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ABSTRACT: Using data samples collected by the Belle and Belle IT experiments at the Y(45)
resonance with integrated luminosities of 571 fb~! and 365fb~!, respectively, we measure the
pseudoscalar B-meson mass difference to be m(B%) —m(BT) = (0.495+0.02440.005) MeV /2.
The results are based on a simultaneous fit to the variable M., which is related to the B
momentum, for B® and BT candidates; and to the energy dependence of R = o(ete™ —
BB /o(ete” — BtB™), which is measured using changes in the average center-of-mass
energy over the data taking periods. The phase-space hypothesis R = (pgo/pp+)?, upon
which previous measurements rely, is strongly disfavored by our fit; the measured mass-
difference value for the phase-space hypothesis also differs significantly from our measurement.
We constrain R in a broader energy range than covered by the direct measurement and
extract the energy dependence of R in the range from the BB threshold up to 10.59 GeV.
We interpret the results using a phenomenological model and constrain the parameters of
the BB potential in the isovector channel.
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1 Introduction

The mass difference between the B® and B+ mesons, Am = m(B°) — m(B¥), is an isospin-
violating effect that arises due to the mass difference between the u and d quarks and
the electromagnetic interaction between the b quark and the light antiquarks. The value
of Am is sensitive to the masses of the u and d quarks and provides a constraint on the
B-meson wave function [1]. The energy dependence of the cross-section ratio o(ete™ —
B°B®) /o(ete™ — Bt B7) near the meson pair mass threshold provides information about
the BB potential in the isovector channel [2], which is important for understanding B B*)
molecular states with isospin one [3].

We measure Am using differences in the momentum distributions of neutral and charged
B-meson pairs produced at the Y (45) resonance. The momentum distributions of B® and
BT are different for the following two reasons:



(a) The masses of B? and BT are different; this is the source of the sensitivity of our
method.

(b) The energy distributions of B? and BT are different due to the finite spread of the
ete™ collision energy in the center-of-mass (c.m.) system, Fcp,, and the different energy
dependences of the ete™ — B°B? and ete™ — BT B~ cross sections.

For a precise measurement of Am, it is essential to take correctly into account the effect
of (b), for which the energy dependence of the cross-section ratio
o(ete” — B°BY)

R= o(ete~ — B*B™) (1)

is required [4]. However, the dependence R(E.m) has not been measured and there are no
reliable theoretical predictions for it [2, 5, 6]. Our strategy is to measure both Am and
R(Ecm) in this analysis; to obtain R(F.y,) we use the variations of average E.p over the
Belle and Belle II running periods. We use data from the Belle and Belle II experiments
collected near the Y(45) with integrated luminosities of 571 fb~! and 365 fb™!, respectively.
(A 47 fb~1 sample of Belle IT data taken below the resonance, at 10.52 GeV, is used to make
an auxiliary measurement: see section 7.)

The current world-average of Am is dominated by the BaBar measurement, Am = (0.33+
0.0540.03) MeV /c? [7], which was determined using the average c.m. momenta of B® and BT
mesons produced at the Y(45) resonance. For the energy dependence of R it was assumed that

R = (pBo/pB+)3. (1.2)

This assumption is not justified [2, 5, 6]; in ref. [4] it was pointed out that the change of
R with energy could be much faster than the expectation from eq. (1.2), which could lead
to a bias in the Am measurement by as much as 0.4MeV/c2.! Thus, it is important to
measure the energy dependence of R.

To fully exploit the available information for the measurement of Am and R(Ecp,), we
develop a combined fit to several distributions that are sensitive to the quantities of interest.
They are the following (the details of each are described below in sections 4, 5, 6, and 7):

e The M, distributions of B® and BT candidates at Belle and Belle II. The M, variable
is uniquely related to the B momentum,

2
W = ¢ (M) (1.3)

where my 45y = 10.58 GeV/c? is approximately the known Y (45) mass [8] and B

denotes BY or BT. The M, variable is more convenient than the momentum because
the shape of the combinatorial background near the kinematic boundary pp = 0 is
simpler.

'The RMS of the E.n, spread is about 5MeV, which corresponds to a FWHM of 12MeV. This is only a
factor of 0.6 lower than the width of the Y(4S). Thus, the energy interval spanned by the Eqm spread is large,
which explains why the effect of the R(Ecm) shape on the Am measurement is so significant.



