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ABSTRACT. We study some semi-linear equations for the (m, p)-Laplacian op-
erator on locally finite weighted graphs. We prove existence of weak solutions
for all m € N and p € (1, +00) via a variational method already known in the
literature by exploiting the continuity properties of the energy functionals in-
volved. When m = 1, we also establish a uniqueness result in the spirit of the
Brezis—Strauss Theorem. We finally provide some applications of our main re-
sults by dealing with some Yamabe-type and Kazdan—Warner-type equations
on locally finite weighted graphs.

1. INTRODUCTION

1.1. Framework. When dealing with PDEs coming from the Euler-Lagrange equa-
tions of some energy functional, existence and multiplicity results of weak solutions
are usually achieved via the so-called Variational Method.

In the recent years, this approach has been employed by many authors in order
to deal with a large variety of interesting PDEs on graphs, see [5H8|[10H23]25H29]
and the references therein. Of particular interest for the scopes of the present paper
is the work [19], where the authors proved existence of weak solutions for a Yamabe-
type equation on locally finite weighted graphs via the celebrated Mountain Pass
Theorem due to Ambrosetti and Rabinowitz [I].

The main aim of this note is twofold. On the one hand, by exploiting some ideas
developed in [9,24] in the context of Carnot groups, we prove the existence of weak
solutions for a Yamabe-type equation on locally finite weighted graphs. Our result is
similar to the one of [I9] but holds under a different set of assumptions. On the other
hand, we adapt the strategy of [3] developed in the Euclidean setting to establish a
uniqueness result for the weak solutions of Yamabe-type equations on locally finite
weighted graphs in the spirit of the celebrated Brezis—Strauss Theorem [4].
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1.2. Main notation. Before stating our main results, we need to recall some no-
tation, see section [2] for the precise definitions.

Given G = (V, E) a locally finite non-oriented graph, the vertez boundary O
and the vertex interior 2° of a connected subgraph 2 C V are defined as

0N ={z € Q:3Jy ¢ Qsuch that zy € E}, 0° =0\ 0.

We say that Q is bounded if it is a bounded subset of V' with respect to the usual
vertex distance d: V. x V — [0, 4+00).

Once a symmetric weight function w: V x V — [0,00) is given, we can define
the Laplacian of a function u: V — R as

LS way(uly) - (@) forz eV,

(1.1) Au(z) = )
yev

where m: V' — [0, +00) is the measure function

(1.2) m(z) = Z Wyy forallzeV.
yev

The gradient form associated to the Laplacian operator is the bilinear symmetric
form

1

L'(u,v)(z) = m(z)

3wy (uly) — u(@))(v(y) — v(@)), zEV,
yeVv

defined for any couple of functions u,v: V' — R. As a consequence, the slope of the
function u: V' — R is given by

1

Vu|(z) = V/I'(u,u)(z) = Im(z)

Z Wy (u(y) — u(w))? forx € V.

yeVv

Note that |I'(u,v)| < |Vu| |Vo| for any couple of functions u,v: V' — R. In analogy
with the Euclidean framework, for any m € N we recursively define the m-slope of
the function u as

m—1

IV(AT= w)| if mis odd,

VM| =
|AS ul if m is even,

where |A2 u| denotes the usual absolute value of the function A% u. The natural
operator associated to the Sobolev spaces (Wg™""(Q), || - |l (q)) (see ) for the
precise definition) is the (m, p)-Laplacian operator

Lo p: Wy (Q) — LP(Q)
defined in the distributional sense for all u € Wy (Q) as

m—1 1

/‘Vmulp—Q I‘(A 3 u7Am77@) dm if m is odd,
Q

(1.3) Lo pupdm =

Q

IVmulP2 ATu A% pdm if m is even,
Q

whenever ¢ € W ().
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EXISTENCE AND UNIQUENESS FOR SEMI-LINEAR EQUATIONS 4759

The (m, p)-Laplacian L,, pu can be explicitly computed at any point of Q. In
particular, £, , is the p-Laplacian operator, given by

(1.4) APU(I):_l > (Va2 (y) + [VulP~*(2)) way (u(y) — u(z)), = €9,
m(z)
y€eN

for all u € WO1 (Q). When p = 2, we recover the usual Laplacian operator defined
in (CI).
1.3. Main results. We are now ready to state our main results. Our first main

theorem is the following existence result for a Yamabe-type equation for the (m, p)-
Laplacian operator on locally finite weighted graphs.

