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Abstract

The “two-layer model” is a 2 + % degrees—of—freedom non—autonomous dynamical system
consisting of a massive, ellipsoidal (possibly spheric) body made of two layers — a hard core
and a viscous fluid — revolving about a major planet or a star. We assume that the rotation and
the two revolution periods (of core and shell) are close to a resonance, and aim to investigate,
in a rigorous way, the mathematical conditions which maintain the resonant motion. In a
previous article (Pinzari et al. in Celest Mech Dyn Astron 136(5):39, 2024), we discussed
the phenomenon known as “capture into resonance”, via qualitative arguments supported by
numerical findings. In this paper, we reframe the model along the lines of a suitable version
of (which we refer to as “non—quasi—periodic”) normal form theory and provide an explicit
amount of the resonance trapping time, which is estimated as exponentially—long, in terms
of the small parameters of the system.
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1 Introduction

In a previous paper, Pinzari et al. (2024) (in turn based on Goldreich and Peale (1966)),
we proposed a model (“two-layer model”, in what follows) for the capture into spin-orbit
resonance in which the body is composed by two layer, a lighter shell and an heavier core,
interacting via a liquid, or viscous, friction. The model is motivated by the study of the capture
into 3:2 resonance of Mercury, in which the viscous friction can be related to a melted mantle
between a solid crust and a solid kernel, and by the icy Jupiter’s satellites, that will be studied
in a near future by the JUICE mission (Van Hoolst et al. 2024), that are supposed to have
a water ocean between the solid icy crust and a rocky core. The model includes a simple
— albeit natural — description of the different friction felt by the crust and the core, which
is taken proportional to relative velocity (for a simplified model see (Scoppola et al. 2022),
other kinds of friction are considered in Rochester (1970); Lhotka et al. (2025)).

In Pinzari et al. (2024), we focused on the study of the equations of motions of the system
(see eq. (25) of that paper) resulting from the lower nonzero terms of a time—averaged series
expansion of the potential in terms of quite natural small parameters of the system: the
eccentricity of the orbit, the a-sphericity of the body and the inverse distance from the sun.
Notwithstanding the tailored approximations, the motion equations which we obtained are
still non—trivial, due to nonlinearities. Quite surprisingly, based essentially on numerics, we
found that such simplified equations provide an account of a possible mechanism of capture
into resonance.

The purpose of this paper is to understand under which respect the neglected higher order
terms do not interfere with such description. We remark that, by the occurrence of friction,
the model is far from being Hamiltonian, whence powerful tools from perturbation theory
(like Kolmogorov—Arnold—Moser or Nekhorossev; see below) are not available.

Among the recent theories which deal with friction, conformally symplectic theory is
worth to be mentioned (Wojtkowski and Liverani 1998; Calleja et al. 2013; Maro and
Sorrentino 2017).

The approach we follow is, in a sense, traditional, in two respects. On the one side, as in
Pinzari et al. (2024), we start with a Lagrangian analysis, as we cannot do differently, due
to the occurrence of friction. On the other side, we develop a new analytical tool, which we
refer to as non—quasi—periodic (NQP, hereafter) normal form theory. In the 70s of previous
Century developing ideas going back to Littlewood, H. Poincaré, Moser, Kolmogorov and
his mentor (Hardy et al. 1934; Poincaré 1892; Moser 1961; Birkhoff 1927; Kolmogorov
1954; Arnold 1963b,c¢), a young student of V.I.Arnold, named NehoroSev (1977, 1979)
considered the problem of maximum variation of the action coordinates, /, under the action
of an Hamiltonian

H({I, o) =h(I)+ef(l,9) 0<e]1

which is a slight perturbation of an integrable one, here named as /(7). Hamiltonians of this
kind are common in the literature (e.g., the Hamiltonian of the n—body problem, the Euler
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Two-Layer Model via Non... Page3of30 18

top, anharmonic interacting oscillators, etc). They are widely studied, since the discovery of
the so—called Kolmogorov—Arnold—-Moser (KAM) theory (Kolmogorov 1954; Moser 1962;
Arnold 1963a), which originated a flow of research still not exhausted, which spreads to
dissipative and infinite—dimension systems: see, e.g., Wayne (1990); Kappeler et al. (n.d.);
Kuksin and Maiocchi (2018); Sevryuk (2003); Calleja et al. (2017); Berti et al. (2021);
Chierchia and Procesi (2022); Calleja et al. (2024) and references therein, for an overview.
Nekhorossev proved that, along the motions of H the j™ action coordinate 7 ;j satisfy an
inequality like

11;(t) — ;)| <€ for |t] < lexp <ia)
€ €

for suitable positive numbers a, b. Nekhorossev’s papers had a deep impact on the scien-
tific community. After him, many authors thoroughly studied and progressively clarified the
analytic set—up, both in the original setting (Benettin and Gallavotti 1986; Poschel 1993;
Lochak 1992; Lochak and Neishtadt 1992; Bounemoura and Niederman 2012; Guzzo et al.
2016) or for systems exhibiting an elliptic equilibrium (Fasso et al. 1998; Guzzo et al. 1998;
Poschel 1999; Pinzari 2013; Bounemoura et al. 2020), or, finally, for numerical approaches
(Celletti and Ferrara 1996; Morbidelli and Giorgilli 1997; Froeschlé et al. 2000; Sansottera
et al. 2013). An extension of normal form theory to non—autonomous Hamiltonian systems
with a special decay of the remainder term f has been recently obtained in Fortunati and
Wiggins (2016). Recall also Fasso (1989) and references therein for an application to non—
hamiltonian vectorfields based on Lie series. Notwithstanding the variety of the recalled
analytic results, the occurrence of friction makes them of no practical use to the two—layer
model. Using the machinery from Poschel (1993), we develop a theory for ODEs equipped
with vector—fields where, in the lowest approximation, part (possibly, none) of the variables
has a quasi—periodic motion, while the other part (possibly, all of them) affords dumped
oscillations, i.e., oscillations with complex frequencies, whose real part is negative (even
though the theory is meaningful for any complex value of the frequency). Previous similar
statements appeared in the unpublished note! and, later, in Chen and Pinzari (2021); see
(Pinzari 2023) for a review.

Apart from its interest from a technical point of view, we believe that our result is physically
meaningful, because it allows, quite constructively (meaning that all the constants involved
may be estimated through the proofs: see, e.g., Eq.s (15), (18)), to ensure that the motions
of the relevant quantities in the two—layer model are close to such dumped oscillations, for
exponentially—long times.

In particular, we are able to exhibit an explicit value of the time T such that fort < T
the solution of the linear system stays close, in a suitable norm, to a dumped oscillation,
and to compare it with the characteristic time t ruling the exponential decay, given by the
inverse of the modulus of the real part of the frequencies. As a matter of fact, if 7 > t,
the solution will never escape from the equilibrium, at all times. We remark at this respect
that the specificities of the problem at hand allow us to reformulate the underlying, rather
complicated, fourth—order eigenvalue equation as second—order ODE and to treat it via the
min-max principle eventually (see also Remark 5.1 below).

