (1.6.11) imply

U (m§N ,)/ ) =T mEN, yN, )| (1.6.13)
<En Zif(t,fif’“,ﬁ}N, ™) = F8 XN, e, N+ IFGEN, ) = FGN, )

; N
<Ey | Y Ldist(r N, w) + Ldist(@iy, ur) | = LE [distr @Y, )] "= 0.

t=0

Furthermore, for all t € [[0, T,

hm PN(XlN ) =

We show this by induction on t € [0,T]. Indeed, for t = 0, PN()AES’N * Zl)'N) = 0, being

_ —1,N . . ~ —1,N
Xé’N =X, = Xé, Pn-a.s., by construction. Now, suppose that limy_, PN(th’N #X, )=0

for some t € [0, T]. Then, exploiting Assumption (A2) 1), we obtain

<IN S 1N <N
Pan(XY # X0) < PN # X,) + Pu(X)) # Xm,x1 N=X,"")
= —1N
<PNXN X))
ZUN LN ZN el TN SN 1) LN _UN
+Pn (W Xy g ) # Y X a6 ) X =X
< IE))N()?tl'N # Yt, )+ Py (\Il (t/}?tl N/HZ N 1 N ét+1) W (t Xl N, 5t+1))
S —1N g
< PN(X}’N #X, )+En [QB (dlSt(},lg’N,‘th))] ,
and the last term on the right goes to zero as N goes to infinity by the induction assumption

and the convergence in Equation (1.6.11), reasoning in a similar way as in the proof of Equation

(1.6.10). As a consequence, we see
~ -N _
TN mEN, N, Ny =T (m@N, N )| (1.6.14)
o it <N = —1,N
<By| D IFE XN e, 8N = 8RN+ BN, ur) - PRy pr)]

t=0

—I1,N, N>
< 2||f||wZPN<X1N )+ 2AIFllBN (RPN £ X7 0,

where we have exploited the fact that f and F being L-Lipschitz continuous real-valued function
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on a compact domain are bounded. The convergences in Equations (1.6.13) and (1.6.14) implies

Ihn| = [T (N, N,y — h(mw,y BTas]
N —>o0

< N mMEN, YN ) T @, pN TN+ NN, N ) T meN, N, 5 2,

Thus, an application of the inequality in (1.6.12) with
—N ~N
gN:]1 (m() /y V ) ](mO/pll)

~ =N ~
hN ] (m ,VN/ VN) - ]1 (m?N/ yN/ VN)
and

h :](mOIp’L)/

yields (1.6. 3) provided that gy = ]1 (m®N N YNY =] (my, p,t) > 0. This is a consequence of the

fact that ] (mg’N ,¥N,7N) can be interpreted as the value of the MFG when the representative
player implements the strategy ul N = TN (t, X, X', i), t € [0, T —1]). Indeed, the realisation of
the triple (m , N, 7N) for the first player on the previously defined complete probability space
(Qn, n,Pn) can be seen as a tuple ((Qu, v, {GN L BN), @1, (), Xo, (EDT,, @ N),
<LN T
(X, ) such that
i) Py o (Xp)™! = my;
ii) Py o (1, ()™ = p;
iii) (E )7 11, L-valued random variables i.i.d. all distributed according to v;
iv) X1, (5 )t 1 (D, (yt) 0) are independent;
iv’) Foreacht € [[0, T — 1],

- &} is G -measurable and (&! +k)T are jointly independent of G,

- Qt WN Vao(u?)vo(®) Vv O(Xl) with WN independent of o(®4, (yt)t o 5),

~1,N .

- u,"is gt -measurable,

v) Finally, for t € [0, T — 1], the state dynamics for the first player is given by
—1,N —1,
Xt+1 =W (tIXt /“tl t ’ét-i-l) PN'a.S.

Above we have exploited the fact that, by definition, the sequence of control actions (u1 AT

t=0"

N = TN, RN, TN = w0l (9, @RV, (TN,
is adapted to the filtration { QtN }tT 01, defined as
GN = a((XO] (&L ENE L@, (80) L, (2 )] LouD)y =HN v o(uP) v o (@) Vv a(XD),
with HN = o((X] Mo (Z)No (&l D)Ly, ),

Notice that, for all t € [1,T]), &! is GN-measurable and, in turn, G is jointly independent of
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(étl +k){:‘{. Furthermore, for all t € [[0, T, 7-(tN , O(Xé) and o(dy, (yt)tTZO) are independent.

_ —1,N
Hence, the tuple (Qu, Fiv, {GN T2 BN), @1, (ue)]_y, X4, (EDT,, ™)L, (X, )L, represents

a realisation of the triple (my, p, (ﬁtl’N)tT:_Ol) for the open-loop MFG, with costs given by

~ _ - -N —
T(mo, p, ™)Ly = Ty (m8N, pN, 7N).

Now, p is a solution of the correlated MFG according to Definition 1.4.3 and the values of the
objective functionals at the equilibrium for the correlated MFGs in open-loop and closed-loop
strategies are the same (see Proposition 1.5.6). Thus, by the optimality condition in Definition

1.5.3, we get ﬁ\](mg’N, )/N, )7N) > J(my, p, t) > 0 and this ends our proof.

1.7 A toy example

In order to further motivate the definition of mean field game solution given in Section 1.4,
we consider the two-state example introduced in [30] and show that it possesses correlated so-
lutions with non-deterministic flow of measures also in the sense of Definition 1.4.3. Moreover,
assumptions (A1) — (A3) as well as conditions (R1) — (R2) on the correlated solution will be seen
to hold.

Let us recall the setting. Let T =2, X = {-1,1},and I' = {0, 1}. Let the system function and
the cost functional, respectively, be given by

\I](X, )2 Z) = \I](tr X, Y, Z) = x[l{O}(y)(l[O,%] - 1(%,1])(2) + 1{1}()/)(1[0,%] - 1(2,1])(Z)]
=x[(1- )/)(1[0,%] - 1(%,1])(2) + 7/(1[0,%] - 1(%,1])(2)]/

and

flt,x,y,m) =co(1=t)y +t(cry — xM(m)),
F(x, m) = —xM(m),

with cg, ¢1 > 0.

1/2 1/2 1/4 3/4

1/2 1/2 3/4 1/4

Figure 1.1: States and corresponding transition probabilities for the action y = 0 (left)and y =1
(right).
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Now, we consider the following candidate correlated solution for the game

p =+ P1(0(p,,my) + Op_m_)) + B2(O(gpg,my) + O(py,m))

+ B30, i) + 0@, in) + Ba(O(gy,iy) + Otpo,ii))s

where

1+x 1-x
@o(t,x):=0, P+(t, x) =1py(x) = 7 p-(t,x) =1_(x) = 5

P+t x) = 1o (D11 (x) = w P-(t,x) := Liop(H)1 -1y (x) = W
and
my = (mo, m{,my), my = (mo,my,my), iy :=(mo,my,m), - := (mg,my,mo),
with
moy = %51 + %5_1,
+ 5[31 + 4[‘32 3[3] + 4[‘32 - _ 3[31 + 4[‘32 5[‘31 + 4[‘32
= 8(B1 +P2) | ’ 8B +p) ™ 8(B1+P2) | " 8(B1 + ,32)6_1'
et = 21ﬁ1 + 16ﬁ2 + 11ﬁ1 + 16‘32 e = 11‘31 + 16‘32 + 2151 + 16[‘}2
27 31 +p2) | B2+ 27 R +pa) | B2Pp+p)

and B; > 0,i € [1,4], X1, Bi = &.

Let (QQ, F,P), D, 1, (Xo, X1, X2), (po, p1, 42), (&1, &2)) be a realisation of (my, p, t). First of all,
let’s check that this example satisfies the additional assumptions we have set for this extended

framework.

(A1) Fixt € {0,1}, x,y € {-1,1} and y € {0,1} and let Z be a r.v. distributed according to v
defined on a probability space (Q2, 7, P). We have

PW(x,y,Z) = y) = P(x[(1 = )1 1) = 1 1)(Z) + (Ao 3 = 13 1))(D)] = y)

and so

—-forx=ye{-1,1}and y =0:

N[ —

P(W(x,y,Z)=y) =P ((1[0,%] ~1)(2) = 1) —P (z e o,

—-forx=ye{-1,1}andy =1:

>~ W

P(W(x,y,Z)=y) =P ((1[0,%] ~13,)(2) = 1) —P (z e lo,
—-forx#ye{-1,1}and y =0:

P, 7,2) =) =B (g~ Tg)(2) = -1) = F (Z ) (% 1]) 2
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—forx#ye{-1,1}andy =1:
P(W(x,y,Z) = ):P((l 3 =13 )(Z):—l):P zel21])=1
Y Y (0,31~ 31 ’ :
Thus, forany t € {0,1}, x,y € {-1,1} and y € {0, 1},
P(Y(x,y,Z)=y) > 31 > 0.
(R1) Notice thatin the example P(® = ¢) > Oifand only if ¢ € {po, ¢+, -, P+, -} =: &. Thus,
if p € &\ {@o}, the conditions in (R1) are obviously satisfied. Indeed, the corresponding

set P, reduces to a singleton: in particular, wehave P, = {m,}, Py,_ = {m_}, P5, = {in,}
and P5_ = {in-}. When {® = @o}, we have Py, = {m., m_, i, -} and:

L Pyl =4
2. Py € Pyy) = 1;
3. Pyo(u=m) > min{ﬁ, ﬁ}, for any m € WM := {my, m_, iy, m_}.

Further notice that, in this case, we have
0 1 1 _
PO = {mo}y,  Ph = {m, mD} = {(mo, m), (mo, m7)}.

(R2) In order to guarantee the validity of this assumption, we have to set a new condition on
the parameters of the model, thatis 1 = f3 = fand fo = fs = y (sothat p+y = 1). It
is sufficient to notice that, given a probability space (Q, ¥, P) endowed with a couple of

independent random variables u ~ py, with p, = p o n;)l(x) = 2(Om_ + Om, + Oz + 07,),

and W ~ v and setting
D = 1,1 (1) (10,481 (W) @+ + Liap,11(W)p0) + Liom_ 1 (1) (10,45/ (W) + L(ag,11(W) o)
+ Lz (1) (110,451 (W) P+ + Lap 11(W) o)
+ 1,3 (W (110,451 (W) P+ + 1(ag,11(W) o) (1.7.1)
= (W, u?),
we have:

- Po (@, u)! = p. Indeed, exploiting the fact that y is distributed according to p, and
that @ is defined via Equation (1.7.1), for (¢, m) € & x M, we have

P(@, u) = (¢, m))
= > Ay (P = mP(® = lu = m)
me

= i{l{m}(ﬁ)(‘lﬁl{w}(@) + 4y Lp1(9)) + Ly (M) (4BLp_1 (@) + 4y L) ()

+ L,y (1) (48L15,3 (#) + 4y Loy (9)) + 1y () (4B L5y (@) + 47/1{@0}(@))}

= p(p, m).
— It holds that
D(0, ) = L,y (W) 110,481 (W) L1y + Ly (1) 110,45/ (W) 11y
+ 1y (110,451 (W) L1y + 1y (1)110,451 (W) L1y
= Lty (u1)L10,451(W)Liay + Lry (1) 110,481 (W) L1y
= ao(W, u1),
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with ag : Z X P(X)? = &, measurable function defined as
ao(w, m) := Lty (m) Lo ap) (W) i1y + sy (m) 1o ap) (w) i1y,

Hence, the conditional independence property holds being equivalent to the exis-

tence of a Z ~ v independent of p s.t. ®(0,-) = u(Z, uV), with u : Z x PX) - &,
measurable function (see [105, Proposition 6.13]).

(A2) This is omitted being the same as in [30].
(A3) Let us start by checking the Lipschitzianity of f.

-t =0: forany x1,x2 € X, y1, Y2 € I'and my, my € P(X),
|£(0, x1, y1,m1) = £(0, x2, y2, m2)| = coly1 — ya| = cod(y1, y2);
-t =1: forany x1,x2 € X, y1, y2 € I'and my, my € P(X),
|f (1, x1, 71, m1) = f(1, x2, Y2, m2)| < c1d(y1, y2) + 2dist(my, my) + 2d(x1, x2).
Now, for any x1, x2 € X and my, my € P(X),
|F(x1, m1) — F(x2, mp)| < 2d(x1, x2) + 2dist(mq, my).

Hence, the validity of the last assumption follows from the choice L = max{co, 4, c1 +4} =

max{cg, c1 +4}.
Now, let us write down some identities specific for the example that we are going to exploit

in the following. Concerning the means associated to the measure flows, we have

__ Bk
4B+ B2)
__ S _5
_16(,81+52)_8‘B'

M(mo) =0,  M(my) = -M(m;) B,
M(my,) = =M(my)

Then, set Py(-) := P(-|® = ¢o) and, analogously, Eo[-] := E[-|® = ¢o]. The distribution of the
measure flow conditionally on the event {® = ¢} can be computed explicitly and it is given by

1
P((2>: ):]p(<2>: _):—ﬁz _—
o\t my o\ m 22+ 1) 4
1
Py (4 = i) = Bo (1 = ):_ﬁ‘l _1
R O =) = v gy T B
and, setting mg) := (mo, m}") and mY = (mo, m), we have
P, ({J(l) _ m(l)) _Pp, (H(l) _ m(l)) _1
+ - )72
Then, we compute the distribution of p® conditionally on p(V:
Bo (4@ = molp® = ) = B (y(z> =y = m(_l)) P _1
Patps 2
1
p ( @ & 1,0 - m):P ( @~ 7 1,0 = (1)): Po_ _1
o (7 = my|ut = my o (= m-|u =mZ B ifi 2

The conditions on parameters ensuring the optimality of p are presented in the following

result.
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Proposition 1.7.1. Consider the MFG setting described above. Then,

P = BO(p.,m) + Otp_my + 0, i) + O i) TV (Opoms) + O(go,m-) + Ogo, i) + Ot i)
(1.7.2)

is optimal provided that
i) B,yel0,1]and p+y = %,
i) 0<co<E,

i) B <c1 <P

Remark 1.7.2. Under the assumption that 1 = B3 =  and B2 = B4 = v, which we have previously set
to ensure the validity of (R2), the consistency property is automatically satisfied. Furthermore, under the
stronger conditions in the Proposition above, there are still infinitely many correlated solutions but we
loose a degree of freedom w.r.t. the result in [30].

Proof. In this simplified context the set of strategy modifications maps the set ¥ into

R = {¥:{0,1} x X*> x M — T, progressively measurable},
thatis, forany w € D and for any @ € §, w(p)(0, (xo, x1, x2), (Mg, my, ma)) = w(g)(0, xg, mp) and
w(p)(1, (xo0, x1, x2), (Mo, m1, mz)) = w()(1, (xo, x1), (Mo, m1)). In order to find the conditions on

the parameters in the definition of p in Equation (1.7.2) ensuring that it is a solution in the MFG,
we rewrite the cost functional exploiting desintegration over sets of the form {® = ¢}, with

peT,
J(mo, p, w) = B|caro(@)(0, Xo, o) + crre(@)(1, (Xo, X1), (o, 1)) = XiM(yur) = XaM(s2)|
= ﬁ{cOE+ [w(p1)(0, Xo, mo)] + c1Bx [w(e+)(, (Xo, X1), (mo, m}))]
—E. [X:1|M(m]) - B4 [XQ]M(m;)} + ﬁ{cOE+ [w(P+)(0, Xo, mo)]
+ B [w(@4)(1, (Xo, X1), (mo, mi))] = By [Xi [M(mf) - B [iz]wmo)}
+ ﬁ{CoE- [w(9-)(0, Xo, mo)| + c1E- [w(p-)(1, (Xo, X1), (mo, m7))]
—E_[X;|M(m7) - B_ [XZ]M(mZ_)} + ﬁ{cOE_ [w0(@-)(0, Xo, mo)]
+ B [w(@-)(1, (Xo, X1), (mo, my))] = B~ [ X1 [M(my) - E- [Xz]M(mo)}

+ 4V{COE0 [w(0)(0, Xo, mo)] + c1Bo [w(epo)(1, (Xo, X1), (mo, t1))]
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— o[ XaM(u1)| — Eo [ XaM(u2)] }

where we have exploited the fact that the conditioning on {® = ¢}, with ¢ € {¢4, p_, @+, -},
completely determines the measure flow as well. Notice that the notation E, (resp. E_, E+,
E_ and Ep) was introduced to denote conditional expectation w.r.t. the event {® = ¢.} (resp.
-, P+, p- and @o). Before proceeding with the study of the different cases we make a useful

remark.

Consider the probability space (Q3, ¥, Py), where Py, () = P(:|® = ¢), with ¢ € §. For any
t € [o,T -1], X® and (4t+1, ..., ur) are conditionally independent given y(t). Indeed, for
any m € P(X)' !, x € X'*1, exploiting in sequence the tower property, the measurability of
X® w.rt. 0(Xo, &1,...,&,9, y(t)), the joint independence of y from Xy and &5, ..., &7, and the
measurability of conditional expectations, we have

Po((ptrs1, - -+, pr) = m, XU = x|u®) = By [T (tr+1, - - - ur) Ly (X))
o[ 100y XNE [ Ly (1, -, pr)lu®, Xo, &1, -, EI0®)]
oLy XVE g [ Ly (i1, - -, w1
= Ep[Lgmy (et - - 41O B [ (XD u®)]
=Py ((Ut+1, - .., pir) = mu)Py (XY = x|u®).

=E
=E

Now, let’s start by discussing the first case, that is when the suggestion is {® = ¢, }. We
proceed exploiting the DPP (Proposition 1.5.5). In the following we omit the dependency on
the measure flow being it identically equal to a single element and we introduce the following

simplified notations: V, := Vo, Vo=V, Vi = V@, V_ .= V@_ and V := Vio-

e Fort =2,x e {-1,1}3,

Vi, (0, 20,1) = F(0Lm3) = -M(m3) =~

V+(2/ (x0, x1, _1)) = F(—l, m;) = +M(m;') = Z‘B’

e Fort=1,x€{-1,1}2

V+(1/ (XOI _1)) = ylg{l(l)l}} {017/ + M(mf—) + ]E+ [V+ (21 (xOI _1/ \II(_ll Y, 52)))] }

= Vlg{l(l)r}} {Cl')/ + M(mf) + M(m;) [P+ (\I’(—l, Vs CSZ) = _1) - Py (\I](_lr Vs CEZ) = 1)] }

= M(my) +min{M(m;) (% - %) ,c1+M(my) (_411 + Z)}

. 5
—ﬁ+mm{0,c1+ﬁ }

This implies that, at time t = 1 in state (xo, —1), y = 0 is optimal which corresponds to ¢
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evaluated at t = 1, x = —1. Analogously,

Vi(1, (x0,1)) = Vrer{l(i)r}} {Cl)/ = M(my) + E+ [Vi (2, (x0,1, (L, 7, £2)))] }

. 5
——ﬁ+m1n{0,c1—E }

This implies that = 1 (and so ¢.) is optimal at time f = 1 and state (xo, 1) if and only if
1 — %ﬁ < 0, that is

5
—B. 1.7.
O0<c1 < 16ﬁ (1.7.3)

e Fort=0,x € {-1,1},

V+(O, _1) = min {COV + E+ [V+ (1/ (_11 \Ij(_]‘l YV, 52)))] }
re{0,1}
= min, {cw + (—/3 +o1- 15—6[5) Py (W(=1y,&) =1)+pP: (V(=1,7,&) = —1)}

. 1 5 1 5 \1 3
_mm{0+§(—ﬁ+c1—E )+§ﬁ,co+(—ﬁ+c1—1—6 )Z+ﬁ1}

—minlc—i c+c—i 1+1
- A T A T Y e

Since c1 - % p < 0 and all the parameters are positive, at time t = 0 in state xo = -1,y =0
is optimal which corresponds to ¢ evaluated at t = 0, x = —1. Analogously,

V.(0,1) = yg{%r}} {coy +E [Vi (1, (1, %1, y, )] }

:mm{;(q_%ﬁ),m(Cl_f_éﬁ)g_ﬁg}.

This implies that y = 1 (and so ¢,) is optimal at time ¢ = 0 and state 1 if and only if
3(c1—2B) > co+ (c1—2P) 3 — 3. Since we have already set c; < f, we set the

following stronger condition that guarantees the validity of the inequality above
1
0<co< Eﬁ' (1.7.4)

Hence, we have shown that, conditionally on the event {® = ¢, }, ¢, is optimal.

The case {® = ¢_} is completely analogous and leads to the same constraints on the
coefficients.

Now, let’s discuss in details the case in which the suggestion is {® = ¢ }.

e Fort=2,x e {-1,1}3,
Vi (2, (x0, %1, X2)) = F(x2, mg) = —x;M(1mg) = 0,

e Fort=1,x € {-1,1}3,

V(L (xo, 1)) = min {cly = M) + By |7, 2, (0,31, Wi, 7, £))| }
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= i — x1M@(m*
i for o |
= —x1M(m]") + c; min {O, )/} = —x1M(my).

This implies that at time ¢ = 1, in any state (xo, x1), ¥ = 0 is optimal which corresponds to
¢+ evaluated at = 1.

e Fort=0,x € {-1,1},

V.(0,-1) = min, {COV +E, [\Z 1,(-1,%(-1,y, 5.7_)))] }

min {coy + (—ﬁ)E+ [W(-1,y,&)] }

ye{0,1}
= min {O, co + g}
At time t = 0 in state xp = —1, y = 0 is optimal which corresponds to @, evaluated at

t =0,x = —1. Analogously,

y€{0,1 2

17+(0, 1) = min} {coy + ]E+ [ﬁL (1,(1,¥(,y, 52)))] } = min {0, co— é}

The condition that we have setin Equation (1.7.4) yields that y = 1 (and so ¢ ) is optimal at
time ¢ = 0 and state 1. Hence, we have checked that, conditionally on the event {® = ¢, },
@+ is optimal.

The computations for the case {® = ¢_} are analogous and lead to the same constraints.

The last case, namely {® = ¢o}, is the most complicated. Indeed, in this case we have
to handle a random measure flow and consequently different flows of measure and different
outcomes when evaluating the strategies of the representative player. This is done exploiting
again the dynamic programming principle.

e Fort = 2,x € {11 _1}3/ (Wl(), my, mZ) € {m+/ m+/ m-, ﬁ—} = D(pol
VO(ZI (xOI X1, xZ)/ (mOI my, mZ)) = _XZM(mZ)'
In particular, we have

5
Vo(2, (x0, x1,1), my) = Vo(2, (x0, x1,-1),m_) = -M(m3) = —gﬁ,

5
VO(Z’ (.'X'O, X1, _1)/ m+) = V0(2/ (X(), X1, 1)/ m—) = M(m;) = gﬁ/

VO(Z/ (XO/ X1, x2)/ (mOI my, mO)) = 0.

e Fort=1,x € {1,-1}?, (mg, my) € {mf), m(—l)} = 1)((010)'

VoL, (o, x1), (g, m1)) = min {ery = xM(m)
y<{0,1}

+Eo [Vo(2, (xo, x1, W(x1, 7, &), (mo, my, p2))I XY = (x0, x1), pV) = (mo, m1)] }

Exploiting the computations at the previous step, the fact that & and (D, u, Xo, &1) are
independent, and the fact that, on the probability space (Q, 7, Py,), XM and p, are
conditionally independent given u»), we have
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Vo(1, (x0, 1), mY) = min {cly - M(my)
y€{0,1}
+Bo [ Vol2, (x0, 1, W(L, 7, &), (), g@)IXD = (x0, 1), u® = ! | }
_ _ + . + _ _ v _ @ —,,, M
= -M(my) + min, {cn/ +M(m; [Po(‘lf(l,%éz) = -1, u=my|X" =(x0,1), p"" =my’)
V4 y
~Po(W(1,y,&) =1, u = mf|XD = (x0,1), uV = mi”)]}
= -M(ni)+ min {ery + M(m;)[ﬂ%(wa, y &) = =DBo(u = m3] XV = (xo, 1), ¥ = mlY)
~Po(W(1, 7, &) = DPo(u = my |XV = (x,1), V) = mi”)]}

. 5
=—p+ min {1y + 2B|Po(W(L, 7, &) = ~DPo(u = m |uV = m'!)

y€{0,1}

~Po(W(L,y, &) = DPo(u = mf |uV) = m<+1>)]}

= - +min{0+£ 11 c+i 1—§}
=F 1672 21" 16" |4 4

and, similarly,

. 5
—ﬁ+mm{0,c1 3 }
Vo(1, (xo, =1), mY) = min {cly +M(my)

y€{0,1}

+Eo [Vo(2, (x0, =1, W(=1, 7, &), (m, g®)|IXD = (xo, -1), p = mD] }

. 5 11 1 5 11 3 _ . 5
= —ﬁ+m1n{0+ Eﬁ [E—E] ,C1 +E [4_1 - Z] } = ‘B+mln{0,C1 37 }
This yields that y = 0 (and so ¢g) is optimal at time ¢ = 0 when (x, m) € {((xo, 1), (mo, m{")),
((x0,=1), (mg, m))} if and only if c; — %,B > (0. Thus, we set the condition

5
5 < (1.7.5)

Analogously, we compute

Vo(1, (xo, -1), m{") = min {cw +M(m;)
re{01}
+Eo | Vo(2, (x0, =1, W(=1, y, &2)), (), i@ DIXD = (o, ~1), 4 = m{V| }

. 5 11 1 5 (3 1) _ . 5
—ﬁ+mm{0+ﬁﬁ[§—§]lc1+ﬁ [4—1—1]}—[3+mm{0,c1+325},
and

Vo(1, (x0,1), mY) = min {Cl)/ +M(my)
y€{0,1}

+ EO [VO(ZI (xOI 1/ \I](ll Y, 52))/ (m(—l)/ #(2)))|X(1) = (XO/ 1)/ ‘u(l) = m(—l)] }
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. 5 (1 1 5 13 1 . 5
—ﬁ+mm{0+ﬁﬁ[§—§],c1+ﬁ [Z—E]}—ﬁ+mm{0,c1+3—2}
Thus, y = 0 (and so ¢o) is optimal at time t = 0 when (x,m) € {((xo, -1), (mo, m)),

((x0, 1), (mo, m7))}, without the need of any further constraint.

e Fort=0,x9€{1,-1},
Vo(0, xo) = Vo(0, xq, myp)

= yrer{l(i)r}} {coy +Eo [Vo(1, (xo, W(x0, 7, 1), (mo, 1)1 Xo = xo, pio = mq] } -

Finally, we study the initial time step in detail, exploiting the fact that Xo, & and p1 are
independent on the probability space (Q, 7, Po):

(0,1) = },Ie%r}} {coy +Bo [Vo(1, (1, W(1, y, &), (mo, u1))|Xo = 1, po = mo| }

= ;/rer{lci)r}} {coy +Bo [Vo(1, (1, (1, y, &), (mo, p1))1Xo = 1]}

- min faur+ §E0 (1,7, 0 = -+ B (17,60 = 1)

- S[PO (W(A,y,&)=1)+Po(W(1,y,&) = —1)]}
Bl(1 1) (1 1 Bl(1 3\ (1 3
ey ot

and, similarly,

:min{0+— ,C0+ =
Vo(0,-1) = yrer;ér}} {coy +Eo [Vo(1, (-1, W(-1,y, &1), (mo, u1))|Xo = =1, uo = mo| }

1) B3] o163

Hence, at time t = 0, ¥ = 0 (and so ¢o) is optimal at any state.

= min{0, ¢}

:min{0+'§

2

= min{0, co}.

Thus, we have proved that, conditionally on the event {® = ¢}, the strategy ¢y is optimal,
completing the analysis of the various cases. Now, putting together the conditions in Equations
(1.7.3), (1.7.4) and (1.7.5), we obtain the statement of the theorem.

O
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Appendix

1.A Propagation of chaos

First of all, let us recall some basic definitions, for which we refer to [82]. We denote with IT,
the set of permutations over n elements, namely over [[1, n]]. Consider a probability measure
p € P(X) and a sequence of symmetric probability measures {p, },en, with p, € P(X"), for
each n € N. We call the sequence of probability measures (p,)nen p-chaotic if for any choice of

k € N continuous and bounded functions on X, g1, ..., gk, we have

n—oo

k
li n(dsy, ..., dsy) = ; ds).
L R e | J s

Then, we call a sequence of symmetric probability measures (p,)nen chaotic, if there exists
a probability measure p € P(X) s.t. (pn)nen is p-chaotic. Let (B,(-,-))nen be a sequence of
probability kernels such that, for any n € N, B, : X" x B(X)" — [0, 1] satisfies the following
(symmetry) condition:

Bn(x,B) = Bu(nx,nB), forany m € I1,.

We say that propagation of chaos holds for the sequence (8, (-, *))nen if (Upn)nen is chaotic for any
chaotic sequence (p,)nen , where, for any n € N,

Upu(B) := /Xﬂ Bn(x, B)pn(dx), forall B € B(X)".

We are going to show that propagation of chaos holds in our case via the following equivalent

characterisation.

Theorem 1.A.1 (Theorem 4.2, in [82]). Consider a couple of complete and separable metric spaces,
(X,dx) and (Y,dy). For each n € N, let I1, denote the set of permutations over [1,n]. Let
Bn : X" xB(Y") — [0, 1] be a sequence of Markovian transition functions (probability kernels), i.e. for
x, € X" and B € B(Y"), Bn(xn, B) is the probability that the state of the n-particle system lies in B,
given that the initial state was x,.. Suppose that the transition functions satisfy the following condition:

Bn(xn, B) = Bu(mx,, mB), forall m € I1,, forall x, € X" and forall B € B(Y").

Then, {Bn}nen propagates chaos if and only if, whenever u,(x,) = %2?21 Or,yi — P in P(X) with
x, € X", then {En (X1, ) }nen is F(p)-chaotic, where F : P(X) — P(Y), is a continuous function w.r.t.
weak topologies and By, is defined as

Bu(xu, B) :% D Bulxa, mB).

nell,

Now, we should reframe the general definitions above in our context. Consider xN € XN
(initial conditions) and B € B(XY). In our case, for an arbitrary fixed N € N, the probability
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kernel is given by
BN, B) = By o (XN, XN TH(B) (LA

1 N\ N
— N __ - N,m N 1.N,
_PN,m((\P(o,xj,N_lgaka@j (0,x}), &) ))],ZleB),
]

where, in the second line, we have exploited the fact that CDi\] M= &)i\] ™, PN m-a.s., and that,
since yN = p1(:|m)®VN, (D?]’m takes values in R, for each j € [1, N].

We have the following propagation of chaos result:

Claim 2. Propagation of chaos holds for the first time step of our model, i.e. (Bn(:,))Nen, as defined in
Equation (1.A.1), propagates chaos.

Proof of Claim 2. First of all, we need to prove that condition (1.A.1) in Theorem 1.A.1 holds. We
denote with 7 a generic permutation of [1, N]|. Forany xN € XNand B = By x...xBy € B(XN),
with TB = B(1) X ... X Br(n), we have

Br(nxN, nB)

_me((\y(o ANy N _12 o (0,5, 5]Nm))f.V

€ nB) =
j=1

: d i,N d .
Since ((D;V’m);\]:l ~ p1(-|m)®N and (5{’ ’m)?’: 1~ v®N are independent, we reorder the terms to get

1 N
_ N z : n(j),N,m
*x = PN,m((‘y(O, xﬂ(j)/ N -1 ki] 6XN (]) (0 xn(])) (S ))]':1 S T[B)
_p (\1/(0 N > 6,0, @0, x1) 5f'N'm))N e B| = pn(x", B)
- N,m 7 ] ’N—]_kqt] kaI ] 7 ] 751 j:l = PN 7 .

Thus, we have shown that condition (1.A.1) holds. Now, to conclude that (Bn(:, -))Nen prop-
agates chaos we need to prove that, for any given sequence x¥ € XN, N € N, such that
un(xN) = & Z?’zl 5 v — p in P(X), the sequence (B (xV, )y, with By defined as

]

PGBy =< > pulow,mB),  xN e XN, B e BWX)Y,

’ 7'(61_[1\]

is F(p)-chaotic, where F : P(X) — P(X) is a suitable continuous function.
Suppose that yN(xN) = % 2?1:1 o8 — pin P(X), let us consider g1,..., g € Cp(X), | € N,
exploiting property (1.A.1) we have

/ a1(y) . ci(y)Bn N, dyi . dyn) = / $11) - BN Y, Ayt - - AY)

' TLEHN
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- NI 2/ g1(y1) ... g1y (N, dyp .. .dyn) =

nelly

Now, we exploit the definition of (-, -) to gather terms together in order to get

1
D) /R ) /Z Nl_lg]mf(o N~ _1;6%,<pj<o,x§(j)>,z]->>v®N<dzl,.. ,dzn)y;y (de)
#]

nelly

1
]_[ / / &P, <N, _1kZ:6x21(k),go(O,xf(j)),z))v(dz)pl(dqﬂm)
#]

nel_IN j=1

N 1
S L a0 2, i) - gy 00,5, )rdpidpln)

! neHN] 1

_l)' 1_[//8]<‘1’(0 x}t(])’ 1HN( )_ 100 90, X)), 2)(d2)p1(deplm)

Aeln. 7= =1

=0

7

where Jy.; denotes the set of injections from [[1, /] to [[1, N]].

Set . to be, for a vector xN € XN, the symmetric probability measure given by

l)
N
usz(x)— _ Z (e

A€ N:l

It is possible to show, see [82] pg. 29, that yN(xN) N—> p implies yN:I(xN) N—> p®l. We have

(N—l)l 1—[ / / 8P (0, 23, 1;1N( )—méxw ,9(0,x),), 2)v(d2)pi(dglm)
: Aely.
/Xl l—[// gj(W(, Yir N 1HN( xN) - _5y] ®(0, ), 2))v(dz)p1(de|m)una(x™)(dy1, . .., dyr)
l N 1
:LymuﬁwaJAmmmm[QmmuwwWquww—ﬁq%wwﬂamﬁ

N—)

1
®ld { d dz)ei(W(0,y;,p, 00, y;), }
(dy) L[/m( <p|m>/zv< 2)g,(%(0, i, p, 90, y,), 2)
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!

I
= D/Xp(d]/)/RP1(d(p|m)/Zv(dz)g]-(\lf(o,y,p,<p(0,y),z)):B/ng(x)q(p)(dx),

where g(p) is the image of (p, p1(-|m), v) via the mapping (v, ¢,z) — Y(O,y,p, ¢(0,y),z).
In particular, the convergence in the fourth line is proved as follows, exploiting a generali-
sation of the continuous mapping theorem, namely [22, Theorem 1.5.5]. In the notation of
[22, Theorem 1.5.5], we have Py = yN;l(xN ) w p®l, by assumption. Furthermore, we
consider the following functions hy : X! — [- ]_[;.=1 l1g;llco, H;zl llgjlleo], for all N € N, and
h: X - [- 1—[;:1 1gillco, H;zl llgjlleo], defined, for y € X, by

1
=[] [ /Z 8V, yj, i (M) = <20y, 90, ), 2DV (dplm),
j=1

I
h = ; LYi, P, L), d d .
) ,H /R /Z gi(W(0, 7j, p, (0, y7), 2)v(dz)py(dep|m)

We have that both previous functions are measurable, since the finite set X' is equipped with
the discrete metric. Finally, we show that, for any y € X/, hn(y) — h(y), as N — co. We prove
this for I = 2, but the result can be extended to any / € N. In the following we exploit the
notation gy ; := g un(xN) — ﬁéyj. Exploiting the fact that g1, g2 € Cy(X) and (A2), we have

[N (y) = h(y)l

2 2
=[1[ LL V0.3 00, 4), Iw@pragin - | [ 10910350, 900, vtz osctglon)

IA

2
) [ /R /z 8j(W(0,yj, &, (0, yj), 2))v(dz)p1(deplm)
j=1

- [ 100,21, 00,30, 20vic@zprgln) [ [ 02910, 12,p, 000,321, vidz)p (g )
RJIZ RJIZ

| [ [ 1w, 2w 00,0, ipatdplnn [ [ 520900,12,p, 00,52, 2)eid2ipr (gl
2
[T [ oitw0.u,p, 00,5, )il
i J®Jz
<lgille| | /Z 820, 12, En 2, 9(0,12),2) = 2(W(O, y2, p, 910, y2), 2)v(d2)pr (deplm)
#lgalle] [ [ 10800,31,E,1,900,0),2) = 1090, 11,900, 1), )vihpr )|
RJIZ

52||g1||00||g2||00’/RL1\{’(O,y2,EN,Z,(p(O,yz),z)i\I’(O,yz,p,(p(O,yz),z)V(dz)Pl(d(P|m)’

2lililigae] [ [ 100.0,001,00200.00.,27 @1l

. = - N—co
< 2Ig1lleo llg2loo (W(dist(en,1, p)) + W(dist(en 2, ) —> 0.