The My, distribution for B® (B*) depends on the E., distribution, the line-shape of
the B°B? (BTB™) cross section, the B? (B*) mass, and the momentum resolution of
B® (B™) [9, 10].

e The energy dependence of R measured using variations in F¢y over time. We measure
the ratio of the B and B7 yields in slices of Eey, which corresponds to R(Ecm)-

e The results of an energy scan for o(e*e™ — bb) obtained by the BaBar experiment [11].
Below the BB* threshold, o(ete™ — bb) = o(ete™ — B°B%) +o(ete” — BT B™); the
sum of the cross sections, together with R(FEep), is needed to obtain the BY and BT
line-shapes separately.

e The cross section o(ete™ — bb — D°/D® X) versus E.y. This constrains the energy
scale of the o(ete™ — bb) scan [11].

The M, variable is similar to the widely used beam-constrained mass

My =\/E3 — p%, (1.4)

where Ep is the average energy of the B meson for a given running period, determined
by calibration (section 5). The My, distributions for B® and BT candidates peak at the
corresponding nominal masses [8]. The resolution in M. is slightly worse than the resolution
in My, (by a factor of 1.02 for Belle and by a factor of 1.09 for Belle II), since M, does not
take into account the time variations of the average B-meson energy. The variable My, is
preferred since we can more accurately calculate its shape in the fit function.

The combined fit is sensitive to R(Fcy) in a wider energy range than is covered by
the time variations of the average collision energy, because the M, distributions contain
information about the line-shapes of the B°B? and BTB~ cross sections. The effective
sensitivity interval is determined by the Eey, spread. Therefore, we report results for R(Eem)
from the BB threshold of 10.56 GeV up to 10.59 GeV. We then perform a phenomenological
analysis of the R(FEey) results to constrain parameters of the isovector BB potential.

Our work builds on the previous analyses of Belle [9] and Belle II [10]. We use the same
samples of BY and Bt mesons reconstructed in many hadronic final states, and we use a
M, fit function that takes into account the c.m. energy spread, the energy dependence of
the production cross section, and all other relevant effects. We also use a simultaneous fit to
the My, distribution and measurements of the energy dependence of the production cross
section. The novelty of the current analysis is the use of the time variation of F.,, for the
cross-section measurements. Furthermore, in refs. [9] and [10] the B® and BT mesons were
combined; here we consider them separately.

The paper is organized as follows. A brief description of the Belle and Belle II detectors
and simulation is given in section 2. The selection of B and BT candidates is summarized in
section 3. The function used to fit the My, distributions is presented in section 4. Measurement
of R using FE., variations is described in section 5. The fit to the energy dependence of
o(ete™ — bb) and the measurement of o(ete™ — bb — DO X) are presented in sections 6
and 7, respectively. The results of the combined fit are given in section 8. Systematic
uncertainties and additional studies are described in section 9. The measurement of R in



a wide energy range and its phenomenological analysis are reported in sections 10 and 11,
respectively. Finally, the conclusions are given in section 12.

2 Detectors and simulation

The Belle experiment [12, 13] operated at the KEKB asymmetric-energy e™e™ collider [14, 15]
between 1999 and 2010. KEKB used 8 GeV electrons and 3.5 GeV positrons. The detector
consisted of a large-solid-angle spectrometer, which included a double-sided silicon-strip
vertex detector, a 50-layer central drift chamber, an array of aerogel threshold Cherenkov
counters, a barrel-like arrangement of time-of-flight scintillation counters, and an electro-
magnetic calorimeter composed of CsI(T1) crystals. All subdetectors were located inside a
superconducting solenoid coil that provided a 1.5 T magnetic field. An iron flux-return yoke,
placed outside the coil, was instrumented with resistive-plate chambers to detect K% mesons
and identify muons. Two inner detector configurations were used: a 2.0 cm radius beam pipe
and a three-layer silicon vertex detector; and, from October 2003, a 1.5 cm radius beam pipe,
a four-layer silicon vertex detector, and a small-inner-cell drift chamber [16]. In this paper,
we use data from this second inner detector configuration only.

The Belle I detector [17, 18] is an upgrade with several new subdetectors designed
to handle the significantly larger beam-related backgrounds of the new SuperKEKB eTe™
collider [19]. SuperKEKB uses 7 GeV electrons and 4 GeV positrons, which results in the same
c.m. energy as at KEKB. The detector consists of a silicon vertex detector wrapped around
a 1.0 cm radius beam pipe that contains two inner layers of pixel detectors and four outer
layers of double-sided strip detectors, a 56-layer central drift chamber, a time-of-propagation
detector, and an aerogel Cherenkov detector. The Belle CsI(T1) crystal calorimeter, the Belle
solenoid, and the iron flux-return yoke are reused in the Belle II detector. The calorimeter
readout electronics have been upgraded, and the endcaps of the flux-return yoke, together
with the two innermost layers of the barrel, have been re-instrumented with plastic scintillator
modules; the read-out system has also been upgraded. For the data used in this paper,
collected between 2019 and 2022, only part of the second layer of the pixel detector, covering
15% of the azimuthal angle, was installed.