Theorem 1.1. Let G = (V, E) be a weighted locally finite graph. Let Q C V be
a bounded domain such that Q° # @ and 00 # &. Let m € N, p € (1,+00) and
g€ [p—1,400). Let f: Q x R = R be a Carathéodory function such that

(1.5) |f(z,t)] <a(z)+b(x)|t|T  for every (z,t) € A xR
for some non-negative a,b € L*(2) with llallzr @y 16l 1 () > 0. There exists

(1.6) A = A(m,p,q, ||a||L1(Q)7HbHL1(Q)) >0
such that the Yamabe-type problem
Lo pu = Af(z,u) inQ°,

(1.7) _
[VIu| =0 ond, 0<j<m-—1,

admits at least one non-trivial solution uy € Wi (Q) for every 0 < X < A.

We observe that the growth condition of the function f assumed in (LH]) of
Theorem [[T] is different from the one assumed in [I9, Theorem 3]. In particular,
we do not assume that f(x,0) = 0 for all z € Q. We also underline that the existence
threshold (L6) depends uniquely on the growth of the function f and not on the
first eigenvalue of the (m,p)-Laplacian, as instead it happens in [I9, Theorem 3].

Our second main result is the following uniqueness theorem for a Yamabe-type
equation for the p-Laplacian operator on locally finite weighted graphs in the spirit
of the famous Brezis—Strauss Theorem, see [3,4].

Theorem 1.2. Let G = (V,E) be a weighted locally finite graph. Let Q@ C V
be a bounded domain such that Q° # @& and 00 # &. Let p € [1,400) and let
g: 2 xR = R be a function such that g(x,0) =0 and t — g(x,t) is non-decreasing
for all x € Q. If f1,f2 € LY(Q), h € LY(0Q) and ui,us € WHP(Q) solve the

problems
—Apu; + gz, u;) = i in Q°
fori=1,2,
u; = h on 0N
then
(1.8) / lg(x,u1) — g(x,ug)| dm < / |f1 — fa| dm.
Q Q

As a consequence, for every f € LY(Q) and h € L*(9R) the problem
—Ayu+g(x,u)=f inQ°,

(1.9) !
u=h on 09

admits at most one solution u € WHP(Q).
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4760 A. PINAMONTI AND G. STEFANI

By combining Theorem [ Tland Theorem [[.2] we get the following well-posedness
result for a Yamabe-type problem for the p-Laplacian on locally finite weighted
graphs.

Proposition 1.3. Let G = (V| E) be a weighted locally finite graph. Let @ C'V be
a bounded domain such that Q° # @ and 0 # &. Letp € (1,+00), g € [p—1, +00)
and a,b € L*(Q) with infq b > 0. There exists

A= A(m,p,q, allLr (), || 1) > 0
such that the Yamabe-type problem
—Apu+bulilu=a inQ°,

(1.10)
u=20 on 0N

has a unique solution u € W, (Q).

1.4. Organization of the paper. The structure of the paper is the following. In
Section [2] we recall the preliminary definitions and notions needed in the paper.
Sections [3 and @ are devoted to the proofs of Theorems [[I] and respectively.
Finally, in Section Bl we provide some applications of our main results, along with
the proof of Proposition [[.3

2. PRELIMINARIES

In this section, we introduce the main notation and some preliminary results we
will need in the sequel of the paper.

2.1. Non-oriented graphs. Let V be a non-empty set and let £ C V x V. We
write

x~y = zy=(z,y) € E.
We will always assume that

zye b < yrc k.