Indeed, lim,_,o+ W(s) = Oand, forany j € {1,2}, dist(zy j, p) < dist(en,j, un (xN))+dist(un (xN), p).
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The second term on the right vanishes as N — oo by assumption and
dist [ < () = <8y, () Z b)) = 26, (2) i () )
N-1 e T 244'N-1 U

2(N 5 Z v N)(@) = 8y, (2)] < 7 = 0.
Thence, an application of [22, Theorem 1.5.5] yields the desired convergence. To conclude we
need to show that the function g : P(X) — P(X), defined, for p € P(X), as the image of
(p, p1(:|m),v) via the mapping (v, ¢, z) — W(0,y,p, ¢(0,y),z), is a continuous function of p.
This function q(p) corresponds to the function F(p) in the statement of Theorem 1.A.1. Let’s
consider a sequence {p, }nen € P(X), such that p, P weakly and let B € B(X). Exploiting
hypothesis (A2), we are able to deduce

lg(pn)(B) — q(p)(B)|
< /X pu(dy) /ﬂ o1(dglm) /Z V(d2)15(P(0, y, pu, (0, 1), 2))

- / p(dy) / p(dgplm) / Wd2)15(W(0, v, p, (0, y), 2))
X R v

IA

[ patan) [ prtagim) [ v(dz){lBov(o,y,pn,q)(o,y),z))—1B(W(o,y,p,qo<o,y>,z>)}’
X R Z

. /X (P — P)(dy) /72 pr(delm) /Z Y(d2)15(20, y, p, (0, 1), 2)
/X pn(dy) /R p1(de|m) /Z V(dz)l{‘P(O,y/Pn,fp(O,y),Z)at\I’(O,y,P/@(O,y),Z)}

+ /X (pn = p)(dy) /72 p1(de|m) /z v(dz)

< /X pu(dy) /R o1(deplm)W(dist(p, p)) + /X P — pl(dy)

< W(dist(py, p)) + dist(pn, p)-

IA

This fact, in particular, implies

dist(q(pn), 9(p)) = drv(q(pn), q(p)) = sup |q(pu)(B) — q(p)(B)|
BeB(X)

< W(dist(pn, p)) + dist(pu, p) e 0,
where dry denotes the distance in total variation, that coincides with the distance dist(, -),

compatible with weak topology, because the set X is finite. So, we get the continuity of 4 and

conclude the proof of chaos propagation. m]
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1.B Existence of solutions for the MFG in restricted strategies

We prove existence of correlated solutions for mean field games in the setting described in
[30]. In fact, in the aforementioned paper the existence of correlated solutions for the MFG is
a consequence of the existence of correlated solutions in the N-player games together with the

convergence of N-player solutions to the mean field one.

1.B.1 The mean field game in restricted strategies

Let us start by recalling the structure of the MFG in restricted strategies. Let my € P(X) be
the initial distribution of our mean field system.

Definition 1.B.1. Let p € P(R x P(X )T+1) and call it a correlated suggestion. Call strategy
modification a function, w € D. Then, let (QQ, F,P) be a probability space supporting an X-valued

process (Xt)tT:O, an R-valued random variable ®, a P(X)"* -valued random variable y and Z-valued

T

random variables (&t),_,,

such that the following properties hold:
i) PoX;!=my

ii) Po(®,(u)_))" = p;

iii) (5t)tT:1 are i.i.d. all distributed according to v;

iv) (&)1_y, Xo and (©, (uy)]_,) are independent;

v) forany t € [0, T — 1],
Xt+1 =V (t/ Xf/ U, w o q)(t/ Xt)/ ét-&-l) ’ P-as..

We call any tuple ((Q, F,P), ®, (‘ut)tT:O, Xo, (Et)thl, w, (Xf)tT:o) satisfying the conditions above a

realisation of the triple (mo, p, w).

The strategy modification w represents how the representative player decides to deviate
from the suggestion he was given. Notice that the deviation is a deterministic functional of the
suggestion, @, provided by the mediator. Furthermore, here we limit ourselves to restricted
strategies in the sense that the deviations live in R, as well, that is they do not depend on the

measure flow.

Remark 1.B.2. As for the N-players game and generalised MFG, we can characterise the form of a
realisation for the case in which the representative player follows the suggestion he was given.

This is the case when the function w is just the identity, which we denote by 1 by analogy to the previous
sections.

The player in this mean field game faces costs associated to the triple (g, p, w) € P(X) X
P (R x P(X)"*) x D that are given by

T-1

J(mo, p,w) =B | > f (£, Xe, s, 0 O(t, X)) + F (Xr, pr) | -

t=0

As noticed in the previous sections, we highlight that the cost functional above is well defined
since the right-hand side does not depend on the realisation considered but only on (mg, p, w).
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Definition 1.B.3. We say that p € P(R X P(X )T+1) is a correlated solution for the mean field
game in restricted strategies with initial distribution mg € P(X), if the following two conditions hold:

(Opt) For each strategqy modification w € D,
J(mo, p, 1) < J(mg, p, w).

(Con) For any realisation of (my, p, 1), namely ((Q,F,P), D, (u)l_y, Xo, (ED)_,, 1, (X)), setting
FH = 0((pt)tT:0), we have

‘Ut() = P(Xt € |Ty)/ te [[O/ T]]

The first condition is called optimality condition, the second is called consistency condition.

1.B.2 The result and its proof
We prove our results under the following set of assumptions (which is the same as in [30])
(A2") “Continuity” of W: [0, T -1 XX XTI xZ — X:

1) Forevery (t,x,y) € [0,T — 1] x X X T and for all m,m € P(X),
v({z :W(t,x,m,y,z) Yt x,m,y, z)}) < W(dist(m, m)),
where 2 : [0, +00) — [0, 1] is a non-decreasing measurable function with
Sli_)r& W(s) = 0.

2) For any t € [[0,T — 1], W(t,-) is 7 ® v-almost everywhere continuous, for every
TEPX XP(X)T).

(A3") The functions f and F, running cost and terminal cost, are continuous.

Proposition 1.B.4. Let Assumptions (A2’) and (A3’) hold and let mg € P(X). Then there exists a
correlated solution in restricted strategies for the mean field game with initial distribution my.

Proof. Consider the set
Ao = {p € P(RXP(X )T+1) : port;! = O, and the corresponding consistency condition holds},

with 75 : R X P(X) ™! = P(X), ma(e, (my)]_y) = mo.
The proof proceeds through the following two steps:

1. We show that the set Ay, is a non-empty, compact and convex subset of P (R X P (X )T+1).

2. We see the original game as a two-player zero-sum game and reason as in [90] to show
that this game possesses a solution.
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Step 1: Properties of the set A,,, Let us start by showing that the set A,,, is non-empty.
Consider an arbitrary fixed ¢ € R and a probability space (Q, ¥, P), supporting a X-valued
random variable Xy, such that P o X; ' = my, and Z-valued ii.d. random variables (Et)thl
(&), all distributed according to v and jointly independent of Xo. Then, we iteratively define
a X-valued random process, (Xt)tT:or setting, P-a.s.,

Xy =¥ (0, Xo, mo, (0, Xo), &1) m{ =PoX;!
X, =W (1, X, m{, (1, X1),&) my =PoX;!
Xt+1 = \y (t/Xt/ mt(p/ (P(t/Xt)/ ét+1) mﬂ-l = P o Xt__gl
Xr =W (T -1, Xr-1,my_, ¢(T = 1, Xr-1), &1) mf =PoX;".

By construction, ((Q, F,P), ¢, (m;’) tT:()' Xo, (Et)thl, L (Xt)tT:O) is a realisation of (my, p?, ), with
p? =0, ® 6('"7))3-0' Notice, in particular, that p? o 17 1= Om,- Furthermore, for any t € [0, T]],

P(X; € -[(m)_)) =P(X; € ) =m!, P-as.

t 7

and so p? belongs to Ay, which is non-empty.
Now, we prove the convexity of A,,. Let p1 and p; in A,,, A € [0,1] and set p :=
Ap1+ (1= A)pa. It clearly holds p € P(R x P(X )T+1) and, by linearity, we also have

po 772_1 =[Ap1+ (1 -A)p2] o T(El =Ap1o nz_l +(1-A)p2o 772_1 = A0y + (1 = A)Oumg = Omg-

To conclude, we have to prove that the consistency condition is satisfied by an arbitrary realisa-

tion of (mg, p, t). On a probability space (Q, ¥, P), consider three X-valued processes (th);r:o'

(X!, and (X¢)[_,, a couple of R-valued random variables ®! and @2, a couple of P(X)"*! -
valued random variables yl and yZ, Z-valued random variables (ét)thl and a {0, 1}-valued
random variable Z, such that the following properties hold:

i) PoX;!=mpand X = X] = X2, P-as,;
ii) Po (@, ()" = prand Po (@, (u2)_)) " = p2;
i) @=Z0' +(1-2Z)®?and pu = Zp' + (1 - Z)u?;
iii) (& f)thl are i.i.d. all distributed according to v;
iii’) Z is a Bernoulli random variable of parameter A;
iv) (ét)thl, Xp and (®*, (y} tho)' (®?, (yf ?:0) and Z are independent;

v) The evolution of (th)tT:O, (Xf)tT:0 and (Xt)fzo follows these dynamics.

Forany t € [0, T — 1], P-as.,

th+l =WV (t’ th/ H}/ ch(t/ th)/ ‘5t+1) 7

X2, =W (t, X2, u?, @*(t, X?), &),
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Xt+l =V (t/ Xt/ ‘ut/q)(t/ Xt)/ gt+1) .

First of all, notice that P o (®, u)~! = p. Indeed, for any A € B(R) and any B € B(P(X )T,
exploiting disintegration and the fact that (!, (y} tT:O)’ (@2, ( [uf tT:O) and Z are independent, we
have

Po(®,u) (AXxB)=P(®ecA,uecB)=PZd' +(1-2)d*c A, Zu' + (1 - Z)u® € B)
=P(@' € A, ul € BP(Z =1) +P(®* € A, u*> € B)P(Z = 0)
= p1(AXB)A + p2(A X B)(1 - A) = p(A X B).

Thus, we have

L ((Q,F,P), @Y (u)ly Xo, (£, 1, (XH]_,) is a realisation of (my, p1, 1),

2. ((Q,F,P), D%, (uD)]_y Xo, (&), 1, (XP)],) is a realisation of (mg, pa, 1),

3. ((Q,F,P), D, (ur)]_y Xo, (), 1, (Xp)]_,) is a realisation of (my, p, 1).

Exploiting 1. and 2. and the fact that p1, p2 € Ay, we have, for all t € [0, T]], P-a.s.

ui() =PX! € -luh), (LB.1)
i () =B(X} € -|p).

Then, to deduce that p € A,,,, we have to prove that, for any x € X,
ue(x) =P(X; = x|u), P-as.
Consider an arbitrary fixed x € X. By Equation (1.B.1), P-a.s. on the event {Z =1},
ue(x) = uf(x) = P(X} = x|u') = B[1(X)|p']. (1B.2)

Then, an application of [105, Lemma 6.2] with F = G(yl,Z), G =o0WZ2),A=1{Z=1j}
&= l{x}(th) and 1 = 1,4(X}), yields

E[1(X)|pt, Z] = E[1(Xe)lw, Z], P-as. on{Z =1}. (1.B.3)

Thus, exploiting Equation (1.B.3), the fact that (1!, X/) and Z are independent together with
Equation (1.B.2) and the fact that p; € A, we have, P-a.s. on {Z =1},

P(X; = x|, Z) = E[1((X)lw, Z] = B[l (XD)Iu!, Z] = B[1y (XD)lu'] = pf (x) = pe(x).

This is equivalent to

E[1{z=1y1{, (022X, =x|p,2)} ] = O- (1.B:4)

Reasoning in a similar way, it is possible to prove

E[1z-0}1{yuy(x)#B(x,=xIu,2)}] = O, (1.B.5)
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and so summing Equations (1.B.4) and (1.B.5), we obtain

0 = E[(L{z=1} + 1{z=0)L{p(m)#exi=x|u,2)}] = Bl (o)#p(x,=x10,2)y ] = Plpe(x) # P(Xy = x|p, Z)).

Hence, u¢(x) = P(X; = x|u, Z), P-a.s. Now, applying E[-|u] to both sides and exploiting the
tower property and the fact that p;(x) is o(u)-measurable, we get

pi(x) = B[ (0)|u] = BIE[11(Xe)|p, Z]|p] = B[1gy (X)|u] = P(X; = x[u).

Finally, we conclude by the arbitrariness of x in the finite set X.

To complete the first step, we show that the set A,,, is compact in P (R X P(X )T+1). Since
Amy € P(R x PX)'™) and the latter set, endowed with weak topology, is a compact, we
have just to check that Ay, is closed therein. Let (p,)nen be a sequence in (A,,, converging to
some p € P(R x P(X)'™"), weakly. We have to check that p belongs to Ay, too. First of all,
by the continuous mapping theorem, p o ;' = y,. Indeed, py, ity p weakly, implies that

pn o, iy p o7, weakly, and, since p, o 7, = Oy, foralln € N, it should be p o 71, ! = 6y,
as well. In order to conclude that p € A,,,, we have to show the validity of consistency property
for the limit p. For each n € N, on a suitable probability space (€, 7., P, ) consider a realisation

of the triple (mo, py, t), namely ((Qy, F, Pu), @, (1} tT:O’ Xg, (& th1' L, (th)tho)' It satisfies:

i P, o (Xg)_l = my;
ii) Py o (D, (H? ?:0)_1 = Pns

iii) (&} th1 are i.i.d. all distributed according to v;

iv) (&} thl, X and (@, (y?)tT:O) are independent;

v) The evolution of (X} )tho follows this dynamics: forany ¢ € [0, T — 1],
Xt = \If(t,Xt”,‘uf,(Dn(t,Xf), 5?“) , P,-a.s..

t+1

It should satisfy the consistency condition, being p,, € Ay, thatis, forall t € [0, T]],
pi () =PX/" € -|u"), Py-as.

Set 1y = Py o (Py, (4} tT:O/ (&F tT:1/(th tho)_l € PR x ?)(X)T+1 x ZT x XT*1). Being the set

PR x P(X) ™ x ZT x XT*1) compact w.r.t. weak topology, passing in case to a suitable
subsequence, 1, — 1, with € P(R x P(X)" x ZT x X™*1). On a suitable probability

space (Q, 7, P), we set 1 := P o (D, ([ut)tT:O, (5t)tT:1, (Xt)tho)_l- Reasoning as in [30], exploiting

the continuous mapping theorem, we see
i) Po(Xo)™ =my;
iii) (& f)thl are i.i.d. all distributed according to v;

iv) (& thl, Xp and (@, (yt)tho) are independent.

. . n—co - .
Furthermore, since by construction n, — 71, exp101t1ng once more the continuous map-
ping theorem, we have p, =1, o r+1» weakly. Since, by assumption,

-1 -1
Tt — o Tt
RxP(X) N RXP(X)
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n—o0o

pn — p weakly, we have P o (@, (u)]_))™' =nom

1
RxP(X)
property v) in Definition 1.B.1, that is the iterative dynamics, can be shown exploiting some

of the arguments used in [30]. Define functions G; : RX X X P(X) x Z — X, t € [[0,T],
Gi(p,x,m,z) = W(t,x,m,¢(t,x),z). By assumption (A2’) 2) and the finiteness of X and R,

= p. Finally, we notice that

the function G; is ¢ ® v-a.e. continuous for every given ¢ € P(R X X x P(X)). Now, the
independence properties iii) and iv), shown above, together with the aforementioned con-
tinuity and the joint convergence in distribution yields the thesis by an application of [30,
Lemma A.1]. Indeed, via the mapping theorem, we have the convergence in distribution of
(X[ 1, Dy, X, 1, EF.1)) to (Xis1, (@, Xy, pt, Er41)), as n — oco. Thus, we have shown that the
tuple ((QQ, 7, P), D, (yt)tTZO,Xo, (ét)thl, L,(Xf)tho) is a realisation of (my, p,t). Finally, exploit-
ing [30, Lemma A.3] with x, = i = Pu(X]' € -|u"), ¥, = XJ' and Z,, = uj, n € N, since
(X7, (uf tT=0' 1) = (X, (Ht)tT:of t) in distribution, by the continuous mapping theorem, for
any t € [0, T], and since u(A) is a((yt)fzo)—measurable, for any A € B(X), we get

P(X; € B, (u)i_g € C) = E[ur(B)Lc((e){-o)],

for any B € B(X) and C € B(P(X)"*! ), and y is a regular conditional distribution of X; given
u= (yt)tlo, as in the consistency condition. This completes the proof of the compactness of A, .

Step 2: Two-player zero-sum game interpretation Now, we reframe the problem similarly to
[90]. A distribution p € Ay, is a correlated solution for the MFG if for any w € D,

0 <J(mo, p,w) = J(mo, p, 1), (1.B.6)

where J(mo, p, w) = Yoer /p( Xyt J (Mo, 8(¢,m), w)p(¢, dm), that means

~
—_

](mOI 6((’),??1)/ w) =E f (t/ th mg, W o (P(tl Xt)) +F (XT/ mT) ’
t

Il
o

with
i) PoX;! = my;
ii) Po (P, (ur){_)™" = O(p,my
iii) (ét)thl are i.i.d. all distributed according to v;
iv) (ét)thl and Xp and are independent;

v) The evolution of (Xf)tho follows this dynamics: for any ¢ € [0, T — 1],

Xt+1 =V (t/ Xf/ ms, W o (P(t/ Xt)/ £f+1) s P-as..

Remark 1.B.5. This way of rewriting the objective functional is possible because, by definition of

realisation in the MFG, (®, p), (ét)thl, Xo and are independent.
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Thus, w.l.o.g. we write

o p0) =Y [ et 1000 9 00 Loptdm),

peR

with I(w o ¢, (mf)tTZO) := J(mo, 8(¢,m), w). Now, notice that condition (1.B.6) is equivalent to
0< > / [1(w o ¢, (m)_y) = I(p, (m:)_y)p(e, dm),  forallw € D.

Since R is a finite set, this is equivalent to the following condition

/7) oy Iy, (m)]_y) = I(p, (me)[_))lp(@,dm) > 0, forall g, € R. (1.B.7)

To show the existence of a correlated solution for the MFG, it is then sufficient to show the

existence of a p € Ay, satisfying (1.B.7).

Now, consider the following auxiliary two-player zero-sum game, that in pure strategies
reads as follows:

- player I(the maximiser) chooses a couple (¢, m) € R x P(X)T+!;

- player II(the minimiser) chooses a couple (17, /) € R2.

The payoff (Il to I) is I(y, m) — I(p, m) if n = ¢ and 0 otherwise. Notice that in what follows,
for convexity reasons, we work with the corresponding set of mixed strategies and a non empty
compact convex subset of it. Then, a strategy p € A, satisfying (1.B.7) corresponds to a
strategy of player I (hence belonging to A, as well) yielding a non-negative payoff in the game
described above. Indeed, such a strategy corresponds to an x € Ay, C P(R x P(X)T* ) such
that

EWA gy 1 00 Lo) = H Gl (), )

peR

= Jpgrr 20 La) = 10,00 I3 003, )

peR

- ‘/p(X)TH (1, (””‘f)tho) (2 (mt)tho)]x(QO, dm).

By the MinMax Theorem such a strategy exists if, for every given strategy of player II, there exists
a strategy of player I (again in A,,) yielding a non-negative payoff. Now, let (y(1,1))y,per
be a strategy of player II. By construction, the payoff associated to the couple of strategies
(x,y) € A, X P(R?) is given by
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- Z /7>(X)T+1 (¢, dm) Z y(o, VY, m) - 1(p,m)],

PeR PperR

where m = (m;)!_; and we want it to be non negative.

Thus, we have to prove that, for any fixed y € P(R?), there exists a p € Ay, such that

3 ey P4 3 vl I, m) g, m] 20 (LB38)

peR PpeR
We exploit the following proposition.

Proposition 1.B.6. Forany p € P(R), there exists mP := (mf)tho € P(X)™*1 , such that Pp = p®0Our
belongs to Ajp,.

Proof. Consider an arbitrary fixed p € $(R) and a probability space (Q, ¥, P), endowed with an
X-valued random variable Xy, a R-valued random variable ® and Z-valued random variables
(&), such that Po X;! = mg, Po @' = p, (&)]_, areiid. all distributed according to v and
jointly independent of Xy and ® which are independent as well. Then, we iteratively define an
X-valued random process, (Xf)tT=o' setting, P-a.s.,

Xl =V (0/ XO/ myp, q)(ol XO)/ 51) mf =Po Xl_l
Xo =W (1, X1, m}, 01, X1), &) mh =PoX;!

— P P _ -1
Xt+1 =V (t/ Xt/ m,, (D(t/ Xt)/ ét+1) mt+1 =Po Xt+l
Xr =W (T -1, X, my_,, ®(T -1, Xr1), &) mb =Po X;'.

By construction, ((Q, ¥, P), ®@, (mf )tT=0/ Xo, (&)tT:l, L, (Xt)tho) is a realisation of (g, p,, t), with
pp=p® 6(mf)T K Notice, in particular, that p,, o e 1= Om, Furthermore, since, forany ¢ € [0, T]],
t=

P-a.s.
P(X; € |(m));_) =P(X; € -) = m],
and so p, belongs to Ay,. m]

Now, for any fixed p € P(R), the value of the objective functional associated to the couple
of strategies (pp, ) is given by

A st P08 3y, I m) = g,

PeR

- Z ‘/P(X)T‘f'l p((P)émP(dm) Z ]/((Pl l,b)[](l)b, m) - I((P, m)]

PeR

= D p(@) Y yl@ W, m") = I, mP)].

peR PperR
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Now, [90, Lemma](up to a change of sign since here they are considering the corresponding
maximisation problem) guarantees that, given a probability distribution (y(n, ¥));,ye, there
exists a probability vector p? = (p” (¢))per such that, for any vector (vy)yer,

Z P (e) Z y(p, ¥)[vy —vy] = 0. (1.B.9)

PpeR PpeR

Equation (1.B.9) holds, in particular, for vy, = I(, mﬁy), Y € R, and consequently

0= () > yl@, YW, m’") - (@, m")]

peR PeR
= 7Y —(d , ) _ )
2, Sy P ) 3 W G, m) = g,
- ({)Ze;‘/;)(x)]q—l pﬁy((P’ m)l;Ry(gol E[’)[I(Ebr m) _1((P/ m)],

and so p;v satisfies Equation (1.B.8) and we conclude.
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A McKean-Vlasov game of commodity production,

consumption and trading

All models are wrong, but some are useful.

George E. P. Box and Norman R. Draper

This chapter deals with a model for prices manipulation in commodity market. The corre-
sponding paper, written in collaboration with my Ph.D. co-supervisor Prof. Giorgia Callegaro
and Profs. René Aid (Université Paris Dauphine) and Luciano Campi (University of Milan), was
published in Applied Mathematics and Optimization in September 2022. We focus on a two-player
Linear-Quadratic McKean-Vlasov stochastic differential game where an energy producer and a
consumer both affect the price dynamics of the good controlling drift and volatility of produc-
tion rate and consumption rate, respectively. We compute a Nash equilibrium and characterise
the corresponding strategies and payoffs in semi-explicit form. We illustrate our results via

numerical simulations, showing that the model is consistent with economic intuition.

2.1 Introduction

In this paper, we develop an economic model of a commodity market where a representative
producer interacts with a representative processor who buys the commodity and transforms it
into a final product sold to the retail market (think of crude oil production transformed into
gasoline or wheat transformed into bread). For the sake of simplicity, the processor will be
referred to as consumer from now on. In our model, the production and the consumption rates
are described as Itd processes driven each by an independent Brownian motion and whose
coefficients are controlled by, respectively, the producer and the consumer. We stress that in our
model the producer can control, in particular, the volatility of the production rate (by investing
in devices making the production more reliable), and similarly the consumer can control the one
of the consumption rate (by investing in storage devices, for instance). Further, the players are
risk-averse (see below for details) and they are linked by a financial derivative in the commodity,
a plain forward agreement on price and volume exchanged. For some motivations on the control
of volatility, we refer the reader to the paper by [5], which focuses on the interaction between
a producer controlling the drift of the spot price and a trader controlling the volatility, and
exchanging a quadratic derivative. In that paper, it was shown that when the trader is short in
the derivative, he would increase the volatility of the spot price in order to get a higher price of
the derivative sold to the producer. In the present setting, we are interested in the joint effect of
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the costs of controlling the volatility of production or consumption rates and the players’ risk
aversion parameters on the “agreement indifference price”. Indeed, when only one player has
market power, the effect of the parameters on the forward price is clear. On the other hand,
when the two players interact, the joint effect is not obvious. In this paper, we are interested in
the outcome of the combined effect on the forward price of the relative risk aversions and the

volatility control costs of the producer and the consumer.

Both players have market power on the spot price of the commodity: the spot price depends
linearly on production and consumption rates so that the higher the rate of production, the lower
the spot price and the higher the rate of consumption, the higher the spot price. Furthermore,
they agree to exchange a forward contract with finite maturity T over a certain quantity A of
the commodity that will be determined at equilibrium together with its price F. This setting
is inspired from the seminal papers of [6] and [7], where the authors establish the mitigating

effect of forward agreement on the exercise of producers market power.

In our framework, since production and consumption rates are driven by two independent
Brownian motions and there is only one tradable risky asset, i.e. the commodity spot price, the
market is incomplete. Therefore, we define the forward price in the spirit of the indifference
pricing approach (see the paper [91] for an overview and [20] for an application to power
markets). The players” goal is to maximise their respective objective functionals, which are
expectations of the following main components: the profit from selling, the sourcing costs (only
for the consumer), the costs from exerting the controls, the forward contract payoff and, finally,

the integrated variance of the market price of the derivative.

The latter component describes the risk aversion both players have towards their financial
position. More precisely, in this context where the agents can control the volatility of their state
variable, the modelling of their risk aversion using utility functions (e.g. exponential utility)
would lead to non-linear PDEs which are difficult to handle. Hence, for technical convenience we
turn to a sort of dynamic mean-variance criterion leading to the objective functionals described
above. Mathematically speaking we are dealing with a two-player stochastic differential game
with objective functionals of McKean-Vlasov type, i.e. depending on the laws of the state
variables. Economically speaking, it means that both players act as speculators on the forward
market, as they disconnect their forward position from their production or transformation
profit. Although this feature of our model originates from a computational limitation induced
by the linear-quadratic McKean-Vlasov game setting, there exists some evidence, documented
by a stream of the economic literature, that large commodity players can act as speculators on
their markets (see [36] for such evidence and references on the subject of financiarisation of
commodity markets).

This modeling approach for the risk aversion has been already investigated and used for
portfolio selection by [140] and more recently by [102] and [116]. Moreover, due to the fast
development of mean-field games as a new framework to study stochastic differential games
for a large number of players since the seminal papers by [113, 114, 115] and [99] (see also
[28] for a survey), there has been a regain of interest for control problems of McKean-Vlasov
dynamics. The latter, also known as mean field control, corresponds in some way to the limit
of a sequence of stochastic control problems for a regulator willing to optimise the average
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expected payoff of a group of agents interacting through the empirical distribution of their
states (see [109] and the two-volume book [33]). In particular, the linear-quadratic case has been
treated in [83, 19] and [12]. Recently, stochastic differential games with both state dynamics
and objective functionals of McKean-Vlasov type has been addressed in, e.g., [122, 42] and also
[70] for a Stackelberg game arising from an optimal portfolio liquidation problem. Although
a large number of applications in economics and finance have been developed with mean
field games and mean field control, the applications of games with finitely many players and
McKean-Vlasov dynamics and objective functionals in economics is much more recent, hence
less developed (see, e.g., [3]).

We will analyse the model along the following program: first we will find a Nash equilibrium
for a fixed quantity A of the commodity exchanged through the forward contract with fixed
price F; second, we will compute the indifference prices of the forward contract for the two
players separately (they are going to depend on A); third, we will compute the quantity A such
that the two prices are equal, hence making the exchange compatible with the equilibrium
found in the first step. This price will be called agreement indifference price.

This framework makes it possible to analyse the formation of the risk premium defined
as the difference between the (unitary) agreement indifference price and the expected spot
price of the commodity. The question of the determinants of the risk premium on commodity
markets goes back (at least) to Keynes’s Treatise on Money, (1930). Keynes formulated the normal
backwardation theory, i.e. the claim that forward prices should be lower than expected spot
prices because risk-averse producers are willing to sell forward at a premium to avoid price
risk. Presently, the hedging pressure theory (see [45, 95, 94, 93]) provides explanation of the sign of
the risk premium depending on the relative size of population types in the market (producers,
storers, speculators) and their risk-aversion (see [52] for a complete equilibrium model with
mean-variance utility players explaining the different possible sign of the premia).

Mathematical results. The main mathematical contribution of the paper (ref. Theorem 2.3.1)
consists in a complete description of a Nash equilibrium in open loop strategies of the two-player
stochastic differential game arising from the interaction model described above. More in detail,
we adopt the following resolution approach: first, we prove a suitable version of a verification
theorem exploiting the weak martingale optimality principle; second, the verification theorem
and the linear-quadratic structure of the game allows to provide a semi-explicit form for the
best response map; third, a Nash equilibrium is found as a fixed point of the best response
map with closed-form expressions for the equilibrium strategies and payoffs of both players
up to solving numerically a Riccati system of ODEs. Once we have a Nash equilibrium at
our disposal, computing the corresponding agreement indifference price together with the
exchanged quantity at equilibrium is a pretty straightforward task.

Economic insights. First, we find that the forward agreement indifference price is higher
(resp. lower) than the expected spot price when the producer is more (resp. less) risk-averse
than the consumer. Because in our model, the players act as speculators on the forward market,

a seller requires a higher forward price to enter in the agreement and a buyer asks for a lower
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price. The presence of market power of both players allows for the formation of an equilibrium.
In that sense, our model is consistent with the economic intuition of the hedging pressure
theory applied to a market populated with producers and consumers acting as speculators.
Second, we observe that producers can achieve the same agreement indifference price and the
same trading volume either by having high risk aversion and a low volatility control cost, or
a low risk aversion and a high volatility control cost. This effect manifests itself whatever the
relative risk aversion of the producer and the consumer or the relative costs of volatility control.
Nevertheless, it is more apparent when the volatility control costs are low. Thus, to the list of
determinants of the sign of the risk premium of forward commodity price, one could add the
costs of reducing the production uncertainty. For commodity where storage is utmost costly
like electricity, reducing production uncertainty is highly costly and thus, leads to higher risk

premium.

Organisation of the paper. The paper is organised in the following way. The model is
described in Section 2.2.1 together with the definition of a forward agreement indifference price
and quantity in Section 2.2.2. The main result on the existence of a Nash equilibrium is given
in Section 2.3. The proof of the main result is given is Section 2.4. Numerical results on the
comparative static of the risk premium and the joint effect of risk aversion and volatility control
costs are given in Section 2.5.

Notations. We denote by R, (respectively R_) the closed semi-interval [0, +o0) (respectively
(=00,0]). Given a function f : R — S, with S a regular space, we denote its first derivative by
f’. The expected value of a random variable X will be equivalently denoted by E[X], as usual,
or by X, for brevity. Let (Q, 7, P) be a probability space. Given a positive integer d, a strictly
positive time horizon T and a filtration F := (7% );c[o,7], we set

T
L*([0, T],RY) := {(p :[0,T] - RY, s.t. @ is measurable and / |g0t|2dt < oo} ,
0

L=([0,T],RY) := {(p :[0,T] = RY, s.t. @ is measurable and sup |@;| < 00} ,
te[0,T]

L%(Q, RY) :={y:Q > RY, st ¢ is Fr-measurable and E [[i*] < oo},

T
L%F(Q x [0, T],Rd) = {7] :QA%|[0,T] —» RY, s.t. n is F-adapted and E [/ |7]t|2dt
0

<(>o},

S]IZJ(Q x [0,T],RY) := {17 :Qx[0,T] - RY, sit. n is F-adapted and E | sup |r]t|2] < 00} .
t€[0,T]

2.2 The model

We consider a stochastic game between a representative producer and a representative
consumer. While the producer produces a good at a certain rate, the consumer buys the
commodity and transforms it into a final good sold in the retail market.
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2.2.1 Market model

We consider a finite time window [0, T] and a probability space (Q2, ¥, P) endowed with
a two-dimensional Brownian motion (W, B) = {(W;, Bt)}+e[o,r] and its natural filtration F =
(Ft)tefo,r) augmented with the P-null sets in #. The production rate of the producer {g; }+e[o,7]
evolves according to a dynamics given by

dg; = uydt + z,dW, g0 > 0,

where {u; }1e[0,r] and {z; }+¢[o,7] are the producer’s strategies. The associated instantaneous costs
are %”uf and +(z¢ — 0,)?, respectively, with k,, £, > 0 and where g, > 0 represents the nominal
uncertainty in production without dedicated effort of the producer to reduce it. In a similar
way, the consumption rate (or selling rate to the retail market) of the consumer, {c; }c[o,1], has
dynamics given by

de; = vedt + y,dBy, o > 0.

Here, {vt}ie[o,r] and {y}sejo,r] are the consumer’s strategies, and the associated instantaneous
costs are, respectively, %v? and %(yt — 0.)?, with k., ¢, > 0 and 0. > 0. We assume a linear
impact on the observed market price, {S; }+co,1), namely {S; }cjo,1] evolves according to

St =50 — Ppqr + ypcCt, sp >0

with p,, pc > 0 and y > 0 (the role of y will be clear in a few lines). The instantaneous profits

at time ¢ of the producer nf and of the consumer 7t; are given by:

k l
ny =4St = moup =5 (2 = 0p),
k l
Tty + = cr(po + p1Se) — yer(Se +6) - Ecvtz - Ec(yt —a.),

where c;(po + p1S¢) is the income from selling the quantity c; at the retail price pg + p1S¢, a linear
function of the commodity price, with pg, p1 > 0 and yc;(S; + 0) represents the sourcing cost of
buying the quantity yc; (which is used to obtain c; to be sold) at price S; plus the transformation
cost 6, with 7,6 > 0. We assume y > p; to ensure the concavity of the objective functional of
the consumer (i.e. the processor cannot charge increasing prices to final consumers without

seeing the demand decreasing).

Remark 2.2.1. Our producer and consumer are large players as their actions have an effect on market
prices. This is the reason why we did not impose any constraint on the relation between consumption
and production: there could be other small producers and consumers present and so the consumption
c; might, in principle, be greater than q;. Moreover, we consider a commodity for which storage has
a little effect on the price and in our framework we do not include neither capacity constraints nor
consumption/production constraints for technical reasons.

The producer and the consumer exchange a forward contract of A units of the commodity
at a fixed amount of money F € R. Both players aim at maximising their respective objective

functionals, which have two components: an expected profit term and a penalisation term
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modelling the player risk aversion (more comments below). In formulae, they are given by

T
];’F(u,z;v,y) = E[P;] - ’7;7/ V[AS:] dt, np >0,
0
T
10 @, y;u,z) == E[PS] - nC/ V[AS]dt,  n.>0, (2.2.1)
0

where V stands for the variance and the process P;ﬁ (resp. P;) represents the cumulative profit

over the time period [0, T] of the producer (resp. the consumer), i.e.
T T
Py ::/ nldt + F - ASy, P& ::/ nidt — F + ASt.
0 0

The set of admissible strategies for the players is given by A? := A x A, where A =
L2(Q % [0,T], R?).

The way risk aversion is modelled and the choice of the derivative require two comments.
First, a more standard way to take into account the players’ risk aversion would consist in
using utility functions. In our case and with an exponential utility function, where players can
control the volatility of their production and consumption rates, this approach would lead to
Monge-Ampere PDEs, which are difficult to handle. For this reason, we turn to a different way
to model risk aversion, which is reminiscent of what is done in mean-variance optimal dynamic
portfolio choice (see [140] and more recently by [102] and [116]). A similar approach was also
previously used for distributed renewable energy development in [3]. Second, we observe that
the variance penalisation term involves only the derivative and not the profit from production
or transformation. As already stated in the introduction, this representation of risk aversion
transforms players into speculators on the forward market. Indeed, players only care about the
variance of their financial position AS; — F, not about their production or consumption profits.
This modeling is motivated by the desire to remain in a framework where tractable solutions can
be exhibited. Its sole consequence would be to reverse the sign of the risk premium: producers
wish to sell at a lower price than the expected spot price whereas speculators want to sell at
a higher price. For the sake of simplicity, we have chosen to consider only a static hedging
position with a simple forward contract in order to analyse the risk premium between the
forward "agreement indifference price" and the expected price at maturity (see Section 2.2.2 for

a definition of the forward agreement indifference price).

To sum up, we deal with a two-player stochastic differential game of McKean-Vlasov linear-
quadratic type. Hence, it is natural to look for Nash equilibria according to the following

definition.

Definition 2.2.2. We call the couple ((u*,z*)", (v*, y*)7) € A x A a Nash equilibrium if

IS’F(M*, z50%,y") = ]Q’F(u, z;0", "), forall (u,z)" € A,

]CA’F(U*, yhut,zt) > ]?’F(v, y,ut,z%), forall (v, y)T e A.

68



CHAPTER 2. A MCKEAN-VLASOV GAME FOR COMMODITY MARKETS

2.2.2 Equilibrium forward agreement

For a Nash equilibrium (v, y*; u*, z*), we denote by
Lo F)y =0 @yt 2, A F) = T, 25t ),

the corresponding equilibrium payoffs of consumer and producer, respectively. They depend
on the number of units A, on which the forward contract is written, and the respective forward
price F. Both players determine their prices using the indifference pricing approach, namely the
consumer computes F? ™ as solution of Ji(A,F) = J:(0,0) and analogously for the producer,
leading to a price F;,\ " as a solution of J;(A, F) = J;(0,0). By linearity of the payoffs with respect
to F, we get

A F)=J:A,0—F and J5(A,F) = J;(A,0) +F,

yielding
Fi* = J:(4,0)~J:(0,0), and Fy" =J;(0,0) = J;(2,0).

Thus, F." represents the maximum amount the consumer is willing to pay, while F;} " is the
minimum amount the producer is willing to accept for selling a forward contract on A units of

the underlying. As a consequence, trading is possible if and only if
Ax _ phs
F,” <F;7.
We conclude this section with the definition of agreement indifference price.

Definition 2.2.3. Let A* be the number of units of the underlying for which the two parties agree on the

forward price, namely FQ *=FN" We define the agreement indifference price as

L _ pAr _ pAtx
Fi.:=F) " =F".