This paper is organized as follows. In the next Sect.2, we recall the basic framework of
Pinzari et al. (2024), so as to derive the explicit form of the motion equations (2), and state
our main result, Theorem 2.1. In Sect. 3 we state precisely the aforementioned NQP normal
form theory (see Theorems 3.1, 3.2) and prove Theorem 2.1 and, in Sects.4.1 and 4.2 we

U arXiv:1710.02689.
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prove Theorems 3.1, 3.2, respectively. In Sect. 5, we provide the mentioned upper and lower
bounds of the size of dumping. Finally, we dedicate Appendix A to recall an abstract result on
actions of change of coordinates to vector—fields, which may turn to be useful to non—expert
readers.

2 Lagrangian set-up and result
2.1 Description of the model

It is usually believed (and partly proved) that, in general, resonances carry instability in con-
servative, close—to—be—integrable systems, up to the point of causing ejections of planets or
collisions. Still, resonances are ubiquitous in planetary models and look stable over million
of years. The idea underlying this section (or, more in general, this note) is to show a mech-
anism which stabilizes resonances through friction. In particular, we focus on a variation of
the well known spin—orbit problem, which we name, as in the title, two—layer model. This
isa2+ % degrees—of—freedom dynamical system, constructed as follows. With reference
to (Pinzari et al., 2024, Fig. 1), we consider an extended body with total mass m (denoted
as P, “planet”, in what follows) moving on a plane and undergoing gravity attraction by a
point-wise attracting mass M (S, “sun”). For simplicity, we assume that S is fixed in some
point of the plane and that the center of P describes a Keplerian, elliptic orbit £, with one of
its foci at S and fixed semi—major axis a, perihelion direction i and eccentricity e (we assume
the perihelion is well defined, namely, e 7# 0). The position of P on £ is determined by the
value of the “mean anomaly” ¢, which evolves linearly in time, accordingly to Kepler law:
(=0 w:=27 G713\/I (1)
a
with G the gravity constant. Concerning the shape and structure of P, we assume it consists
of two thickless layers (called “core” and “shell” in what follows), both having elliptic shape,
but possibly oriented in different directions. The different orientation of the two ellipses is
physically interpreted as evidence of mutual friction between the layers, which, as well as in
Pinzari et al. (2024), we aim to take into proper consideration. In addition, for the core and
the shell we consider only motions which are close to be “resonant” (namely, with periods
ratios close to a rational number) with the revolutions of P about S. As, due to the friction,
the energy is not conserved, the Hamiltonian analysis (and its powerful machinery) is not an
option. We then proceed with a Lagrangian analysis, as this allows to set friction forces in via
a Reileigh function R. To choose the Lagrangian coordinates, we fix a reference frame with
the first axis in the direction i of the perihelion of £. We denote as p = p(a, e, £) the position
of the center of P relatively to S; as ¢ and v the angles formed by p and the semi—major axes
directions of the shell and the core. Since our purpose is to study motions for ¢ and v which
are closetoa2(k/2+ 1) : 2(k/2 4 1) : 2 ratio between ¢, v and £ (“spin—orbit resonance”),
we introduce the quantities y and 7 via

ke n d ke n
= — anayv = — .
@ 3 Y 3 n
The motion of y and 7 is determined by the two second—order equations

t(%>:@+% )

L) _ oL o oR
(%) =%+

[~ &~

QU
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The explicit expressions of £ and R are (compare with equations (Pinzari et al., 2024, (15),
(16), (23), (24)). Beware that 8 and B’ correspond to A and A’ in Pinzari et al. (2024).)

~ 1 1 kw
_ _ R—__- R Kw
L=Ly+Ly—V, 2,3()/ ) 2/3 <7l+ 2) ,

with B > 0 a “viscous friction coefficient”, 8’ > 0 a “viscoelastic friction coefficient’, and

1 Tk . 23 ~
L, = EC/ |:§a) +y+9¢, v, e):| + ga)z(B/ — A’)ak(e)ek cos2y — ]/J(Z, Y, e)

Ly

1 [k . 2 3 -
5€ |:§a) +0+ 3¢, o, e)] + ng(B — Aag(e)ek cos2n — VL, 1, e)

2 3
P, V:o(%), T):o(%) 3)

where ]N}(Z, n,e), V(E, n, e) have Vanishing2 {—average and with r being the average radius
of P. To lighten notations, we introduce the homogeneous quantities

3B—-A 4, B
cl = 1 C’ ——w e ar(e), 0 := ol

3B — ! k
= 1 C a)zekak(e), €= g, V= %, Vo 5
~ 9V vV - 9,V 3,V
P, = — O Py i=— o Py = Y Py i=— ol

Here, A, B, C, A’, B’, C’ are the moments of inertia of core and shell, respectively; e, a are
eccentricity and semi—major axis of the ellipse, @ is the Keplerian frequency given in (1).
We recall that the functions ay (¢) are® power series of e starting with 1. The coefficients ¢y,

2 We sketchily justify the formulae in (3), leaving the details to the interested reader. The gravitational
potential generated by the shell-core system has an expansion in powers of the distance p between its center
and the attracting mass given by (see (Pinzari et al., 2024, Eq. (2)))

GM 1
V+V’:——{m-}-4—2[A+B+3(B—A)cos2v+A’+B'+3(B’—A’)coser:|+...} )
P) o

where G is the gravity constant, m, M are the masses of the rotating and the attracting body, p is the distance
among them, A, B, A’, B’ are the moments of inertia, ¢, v are angles describing rotations of shell and core,
respectively, and finally the dots convey terms which begin with power p~3. The lowest order term in (4),

— % , is kicked out, because plays the role of orbital potential for the variable p (see the term Ej in (Pinzari
et al. 2024, Eq. (4))). The remaining part is 0(r2/a3) (because A, B, A’, B’ = O(r2) while p = O(a)) and
is eventually split into the sum of its £—average, which here we denote as V + V/ plus a zero—average part
V+V Proceeding similarly as in (Pinzari et al., 2024, Eq. (7)-(13)) one can show that the lowest order terms

of V+V are precisely the terms with cos 2y, cos 27 in (3). ngher order terms in the expansion of V+ l/ and
terms coming from the dots in (4) correspond to the function Vin (3) and are readily seen to be O(r /a

3 Asdiscussed in Pinzari et al. (2024), the terms ay (e) come from the mean anomaly—eccentricity expansion

3
of (%) which, as known from the literature, has the form

a\? i
<7) = Z ak(e)ek coskl
P

k=0
with a; (0) = 1.
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18 Page6of 30 G. Pinzari et al.

¢y are related to the geometry and the order of resonance, while 6, € and v are related to the
friction coefficients B, 8’. From the physical meaning of such coefficients, in this paper we
shall always regard

0>e>v 5)

even though more precise quantitative relations will be specified.
With the above definitions and notations, we rewrite Equations (1) and (2) in the form of
first order ODEs system

J}=PV - R

py = —c1sin2y —0(p, —py) + P, + P,

ﬁzpn - . (6)
l:’n = _C251n277+€(l’y _pn) _U(pn —Uo)—i—P,]—i-P,,

{=w

Neglecting the P’s releases® the system considered in Pinzari et al. (2024). The system (6)
will be referred to as full system in what follows. Such locution is to be understood as opposite
to linearized system, which is a further simplification, not considered in Pinzari et al. (2024),
and now we describe.