We say that the couple G = (V, E) is a non-oriented graph with vertices V and
edges E.
The non-oriented graph G is locally finite if

#{lyeV:zye E} <+oo forallz eV,

that is, each vertex in V' belongs to a finite number of edges in F.
Given n € N, a path on G is any finite sequence of vertices {zx},_, , CV
such that

rrpr1 € E foralk=1,...,n—1.

The length of a path on G is the number of edges in the path. We say that G is
connected if, for any two vertices z,y € V, there is a path connecting x and y. If
G is connected, then the function d: V x V — [0, 400) given by

d(z,y) = min{n € Ny :  and y can be connected by a path of length n},

for x,y € V, is a distance on V. As a consequence, any connected locally finite
non-oriented graph has at most countable many vertices.
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EXISTENCE AND UNIQUENESS FOR SEMI-LINEAR EQUATIONS 4761

Let G = (V, E) be alocally finite non-oriented graph. A weight on G is a function
w: VXV —=[0,400), w(x,y) = wyy for z,y € V, such that

Wey = Wy and wgy >0 <= zy €k

for all z,y € V. We conclude this section by pointing out that the function m: V" —
[0, +00) defined in ([2)) can be interpreted as a measure on the graph by simply
setting

/Vudm = /Vu(x) dm(z) = y%‘:/u(x) m(z) € [0, +o0]

for any function u: V — [0, +00).

2.2. Sobolev spaces on bounded domains. Let G = (V, E) be a weighted
locally finite graph and let 2 C V be a bounded domain. Note that the integral

/Q udm = /Q u(z) dm(z) = Y u(z) m(z)

e

of a function u: Q — R is well-defined, since € is a finite set. Let p € [1,+oc0] and
m € Ng. The Sobolev space W™P () is the set of all functions u: @ — R such that

m

(21) ||u||W7n,p(Q) = Z HvkuHLP(Q) < +OO
k=0

When m = 0, this space is simply the Lebesgue space LP(Q2). Since  is a finite
set, the Banach space (W"™P(Q), || - lwm.»(q)) is finite dimensional and, actually,
coincides with the set of all real-valued functions on €.

For m € N, we define

(2.2) Cr() ={u:Q—=R: |VFu| =0 on 9Q for all 0 < k < m — 1}

and we let Wi"?(Q) be the completion of CJ*(Q2) with respect to the Sobolev
norm (ZT)). The following result is proved in [19, Theorem 7).

Theorem 2.1 (Sobolev embedding). Let G = (V, E) be a locally finite graph and
let Q@ C V be a bounded domain such that Q° # & and 0 # &. Let m € N
and p € [1,400). The space Wy P (Q) is continuously embedded in L1(Q2) for all
g € [1,+00], i.e. there exists a constant Cy, , > 0, depending only on m, p and Q,
such that

(2.3) [ull Lag@) < Crmpl V™ ull Lo (@)
for all g € [1,400] and u € W (Q)

By Theorem 2.1} the space (Wy"" (), |||l »(q)) is a finite dimensional Banach
space, where
(2.4) lullwmr @) = V™ ul L (o)

is a norm on Wy"?(Q) equivalent to the norm (2.)). Since € is a finite set, the
Banach space (Wy""(Q), || - [l (q)) is finite dimensional and, actually, coincides
with the set CJ*(Q2) defined in (22)).
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4762 A. PINAMONTI AND G. STEFANI

3. PROOF OF THEOREM [I.1]

In this section, we prove our first main result following the strategy outlined
in [9). Given A > 0, we define

(3.1) B() = ulhwgrioy () = A [ Pla,u)dm.
for all u € WP (Q2), where
t
(3.2) F(z,t) = / f(z,7)dr forall t € R.
0

Note that, thanks to the assumption in (IH), the functional ¥ is well-defined and
(strongly) continuous on Wy (£2). Indeed, we can estimate