In Section 2.5, we will provide some numerical illustrations on how the risk aversion pa-
rameters and the volatility control costs of the players might affect the quantity A* as well as the

corresponding agreement indifference price F}..

2.3 Nash equilibrium

In this section we state and comment the main result of the paper. In particular we show
that a Nash equilibrium exists and we characterise the corresponding strategies and payoffs in
a semi-explicit way. Its proof will be given in full detail in the next section.

2.3.1 Main result

Let us start with some useful notation: for t € [0, T],

kp [2(pp +1pA%p5 2(py + NpA2p;
P\/Mtanh \/M(T_t) , (2.3.1)

1) =-% , K,
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k fz 2
Ap(t):—Ep kip’”tanh( k%’”(T—t)),

K.(1) = _&\/Z(VPC(V —p) A0 (\/2(ypc(y = p1) +ncA?y?p?) (T - t)),

Al = ey [ 2 ) tanh( 2y =) t)),

YPc
= 0 2] R=|[
_pp(yz—pl) o |’

_2K,() 0 _ —ZA,() 0 —s0/2
k, =P k,**P 0
P ’ q)(t) = g ’ V= _p0+p150—)/(5+50) :
2

0 —,f—cKc(t) 0 —k%/\c(t)
Furthermore, let us introduce the following system of ODEs defined on t € [0, T']:

(1
[x1)

_ 0 —ppypepA® = 5
~ppypereA? - B 0 '

D) =

'(t) = 4+ O(t)n(t) + m(t)P(t) + n(t)Rn(t), n(T)=0, (232)
T(t) = B + D(OA(H) + 7(t)D(t) + 7(t)RA(t), 7(T) =0, ~
dh(t) = {[ROR + D] () + ldt, KT) = 3A(pp, vpe)T, (2.3.3)

and let us denote by T}, the right end of the maximal interval where the system (2.3.2) admits
a unique solution according to Picard-Lindel6f Theorem (see, e.g., [39], Ch. I, Theorem 2.3,

which can be applied by standard time-inversion).

Theorem 2.3.1. Assume that the following conditions hold:

(AD) T < Tpax,
(A2) &, — 2(K,(t) + m11(t)) > 0 and € — 2(Kc(t) + mo(t)) > 0, forall t € [0, T].
Then,
1. there exists a Nash equilibrium (u*,z*)7, (v*, y*)7) € A? in the following feedback form
2 - - —~ -~ -
Uy == [(Kp(t) + () (g — ;) + () (e — &) + (Ap(t) + T (1), + Taa(H)Es + hl(t)],
p
aply
b — 2(Kp(t) + m11(t))’

v; = %[(Kc(t) + 1o0())(cr — T) + ma1(£)(qe — ;) + (Ac(t) + Taa(t))Sr + T21(£)F, + hz(t)],

2(t) =

ocl.
(. — Z(Kc(t) + ﬂzz(t))'

2. The equilibrium payoffs satisfy

y(t) =

* N/ 1
T3(A, F) = Ap(0)q3 +2Y{q0 + Rp(0) + F = Aso — Epr’%T, (2.3.4)
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Ji(A, F) = Ac(0)c? +2Ygeo + Re(0) — F + Asg — %{JCGZT, (2.3.5)

P o~ = o~ - ¢~ -~
Y, = 7114, + 7126 + hi, Y, =Tt + 14, t ha,

where

() 2 P2 2.2 2 2(mi1(u)z;, + &#)2
Ry = RO = [ | BRI =A% Ieu] + du - AypeEler],

(2.3.6)
2(raa(w)yy + 455)°
b — 2K (u)

du — Ap,E[gr].

i,
Re(0) = RV(0) = /O 2] - 1A% Vg +

See Appendix 2.C for the details on the computations of the quantities involved in the
definition of R, and R..

2.3.2 Comments

1. Although our model is close to the one presented in [122], it is not possible to directly
exploit their results, since their hypotheses (H2)(a) and (H2)(d) are not satisfied in our
case. Therefore, in order to be self contained, we decided to prove a suitable verification
theorem from scratch.

2. We observe that the functions A;, i € {p, c}, do not depend on A. It is also the case for the
functions ﬁj]'. Furthermore, the functions h;, i = 1,2, are linear in A because they depend
on it only by their terminal conditions. Besides, they are also non-decreasing in A. Thus,
the average production and consumption rates, 4, and ¢;, which satisfy

.2 N P
dg, = itjdt = -— [(Ap(t) + T11(t)) g, + Ti2(t)Cr + hl(t)]df,
14

2 o
de; = Fjdt = [(Ac(t) T Fo(B)E + A (17, + hz(t)]dt,
c

areincreasingin A. As the terminal conditionsof /;,i € {p, c}, depend only on A and on the
parameters p, and yp., the resulting effect on the average spot price S; = 59— pp; +ypcCt
only depends on the relative market power of the producer and the consumer. Thus,
if ypc < pp (resp. pp < ypc), when the quantity of the commodity A of the producer
increases, the average spot price decreases (resp. increases).

3. The functions A,, A. and the 7;; do not depend on the risk aversion parameters 1, and 7.,
therefore the average production and consumption rates do not depend on them either,
as one could expect. Regarding the volatilities, while it is clear that K, and K. are non-
decreasing in 7, and 1), respectively, it is not so obvious what to expect for 7111 and 72>, and
thus to deduce the effect of risk-aversion on z* and y*. However, one can find numerically
that the higher the risk aversions of the players, the lower the volatilities, even in the
absence of forward agreement. Nevertheless, it is possible to provide more insight on this
issue when the producer has no market power, i.e. p, = 0, and the consumer does have
some, i.e. yp. > 0. In this case, the price process appears as exogenously driven for the
producer and as a controlled variable for the consumer. Hence K, = A, =0and K. <0,
Ac < 0. Further, if p, = 0, then 1tp; = 0, leading to 7117 = 0 due to K, = 0, and it holds
also that 715, = 0 and 7111 = 7to1 = 0. Thus, z* = 0p and the producer does not reduce her
volatility. On the other hand, the production does covariate with consumption. Indeed, in
Theorem 2.3.1, the Nash equilibrium consumer’s strategies depend on the state variables
only via ¢; — ¢ and ¢;:

2 I .
up = o Ama(t)(er = &) + 728 + (B}, 23 = 0y,
p
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£ _ oclc <g
yt - ZC - ZKc(t) c

Finally, since K.(f) is non-increasing in A, the higher the exposure to the financial risk
coming from the forward contract, the more the consumer reduces his volatility, as the
intuition predicts.

0} = o (Ket)(er = 20) + Aclb)Es + (),

4. Exploiting Theorem 2.3.1-2., we can specify more precisely the non-linear equations giving
the forward agreement values F}. and A*. Indeed, it holds that (see equations (2.3.4) and
(2.3.5))

* N/ (/\) 1
J5(A, F) = Ap(0)g3 +2Y5 Vg0 + RUV(0) + F = Asg - Eepa’%T,

oc(d)

1
J2(A, F) = A0)c2 + 215 Vco + RV(0) - F + Asp — EKCGET,

where the superscript (1) is used to emphasise the dependency on the number of options
traded. We can isolate the parts j,(A, F) and j.(A, F) depending on A and F, defined as

jp(A, F) = 20V(0)g0 + RV(0) + F = Aso,
je(A, F) = 20Y(0)co + RV(0) = F + Aso.
Thus, for a fixed A the indifference prices F;,\ *and F)" are given by
210(0)g0 + R$(0) = 21V (0)g0 + RSV (0) + F* — Aso,
212(0)co + R (0) = 285V (0)co + RV (0) - F2* + Aso.
Thus, if it exists, the equilibrium price should be given by F;} = FCA = Fl., ie,
21(0) - 1y (0)q0 + R (0) = Ry (0) = 2(h57(0) = 5 (0))co + RV (0) - RP(0),
or, equivalently,
21 7(0)g0 + 21 (0)co + RV(0) + R (0) = 21 (0)g0 + 205" (0)co + RV (0) + R$(0),
with R;N)(O) and R(CN)(O) defined in Equation (2.3.6) and W) in Equation (2.3.3).
The last remark speeds up considerably the computations for the plots that appear in the

Section 2.5. Indeed, all the quantities that we need to compute can be obtained by solving

numerically the ODEs presented in Appendix 2.C.

2.4 Proof of Theorem 2.3.1

2.4.1 The solution approach

We prove Theorem 2.3.1 following a methodology based on a combination of a suitable
Verification Theorem and of the weak Martingale Optimality Principle. As already stressed in the
first comment below Theorem 2.3.1, despite our model is very close to the class of games studied
in [122], their results cannot be applied directly here, therefore we had to adapt the methodology
to our framework. We proceed through the following steps:

1) we compute the best response maps of both players;

2) we check that the system coming from the best response computations has a unique
solution;

3) we get a Nash equilibrium as a fixed point of the best response map;
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4) we verify that there exists a unique solution to the system characterising the fixed point
found in step 3).

2.4.2 Preliminary reformulation of the problem

For convenience, we introduce the following vector notation for the players’ strategies:

a= ((QP)T;(“C)T)T e A%, af = (u) = {(ut)} and af:= (v) = {(Ut)} ,
z 2] ) teo,) y Y ) reporry

so that the dynamics of the state variables can be rewritten as

dg; = elTafdt + e;adet, (2.4.1)

dey = ef afdt + e ajdBy, t €[0,T],
with e =(1,0)and e, = (0, 1).

The following identity is exploited to get a suitable reformulation of our problem: using the

dynamics of S; and applying Fubini’s theorem, it is easy to see that

T T
[ vtsnar=5| [ ot~ la7 + e - Ble? - 20,vp.tas - Blae - L) a .
(2.4.2)

Rearranging the terms in the expressions of the producer objective functional, we obtain

~ EPGZT
];\'F(“/Z)U;y):]g(“/Z}U,y)*‘F_/\SO_ 2p s

where

~ T
Iy (u,z;0,y) =B /0 ( — (pp + 1pA203)(qr = Elq:])* = ppElae]* + [s0 + ypect

k 14
+ 20,7 penipA(cr — Eler])]gr — Epuf - Epztz + byopzs — 1pA%y*pi(cs — Eley])? |dt

+ /\pqu - AypccT].

Then, neglecting the constant terms, we can study without loss of generality the equivalent

formulation in which the producer aims at maximising B(u, z;0,Y).

Remark 2.4.1. Fixing a strategy aF for the producer (resp. af for the consumer) is equivalent, from the
perspective of the competitor, to fixing the corresponding state g®" (resp. ¢*°). Thus, with some abuse of
notation we will write simply q (resp. c) when the strategy used is clear from the context. Moreover, to
ease the notation, we will also omit the dependence on € and g.
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For a given consumption process {c }¢[o,1], we write

]p (aP C) _]’)\(ap C) - [/ fP(t qtr ‘h] at, [af];c)dt +8p(‘7T,E[QT]} C) ’ with

fo(t,q,§,a,,a,;¢) = Qp(g — 7)* + (Qp + Qp)q +2MP(c)eq + a;Npap + ZHJap +TP(c)s,
8p(q,7;¢) =2L,q + TF(c),

where

Qp = —pp —npA2p3,  Qpi=npAps, MP(c) = 50 + %Ct + ppypenpA*(cr — Eler]),

kp
-- 0 0 ppA
Ny = ( 02 _t’_p) , Hp:= (op_t’p) , TP(o) = —npA?yPpa(er —Elci])?, Ly := %, (2.4.3)

2 2

and TP(c) := —Aypecr.
Now, let us turn to the objective functional of the consumer. From (2.2.1) and (2.4.2), we have
0.0T

C

JM @, y;u,2) = TMov, y;u,2) = F + Aso — >

where

TCA(U, yu,z) =

T
E /0 ( —[ype(y = p1) + neA?y?p2(ct — Elet])* = ype(y — p1)E[ce ]
+[(po + sop1 — 6 = s0) + pp(y — p1)qt + 20,7 pencA*(q: — E[q¢]D]c:
2
t

k.
- E - Eyt +ocleyr — TTcAzpi(qt - E[Qt])z)dt = Appqr + AVPCCT]'

Analogously as above, let {g; };¢[0,7] be a given production rate. We can write

_ _ T
JHaSal) =]} a%q) =B [/O fe(t, et Elei], af, Elag]; g)dt +gc(CT/E[CT]}q)] , with

felt,c, 8 ac,dc;9) = Qe(c — )% + (Qc + Qo) + 2M°(q)ic + a! Neac +2H. ac + T(q):,
Qc(c,¢;q) =2Lcc + Tc(q),

and
_ -5 0
Qe = =ype(y =p1) = 1eA*y?p%, Qe 1=ncA’y?p7, Ne:= ( ’ ec) /

_ Potpiso—y(so+9) pp(y - p1)

M (q); : 5 5 G + ppypeneA*(qr — Elgi]),
0 A _

He = (_f) T = A3 — Bl L= 22 and T(g) = -Apygr.
2
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Finally, we set

VPA(aC) = sup E\(a”;ac), at e A,

aleA

VMaP) = sup F(ac;a’]), al € A.
ateA

2.4.3 First step: computation of the best response maps

The first step is focused on the computation of the best response map of each player. This is

done by exploiting the following version of the Verification Theorem:

Theorem 2.4.2 (Verification Theorem). Fix a couple of strategies ¥, f¢ € A for the producer and the
consumer, respectively. Let (th’ap and (Wtc’ac be defined as

W =l (o Elgf"), W = wi(cf ElcX]), te[0,T], o,af e,

t

where the F-adapted random fields {wf(q, g),t €[0,T],q,4 € R} and {w{(c,c),t €[0,T],c,c € R}
satisfy the following growth conditions: forall t € [0,T], forall x,x € R,

2 = 2, (32
w] (v, )] < Cp(vf +1xP+1217),  Jwf(x, %) < Cevf +|x* + |2, (2.4.4)
for some constants Cy,, C. > 0 and for some non-negative processes v¥ and v such that

sup E [V} +v¢] < oo
te[0,T]

Furthermore, we assume that the following conditions are fulfilled:

i) E[w? (g%, 47 )] = Blgy (9%, 41" ; cf*)] and E[wS(c§", c7*)] = Blgc(cs, c7°; 4P")], for any
af,af € A.

ii) The application [0,T] > t ]E[Sf ’ap](resp. E[Sf’“c]) is well-defined and non-increasing, for
any a? € A (resp. for any a¢ € A), where:

Spap —‘Wpa /fp(s q¢ ,qs ,as,as,c )ds
(2.4.5)

c,af _ c,at € za® ¢ =c. pP
S =W, +/ fe(s, e, cs ,as,as,qﬁ )ds.
0

iii) For some aP™* € A and a°* € A, the application [0,T] 3 t > E[Sf’apr*](resp. E[Sf’am]) is
constant.

Then, the control a* = (aP*, a®*) is the best response to the control (B¥, ) meaning that

=B,(p°) == argmaxﬁ/}(a’?;ﬁc), a’* = B.(BF) = argmaxTCA(aC;ﬁp),

afeA ateA

and

Jhar*; Py = VB = BIW ] and JMa*;qP) = VABP) = BIWS .
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Finally, if &« = (aF, a®) is another best response to the control (B¥, B°), then condition iii) holds also for
af and of.

We define the best response map B : A*> — A2 as B := (B, B.). The Nash equilibrium we
find will be a fixed point of this map.

Once we have fixed the strategies ¥ and ¢ in A, the first step can be divided into four

sub-steps:

1.1 Since the players objective functionals are quadratic, we propose a suitable candidate
(WP, W) in feedback form.

1.2 Applying It6’s formula, we compute %E[Sf ’ap] and %E[Sf’“c] corresponding to the
candidate (‘th’ap , (Wtc’ac ).

1.3 We postulate that the conditions of Theorem 2.4.2 are satisfied and get a system of back-
ward SDEs involving the coefficients of the candidate (’Vth’ap , (Wtc’“c).

1.4 We compute each player’s best response by looking for strategies cancelling the expectation
of the drifts of the processes S/ " and S

Sub-step 1.1 Given the quadratic nature of our objective functional, it seems natural to look for
a family of processes ("th ’ap, ‘Wf’“c)te[olﬂ of the following form: (th’ap = wf(qf‘p,E[qf‘p]) and
‘Wf’ac = wf(c®,E[c*]), for some parametric adapted random field {w!(x,X),t € [0,T],x,X €
R}, i € {p, c}, such that

wi(x, ¥) = Ki(H)(x — X)* + Ai(H)F* +2Y/x + Ri(t),

with (Kj, Ai, Y?, R;) € L¥([0, T],R-)* X S3(Q x [0, T],R) x L*([0, T], R), i € {p, c}, solving the
systems of ODEs and SDEs:

dK,(t) =K (Hdt, K,(T) =0,
dAp(t) = A(H)dt, Ap(T) =0,
vy’ =vPde+z"PdB + 2P aw, vE =2,
dR,(t) =Ry (t)dt, R,(T) = =AypcEler],
dKc(t) = Ki(t)dt, Kc(T) =0,
dA(1) = ALb)dt, Ac(T) =0,
dyy  =Yrdt+ 08B+ zeaw,, e = 2
dR.(t) = R(t)dt, R(T) = =ApyElqr],

L . .
for some deterministic processes K, A}, R} and for some F-adapted processes Y'',Z ANV AZS

ie{p,c}
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Sub-step 1.2  For the sake of simplicity, from now on, we explicitly develop only the producer
case. The consumer problem can be studied in same way. Lett € [0,T] and af € A. As in

(2.4.5) in Theorem 2.4.2 (Verification Theorem), we set

t
S = wl (g Bl ]) + /0 Fou, g B8], o), Blal]; o )du.

In the following, we write simply c instead of ¢ (resp. g instead of gf"), when the strategies
are clear from the context (see Remark 2.4.1). After some computations (see Appendix 2.B for

details), we obtain

SIS ) = | (K (6) + Qp)a: ~ Bl + (85(0) + Qp + BBl 2 + 207" + MY () )
+ R, () + TP (c) + x} (a}) |,

(2.4.6)

where, for any t € [0, T], we have set

X (@) = (@) TSp(ay + 2[Up(t)(qe = Elge) + Vi (B)ge + &) + &} + Op(D)]Tab (1)

Sp(t) :== Ny + e2Kp(t)ey

Uy (t) := Kp(t)er

Vo(t) := Ay(t)er (247)
O, (t) := H, + e1B[Y/] + exB[ 2]

& =H, +e1Y +e, 7"

&= Hy + eiE[Y/] + e2E[ 2],

where Qy, ép, MP(c), Ny, Hy and TP(c) are defined in Equation (2.4.3).

Sub-step1.3 Now, we find conditions granting that assumptions i), ii) and iii) of Theorem 2.4.2,
involving 87, hold. Suppose that the matrix S,(t) is negative definite and thus invertible. We
check this later, verifying that K,(t) < 0, forall t € [0, T] (see Remark 2.4.5). We complete the

squares and rewrite the equation (2.4.6) as

SRS ) = E] (K (1) + Qp ~ Up(07S,(0) Uy(6) (g1 - Bl )

+ (A (1) + Qp + Qp = Vu(B) T Sy() V(1) Elg: P

+2[¥]" 4 MP () = Up(5)T S, (1) H(E) = E]) = V()T S, (1)1 Op (1) g
+R(E) + TP () — (&) = E)) TS (&L = &) = 0, (1) TS, (1)1 O (1)
+ (@ =) TSy ] =)

where, for all t € [0, T], we have defined

0} = =S,(t)! [Up(t)(qe — Elqi]) + Vo (DE[q:] + (& = E)) + 0p(1)] -
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Choosing processes K, Ay, Y? and R, whose existence is shown in the next sub-step, that solve
the following system of BSDEs

K (#) + Qp = Up(8)TSp(t) U, (1) = 0, Kp(T) =0,

Ayt +Qp + Qp = Vp()TSy(1) 1V, (1) =0, Ay(T) =0,

dY/ = [-MP(c)s + Up(t)TSp(t)1(EN = &) + V(1) TS, (1)1 0, (1)] dt
+7PPdB, + 7P aw;,

YP =L

Ri,(#) + E[TP(c) — (&) = E)TS, (1)1} = &) = 0p(1)TS,(1)710,()] = 0,

Ry(T) = E[T7(c)],

we obtain

d
FELS! “1=E|(@ - q)TS, ) (! - 1), (2.4.8)
which is clearly non-positive for all t € [0, T], since S,(t) (defined in Equation (2.4.7)) is negative

definite for all t € [0, T].

Remark 2.4.3. We stress the fact that the processes Y?, ZPW, ZFB and R,, depend only on the strategy
of the consumer through the state process {c; }se[o,r], With c; = cf ,t € [0, T], which is controlled only
by B¢. Thus, the feedback best response control are functions of different state variables, namely the best
response for the producer is feedback in q and its expectation, whereas the best response for the consumer

is feedback in c and its expectation.

Sub-step1.4 Now we combine the results in the previous steps in order to get the best response
maps.

Proposition 2.4.4. The best response maps are given by

Bp(ﬁc)t = _(Np + EZKp(t)e;)_l[ele(t)(Qt - E[Qt]) + elAp(t)E[Qt] + elytp + EZZf’W + Hp],
Bc(ﬁp)t = _(Nc + EZKc(t)eg)_l [ech(t)(Ct - E[Ct]) + €1Ac(t)E[Ct] + €1th + €2Z§’B + HC], (2.4.9)

where the processes (K, Ay, YP, Ry) and (K¢, A, Y€, Rc) above solve the following systems of backward
ODEs and SDEs, given ¢; = cﬁ (respectively, given q; = qt ) te[0,T]:

K, (t) = =2 Kp(t)* + pp + npAzpp, Ky(T) =0,

A (t) = ——A p(t) +pp, Ap(T) =

dy! =- {7 + e, 4 pyypenp? (ct Bled) + & |[Kp(0) (4 = BIYY) + Ay (0B 1| |
+20""aB; + 7" aw,,

YP = A%

Ry() = np,A22p2Vei] = 2(VIY 1+ B P) - =y (VIZ)™ )+ @120+ 252,

Ry(T) = —AypcEler],

(2.4.10)
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and

Ki(t) = =Kt + ype(y = p1) +ncA?y?p =0, Kc(T) =0,

ALt) = =2 A +ypey —=p1), Ac(T) =0,

dyp = —{mmeeord 2O g+ o ypencA¥s — Elgi) + & | Ke(O(Y ~E[Y7])

+Ac(t)E[YtC]] }dt + Z5PdB, + 2EMaw,,

o=

RU(t) = neA?p3V[q] = E(VIVE]+EIYSP) - =i VIZEP] + BLZ{ ] + 5592,

Re(T)= —ApyElgr].

(2.4.11)

So, we have

Tp (By(B); B°) = Vi (B°) and J2 (B (B”); B7) = VI (B).

Moreover, we have an explicit expression for the Nash equilibrium values which are given by

V() = Ap(0)q5 + 2E[Y] 190 + R, (0)  and
VABP) = Ac(0)ch + 2E[YS ]co + Rc(0).

Remark 2.4.5. Notice that the first two equations in the systems (2.4.10) and (2.4.11) are one-dimensional
Riccati differential equations, for which it is known that there exists a unique global solution given by
Equation (2.3.1). In the following we face more complicated Riccati equations (non-symmetric matrix
Riccati equations) for which existence of solutions is not guaranteed. The fact that K,(t) and K.(t) are
given by a hyperbolic tangent with a positive argument multiplied by a negative constant yields that
K,(t) < 0and Kc(t) < 0, granting that S,(t) = N, + e2K,(t)e, and Sc(t) = N + exKc(t)e, are
negative definite for all t € [0, T], hence matching the assumptions made at the beginning of Sub-step
1.3.

Proof. To prove the proposition we need to apply Theorem 2.4.2. So, let us check that its
hypotheses are fulfilled. Fix a couple of strategies p?,5° € A. First of all, condition i) is
a consequence of the terminal conditions of systems (2.4.10) and (2.4.11). Furthermore, we
notice that assumption ii) is verified, for any a? € A (resp. for any a® € A), because the fact
that the processes (K,, Ay, Y?,R;) and (K¢, A, Y6, R,) solve the systems (2.4.10) and (2.4.11)
yields that %E[Sf ’ap] and %E[Sf ] are negative and so the monotonicity of the functions
[0,T]>t E[Stp’ap](resp. E[Sf’“c]). Then, by (2.4.8), we notice that, given ¢ € A, %E[Stp’a’]] =
0, forallt € [0, T], if and only if, for all t € [0, T], we have

af =1 = =S,(0)" Uy (t)(as ~ElgiD) — Vo (DELqi] - (& —E) = Op(0)], P-as,

and analogously, given gF € A, 0 = %E[Sf’“c], forall t € [0,T], if and only if, forall t € [0, T},

we have
aj =nj ==S.(t)" [uc(f)(Ct —Elct]) = Ve(H)E[er] = (& - &) - Oc(t)] , P-as.

Hence, the strategies in (2.4.9) satisfy iii) as well.
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Finally, let us check the admissibility of the strategies B,(8°) and B.(F), i.e. B,(f°) € A and
B.(B?) € A. Weneed to verify their square-integrability. Let us check it for B,(5¢), the same can
be done for B.(f?). The state variable g = {q; }+¢[o,1] = {qBP(ﬁc)(t)}te[O,T] is the solution of a linear
SDE and so it satisfies E[supte[O,T] |qt|2] < co. Furthermore, S,, Uy, V), defined in (2.4.7), are
bounded, being continuous matrix-valued functions over a finite time-interval, and the process
(Op, &P) belongs to L2([0,T],R?) x L%(Q x [0,T],R?). This implies that the feedback control
B,(B°) € LIZF(Q x [0, T], R?). m]

2.4.4 Second step: well-posedness of the best response map system

This subsection provides the proof of existence and uniqueness of solutions to the systems
in (2.4.10) and (2.4.11),

K,, K, Ay and A, € L2([0,T],R-), R, and R, € L*([0,T],R),

(y?,zPW,zPByand (Y4, 25V, ZF) € S2(Q x [0, T],R) x LA(Q x [0, T], R)?,

given the state controlled by the other player.

The fact that there exist unique K, K¢, Ay, Ac € L*([0, T], R, ) is straightforward (see Remark
2.4.5). We also have explicit formulae for them (see Equation (2.3.1)). Moreover the non-
positivity of K, and K. implies that the matrices S, and S, defined in (2.4.7), are negative
definite.

Now, consider the mean-field BSDE associated to the processes (Y7, zZrW zrB), given K, and
Ap:

aY! = —{% + Lec+ pyypenA(er - Blerl) + & (Kp(( =B D + A, (DELY 1) | d

t
+20"PaB; + 7" aw,,
A
YP =

T 2

Existence and uniqueness of the solution (Y7, ZP-W, ZP/B) € SIZF(Q x[0,T],R)x L%(Q x [0, T],R)?
is a consequence of [117, Theorem 2.1] and the fact that ¢ € SI%,(Q %[0, T], R) by the admissibility
of the associated control °.

Finally, given (K, Ay, (Y7, Zp W, 7P/B)), the linear ODE associated to Ry in system (2.4.10) has a

unique solution given by

T
Rylt) == AypcEler] + [ [ ~np R len] + - (VO 1+ BT

2

S S— du.
T, 2K, () "

pW W gPGP ?
V[Zu, ]+ E[Zu, ]+T

The same arguments are used to prove existence and uniqueness for the processes (Y¢, Z&W, Z¢/8)
in S]%,(Q x[0,T],R) x L]%,(Q x [0,T],R)?> and R, € L®([0, T],R). This ends the proof of existence
and uniqueness for systems (2.4.10) and (2.4.11).
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2.4.5 Third step: fixed point of the best response map

Here, we prove the existence of a fixed point of the best response maps in order to get a
Nash equilibrium. First of all, for convenience of notation, we rewrite the two-dimensional state
variable as X; := (q¢,c¢)7, for all t € [0, T], and so its linear dynamics is given by the following

SDE
) 1) ap o (* ) awi + [ as,
dc; [ 0 Yt

with a deterministic initial condition Xy = (qo, ¢co)" € Ri. Then, we have

dXt =

dX; = baydt + 0" a;dW; + 0B a;dB;,
with
1 0 00 0100 0 00O
b= , oV = . oP= .
0010 0 00O 0001
Then, we rewrite explicitly the form that a candidate equilibrium feedback control a* =
((@*P)T,(a"©)T)T should have, together with the backward dynamics of the correspond-

ing process Y = ((YP)T,(Y))T)T (we write Z" for ((ZP""W)T,(2°W)T)T, respectively Z8 for
(ZPBYT,(ZB)T)T),

@ —d = A (X - X)) +T (v = V) + HY (1) (th - th) + HE(t) (zf - Zf) . (24.12)

& = AOX, +TY, + HY(1)Z) + HE(HZ] +O(),

dY; = [E (X, = %) + () (¥ = V1) ] dt + [ER, + DO, + W] b + ZPdBy + Z]YdW,, (24.13)

with
%pr(t) 0 é/\p(t) 0 é 0
an= 0 Y L Am=l 2 0 | r=]? Y,
0 () 0 ZA(t) 0 £
0 0 0 0 0 0
0 0 0 0 0
_ KMy 2
o(t) = ap(1-2 [ ) . HY(H) = | 52RO 0 . HB(t) = 0 0 ,
0 0 0 0 0
oc(1- ZK;—C(”)—1 0 0 0 =rm

'Here, we have omitted, in all the processes but «, the superscript * in order to have a simpler notation.
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and &, B, D(1), a)(t) and WV as defined at the beginning of Section 2.3.1.

Now, as an ansatz for Y, we assume Y linear in the state:
Vi = n(t)(X: — Xo) + (1) Xs + (2.4.14)

with 71, T deterministic R??-valued processes and C € S]%(Q x [0, T], R?) satisfying the SDE
w B 1 -
dCi = ¢idt + ¢ dWi + o/dBy, L = SA(pp, ype)'s (2.4.15)

for some ¢, ¢)B , cpw in suitable spaces. The affine term in the expression (2.4.14) allows Y to
have some extra stochasticity apart from the linear dependency on the state. Furthermore, the
terminal condition in (2.4.15) guarantees that Y satisfies its terminal condition.

An application of Itd’s formula to the ansatz (2.4.14) yields

dY; =[r'()(X; = X;) + (t)b(a; — &) + s — ¥, ]dt + (T ()X + T(t)ba; + P, )dt

2.4.16
+ (n(t)o"V a; + gbrv)th + (n(t)oPa; + qbf)dBt. ( )

If we match the two dynamics of Y in Equations (2.4.13) and (2.4.16), and then replace Y with its
ansatz (2.4.14) and a* with its feedback form (2.4.12), we get the following system of equations:

()X — Xp) + ()b - HY (H)r(t)a™ — HE(t)n(t)aB)L[(A(t)
FTT(E)(X; — Xo) + T(Ce — &) + HY (G — By ) + HE(D(@F - §;)]
+y — ¥, = B(Xy — Xy) + (1) (m(t)( X — Xi) + & — )

T(OX; + 7OA - HY (H)r(t)o" — HE ) r(t)oB) [(A(F) + TR()X; + T, (2.4.17)
+O(t) + HY ()P, +HE(E)P. |+, = BX, + D(t)(FR(H)X, + Tp) + W

z8 =n(t)o"Wa; + ¢}
Z}N = n(t)aBa’; + (pf

Finally, exploiting the fact that:
b (1- HY (Hn(t)o" — H3(tm(t)o®) " = b,

we find the equations that the coefficients (1, 7T, ¢, ", ¢®) in the ansatz for Y should solve in
order to provide a fixed point of the best response map:

() = E + O(t)n(t) + n(t)D(t) + n(t)Rn(t), n(T) =0,
() = B + D(HT(H) + 7(H)D(H) + 7(HRA(E), 7(T) =0,
d; = ¢edt + @)Y dW; + ¢PdB;, Tr = 3A(pp, vpe)T,

Pr =01 =Py + By = (ROR+ ©(0)) (G - T + (ROR + (1) &+ ¥,

(2.4.18)
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—2/ky 0
0 —2/k.
the best response given by Equations (2.4.12) provides an equilibrium strategy a* in feedback

where R = . In fact, inserting (Y, Z) from the ansatz and Equation (2.4.17) into

form which is computed in details in the next step.

Remark 2.4.6. To obtain explicit expressions for a* and Z, we have used Assumption (A2) in Theorem
2.3.1. Indeed, such a condition is needed for the invertibility of the matrices D(t) := (I- H" (t)r(t)a" -
HB(t)r(t)oB), t € [0, T], that appear in

Z;N = ¢)tw + n(t)owa’;, Zf = q)f + n(t)GBa“;,
where
@ = D) (A®W) + Tr(h))(Xi — X)) + (A(t) + TR(E) X +TC + HY ()l + HE ()P + ©(t)].

2.4.6 Fourth step: Nash equilibrium strategies

In order to complete the proof of the main theorem, we are left with showing that the system
(2.4.18) has a unique solution over the finite time interval [0, T]. The equations associated to t +—
(nt(t), T(t)) are non-symmetric matrix Riccati equations for which there is no general condition
ensuring the global existence of solutions. Nevertheless, the regularity of the coefficients and the
Picard-Lindel6f Theorem ensure the local existence and uniqueness of solutions over a compact
interval [0, T;4x]?. Thus, we recover the existence and uniqueness condition in Assumption
(A1) of Theorem 2.3.1 choosing a time horizon T small enough, namely T < T,,,x. Then, for
a given (1, ), the process (, 9, $", ) evolves according to the following linear mean field
BSDE:

4y = pudt + Ol AW, + GFdB,,  Tr = sM(pp, 7p)T,
Pr =y =P+, = (OR + DO)(C = T) + (FOR + D) + V.

(2.4.19)

Exploiting once more [117, Theorem 2.1], we have a unique solution (C, qbw, ¢)B) € S]%,(Q X
[0,T],R?) x LZ(Q x [0, T],R?)%. Furthermore, we notice that the drift i in the system (2.4.19)
does not depend on ¢" and ¢? and all the coefficients involved in the second line of (2.4.19)
are deterministic. Moreover, the terminal condition is also deterministic. Thus, the unique
solution (C, qbw, qu) to this system is given by (/,0,0), where h : [0,T] — R2 is the unique
(deterministic) solution to the following backward linear ODE:

{ dh(t) = {[ﬁ(t)R + &n(t)] h(t) + \y} dt,
h(T) = 3A(pp, yp)T-

2Despite it is not possible in general to obtain an explicit characterisation of Tj;4x, we notice that we did not
observe any explosion for all typical values of the parameters we have considered in the numerical experiments (ref.
Section 2.5).
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So, the system of ODEs and SDEs in (2.4.18) reduces to the one made up of Equations (2.3.2)
and (2.3.3).

We write the Nash equilibrium strategies a* = ((a*'), (a*))T = ((u*,z)7, (0", y")7)7 ex-
plicitly as

a; = D(t)_l(A(t) +Trn())(Xe — X)) + D(t)_l(g(t) + ()X + D(t)_l(I"h(t) + (1)),
that is

uy = ki [(Kp(t) + m1())(qe = §,) + ma(t)(cr — Tr) + (Ap(t) + T (1), + Ti2(H)Te + ha(t)]

p
ey oplp
=)= 43,0 + )
vy = k% [(Ke(t) + man(t))(ct — ) + o (1) (e — §,) + (Ac(t) + Toa(1)r + a1 (D), + ha(H)]
+ ocle
y(t) =

e = 2(Kc(t) + maa(t))’

where K, K¢, Ay, Ac are defined in (2.3.1) and 7, 7t and h are respectively the solutions to the
systems (2.3.2), (2.3.3).

Finally, we derive the corresponding equilibrium dynamics for the state

£ (Kp(t) + mua(t)) Zmia(t) =
dx, = [ kp X, — X
t { Era(t) kZ—C(KC(t>+nzz(t)))( X
s %(Ap;t2+ﬁ11(t)) 2 éﬁlz(i) %4 é—phl(t) N
o ma(t) E(A(t) + T2(t)) Zha(t)

ol

b
+ ([F—Z(Kp(t)+7'l]1(t))) dW; +
0 E=2(Ke(t)+m2(8))

)dBf, te[0,T],

which is a linear mean-field SDE, hence admitting a unique solution.

2.5 Numerics

We consider the following parameters setting T = 1, k, = k. = 5, 0, = 0. = 10, q0 =
co = 100, s = 50, pp = ypc = 05and y = 1.2, 6 =5, po =250 + y6, and p; = y — 1. With
this parametrisation, the players are symmetric in the sense that they have the same absolute
effect on the price and they share the same costs of average production rate or consumption
rate. Moreover, if they shared the same risk aversion parameters (1), = 1¢) and the same costs
of volatility control (§, = {), then the strategies of the producer (u*,z*) and of the consumer
(v*,y*) would be identical. The initial conditions have been chosen to be close to a long-run
stationary equilibrium that we observe when we take large T, which allows avoiding potential
transitory effects.

In the next sub-sections, we illustrate first the effect of the risk aversion parameters on the
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forward agreement indifference price when every other parameter is fixed. Second, we show
how different combinations of risk aversions and volatility control costs can lead to the same

forward agreement indifference price and volume.

2.5.1 The effect of risk aversion

(a) (b)
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Figure 2.5.1: (a) and (b) {, = {- =5, (c) and (d) £, = {. = 0.7.