The data analysis strategy is tested on simulated event samples. We generate eTe™ —
Y (4S) — BB events and simulate particle decays with EvtGen, interfaced to Pythia [20];
we generate continuum ete” — ¢q (where ¢ is a u, d, ¢, or s quark) with Pythia6 [21] for
Belle, and with KKMC [22] and Pythia8 [23] for Belle II; we simulate detector response
using Geant3 [24] for Belle and Geant4 [25] for Belle II.

3 Event selection

We use the Belle IT analysis software framework (basf2) to reconstruct both Belle and Belle 11
data [26, 27]. The Belle data are converted to the Belle II format for basf2 compatibility
using the B2BII framework [28].

We fully reconstruct B® and B+ mesons in about 1000 exclusive hadronic final states using
the Full Event Interpretation (FEI) package [29]. Background suppression in this package is



based on a multivariate analysis. We use a version of the FEI adapted for energy-dependent
cross-section measurements, described in refs. [9, 10].
Signal candidates peak at zero in the AFE distribution,

AE = Ep — Eg, (3.1)

where Ep is the energy of the B candidate in the ete™ c.m. system. The sum AE + M, is
equal to the mass of the B candidate to a high precision. Therefore, in the variable

AFE = AE + My — mp, (32)

the effect of the energy spread cancels. We select B candidates in the AE’ signal region and
sideband. In the case of Belle II, the AE' signal region is defined as |[AE’| < 18 MeV, while in
the case of Belle, the size of the signal region varies depending on the reconstruction channel.
The efficiency of the AE' requirement is close to 92% for both Belle and Belle I1. The sideband
is shifted by +80MeV and has the same width as the signal region and is used to constrain
the background shape. The M, distributions for selected Bt and B° candidates in the AF’
signal region and sideband in the Belle and Belle II data samples are shown in figures 1 and 2.

4 M, fit function

The M, signal fit function is a key tool in this analysis. It is based on the fit functions
developed in refs. [9, 10]. The fit function is calculated numerically at each minimization
step and takes into account the following:

e variation of the average ete™ c.m. energy E.n over the data-taking period;?

o F.n spread due to fluctuations in synchrotron radiation emission, og,,;
e initial state radiation (ISR);
e energy dependence of the eTe™ — B°B° and ete™ — BT B~ cross sections;

e momentum resolution of reconstructed B mesons.

The calculation scheme for the BT fit function is as follows:

OBem) | © fisr X 0(eTe”™ — BTB7)

cm)

Z Wi G(Ecrn; Ecm() + AE(I)

— f(pB"')» ®fresolution — f(Mbc)7 (4~1)

where G(E¢n) is a Gaussian representing the c.m. energy spread; Ecpyo is the c.m. energy
averaged over the entire running period; AE&% is the energy deviation of the i-th data
subsample; w; is the corresponding weight (the fraction of the total sample in the i-th
subsample); >, is the sum over different subsamples; and ® figg represents convolution with
the ISR kernel [30]. At this stage of the calculation, we obtain the distribution in the invariant

2The change of collision energy with time was not explicitly considered in refs. [9, 10]; thus, the corresponding
effect was absorbed in the energy spread.
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Figure 1. The M, distributions in the Belle Y(4S) data for the B° (left) and BT (right) candidates.
The top and bottom parts of the figure correspond to the AFE’ signal region and sideband, respectively.
The red solid histogram is the result of the combined fit described in section 8. The red dashed
histogram shows the background, and the black dotted histogram shows the sum of the background
and the broken signal (for the AE’ sideband, this coincides with the total fit, and is thus not visible).
The bottom panels show pulls (deviations of the data points from the fit function divided by the
uncertainties on the data).

mass of the virtual photon produced in e*e™ annihilation. Next, we multiply this distribution
by the energy dependence of the BT B~ cross section [xo(ete™ — B1TB7)], obtaining the
distribution of the energy of BT B~ pairs. We then change variables from B*B~ energy
to BY momentum (denoted by “—7). This change takes into account nonlinear effects,
which are especially important near the kinematic boundary pg+ = 0. At this stage, the
value of m(B™") enters the fit function. We perform a convolution to account for the B
momentum resolution (“® fresolution” ). Finally, we change variables from pp+ to M. The
fit function for BY is calculated in a similar way, but using the B°BY cross section, the B°
mass, and the B® momentum-resolution.

The parameters E¢yno and of,,, are determined from the combined fit. The deviations
AE&)1 and the weights w; are determined using the Mbc fits in Ep bins (section 5 below).
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Figure 2. The M, distributions in the Belle IT Y (4S5) data for the B° (left) and B (right) candidates.
The panels and the curves have the same meaning as in figure 1.