2.2 The linearized system and result

We consider the point (0, 0, 59, 0), where
o ()
No := — sin —1 mod .
2 c

The point (0, 0, 19, 0) is an equilibrium of the vector—field obtained from the first four
equations in (6) by neglecting all the P’s. It is well-defined provided that

v
—|vo| < 1.
c2

An expansion about such equilibrium leads to the system

)}:p}/ . N =R
1‘?},:—261y—0py+9p,/,+Py+Py+Py

v =py S ™
py =20 +€epy —8py + Pu+ P+ Py

l=w

where 7 has been changed with ¥ :=n — no,
d: =€+, ¢y :=cpcos2ng
ﬁy, ﬁy, }N’u, i’; denoting (with abuse) the previous functions in the new variables, and
f’y (y, ¥, £) ;== —cysin2y + 2c1y, 15u(y, Y, £) := —cpsin 2(Y + no) + vvg + 2¢2 Y(8)

being the higher order terms released from the expansion. From now on, we shall neglect to
write the “bar” in (7). Neglecting all the P’s the system decouples as a linear one involving

4 Compare Eq. (25) in Pinzari et al. (2024) and the comment below.
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the “slow” variables (y, p,, ¥, py ), and hence named linearized system,

v =py
Py =—2c1y —0py, +0py

- )
Y = py

Py = =202V +€p, —8py

plus the equation (1) for the “fast” variable ¢, left apart. We denote as L the matrix of the
coefficients of (9). We have

Proposition 2.1 For values of c1, 2, 0, € and § such that the resolvent of the characteristic
polynomial of L does not vanish, and if the inequality in (5) and

4
€ #0, 0% < §min{c1, c} (10)

hold, then L admits two distinct complex—conjugated couples of eigenvalues
AM=a+iQ1, A =ay+i, A3 =a; —iQ1, M =ar—i (11)

with strictly negative real parts a; and non—vanishing imaginary parts 2;. More precisely,
the following bound holds

3

9
Rek; C [—59,—%], [Imaj| C [g\/min{cl,cz}, f\/ZmaX{cl,cz}] (12)
€

The proof of Proposition 2.1 is provided in Sect.5.

Proposition 2.1 implies that the motions of y and ¥ along the solutions of the linearized
system are given by

4 4
ye(t) 1= bijeti, () =) byjet! (13)
j=1

j=1

where b = (b;;) is such that b~'Lb is in diagonal form. Our purpose is to continue the
motions (13) to the full system.

We shall be able to prove that such continuation exists under two conditions, which in a sense
are rather classical. The former condition is related to the numbers a;, €2; in (11), for which
we require that a strong non-resonance holds. The condition we take resembles the classical
“Diophantine” condition, and is stated as follows:

V() eNXZ: a—|q| =0, (=1)*7ll=1

la; or |Qiq Vi#jefl, 2} (14)

v v
@—aj]z —— —Qjlz
@+ 1) (gl + 1)

The second assumption is, as it always happens in similar contexts, is a “smallness” condition
which ensures that the full system is close enough to the averaged and linearized one given
in (9). It is worth remarking, at this respect, that the complexity of the problem is such that
there is not a single parameter which makes the remainder small. Rather, the smallness is
required by asking that a suitable combination of the quantities involved (masses, distances,
moments of inertia ratio, friction coefficients, etc) is small. Compare Equations (15) and (18)
below.
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18 Page8of30 G. Pinzari et al.

Theorem 2.1 Under condition (14) and the assumptions of Proposition 2.1, there exist num-
bers ¢ > 1 and ¢, < 1 such that for any choice of cy, 2, €, 8, V, vy, 1, a, C, C’ such that, if
the quantities

2
r 0
‘= max jcy, ¢, &, €&, 88y, |vo|lv, ————————, —max{cy,c
o { 1, €2, €0, €80, 8¢9, |vo Beomin(C. O] < {ci 2}}
2
r €
p = maX{MO, 0=, C185, €28, min{01,62}} (15)
w a 0
verify
P el R (16)
1) v
then all the solutions of the system of ODEs (7) with initial datum in By, verify
ly() = POl <ce. WO —P@® <ce V|| <T a7
where y (1), x@(t) have the expression in (13), with A replaced by suitable ):_,' verifying

Re):j <0, |)Cj —Ajl < %

while € and T are given by

1

T 1

£ := max {@, (ﬂ) * } , T > —affeé (18)
1) v cv

where T is the number in (14).

Remark 2.1 As a comparison with Pinzari et al. (2024), we emphasize that, while the system
considered in our previous paper is time—averaged and truncated to the lowest order terms
with respect to distances, Theorem 2.1 is tailored on the full system, however regarded as
a small perturbation of the linearized and time—averaged equations. In particular, in the
present paper we are far from proving, rigorously, the trapping mechanism naively sketched
in (Pinzari et al., 2024, Figure 2). Rather, Theorem 2.1 (namely, Equation (17)) says that the
motions of the full system remain e—close to the solutions (13) of the averaged and linearized
system for ¢~ !—exponentially—long times, where ¢ is defined through (15) and (18).

3 Proof of Theorem 2.1 via NQP normal form theory

The proof of Theorem 2.1 uses a formulation of normal form theory for vector—fields, carefully
designed around the system (7). More precisely, it is based on two results (Theorem 3.1 and
Theorem 3.2 below) which here we quote together with the necessary background of notations
and definitions. While the proof of such results is deferred to the next sections, here we prove
how Theorem 2.1 follows from them.

3.1 Definitions and notations

* We fix anorm | - | in C? and then: For a given set A C R? and r > 0, we let

A, = U B, (x)

xeA

@ Springer



Two-Layer Model via Non... Page90of30 18

where B, (x) is the complex ball with radius r centered at x:
B (x):={zeCP: [z—x| <r}.
* We denote as O,,, with u := (e, s), the space of vector—fields
Z=(Z1,...,Zm4n): Vy:i=BI'xT! - C"t" (19)

which are holomorphic on V,,, ug = (&0, s0), with some g9 > €, 59 > s.

o If

Zn = Z zgk{“ei(k"/’)
o,k

denotes the Taylor—Fourier expansion, we define the weighted norms as

m+n m—+n
_ 1 : ~1
X1 =Y w1 Zalee WXHY = w1 Zall (20)
h=1 h=1
where
. . h k|13
|Znlu = sup | Zul. 1 Znllu =Y |2l le®elths
u O(k
and with w = (wy, ..., Wyin) € R’f’” the weights.

eForeach 1 < h < m +n,let p, € N™t" be defined so that

_ _)emjith=1,....m
P = Pt - oo Phmin)s Py = {0 ifh=m+1,....m+n @D
where d,; is the Kronecker symbol. The quantity
a0 @) = —((@ k) = pr) - (b, i), (22)
will be referred to as '™ small denominator.
e If y > 0, define the (m + n)—ple of lattices AY = (Ay, R A};Jrn)
A G w) = {((x, B eN"x 2" |dh,(h, )] < y} (23)
Ify =0, the m +n)—ple A® = (AY, ..., A, ,) will be also referred to as exactly resonant

lattices (m + n)-ple. If y > 0 they will be called y—robust resonant lattices (m + n)—ple
Ap Cc N x 77",
* The projectors Tx Z, I1 Z will denote the vector—fields defined via

(TxZon = Y ayt® P (a2 :=TIp, Zy = Y 2l @9 (24)
[(at,k)|<K (o, k)eAp

where the norm |¢| of an integer vector g = (q1, ..., qp) is Zip:l lgil-
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18 Page 100f30 G. Pinzari et al.