Figure 2.5.1 presents the unitary forward agreement indifference price f* := F}./A"and the
volume that the players agreed upon when the costs of volatility control are high (Figure 2.5.1 (a)
and (b)) and when they are low (Figure 2.5.1 (c) and (d)). We find that f A s higher (resp.
lower) than the expected spot price when the producer is more (resp. less) risk-averse than
the consumer, which is consistent with both the economic intuition and the hedging pressure
theory, once recalled that in our model players act as speculators on the forward market. In
hedging pressure theory (see [45] and [52]), the risk premium is determined by the relations
between risk aversions of producers, consumers, storers and speculators. It extends Keynes’s
normal backwardation theory which claims that in commodity markets, the forward price
should be lower than the expected spot price because the producer would be ready to pay a
premium to avoid being exposed to price risk on his production. In our case, the most risk-
averse speculator obtains the appropriate premium to enter into the agreement. This property
holds whatever the level of volatility control costs. We see on Figure 2.5.1 that the producer is
requiring a positive premium to accept the risk coming from his financial position. Regarding

the exchanged volume, we observe that it can be both non-increasing or non-decreasing in the
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risk aversion parameters of the players, depending on the costs of volatility control. When the
volatility manipulation costs are high for both players, there is a low trading volume even when
both players have a high risk aversion. On the other side, when the volatility manipulation costs
are low, there is a low trading volume when only one of the player has a high risk aversion but
the trading volume is huge when both players have a high risk aversion. This could be explained
by the fact that in the latter case the players can act on their volatilities (almost costlessly) to
stabilise the spot price and hence they would be willing to trade more.

2.5.2 Joint effect of risk aversion and volatility control cost

0.02

~
s Qb ™S — %2 aem,| BB 05,
3
)
4 2 g g K 2k 498 ——— 4984 — —— 4984 ——— 4984 —
/ Now » o
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Mp p

Figure 2.5.2: Level lines of (a) the forward agreement price F;., (b) the traded quantity A%, (c)
the per unit agreement price f** = F3./A%, (d) the value of the producer’s equilibrium payoff
]; (A*l Fj\ae)‘

We freeze now the risk aversion parameter and the cost for controlling the volatility of the
consumer at 77, = 0.01 and ¢ = 5, and observe the agreement price, the traded volume, the per
unit agreement indifference price and the equilibrium payoff at the agreement of the producer.
Results are provided in Figure 2.5.2, when the producer’s risk aversion parameter 17, and his
volatility manipulation cost ¢, vary. The vertical and horizontal lines in each graph are set to
the values of ¢, and ..

We observe a sort of "substitution effect” between 1, and ¢, in the sense that for a producer
with a given combination of risk aversion and volatility control cost, we can find another

producer trading at the same agreement price with a higher risk aversion and a low volatility control
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cost (Figure 2.5.2 (a)). We observe that this phenomenon occurs also for the traded quantity
(Figure 2.5.2 (b)). This substitution makes sense in our model where volatility represents a cost
for the producer that can be mitigated either by requiring a payment to bear this volatility or
by paying the cost to reduce it. We note that for a fixed value of 1, the lower the value of ¢,
the larger the forward agreement price and the traded volume. The Figure 2.5.2 (c) gives the
resulting unitary agreement forward price. The volatility control cost has little effect on the per
unit forward price compared to the risk aversion parameter. This figure is a way of showing
that when the volatility control costs are high, the producer has little alternative than asking
for a premium to enter in forward agreement, and thus, the price is basically determined by his
risk-aversion.

To conclude, we note that the producer’s equilibrium payoff is independent of the value of
1p (Figure 2.5.2 (d)) because, by definition of the agreement forward price, it is always equal to

I (0,0), which is independent of 7,,.
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2.A. PROOF OF THEOREM 2.4.2 (VERIFICATION THEOREM)

Appendix
2.A Proof of Theorem 2.4.2 (Verification Theorem)

For any a? € A (resp. for any a¢ € A), the map [0,T] >t E[Sf’ap](resp. E[Stc’“c]) is
well-defined (it does not explode in finite time), because of the condition (2.4.4) and the linear
structure of the SDEs for the state variables (2.4.1).

Assumptions i) and ii) yields that: for any a? € A7,

ii)

T
E[w’(q0,7,)] = BISI" ] = B[S =B | WP + /O fp(s,qu,E[qsp],ag,E[ag];cﬁc)ds]

T
) ¢ c - c
= E|gy(q% E[q3"]; P )+/O fo(s, %" Blqe"], af , E[al]; cf )dS] =], (a”;cf)
=T} (ab; ).
Then, the arbitrariness of a” € A implies that E[wg(qo, go)l = supapeﬂfg(ap; ch) = V;(ﬁc).

Performing the same computations with a”* instead of a”, by condition iii), we get:
E[wg(qo, go)l = B(apf*;ﬁc). Then, we have showed that a”* = B,(°) is the best response
to B°. The fact that a“* = B.(B") is the best response to 7 is proved analogously.

Now, take a? € A to be another best response to . We have
E[S(I;ﬂ’] = E[wg(qo, EIO)] = VF;\('BC) — B(a’p"gc) _ E[S?’ap].

Then, we conclude that the map [0,T] 3 ¢t — E[Stp ’ap] is constant, since it is non-increasing and
it takes the same value at its extremal points. This reasoning, with a few modifications, can be

replicated for a“, hence concluding the proof.

2.B Computations of the best response maps

As we have done in Section 2.4.3 (Sub-step 1.2), we develop here only the computations for
the best response of the producer. The best response of the consumer is obtained following very
similar computations. In this section we show that, setting w! (g, §) = K,(t)(q — §)? + Ap(t)3* +
2Y7 g+ R, (t), with (K,, Ay, YP, R,) € L2([0, T], R_)?x S2(Qx[0, T], R)XL>([0, T], R), once SP-*"
is defined as in the Verification Theorem in Theorem 2.4.2, we have

SPELSI 1= B[ ((0)+ Qp)(as — Elar]? + (A5(0) + Qy + Oy Elgi P +207" + M)

+ R (1) + TV + )(f(a’f)],
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where, for all £ € [0, T], we have set

X} (@P(6) = (a))7S, (t)a]
+2[Uy()(qe = Elqe]) + Vp(£)qe + &) + & + Op(D)]Ta
Sp(t) .= Ny + e2K(t)ey
Up(t) := Ky(ter
Vy(t) == Ap(t)es
O, (t) := H, + e1B[Y/] + exE[ 2]
&= H, +eY + e 7"
V= Hy, + e E[Y/] + B[ 2],

First of all, we notice

dE[S!] d :
——— = B| 5E] @ Elgy DI+ folt, qf" Elgi"], o] Elaf L )| -

The dynamics of the state variable controlled by the producer is rewritten as

dg®" = e aldt,

d(qf‘p — z;;‘”) = elT(af - &f)dt + ezTadet,

From now on, we write g; for 7% to simplify the notation. Applying Ito’s formula to wf (q:,Elq:]),

we get

dw] (g, Elgr)) = Ky()(q: — 7,)%dt + Ko(D[2(q: — 7,)d(g: — 7,) + (e o Pd] + A, ()7, dt
+2A, (17,47, +2q:dY] +2Y/ dg; + 2"V e] ol dt + Ry, (1)dt
= Ki,(t)(qr — 7,)%dt + K, (){2(q: — )[e] (o) — &))dt + e, o AW, ] + (e, o )*dt}
+ AL (G2t + 20, (D), ef G0t +2q,(Y] dt + 20" AW, + ZBdBy)
+2Y/ (e] aldt + e; af dW;) + Zf’we;afdt + R, (t)dt
= [K;,()(q: = ,)* + 2K, (£)(ge — G, )ef (af — &}) + Kp(t)(eg af P + A (£)(F,)?
+27, (DG e al +2Y g +2Y el ol + 220" e al + R)(+)]dt

+ Z[Kp(t)(Qt - Qt)e;af + Zflw —+ Ytpe;—af]th + ZZf,BdBt
Then, taking its expected value, we obtain

E[dw} (q:, B
%E[Wf(l]t,qt)] _ [ w, (Ztt [ﬂt])] _ E[K;(t)(%f _ qt)Z +2Kp(t)(qt _ qt)eil'(af _ &f)

+ Kp(t)eg ab)> + AL ()F,)% + 20, (DG e] aF +2Y] g, +2Y e[ o

+ Ry () +220" e] af] (2.B.1)
= E|K,(1)(q: = §,)* + 2Kp(£)(q: — G )] ] + Kp(t)(eg a})? + A ()(F,)?
+ 20, (0,0 af +2YF g +2Y] e af + R () + 2zp'We2Taf]

t t t
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= B[ Ky (0)(gs = )7 + Ay, + 20 gy + Ry(0) + Ky ()(e] ] P
T
+ [Z(Kp(t)(qt — )+ Ap(B)d, + Y )er + 2zf'we2] af],

where we have used the following simplifications: E[2A,(t)e] Ezfﬁt] = E[2Ap(t)F,e] af] and
E[ZKp(t)elT&f(qt -q4,)] = 2Kp(t)elT5sz[qt —4,] = 0. Moreover, since

E[fp(t/ Gt, Gy, af; 51]:; Cﬁc)] = E[Qp(ﬁt _[_]t)z +(Qp +ép)‘7% +2Mflcq:f +(af)TNpaf +2H;—0‘f +’1—;plc]l

(2.B.2)
by adding up (2.B.1) and (2.B.2), we get
dE[S!™] _[d _ I
d; :E[EE[wf(Qt/ qt)] +fp(‘1t/ qt/af/ af;cﬁ ):|

= B[ (Ky (1) + Qp) (a1 = 7, + (A1) + Qp + Op)G)* + 207 + MY (@)

+Ry(1) + TP () + 47 (@])]
where we have set

.
K@) = Ky(t)(eg ol + {Z[Kp(t)(qt — )+ Ap(B)d, + Y )er + ZZf’WeZ} of
+(al)TNyaf + ZHF-,'_af
- _ W T
- {Z[Kp(t)(qt — G+ Ay (B)G, + Y, +22" ey + 2Hp} ol
+ (ozf)T(Np + ezKp(t)ezT)af
= 2[U,(t)(q: — Elge]) + Vy(t)ge + & + & + Op(t)]Tal
+(al)TS,(Hat,
with
Uy(t) = K,y (Her
0,(t) := H, + e1B[Y/] + exB[ 2]
& = H, +ea Y + ezl
&= H, + e B[Y"] + e2B[Z/"].

2.C Computations of the equilibrium payoffs

In this section we perform some computations to get a more explicit formula for the objective
functionals at the equilibrium in Theorem 2.3.1. In particular, we find explicit expressions for
Ry(0) and R(0). In all the following computations we are using the optimal strategies but we
are suppressing the stars in the notation for the sake readability (e.g. we write u; instead of u;
and so on). For the same reason we are suppressing the dependency on time when clear from

the context.
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Proposition 2.C.1. It holds that

R(A) 0) = T 2 E YP 2 AZ 2 ZV 2(7'(1](11)214 + ep%)z d A -
p()_‘/0 E [(u)]_np Y Pc [Cll]+ fp—ZK(u) U—=Aypccr,
T (’coc 2

D)y 2 e ) 2(m(u)yy + 5°) .
RO = [ | SRR - e Vi) + = du = Apy i,
where
dcy = g[ Ac+7122 Ct+ﬂ21qt+h2]d
ke
2
k_ [7‘(12Ct + Ap + 7'(11)qt + h1]d
4
4 - - - ~ 120  ~ - _ -
dE[c?] = = [(KC + 1) (E[c7] - ©7) + 121 (Elerqe] — €:7,) + [Ac + i |67 + o1, + hzct]dt + yAdt,
Cc

4 - - - ~ V=) o~ = = -
dE[q7] = k—[ (Kp +711) (BLq?1 = 72) + a2 (Blerqr] = €63, ) + (A, + 7o) + FoGad, + Ind, |t + 22,
2 - ~ e =~ = -
dE[Cth = k—[ Kp + 7111 tht] - tht) + 7'(12(E[C2] - C%) + (Ap + ﬂ11)tht + 7'(12C% + h1ct]dt
P

+ 2 [ (Ke + ) (Blevge) = 203, + 7n (BLGZ) - 72) + (A + R)Tud, + Fndl + o |t
Cc

aBI0) ] = 23507 + 5ypEDY el + pyypen (B e - ?f5f>+k2—p[f<p18[m”>2—<?f>2]

+ A (VP fat + (22 + mdypP)at,

{Po +p1so—y(so+06)-c pp(y —p1)

dE[(Y)*] = -2 5 Yi+ =————Eq:] + ppypencA® (B :] - Vi7,)

+ k% [KE[(Y)? = (V9)?] + Ac(Y()?] }dt + (n3,27 + md,yP)dt,

with

~ = -~ = =c ~ ~ -
Yp = T4, + T2 + hy, Yt =T14, + TCt + hy,
E[Y/ c;] = 11 (Elerqe] — ;) + m12(Elcf] — €7) + 118t + Mol + e,

E[YSq:] = 71 (B [qf] - ‘7%) + i (Elgees] — €,) + ﬁzﬂ?% + Tl + h2g,,

and terminal conditions
2.2
APy

/\2 2 %
4 7 (Y']g)zz y p *

(¥})? = ;

Proof. For the terms §, = E[q;] and ¢; = E[cT] we have
_ _ 2 ~ N o~ = - 2 _~ = o~ =
dg, = i, dt = - [(Ap +T11)§, + T1ale + M |dt,  dT; = 0,dt = = [(AC + )Tt + T, + hz]dt,
p C

so we have a 2-dimensional ODE giving ¢T and g
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For the terms V[g;] and V[c;], we have

Vel = Elc?1-¢7, dE[cf] = (2E[crve] + (y)?)dt,
Vig:) =E[q71- 37, dElg7] = (2E[gsue] + (z¢)%)dt,

because z; and y; are deterministic. Further,

2 _ - ~ N ~ _ _

E[civ¢] = I [ (K¢ + m20) (B[c?] = €7) + ma1 (Blceqe] — €:3,) + (Ac + T22) T2 + T, + hzct],
4 - - —~ - ~ — _

dE[c?] = = [ (K¢ + 122) (B[c?] = €2) + 71 (Bl q¢] — C1g,) + [AC + RZZ]Cf + 01t + h2ct]dt +yAdt,
2 _ _ —~ ~ _

E[q:u] = k—[ (Kp +mn) (Elg7] = 37) + m12(Bleeqe] = :d,) + (Ap + T11) 7 + T1aledf, + hlfh]f

4 _ _ —~ N\ ~ — _

dE[4?] = k_[ (Kp + m11) (Elg?] - qf) + 112 (Elerge] — Teg,) + (Ap + nu)qf + TGt + hlqt]dt +z2dt,

and we have for E[c;q¢], that dE[c:q;] = E[ctut + qtvt] dt, so that

dE[tht] [(Kp + 7'(11) (E[tht] - Etét) + ﬂlz(E[C?] - (_ZJ?) + (Ap + 7’{11)5”71‘ + ﬁlsz + ]’l15t]dt

r?‘l'\’"u»‘l'\-)

4| (Ko + ) (Blerqi] = &) + man (BLa?] = ) + (Ac + o)y + oni? + had [l
For the term V[Yp ], we have V[Yp ]+ E[Yp 1? = [(Yp )?], where

Y =mu(qe — G,) + mo(er — ) + 1, + Tole + ha(t), Y = T, + T2t + hy,
E[Y/ c;] = m11 (Elerqe] — ;) + mi2(Elcf] — €7) + 18t + Mol + e,

1 o 1 2 _
dE[(Y/)*] = —2{550Yf + 5Bl e+ ppypenp A2 (LY e] - Y]E)) + K [KpE[(Yf )> = (Y))]

1
+A (Yp)z]}dt + (327 + m,yf)dt,  (YP)* = Z)\pr,,

where we have exploited the representation of Y7 in Equation (2.4.10). Analogously, exploiting
the representation of Y¢ in Equation (2.4.11), we get

Y = mion(qe — §,) + maacr — C) + g, + Teals + ha(t), Yy = g, + 7l + ha,
2 - _

+ = [KE[F = (7D2] + AV fat,
c

E[YSq:] = mon (Elg7] — §7) + oo (BElgece] — €:,) + Ta1d7 + iooCed, + haij,,

c + p1so — y(s0 + 0) pp(y —p1)_ . . e
dB[(v ) = 2 PR R B PRI g + ppypencA 2 (B ] - Vi)
2 . y 1
+ 1 [KEB[0 = ()] + AT bt + (7,22 + dyyf)dt, () = 742302,

Summing up, we have obtained a backward ODE for E[(Ytp)z] and ]E[(th)z]. Finally, we have

W W
= T11%¢, V[Zp ] = 0/ E[Zf ] = T11%¢,

pW
Z t

t
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and

zoP =y, V[ZEP1=0, E[Z{"] = noy:.

Recalling that

T
2
RM(t) = — AypcEler] + / [ — pA2Y 22V e, ] + = (VY] +E[Y! )
t p

2

w w, bop 2
vzt ]+(E[zﬁ' ]+T)

and analogously

e A2p2 Vg + = (VIYE] + E[YCP)

T
R(C)\)(t) = - ApyElgr] + / p
t c

L2
0. — 2K (u)

du,

f 2
V[ZSP] + (E[Zf;B] + C; C) )

the results follow. O
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Functional quantization of rough volatility and applications

to volatility derivatives

We believe that FBMs provide useful models for a host of natural time series and that their
curious properties deserve to be presented to scientists, engineers and statisticians.

Benoit B. Mandelbrot and John W. Van Ness

This chapter covers paper [25], which is a joint collaboration with Prof. Giorgia Callegaro
and Prof. Antoine Jacquier. Its preliminary version is available on arXiv and it was submitted
in July 2021. Prof. Jacquier is an expert in the popular field of rough volatility, while Prof.
Callegaro has been investigating the discretisation technique called quantization and its wide
range of applications throughout her career. Together, we consider here product functional
quantization, i.e. quantization of stochastic processes in their paths’ space, and we develop it in
a rough framework. In particular, we obtain a discretisation in the trajectories space of a family
of Gaussian Volterra stochastic processes and we exploit it for the pricing of derivatives on the
VIX volatility index and realised variance. The results obtained are illustrated via numerical
simulations comparing our technique with the state of the art methodology as a benchmark

when a closed formula is not available.

3.1 Introduction

Gatheral, Jaisson and Rosenbaum [77] recently introduced a new framework for financial
modelling. To be precise — according to the reference website https://sites.google.com/
site/roughvol/home — almost twenty-four hundred days have passed since instantaneous
volatility was shown to have a rough nature, in the sense that its sample paths are a-Hdolder-
continuous with a < % Many studies, both empirical [17, 74, 72] and theoretical [71, 8], have
confirmed this, showing that these so-called rough volatility models are a more accurate fit to
the implied volatility surface and to estimate historical volatility time series.

On equity markets, the quality of a model is usually measured by its ability to calibrate not
only to the SPX implied volatility but also VIX Futures and the VIX implied volatility. The market
standard models had so far been Markovian, in particular the double mean-reverting process [76,
100], Bergomi’s model [21] and, to some extent, jump models [35, 108]. However, they each
suffer from several drawbacks, which the new generation of rough volatility models seems to
overcome. For VIX Futures pricing, the rough version of Bergomi’s model was thoroughly
investigated in [103], showing accurate results. Nothing comes for free though and the new
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3.2. GAUSSIAN VOLTERRA PROCESSES ON R

challenges set by rough volatility models lie on the numerical side, as new tools are needed to
develop fast and accurate numerical techniques. Since classical simulation tools for fractional
Brownian motions are too slow for realistic purposes, new schemes have been proposed to
speed it up, among which the Monte Carlo hybrid scheme [17, 121], a tree formulation [97],
quasi Monte-Carlo methods [13] and Markovian approximations [1, 141].

We suggest here a new approach, based on product functional quantization [128]. Quantiza-
tion was originally conceived as a discretisation technique to approximate a continuous signal
by a discrete one [134], later developed at Bell Laboratory in the 1950s for signal transmis-
sion [79]. It was however only in the 1990s that its power to compute (conditional) expectations
of functionals of random variables [84] was fully understood. Given an R4-valued random
vector on some probability space, optimal vector quantization investigates how to select an
R9-valued random vector X, supported on at most N elements, that best approximates X ac-
cording to a given criterion (such as the L"-distance, r > 1). Functional quantization is the
infinite-dimensional version, approximating a stochastic process with a random vector taking
a finite number of values in the space of trajectories for the original process. It has been in-
vestigated precisely [119, 128] in the case of Brownian diffusions, in particular for financial
applications [129]. However, optimal functional quantizers are in general hard to compute
numerically and instead product functional quantizers provide a rate-optimal (so, in principle,

sub-optimal) alternative often admitting closed-form expressions [120, 129].

In Section 3.2 we briefly review important properties of Gaussian Volterra processes, displaying
a series expansion representation, and paying special attention to the Riemann-Liouville case in
Section 3.2.2. This expansion yields, in Section 3.3, a product functional quantization of the
processes, that shows an L?-error of order log(N)~, with N the number of paths and H a
regularity index. We then show, in Section 3.3.1, that these functional quantizers, although
sub-optimal, are stationary. We specialise our setup to the generalised rough Bergomi model in
Section 3.4 and show how product functional quantization applies to the pricing of VIX Futures
and VIX options, proving in particular precise rates of convergence. Finally, Section 3.5 provides
anumerical confirmation of the quality of our approximations for VIX Futures and Call Options
on the VIX in the rough Bergomi model, benchmarked against other existing schemes. In this
Section, we also discuss how product functional quantization of the Riemann-Liouville process
itself can be exploited to price options on realised variance.

We set N as the set of strictly positive natural numbers. We denote by C[0, 1] the space
of real-valued continuous functions over [0, 1] and by L?[0, 1] the Hilbert space of real-valued
square integrable functions on [0, 1], with inner product (f, )12j0,1] := /01 f(t)g(t)dt, inducing
the norm || f|120,17 := (/01 |f(£)]2dt)!/?, for each f, g € L2[0,1]. L%(P) denotes the space of square
integrable (with respect to P) random variables.

3.2 Gaussian Volterra processes on R,

For clarity, we restrict ourselves to the time interval [0,1]. Let {W;};[0,1] be a standard
Brownian motion on a filtered probability space (Q, F, {F; }+e(o,1], P), with {F }+¢[0,1] its natural
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CHAPTER 3. FUNCTIONAL QUANTIZATION OF ROUGH VOLATILITY
filtration. On this probability space we introduce the Volterra process
t
Z ::/ K(t —s)dW,, tel[0,1], (3.2.1)
0

and we consider the following assumptions for the kernel K:

Assumption 3.2.1. There exist a € (—%, %) \ {0} and L : (0,1] — (0, o) continuously differentiable,

slowly varying at 0, that is, for any t > 0, lim, o % = 1, and bounded away from 0 function with

IL'(x)] < C(1 +x7Y), for x € (0, 1], for some C > 0, such that
K(x) = x“L(x), x € (0,1].

This implies in particular that K € L?[0,1], so that the stochastic integral (3.2.1) is well
defined. The Gamma kernel, with K(u) = e P“u®, for f > 0 and a € (—%, %) \ {0}, is a classical
example satisfying Assumption 3.2.1. Straightforward computations show that the covariance
function of Z reads

tAs
Ryz(s,t) = /0 K(t —u)K(s —u)du, s,te]0,1].

Under Assumption 3.2.1, Z is a Gaussian process admitting a version which is e-Holder
continuous for any ¢ < % + a = H and hence also admits a continuous version [17, Proposition
2.11].

3.2.1 Series expansion

We introduce a series expansion representation for the centred Gaussian process Z in (3.2.1),
which will be key to develop its functional quantization. Inspired by [120], introduce the

stochastic process

Yi= ) K[palB)en,  te[0,1], (3.2.2)

nx>1

where {&,,},>1 is a sequence of i.i.d. standard Gaussian random variables, {1, },>1 denotes the

orthonormal basis of L?[0, 1]:

Un(t) = V2 cos (\%) with 4y = — = (3.2.3)

. - (2n -1)2r2’
and the operator K : L2[0,1] — C[0, 1] is defined for f € L?[0,1] as
t
K1) = / K(t —s)f(s)ds, forallt €[0,1]. (3.2.4)
0
Remark 3.2.2. The stochastic process Y in (3.2.2) is defined as a weighted sum of independent centred

Gaussian variables, so for every t € [0, 1] the random variable Y; is a centred Gaussian random variable
and the whole process Y is Gaussian with zero mean.

We set the following assumptions on the functions {K[¢, ]} nen:
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Assumption 3.2.3. There exists H € (0, %) such that

(A) there is a constant C1 > 0 for which, for any n > 1, K[¢u]is (H + %)-Holder continuous, with
K[ ](t) = K]

1
s tef0,1] 5%t |t —s|H+2

S Cin

7

(B) there exists a constant Co > 0 such that

sup |K[yn](t)| < Con~H*D), foralln > 1.
te[0,1]

Notice that under these assumptions, the series (3.2.2) converges both almost surely and
in L2(P) for each t € [0, 1] by Khintchine-Kolmogorov Convergence Theorem [38, Theorem 1,
Section 5.1].

It is natural to wonder whether Assumption 3.2.1 implies Assumption 3.2.3 given the basis
functions (3.2.3). This is far from trivial in our general setup and we provide examples and
justifications later on for models of interest. Similar considerations with slightly different
conditions can be found in [120]. We now focus on the variance-covariance structure of the

Gaussian process Y.

Lemma 3.2.4. Forany s,t € [0, 1], the covariance function of Y is given by
tAs
Ry(s,t) :=E[Y;Y;] = / K(t —u)K(s — u)du.
0

Proof. Exploiting the definition of Y in (3.2.2), the definition of K in (3.2.4) and the fact that the
random variable &,,’s are i.i.d. standard Normal, we obtain

Ry(s, 1) E[Y;Yi]=E

(XXMl Y «wm](t)smﬂ = 2 KL )EKIP(E)

nx1 m>1 nx1

Z (/01 K(s — u)l[ols](u)lzbn(u)du Al K(t - r)l[O,t](r)labn(r)dr)

n>1

= Z(K(S =) 0,61(), Y207 - (K =)0, (), ) 12101
nx1

= 2 (K= 000, 4K (s =010 edezionon)
nx1 ’

= (K= 0000, DK =00 Yuduapoardn)

n>1

= (K(t = )10, (-), K(s = )Ljo,51(-))r2[0,1]
tAs

1
/ K(s — u)1jo,s)(u)K(t — 1)1y ¢)(u)du = / K(t —u)K(s — u)du.
0 0

O

Remark 3.2.5. Notice that the centred Gaussian stochastic process Y admits a continuous version, too.
Indeed, we have shown that Y has the same mean and covariance function as Z and, consequently, that

the increments of the two processes share the same distribution. Thus, [17, Proposition 2.11] applies
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to Y as well, yielding that the process admits a continuous version. This last key property of Y can be

alternatively proved directly as done in Appendix 3.A.2.

Lemma 3.2.4 implies that E[Y; Y] = E[Z;Z;], foralls, t € [0, 1]. Both Z and Y are continuous,
centred, Gaussian with the same covariance structure, so from now on we will work with Y,
using

Z = ZW[%]én, P-a.s. (3.2.5)

nx>1

3.2.2 The Riemann - Liouville case

For K(u) = ut=3 with H € (0, %), the process (3.2.1) takes the form

t
:/ (t_S)H_%dWSr te [011]/
0

where we add the superscript H to emphasise its importance. It is called a Riemann-Liouville
process (henceforth RL) (also known as Type II fractional Brownian motion or Lévy fractional
Brownian motion), as it is obtained by applying the Riemann-Liouville fractional operator to
the standard Brownian motion, and is an example of a Volterra process. This process enjoys
properties similar to those of the fractional Brownian motion (fBM), in particular being H-
self-similar and centred Gaussian. However, contrary to the fractional Brownian motion, its
increments are not stationary. For a more detailed comparison between the fBM and Z we
refer to [131, Theorem 5.1]. In the RL case, the covariance function R,x(-,-) is available [104,
Proposition 2.1] explicitly as

S”), s,t € [0,1],
Vit

1 1
Ryu(s,t) = —(s A t)H+2(s \Y t)H »Fq (1 =
H +

2
where »Fi(a, b; c;z) denotes the Gauss hypergeometric function [127, Chapter 5, Section 9].
More generally, [127, Chapter 5, Section 11], the generalised hypergeometric functions ,F;(z)

are defined as

PFC](Z) = qu(allaZI“ '/ap; C1,€2, .. (326)

(a1)x(a2)y - (ap)ki
o Cqi2) = Z (COnc)s (o), KT

with the Pochammer’s notation (a), := 1 and (a);, :==a(@a+1)a+2)---(a+k—-1), fork > 1
where none of the ¢, are negative integers or zero. For p < g the series (3.2.6) converges for all z
and when p = g + 1 convergence holds for |z| < 1 and the function is defined outside this disk
by analytic continuation. Finally, when p > g + 1 the series diverges for nonzero z unless one of
the ay’s is zero or a negative integer.

Regarding the series representation (3.2.2), we have, for t € [0,1] and n > 1,

il = V2 [0 =57 cos (=) 327
2V2 . 3 H5 H
“T+o2H lez(’Z 21" 271,
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Assumption 3.2.3 holds in the RL case here using [120, Lemma 4] (identifying Ky [, ] to f,
from [120, Equation (3.7)]). Assumption 3.2.3 (B) implies that, for all t € [0, 1],

2
Z(](H[l,bn](t)z < Z ( sup |(](H[l,bn](t)|) < C%Z nl% < oo,
n>1

n>1 t€[0,1] n>1

and therefore the series (3.2.2) converges both almost surely and in L?(P) for each ¢ € [0,1] by

Khintchine-Kolmogorov Convergence Theorem [38, Theorem 1, Section 5.1].

Remark 3.2.6. The expansion (3.2.2) is in general not a Karhunen-Loéve decomposition [129, Section
4.1.1]. In the RL case, it can be numerically checked that the basis {Kg[n]}nen is not orthogonal in
L[0, 1] and does not correspond to eigenvectors for the covariance operator of the Riemann-Liouville
process. In his PhD Thesis [41], Corlay exploited a numerical method to obtain approximations of the
first terms in the K-L expansion of processes for which an explicit form is not available.

3.3 Functional quantization and error estimation

Optimal (quadratic) vector quantization was conceived to approximate a square integrable
random vector X : (Q, 7, P) — R by another one X, taking at most a finite number N of values,
on a grid N .= {xi\], xé\’, e, x%}, with sz eR?i=1,...,N. The quantization of X is defined
as X := Projrn(X), where Projry : RY — TN denotes the nearest neighbour projection. Of
course the choice of the N-quantizer I’V is based on a given optimality criterion: in most cases
I'N minimises the distance E[| X — X |2]1/2. We recall basic results for one-dimensional standard
Gaussian, which shall be needed later, and refer to [84] for a comprehensive introduction to

quantization.

Definition 3.3.1. Let & be a one-dimensional standard Gaussian on a probability space (Q, ¥, P). For
each n € N, we define the optimal quadratic n-quantization of & as the random variable E” =
Projp. (&) = Xiy ¥ c,n)(E), where T = {x], ..., x}} is the unique optimal quadratic n-quantizer of
&, namely the unique solution to the minimisation problem

. E _ Proi ’ o ’
F”CR,éralig(rn)zn [lg ro]l" (é)l ]

and {C;(I'")}ieq,... ny is a Voronoi partition of R, that is a Borel partition of R that satisfies

(TN . Y I : _ 4 ~(Tn
Cl(T)C{yeR-Iy x| 1r§jg}1|y x]}ch(F),
where the right-hand side denotes the closure of the set in R.

The unique optimal quadratic n-quantizer I = {x}, ..., x};} and the corresponding quadratic
error are available online, at http://www.quantize.maths-fi.com/gaussian_database for
ne{l,...,5999}.

Given a stochastic process, viewed as a random vector taking values in its trajectories
space, such as L2[0, 1], functional quantization does the analogue to vector quantization in an
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infinite-dimensional setting, approximating the process with a finite number of trajectories. In
this section, we focus on product functional quantization of the centred Gaussian process Z
from (3.2.1) of order N (see [128, Section 7.4] for a general introduction to product functional
quantization). Recall that we are working with the continuous version of Z in the series (3.2.5).
Foranym, N € N, weintroduce the following set, which will be of key importance all throughout
the paper:
m
DN = {d en: | |dG) < N} . (3.3.1)
i=1

Definition 3.3.2. A product functional quantization of Z of order N is defined as

m

Z3:= Y KlyalhE,",  tefo1], (33.2)

n=1

where d € DY, for some m € N, and for every n € {1,...,m}, AZ(") is the (unique) optimal quadratic

quantization of the standard Gaussian random variable &, of order d(n), according to Definition 3.3.1.

Remark 3.3.3. The condition []}L, d(i) < N in Equation (3.3.1) motivates the wording ‘product’
functional quantization. Clearly, the optimality of the quantizer also depends on the choice of m and d,
for which we refer to Proposition 3.3.6 and Section 3.5.1.

Before proceeding, we need to make precise the explicit form for the product functional
quantizer of the stochastic process Z:

Definition 3.3.4. The product functional d-quantizer of Z is defined as
m
K= Klpa o ™, te(01), i=(,..., in),
n=1

forde DN and 1 < i, <d(n)foreachn =1,...,m.

Remark 3.3.5. Intuitively, the quantizer is chosen as a Cartesian product of grids of the one-dimensional
standard Gaussian random variables. So, we also immediately find the probability associated to every

trajectory )(f:for every i = (i1, ..., im) € [1_4{1,...,d(n)},

B(Z* = x) = | | Bew € G, (@),

n=1
where C; (T400) is the j-th Voronoi cell relative to the d(n)-quantizer T%"") in Definition 3.3.1.

The following, proved in Appendix 3.A.1, deals with the quantization error estimation and
its minimisation and provides hints to choose (m,d). A similar result on the error can be
obtained applying [120, Theorem 2] to the first example provided in the reference. For com-
pleteness we preferred to prove the result in an autonomous way in order to further characterise
the explicit expression of the rate optimal parameters. Indeed, we then compare these rate op-
timal parameters with the (numerically computed) optimal ones in Section 3.5.1. The symbol
|-] denotes the lower integer part.
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Proposition 3.3.6. Under Assumption 3.2.3, for any N > 1, there exist m*(N) € N and C > 0 such
that

. 2 3
E [szw _z
120,1]

< Clog(N)™H,

where dy, € Z)HI;’*(N) and with, foreachn = 1,...,m*(N),

d*N(n) = {N m*](N)n—(H+%) (m*(N)’)% J
Furthermore m*(N) = O(log(N)).

Remark 3.3.7. In the RL case, the trajectories of ZHA gre easily computable and they are used in
the numerical implementations to approximate the process ZH. In practice, the parameters m and
d =(d(),...,d(m)) are chosen as explained in Section 3.5.1.

3.3.1 Stationarity

We now show that the quantizers we are using are stationary. The use of stationary quantiz-
ers is motivated by the fact that their expectation provides a lower bound for the expectation of
convex functionals of the process (Remark 3.3.9) and they yield a lower (weak) error in cubature
formulae [128, page 26]. We first recall the definition of stationarity for the quadratic quantizer
of a random vector [128, Definition 1].

Definition 3.3.8. Let X be an R%-valued random vector on (Q, F ,P). A quantizer T for X is stationary
if the nearest neighbour projection X' = Proj(X) satisfies

E [xp?] - X' (33.3)
Remark 3.3.9. Taking expectation on both sides of (3.3.3) yields
E[X] = E[E[X|X"]] = E[X"].

Furthermore, for any convex function f : R — R, the identity above, the conditional Jensen's inequality
and the tower property yield

E[f(X")] = E[f (E[XIX"]] < E[E[f(X)|X"]] = E[f(X)].

While an optimal quadratic quantizer of order N of a random vector is always stationary [128,
Proposition 1(c)], the converse is not true in general. We now present the corresponding
definition for a stochastic process.

Definition 3.3.10. Let {X;}ie[r; 1,] be a stochastic process on (QQ, F, {T}tem Bl P). We say that an
N- quantzzer AN = {AN, ... ANY € [2[Ty, Tb), inducing the quantization X = XA is stationary if
[Xlet = Xt,fOT’ allt € [T1/T2]~

Remark 3.3.11. To ease the notation, we omit the grid AN in XAV, while the dependence on the
dimension N remains via the superscript d € DY (recall (3.3.2)).
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As was stated in Section 3.2.1, we are working with the continuous version of the Gaussian
Volterra process Z given by the series expansion (3.2.5). This will ease the proof of stationarity

below (for a similar result in the case of the Brownian motion [128, Proposition 2]).
Proposition 3.3.12. The product functional quantizers inducing Z%in (3.3.2) are stationary.