‘tl ‘t| 1+q
IF(w,t)\S/O If(:v,T)IdTg/O a(x) 4 b(z) |77 dr = a(z) |t] + b(z) |1t+q

for all (x,t) € 2 x R, so that

||u||1LJoroq(Q)

[Ex(w)| < M llallzr@)llull Lo ) + 1Bl 21 () T1g
which is finite for all w € W"?(Q2) by Theorem Il In addition, if (uy)nen C
Wy (£2) is converging to some u € W (), then u, — u in L>®(Q) as n — 400

and thus
i Wy () = lim S F(e () m(z) = 3 Fe,u(z) miz) = ()

zeQ €N

by the continuity of the function ¢ — F(z,t) for z € Q fixed.

The following two results are proved in [0, Lemma 3.2 and Lemma 3.3] respec-
tively for the case p = 2. Here we reproduce the proofs in our setting in the more
general case p € (1,+00) for the reader’s ease.

Lemma 3.1. Letp € (1,400) and A > 0. If

(3.3) lim sup SUPyuea-1([0,0]) Wi (u) - SUPyep-1([0,0—¢]) Wy (u)
’ e—0+ £

< P71

for some o > 0, then

. SWyea-1(0,0) YA(U) = SUDep-1(0,0) Ya(w) 1
(3.4) ;Iéf;) o < s

Proof. Let € € (0, o) and note that

. € 1
lim = .
es0t o — (0 — )P poP~t

Therefore, in virtue of ([B.3]), we get that

SUPyea-1([0,0]) YA (W) — SUPyca-1(j0,0—c]) Ya (1)

lim sup

e—0+ o —(o—¢e)P
= limsu SUPuca-1(0.6) YA (W) — SUPuca 1 (j0.0-e)) Y2 (1) . €
= 64)0+p g Qp _ (Q _ E)p
SUPycp- Uy (u) — sup,cep- U (u 1
= —— limsup Pued—1((0,0]) A(u) Pued-1(]0,0—¢]) N <L
pgp e—0t e p
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Thus we can find € € (0, p) such that

SUPyeh-1([0,0]) YA (%) = SUDy,eq—1((0,0—g]) TA(w) 1
0" —(e—¢)P p
and so 0 = o — € < p gives

SUPyea-1([0,0)) YA (1) = SUPyep-1(j0,07) YA (1)

inf
o< Qp — Up
_ SUPuca-1(0.)) W (u) = supyeo-1(j0,5)) Yal(u) 1
oP —a® p
proving ([34). The proof is complete. |

Lemma 3.2. Let p € (1,400) and A > 0. If B4) holds for some o > 0, then

: SUDyeq-1(j0,0) YA (V) — Ualu) 1
(3.5) inf p(£ o) > < -
ued ([O,Q)) 1% ||UHW07W,P(Q) p

Proof. In virtue of [84), we can find ¢ € (0, ¢) such that
1
sup  Uy(u)> sup  Uy(u) — —(o” —3aP).
ue®=1([0,5]) ue®=1([0,e]) p
Since the functional ¥y is continuous on Wy (Q), we can find u € WP (Q) with
@/l @y = o such that

sup  Uy(u) = sup Uy (u) = Uy(a)

ue®=1([0,5]) lullyym.poy=7
and so
@) > sup  Ua(w)— (o — 7).
ue®~1([0,0]) p
We thus conclude that
SUPyea-1([0,0) YA(V) — Ua(u)  SuPyea-1(j0,q) Ua(v) = Ua(a) 1

inf P < 5 < =
u€®~1([0,0)) zQp - HU’HW(;'“P(Q) Qp — ||UHW5n,p(Q) p

proving ([33)). The proof is complete. |
We are now ready to prove our first main result, in analogy with [0, Theorem 3.1].