3.1 Normal form theorems

We consider a system of ODEs
X =X(x) (25)

where x := (¢, ¢) € B x T", with B C R is a neighborhood of 0 = (0, ..., 0), X(x) is a
vector—field having the form

X(x)=Nx)+ Px) (26)
where N (x) is g—independent and given by
A181

AmCm
w1

N(@) = 27
Wp
with suitable A € C", w € C". Then we have

Theorem3.1 Lety > 0,1 < K € N, X € O, be as in (26), with N as in 27), u = (¢, s),
w = (p,0) < u/2. Assume that

ey P <1 (28)
Then there exists a holomorphic change of coordinates
Pt x4 = (G4 04) > x = (L, 9)
which carries X to X4 € Oy_oy, with X4 = N + G4 + P4, where
G4y =TIarThx P. 29)

Moreover, there exists Y € O such that X := LY X and

WP 5 <
B L[

with T as in (76) and | Y |I}} < y’l IIP N}y . Finally, the transformation ¢ verifies

oy —id[ o, < ¥ ' NPNY 31)

(6’)/_1 WP NP, + e KT |||P|||,,w> (30)

Theorem 3.2 There exists Cy > 0 such that the following holds. Lety > 0,1 < K e N, X €
O, be as in (26), with N as in (27), u = (&, 5), w = (p, 0) < u/4. Put 6 := min{o, p/¢e}.
Assume that

Ko > log(12) (32)
and that P is so small that
C.KGy "IPIY <1 (33)
Then there exists a holomorphic transformation of coordinates

O i Vu—aw > Vu
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Two-Layer Model via Non... Page110f30 18

which carries X to
Xy =N+Gy+ P € Oy_say
with G verifying
Gy =Tpar Tk Gy, NGy — Tav Tag Pl gy, < 8ey ! (|||P|||uw)2

and Py “small”:

—KG/4
WPy < e K0P
Finally, the transformation ¢ verifies

| —id|¥_ypy <27 NPIY. (34)

3.3 Proof of Theorem 2.1

We consider the sets AZ defined in (23), withm =4, n =1,h =1,2,3,4,5, A; as in
Proposition 2.1 and w the Keplerian frequency (1). We write the product of projectors

MaTox = Myyok
where AZ’QK = AZ N{|(e, k)| < 2K}, and we study the sets AZ’ZK.

Proposition 3.1 Let py be as in (21), h € {1, 2, 3, 4, 5}. If inequalities
0
2K + 1)—/2max{c1, 2} < w, y < min {%, 2§‘/min{cl, o},
€

are satisfied, then AZ’ZK = {pn}, for all h.

v
m} (35)

Proof We begin with 1 = 5. ps is the null vector (0, 0, 0, 0, 0), hence (see definitions (21)
and (22))

& 0) = —(h - a + ikw).
We prove that

A4 0n @] = 2 V(@b €N xZ\{(0.0,0,0.0)) 0

Let (a1, @2, a3, 04, k) € N* x Z\{(0,0,0,0)}. If (g, o2, 3, a4) # (0,0,0,0), then, as
aj >0and ReA; <Oforall 1 < j <4, by (12),

4 4
5 . v
a3, )] = ZajReAj = Zaj|ReAj| > 121]_124|Rexj| > <
Jj=1 j=1
If, on the other hand, if (a1, a2, @3, 24) = (0, 0, 0, 0) and k£ # 0, one has
o A+ k| = wlk| > © > %.
Then (36) is completely proved.
Now we consider the case & = 1. py is the vector (1, 0, 0, 0, 0), hence,
dy O @) = —(h - a — Ay + iko). (37)
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We prove that

0L 4 (h. )] = min [g 21| } V(@ k) € N x 2 ((1,0,0,0,0)).(38)

v
T 2K +1)°
We distinguish three cases, according to the values of («, k), which corresponds to subdivide
AJI/’K into proper regions.

Casea; > 1,(a, k) # (1,0, 0, 0, 0). Proceeding as in the previous case (but with «¢; replaced
by a1 — 1 > 0), we equally conclude

dy x4, )] = % Ve, k) e N x Z\ {pi}, a1 > 1. (39)
Case 1 = 0, a3z # 0. Using (11) into (37), we get
|dé,k()w w)| = [(a2 + aa)az + (a3 — Day + i( — (a3 + D2y + (a2 — ag) Q20 + kw)‘
ifa; =0 (40)
Then

min; [R2;| > ¢ if (a2, a3, 04) # (0,1,0)

ldg kO )| = { @ =212 = § if (@2, 03,04) =(0,1,0) k £0  (41)

2inf [Q] > §+/mincy, ¢z if (o2, a3, 4) = (0,1,0), k =0
because of (12).
Case a1 = az = 0. We obtain, from (40),
ldé,k(}», w)| = [(2 + aa)az —ay + i( — Q1+ (a2 — ag)2 + ka))‘
if aj=a3=0
If k # 0, from the imaginary part, we have
4 i G 0) = 0 — QK + 112 = 7 42)

Otherwise, if k = 0, from condition (14), with « = a2 + o4 and ¢ = @y — a4, we have
v

1A 0| = m

Collecting (39), (41), (42) and (43), we obtain (38). With a cyclic permutation of the a—

indices, one obtains the proof for the cases & = 2, 3, 4. O

|d} 43)

Proof of Theorem 2.1 We let &y := (v, py, ¥, py), 00 = £, X0 := (%0, ®0)-

N0=<g>, P0:=<Lg°>+ﬁ+ﬁ+f> (44)

where the matrix L as well as the components of P, P and P are defined via the right hand
side of (7). Then the vector—field at right hand side of (7) is

Xo(x0) = No + Po(xo) 45)
We next proceed in four steps. Along the proof, g1, . . ., g12 will denote suitably large numbers,

independent of ¢1, ¢, €, 8, v, vg, r, a, C, C'.
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Step 1: application of Theorem 3.1 to Xo We fix u = ug = (&, so) so that Py is real-analytic
in the domain

t0 € By, @0 € Ty,

and choose the weights wy = %0. We aim to apply Theorem 3.1 to N = Ny, P = Py as
in (45). From equations (6) and (3), we can bound

72

|||P0|||w0 < gymax{ci, ¢z, &, €&, 880, ||V, T—F—F—~
&1 @Peomin{C, C'}

}:am.%)
Incidentally, remark that fi¢ is defined similarly as pq in (15), apart for the fact that the last
term in the bracket is missing, whence (19 < (to. A similar observation will hold for the
parameter i1 < g, which will be introduced in Step 3 below. Condition (28) is satisfied,
due to (16), provided that ¢ > C,og;. We prove that, with the choice