Proof. For any t € [0, 1], by linearity, we have the following chain of equalities:

B |ZiHE }rcnen| = E

ZW[wk]<t>5k){éﬁ<”)}1gngm] = > KIpxIOE [ (G hanen]

k>1 k>1

Since the N(0, 1)-Gaussian &, 's arei.i.d., by definition of optimal quadratic quantizers (hence
stationary), we have E[éklgf(l)] = 5”{2;1(1)’ foralli, k € {1,...,m}, and therefore

B (60| (E 1o =B [6fEH] = B9, oratik e @, m)

Thus, we obtain

8 [Zi[E " hcnen] = D K OE =

k>1

Finally, exploiting the tower property and the fact that the o-algebra generated by Z disincluded
in the o-algebra generated by {Ez(n)}ne{l,...,m} by Definition 3.3.2, we obtain

Blz(z8| =2[B|2 @ henm | 78] = | 28|78 = 28,

which concludes the proof. m]

3.4 Application to VIX derivatives in rough Bergomi

We now specialise the setup above to the case of rough volatility models. These models are
extensions of classical stochastic volatility models, introduced to better reproduce the market
implied volatility surface. The volatility process is stochastic and driven by a rough process,
by which we mean a process whose trajectories are H-Hélder continuous with H € (0, 3). The
empirical study [77] was the first to suggest such a rough behaviour for the volatility, and ignited
tremendous interest in the topic. The website https://sites.google.com/site/roughvol/
home contains an exhaustive and up-to-date review of the literature on rough volatility. Unlike
continuous Markovian stochastic volatility models, which are not able to fully describe the steep
implied volatility skew of short-maturity options in equity markets, rough volatility models have
shown accurate fit for this crucial feature. Within rough volatility, the rough Bergomi model [14]
is one of the simplest, yet decisive frameworks to harness the power of the roughness for pricing
purposes. We show how to adapt our functional quantization setup to this case.
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3.4. APPLICATION TO VIX DERIVATIVES IN ROUGH BERGOMI

3.4.1 The generalised Bergomi model

We work here with a slightly generalised version of the rough Bergomi model, defined as

t t
Xy = —%/ Vids +/ VV:dBs, Xo=0,
0 Oy2 ;
(Vt = Uo(t) exp {th - 7/ K(t - S)ZdS} , (VO >0,
0

where X is the log-stock price, V the instantaneous variance process driven by the Gaussian
Volterra process Z in (3.2.1), y > 0 and B is a Brownian motion defined as B := pW + mwl
for some correlation p € [-1,1] and W, W+ orthogonal Brownian motions. The filtered proba-
bility space is therefore taken as 7 = 7,V v ﬁwl, t > 0. This is a non-Markovian generalization
of Bergomi’s second generation stochastic volatility model [21], letting the variance be driven
by a Gaussian Volterra process instead of a standard Brownian motion. Here, v7(t) denotes the
forward variance for a remaining maturity ¢, observed at time T. In particular, vy is the initial
forward variance curve, assumed to be Fy-measurable. Indeed, given market prices of variance
swaps o%(t) at time T with remaining maturity ¢, the forward variance curve can be recovered
as or(t) = % (to%(t)), for all t > 0, and the process {vs(t — s)}o<s<+ is a martingale for all fixed
t>0.

Remark 3.4.1. With K(u) = uH‘%, y =2vCyq, for v > 0, and Cyg := ,/%, we recover the
standard rough Bergomi model [14].

3.4.2 VIXFutures in the generalised Bergomi

We consider the pricing of VIX Futures (www.cboe.com/tradable_products/vix/) in the
rough Bergomi model. They are highly liquid Futures on the Chicago Board Options Exchange
Volatility Index, introduced on March 26, 2004, to allow for trading in the underlying VIX. Each
VIX Future represents the expected implied volatility for the 30 days following the expiration
date of the Futures contract itself. The continuous version of the VIX at time T is determined

by the continuous-time monitoring formula

1 T+A 1 T+A
VIXZ : = Er [Z/ d(XS,XS>] = K/ E[Vs|Fr]ds (3.4.1)
T T

1 T+A Fa i
- _/ Er [Uo(s)eVZS'T/o K(s—u) du} ds
A T

1 T+A T }/2 s ) .
— K/ UQ(S)eyfo K(S_”)dwll_T/o K(s—u) duET [eV/T K(s—u)dW,l] ds
T

1 F Ks-wdW, -5 [ K(s—w2du b [7 K(s—u)2d
— K UO(S)ey o S—u u=3 Jo S—u ue2 T S—u udS,
T
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similarly to [103], where A is equal to 30 days, and we write Er[-] := E[-|#r] (dropping the
subscript when T = 0). Thus, the price of a VIX Future with maturity T is given by

1
2

A L ZTA L2 (1T K(s)2ds— [ K(s)? 2
Pr:=E[VIX7] =E (%/ vo(b)e’ Z, %+ (/O K(s)2ds— [ K(s) ds)dt ’
T

where the process (ZtT’A)te[T,TJrA] is given by
T
zZ" = / K(t-s)dW,, tel[T,T+Al.
0

To develop a functional quantization setup for VIX Futures, we need to quantize the pro-
cess ZTA, which is close, yet slightly different, from the Gaussian Volterra process Z in (3.2.1).

3.4.3 Properties of ZT

To retrieve the same setting as above, we normalise the time interval to [0, 1], thatis T+A = 1.
Then, for T fixed, we define the process ZT .= 7T1-T a5

T
ZtT::/ K(t —s)dW,, te][T,1],
0

which is well defined by the square integrability of K. By definition, the process Z7 is centred
Gaussian and It isometry gives its covariance function as

T
Ryr(t,s) = /0 K(t —u)K(s —u)du, t,s €[T,1].

Proceeding as previously, we introduce a Gaussian process with same mean and covariance as
those of ZT, represented as a series expansion involving standard Gaussian random variables;
from which product functional quantization follows. It is easy to see that the process ZT
has continuous trajectories. Indeed, (ZtT -zZI? < E[|Z; - ZS|Z|TTW], by conditional Jensen’s
inequality since ZtT = E[Z; |7:TW] Then, applying tower property, forany T <s <t <1,

E [|ZtT - ZsT|2] <E|[|Z: - Z*],

and therefore the H-Holder regularity of Z (Section 3.2) implies that of ZT.

Series expansion

Let {&,}n>1 be aniid. sequence of standard Gaussian and {', },>1 the orthonormal basis
of L2[0, 1] from (3.2.3). Denote by K7 (-) the operator from L2[0, 1] to C[T, 1] that associates to
each f € L?[0,1],

T
V(T[f](t)::/o K(t-s)f(s)ds, telT,1]. (3.4.2)
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We define the process YT as (recall the analogous (3.2.2)):

Y[ = ZWT[t,bn](t)én, t e[T,1].

nx1
The lemma below follows from the corresponding results in Remark 3.2.2 and Lemma 3.2.4:

Lemma 3.4.2. The process Y is centred, Gaussian and with covariance function
T
Ryr(s,t):=E [YSTYtT] = / K(t —u)K(s —u)du, foralls, t €[T,1].
0

To complete the analysis of ZT, we require an analogue version of Assumption 3.2.3.
Assumption 3.4.3. Assumption 3.2.3 holds for the sequence (KT [Wy])ns1 on [T, 1] with the con-
stants Cy and C, depending on T.

3.4.4 The truncated RL case

We again pay special attention to the RL case, for which the operator (3.4.2) reads, for each
n €N,

T
K [Wa](t) = / (t—s)3y,(s)ds,  forallt € [T, 1],
0
and satisfies the following, proved in Appendix 3.A.4:
Lemma 3.4.4. The functions {7(15 [Yn]}ns1 satisfy Assumption 3.4.3.

A key role in this proof is played by an intermediate lemma, proved in Appendix 3.A.3,
which provides a convenient representation for the integral /OT(t —u)Zel™dy, t > T > 0,in

terms of the generalised hypergeometric function 1 Fa(-).

Lemma 3.4.5. Forany t > T > 0, the representation

/ (=t = o[ (€46 ) = =), ) = (2300, )~ e =T, )|

holds, where hy := 3(H + %) and hy =  + hy, x(z) := —n?z2 and
Ci( h)‘—ﬁF(h'k 1+ h; x(2)) rke 1§ (3.4.3)
kZ/ '_2h12 7 vy /XZ 7 fO 2,2 . -

Remark 3.4.6. The representation in Lemma 3.4.5 can be exploited to obtain an explicit formula for
KE[nl(t), t € [T, 1] and n € N:

mT mT .
K[, 1(t) = mf S (mt = w4 cos(ru)du = m}f R { S (mt — u)H-%emudu}

_ %%{einmt [(C%(mt, ) = CyOn(t = T), 1)) = ire(Cy(mt, o) = Cy(me = T), h2))]}

= 2 {cos(mtn)(c%(mt,hl)—C%(m(t—T), ) + msin(mtm)(Cymt, ) = Cy(m(t = T), hz))},

1
mH+7
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withm :==n — % and C%(-), C%(-) in (3.4.3). We shall exploit this in our numerical simulations.

3.4.5 VIX Derivatives Pricing

We can now introduce the quantization for the process Z'-*, similarly to Definition 3.3.2,
recalling the definition of the set DY in (3.3.1):

Definition 3.4.7. A product functional quantization for Z7-* of order N is defined as

m
ZIA = N KA M IWE™,  telT, T+A],

n=1

where d € DY, for some m € N, and for every n € {1,...,m}, EZ(”) is the (unique) optimal quadratic
quantization of the Gaussian variable &, of order d(n).

The sequence {IJJZ’A}MN denotes the orthonormal basis of L2[0, T + A] given by

T,A | 2 ( t ) . 4
2o = cos ,  withd, = ——,
v =NTa VAT + A) (2n — 1)2m2

and the operator K72 : L2[0,T + A] — C[T, T + A] is defined for f € L?[0, T + A] as

T
‘KT'A[f](t)::/ K(t—s)f(s)ds, te[T,T+A]
0

Adapting the proof of Proposition 3.3.12 it is possible to prove that these quantizers are station-
ary, too.

Remark 3.4.8. The dependence on A is due to the fact that the coefficients in the series expansion depend
on the time interval [T, T + A].

In the RL case for each n € N, we can write, using Remark 3.4.6, for any t € [T, T + A]:

KA TAY(f) = | 2 Tt H-1 s d
H [Vn 1) = T+A/0 (t—s) Cos(m) S,

VAT + A /%T((n—l/z)t_
 (n-1/2)7*1 Jo T+A

= ff—;)li);{cos ((; ;?m)(%(%t,h) - C%((; ;i)(t -T), hl))

T A e

We thus exploit ZTA4 to obtain an estimation of VIXy and of VIX Futures through the
following

a1 [T N V2T : 3
VIX7 := (K / vo(t) exp {thT’A’d+?( / K(s)*ds — / K(s)zds)}dt) , (3.4.4)
T 0 0

H-3
u) cos(rtu)du

+nsin( n—%)
T+A
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5d I stad, V([T e Lo :
Pr=E (Z/T vo(t) exp {th’ Tt (/0 K(s)“ds —/O K(s) ds)}dt)

Remark 3.4.9. The expectation above reduces to the following deterministic summation, making its
computation immediate:

1

2

- T+A m Ay ToA gl | 72 ( =T ot
Pt = (L [ e AR i el
T

1

T+A m : n) y2 [ rt- 2

S5 [ e B O TR )
T

i€ld

| [P e ci @™y,
n=1

where 1 s the (unique) optimal quadratic quantization of &, of order d(n), C;(T%™) is the j-th
Voronoi cell relative to the d(n)-quantizer (Definition 3.3.1), withj =1,...,dn)andi = (i1,...,in) €
H;’Ll{l, ..., d(j)}. In the numerical illustrations displayed in Section 3.5, we exploited Simpson rule to
evaluate these integrals. In particular, we used simps function from scipy.integrate with 300 points.

3.4.6 Quantization error of VIX Derivatives

The following L?-error estimate is a consequence of Assumption 3.4.3 (B) and its proof is
omitted since it is analogous to that of Proposition 3.3.6:

Proposition 3.4.10. Under Assumption 3.4.3, for any N > 1, there exist m3(N) € N, C > 0 such that

1
2

—~ . 2
E [Hzmdw _zTA < Clog(N)H,

L2[T, T+A]

for d*T’N € Z)nl\f;(N) and with, for eachn =1,...,m7.(N),

+ 1 21;1+l
d} N(n) = {anT(N)n—(H+§) (m;(N)!)ZmT(N) J
Furthermore my.(N) = O(log(N)).

As a consequence, we have the following error quantification for European options on the
VIX:

Theorem 3.4.11. Let F : R — R be a globally Lipschitz-continuous function and d € N™ for some
m € N. There exists & > 0 such that

1
2

E[F (VIX?)] - E [F (\717(‘}‘)] ‘ <QE [Hzm _ZTAd (3.4.5)

2
LZ([T,T+A])] ’
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Furthermore, for any N > 1, there exist m7.(N) € N and € > 0 such that, with d;, TN € Z) - Ny

E[F (VIX;)] - E [P (Vﬁ(‘}‘”)” < Glog(N) ™. (3.4.6)

The upper bound in (3.4.6) is an immediate consequence of (3.4.5) and Proposition 3.4.10.
The proof of (3.4.5) is much more involved and is postponed to Appendix 3.A.5.

Remark 3.4.12.
e When F(x) =1, we obtain the price of VIX Futures and the quantization error

1

2
‘PT—Pd’<RE[HZTA Zrad’ ] )
L2([T,T+A])

and, for any N > 1, Theorem 3.4.11 yields the existence of m3.(N) € N, € > 0 such that

Ad*
[Pr - P

< Clog(N )y H.

e Since the functions F(x) := (x — K); and F(x) := (K — x), are globally Lipschitz continuous, the
same bounds apply for European Call and Put options on the VIX.

3.5 Numerical results for the RL case

We now test the quality of the quantization on the pricing of VIX Futures in the standard
rough Bergomi model, considering the RL kernel in Remark 3.4.1.

3.5.1 Practical considerations for m and d

Proposition 3.3.6 provides, for any fixed N € N, some indications on m*(N) and dj, € DY
(see (3.3.1)), for which the rate of convergence of the quantization error is log(N yH. We
present now a numerical algorithm to compute the optimal parameters. For a given number
of trajectories N € N, the problem is equivalent to finding m € N and d € D} such that

H_7Hd
[”Z Z ||L2[0 1]

> /O Ky, ](t)?dt), we obtain

] is minimal. Starting from (3.A.1) and adding and subtracting the quantity

B ||z -z i ]
12[0,1]

( / Kl ¢n](t)2dt)[sd<">(gn / Ku[wrl(t)>dt

k>m+1

= i (/ Kul¢n] (t)2dt) {[ din)(g,, )] —1 Z/ Kulpel(t)2dt, (35.1)

n= k>1

where £/")(&,)) denotes the optimal quadratic quantization error for the quadratic quantizer of
order d(n) of the standard Gaussian random variable &, (see Appendix 3.A.1 for more details).
Notice that the last term on the right-hand side of (3.5.1) does not depend on m, nor on d. We
therefore simply look for m and d that minimise

A= 3 [ Holin P ([P 1)
n=1
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This can be easily implemented: the functions Ky[1,] can be obtained numerically from the
hypergeometric function and the quadratic errors &(")(&,) are available at www.quantize.
maths-fi.com/gaussian_database, for d(n) € {1,...,5999}. The algorithm therefore reads as

follows
(i) fix m;
(ii) minimise A(m,d) over d € DY and call it A(m);

(iii) minimise Z(m) over m € N.

Table 3.5.1: Optimal parameters.

N m(Z\I) dN Ntra]'
10 2 5 10
10? 4 8-3 96
103 6 10-4-3 960
10* 8 10-5-4-3 9600
10° 10 14-6-4-3-3 96768
10°| 12 |14-6-5-4-3-3 967680
Table 3.5.2: Rate-optimal parameters.
N | m*(N) = [log(N)] | Relative error N t*m].
10 2 2.75% 6
102 4 1.30% 60
103 6 1.09% -2 576
10* 9 3.08% 2-1-1 1152
10° 11 3.65% 2-1-1-1 4032
106 13 2.80% 8- 2-2-1-1-1 | 46080
N | m*(N) = |log(N)] -1 | Relative error N t*m].
10 1 2.78% 10
102 3 1.13% 72
103 5 1.22% -2 504
10* 8 1.35% 2-2-2 4032
10° 10 2.29% 2-2-2-1 13440
10° 12 2.25% 2-2-2-2-1 92160
N | m*(N) = [log(N)] - 2 | Relative error N;, af
102 2 2.53% 8 96
103 4 1.44% 4-3 540
10* 7 1.46% -2-2 3360
10° 9 1.57% -2-2-2 23040
108 11 1.48% -2-2-2-2 186624

110



www.quantize.maths-fi.com/gaussian_database
www.quantize.maths-fi.com/gaussian_database
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The results of the algorithm for some reference values of N € N are available in Table 3.5.1,
where Ntm]- = Hz(lN ) dn (i) represents the number of trajectories actually computed in the
optimal case. In Table 3.5.2, we compute the rate optimal parameters derived in Proposi-
tion 3.3.6: the column ‘Relative error’ contains the normalised difference between the L2-
quantization error made with the optimal choice of m(N) and dy in Table 3.5.1 and the L2-

quantization error made with m*(N) and dj; of the corresponding line of the table, namely
NZH-ZHAN| 210 1 ~1ZH=Z N | 2 |

Ty . In the column N} . := HT.”_E(N) dy, (i) we display the number of
”ZH_Z ! N”Lz[O,l] raj =

trajectories actually computed in the rate-optimal case. The optimal quadratic vector quantiza-
tion of a standard Gaussian of order 1 is the random variable identically equal to zero and so

when d(i) = 1 the corresponding term is uninfluential in the representation.

3.5.2 The functional quantizers

The computations in Section 3.2 and 3.3 for the RL process, respectively the ones in Sec-

tion 3.4.3 and 3.4.4 for ZH'T, provide a way to obtain the functional quantizers of the processes.

Quantizers of the RL process

For the RL process, Definition 3.3.4 shows that its quantizer is a weighted Cartesian product
of grids of the one-dimensional standard Gaussian random variables. The time-dependent
weights Ky [¢,](-) are computed using (3.2.7), and for a fixed number of trajectories N, suitable
7(N)and dy € D%](N) are chosen according to the algorithm in Section 3.5.1. Not surprisingly,
Figures 3.5.1 show that as the paths of the process get smoother (H increases) the trajectories
become less fluctuating and shrink around zero. For H = 0.5, where the RL process reduces to
the standard Brownian motion, we recover the well-known quantizer from [128, Figures 7-8].
This is consistent as in that case Ku[¢,](t) = VA, V2 sin (ﬁ), and so YH is the Karhuenen-
Loéve expansion for the Brownian motion [128, Section 7.1].

Quantizers of ZH1T

A quantizer for ZHT js defined analogously to that of zH using Definition 3.3.4. The
weights K E[ybn](-) in the summation are available in closed form, as shown in Remark 3.4.6. It
is therefore possible to compute the N-product functional quantizer, for any N € N, as Figure
3.5.2 displays.

3.5.3 Pricing and comparison with Monte Carlo

In this section we show and comment some plots related to the estimation of prices of
derivatives on the VIX and realised variance. We set the values H = 0.1 and v = 1.18778 for the

parameters and investigate three different initial forward variance curves vy(-), as in [103]:

Scenario 1. vg(t) = 0.2342;
Scenario 2. vg(t) = 0.234%(1 + t)?;

Scenario 3. vg(t) = 0.234°V1 + ¢t.
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Figure 3.5.1: Product functional quantization of the RL process with N-quantizers, for H €
{0.1,0.25,0.5}, for N = 10 and N = 100.

Quantizer of the process, H=0.1, T=0.7, N=10 Quantizer of the process, H=0.1, T=0.7, N=100
31 \ 4
2 T
I —— 2
1
o o

i ——
_3 / -1

T T T T T
070 075 0.80 0.85 090 095 100 070 075 0.80 085 090 095 1lo0

Figure 3.5.2: Product functional quantization of ZHT via N-quantizers, with H = 0.1, T = 0.7,
for N € {10,100}.
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The choice of such v is a consequence of the choice n = 1.9, consistently with [17], and of
the relationship v = r[%. In all these cases, v is an increasing function of time, whose value

at zero is close to the square of the reference value of 0.25.

VIX Futures Pricing

One of the most recent and effective way to compute the price of VIX Futures is a Monte-
Carlo-simulation method based on Cholesky decomposition, for which we refer to [103, Section
3.3.2]. It can be considered as a good approximation of the true price when the number M of
computed paths is large. In fact, in [103] the authors tested three simulation-based methods
(Hybrid scheme + forward Euler, Truncated Cholesky, SVD decomposition) and “all three meth-
ods seem to approximate the prices similarly well”. We thus consider the truncated Cholesky
approach as a benchmark and take M = 10° trajectories and 300 equidistant point for the time
grid.

In Figure 3.5.3, we plot the VIX Futures prices as a function of the maturity T, where T
ranges in {1, 2, 3,6,9, 12} months (consistently with actual quotations) on the left, and the cor-
responding relative error w.r.t. the Monte Carlo benchmark on the right. It is clear that the
quantization approximates the benchmark from below and that the accuracy increases with the
number of trajectories.

We highlight that the quantization scheme for VIX Futures can be sped up considerably by stor-

ZH,T,A

ing ahead the quantized trajectories for , so that we only need to compute the integrations

and summations in Remark 3.4.9, which are extremely fast.

Table 3.5.3: Grid organisation times (in seconds) as a function of the maturity (rows, in months)
and of the number of trajectories (columns).

] Grid organisation time ‘

| [ 10 | 10° | 10 | 10° | 10° |
1 [ 0474 0.491 0.99 4113 37.183
2 [ 0476 0.487 0.752 4.294 39.134
3 o617 0.536 0.826 4.197 37.744
6 0474 0475 0.787 4432 37.847
9 [0.459 0.6 0.858 373 41.988
12 [ 0.498 0.647 1.016 3.995 38.045

Furthermore, the grid organisation time itself is not that significant. In Table 3.5.3 we
display the grid organisation times (in seconds) as a function of the maturity (rows) expressed
in months and of the number of trajectories (columns). From this table one might deduce that
the time needed for the organisation of the grids is suitable to be performed once per day (say
every morning) as it should be for actual pricing purposes. It is interesting to note that the
estimations obtained with quantization (which is an exact method) are consistent in that they
mimic the trend of benchmark prices over time even for very small values of N. However, as
a consequence of the variance in the estimations, the Monte Carlo prices are almost useless for
small values of M. Moreover, improving the estimations with Monte Carlo requires to increase

the number of points in the time grid with clear impact on computational time, while this is
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Figure 3.5.3: VIX Futures prices (left) and relative error (right) computed with quantization and
with Monte-Carlo as a function of the maturity T, for different numbers of trajectories, for each
forward variance curve scenario.
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not the case with quantization since the trajectories in the quantizers are smooth. Indeed, the
trajectories in the quantizers are not only smooth but also almost constant over time, hence
reducing the number of time steps to get the desired level of accuracy. Notice that here we
may refer also to the issue of complexity related to discretisation: a quadrature formula over
n points has a cost O(n), while the simulation with a Cholesky method over the same grid
has cost O(n?). Finally, our quantization method does not require much RAM. Indeed, all the
simulations performed with quantization can be easily run on a personal laptop!, while this
is not the case for the Monte Carlo scheme proposed here?. For the sake of completeness, we
also recall that combining Monte Carlo pricing of VIX futures/options with an efficient control
variate speeds up the computations significantly [98].

Log-log plot Th vs Em Error, Scenario 1, T=1 months Log-log plot Th vs Em Error, Scenario 1, T=12 months
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A Empirical error @ Empirical error
5.8

T T T T T T T T T T
6 8 10 12 14 6 8 10 12 14
Number of trajectories Number of trajectories

Figure 3.5.4: Log-log (natural logarithm) plot of the empirical absolute error with the theoreti-
cally predicted one for Scenario 1, with T € {1, 12} months.

In Figure 3.5.4, we show some plots comparing the behaviour of the empirical error with
the theoretically predicted one. We have decided to display only a couple of maturities for the
first scenario since the other plots are very similar. The figures display in a clear way that the
order of convergence of the empirical error should be bigger than the theoretically predicted
one: in particular, we expect it to be O(log(N)™).

VIX Options Pricing

To complete the discussion on VIX Options pricing, we present in Figure 3.5.5 the approx-
imation of the prices of ATM Call Options on the VIX obtained via quantization as a function
of the maturity T and for different numbers of trajectories against the same price computed
via Monte Carlo simulations with M = 10° trajectories, as a benchmark. Each plot represents
a different scenario for the initial forward variance curve. For all scenarios, as the number N
of trajectories goes to infinity, the prices in Figure 3.5.5 are clearly converging, and the limiting

curve is increasing in the maturity, as it should be.

1The personal computer used to run the quantization codes has the following technical specifications: RAM:
8.00 GB, SSD memory: 512 GB, Processor: AMD Ryzen 7 4700U with Radeon Graphics 2.00 GHz.

2The computer used to run the Monte Carlo codes is a virtual machine (OpenStack/Nova/KVM/Qemu, www.
openstack. org) with the following technical specifications: RAM: 32.00 GB, CPU: 8 virtual cores, Hypervisor CPU:
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Figure 3.5.5: Prices of ATM Call Options on the VIX via quantization.

Pricing of Continuously Monitored Options on Realised Variance

Product functional quantization of the process (Z),¢jo ] can be exploited for (meaningful)

pricing purposes, too. We first price variance swaps, whose price is given by the following

expression
1 T
Sr=E|= V,dt|Fo| .
T Jo
Let us recall that, in the rough Bergomi model,
v2C?
Vi = vo(t) exp (ZVCHZfi - THtZH),

where Cy = 4/ %, v > 0is an endogenous constant and vy () being the initial forward

variance curve. Thus, exploiting the fact that, for any fixed t € [0, T], Z f{ is distributed according

. . . . t .
to a centred Gaussian random variable with variance fo (t—s)*H-1ds = %, the quantity S can

be explicitly computed:
1 T
Sr = T/O Z)()(t)dt.

This is particularly handy and provides us a simple benchmark. The price Sr is, then, approx-

Intel(R) Xeon(R) CPU E5-2650 v3 @ 2.30GHz, RAM 128GB, Storage: CEPH cluster (www.ceph.com).
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imated via quantization through

& L[ \ ton _ V'Ch .
=2 (T /0 vo(t) exp (2vCH ;WH[wn](t)xin - thH) dt) [ [B& € Ci, (@),

ie]d n=1

Log-log plot Th vs Em Error, Scenario 1
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Figure 3.5.6: Prices and errors of variance swaps.

Numerical results are presented in Figure 3.5.6. On the left-hand side we display a table
with the approximations (depending on N, the number of trajectories) of the price of a swap
on the realised variance in Scenario 1, for T = 1, and the true value computed by integration.
On the right-hand side a log-log (natural logarithm) plot of the error against the function
clog(N)™, with c being a suitable positive constant. For variance swaps the error is not
performing very well. It is indeed very close to the upper bound clog(N)™ that we have
computed theoretically. One possible theoretical motivation for this behaviour lies in the
difference between strong and weak error rates. Weak error and strong error do not necessarily
share the same order of convergence, being the weak error faster in general. See [15, 16, 75] for
recent developments on the topicin the rough volatility framework. For pricing purposes, we are
interested in weak error rates. Indeed, the pricing error should in principle have the following
form E[f(WH)] - E[f (WH )], where WH is the process that we are using to approximate the
original W and f is a functional that comes from the payoff function and that we can interpret
as a test function. Thus, the functional f has a smoothing effect. On the other hand, the upper
bound for the quantization error we have computed is a strong error rate. This theoretical
discrepancy motivates the findings in Figure 3.5.4 when pricing VIX Futures and other options
on the VIX: the empirical error seems to converge with order O(log(N)™!), while the predicted
order is O(log(N)~!). When pricing variance swaps, there is no functional f involved, so we
expect a lower discrepancy between the two errors. Moreover, the different empirical rates
that are seen in Figure 3.5.4 for VIX futures (roughly O(log(N)™'))) and in Figure 3.5.6 for
variance swaps (much closer to O(log(N)™)) could be also related to the different degree of
pathwise regularity of the processes Z and ZT . While t — Z; = fot K(t —s)dW; is a.s. (H — ¢)-
Holder, for fixed T, the trajectories ¢t — ZtT = fOT K(t — s)dW; of ZT are much smoother when
t € (T, T+ A) and t is bounded away from T. When pricing VIX derivatives, we are quantizing
almost everywhere a smooth Gaussian process (hence error rate of order log(N)~!), while when

pricing derivatives on realised variance, we are applying quantization to a rough Gaussian
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process (hence error rate of order O(log(N)~)), resulting in a deteriorated accuracy for the

prices of realised volatility derivatives such as the variance swaps in Figure 3.5.6.
Furthermore, it can be easily shown that, for any d € Dn]\{ and forany m, N € N,withm < N,

@ch always provides a lower bound for the true price Sr. Indeed, since the quantizers ZHA of

the process Z! are stationary (cfr. Proposition 3.3.12), an application of Remark 3.3.9 to the
242

2 H
convex function f(x) = exp(2vChx) together with the positivity of vy(t) exp(—vc%t), for any
t €0, T], yields

—~ 1 rT v2C2 t2H ~
Gid=FE f/[) vo(t) exp —% exp (2VCHZ¥’d) dt|%o

T

1 (T V2C2 2H g
_T./o vo(t) exp g Ey [exp (ZVCHZT )]dt

1 T V2C2 42H
< T/ vo(t) exp —% Eo [exp (ZVCHZ¥)] dt = Gr.
0
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Figure 3.5.7: Prices of European Call Option on realised variance as a function of K, via
Monte Carlo with M = 10° trajectories and via quantization with N € {102, 103,104, 10°, 106}
trajectories.

To complete this section, we plot in Figure 3.5.7 approximated prices of European Call
Options on the realised variance via quantization with N € { 10%,10%,10%,10°, 106} trajectories

and via Monte Carlo with M = 10° trajectories, as a benchmark. In order to take advantage of
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the trajectories obtained, we compute the price of a realised variance Call option with strike K

and maturity T =1 as

T
ccn=2(2 [ vai—x) |

and we approximate it via quantization through

ﬁP(én € C;, (TM)).

+ n=1

C4(K T)—Z l/T (t)exp |2vC i«[ 1(H) d(")—ﬁtw dt-K
JT) = Tovo exp |2vCy H{Yal()x; H

ield n=1

The three plots in Figure 3.5.7 display the behaviour of the price of a European Call on
the realised variance as a function of the strike price K (close to the ATM value) for the three
scenarios considered before.

Quantization and MC comparison

In order to make a fair comparison between quantization and Monte Carlo simulations,
we present a figure to display, for each methodology, the computational work needed for a
given error tolerance for the pricing of VIX Futures. The plots in Figure 3.5.8 should be read
as follows. First, for any M, N € {102, 10%,10%, 10°, 106}, we have computed the corresponding
pricing errors: eMC(M) := |PriceM (M) — RefPrice| and ¢2(N) := |Price?(N) — RefPrice| where
Price™“(M) is the Monte Carlo price obtained via truncated Cholesky with M trajectories,
Price?(N) is the price computed via quantization with N trajectories and RefPrice comes from
the lower-bound in Equation (3.4) in [103] and the associated computational time in seconds
tMCE(M) and t2(N), respectively for Monte Carlo simulation and quantization. Then, each point
in the plot is associated either to a value of M in case of Monte Carlo (the circles in Figure 3.5.8),
or N in case of quantization (the triangles in Figure 3.5.8), and its x-coordinate provides the
absolute value of the associated pricing error, while its y-coordinate represents the associated
computational cost in seconds.

These plots lead to the following observations:

e For quantization, which is an exact method, the error is strictly monotone in the number
of trajectories.

e When a small number of trajectories is considered, quantization provides a lower error
with respect to Monte Carlo, at a comparable cost.

e For large numbers of trajectories Monte Carlo overcomes quantization both in terms of
accuracy and of computational time.

To conclude, quantization can always be run with an arbitrary number of trajectories and
furthermore for N € {107,103, 10%} it leads to a lower error with respect to Monte Carlo, at
a comparable computational cost, as it is visible from Figure 3.5.8. This makes quantization
particularly suitable to be used when dealing with standard machines, i.e., laptops with a RAM
memory smaller or equal to 16GB.
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Figure 3.5.8: Computational costs for quantization vs Monte Carlo for Scenario 1, with T =1
month (left-hand side) and T = 12 months (right-hand side). The number of trajectories, M for
Monte Carlo and N for quantization, corresponding to a specific dot is displayed above it.

3.6 Conclusion

In this paper we provided, on the theoretical side, a precise and detailed result on the
convergence of product functional quantizers of Gaussian Volterra processes, showing that the
L%-error is of order log(N)™H, with N the number of trajectories and H the regularity index.

*

N
compared them with the corresponding optimal parameters, my and dy, computed numeri-

Furthermore, we explicitly characterised the rate optimal parameters, m}, and d}; and we
cally.

In the rough Bergomi model, we applied product functional quantization to the pricing of
VIX options, with precise rates of convergence, and of options on realised variance, comparing
those —whenever possible — to standard Monte Carlo methods. Product functional quantization
has proved to be rather flexible and suitable to price a wide range of options on different
underlyings, in the context of rough stochastic volatility models. Moreover, this methodology
achieves its best performances when pricing path-dependent options, which opens the gate to
future investigations.

It is also worth mentioning that product functional quantization, being an exact method,
could be exploited to obtain a control variate to reduce the variance in Monte Carlo simulations.
Another direction to investigate is the comparison with product functional quantization ob-
tained starting from alternative series representation of the Riemann-Liouville process. Finally,
it would be interesting to apply this technique to alternative rough volatility models such as
rough Heston.
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CHAPTER 3. FUNCTIONAL QUANTIZATION OF ROUGH VOLATILITY
Appendix
3.A Proofs

3.A.1 Proof of Proposition 3.3.6

Consider a fixed N > 1 and (m, d) for d € D). We have

[ 2
[Hz (i ] =B (| K02, - Z« valOE"
o1 | n>1 LZ[O,l]
m 2

=B|| D K& - &)+ > Kl
=1

n k>m+1

- o
_E /
| 0 n=1

D U KpalBE - EM) + D KIel(B)ex

12[0,1]
2

k>m+1
/ (i [a PO [160 -SR]+ Y 7<[¢k]2<t))dt
n=1 k>m+1

3

1
= / (Z KlguPOE) + ) 7<wk]2<t)) dt,  (BAD
0 n=1 k>m+1
using Fubini’s Theorem and the fact that {£,,},>1 is a sequence of i.i.d. Gaussian and where
el (&) = inf(,, | gy ERA) VE[ min1<z<d(n) |€, — ai]?]. The Extended Pierce Lemma [128, The-
orem 1(b)] ensures that ?"(&,) < = for a suitable positive constant L. Exploiting this error
bound and the property (B) for ‘K[gbn] in Assumption 3.2.3, we obtain

E|lIZ - Zd||L2[01] =Z( / Ky (t)dt) eM(E 2+ / Kl P(Hdt (3.A.2)

n=1 k>m+1
< C% {Z —(2H+1)£d(n)(£n)2+ Z k—(2H+1)}
n=1 k>m+1
m
LZ
<2 p—(H+1) i o~ (2H+1)
S 2,
m
~ (2H+1)
(3 otz 3 ).
n=1 k>m+1

with C = max{LZC2 Cz} Inspired by [119, Section 4.1], we now look for an “optimal” choice
of m € Nand d € D). This reduces the error in approximating Z with a product quantization
of the form in (3.3.2). Define the optimal product functional quantization ZN* of order N as
the Z9 which realises the minimal error:

—~ 2 —~
E[“Z—ZN* ]:min {E[HZ—Z“‘
12[0,1]
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3.A. PROOFS

From (3.A.2) we deduce

N
E [Hz - <C ’%{ Z k2H+1 +1nf{z el @m}}. (3.A3)

For any fixed m € N we associate to the internal minimisation problem the one we get by
relaxing the hypothesis that d(n) € N:

12[0,1]

m

3= inf{Zﬁ()z,{z(n)}n L € (0, 00) : ﬁz(n) < N}.

n=1 n=1

For this infimum, we derive a simple solution exploiting the arithmetic-geometric inequality
1

2m

using Lemma 3.B.2. Setting z(n) := yN,mn‘(HJr%), with YN = N ( H " ]‘(ZH”)) ,

n=1,...,m, we get

m m 1

1 2 I
~ _ _N-2 —(2H+1)
J = E —nzH“E(n)z =N m( | | n ) ,

n=1 n=1

and notice that the sequence {z(n)} is decreasing. Since ultimately the vector d consists of
integers, we use d(n) = |z(n)], n =1,...,m. In fact, this choice guarantees that

m

m m
[ [am =] JizmI <[ [z00) =
n=1 n=1 n=1

Furthermore, setting E( j) = 1z(j)] foreach j € {1,...,m}, we obtain

_ _L L
d(]) + 1 H+ H+ ~ H+%N% m 1 2m ~ m 2m
iyt = HE D 2 G = [Tzt =V

n=1 n=1

NI—=

1

Ordering the terms, we have (E(]) +1)2N_% ( I, n_(ZH”)) "> j~CH+D foreachj € {1,...,m}.
From this we deduce the following inequality (notice that the left-hand side term is defined
only if d(1),...,d(m) > 0):

jZi“j—(zml)E(]')_z < ]Zr:; (E%)(;)_ : )ZN_% ( ﬁ n_(2H+1)) ' GAD
R e ()
_ N2 (1:! . (2H+1)) 2. (é(—;)l)z
< 4mN~w ( ﬁ n_(2H+1)) ln-
n=1
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Hence, we are able to make a first error estimation, placing in the internal minimisation of the
right-hand side of (3.A.3) the result of inequality in (3.A.4).