Proof of Theorem [T Let A > 0 and consider the energy functional £y: Wi"?(Q)
— R defined as

p
——— —W,(u) forall u e W;""(Q),

where ® and ¥, are as in (). By the growth condition (LH]) and Theorem 2.1
we have that £, € CL(W;"P(Q);R), with derivative at u € W;"?(Q) given by

/ V™ ulP~2T(A
Q

m—1 m—1

Ty, AT go)dm—)\/f(x,u)apdm if m is odd,
Q

E(u)[p] =
/\Vmu|p_2A%uA%<pdm—/\/ f(z,u) pdm if m is even,
Q Q
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4764 A. PINAMONTI AND G. STEFANI

for any ¢ € W;"?(Q). In particular, the solutions of the problem (7)) are exactly
the critical points of the functional £,. Now let o > 0 to be fixed later. Since &, is
a continuous functional on W7 (Q), there exists uy , € ®71([0, g]) such that

. = inf .
(3.6) Exlux,p) ue@yll([o,g])g’\(u)

To conclude the proof, we just need to show that ||ux,e|lw:m» ) < ¢. To this aim,
for € € (0, 0) we consider

SUPyea-1((0,0]) YA (W) — SUPyea-1(j0,0—e]) TA (W)

Alg,€) = E
Recalling the definition of ¥y in [BII), we have

1

Mea)=2( s w- s W)
€ \ued-1([0,0]) ue®~1([0,0—¢])
A ou(x)

< - sup / / |f(z, 1) dt | dm(z).

€ ued-1([0,1]) JQ |/ (0—e)u(x)

Thanks to the growth condition (LH), we can estimate

A ou(x)
2 /Q /( (2, 1)] dt ’ dm(z)

o—¢)u(z)

A ot — (o 6)’”1)
< — | ealz)|u(x)| + bz w(x)|9 dm(z
<2 [ catuo) + o) (=TT ) dma
Ml oy Bl @) [ o7+ — (o — £)o+t

q+1 €
for all u € Wy"P(Q). Thus, by the embedding inequality (Z3), we get
ACE bl ) (0% — (0 — €)1}

q+1 €

< Ml pee oy llall 1 o)

Ao,e) < ACmpllallLr o) +

and so
1im§)1ip Ao,e) < M (Crpllallzi) + CLEHBll L1 o) 07) -
e—
We now define
Qp—l
(3.7) Ap = € (0, +00)
© Cupllalliie + O IbllL o) of

and, consequently,

A =sup ), € (0,+0c0)
0>0

(note that A < +oo is ensured by the fact that ¢ > p — 1). Now fix A < A and
choose the parameter p > 0 in such a way that A < A\, < A. This choice implies

that
limsup A(g,€) < A (CpllallLi) + CLIbI L1 ) 09)
e—0+
< A (CompllallLr) + CLMBI 1 o) 07) < 0”7,
so that
Jim sup SUP,cap-1(0,0]) YA (U) — SUDycap-1(0,0—c]) YA (W) <o
e—0+ €
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We can now apply Lemma Bl to get that

i SUPued—1([0.¢]) U (u) = supyeq-1(j0,0]) Yr(w) - 1
o<p Qp — ogPb D

and so, by Lemma [3.2] we infer that

o SWPeea—toen Ya(v) — Ua(u)
ued-1([0,0)) o — ||UH€V0m’p(Q)

1
p
The above inequality implies that there exists wy , € ®71([0, 0)) such that

0P — ||w)\,9||€vm’17 Q
sup Ua(v) < Ux(wa,e) + o ).
ve®=1([0,0]) b

Now, if by contradiction we assume that HuA,QHW(;n,p(Q) = p, then the previous
inequality implies that
of — ||w>\79||€vgnvp(g)

b

which is equivalent to Ex(uy,p) > Ex(wy,,), contradicting (B:6). The proof is com-
plete. O