[
w=" )
we obtain
AOh::A%:N“x{O} Vh=1,..,5. (48)

Indeed, as all the A;’s are zero, we have
d" (0, 0) = —iko YaeN', Vh=1,..5.
Hence, as the Keplerian frequency w does not vanish,
Af =N x {keZ: Ikl < %]:N“ x [0] Vh=1,..,5.

as claimed. We denote as A9 = (Ao, - - ., Ags) the 5—ple of lattices (48). If 7y corresponds
to 7 in the thesis of Theorem 3.1, we choose

1
Ko > 19 llog <MO> . (49)
w
By the thesis of Theorem 3.1, we find a change of coordinates
¢1: x1 = (81, 01) € Viyy = x0 = (0, w0) = $1(L1, ¢1) € Viyy (50)
where u; = ”70, which transforms the vector—field X in (45) to
X1(x1) = No + Po(&1) + Pi(x1) € Oy, (51)

Py is the gp—average of Py (because in this case G, = Iz, Tk, Po = Po) and Pj(x;),
corresponding to P, verifies

2
mﬁmﬁ_a—
having used (49). By (31), (46) and (47), the transformation ¢; in (50) verifies

o
1 —idlyy < . (52)

Step 2: diagonalization of the linear part Taking the decomposition (44) of Py into account,
the vector—field X (x1) in (51) can be written as

X1(x1) = Ni(G1) + Pi(xy) (53)

@ Springer



18 Page 14 0f30 G. Pinzari et al.

where

M@»=Cf),ﬁuo:ﬁuo+ﬁm+ﬁun

with P(¢1) being the gp—average of P computed in ¢;. Here, we have used that P has
vanishing gp—average and P.is go—independent. In Sect.5 it is shown that the eigenvalues
of L are distinct and have negative real part. If b is the 4 x 4 matrix such that 5~'Lb we
define the change of coordinates

¢ x2=(52,92) € Vi, = x1 = (51, 1) = P2(x2) := (bL2, 92) € Vy,.
with

(£2. 52) 1
u; = (&€2,82), &= ——,
1ol

with ||b|| denoting the operator norm of b. The change ¢, carries the vector—field X (x1)
in (53) to

52 =85

X2(x2) i= b5 ' X1(¢2(x2)) = N2(&2) + Pr(x2) (54)
where

ISTOR!
oIoR)
Na&) = ¢y 'N1(beo) = | 23823 |, Pa(xa) i= by ' Pi(ha(x2)). (55)
Aa624
w

with A ; the eigenvalues of L.
Step 3: application of Theorem 3.2 to X, Choosing wy := '%, from (8), (44) and (55), we
have

=2
8 Ay o or a
NP < gy maX{aj’, 2 c1ey, 6288} = g3/l (56)

where, as anticipated in Step 1 above, 11 < w1, with 1 given in (15). Let

K1 :=min yo— (max{ci,c2})”", [v— (min{c1, c2}) = ,
0 € 231

v
ST
It is readily checked that that inequalities (32), (33) and (35) are satisfied if K = K1,y = y1,
provided that c is suitably large, as a consequence of the assumptions (16). By the validity
of (32) and (33), Theorem 3.2 applies. By the validity of (35), one has

(57

A= AP =} h=1,2,3,4,5

with pj, as in (21). By the thesis of Theorem 3.2, one finds a change of coordinates

¢3 1 x3=1(33,03) € Vs = x2 = ({2, 02) = $3(83, 03) €'V, (58)
with u3z = ”72 which carries the vector—field X, (x») in (54) to
X3(x3) = N3({3) + P3(x3) (59)
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where

N3(¢3) = N2(83) + G3(83) (60)

with Ny as in (55), and G3 satisfies G3 = 15, Tk, G3. As A1, = {ps}, it follows that G3
has the form

):»153,1
A283.2
G3(83) = 23833 (61)

Aa834
1)

Moreover, the following bounds hold:

=2
4 4 4 _ 1% _
NG < T, Tk, P2 " + 1G3 — TIa, Tk, P2 < gofin + g4—yl1 < gsili

IPsl ™ < WP/ Pe519/% < gguye= 1914, (62)
By (34), (56) and (36), the transformation ¢3 in (58) verifies

. 8 A1 H1 _ g
3 —id|}2)5 < &= ek < (63)

Step 4: conclusion By (62) and Lemma 4.1 below, the numbers x j in (61) verify
A1 = |, Ga@o)l, | = 2o (64)
Using (59), (60) and (61), we have that the coordinates ¢3; satisfy the ODEs
G, = 5»/(3,/ + P3, (43, ot) (65)

where A ji=Aj+ A j- Moreover, A j have negative real part, as it follows from (64) and the
inequality, implied by (16),

<> < min|ReAj|.
3 j
Rewriting (65) in the form
~ t R
{3,j(t) = {j (O)e)\jl +f P3"/'(§3(T), wt)ekj(tft)dr
0

we find (since Re ):j < 0)

~ t R
163, (1) = &3, ()| = ‘/0 Ps j(63(2), wr)e™ D de

IA

Iz )
/ P (63(@), 0n)ldT < gulrlme 17/
0

e V< Ko/, (66)
g11M1

On the other hand, taking track of the transformations, x¢ and x3 are related via

IA

o 1
[x0 — ¢2(x3)| = |1 0 ¢ 0 P3(x3) — P2(x3)| < g12 max {% ?1} <gne (67)
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having used (52) and (63) and the definitions of ¢ and K in (15) and (57). Taking the
projection on ¢3, we find

[So(r) = bi3()| < gpe  VieR

Using finally (66), we arrive at (17), with T = g]fﬁ ¢K19/4_On the other hand, the definition

of K1 in (57) and the last inequality in (67) imply

1 k! 1
—-— = ) K> -
1 v €
whence the lower bound for T in (18) follows. The theorem is proved. O

4 Proof of Theorems 3.1 and 3.2

4.1 Proof of Theorem 3.1

Definition4.1 e We call time—one flow of Y aone—parameter of diffeomorphism &, where
x(1) = @f(y) solves

d:x =Y (x)

x(0) =y

e For a given C* vector—field Y, we denote as

the Lie operator, where
(Y, X) :=JxY —JyX, (Ix)ij =0y Xi
denotes the Lie brackets of two vector—fields. The map
+00 £k
L= ]; - (68)

is called Lie series generated by Y.

Proposition 4.1 Assume that e“Y is well defined. Then the time—one map of Y, q)f, carries
the ODE (25) to y = Z(y), where Z = e£v X.

Proposition 4.1 is a well-known result in differential geometry. A self—contained proof can
be however found in Appendix A.
Our aim is now to provide conditions so that the series (68) is well defined.

Lemma 4.1 (Cauchy Inequalities) Let Z € O,, u = (¢,5),0 < p <&, 0 <0 <.