1
- 2 . 1 ) m m
N, : —£ —(2H+1
EMZ—Z o sCmf[ > i +4mN (ﬂn ( +>) ,m eI(N)} (3.A5)
! k>m+1 n=1
m 1
<C inf[ Z % +mN " (]_[ n—<2H+”) m e I(N)},
k>m+1 n=1
where C’ = 4C and the set
2 i -
I(N):={m eN: sz—@H“)( ]_[n—<2H+1>) " 51y, (3.A.6)
n=1

which represents all m’s such that all E(l), . ,E(m) are positive integers. This is to avoid
the case where []/2; d(i) < N holds only because one of the factors is zero. In fact, for all
ne{l,... m}, d(n) = [z(n)] is a positive integer if and only if z(n) > 1. Thanks to the

monotonicity of {z(1)},=1,. m, we only need to check that

-----

= L
E(WI) = N%m_(H+%)( 1_[ n_(2H+1)) 2m > 1.

n=1

First, let us show that I(N), defined in (3.A.6) for each N > 1, is a non-empty finite set with
maximum given by m”*(N) of order log(N). We can rewrite it as I(N) = {m > 1:a,, <log(N)},

where
1 o 2H+1

ﬂn:zlog 1—[']2H—+1 .
j=1

We can now verify that the sequence 4, is increasing in n € N:
an < Ap+1
n n+1
= Z log (j_(ZH”)) —nlog (n_(ZH”)) < Z log (j_(ZH”)) —(n+1)log ((n + 1)_(2H+1))
j=1 =1
& -nlog (n_(ZH“)) < log ((n + 1)_(2H+1)) —(n+1)log ((n + 1)‘(2H+1))
e log (n‘(ZH”)) > log ((n + 1)‘(2H+1)) ,

which is obviously true. Furthermore the sequence (a,), diverges to infinity since

" (2H+1) n "

1 1
_ . (H+1)n (2H+1)n (2H+1)n (2H+1)
1_1[ jeH) T n U jCHD) zn 1_2[ jCHD) 2 n D) = :
j= j= j=

and H € (0, %). We immediately deduce that I(N) is finite and, since {1} C I(N), it is also
non-empty. Hence I(N) = {1, ...,m"*(N)}. Moreover, for all N > 1, a,,-(n) < 10g(N) < ay+N)+1,
which implies that m*(N) = O(log(N)).
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3.A. PROOFS

Now, the error estimation in (3.A.5) can be further simplified exploiting the fact that, for each
m € I(N),

-1
m n m “m
mN_% (H n—(2H+1)) — - @H+D) m—(2H+1)N% (I_I n—(2H+1)) <m2H,

n=1 n=1

—(2H+1)) -

1
The last inequality is a consequence of the fact that ()., n " > 1by definition. Hence,

E[HZ ZN*ll 01]] < C’mf{ Z k2H+1 +m2H,m eI(N)}, (3.A.7)

k>m+1

for some suitable constant C’ > 0.

Consider now the sequence {by, },en, given by by, = > x>0 ﬁ +n2H Forn >1,

1 1 1
bus1= Z 2H+1 2H [Z w2t ]:_ T 2 = O
k>n+2k + (n+l) k>n+1k + (n+1) (n+1)2H+1 g
so that the sequence is decreasing and the infimum in (3.A.7) is attained at m = m*(N). There-
fore,
;. 1 -
E ”Z ZN*“LZ[Ol] < C lnf{ Z m'i‘m 2H/mEI(N)}

k>m+1

’ 1 ’
cl > g+ ()2 | < € (" (N) 2T ()21
k=m*(N)+1

2C'm*(N)™H < Clog(N)™2H.

3.A.2 Proof of Remark 3.2.5

This can be proved specialising the computations done in [120, page 656]. Consider an
arbitrary index n > 1. For all t,s € [0, 1], exploiting Assumption 3.2.3, we have that, for any
p€[0,1],

7T (8) = KL l(s) | KT 1) = KT 1(5)| ™7
KL )) = Kgn)O, s|H+%)p(

u,ve[0,1],u#v |Ll - U|H+2

|7([1Pn](t) - 7([1}1,1](5)|

IA

1-p
2 sup K [%](t))

te[0,1]

IA

(C1n)P(2CnHEDYI=p | — g|pH+2) = € P D-(H+2)|p _ g o)
where C, := C!'(2C2)!P < oo. Therefore

|7<[¢n (t) 7< l/}‘rl (S)| p(H+%)—(H+%).

tise[o 1] |t —S|p(H+2)

(KTl ) = (3.A.8)
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Notice that p(H + %) -(H+ %) < —% when p € [0 so that (3.A.8) implies

—H__]
’ H+3/2

[KTYul] g, < C2 D m2PH2000D) < 23049 = K < oo,
=1

p(H+1) =

n n=1 n=1

In particular,

[o0] [ee]

B (1% = YoP] = D [KIpal®) = Klpal @) < D [KTpal] g It = sPPED < K]t = 5 PPU0D),

n=1 n=1

As noticed in Remark 3.2.2 the process Y is centred Gaussian. Hence, for each ¢,s € [0,1] so is

Y; — Y;. Proposition 3.B.1 therefore implies that, for any 7 € N,
E[1Y - Y] = B[ - ¥oP]" @r - )i < K|t = s,

where K’ = K”(2r — 1)!!, yielding existence of a continuous version of Y since choosing r € N
such that 2rp(H + %) > 1, Kolmogorov continuity theorem [105, Theorem 3.23] applies directly.

3.A.3 Proof of Lemma 3.4.5

LetH, := H+ % Using [107, Corollary 1, Equation (12)] (with ¢ = by + by —a > 1/2), the
identity

T(b))[(by) [
T(a)vr Jo

holds for all » > 0, where G denotes the Meijer-G function, generally defined through the

1 du
1F2((1, bl/ b2/ —7’) = G;:g ([bl/ bZ]/ [ﬂ, §:| s l/l) cos (2\/E) 7/

so-called Mellin-Barnes type integral [118, Equation (1), Section 5.2]) as

[T, T —s) [T, T(1 —a; +5)
G;?[?n([lll,---,ap]/[bll-“rbq]/z) = 2L - j=1 ] j=1 ; ] z5ds.
T JL Ty T = b+ 8) I, Taj = 5)

This representation holdsif z # 0,0 < m < gand 0 < n < p, forintegers m, n,p,q, and ax —b; #
1,2,3,...,fork=1,2,...,nand j =1,2,...,m. The last constraint is set to prevent any pole of
any I'(bj —s),j =1,2,...,m, from coinciding with any pole of any I'(1 — ax +s),k =1,2,...,n.
Witha >0,b, =1+aand b; = 1, since G;:g (|3,a+1],]a, 3|, u) =u”, we can therefore write

27
! 1 1
/ 1" cos (2%) du = Ele (a; 5+ 1; —r) ) (3.A.9)
0
Similarly, using integration by parts and properties of generalised hypergeometric functions,
1 : 1
2
/ u"tsin (2\/1’14) du = M - g/ U™ 2 cos(2vru)du (3.A.10)
0 0
= sin(2yr) - vr 1 1F> (a + 1;1,51 + g;—r)
a g(g + E) 2°2 2

125



3.A. PROOFS

2\r 13 3
= a+l1F2(a+2,2,ﬂ+§,—i’),
where the last step follows from the definition of generalised sine functionsin(z) = z oF; (— - —zz).
Indeed, exploiting (3.2.6), we have

sin(2+/r) \r 11 3
P - a(a+% 1F2(€l+§,§,ﬂ+§,—7’)
o 2yr _ (3 \r 11 3
= 701:1 (5’_1’)_,1@.,.%) Fz(ﬂ+§,§,ﬁl+§,—7’)
241 1 3 1 11 3
= a(a_'_%) (ﬂ+§)OF1(§,—)—§1P2(ﬂ+§,§,ﬂ+§,— )]
2V nf 1 @12k,
= @+ ( )Zk'(3/2>k 3 24 F/2a + 37 ”‘
2y il (a+1/2)  1/2(a+1/2) ](_ v
Coa(a+ ) SR G2k (1/2)k(a+3/2)

_ iil[ a(a +1/2); ](—r)k

a(a+3%) &k [(3/2k(a+3/2)k
AN S ST, M A L P
(a+3) & k' (3/2)k(a +3/2)k (a+1)
Letting a := H — 1, 7:= t - T, and mapping v := t — u, w := % and y := w?, we write

T t t T
/ (i’ _ u)aelnudu — elnt/ v%e imdp = elnt |:/ v%e imvdqp _/ Uae—lnvdv]
0 t-T) 0 0
1 1
— elnt [t1+a/ wae—lnwtdw _ T1+a/ wae—lnw’rdw]
0 0

it 1 1
— e_ |:t1+a/ y%e—intﬁdy _ T1+a/ y"T"le—inyT\/ydy]
2 0 0
1nt
[I(t) — I(7)], (3.A.11)

1

where I(z) := z!*® /01 0T eminzVo gy,
We therefore write, for z € {t, 1}, using (3.A.9)-(3.A.10), nz = 24/r, and identifying a — 1 = “T_l,

1 1 1
I(z) = 21 / 0T e im2Vo gy = F1+a / T cos(nzvo)do — iz! / ‘T sin(rzvo)do
0 0 0

271+ H, 1 H, L A 1 H, 33 H,
= Fo| =521+ =% —r| - i o = s
H+12(2’2’ R vl PR b T R i
H 2.2 1+H 2.2
zH+ 1 Tz iz T 3 Tz
= Fr |k 1+ hy;—- - Folhy; =, 1+ hyp;——,
h112(1/2r 1 4 ) 1 hz 12(22 2 4 )
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since « = H — % =H;-1,h =5 and hy =3 + h1. Plugging these into (3.A.11), we obtain

T int
/0 (F — u)%ei™dy = & — () - 1(0)]

eint ZH+ 1 7.[222 ) 7_(Zl-+—H+ 3 TCZZZ
=7 h—11F2 (h1,§,1+h1,— 7|1 I 1F2 (h2,§,1+h2,— 1 t
z=
oint [ ZHe 222\ pzltH 252
R —1F (hb =, 1+ hy;— 1 ) -i m 1F> (h2, , 1+ hy; - 2 ) .
oint 242 1 272
=20 (H1Fy (hl;—,1+h1;—T) — ()f1F, (h1;§,1+h1;— 1 )}
: net™ [ h. 3 22 L4H, 3 |
o [(t) 1F> (hz, J 1+ hy; - - — (1) " Fy L hy; > 1+ hy; 1

= mt[ 1(t, 1) =C 1(T,h1)—i7z(C%(t,hz)—C%(T,hz))],

72

where x(z) := zZand C 1 and C% as defined in the lemma.

3.A.4 Proof of Lemma 3.4.4

We first prove (A). For each n € Nand all ¢ € [T, 1], recall that

T
T — _ . \H-3 _ -1 t—v
Kylalt) = \/E/O (t—u) cos( )du V2 . T cos(\/_)dv,

An

VA

with the change of variables v =t —u. Assume T < s <t < 1. Two situations are possible:

e f0<s—-T<t-T<s<t<1, wehave
t s

t—v 1 s$—0

V2 / oH=% cos ( )dv - / o2 cos( )dv‘
=T VA, s=T VA

S

v 2 | cos — Cos do

[—T ( ( V/\n VAVI

t t=T
Gl L e ()
+ 0772 cos dov 0772 cos dov
/S (/\n s=T An

K[ ](8) = K[ (s)|

IA

1

IA
5
—_—
T
Pﬂ
Q
)

S

s
t-T VA

n

do + K|t — s|H*2 + K|t — s|H+%)

VAu
with ElT = max {2\/5[(, /%”(')H_%“U[O,I]} = max {2\/51(, wﬂ(')H_%HLl[O,l]}' since

< V2|22 oM ido+2K|t -s|*2
V/\n t-T
r— —
< V2 Qn(oH-%nmu+2K|t—s|H+%) < &T)t = s+,
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cos(-) is Lipschitz on any compact and /0. vH=3dv is (H+ %)—Hb’lder continuous.

e [f0<s-T<s<t-T<t<],

[ KLl (t) = KL wals)] = V2

=T
t—v s—0
< V2 / UHZ(COS( )—cos( ))dv
(s Vi Vi
t t=T
H-1 t—v) / ol (s—v)
+ 0772 cos do| + 0772 cos dov
/S (V/\n s=T VAn
< <)o,

where the dots correspond to the same computations as in the previous case and leads to
the same estimation with the same constant C 1T

This proves (A).
To prove (B), recall that, for T € [0, 1] and n € N, the function 7(5[1,[}”] :[T,1] — R reads

T ; 1
7(5[1,0”](1‘) = \6/ (t — )72 cos ((n - 5) ns) ds
0
V2

= 1
mH+§

mT
/ (mt — u)T~2 cos () du =: Dy (t). (3.A.12)
0

with the change of variable u = (n - %)s =: ms. Denote from now on N := {m = n — %, n € N}.
From (3.A.12), we deduce, for each m € Nand t € [T, 1],

mT
w%%m=ﬁ/<mﬂwfmmwm:ﬁww (3.A.13)
0

To end the proof of (B), it therefore suffices to show that (¢, (t))
since, in that case we have

meil te[T 1] 1 uniformly bounded

1K [nllle = sup |KG[¥ul(t)] = sup @1 ()] = ———— sup [¢,_1 (1)l
te[T 1] te[T 1] (n = 3)"*2 te[r,1]
\{EH - osup [Pm(B)] < —\{EH -C < CIn~H*),
(n = 3)"*2 41 1], me (n—3)"*2

for some C] > 0, proving (B). The following guarantees the uniform boundedness of ¢y
in (3.A.13).

Proposition 3.A.1. Forany T € [0, 1], there exists C > 0 such that |¢p,(t)| < Cforallx > 0,t € [T, 1].
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Proof. For x > 0, we write

xT xT
Ox(t) = /0 (xt — u)H_% cos (mtu)du = R {/0 (xt — u)H_%ei”“du} .

Using the representation in Lemma 3.4.5, we are thus left to prove that the maps C; (-, h1) and
C% (-, h2), defined in (3.4.3), are bounded on [0, ) by, say L% and L% . Indeed, in this case,

sup  [px(B)] = sup / (xt — u)H-2eimtqy
x>0,te[T,1] x>0,te[T 1]
inxt
< sup (Cl(Xf, h1) = C1(x(t =T), hl)) - iT((C;(xt, hp) — Cs(x(t —T), hz))
x>0,te[T,1] 2 2 2 3
1
< 5 sup (C%(y, h) =iz, hl)) - in(C%(y, ha) - C5(z, hz))
y,z€[0,00)
< { sup ‘C (y,h1)|+ sup Ca(y,hz)‘} <Ly+Ly=C<+e.

y€[0,00) y€[0,00)

The maps C 1 (-, 1) and C% (-, hp) are both clearly continuous. Moreover, as z tends to infinity
Ck(z, h) converges to a constant cy, for (k, h) € ({%, %}, {h1, h3}). The identities

and

Coulh h

1F2 (h; 3,1+ h;—x) _/ cos(2\/ﬁ)
h ~Jo

1F2 (h;3,1+ h; —x) 1 / s1n(2\/ﬁ)
=

u3/2-h

hold (this can be checked with Wolfram Mathematica for example) and therefore,

2h1

2.2 2h 1
;Tl %) = 22 ‘/0 uM =1 cos(nzVu)du

2 nz 2(h1-1) 2 1 nz
= = ad * - - 2h1-1
-2 /o (rz)2(m-1) cos(x) nzdex TR /0 X" cos(x)dx,

where, in the second line, we used the change of variables x = zV/u. In particular, as z tends

Ci(z, ) 1F> (hl; %, 1+ hy;-

to infinity, this converges to 772" f0+°° x2m=1 cos(x)dx = COS(;lhl)F(Zhl) =: ¢1, ~ 0.440433.
Analogously, for k = 5
20 n2z2\ g2 ol
= = —_— 2-3/2 &
C3(z, ha) TR ——1F2 (hz, J1+ hy— 1 ) e /0 u sin(rtzVu)du

2hy—-1 nz 2hy-3) 2 1 nz
Z X . X _ 2(hp-1) s
o /0 (2P sm(x)nzzzdx = /0 X sin(x)dx,

with the same change of variables as before. This converges to n=2ha /0+°O x22=2 gin(x)dx =

_cos;(;zhz)I’(ZhZ —1) =: ¢33 ~ 0.193 as z tends to infinity. For k > 0, Ck(z, h) = z2(1 + O(z2))
at zero. Since H € (0, %), the two functions are continuous and bounded and the proposition

follows. o
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3.A.5 Proof of Theorem 3.4.11

We only provide the proof of (3.4.5) since, as already noticed, that of (3.4.6) follows immedi-
ately. Suppose that F : R — R is Lipschitz continuous with constant M. By Definitions (3.4.1)
and (3.4.4), we have

’]E [F (VIXp)] - E [1—" (\717(‘}')] ‘

1 T+A A _)/2 =T ¢ %
E|F '—/ vo(t) exp {th’ + = (/ K(s)*ds —/ K(s)zds)}dt
AJr 2 \Jo 0
1 [T g V2 t-T , t )
-E|F ‘—/ vo(t) exp {th’ T+ = (/ K(s)“ds —/ K(s) ds)}dt
AJr 2 \Jo 0

NI—=

)

For clarity, let Z := VACS 7 = ZT'A'd, = /TT+A h(t)e?4tdt and SS = TT+A h(t)eyzfdt, with
2 =T t
h(t) == UOT(IL) exp {% (/ K(s)*ds — / K(s)zds)} , fort € [T, T + Al.
0 0

We can therefore write, using the Lipschitz property of F (with constant M) and Lemma 3.B.3,

]

strnen -3 [ (0« [ (512 (£« (1) 59

< ME||$} - 5}|| < ME 1+i))5§—§(
AREE
R [ T+A _
—: ME [A )55 - 55” < ME|A / h(t) ‘eﬂf _ 7 at
T
T+A _ .
< ME A/ h(t)y (eVZt +eVZf) ‘zt —Zt‘dt .
T
Now, an application of Holder’s inequality yields
[ 1 1
4 T+A o2 [Z| pT+A PRt
E[F(VIXT)]—E[F (VIXT)H < ME yA‘ / h(t)? (eyzt +eyzt) at / zt—zt‘ dt
T T
] T+A 2 12 T+A JPERE
< ME |(yA)? / h(t)? (e7/Z’+eVZf) dt] E[ / zt—zt} dt]
| T T

2 2
zt—zt) dt] ,

T+A
-+
T

h(t)*(eV?t + V7 )2dt] 2. Tt remains to show that R is a strictly positive

where & := ME[)2A? TT+A

finite constant. This follows from the fact that {Z; };[r,1+a] does not explode in finite time (and
so does not its quantization Z either). The identity (a + b)?> < 2(a? + b?) and Holder’s inequality
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imply

&=

[ T+A N
RZ < 4:M2')/2E ( )/ h(t)2 (ez]/zt +e2}/Zt) dt
T
1
2|2 T+A R
/ h? (2% + 2% ) dt
T

E
T+A _
/ h(t)?e?r% dt
T

| =

1
272

IA

4M?*y’E

)| =

S| =

1
[ 2 2

T+A
/ h(t)?e?r%dt
T

: 16M2y2(A1 + A2)2(By + By)Z.

1
2 2
1
= E

IA

16M?*y°E +

1
§+

We only need to show that A, Ay, B1 and B; are finite. Since / is a positive continuous function

on the compact interval [T, T + A], we have

T+A
$H > / inf (h(s)e??)dt >A inf h(s)e’* (3.A.14)
T se[T,T+A] se[T, T+A]

>A inf h(t) inf eVZSZAﬁexp{y inf Zs},
te[T,T+A] se[T, T+A] se[T, T+A]

with & := infie[r 7+a) 1(t) > 0. The inequality (3.A.14) implies

35_2] - E [exp {—27/ infse[r T4 Zs}] _ E [exp {27 Supse[T,T+A](_Z5)}]

A = E| — —
A?h? A2h?
1
= —=E|exp{2y sup Zs|,
A2h2 { se[T, T+A] ’ }

since —Z and Z have the same law. The process Z = (Z;)ie[r,7+4] is @ continuous centred
Gaussian process defined on a compact set. Thus, by Theorem 1.5.4 in [2], it is almost surely
bounded there. Furthermore, exploiting Lemma 3.B.4 and Borel-TIS inequality [2, Theorem
2.1.1], we have

+00 +0oo
B [e P | = B [e2171] = / P (X140 > u) du = / P(||Z||>1Og(u))du
0 0 2y
L togu-&(1211 |
2ElIZI] too loe (i +oo _1(2y : )
T e [ i g, [ AT,
0 2VENIVI] 2y QVELIVI]
2
+o0 -1

75 log(u)-E[I ]}
or

SezyE[||Z||]+/ e du, (3.A.15)
0
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with ||Z]| := sups¢ir 744 Zs and a = SUPr 14| E[Z?]. The change of variable =7 in

the last term in (3.A.15) yields

g(u)
2y

L 1ogu-2lizi |
1| 278

e
0

since Y ~ N(E[||Z]|]], oT), and hence A; is finite. Now, notice that, in analogy to the last line of

_1(o=ElzIn\?
du:Zy/e =) e??dv = V2m2yE[e?"],
R

the proof of Proposition 3.3.12, for any t € [T, T + A], we have

~ ~ ~ ~ ~ —~
E [Zt‘(ZS)SG[T,T+A]] =B [E [Zt}{gn(n)}nzl,...,m] ‘(Zs)se[T,T+A]] =E [Zt‘(ZS)SG[T,T+A]] =7y,
(3.A.16)

since the sigma algebra generated by (’Z\S)SG[T,TJrM is included in the sigma-algebra gener-
d(n)

ated by {&,"}uz1

sup;eir, 1) ELfe] < E[supte[Tlsz] ft], conditional Jensen’s inequality together with the convex-

Now, exploiting, in sequence, (3.A.16), the conditional version of

.....

ity of x = e’*, for y > 0 and the tower property, we obtain

Elexpqy sup Zs
te[T,T+A]

=E »exp {7/ . sup E [Zt‘(zs)se T,T+A ]}

[T, T+A] |
(Zs)se[T,T+A]] }

exp{y sup Zt}‘(z )se[TT+A]”
te

[T, T+A]

=E|expyy sup Zi¢|.
| te[T, T+A]

IA
es|

sup Z;
te[T, T+A]

exp {yE

<E|E

Thus, we have

4, =852 < g <
A2R2

exp{y sup Z} exp{y sup Zt} ,
te[T,T+A] te[T,T+A]

which is finite because of the proof of the finiteness of A1, above.

A2h2
Exploiting Fubini’s theorem we rewrite By as

T+A 2 T+A  pT+A
( / h(t)ZeZVZfdt) = / / h(t)*h(s)’E [e?#*2)] dtds.
T T T

Since (Zt)se[r,T+4] is centred Gaussian with covariance E[Z;Zs] = fOT K(t — u)K(s — u)du, then
(Ze+Zs) ~ N(0, g(t,s)), with g(¢t, ) := E[(Z + Z5)*] = fOT(K(t —u)+K(s —u))?>du and therefore

T+A T+A 5
By = / / h(t)?h(s)?e? 8¢5 dtds
T T

is finite since both & and g are continuous on compact intervals. Finally, for B, we have

Bi1=E
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By E

T+A 2 T+A  pT+A - -
( / h(t)zeZVZfdt) - / / h(t)h(s)?E [e27'<zf+zs)] dtds
T T T

T+A T+A
/ / h(t)*h(s)*E [e¥\#*%)] dtds = By,
T T

IA

where we have used the fact that for all t,s € [T, T + A], (Z + ZS) is a stationary quantizer
for (Z; + Zs) and so E[e?%+%)] < E[e?’%+%9)] since f(x) = e?’* is a convex function (see
Remark 3.3.9 in Section 3.3.1). Therefore B; is finite and the proof follows.

3.B Some useful results

We recall some important results used throughout the text. Straightforward proofs are
omitted.

Proposition 3.B.1. For a Gaussian random variable Z ~ N(u, o),

E[|Z |P]_ (p —1)a?, ifpis even,
aE 0, if p is odd.

We recall [138, Problem 8.5], correcting a small error, used in the proof of Proposition 3.3.6:

Lemma 3.B.2. Let m, N € Nand p1, ..., pm positive real numbers. Then

m m m
inf{ZZ—Z: X1,...,%Xm € (0, 00), nanN}:mN—% Hp]- ,
j=1

n=1 "1 n=1

! ~ 2
where the infimum is attained for x,, = N%pﬁ (H;»”:l pj) ’ Jforallm e {1,...,m}.

Proof. The general arithmetic-geometric inequalities imply

1 1 1
1 m " m " m m m m 1 m
e[l -0 (72

n=1 n=1 "N

\%

1
UNES

n=1

since H?:l xn > N by assumption. The right-hand side does not depend on x1, ..., x, so

1
inf{ZZ—Z: X1,...,%Xm € (0, ), nanN}ZW(HPn) N
n=1"1n

n=1 n=1

1 2
Choosing x, = N%pﬁ (]’[}“:1 p]-) " foralln e {1,...,m}, we obtain

m(lﬂlp—nz)m:i;—nZinf{iz—gixl,...,xmE(O,m),lﬂlxnﬁN}Zm(

n=1

=
%E
=
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which concludes the proof.

Lemma 3.B.3. The following hold:

(i) Forany x,y >0, |\/_—\/y| < (%4-%) lx —yl.

(ii) Set C > 0. Forany x,y € R, [e“¥ —e“¥| < C (ecx +ecy) lx = yl.

Lemma 3.B.4. For a positive random variable X on (Q), ¥ ,P), E[X] = /O+oo P(X > u)du.
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A theoretical analysis of Guyon’s toy volatility model

Whenever a theory appears to you as the only possible one, take this as a sign that you have

neither understood the theory nor the problem which it was intended to solve.
Karl Popper

Here we discuss paper [27], available on arXiv. This project results from a collaboration with
Prof. A. Jacquier and Ph.D. Chloé Lacombe and it was submitted for publication in November
2022. In 2014, Guyon introduced a toy model with path dependent volatility, see [86]. In the
aforementioned paper, we carry a detailed theoretical analysis of this model. In particular,
we first prove existence and uniqueness of a strong solution and characterise its behaviour at
boundary points. Then, leveraging on these results, we provide asymptotic closed-form option

prices and we derive small-time behaviour estimates as well.

4.1 Introduction

Stochastic volatility models have been used extensively over the past three decades in order
to reproduce particular features of market data, on Equities, FX and Fixed Income markets, both
under the historical measure and for pricing purposes. Most of them are based on a Markovian
assumption for the underlying process, essentially for mathematical convenience, as PDE tech-
niques and Monte Carlo schemes are more readily available then. However, recent models have
departed from this Markovian confinement and have shown to provide extremely accurate fit
to market data. One approach considers instantaneous volatility driven by fractional Brownian
motion, giving rise to the rough volatility generation and its numerous descendants [8, 14, 53,
61, 71, 77, 85]. A less stridden, yet very intuitive, path, originally introduced by Engle [56]
and Bollerslev [24] in the early 1980s suggested to consider models where volatility depends
on the past history of the stock price process. Their approach, though, was under the historical
measure, and Duan [48] investigated these discrete-time models in the context of option pricing.
With this in mind, Hobson and Rogers [96] extended this approach to continuous time, propos-
ing that instantaneous volatility should depend on exponentially weighted moments of the
stock price. Contrary to stochastic volatility models, the market here is complete. Hobson and
Rogers [96] showed that such models generate implied volatility smiles and skews consistent
with market data. Further results investigated some theoretical properties of these models, in
particular [124] proving existence and uniqueness of strong solutions. This path has recently
been given new highlights by Guyon [86], who assumed that the underlying stock price process
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42. SET UP AND NOTATIONS

behaves as

dS—Stt =o(t, S, Y)I(t, S))dWs,  Sp:=s0>0,

where W is a standard Brownian motion, Y an adapted process and I(-) a leverage function
ensuring that European options are fully recovered. Inspired by Hobson and Rogers [96],
Guyon [87] suggested to choose Y as an exponentially weighted moving average of S. Not
only does this model calibrate perfectly to the observed smile, but the diffusion map o(-) can
be chosen in such a way that joint calibration with VIX data becomes feasible, a notoriously
difficult task.

Motivated by his empirical results, we investigate the theoretical properties of this model.
We provide a full characterisation of the behaviour of the volatility process at its boundaries,
together with its ergodic behaviour, and derive closed-form asymptotics for the corresponding
option prices in small time. In Section 4.2, we set the notations and present Guyon’s model.
Section 4.3 gathers the main theoretical results, proving existence and uniqueness of a strong
solution (Section 4.3.2), deriving the stationary distribution (Section 4.3.3), which we use to
obtain an expansion of the option price in Section 4.3.4. We finally provide small-time option
price and implied volatility asymptotics for this model in Section 4.3.5. We gather all (lengthy)
proofs in the appendix.

This project arises as an empirical analysis carried out by Guyon [87] (see also [86]) to
describe the relationship between the VIX index and the VVIX, a volatility of volatility index.
Figure 4.1.1 below shows a scatter plot of one versus the other over a five-year period. The
approximate linear relationship highlighted by the least-square regression fit was first noted by
Guyon [87], and we follow his recommendations here.

5 10 15 20 25 0 k.7 40 45
WIX

Figure 4.1.1: Historical VVIX vs historical VIX (13/4/12-8/5/17). Source: CBOE.

4.2 Setup and notations

The underlying process S, describing the evolution of the S&P index follows the general

dynamics
d
% =o(Yy)dW;, Sp=s0>0,
t
for some given Brownian motion W generating a filtration ¥ = (¥;):>0, where 0 : R}, — R

is non anticipative. Following Guyon [87] and Hobson and Rogers [96], we assume that the
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process Y is adapted to ¥ and is a function of the past history of the stock S, making the latter
non-Markovian, in the sense

- 1 [ -
Y; = f—;, fort €[0,T], where S, := E/ exp {—t hu}Sudu
5

—00

is the exponentially weighted moving average (EWMA) of the stock price process. Here, the
time horizon is set to be T. The constant # > 0, denoting the length of the time window, is
left unspecified for now. Using It6’s formula and denoting X := log(S), we can summarise the
dynamics for the couple (X, Y) as

dX; = _%G(lﬁ)2df +0o(Y)dW;, Xo = x0 := log(so),
dY; =b(Yy)dt +o(Y)dW;, Yo =y0>0,

(4.2.1)

with b(y) = %y(l —y)and d(y) := yo(y), for y > 0 and some h > 0. Guyon [87] showed that, for
the linear relationship between the VIX and the VVIX to hold, one needs to consider a diffusion

coefficient of the form
X -B
0@%——E+Vy,

- 1/p
with a, 5,7 > 0. In that case, 0 isnull at y, := (%}) , and

not defined, if g >1,
g(0)=1 0, ifp <1,
v, ifp=1.

We note that, for y € (y,, ), 0(y) < 0 and therefore 6(y) < 0 as well. While this may appear
odd, it is not however an issue as Brownian increments are symmetric around the origin.
While Figure 4.1.1 provides strong empirical arguments in favour of such a model, a theoretical
analysis thereof is however needed in order to investigate further its practical benefits. For
example, since 5(y)> ~ y2y*17F) as y approaches zero, the map G is square integrable around
the origin if and only if f < 3, and theoretical issues will arise if this is not satisfied (therefore
ruling out such values out of calibration). That said, as we will show below, our main interest
will be on the behaviour of the process on (v, ), and therefore this restriction on g will not
be enforced. Here and in the following, given two functions f,¢ : R — R, we shall write
f(y) ~ g(y) as y tends to a (possible infinite) point ¥ whenever lim,, . f(y)/g(y) = 1. We write
P, (-) for the conditional probability P, (-|Yp = y) and consequently E,[-] for E,[-|Yo = y].

We now step into this theoretical analysis by first concentrating on the existence and uniqueness
of a strong solution for (4.2.1), then by deriving a precise classification of the special points 0,
Yo and oo, before diving into the asymptotic behaviour of the process and the corresponding

option prices.
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4.3 Main results

4.3.1 Existence and uniqueness of strong solutions

Following [101, Definition 2.1], the definition of a strong solution allows for explosion in
finite time. It is enough to check existence and uniqueness of solutions for the one-dimensional
equation associated to the process Y since the process X = log(S) is uniquely determined as a
function of Y and W. A localised version of [101, Corollary to Theorem 3.2] which, according
to the authors, can be proved similarly to Theorem 3.1 therein, yields the existence of a unique
strong solution, provided that the drift b(-) is locally Lipschitz and the volatility o(-) is 3-Holder
(as mentioned in [101, page 184], this condition is in some sense maximal). Alternatively, one
can exploit [47, Proposition 2.3], since the conditions therein are a direct consequence of local
Lipschitzianity and local Holderianity of b and o. Notice that the fact that we are just focusing
here on the positive half-line and not on R can be overcome just by setting o and b identically
equal to zero for negative arguments. The local Lipschitz property of the drift is straightforward:
forany N € Nand any x,y € [-N, N], we have

- -y -y _ -yl -y x -yl 2Nx -y
h B h - h

|b(x) = b(y)| = < Knlx = yl,
from which the local Lipschitz property with constant Ky := 28+ follows. Now, the volatility
function is a-Holder with a > 1 ifand onlyif 0 < < forp=1: forp=1,5(y) = —%y +7yis
affine hence globally Lipschitz. Now, for any N € Nand x,y € [-N, N],

24

[6(x) - 5(y)| = ‘—%x +yxlP 4 gy vy

o _ _
< E|X—y|+7|x1 P —y' P
< Zmax{%,y} lx —y|'7P,

which is locally 3-Holder continuous if and only if < 1. We will below consider the process Y,
not on the positive half line, but on the open interval (y,, o), on which it enjoys nice ergodic
properties. There, the regularity of ¢ is improved since, for any x, y € (Y, ),

|5() = 5(y)| = '%(y —x)+y (P -y < %Ix - 10 ;ﬁ)u -l
a N o ¥2=p)
S(ﬁ+y(1 ﬁ)ﬁy)lx yl= =gl -yl

4.3.2 Boundary classification

Now, we need to analyse its behaviour in its domain and in particular at the boundary of the
latter. To do so, we follow the boundary classification in [106, Chapter 15, Section 6]. The reason
for this choice is that it seems the most suitable reference here. First, it includes both Feller and
Russian boundary classifications, therefore allowing for a precise comparison. Second, it only
requires the volatility coefficient to be non-null in the interior of the domain considered. On
the contrary, the treatise in [37], although more complete in some sense, requires the volatility
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process to be non null everywhere in R. Consider a regular (in the sense of [106]) diffusion
process Y = {Y; }+>0, on a domain © C R, with left and right boundaries I and r:

dY; = p(Yy)dt + o(Yy)dW;, Yo =yo€D.

For any point y in the interior of D, namely y € (I, r), we assume that the drift and variance
coefficients p(-) and o(-) are continuous and that o(y) > 0 for all y in the interior of ©. For any
x,y € R, introduce the hitting times 7, := inf {t > 0: Y; = x} and 7, := min {Tx, ’cy}.

We study the left boundary [, the discussion for the right boundary r being similar. To
provide a precise description, we recall some standard notions. The scale function S : © — R is
defined in terms of the so-called the scale density s : © — R via

3 x
s(&) == exp( / ?;E ; ) S(x) ::/ s(&)dé,

where &o, xg € (I, r) are arbitrary fixed points. The particular choice of these points has no

importance for the boundary discussion [106, Chapter 15, Section 3]. For any closed interval
I:=[a,b] C (I,r), we also introduce the scale measure, namely themap S : I + S(b)—S(a). Then,
we define the speed density m and speed measure M:

1
o%(&)s(&)’

Notice that both S and M are positive and finite on their domain. Finally,

b
m(&) = MII| = M|a,b] := / m(x)dx.

N(I) :=/I Sln, x]dM(n) = / M(l, édS(é)—/l SISt 2(17)5(17)

Since we are only interested in whether the integrals are finite or not, the upper bound x is
irrelevant, explaining why we omit it from the notations. Through the quantity M(I, x], we can
in some sense estimate the velocity of the process near I and with the quantity N(I) we can
approximately quantify how long it takes to hit a point x € (I, r) starting at the left boundary I.
Now, we are ready to give the first classification:

Definition 4.3.1.
- The left boundary [ is attracting if S(I, xo] < oo for some xq in (I, r). Then,
P(t;, < tw|Yo=x) >0, foranyl <x <b<r.

- The left boundary [ is unattracting when S(I, xo] = oo for some xo in (I, r). Then,

P(t;, <tp|Yo=x) =0, foranyl <x <b<r.

A left boundary [ is therefore attracting when there is a positive probability that the process
reaches [ prior to the arbitrary state b (not necessarily in finite time), when its initial condition
isx < b. To complete our discussion of boundary classification we introduce the quantity
X(I) = f SU El=mes (()S (@, Where again the upper bound x in the integration is irrelevant. Roughly
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speaking, X(I) determines the time required by the process, starting from an interior point x, to
P g q y P g p

reach the boundary / or another interior point b > x.
Definition 4.3.2. The boundary [ is attainable if ¥.(I) < oo, otherwise it is unattainable.

A straightforward argument shows that if / is attainable, then it is attracting. Indeed,
S(1, xo] < oo whenever Z(I) < co. This is in contrast to unattainable boundaries that may or may

not be attracting. For an attracting attainable boundary [, forany l <x <b <7,
P(7;, < oolyp=x)>0 and Elt1, A tplyo = x] < 0.

Table 6.1 in [106] provides a complete portrait of Feller and Russian characterisations in terms
of S(I, x], M(I, x], £(I) and N(I). We give here a short description in words of Feller’s:

- Regular boundary: A regular boundary is attracting and attainable. A diffusion process
can enter but also leave from such a boundary point.

- Exit boundary: An exit boundary is attracting and attainable too, but when the initial
point gets closer to it, the process cannot reach any interior point b regardless how close b
is to [. Indeed, in this case it should hold: limy\ ;lim\ ;P(7p, < t[Yy = x) = 0, for any
t > 0. No continuous sample path can exit | after touching it.

- Entrance boundary: An entrance boundary is unattracting and unattainable. A process
starting from any point in the interior of the domain © can not reach the entrance boundary.
Nevertheless, one can consider a process starting at the entrance boundary I: in this case,
the process moves to the interior of the domain and never comes back to the boundary.