\I/)\(’U,)\”Q) < \I’)\(U))\’g) +

Remark 3.3 (The precise value of A in Theorem [[LT]). Note that the above proof
allows to give a precise value to the existence threshold A > 0 in Theorem [Tl
Indeed, one just need to find the maximal value of the function defined in (B7),
which is explicitly computable in term of p, g, ||lallz1(q), [|bllz1 () and Cpp. In
particular, in the limiting case ¢ = p — 1, one has

. oP 1 1
A= lim > — = = ,
o=+00 CmpllallLi@) + Chpllbl L1 (o) 0F Chpllblly o)

which does not depend on ||a||z1(q)-

4. PROOF OF THEOREM

In this section we prove Theorem The overall strategy is to adapt the line
developed in [3, Appendix B] for the Euclidean setting to the present framework.
Note that [3] is focused on the case p = 2 only. Nonetheless, exploiting the explicit
expression ([[4) of the p-Laplacian, we are able to extend the approach of [3] also
to the case p # 2.

We begin with the following result, analogous to [3] Lemma B.1].

Lemma 4.1. Let G = (V, E) be a weighted locally finite graph. Let @ C 'V be a
bounded domain such that Q° # @ and 0Q # @. Let p € [1,+00) and f € L}(Q).
Ifu € Wol’p(Q) is a solution of the problem

(4.1) AR,
u =0 on 0f,
then
/ fHu)dm>0
Q

for every non-decreasing locally Lipschitz function H: R — R such that H(0) = 0.
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4766 A. PINAMONTI AND G. STEFANI

Proof. We start by observing that H(u) € Wy (Q). Indeed, H(v) € CJ(Q) for all
v e CYR) with |VH (v)| < LIVv| on Q, where L = Lip(H, [—c,c]), ¢ = [|v][ 1~ ()
Using H(u) as a test function in (A1), we get

/ FH(u - /Q Ay H(u) dm = /Q VP2 T, H () dm > 0,
because
T ) (@) = s - ey () = (@) (B (u(y) — H(ul))) =0
yeR
since H is non-decreasing. The proof is complete. O

As a consequence, and in analogy with [3| Proposition B.2], from Lemma 1] we
deduce the following result.

Corollary 4.2. Let G = (V, E) be a weighted locally finite graph. Let Q C 'V be
a bounded domain such that Q° # & and 0Q # @. Let p € [1,+00), M > 0 and
fe LY Q). Ifue WyP(Q) is a solution of the problem

—Apu=f 1inQ°,
u=0 on 08,
then

/ fdm >0, / fdm > 0.
QN{u>M} QN{u<—-M}

/ f sgn(u)dm > 0,
Qn{|ul=M}
R

where sgn: R — R is the sign function defined by sgn(t) = iy for t # 0 and
sgn(0) = 0.

In particular,

Proof. For every n € N such that n > ﬁ, we let H,,: R — R be the function
0 forth—%,
H,(t)=qnt—nM+1 for M — L <t <M,
1 for t > M.

Since H,, is Lipschitz, non-decreasing and such that H,(0) = 0, by Lemma [A.T] we
get that

/ £ Hy(u)dm > 0.
Q

Passing to the limit as n — +o0o, we find that

/ fdm >0,
Qn{u>M)

as desired. The conclusion thus follows by linearity. O

We are now ready to prove our second main result, in analogy with [3, Corol-
lary B.1].
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Proof of Theorem [L2l The function v = uy — us € Wol’p(Q) solves the problem
—Apy=F in Q°,

(4.2)
v=20 on Of)

with F' = f; — fo — g(x,u1) + g(x,uz) € L*(Q). By Corollary B2, we have that

/ Fsgn(v)dm > 0,
Q

which is equivalent to

/ (902, 1) — g(, u2)) sgn(us — 1) dm < / (f1 — f2) sen(us — ug) dm
Q Q

and (L8)) immediately follows. As a consequence, if f; = fo then also g(z,u1) =
g(x,u2) and thus F =0 in (£2). Therefore Ayv =0 in Q and thus

sup |v] < Cl,p/ |VolP dm = _CLp/ vApdm =0
Q Q Q
by Theorem 2] and (L3)), so that u; = us. The proof is complete. |

5. APPLICATIONS

In this last section we briefly discuss some applications of our main results.