: P \? .. p!
104 Zllu-o = (2) 0Zles @) 108 Znlle—p.s = 21 Zal
eo P

Proof (i) From the formula

00 Zn =Y 2l k)P eh?
(et,k)
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we get

h Kl (s—
102 Znllu—o = Z |8 Ll [k Pkl s=o)

(e k)
< Z |Zgyk|8|0{|1|k|ll”e*|k|1ff)e|k\1s
(e, k)
< isupx!’e 3712t el léhs
ob x>0
(a,k)
P\P
= (£) 1zl
eo
(i1) From the formula
00z =3 e — 1 —p+ e e
(a.k): oi=p J#
we get
188 Znlle—p.s = D laplei(eq — 1) (i = p+ Die = p)* (e — p)liltelhs
(a,k): a;>p
_p' h Oli(Oli—l)"'(Oli—P+1) oi—p P
= Yo Izl o (e = p)
(a.k): ai=p
(e — p)l(fillelklls
with «; being « deprived if «;. Using now
;e — 1)""(051' —p+1)( PP P < Zaz(al - '( o —p+1)
p: =0 p:
(8 — p)¥i~PpP = gYi
we get the thesis. O

Lemma4.2 Let w < u <ug, Y € Oyy, W € Oy. Then
Iy [WIILO 1 < WY Iy, W10~ W, quwlllYlllu0 e,

u—w u—w

Proof One has

WLy (WIS, = lJwY — Jy Wil
< WIwY I ™ + Iy Wi,

Now, (JwY); = Zj dx; WiYj, so, using Cauchy inequalities,
ICIWY)illu—w < 225 10x; Willu—w 1Y lu—w
< 35w IWillulY -

= MY M— Wil
Similarly,
Iy Wil < WIS 1Y -
Taking the ug — u + w—weighted norms, the thesis follows. O
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Lemma43 LetO <w <u, Y € Oyqyy, W € Oy. Then

|||£k (Wil —,y < k'q nwin,, q :=ellYll; (69)
Proof We apply Lemma 4.2 with W replaced by E’;l [W], u replaced by u — (i — 1)w/k,
w replaced by w/k and, finally, ug = u + w. With || - I’ =1l - |||w s 0 <i <k, so that
M- Mg =0- M and - W = M-y,
ww/k

ey win e = [y £ o],

< vn gy ‘[Wnnw*’”/k S )4 vl Ve V4| s

u+w

Hence, de—homogenizating,
IIIE (WY < kk+1 |||Y|||w|||/l [W]Illw 1+ (k_H)z |||Y|||u+w|||£§f][W]|||}“
=< % (1 + ﬁ) |||Y|||u+wlllﬁiy_l[W]III}‘Ll
Eliminating the common factor ¢ _kH
HCy W <k (14 gy ) Y I 25 (W
and iterating k times from i = k to i = 1, by Stirling, we get
ek YIWIIL_, <Kk (1+ ) (|||Y|||u+w) WY < ek! (|||Y|||u+w) Wiy

as claimed. O

Lemma 4.3 has the following immediate corollary. We denote as

Ly _
et = - (70)

the m—tails of the Lie operator (68).

Proposition4.2 Let 0 < w < u, Y € Oyty, g as in (69) verify 0 < g < 1. Then the Lie
series eLY defines an operator

el Oy — Oy—y

and its m—tails (70) verify

H‘ Cy |||w =
em —_—
u—w

m

q_q IWIZ YW €O,

Definition 4.2 (Homological equation) We call homological equation associated to N an
equation of the form

(Y,N)=Z. 71

N ={Z €O, : MIxyZ =0}.

Proposition 4.3 (i) If (71) holds with Y, Z € O,, then Z € NY.
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(ii) Lety > Oand Z € N} . Then there exists a unique Y € N} verifying (71).
(iii) The unique vector—field Y in (ii) verifies

y4
il < W20l
Y

Proof (i) The Jacobian of N is given by
JN — Dme Om><n
On xXm Ol’l Xn
where D is the diagonal matrix having the A;’s along its principal diagonal. Then we have
(LyNy =¥ NIy = (InY = IyN@) = an¥y = S0y dj2jc, Vi — Sy 0id, Vi

witha, = Apif 1 <h <mj;a, =0ifm+1 < h < m + n. From these formulae one easily
finds that the Taylor—Fourier expansion of the function Z := Ly N is related to corresponding
one of Y via the relation among coefficients

ng = de *, ) ygk (72)

withd”, (x, ®) as in (22). But by definition of A}, d", (A, w) = Oforall (o, k) € AY. By (72),
we then have also ng for all («, k) € A%, which amounts to say I1 A9 Zp =0forallh =1,

....m +n,namely, [TyoZ = 0. As Z € O, by assumption, we then have Z € ./\/2
(ii)) Lety > 0and Z € N7 . Consider the vector—field Y defined via

h
Z .
Y, = E daTk{ael(k ®) (73)
(@k)eNnxZm Al ok

Y;, is well defined because, due to the definition of AY, we have

dh () >y V(@ k) e N" x Z"\ AY. (74)
Hence,
|z _
1 Yrllu = Z %ksla“e‘kl” <y 1 Z |th|8lothe\kl1s
- "
(@k)eN" < ZM A} e (@.k)eNTxZmM AY
=y "1 Znllu- (75)

which shows that Y € O,,. Moreover, by the discussion in (i), the Taylor—Fourier components
of Z; := [Y, N]j are obtained from the corresponding ones of ¥}, by a multiplication by
d", . Using (73) gives

[Y.Ni= D g™
(. k)EN" xZM\ A

But the right hand side of this equality coincides with Zj,, as we have assumed Z € NV,
whence ITx, Z, =0forallh =1, ..., m + n. Incidentally, we also proved (iii) in (75). O

Definition 4.3 (Ultraviolet K—tail) Let K € N, K > 0. We say that the vector-field Z € O,
is a ultraviolet K —tail if

TxZ =0
with Tx Z defined as in (24). The set of Z € O, for which this holds will be denoted as 7§
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Lemma 4.4 (Estimate of the ultraviolet K-tail) Let u = (g,5), w = (p,0) < u. Let
Z € X be a ultraviolet 2K —tail. Then

_ . P _
1Znllu—w < € K51 Zllus 7= min o, log(1 - £) ' (76)

Proof By definition,

h Kl (s—
1 Znlly—w = Z |zl (e — p)lallel li(s—0o)
[(et,k)[1=2K
Now, as [(a, k)[1 = let|1 + |k, either || > K, or |k]; > K. The terms of the summand
with |ar|; > K are above by (1 — £)% |z, ¢!/ el*/1¥; the ones with |k|; > K are bounded
by ¢~ K7 |2 eleh i !

Lemma 4.5 The norms (20) verify
XY <Xy VXeO, VO<w<u.

Proof Obvious.