- Natural (Feller) boundary: A point is a natural boundary when it is unattainable (it can
be attracting or not). In general, such boundaries are discarded from the state space of
the process since a diffusion process cannot start from nor reach it in finite time.

The following theorem, proved in Appendix 4.A, provides a detailed analysis of the be-
haviour of the process Y in Equation (4.2.1) at the boundaries of its domain.

Theorem 4.3.3.

- Consider the process Y in (4.2.1) over the domain © = (y,, o). The right boundary r = oo is
entrance (unattracting, unattainable) while the left boundary | = y, is

Left boundary y, Feller Russian
Yo > 1 exit-trap-absorbing attracting attainable
Yo =1 natural attracting unattainable
Yo <1 entrance unattracting unattainable

- If the process Y in (4.2.1) is defined over © = (0, y5), then the left boundary I = 0 is

Left boundary O Feller Russian
B<3 regular attracting attainable
B>3 exit-trap-absorbing | attracting attainable
while the right boundary r = y, is
Right boundary ys Feller Russian

Yo > 1 entrance unattracting unattainable

Yo =1 natural attracting unattainable

Yo <1 exit-trap-absorbing attracting attainable
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Remark 4.3.4. As a consequence of this classification we limit our discussion to the domain (v, o) with
Yo < 1. On (0, y,) the strict positivity of Y is not quaranteed as the origin is attracting and attainable.
Moreover, the case where © = (y,, 00) with y, > 1, should be ruled out as well since y, is attracting and
attainable, so that Y may then exit it to enter (0, y,) with strictly positive probability. An application
of [101, Theorem 3.2, Section 4, Chapter 4] guarantees that Y does not explode in finite time, or more
precisely that

P (inf{t >0:Y; € {yg,+oo}} = oo|Yp = yo) =1,  foranyyo € (yq, ).

4.3.3 Ergodic behaviour and stationary distribution
Ergodic behaviour

We now discuss the ergodic behaviour of the process Y in (4.2.1) through the following
theorem proved in Appendix 4.B.1. To do so, introduce the probabilities

P(z) := Py, (HITnYt = z) , forz e {l,r},

where 7p denotes the lifetime of the process in © = (I,r). Following [132, Section 2.7-2.8],
transience of the process then corresponds to P(I) + P(r) = 1.

Theorem 4.3.5. The ergodic behaviour of the process Y in (4.2.1) is as follows:

D=(0, yo) D= (yar 00)
Yo <1 | Y transient and P(y,) in (4.3.1) Y recurrent
Yo =1 | Y transient and P(y,) in (4.3.1) | Y transient and P(y,) = 1
Yo >1 Y transient and P(0) = 1 Y transient and P(y,) = 1

with

f exp{ fyzggds}
f exp{ fyizgz;ds}

An immediate consequence of the fact that Y is recurrent when y, < 1 on the domain

P(ys) = and P(0)=1-P(ys), foranyx € (0,y,). (4.3.1)

(g, o0) is that Y does not explode in finite time with probability one. This will thus be the case

of interest, for which a stationary distribution is available (Proposition 4.3.7).

Stationary distribution over the domain D = (y,, )

We now investigate the ergodic properties of the process Y in Equation (4.2.1) over the
domain D = (y,, ). Recall that its infinitesimal generator is defined, for any y € D, as

Elo(Y)|Yo = y] — ()
: ,

(Lyo)y) = 1551

for all functions ¢ such that the limit is finite for all y € ©. We recall [67, Section 3.2] that a

process (Y )i>0 is ergodic if it admits a unique, stationary distribution I'l, and for any measurable
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bounded function ¢, the almost sure limit

1
hmg‘/0 O(Ys)ds :/ng(y)l_[(dy)

tToo

holds. If this limit exists, an ergodic solution must satisfy L] I1 = 0, where L}, is the adjoint of
the infinitesimal generator Ly, defined in [67, Section 1.5.3] via the identity

[s@oven = [ rezseae, 132)

for any rapidly decaying smooth test functions f and g. The generator and its adjoint are
available explicitly here:

Proposition 4.3.6. For any y € D, we have
(L)) = 790~ DAF) + 22 WES(),
(L)) = —%% (v - y)gw) + %85 (r20*w)s).

Proof. The expression for Ly is standard and the one for £, follows using (4.3.2) and integration
by parts. Given y € D and f,g : © — R twice continuously differentiable functions with
bounded derivatives, and such that the two functions and their derivatives tend to zero fast
enough at the boundaries, we have

(f, Lyg)y =(Lyf, &) = A [@%f (y) + %yzaz(y)r?if (y)] g(y)dy
=3 [aswa-pswdy+3 [ Ziwtemsuay
= % A Iy f(y)y(1 = y)g(y)dy - % A Iy f(y)3y (y*o*(y)g(y)) dy
—- [t {-pua- v + 30, (o) ay
= A f) [—«9y (%y(l —y)g(y)) + %95 (yzaz(y)g(y))] dy,
and the proposition follows. :

For f : © — R, finding the explicit solution of the Poisson equation is tedious. Indeed,
(£y f)(y) = 0is equivalent to

L2 52_20‘_7 B 12,,-28
W\ 3 gy
2
uF ) 2{(%) -Te-pyrea —ﬁ)yzy-zﬁ} -1a —y)]

+f(y) =0,

2
(5) - Fa-pe-put+r2a-pa-2m¥ - fa-2)
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with the constraint /D f(y)dy = 1. This is a highly non-linear problem, which does not admit
any obvious explicit solution. However, using the probabilistic tools developed in [106, page
242], such a closed-form expression can be derived as in the following proposition, proved in
Appendix 4.B.2).

Proposition 4.3.7. If y, <1, D = (y,, ), the unique stationary distribution reads

I | -
H(dy)‘(/yg Ez(as(s)) 20)sW) #3.3)

4.3.4 Pricing PDE and expansion

Pricing options on the stock price given in (4.2.1) can obviously be done with Monte Carlo
simulations. However, through Feynman-Kac, PDE techniques are (wWhen available) often faster
and may also (as we shall see below) provide closed-form expressions. Consider an option with
payoff h(Xr) at expiry T, and denote its price P(f, X;, Y;) at time t < T. Introduce the operators

a*(y) ?_ azéy) 2.

L= yaz(y)axy and Lgéy) =0 + (4.3.4)
and recall that Ly is defined in Proposition 4.3.6, while the operator Lg(sy Vis nothing else than
the Black-Scholes infinitesimal generator with volatility o(y).

Proposition 4.3.8. Under the risk-neutral measure, the pricing PDE associated to (4.2.1) is
(Ly + L+ Lgéy)) P(t,x,y) =0,

forallt € [0,T), x € Rand y € D = (y,, ), with terminal condition P(T, x,y) = h(x).

Note that the PDE is stated in the domain ® = (y,, ) and not on the whole positive
half-line in the y-dimension. On D, the drift is quadratic (so that this representation follows
from [23] for example),while the diffusion coefficient is at most of linear growth. Note that

since o(-) is not bounded away from zero, the operator .Egéy )

is not strictly elliptic, but only
hypoelliptic. Unfortunately, this pricing PDE does not admit an obvious explicit solution.
However, approximate solutions can be found by expanding the solution using perturbation
methods, as developed in [67]. A key ingredient is the (unique) stationary distribution of the
ergodic process Y, which we proved above for the case © = (y,, ). This perturbation analysis
relies on a few other items that we need to tackle. In particular, we assume that the pricing PDE

admits a unique classical solution.

Following [57, 58, 64, 66, 65, 67], consider a ‘fast” version of the original process Y, defined
as ,
dX; = —io(Yt)zdt +o(Y})dW;, Xo=1x€R,

1 1
dY; ==b(Y;)dt + —c(Y;)dW;, Yo =1yo >0,
€ Ve
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for € > 0. Proposition 4.3.8 then implies that the option price P¢, with payoff h, satisfies

1 1 a(y) e
ELY + $£1 + LBS P (t, X, y) =0, (435)

forallt € [0,T), x € Rand y € D, with boundary condition P*(T, x, y) = h(x). Inspired by [64,
66, 67], we now provide an approximation for the price P¢, proved in Appendix 4.B.3:

Proposition 4.3.9. If the payoff h is smooth, then the equality

PE(t, x,y) = Po(t, x) + VePi(t, x) + O(¢)

holds pointwise in (t, x,y) € [0, T) xR X D as ¢ tends to zero, where Py corresponds to the Black-Scholes
price of the option having payoff h with volatility » := +/{o?,I1) and

Pl(t/ X) = _T<®/H> (ax - ax) PO(tl x)/
forall (x,t) € R x [0, T) with boundary condition P1(T, x) = 0 and with

o(y) := yo (Y (y). (4.3.6)

Finally 1 is the unique solution to
Lyy(y) = o*(y) — 2, forall y € (yo, ). (4.3.7)

Remark 4.3.10. The assumption of a smooth payoff follows that in [64, 67]. Using mollification
arguments, it could be relaxed to include standard European Call and Put options, but we leave this
subtlety for later.

4.3.5 Small-time asymptotics

We finally investigate the small-time behaviour of the solution to (4.2.1) using large devia-
tions techniques, leading to closed-form asymptotics for option prices and implied volatilities.
We refer the reader to [69] for an overview of this topic. For ¢ > 0, t € [0, T], introduce the

small-time rescaling (X, Y/%) := (X, Y¢t), which satisfies

e E ¢ & [
{ dX{ = -50%(Y)dt + Veo (Y )dW,, X :=x € R, (4.3.8)

dyg = eb(Y)dt + Vea(Y)dW,,  YF=1yo>0.

Let H denote the space of absolutely continuous functions starting at the origin, with square
integrable derivatives, such that

=] - _ 2 - 1 _ B
H = {f.[O,T]—>Rw1thf—/g(s)ds for some g € L“([0,T]), and tel[I(},fT]ﬁZ alog(l yoﬁy .
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Remark 4.3.11. When yo > y,, the condition

) 1 pa
f > —1 1-y,—|, 4.3.9
tel[%,T] fi 2 a Og( yOﬁV) (£39)

is automatically satisfied and H is the usual Cameron-Martin space. When yo < vy, (4.3.9) is needed to
ensure that the solution of the controlled ODE introduced below is positive.

We now state and prove (in Appendix 4.C.2) a pathwise large deviations principle for the
log-stock price process. With xg := (x, o), introduce the map I*¥ on C([0, T], R X R%) by

1XY(g) = inf {A( ), feH,Sf) = g} )

where A is the usual rate function driving the large deviations of the Brownian motion:

1 /7. . .
a3 WlPae it e

00, otherwise,

and 8*(f) on [0, T] is the solution to the controlled ODE g, = ft (a(gt), E(gt))T, with a(x, ) =
o(y) and o(x, y) = d(y), starting from gy = Xo.

Theorem 4.3.12. The rescaled log-stock price process X ¢ in (4.3.8) satisfies a pathwise large deviations
principle on C([0, T], R) as ¢ tends to zero with speed ¢ and rate function

1X(g) := inf {IX'Y(h),h = (g,0),1 € C([0, T],R.), Ip = yo},

The proof of the theorem relies on first obtaining a large deviations principle for the rescaled
process Y¢, which we state below (and defer its proof to Appendix 4.C.1). Similarly to above,
denote SJ (f) the solution to the controlled ODE ¢, = 6(g:) f,, with go = yo.

Proposition 4.3.13. The rescaled process Y ¢ satisfies a pathwise large deviations principleon C([0, T], R%)
as ¢ tends to zero with speed ¢ and rate function

I(g) = inf {A(f), f € H,SP(f) =g}

Large deviations have been used extensively in Mathematical Finance to derive asymptotic
behaviours of the implied volatility and we refer the reader to the monograph [69] for a thorough
overview. The latter, Z(k), is the unique non-negative solution to Cgs(t, ek, Li(k)) = Cops(t, €b),
with Cops(t, eX) an observed (or computed) Call option price with maturity ¢ and strike e,
and Cgs is the corresponding Call price in the Black-Scholes model. A large deviations principle
is the first step to understand the short-time behaviour of the process, and going from there to
the corresponding behaviour of the implied volatility requires a few small steps that we follow
in Appendix 4.C.3.
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Corollary 4.3.14. For yg € D = (Y4, o), with y, < 1, small-time out-of-the-money options behave as

lim; |yt logE [(St - ek)+] = —infy>¢ IX(g)|g(1):y, ifk >0,
lim; ot logE [(e" = S¢), | = —infy < IX(8)lga)=y, if k <O.

Similarly to [60, Theorem 2.4], we finally deduce the behaviour of the short-time smile:

Corollary 4.3.15. For yp € D = (y,, ), with y, < 1, the implied volatility behaves as

-1
inf X _ if k
(;Izlk (g)lg(l)_y) , ifk>0,

-1
(ianX(g)|g(1):y) , ifk<O0.

k2
2
Iim X (k) =
im t(k) 2
7 y<k
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Appendix

4.A Proof of Theorem 4.3.3

The proof below relies on the techniques developed in [106, Chapter 15, Section 6].

4.A.1 Proof for the domain D = (y,, )
Left boundary y,

The classification of the left boundary y, follows from Lemma 4.A.1. Introduce, on the
domain (0, o), the process Z := (Y — y,), satisfying the SDE

dZ; = b(Zy)dt +5(Z)dW;,  Zo:=yo— Yo > 0,

with b(z) := b(z + Ys)and 0(z) := 6(z + y,), for z > 0. Armed with Lemma 4.A.1, we attack the
boundary classification of the origin for Z, which corresponds to the classification of the left
boundary y, for the original process Y. The classification for the different cases, namely y, > 1,
Yo = 1 and y, < 1 follows from a careful inspection of [106, Table 6.1, Chapter 15] together
with [106, Lemma 6.3, Chapter 15]. Introduce

525 _ a _ a
5(x) ::exp{ / EZEZ;dy}, 50,7 := /O s(y)dy, S[x,a] = / s(y)dy,

— o dx - 7500, x] — TS[x, a]dx
,al = - = i pa—— = ’
M.zl ./0 72(x)5(x) =0 /0 72(x)5(x) ©v NO /0 T2(x)5(x)
(4.A.1)

fora > 0 and x € (0,a]. We then deduce their behaviour.

Lemma 4.A.1. The following hold:

5(0,@] <o, M(0,a] =0, Z(0)<oo, ify,>1,
5(0,a] < oo, T(0) =00, ify, =1,
5(0,7] = oo, N(0) < o, ify, <1.

Remark 4.A.2. We do not need M(0,a] in the second and third cases because only a few combinations
for boundedness/unboundedness of these quantities are possible. They are displayed in [106, Table 6.1,
page 2331. In particular, in the second line, S(0,a] can be finite and £(0) not if and only if M(0, ]
and N(0) are infinite. In the third line N(0) finite implies M(0, @) finite and S(0, @] infinite implies
Y(0) infinite by [106, Lemma 6.3, page 231]. Similar arquments motivate the form of the statements in
Lemmas 4.A.3-4.A.4-4.A.5.

Proof of Lemma 4.A.1. We start with the limiting behaviour of the function s and its integral, the

scale measure. Since

2b(y) _ 20-ys—-y)
7 (y) hy2(y + yo)1-26 (1 _(1+ %)ﬁ)z

147



4.A. PROOF OF THEOREM 4.3.3

a straightforward Taylor expansion around the origin yields

(1_ (1+l)ﬁ)_2= Yo [1—X11+X2y—2—)(3y—3+0(y4) : (4.A2)
Yo p*y? Yo ys ;
with
x1:=p-1, x2:= W X3 1= (/321;2% (4.A.3)

2641 .
Introduce K := Z%TT(;Q%) , and Kg = —% + X1 log(a) + x,a. Using (4.A.2), we obtain the
asymptotic behaviour, as y approaches zero,

2b(y) _ K

= _(1“‘?1]/"'?2]/2—?3]/3"‘0(3/4))/
az(y) 2

for some constants X1, X, X3 depending on x1, x2, x3, the values of which are not important’.
Notice that K < 0, as y, > 1. Since the expansion is uniform on [x, 2], one obtains

5(x) = exp {2 /ﬂ ;z((yy)) dy} = exp {% (1-"xixlog x)} "5 exp {-X2Kx + O(x*)}

= exp {% + KKg} x KN (1 + O(x)). (4.A4)

Since K < 0, 5(x) tends to zero as x tends to zero from above, and S(0, 7] is finite.

In the case y,; < 1, the expansion (4.A.4) is still valid, albeit with K > 0. Therefore, s explodes
at the origin and S(0,7] = foa 5(y)dy is infinite.

The case y, = 1 is slightly different and has to be studied separately. First of all, a Taylor

expansion around the origin provides

1
B?y?

with x1, x2 and x3 in (4.A.3). This implies, as y approaches zero,

-2
[1 - (1+ y)ﬂ] [1-x1y + x2v” = x3v° + O (v)], (4.A.5)

ZE(y) 2y 1 (1 _ ., .
T =K|=+71+ x + 512 + 0 (v°) |,
TS T R VAR A

= —a — —
with K := —W <0, and Kﬁ :=log(a) + x1a + %EZ + %53. Since the expansion is uniform on

In the following the symbols 1, X, X3 will refer to different quantities whose specific values are not important
for the convergence of the quantities we are interested in.
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[x,a], one obtains

——7

5(x) = exp {2 /ﬂ Ebz((yy))dy} = exp {? (—log(x) — x1x + O(xz))} exp {Efﬁ}

= exp {—?mg(x) + ??Z} (1+0(x)) = exp {?fﬁ} K1+ 0(x)).

(4.A.6)

Since K < 0, 5(x) tends to zero as x tends to zero and therefore S(0, 7] = foa 5(x)dx is finite.

Now, for y, > 1, it is straightforward to see that

— Q dx @ dx @ dx
M0,a] = /0 S(x)2(x) /0 S+ yo) /0 a2(x +Ys)’

which is clearly infinite, because 5 is bounded above by 1 on (0,4] and from the asymptotic
behaviour of the integrand around the origin. Indeed, for ¢ > 0,

€ € B
/ _.,Z;dXZK—;/ 1—(14—1)
0o 0%(x+Yy,) Y= Jo Yo

with K, := (y,+¢&) 217 for g € (0,1), K := yg(ﬁ_l) for p > 1and K, := 1 for p = 1. Recalling the

Taylor expansion in (4.A.2), we see that the integrand is not integrable around zero. We thus

-2
dx

conclude about the right behaviour of y, by noting that the integral representation of M(0, @]
diverges.

We now prove the last statement of the lemma, and start with the case y, > 1. Using (4.A.4),
we write the asymptotic behaviour of S(0, x] around the origin by integrating the asymptotic
behaviour of 5(-) around zero. Classical asymptotic expansions for integrals [123, Chapter 3.3,
pages 62 and 67] (note that the leading contribution arises at the right boundary of the integration
domain) yields, after the change of variable y + zx,

50,x] = /0 5(y)dy

1
KK§ Ky +1 K\ -xz KK§  —K7;+1 K ( x 2)
=e By Kn — Ndz = e " FxT0 N —tl-=+0 ,
e Fx /0 exp{zx}z z=e Ffx exp{x} (x%)

as x tends to zero. Combining this with (4.A.2) and (4.A.4), we obtain

S0,x] vl [ «x 1 oyt
o = o [ 06 7 (4 0 =~ 1+ 0,

which is integrable on (0, 2] and concludes the proof, using the fact that

T(0) = /0 S0 o

3(x)3°(x)

When y, = 1, using (4.A.6), we can write the asymptotic behaviour of 5(0, -] around the origin
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by integrating that of 5(-) around zero. This yields, after the change of variable y — zx,

_ X —a 1 - KKﬁ —
S(0,x] = / 5(y)dy = e sx~ K”/ z7Kdz = e—:x‘K+1 (1+0(x)),
0 0 1-K

as x tends to zero. Exploiting this together with (4.A.5) and (4.A.6), we obtain

5(0, x] 1 1
= —=(1+0(x)),
ST 201 -8) " *

which is not integrable on (0, 2] and thus

= " S0,x] .
0 _/ s(x)a (x) a '

When y, < 1, we look at N(©0) = foa %dx. Since both S[a, -] and 5(-)3°(-) diverge to
infinity at the origin, we study the behaviour of the integrand around zero. For 6 > 0 such
thatx < 6 <a@and x > 0, S[x,7] = fxa s(y)dy = fxé s(y)dy + f; 5(y)dy. The second integral
exists since 5 is continuous on compacts in R,. Regarding the first one, classical asymptotic

expansions for integrals and (4.A.4), yield, after the change of variable y + zx,

. _ KK§ 1-K7y o K -kt gy = oKKS -k oK (X 2
s(y)dy =e Fx expi— gz Mdz=e Ffx er (= +0(x)|,
x 1 Xz K

and the asymptotic behaviour of the integrand around the origin becomes

25

- _ 28
Slx,al Yo (x O(x3)) —1+0(x)) = 7 2K(l + O(x)),

S(x)7(x) PP

which is integrable at the origin, and the claim is proved. m]

Right boundary co

To end the boundary classification for the first domain we are left to study the behaviour

at the right boundary co. We exploit the Lemma 4.A.3 and [106, Table 6.1, Chapter 15]. First,

for y > y,, let s(y) = exp { /a Y (2128 dx} with a > y, fixed. Then, recall the definitions of some

quantities:

) o ~ o0 dx o) = © Sla, x]
sta,es) = [ stz Ml = [ oS N = [

Lemma 4.A.3. The following hold:

Sla, o) = oo, Mla, o) < o, N(0) < 0.

150



CHAPTER 4. A THEORETICAL ANALYSIS OF GUYON'S TOY VOLATILITY MODEL

Proof. As y tends to infinity,

26(y) 20-y) [ a G\ 2(B)
222 ] - 4

and therefore, as x tends to infinity,

“2b(y) 2B\
_/a Wdy”z(a) X 4.A7)

00 X 00 2
Then, S[a, o) = /ﬂ exp (—fa éﬁg;dy) dx ~ /a exp (% (g) x) dx is infinite. Now M|a, o) is

wo|-1)

7/3) as x T oo, which is integrable.

finite since E2(x1)s o~

o Z(x)s(x) 28 K27

at infinity and N(o0) is finite. ]

2
Finally, S[a, x] ~ [% (E) exp (%(g)Zx) as x T oo, and so Slax] ©h 1 which is integrable

4.A.2 Proof for the domain ® = (0, y,)

Left boundary 0

Consider s(x) = exp {fﬁ Zb(é)dé} fory, >a > 0,x €(0,a], and

x (&)

a dx = L @ gl(ol-x]
T RE 0= Be0sw ™

5(0,3] 2=/0 3(y)dy, M(0,7] :=

The following lemma, together with [106, Table 6.1, Chapter 15], helps for the left boundary 0:

Lemma 4.A.4. Foranya € (0, y,),

5(0,a] < 0o, M(0,3] <o, XZ(0)<oco, ifp< !

7

NI

5(0,3] <00, M(0,d]=c0, L(0)<oco, iff> 5

Proof of Lemma 4.A.4. We start by showing that 50,7 is always finite. The only possible issue

for integrability is at zero, so we expand the integrand in a neighborhood of the origin:

2b(s) _ 21=9) [, _a g2
52(5) - hyzsl—Zﬁ By - hyz

2
1+ [Zg—isﬁ 3 (ﬁ"‘—y) $% 1 0(535)} .

Since the expansion is uniform on (0, a),

¥ 2b(s) 2 (x¥  2a 5, 3a? =
- - Z (4 =3 4p 5B
/5 EZ(S)dS ﬁhyz( 5 +3,6’7/x +4527/2x +0(x") + Kz |,
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:E
with K := —E; - 32[3—“)/213/3 2%, we obtain

4‘;2 2

_ 2 %400 2Ky , —a
s(x)zexp{ [ ~2§Z; }zexp X ;hy(Zx )_‘Bh;z :exp{—ﬁhyZKﬁ}(l+O(x2ﬁ)),

and so S(0, 7] is always finite.

Now, around zero we have the Taylor expansions

5(x) = exp { ——— + (1+0 (x%)),
V (4.A.8)

2
1 o 1 o a?
-2 _ _ 2 3
o (X) = —y2x2—2ﬁ (1 — ‘EXﬁ) = —nyZ—Zﬁ (1 +25xﬁ + 3_ﬁ2‘)/2x p + O(x ﬁ))

(1 424

By xP + O(x?P )), which is integrable around

and so (6%(x)s(x))™! = exp{ B2 Kﬁ} ylez‘zf‘

zero, and so M (0, a] finite, if and only if g > %

Finally, we easily compute a Taylor expansion for §(0, x] around the origin by integration:

- 2
S(O,x]:exp{ By 2K5} (1+O(x2ﬁ)),
hence using (4.A.8), the Taylor expansion around the origin for the integrand in 2(0) reads

50,x] _1+0(xF)
o2(x)s(x) 21

Since this is integrable around the origin if and only if g > 0, £(0) is finite for all § > 0. m]

Right boundary vy,

The strategy to prove the third table in the theorem is similar, albeit with different compu-
tations, to the first case. Similarly to before, introduce the process Z = Yo — Y satisfying the
SDE

dZ; = b(Zy)dt +5(Z)dWs,  Zo:=ys — 10 > 0,

as well as the maps E(x) := =b(y, — x) and o (x) := —3(ys — x) for x > 0. With Lemma 4.A.5, we
obtain the boundary classification of the origin as left boundary for Z on the domain ® = (0, Yo)
corresponding to the right boundary classification of y, for Y on the same domain. All the
cases s < 1, ¥y = 1 and y, > 1 follow [106, Table 6.1, Chapter 15] and the following lemma.
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Introduce, for y, > > 0and x € (0,4],

o 7 2b(y) s o [<
() .—exp{/x az(y)dy}’ Soal = ['Sway, o / PR

Sy . [ Skl s . [ S0,x] ._
Vo = [ ooyt B0 = [ o st "/x Sly)dy.

Lemma 4.A.5. The following hold:

5(0,] = oo, N(©) <o,  ify,>1,
§(0,E] < 00, E(O) = 00, ify, =1,

5(0,@] < oo, M(0,@] =00, Z(0)<oo,  ify, <L

Proof of Lemma 4.A.5. A straightforward Taylor expansion around the origin yields

VT 2 y v P s
1—(1—%) = 52]/2 {1+X1%+X2%+X3—3+0(3€ )}, (4A9)

with x1, x2 and x3 defined in (4.A.3). We start with the behaviour of the function s and its
integrated version. Consider first the case y, > 1. We split the range of possibilities into two
possible intervals for a:

() Ifa <ys,—1,then y, —x > y, —a > 1 and b is negative on [y, — @, y; — x]. Then, for
x € (0,a],

Thy) [T by - Dy [* by, — y)dy
/x EZ(y)dy _/x o2 (Yo — y) W= /x (o — y)21P)y2 (1_(1_yy_a)ﬁ)2
/ (Vo - )Zﬁ 1(y —y-b, ay
_ Y )ﬁ)

e g

as minyepy a1 [(Vo — * (o —y - 1] = (vo - a)zﬁ (o —a—1) > 0. Indeed the map
y — y?~1(y — 1) is increasing on [y, — @, y, — x] because y, — 4 > 1. Noting that (4.A.9)
is uniform on [x, 7], we obtain, as x approaches zero

~2p-1 ~ 5
oxp 2(y, - )7 (yo—a—l)/“ dy
yeh *(1-a- y%)ﬁ)z
T\ = R
= exp (Ig) eKKﬁx_AVl_a(l + O(x)),
with K := 2 A)zilﬁlz(y“ =1 > 0and Kﬁ ’“ log(a)+ a and therefore lim, o ’s(x) =

o and S(0,7] = /0 S(x)dx = o0
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(i) Ify, —1 <7 < y,, then for x € (0,a],

Thly) . % b(y) T by
/x 62<y>dy‘/x 62<y>dy+/y

-1 02(y) -

Similarly to (i), one can prove that lim, o f Yol f;(yy))dy = oco. Then, on (y, — 1,4], 0 is
not null and is continuous, thus bounded; similarly, bis negative and continuous, hence

bounded on (y, — 1, a]. Therefore fa_ fz((y;)dy < oo, for x € (0,7], and

R a Yo—1 E
lggs(x) = exp {/ Az((yy)) }exp {/x EZ((yy)) dy} =0

Let us now describe the case y, = 1. Using the Taylor expansion around zero

1--v)] " =

with x1, x2 and x3 as in (4.A.3), we have, as y approaches zero,

52 > [1+ 2y + xav? + xay® + O(yh)] (4.A.10)

Wy) K. _  _ _
7 - J (1+ Xy + oy + X3y + Oy,

withK = — h/32 5 <0andKﬁ —10g(51)+)(1a+)(2 a2

a4+ 5 X3 3. Since the expansion is again uniform
on [x,a], we obtain

S(x) = exp { / 2((y)) } = exp {? (—log(x) — x1x + o(x))} exp {?12(;} ,

= exp {?Eﬁ} K1 +0(x). @.A11)

Since K < 0, we easily deduce that lim, o 5(x) = 0, and 5(0,7] = /j?(x)dx is finite.
Consider now the case y, < 1. Using (4.A.9), we have, as y approaches zero

2b(y) K - .= .2.= .3 4

20 P2 (1+X1y +Xa2y” +X3y° + O(yY)

2p+1 (1 yu)

with K = 2 T 0, as ¥, < 1. Since the expansion is uniform on [x, 7], we obtain

s(x) = exp { / ,\Z((y)) } = exp {—§ [1-Xxlogx] } exp {—Klzg + X Kx + O(xz)} /

:exp{—5 —KK“} KX (1 + O(x)),

(4.A.12)

where 12; = -1 4 %, 1og(@) + X17.

Since K > 0, we easily deduce that lim,5(x) = 0, and
5(0,@] = [, S(x)dx is finite.

The middle statement (when y, < 1) in the lemma is straightforward. When x € (0, a]
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/E Mdy =_ /yy":x b(y) dy. Since 0 < y, — @ < y, — x < 1, b is positive on [y, — 4, y, — x] and

x 02(y) -7 %(y)
the above integral is therefore negative. Hence, s is bounded by 1 on (0, 7], and

0 ! 1 * dx
M(O’”]:/omdxzfomm

using (4.A.9), which concludes the proof.

The final integrals in the lemma are delicate. We start with the case y, < 1. Using (4.A.12),
we obtain the asymptotic behaviour of 5(0, -] around zero by integrating that of s(-) around 0.
Classical asymptotic expansions for integrals (note that the leading contribution arises at the
right boundary of the integration domain) yield, after the change of variable y +— xz,

x ~ 1
50, x] = / s(y)dy = e_KKﬂx“I%/ exp {—5} zKndz,
0 0 Xz

B (4.A.13)
e KKgy 1+KT exp {—;} (% + O(xz)) , asx | 0.

Therefore, combining (4.A.9), (4.A.12) and (4.A.13), we obtain

50,1 (1 v o
As—(x)gz(x) =x (Ex + O(xZ)) 52,2 ;(1 +0(x)) = ,82)/2K(1 +0(x)),

which is integrable on (0, 2] and concludes the proof.

In the case y, = 1, exploiting (4.A.11), we obtain the asymptotic behaviour of 5(0,-] around
zero by integrating that of s(-) around 0. Indeed, after the change of variable y — xz,
:::E
N x exp {KKﬁ} 1 = —7) =
5(0,x] = / S(y)dy = ———— / z7Xdz = exp {KKﬁ} 1K1+ 0(x)), (4.A.14)
0 k-1 0

as x tends to zero. Then, exploiting (4.A.10), (4.A.11) and (4.A.14), we obtain

sox 11
S(x)32(x)  pAyEx

(1+0(x)),

which is not integrable on (0, 7] and thus E(O) = oo.

Finally, we move to the case y, > 1. Since lim,|g S[x,d] = o and lim, 105(x)3%(x) = oo,
one needs to study the behaviour of the integrand around zero to conclude. For 6 > 0 such
thatx <6 <@and x > 0, fxa s(y)dy = fxé s(y)dy + /; 5(y)dy. Note that the second integral is
convergent as the integral of a continuous function over a closed interval of R.

Classical asymptotic expansions for integrals [123, Chapter 3.3] and (4.A.12), yield, after
mapping y — zx,

° KZ o/x K _ =i _
x 1
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and the asymptotic behaviour of the integrand around the origin is given by

S[x,a] B yiﬁ x2 5| 1+0(x) y(zrﬁ
S(x)a2(x) _ﬁzyz (? +O0l )) x2 _ﬁzyzK(l +O),

which is integrable at the origin, and concludes the proof since N(0) is therefore finite. m|

4.B Ergodicity proofs

4.B.1 Proof of Theorem 4.3.5

This study is based on [132, Theorem 1.1, Chapter 5.1]. Since o is null at y, (and possibly
at zero), we consider separately the two domains ©; := (0,y,) and D, := (y,s, o) so that
Assumption A iii) in the aforementioned theorem is satisfied. We start with vy € D, = (y,, ).

We have to check the finiteness of

Yo Y 2b(s) } °° { Y 2b(s)
A= / ex {— ds;dy and B:= / ex —/ ds; dy.
Yo F w 0°(s) ! ¥o F o 0°(s) !
Starting with A, the changes of variables y — x + y, and s — v + y,, yield
Yo=Yo Yo=Yo 2b(v + Y, Yo=Yo Yo=Yo 0y
A= / exp {/ ~2(v—y)dv} dx = / exp / Zg(v)dv dx,
0 x o (U + yo) 0 x o (U)

withb(v) := b(v + Ys)and 6(v) := 6(v+y,), v > 0. Notice that A = foa 5(x)dx, withsasin (4.A.1)
and a := yg -y, > 0. Thus, exploiting the proof of Lemma 4.A.1, A is finite if and only if y, > 1.

Regarding B, we need to study the integrand at infinity. Since, as s T oo,

2b(s) _ 2(1-5) ~_g(ﬁ)2
%(s) hs(—%+ys—ﬁ)2 h\a

Y 2b(s)
then o 526)

Consider now the domain ©; = (0, ;). We have to check the finiteness of

_ (" [Y200s) Y[ 2b(s)
C.—‘/O exp{ /yo Ez(s)ds}dy, and D.—‘/y0 exp{ /yo 6,,‘)_(S)ds}dy.

For C, the only possible issue for integrability is at zero, so we expand the integrand in a

2
ds ~ —%y, as y T oo, so B is infinite, concluding the 1o € D, discussion.

neighborhood of the origin:

2b(s) _ 2(1-s) (,  a P _2_ 25261 2a 4 a ? 26 3p
726) " I (1 ,B)/S) =T 1+ﬁ)/s +3 5y s +0(sF)]|.
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Since the expansion is uniform on (0, o),

x 28 2 ~
/ %IZ(S)ds __2 (x_ + 2a %P+ 5a 4o (%) + K|,
w 02(s)  Bhy2\ 2 3y 4p? f

~ 2
with Kgo = —y% - ig—yygﬁ - 42‘2";2 yéﬁ . We then obtain

x 28 4 (x26) 2K 2K¥°
ow |- [ Bas) = oxp) L) S e 10 (),
yo 0%(5) phy phy

and so C is always finite. Finally, regarding D, the following sequence of change of variables,
asx | Yo —yands | y, — v, yields

Yo X Yo—Yo Yo—Yo 2b —
D= / exp {—/ Ez(s)ds} dx = / exp {—/ #dv} dy
%0 vo O (s) 0 y 0%(ys — 0)
Yo=Yo Yo—Yo ZE(U)
= ex ————dv dy,
/O P {v/y (Yo — ) } Y

with E(v) = -b(y, —v) and 0(v) = —3(y, — v), for v € (0, y,). Now, notice that D = /Ou s(x)dx,
with s defined in (4.A.1) and a = y, — yo. Thus, exploiting the proof of Lemma 4.A.5, the

integral D is finite if and only if y, < 1, and the theorem follows.

4.B.2 Proof of Proposition 4.3.7

Pursuing the analysis in [106, page 242], we can prove that

Sty x] = / S(E)dE = oo,  Snlx,c0) = / S(£)dE = oo,
Yo x
X dé

v P2)s@)

dé

Mn(ys, x] := W <,

o0, Mrp[x, ) :=/
X

where s(&) = exp {_ /a ¢ g% dn}, with a > y, fixed. Thus, the stationary probability measure

is given by (4.3.3). Let us start by showing that Sri(y,, x] and Syi[x, o) are infinite. Exploiting
the computations in the proof of Theorem 4.3.5, for the case y, < 1 and D = (y,, o), we obtain
the unboundedness of

x X—Yq X—Ygo Zb(ﬂ + ]/a) } /X—y:r_
Stulys, x] = dé = - ———dn;dy = dy,
(Yo, x] /y s(&)de /0 exp{ /y 2y Y= s(y)dy

and
o= [ [Tl 2 Qomdn | {Z i }
Stlx, )—/x S(S)dé—/x exp{ h/x T](—%'*‘Vﬂ_ﬁ)}dy ‘/x exp h/x andn dy.

157



4.B. ERGODICITY PROOFS

We are only left to prove that M(y,, x] and Mi[x, o) are finite. Exploiting the changes of

variables & = v + y, and 1 = z + Y5, Mn(y,, x] can be rewritten as

_ (o de £ 2b(n) }
Mty 1= /y F(&)s(E) /y 2@ P {/ 2 1 4
[ 1 Y 2b(z + )
- /0 (v + Yo) P {/x—ya 0%(z + ]/a)dz} dv
Yo do e do —
= = = < = — =M , X —Ys|.
/o 52(0 + Y)3(0) /0 Pope)  Ox el

Then, in a neighborhood of zero we have

26
1 Yo KKV { K } R—
= B ex —— 1 0 X1 1 + 0 (% ),
(o)) B Pl (1row

which is integrable around zero since K > 0 and thus M (y,, x] is finite.
To conclude we have to study the finiteness of Mp[x, c0), which means that we have to check

the integrability of = ———= i at infinity. Since

() ©

1 __1 £ 2b(n) }~ £2p-2 { 5_2 }~ £2p-2 2
F(&)s(€)  2(&) eXp{/x S T TP / L+ O)dn ~=——e

is integrable at infinity, the result follows.