We begin by stating the following result, which shows that the Dirichlet problem
in WO1 2(Q) for the Laplacian operator with sufficiently well-behaved non-linearity
admits a unique solution.

Corollary 5.1. Let G = (V, E) be a weighted locally finite graph. Let Q C V be a
bounded domain such that Q2° # @ and 02 # &. Let g: Q@ x R — R be a function
such that t — g(x,t) is C* and non-decreasing with g(x,0) = 9;g(x,0) = 0 for all
x € Q. Let us set f(x) = g(x,0) for all z € Q. There exists § > 0 with the following
property: if f € L*() with ||f — fllr2) < 8, then the problem

—Au+g(x,u)=f inQ°,
u=0 on 0N

admits a unique solution u € Wy *(Q).

The uniqueness part in Corollary [5.]is clearly immediately achieved by Theorem
[[2], while the existence part follows from the following result, which is inspired by
the work [2].

Lemma 5.2. Let G = (V, E) be a weighted locally finite graph. Let @ C V be a
bounded domain such that Q2° # @ and 00 # &. Let g: Q@ x R — R be a function
such that t w g(x,t) is of class C1 with dyg(x,0) = 0 for all x € 2. Let us set
f(x) = g(x,0) for all x € Q. There exist §,¢ > 0 with the following property: if
f e L2(Q) with ||f — f||L2(Q) < 4§, then the problem

—Au+g(z,u)=f inQ°,
u=0 on 05}

admits a unique solution u € W, *(Q) with Hu||W01,2(Q) <Ee.
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Proof. Let us consider the function F: Wy *(Q) — L2(Q2) defined by
F(u) = —Au+ g(z,u)

for all u € W, (2). Note that the map F is well-defined, since Wy*(Q2) ¢ L> (1)
with continuous embedding by Theorem 2] and thus also x — g(z,u(x)) € L>(Q)
by the continuity property of g and by the fact that the number of vertices in €2 is
finite. We additionally note that F € C*(W,*(Q), L*(Q)). Indeed, the Laplacian A
is linear and the map u + g(x,u) is of class C! thanks to the continuity properties
of g. Finally, we observe that the map F'(0): W, *(Q) — L?(Q) is invertible, since
F'(0) = —A by the assumption that d;g(x,0) = 0 for all x € Q. Since F(0) = f, the
conclusion follows by the Inverse Function Theorem and the proof is complete. [

Our two main results Theorems [[.1] and can be combined in order to achieve
the well-posedness of a Yamabe-type problem on bounded domains, namely Propo-

sition L3l

Proof of Proposition [L3l The function g(z,t) = b(x)|t|971t, defined for (z,t) €
Q x R, satisfies the assumptions of Theorem [[.2] so that problem (LI0) admits at
most one solution and we just need to deal with the existence issue. If ||a| p1q) =
0, then clearly ¢ = 0 and thus the null function v = 0 is the unique solution of
problem (LI0). If |la|[z1(@) > O instead, then we apply Theorem [Tl Indeed,
the function f(x,t) = a(x) — b(z)|t|?~t, defined for (z,t) € Q x R, satisfies the
assumptions of Theorem [[LT] and the conclusion thus follows in virtue of Remark
0.0l (|

We conclude our paper with the following uniqueness result for a Kazdan—
Warner-type problem on bounded domains. Its proof is a simple application of
Theorem and is thus left to the reader.

Corollary 5.3. Let G = (V,E) be a weighted locally finite graph. Let Q C V
be a bounded domain such that Q° # @ and O # @. Let p € [1,400) and let
a, B € LY(Q) be two non-negative functions. For every f € L*(Q) and h € L*(09),
the Kazdan—Warner-type problem

—Apu+aelt=f inQ°,
(5.1)
u=nh on 09

admits at most one solution u € WHP(Q).
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