Theorem 4.1 Let G € O, verify G = lay Tox G. The thesis of Theorem 3.1 holds also if X
in (26) is replaced with

X=N+G+PecQ,
G in (29) with
Gy =G+ TprTrx P.

and the inequality (30) with

1
IPAN 2y < T

T—ey—1PI” (eV‘IIIIPIIIZ’IIIPlll;"_w + Y, G-, +e X* |||p|||uw>
u

Proof We decompose
P = P<2K + PZ2K

and, further,

PK_p4p
with
P=2K =Ty pP, P .= -Ty)P.
and
P =Ty P2K, P = —-Tlz )Pk,
We have

X+:e‘YX:eLY(N+G+P<2K+P22K):N+G+P<2K+[Y,N]+P+
=N+G+P+[Y,NI+P+Py (77)
with

Pi=es"N+ef” P2K 4 o7 G + 5" P=2K (78)
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By definition, Moy P = 0. Moreover, as P € O,, also P c O,. Then P c N By
Proposition 4.3, (ii), there exists a unique ¥ € N verifying

(Y,N)=—P. (79)
Then (77) becomes
X, =N+Gy+ Py

with G| := G + P. The time—one flow of Y is well defined as per Proposition 4.2, because.

q:=cllYllY <ey U IPIY <ey M IPIY < 1. (80)
By Proposition 4.2, the Lie series e defines an operator
eﬁy : WeOuw— Ouzy

and its tails 5 verify

e

‘1 w
<4 W
m

< (ey 'um"’)
- 1-

w
T—ey~TIPIY Wil

for all W € O,_,. In particular, e£r is well defined on @,_,, C O,, hence Py e Oy_y.
The bounds on Py in (78) are obtained as follows. Using the homological equation (79), one
finds

0 k+1 k p<2K
c Ly p<2K Ly” N | LyP
NP =) it Tk

ﬁ P<2K
C(k+ 1! T

k -~ P
L ———P+—
Y((k+1)! +k!>

L

Il
[Me 1
~

~
Il
-

M

k=1

which gives
P w
P —
(k + 1)! T

2K k
lles” N + ef” P=2Kp u,sz 'm

k ~ 1 -

k w w

= k! P + —|IP

;:1 q ((k Iy NP, —y 7 ll |||M_w>

e ¢}

q
<> Py, = fqud’f (-
k=1

The other bounds

EY
i

Ly p>2K
e 7

= — ||I£yG|||

u=2w ~ 1 — u—w

e Lo ¥

1
T, Y. Gl

u—2w u—w ~ ] —

1
< ——e KT ypv
q
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are similarly established. Finally, it follows from the identity
¢r(xp) = @] (xp) = x4 + Y(L (x3)) 7. €(0,1)
and Lemma 4.5 that
o —id|? < (YT < WYIY < WYNP Vi <u: &Y (x}) € Uz, Vb
Taking i = u — 2w, w = w and using (80), we have
g4 —id|l_y, < IYIX < WYIY <y 'NPNY

which is (31). o

4.2 Proof of Theorem 3.2

Put

x =x0 := ({0, ®0),  Xo(xo) := N (o) + Po(xo).

We aim to apply Theorem 4.1 to X hence, with Gy = 0. This is possible because non—
resonance condition is verified, and the inequalities (32) and (33) imply (28), provided that
Cilog(12) > e. We then find Yy € O, such that ¢; := q)fo and &y = &£ verify

o1 x1 € Vyouw = x0 € Vi, Po: Oy = Oy (81)
such that
X, :=ePXg=N+Py+ P, (82)
where
Py e O, (83)
and
(1Y R p—_— (er~ WP N PN, + =57 WPOILY)
1= ey TPl
=< 21PN (e~ WP +e757) (84)

If y I PollY < e~ K7, there is no much to say. Indeed, using
-1
r:min{a, log(l—g) } Zmin{a, B} =0
€ €

and (32), we have
-K —Kt+2log2 —K&+2log2 —KG/4
WP o, <4e” BT NPNY = e BP0 Pyl < e RO le2 Pyl < e PN

and the proof ends here. If, instead, y‘l I Polly > e~ K7 we need a recursion.
Fix
eNV(O), p<—C (85)
p © P = 0e(12)

By (32), such a p exist. The number p will be used as the amount of iterations. The higher
bound in the second inequality in (85) will be needed in order to guarantee a suitably fast
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decay of the perturbing terms. Later on, we shall choose p as the greatest natural number
satisfying such inequality, but this is not needed as of now. As of now, we observe that
combining such inequality with condition (33), we have

epCy HIPIY < 1 (86)

with C := e~ 'C, log(12). A suitable C > 1 (which corresponds to a suitable C, >
e/ log(12)) will be fixed along the way.
Induction We prove that, if

j—1
Up =U, WO I=W, Uj —u—2w-21"u, w,:E jefl,..., p+1)
p p
forany j € {1,..., p+ 1}, itis possible to find ¥;_1 € Oy, , such that ¢; = &, Vi1 and
. Ly, _, .
D1 :=e ! verify
¢j DoXj € Vu_,- — Xj_1 € Vujfl, CDj_l : Ouj;l — Ouj 87)
and
j—1
Xj=®1Xjsi=N+) P +P (88)
i=0
where
PeO, YO<i<j—1I, (89)
w 1
WPill,; < EIIIPJ 1|||uj . (90)
and, moreover,
ey PP < 1. o1)

When j = 1, (87), (88) and (89) are precisely as in (81), (82) and (83). We check that
also (90), (91) are true with j = 1. Indeed, (86) and (84) imply

1
WP 5, < 4ey™! (IIIPOIIIM“’)2 < §|||P0|||uw (C=9 92)

and, moreover,

_ _ _ 2 4
ey TIPS, = ey TP p < 4 (ey~ IPOIY) p < &5 <! (93)

so the base step j = 1 is complete. Let us now assume that (87), (88), (89), (90), (91) hold
for some j € {1, ..., p}, and let us prove the same for j + 1.

By (91) and the non-resonance condition, Theorem 4.1 can be applied with X = X;, G =
Z]—o P, P = = Pj, u = uj, wreplaced by w/p and one finds ®; verifying (87), (88), (89)
with j replaced by j + 1.

We prove that (90) holds with j replaced by j + 1. This will end the induction, after
remarking that (91) with j replaced by j + 1 is trivially implied by (91) itself and (90) with
Jj replaced by j + 1. By the thesis of Theorem 4.1, we have

1
WP e/ <
T e R
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ey TP NPT, + Y, Z T [l VT i
i=0

<2||p; |||;”j/” (ey‘1 P ? + e—"“m) +21I[Y;, Z P, ]|||;”_/£’w/p

—1
with t(p) = mln{ 10g( ﬁ) } and ||Y; |||w/p < y*1|||P,-|||uwj/p. We check the

following bounds

1
2ey NPT < o (94)
D¢~ Kt(p) < 1 (95)
6
211Y;. ZP /2, < me lie!” (96)

which will imply (90) with j replaced by j + 1 after dehomogeneizating the weight. As a
consequence of (93) (and (90) if j > 1), we have

_ _ 8 1
2ey NPT <2ey MR < 5 <~ C=443
so (94) is proved. Moreover, the choice of p in (85) guarantees that

N o\ 7! K&
Kt(p)=Kmin{—, log{1— — > — > log(12)
p pe 4

which gives (95). It remains to prove (96). Using Lemma 4.2 with Y = P, W = Yi,uo =u;,
u=uj,w replaced by w/p, we get