4.B.3 Proof of Proposition 4.3.9

The aim is to approximate the price of an option with smooth payoff 1 as P* = Q¢ :=
Py + VePy, that is P¢ = Q¢ + O(¢). We show that both Py and P; in fact do not depend on y and
provide a precise estimate for the error term. A Taylor expansion of P¢ around ¢ = 0 gives

P =Py + Vel + eQa + 32Q3+ O (53/2) = Q%+ ¢Qy+2Q5+0 (53/2) )

The pricing PDE (4.3.5) then reads

( Ly+ T& + LU(”) pe

( Ly + T-£1+£ (y)) (Po+\/_P1 +éQ2+é3/2Q3+O( 3/2))

LyPy  LyP1+ LiP
= +
: Ve

Since this should be null for all (small) ¢, each term should be equal to zero. More specifically,

[£YQ2 + LiP1 + La(y)Po] + Ve [£YQ3 +L1Q2 + £U(y)P1] +0(e).

a. LyPy = 0. Since Ly has no x-derivative, Py(t, x, y) = Po(t, x) with Po(T, x) = h(x);

b. LyPi + L1Py = 0 = LyP; using a.. Similarly P1(t, x, y) = P1(t, x) with P1(T, x) = 0;

c. 0=LyQe+LiP1+ L, (y) Po=LyQa+ L, (y)Po. This is a Poisson equation associated to Ly
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and requires a suitable solvability condition: Similarly to [63], the Fredholm alternative?
imposes the condition

0= <'£gSPO’ H> = / (£gSPO) H(dy) = /

Yo Yo

= 8t+% /y 6 oz(y)H(dy)] D, Po(t, x),

a(y)

dr + Dx] Po(t, x)I1(dy)

where I is the unique stationary distribution of Y on © = (y,, o) from Proposition 4.3.7,
and with the operator Dy := 92 — 0.

This last computation in particular reveals that

< ger>: gS’

so that Py in fact satisfies Lgspo(t, x) = 0, with boundary condition Py(T, x) = h(x), so that Py
corresponds to the Black-Scholes option price with payoff & and variance »* := (02,I1) =
/y * o%(y)I1(dy), as given in the proposition.

Remark 4.B.1. The variance #? is clearly finite: using the asymptotic computations in the previous
section, as y T oo, the integrand behaves as exp{—%(%)zy}y‘2 which is integrable at infinity (4.A.7).
When y | y, it behaves as exp{— KKg}(y — y5)X172(1 + O(y — y,)), also integrable since

K >0 (4.A.4).

v=v0) y )
Observe now from c. above that
Q2 =~ Lt (LaPy + L "Po) = — £ (£38"Po) = - £ (L3 - L) Po (4B.1)

Note that we do not formally need to invert Ly, but it makes the notations below clearer.

d. Regarding the Ve term, LyQs+ L1Q>+ Ly (y 'Py = 0. Thisis again a Poisson equation with
solvability condition (using (4.B.1))

%Py = (L3, TIY Py = —(L£1Q2, T1) = (L1.Ly (LG — L), T1) Py. 4.B2)

Combining this with the terminal condition on P; obtained in b., we obtain

LisPi(t,x) = (LiLy' (Lgs - Li)  IT) Po,
Pl(T, x) =0
so that Pj is the solution of a Black-Scholes system with variance %2 and source
- 1
<‘£1‘£Y1 (L5s — LEs) IT) P = 2 <£1£y (0% =), IT) D+ Po.

Setting 1 to be the solution to Ly (y) = 6%(y) — #? in (4.3.7), we obtain

(L19(),TT) D Py = % (@, I1) 0y Dy Py,

N =

<£1£§1 (Lgs - gs) ,H) Py =

2As far as we know, there is no general Fredholm alternative for hypoelliptic operators. Numerical tests seem to
clearly indicate the presence of a spectral gap in our case, which would be enough, but we leave this very lengthy
and detailed analysis to further research.
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by definition of L; in (4.3.4) and of @ in (4.3.6). The last term on the right-hand side is well
defined provided that (4.3.7) admits a unique solution such that (@, IT) is finite. The existence
of such a unique (up to some positive constant) solution is ensured by the validity of the
corresponding solvability condition, consequence of %> being finite (as proved in Remark 4.B.1).
A similar argument shows that (@, I'T) is also finite once we prove polynomial growth at infinity
and the boundedness of ¢ around y,. Indeed, in that case, for y T oo, the integrand behaves
like exp{—%(%)zy}y‘ltp’(y) ~ exp{—%(%)zy}(l +y"~1), which is integrable. Asy | y,, we have
exp{—# - KKg}(y — yo) K071y (y)(1 + O(y - y,)), which is integrable since K > 0. We thus
conclude that

\/Epl(t/ x) = _(T - t)QéngxPO(t/ x)/ (4B3)
with Q¢ := ‘/_ (@, IT). This implies P1(T, x) = 0 and, since (L{g, IT)Py = LEPo =0,
L5Pr = —= L~ (T - Q0,0
Ve
QF9, Dy Py — (T — )Q9x D LEP

Q“" - o U
Ve B %ax‘@xpo - <'£1‘£Y1 ('EBS - BS) ,H> Po,

which corresponds precisely to (4.B.2).

We now move on to the proof of the error term, assuming a smooth payoff 1. With

Lo=1ry+ %Ll + Lgéy) and
Z¢ 1= eQa+ eVeQs — (P = Q) = eQa + eVeQs - P = (Po+ P1ve |,
the pricing PDE (4.3.5) now yields

L7 =L, (€Q2 +eVeQs — [P'S - (Po + Pl\/g)]) =L, (Po +P1Ve + eQo + eVeQs — Pf)

P P
€ Ve

+€(L1Q3+L (]/)Qz) +£\/__£ (y)QS_-[.:EPS
= ¢ (£1Qs + L3 Q2 + VELY'Qs) .

Setting
Fe(t,x,y) =L1Q3+ £G(y)Q2 + \/_lza(y) (4.B.4)
Ge(x/ ]/) = QZ(T/ X, ]/) + \/_Q3(T/ X, y)/
we write a parabolic PDE associated to Z¢:
L.7° = ¢F,, with boundary condition Z5(T,x,y) = eGe(x, y). (4.B.5)

The first is a consequence of the identities above, while the second follows from

ZS(TI X, y) = 8Q2(T, X, y) + 8\/EQ3(T, X, y) - [PS(T/ X, y) - (Po(T,x, ]/) + Pl(Tf X, y)\/z)]
= SQz(T, X, y) + 8\/EQ3(T/ X, y) - [h(x) - (h(x) + 0)]
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= eQo(T, x,y) + eVeQs(T, x, y) = eGe(x, y)

We now investigate the form of Q>, Q3. From the third identity in (4.B.1), Q; = ——l,b(y)Z)xPo,
where ¢ is the solution to (4.3.7), which implies (recall that Py does not depend on v)

a?(y) — #?

£y02 = 3 Ly [y Dipe] = -

D,y = - (£ - £ Po= L'

The core idea here is to rewrite F, and G, to obtain the order of convergence of the first-order
price approximation Q°¢. In the following computations, Py has smooth derivatives since the
payoff & is smooth by assumption. The identity

(y) 2(y) — n?

LG(]/) at 5

—2D, = L Dy (4.B.6)

holds, yielding an explicit expression for the second term on the right-hand side of (4.B.4):

2
- —(y) ¥(y)D2Py, (4.B.7)

since these differential operators commute. Now, Q3 is solution to the Poisson equation Ly Qs =
(Lle + L oly )Pl), and the validity of the centering condition for the Poisson equation is
guaranteed by the choice of P;. Equivalently,

Qs =Ly (£1Q2 + L3P
-1 (£1Q + £ Py~ (£302 + L5 TT))
= L7 (£1Q0 = (£2Q0, T + (L5 - L35) P1). (4B.8)

We make the terms on the right more explicit

2(y)
L

L1Q2 = — (yo?(y)dqy) (w(y)@ Po) = |V (Y) Dy Po + ll)(y)DxayPo)

- ‘D(y)a DDy (4.B.9)

Now, let § be the solution to the Poisson equation
Lyd =a(y) - (o,IT), (4.B.10)
and plug (4.B.6) and (4.B.9) into (4.B.8) to obtain

(@, H> o?(y) — #*

2

@(y)

8Z)P0 aDPO

Qs =-Ly! ( @xpl) (4.B.11)

- %1%?1 [(cv(y) — (@, 1) )(M)xPo — (o*(y) - ) @xpl]
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1 1
= S L7 (Lr90:DPo — LyyDPr) = 5(90:DePo ~ $DP1).
Exploiting the definition of £, we obtain the first term in the expansion for F,:
a2(y)
£1Q3 = 77
_yo*y)
2

Dry(90:DPo - yD:Py)

(9’(y)3§DxPo - w’(y)c?xZ)xPl). (4.B.12)
Finally, exploiting (4.B.6)-(4.B.11), together with (4.B.3), we write

20N _ 2

- l’b(y)m D2Py +

Dx) (80xDxPy — YD P1)

o2(1) — 22 2
T spacozpo - T yymie, @B13)

where Q := %QS = %(@,H).

Placing (4.B.12)-(4.B.7)-(4.B.13) in (4.B.4), we then obtain

Fe(t,x,y) = £1Q3+£ (y)Q2+\/—£a(y)
2 2 s
yaz(y) (9 (1)92D, Py — ()9 Dy pl) %

¢(y) a(y) — #*
4

P (y) D3Py

2(y) n?

+ Ve | -=2Q0, D?Py +

yoz(y)

3(y)dx D3Py — (y)D2P,

YW (4 94 - ) o - 22 (33 - o2) Lw)(% 238+ )

+E (T 000 - i) 2 - 208+ ) o -

> —>——(y) (dF — 293 + 9%) Py

Exploiting the fact that we chose P; = —(T — £)Q (92 — 92) Py (as in (4.B.3)), we obtain

2 _ 2 2 _
RO ey + (-2 (y)8’<y>+L¢<y>)a’°‘Pe
+(—y“;(y)s'(y) —Z(y) ¢(y)) 84P0+T—ca(y)£2 (9% =295 + 92) Py

. %{ [WS@ ~ywd| @220+ Py

+(T - t) ( ) - ¢( )Q) (—d% + 303 — 395 + 97) PO}. (4.B.14)

Performing similar computations for G, we obtain

Ge(x,y) = Qa(T, x,y) + VeQs(T, x, y)
- _Mz) P + V‘(S(y)a D, Py - M@ P1)
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= —@ (03 = 9x) Po+ % 8(y) (93 = 93) + YT ~T)Q (93 - 20 +33) | Py
=¥ oy mys Yoo (03 - 2) 4.15)

with Py, Py evaluated at (T, x). The probabilistic representation of Z¢ as the solution of the
Poisson equation in (4.B.5) reads

T
Z(t,x,y) = € Bt xy [Gg(XT,YT) +/ Fs(s,Xs,Ys)ds] . (4.B.16)
t

To show that this is of order O(¢) as ¢ | 0, it is enough to bound F, and G, uniformly in ¢. The
key ingredients here are the following two lemmas. The proof of the first one, being long and
technical, is postponed to Appendix 4.B.4.

Lemma 4.B.2. Let & be a solution to the Poisson equation Ly& = g on (Y4, o), with

gyl <C, fory € (Yo, y),
sl <C(1+1yl"), fory=>7,
<grn> =0,

for some C > 0,n €N, y € (y5,Y). Then thereexist C' > 0,n’ € N, y, <y’ <Y such that

&)l <, fory € (Yo, y),
&) <C'A+|y|"), fory>7,

and consequently
eyl <C”, fory € (Yo, y'),
Wl < CA+1yI™), fory 27,

with C” suitable positive constant.

Lemma 4.B.3. If h is smooth and bounded with bounded derivatives, then d% Py exists and is bounded
foranyn € N.

Proof. Since Py(t, x) is the BS price with constant volatility u”?, denoting f(-) the density function
of N (—%KZ(T —t), u*>NT - t) and assuming that the first n derivatives of the function h are
uniformly bounded by K > 0, we have, for n =0,

|Po(t, x)| =

/h(e“z)f(z)dz S/Ih(ex+z)|f(z)dz <K
R R

and then, forany n > 1,

I"Po(t, x) = " ( /R h(e**?) f(z)dz) = g1 ( /R B (€¥+7)e* 2 f(z)dz)

— ag—Z (/(hu(ex+2)e2(x+z) + h/(ex+2)ex+2)f(z)dz)
R
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o / D (Z)a§h(ex+2)ek<x+2> f(z)dz

Ri=1

/ (n)aﬁh(ex”)ek(“‘z)f(z)dz,
R k

k=1

and so

|92 Py (t, x)| < (Z) /R |05 ()| e+ f(z)dz < K /R ;(Z)e“x”)f(z)dz

n
k=1

“ n
K (Z)ekxe—k%KZ(T—t)ekZ%KZ(T—t) =K Z (Z)ekxﬂkz_k)%uz(]-_t)‘
k=1 k=1

Since this is clearly finite, the lemma follows. m|

Now, 1 and 9 are respectively the solutions to the Poisson equations (4.3.7)-(4.B.10) and
satisfy the hypotheses in Lemma 4.B.2. Indeed, for ¢, the function g : y + 02(y) — %> clearly
satisfies (g, IT) = (0%(-) — #2,T1) = (0?(-), 1) — #> = #> — > = 0. Furthermore, on (y,, ),

2 2
gl = [6%(y) — #*| < o*(y) + n* = (% - Vy'ﬁ) +u? < % + 1’

is finite. Analogously, for 9, the function g : v — @(y) — (®,I1) clearly satisfies (g,IT) =
(o(y) — (@, I1),IT) = (@,I1) - (@,IT) = 0. Clearly, (@,I1) is a finite positive constant. Let us
check the polynomial growth assumption on (y,, ). Since ¢ is bounded there and since ¢ (and
its first derivative) has polynomial growth, then

8W)I = lo(y) - (@, 1D = [ay)] + (@, 1) < |yll* Wy’ (y)] + (@, TT)
a? ’ n’ a? ’ n’+1
<IylgK (1+191") + (@, 1) < (ﬁ—ZK " <@,n>) (1191741},
which yields the desired growth condition. Thus, ¢ and 9 have at most polynomial growth at

infinity, which we denote n, and ng, and are bounded by a suitable constant when approach-
ing y,. Plugging (4.B.14) and (4.B.15) in (4.B.16), we can write

T
Zf(t,x, y) = gEt,x,y [GE(XT,YT) +/ Fg(S,Xs,Ys)dS]
t

\/_

1
= By | = 50MO2 = IPO(T, X1) + - 3(7)(93 — BPo(T, X7)

T
+/ { T oz + (‘GZ(YS)YSS'm) P T ) 8
t

4 2 2
+ [Gz(zn)yss'ws) - PO 08+ Lo worgy 000 08 -2 + )
. \rg{% | ) - g (020t +.9)
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P (Tl -

P(Y:)Q (0% + 393 - 305 +97) }Po<s, X,)ds

Now, an application of Lemma 4.B.3 yields (with C := g—; + ?)

1Z5(t, %, )| < By | [0 (YT)] + Vel S(YT)]

a?

T 2
. / {%wmn + DN+ )15 + 29l + 1)

B
N 2a%(T - s)

7 CIS(Y6)] + 20 (Ye)|Q + 2(T = $)C[(Y) |0

Yal|9' (Y)|Q + Ve

}ds

T
[Y(Yr)l + Vel 9(¥7)] +/t {II,D(YS)I + Y19 (Yol + (T = )|l (Yo)

< EEt,x,y

V(IS + 190V + (T - S)W(Ys)l)}ds],

where < means less than modulo multiplication by some strictly positive constant. Finally,
applying Lemma 4.B.2, we obtain

|Zé‘(t,x,y)| <e¢ Et/x,y [ (1+|Yr|™) + \/2(1 +1Yr|™)
T
+/ {1 + ]+ Y { [+ 1] (T =) [1+ )"}
t
+Ve{l+[Ye|™ + (1 +(T - s))|1/5|”w}}ds] <.

The finiteness in the last line is a consequence of Appendix 4.B.5 on the uniform finiteness of
the moments of Y, and the proposition thus follows.

4.B.4 Proof of Lemma 4.B.2

With the notations introduced in Section 4.3.2, the third assumption on g can be rewritten

as

_ ~ 00 _ 00 dé -1 00
0=tem= [ soman= ([ =fg) [ swmwa,

and therefore

/ g(y)m(y)dy = 0. (4.B.17)
Yo

Recall that the equation Ly& = ¢ solved by & on (y,, o) is equivalent to

1 d d
> aM (EE(J/)) = g(y)-
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Integrating both sides yields
Y
&'(y) =2s(y) / g(z)m(z)dz. (4.B.18)
Yo

We first study the behaviour around y,. Consider y € (y,, y), for a sufficiently small y. Since
the function g is bounded by assumption, then

Yy
IE"(y)| =2Cs(y) [ m(z)dz = 2Cs(y)Mn(ys, y].
Yo

In the proof of the boundary classification of the left boundary point y, < 1 for the domain
(Yo, o), we have seen that (4.A.4)

K o
s(y) = exp ( — T KK;) Y = yo) (A +0(y ~ o),  fory € (ys,y),
B z
2641, _
with K = %T()lﬂy“), positive constant, and Mm(y,, y] = foy vo %, with

5(x) = ex K + KK%| x7K0(1 + O(x)), forx € 0,y —v,),
P\ B y-v

2+28
and G(x)2 = %(1 +O(x)), for x € (Y5, y). Thus, exploiting these two expansions, the change

of variables x = (y — y,)z and the asymptotic expansion for integrals in [123, Chapter 3.3,
pages 62 and 67], we obtain

S dx
M ar = =
(Yo y] /0 F()5(x)  B?

2+2p
o

e K al  K¥i-2
./0 exp —;—KKﬁ 751 + O(x))dx
y2+2ﬁ
o
L
2+2p
_ Yo
p*y?
2+28

= ﬁyzc;/—zKe_KKg (y - yo)KE exp {—

1

—-KKg Kyi-1 K Kx1-2

e By —y,)" /ex {——}z’“ 1+ O0(z))dz
(Y — o) N I ( (2))

—KK® i K Y=Y
ey —yo) T exp {—y — ya} ( . tOoy - ya)z))

} (1400 yo)

o
Thus, we conclude

2428

2
1E(y)] < 2Cs ()M (Yo, y] = ;’;’yz (1+0( - yo)),

which yields the boundedness of £'(y) and of £(y) itself as y approaches y,.

About the behaviour at infinity, applying the centering condition (4.B.17) to (4.B.18) yields

y
&) =2s(y) | g(z)m(z)dz
Yo
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y (o] (o]
=2s(y) (/ g(z)m(z)dz+/ g(z)m(z)dz—/ g(z)m(z)dz)

Yo Y Y

—-25() [ gz
Y

Since s and m are non-negative, the polynomial growth assumption in the statement of

Lemma 4.B.2 and the definition of m give

IE" ()] = 2s(y)

/00 g(z)m(z)dz
Y

<2Cs(y)/ z"m(z)dz <2Cs(y)/ 02(z)s(z)d .

Since ¥ can be picked as 7 > 1, then |z|"~2 < 1 for n € {0, 1}, and we thus take 1 in place of z" 2.
We make a short digression to study s(y), for y € (a, o) with a > y,. By definition,

¥ 2b
s(y) =exp { ”EZ; 17} = e folv)

SZs(y)/ |g(z)|m(z)dz (4.B.19)
y

with f,(y) = ay ZEZ; dn, which we can compute explicitly as

y d y d
fa(y)=% / 1 2—/ —712 :%(h(a,y)—lz(a,y)),
’ n(—%wn‘ﬁ) ’ (—%wn‘ﬁ
where
_ B By —ayf\ By af -y
hia.y)= ﬁlog(ﬁy—wﬁ) « (a-ByaP)a-pyyPF)
. 1 + 1, 1 ay + 1,1 aab
e | AR e A &y R ey S ) |

. . . - —ayP . . .
- Since y > a, then the first term in I; satisfies % € (0,1] so that its logarithm is

well-posed and negative.

- Likewise, the second term in I; is positive and (as a function of y) increasing and bounded
. . . a’ﬁ
by its co-limit equal tom.

- The two terms in I, can be rewritten exploiting the following series representation of the
hypergeometric function [118, Volume I, Chapter III, Section 3.6, Equation (1)], which
holds for any |z| > 1and a - b ¢ Z:

TG-a)l(c) 1 <o (a)la—c+1) 1
T(O)T(c —a) (=z) ;) Kl(a—b+1) zk

Ta-bc) 1 s Orb—c+1) 1
['(a)T(c —b) (-z) ;) Kb —a+1) zk

2F1(a,b;c;z) =
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In our specific case this reads

2+1
T L

k+2
which implies —>(a, y) = Yys0 k(a'P* — y17Pk), where we define J := k”ﬁ yk+ (%)
for convenience. We further introduce the useful quantities

ZZ = Z Yz 1Pk and Ez = glkzl_

Then, for any 8 € (0, %), there exists ng € N'\ {0,1,2} such that 1 - n <0, for n > ng, and
1-pn 20, for n < ng. Hence, for any z € (y, o), with y > a > y,,

k=0 =g B

_nﬁ
where the constant C, := ZZO is finite.
As a consequence of these bullet points, we deduce
1 _ he by - azf )i exp 2%y at—z7 o 2ha2)
5(2) By — aaf ha (a-pya?)(a-pyz—F)

2%y a P

2 z VY

ST e R L CROWRI|
2B2%yaP 2C,

oo el (2 2

Let us now go back to the starting problem and consider y > a > y,. Replacing the expression
in (4.B.19), we have

: = 2" a r\”? * "2
1€yl < 2Cs(y)/y (g zs(z)dz <2C (? - W) s(y)/y ke
P

_ yz—ﬁ)
-2 B — aab % By yF-aP © n-2
=2C (ﬁ - l) (7/—) e & @i Prapry P ik, y)/ dz
PoovP] \By—ayf y 50

<2c(“ V)_2(ﬁy—aa’3)% { [ Yy
< - - = _ ex
B yf) \By-ayf P
oo LMY 2—z 2=V
n-2 (a—ﬁ;/a_ﬁ)a2h+}1 - —
x/y z""%e exp{ 7l p nﬁ}dz

252yaP -2 B\ -
e 3 (=) i e B
poyP) \By—ayf hdy,f J, h

Now, suppose that the integral in the last line satisfies a bound of the form

/yoozn exp{ z }dz<KZ ( Z )eXp{—%_Zﬂ}, (4.B.20)

I
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for some K > 0 and some integer N > 0. Plugging this in the equation above, we obtain

, 2phyat V(o \P(fr-ad)ie 3N
|5(y)|SZKceXp{(a—ﬁW‘ﬁ)haz}(E_W ) (V ayﬁ) Z‘J'( 2, )

2B .
2p%ya | (By —aaf)ir oy - N (25 )
= 2K N2
CeXp{(a—ﬁya-ﬁ)haZ 2 T 2 jt (hZ

2‘82')/51_‘8 (ﬁy — aaﬁ)_Z N N![2 Y 4
< 2KC exp {(a — ﬁya‘ﬁ)haz} g2 y* Z I (ZZ ﬁ)

< Ky (L N0 ) = K, (1 [y 1),

where Ny and K are respectively a suitably chosen positive integer and a positive constant.
Thus, this last inequality yields the desired polynomial growth for & and £. Finally the
inequality in (4.B.20) is a consequence of the following lemma.

Ny 20

-----

.....

k
N r N
, r! ,
I < Cexp —ZA]-yd/ Z 7l (ZAjydf) .
j=0 k=0 "\ j=0

Proof. The function g : (y, ) — R, defined as g(z) := Zﬁio Ajz%, is positive and strictly
increasing, hence invertible. Its inverse ¢ is thus strictly increasing and lim;o, g(z) = +o0.

The change of variables g(z) = u thus implies

Y A ()
I= w s 7 gy
/gme 3w

Notice that the first derivative of g, given by g’(z) = Zj\’ OA-ul-z”l/"1 is clearly positive and

----------

1

g(z) > agz®, then g ((aio) 0

) > z, and so, by the monotonicity of g, we have

e (z) < g~ (g ((aio)%)) < a;%z%, (4.B.21)

as well as g’(z) > apdpz®~!. Applying this inequality and then (4.B.21) to the chain of inequal-
ities for I, gives, for a suitably chosen positive integer » some constant C > 0,

0 «— k %)
I< / e_”&du - e g (u)H1=ddy
(v @dog ()™t a0do Jy(y)

) ‘L(k*’l—éﬂ) _k+l 00
_/ ot (1)00 di=a, o / omty B (kH1=00) 4
60 Jg(y) o g(y)
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)

(e8] r
- - r! ;
< C/ o'y du = e g(y)z ﬁg(y)]'
j=0
which ends the proof of the inequality in the statement of the theorem. m|

4.B.5 Uniform bounds for the moments of Y

Because of Section 4.3.1, Theorem 4.3.5 and Proposition 4.3.7, we restrict our interest to the

1/p
case with § € (0, l) U {1} and domain D = (y,, o), with y, := (ﬂ—y) < 1. We need to prove
that, for any n € N, the uniform (in time) bound sup,.,E[Y/'] < K holds. We shall use the
following lemma, the proof of which is relegated below:

Lemma 4.B.5. On any compact interval of the form [0, T, any moment of Y is uniformly bounded and
limt_>s E[(Yi— - YS)H+2] =0

This claim implies immediately that E[Y/*2], E[Y"*], B[Y/"], E[Y" "] and E[Y," ] are all

continuous on any compact interval. Now, Itd’s formula implies yields

t t
1
Y=yl +/ nY! 1Y, + E/ n(n = HYI2d(Y)?
0 0

n ! f an
= yg + E/ (st _ st+1) ds +/ (_?st + anSn_ﬁ) dWs
0 0

— E a2 2
. n(n2 1)/ (Oé_zysn +y2st—2ﬁ_ﬂst—ﬁ) ds.
o \B p

Taking expectations on both sides and exploiting the regularity of the processes involved (from
the aforementioned claim) we obtain

t t 3
B 1=vo + (%*ML{D) / E[Y"]ds—% / E[Ys"“]ds+0+w /O B[ 1ds

0
a)/n(n - 1)/ n ﬁ

Define now the function t — ¢@(t) := E[Y;"], which is differentiable since on any compact [0, T],
|9+ £(t,Y)| is bounded in L!, for f(t,Y) := /Ot Y/'ds. Since the process Y is positive almost surely,
differentiating the expression above and applying Holder inequality yield

p'(t) = (E - —2) () - —E [Y?] + yZE[ Y2 Zﬁ] 22y e [Ytz—ﬁ]

2 P
-1 2 -1 n—
< (% T né; )) (- 7B Y] + =— ”(Z = ]
< (% = ”ﬁg 1)) () - o)+ —y D oy = pipte),

with ¢(y) := (% B "2(;2 l)) — Byl g wyl‘%ﬂ. Since lim o /(y) = —oo, there exists y*
) <

such that ¢(y) < —1forally > y*.
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This implies that ¢(-) is uniformly bounded. First, without loss of generality we can assume
v = yé. Now, either the level y* is never reached, so that that the function ¢ is uniformly
bounded by y*, or that y* is actually attained at some time t*, namely @(t*) = y*. Let us
show that in this last case the level y* + 1 cannot be attained and consequently ¢ is uniformly
bounded by y* + 1. Assume by contradiction that there exists ¢ such that ¢(t) = y* + 1. Since ¢
is continuous, then f > *. Setf := max{0 <t <7 : @(t) = y*}. Clearly then ¢(¢(t)) < -1 for all
te [?, t], and furthermore

t t t t
Yy +1=et) = (p(t)+[ @' (t)dt = y*+[ @'(t)dt < y*+[ @'(H)dt < y*+/ Y(p(t))dt <y,
t ; ; i
which is obviously a contradiction and thus completes the proof.

We now prove Lemma 4.B.5.

Proof of Lemma 4.B.5. The finiteness of any moment of Y can be recovered proceeding as in [51].
Indeed, let Tp1 := inf{t > 0:Y; > M} for any M > 0, so that Y;rr,, < M and hence is bounded

almost surely. Consider a function h € C%([0, c0)) with the following properties:

h(y)=1, y<3,
h(y) > yk , everywhere,

hy) =y*, y=2
It is then easy to see that there exists a constant C > 0 such that, for all y=0,

6:2( ) ” ’ ~
S5 (y) + bl (y) < Chiy)
Then, set f(t) := Ey [(Yirc)]. [t0’s formula implies

Y

£(6) = hiyo) + By, [ | e+ b(m)h'(n)ds]
_ tAT _ EAT

= h(yo) + C Ey, [/ h(Ys)ds] = h(yo) + CEy, [/ h(Ysm)ds]

0 0
t t

< h(yo) + C Ey, [/ h(Ys,\T)ds] = h(yo) + C/ f(s)ds.

0 0
Finally, an application of Gronwall’s inequality yields

By [Y] < By [(i00)] < i(yo)e™ < C (145,

which does not depend on M, proving the uniform finiteness of moments of Y on [0, T].
Regarding the second item of the lemma, applying, in sequence, Holder, BDG and Hoélder

inequalities, Fubini’s Theorem and the previously boundedness of moments of Y, we obtain

S o[ 00|

k=0

E[(Y; -Y)"] =E
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23 Z]E:(/stb(Yu)du)n (/stE(Yu)qu)nr

_ n=k _ " k
n n

ZE /Stb(Yu)”du E (/st'&(yu)zdu)7

_n—k
n

[t [t
Z]E / b(Y,)'du| E / 5(Y,)" du
S S

Z {;—n/tE[Y;a—Yu)”]du}T{/tE[Y;f (—%wn‘ﬁ)n}du}ﬁ

n—k L
1 : o n— t n _ by
s S

Since all moments of Y are uniform bounded over [0, T], we obtain

n—k
n

E

IA
-
i S
(@]

=
B

IA

IA
o o
I ||
o o

=

IA

=
o

lim E[(¥; — Y)"] < lim C(T, yo, )(t —5) =0,
—S —S

completing the proof. m]

4.C Large deviations proofs

4.C.1 Proof of Proposition 4.3.13

Since the process Y*¢ lies in R} instead of R, we adapt the proof of [130, Theorem 2.9] to
prove a large deviations principle with speed ¢ and rate function I'. Since y, > 0, and in both
cases o = Yo, and yo < Y, the function ¢ is locally Lipschitz continuous on R’,. Furthermore,
for f € H, the Picard-Lindel6f Theorem implies that the controlled ODE ¢, = o(g:) f ;» with
g0 = Yo admits the solution

Yo ﬁy % —a/tf du [, B & Ve
S; (f)(t):(;) [e 0 Ju (y05—1)+1 , fort €[0,T], yo>0.

t o
This formulation requires the term [e‘“fo fudu (yg 7 1) + 1] to be positive for all yy > 0:

- If yo 2 Yo, then yy 7> -1 2 0 and Szyo(f) is positive on [0, T'];

- If yo < yo, then y; ﬁ% —-1<0and Szyo (f) is positive on [0, T] if and only if (4.3.9) holds.

The crucial step in [130, Theorem 2.9] is [130, Theorem 2.7], which states that if veW is
close to f € H, then Y¢ should be close to Sgo (f), the solution of the controlled ODE. The
case of bounded and locally Lipschitz coefficients on the whole real line was done in [130,
Theorem 2.7], but with such conditions on a domain, a new localisation argument is required.
Given suitable n > 6 > 0, with 6 sufficiently small, there exists r € (0,7) such that the 6-tube
around SZy °(f) is contained in B,(1)). For this radius r to exist, one simply needs to make sure
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that the solution Sg °(f) of the controlled ODE never reaches zero (explosion is impossible as
infinity is recurrent), which is obvious when yg > y,;, and guaranteed by Condition (4.3.9) when
Yo < Ys. Then both functions

b(x), xen-r,n+r],
(n—r)x\ _
b(x) = b ] =b(n-r), x<n-r,
(n + r)x =b(n+r), x>n+r,
|x|
and
E(X), X € [17-7’,7]4-7’],
—((n=r)x) _
s(x) = o ] =o(n-r), x<n-r,
o (nr;cr)x =an+r), x>n+r,

are bounded and globally Lipschitz continuous on R, and clearly ¢b(-) converges uniformly to
zero on R} as ¢ goes to zero.

Denote Y the solution to d?f = eb(?f )dt + \/Es(?f)dwt with ?S = yo > 0. Then the two
sequences (78)90 and (Y?),so are identical in B,(n). Thus, for each 0 < 6 < yp (small enough)
there exist £ > 0 such that, for all x € Bs(vyo),

PLIYE = Sl > 8, IVEW = flleo < ] =B [ IV = S (Plleo > 8, IVEW = fllo < |,

for all f € H s.t. A(f) < A, with (,A > 0 fixed. Hence, for each R,A > 0 and 6 > 0 small
enough, there exist C, &, &9 > 0 such that, for all f € H with A(f) < A, x € Be(yo), € < €0,

2[IY¢ =S (Nl > 6, INEW ~ flleo < ] < exp {_g}

holds from [130, Proposition 2.15] and so [130, Theorem 2.7] is satisfied here as well. Finally,

large deviations follow from the same reasoning as in the proof of [130, Theorem 2.9].

4.C.2 Proof of Theorem 4.3.12

To obtain a large deviations principle for X¢, a large deviations principle for the rescaled
process X¢ := (X¢, Y¢) needs to be proved. This is

dXE = eb(XE)dt + Vea(XE)dW;,

1
with initial condition Xé =Xg = ( o8 SO) and the mapsb,a: R} — R2 defined as
Yo
_1.2 Yé Ye
b(X) = 50 ( ;) and a(X¢) = i( t‘) .
b(Yy) a(Yy)
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These two maps are both locally Lipschitz continuous on R X RY. Solving the controlled
ODE for Y*¢ is sufficient to solve the controlled ODE for the process X¢. Using the proof of
Proposition 4.3.13, for f := (f, f) with f € 7_-(, the controlled ODE g, = fta(gt), with go = X
has a solution g = $*(f) on [0, T]. For yo > y,, the solution 82y ? is strictly positive and S¥(f)
existson [0, T] forall f € H and xo € Rx RZ. In this case, H boils down to the Cameron-Martin
space. For yy < y,, Condition (4.3.9) ensures that S2y * is positive. Applying [130, Theorem 2.9],
the sequence X¢ then satisfies a large deviations principle on C([0, T], R xR} ) as ¢ tends to zero,
with speed ¢ and rate function

I"X(g) = inf {A(F), f € H,S(f) = g}

To obtain a large deviations principle for the log-stock price X¢, we apply the Contraction

Principle [46, Theorem 4.2.1], since the projection on the first component is continuous.

4.C.3 Proof of Corollary 4.3.14

We prove the lower and upper bounds separately, which turn out to be equal. For simplicity,

we introduce the following notation, for all k # 0:

. X .
gl ®lg=y, ifk>0,

PO =1 e if k <0
inf (&)g)=y, ifk <O.
Assuming that the rate function is continuous®, lim;, t log P [St > ek] = —IX(k). We only

consider k > 0, the other case being symmetric. The proof of this identity is similar to that of
[61, Corollary 4.13, Appendix C].

- For any 6 > 0, the inequality E[(S; — e),] > ke*6P[S; > e1+9)] and Theorem 4.3.12,
together with the continuity of the rate function, then imply

liminf tlogE [(Si - ) | = liminf {¢(k + logk +1og 0) + tlog P[S; > e“1*0)]}
t10 + t10

= —TX(k(1 + 9)).
Take 6 | 0, by continuity of IX (k), we obtain the desired lower bound.

- To establish the desired upper bound, we note that for any g > 1, we have

B[(si-e) | <E](s: -’ Yp s = e

+

and therefore t log E[(S; —e¥),] < % log ]E[Sf] +t(1- %) log P[S; > e]. From Theorem 4.3.3,
for y, < min{yo, 1}, the process (Y;);e[o,r] Temains in (y,, ). The map o is bounded on
(Yo, 00), in particular 0 < o(y) < a/B, and thus adapting the arguments in [59, proof of
Corollary 1.2], we have limsup; , é log E[S!] < 0. Indeed, exploiting Holder inequality

and the closed-form formula for the exponential moments of a Gaussian random variable,

3Unless the rate function is available in closed form, it is hard to check for continuity. This was done directly
for the Heston model in [60] and in [61, Corollary 4.10] for a simplified rough volatility model. The most general
related statement is available in [68] based on non-degeneracy assumptions.

174



CHAPTER 4. A THEORETICAL ANALYSIS OF GUYON'S TOY VOLATILITY MODEL

E [e7(X—0)]

t t

= ng [exp {q (_%-/0 o(Y,)?ds +/O a(Ys)dWS)}]

< sg]E [exp {—q /t o(YS)zds}r E |exp {Zq /t U(Ys)dWs}r
0 0

4’ ] [ t ar
<sgexp {TV [/ o (Ys)dWs } < sgexp {‘12/ E [0(%)] ds} <5 exp{ B2 t} ’
0 0

which yields

. ¢ . . ] a2q? . a2q?
limsup —log E[S;] < limsuptlog s, exp | ——f || < limsupt {qxo + ——t = 0.
tHo 1 €10 p n p

Therefore, for fixed g > 1, we have limsup;  t log E[(S; — e, < -(1- %)Tx(k) Taking g
to infinity yields the desired upper bound.
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