201y, Z P, < 22 iy, 2w,
i=0

2 ) 2
< 2Z|||P,|||w“’ g S D 41 e ) 1 el

uj—w/p uj—w/p
J
B 1 w/p w/p w/p w/p
=2 E m"lﬂ IIIMI.,u,/[,IIIY ;™ + NY; IIIuj,w/[,IIIP M;
J w
w/p Il P; |||u,
< 4pllY;
14047 My E 2( “H+1
J w
_ WP,
< 4py P |||u/”§ T
= cllp;i/”
with
AT Il Polllyy
-1 -1 uo —1
=4 + 8 P
Z GonrT T T Y
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18

Il 0||| 2
157 YV ug w
2 1 + pey” (||| 0|||u)

- 8 n 32 - 1 (C > 48)
~ eC peC? 6 -
This completes the induction. Choosing now

= = Ko j = +1
P = Px = log(12) J = Px

we obtain
X* ::Xp*_»'_] :N+G*+P*

with Py := Pp, 1 verifying

—K&/4
Il Pycllly 4 ll Pollly, <2 ey NPy < e Ko7y Pyl

w—z +1

and G, := Zf;o P; verifying (by (92) and (90))

Gy — Boll”_y, = IHZPNHM o < 2Py < 8ey ™" (IPOIIY)

We finally prove (34). By (31), the transformations ¢; in (87) verify

wj—1

b7 —idl, " <y PGS =L pa L
Then ¢y ;= @100 ¢p, 41

pst1 pst1

(e — i1y, < Y 1y — Iy, = 11 —idIY oy, + D 16 —idly,,
=1 j=2

IA

pxtl

1 —idly_s, + an idl, 4,

P+l
—1 wj—1
<y Pl + v~ Z NP1l

<y Pl +2y‘1p—|||P1u|uw;=y—‘|||Po||| +2p P

<2y Pl

having used (92) in the last step.

5 Proof of Proposition 2.1

The eigenvalue—eigenvector equation for the matrix L, namely,
Ly=2xy A»eC, yeC*\{0}
can be equivalently formulated as the request that the ODE
x(t) = Lx(¢)

up—2wo

C0)
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has the solution x(¢) = ¢ y. In turn, writing

X1 Y1

/ /

X1 V1
X = s = 98
X2 Y y2 %)

X ¥

and defining

by multiplying the first and the third equation of (97) by €, 0, respectively, and taking their
time—derivative, we obtain the second—order, two—dimensional ODE

TX + BX + Vx =0, (99)

(€0 . € —¢ . ~fcie O
r=(60) B=0( 55 ) v (0

Thus, we equivalently look for solutions of (99) of the form

where

x(t) = My, withy e C?\ {0} (100)

up to recover the eigenvector y in (98) via the relations

=(n) G =201)

Note that T, B and V are real and symmetric® and their respective minimum, maximum
eigenvalues are given by/satisfy

T _ T _
AMo=¢€, A, =0

0 0
2B = §(e+8— (€+3)2—4€U) > 2

€+6
0
A= <e+8+w/(e+8)2—4ev) <0 +9)
1Y = 2min{cie, 20} > 2¢ min{cy, ¢2),
A_Y_ = 2max{c€, c20} < 20 max{cy, c3}. (101)

Replacing (100) into (99) and taking the Hermitian inner product (here denoted as (-, -)) with
y leads to relation:

A2(y, Ty) + A(y, By) + (v, Vy) = 0.

We solve for A:

__WBY) | VA TYG, VY — (1, By)?
2y, Ty) 2(y, Ty) '

(102)

5 The multiplication by €, 8 allowed to have the matrix B symmetric, keeping 7 and V (diagonal, hence)
symmetric.
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As Equation (102) does not change multiplying y by an arbitrary ¢ € C\ {0}, we do not loose
generality if we assume (y, y) = 1. Under such assumption, by the min-max principle, the
expression under the square root is bounded below by

aIAY — (W8)? > 8¢’ min{cy, ) — 0% (e + 8)* > 8e? min{cy, c2} — 96%€?
> 4¢? min{cy, ¢2} (103)
and above by
42I2Y < 807 max{cy, 2} (104)

having used (5), (10) and (101). Equations (102) and (103) show that the eigenvalues of
L come in complex conjugated couples with non—vanishing imaginary part. As we have
assumed that the resolvent of the characteristic polynomial of L does not vanish, L has two
distinct such couples. Moreover, again from (5), (101), (102) and (104), we have

B B
Rei — - BY) _ _LJFT, _L_T c [_9(e+5)’ __ev ] c [_;97_3]
2(y, Ty) Py SV i 2e 2(e +9) 27 6
VA, Ty)(y, Vy) — (3, By)?
2y, Ty)

which proves (12). O

|Tm A| =

C [g\/min{cl, e}, g\/Z max{ci, cz}]

Remark 5.1 The procedure here used to prove Proposition 2.1 is considerably simpler than
a strategy based on the analysis of the characteristic polynomial of L, which is given by
P\ = A2 40 +2c1) (A2 4+ 8A + 2¢2) — 0eA?. Remark that the same argument may be
applied whenever one needs to infer algebraic properties of the eigenvalues of any n x n
matrix L whose ODE (97) may be put in the form (99), with T, B and V Hermitian.

A Proof of Proposition 4.1

In general, a diffeomorphism x = ®(y) transforms the Equation (25) to y = Z(y), where
Zo =M™ X(2()
with J(y) being the Jacobian matrix of the transformation, i.e.,
Sk = 0y, Pp(y), if &= (P, ..., Py).
Applying this to the flow d>¥ in Definition 4.1, we obtain that the new vector—field is
Z:(y) =IO X(@X (») with (JT )k = 3y, (@Y (),

We stress that the thesis of Proposition 4.1 is an immediate consequence of the following
identity

dk
TR =IO X(9] () Vo<1t (105)
which we are going to prove. Indeed, (105) implies
WZZ())) =0 = [:YX()’)
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which gives

e}

k ®  _k
Z(0) = Zo(y) = Z - dtk t(y)] =Y LX) = X ().
k=0

Taking T = 1 will give the proof of Proposition 4.1.
Let us then prove (105). We use the expansion

@) (y) = ) (y) + Y (P} (1)t — 10) + 0t — 10) (106)
and
B0 = (T+ Iy (@) =) IF 0) + o —10)  Jy@m = 05 Vo). (107)

Equation (107) gives

Gy t=ur (y))‘l(ﬂ — Jy (@) (n)(t — m)) +o(t — t). (108)
While (106) gives
X(@F () = X(@F () + Y (X 1))t — 10) + 0(t — 10))
= X (@5 (1) + Jx(®f )Y (PF ()& —10) + 0t —19)  (109)
Collecting (108) and (109), we then find
Z(y) = IF 7' x (@] ()
=y
(1= I (@L W)@ = 10) + 0t = 10)) (X (@ ) + Jx (@} )Y (B W) — 10))
+o(t — 19)
=Jrom™'x (o) (»)
+28 )7 (I (@ )Y (@] 0)) = Iy (@] (1)) X (@5 (1)) )t = 10) + 0t = 10)
This expansion shows that

d d
Z7,0) = = (4 07X (@ 1)) = 4 ;)7 Ly x (@) )

By iteration, we have (105). O
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