There are separate parameters for the Belle and Belle IT data samples. The energy dependence

of the dressed cross sections® is parameterized as [10]
U(€+€_ — B+B_) = pSB+ Pll(Ecm)a (42)
o(ete” — B'BY) = pho Pi1(Eem) Pa(Eem), (4.3)

where p%o and p%+ are phase-space factors, Pj1(Eey) is an 11th order Chebyshev polynomial
which is common for both cross sections, and Py (Fcp,) is a second order Chebyshev polynomial
that accounts for additional energy dependence of the cross-section ratio beyond the phase-
space factor. All parameters of the Chebyshev polynomials are allowed to float in the
combined fit. The mass of the BT is fixed to the average value of the Particle Data Group
(PDG), m(B™T) = (5279.42 4 0.08) MeV /c? [8], which, unlike the PDG fit value, does not
include the Am measurement of BaBar [7]. The B® and B* mass difference Am is determined
from the combined fit. Alternatively, one could fix m(B°) and vary Am; we chose to fix
m(BT) because it is 2.5 times more precise.

3The difference between the Born and dressed cross sections is that the latter includes the vacuum
polarization effect.



The B-meson momentum resolution functions are obtained from the simulation and are
adjusted to take into account the difference between simulation and data. In the simulation,
we find three types of events that peak in My, distributions: (1) correctly reconstructed
signal candidates, (2) broken-signal candidates in the AE’ signal region, and (3) broken-signal
candidates in the AE’ sideband. The broken signal is due to signal events in which one of the
final-state particles originates from background. The momentum resolution for the correctly
reconstructed candidates is described by a sum of three Gaussian functions multiplied by
a factor taking into account the fact that momentum is required to be positive [10]. The
broken signal components are described via a similar function but with a large width [9, 10].
The yield ratios of the broken and correctly reconstructed signal candidates are about 5%
and 2% for the AE’ signal region and sideband, respectively. The yield ratios and parameters
of the momentum resolution functions are fixed using simulation (the values are provided
in refs. [9, 10]). To account for the difference between simulation and data, we introduce
shifts, s;, and broadening factors, ¢;, where ¢ runs over all event types, i = 1,2, 3. For broken
signal, in addition we introduce normalization corrections, no and n3. There are separate
corrections for B and BY, and for the Belle and Belle II data samples. The broadening
factors for correctly reconstructed candidates, ¢, are estimated using the fits to the AE’
distributions in the M, signal region [9, 10]. The broadening factor of AE’ is 1.18 + 0.01
for Belle and 1.07 £ 0.01 for Belle II. From the simulation, we find that the broadening
factor in AE' is larger than that in the momentum resolution by 3%. We account for this
correction and fix ¢ in the combined fit. We also fix s;1 = so = 0 and no = ¢ = 1, while
the parameters ng, s3 and ¢3 are determined from the fit.

Combinatorial background is parameterized by the threshold function, 4/ mTQ(“S ) — My,
multiplied by a second order polynomial. The shape of the combinatorial background is the
same in the AE’ signal region and sideband, while the normalizations differ. All parameters

of the combinatorial background are determined from the fit.

5 Measurement of the energy dependence of R

The R(Fcm) dependence is measured using variations in the collision energy over the course
of data taking. The B-meson energy is calibrated in the following way [31]: the total data
sample is divided into parts corresponding to data collection periods of several days. The
average energy Ep is then determined using several low-multiplicity, low-background B-decay
channels. The Ep accuracy achieved for one part is typically 0.1 —0.2MeV.* The distribution
of the selected B-meson candidates in the energy of the BB pair, EB 5= 2 Ep, is shown in
figure 3. The F i values span intervals of width 4.4 MeV at Belle and 6.6 MeV at Belle II.
We subdivide the E g range into bins of width 0.2MeV and perform a simultaneous fit to
the Mbc distributions of the B® and Bt candidates in each bin. In the i-th bin, we fix all
parameters of the M, fit function except the total B® and Bt signal yield, (Ngo + N B+)(i);
the yield ratio, (Ngo/Np+)W; the average c.m. energy E((;Ql for a given Egz bin; the Eupy
spread; and the combinatorial background yields. The results for Egy as a function of
E 5 are shown in figure 4. The values of Eem span intervals of 5.9 MeV and 8.1 MeV at

4The calibration of the boost vector, i.e. the velocity of the c.m. system in the laboratory frame, is based
on the angles of the muons in the ete™ — p™ ™ process [31].
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red dots correspond to the Belle and Belle II data, respectively. Horizontal error bars indicate E BB
bins, while vertical error bars show the statistical uncertainty in Fey,.

Belle and Belle II, respectively. These intervals are wider than those of E g by a factor
of ~ 1.3. This behavior agrees with expectations based on eq. (4.1).° The results for the
energy spread are consistent with being independent of F 5 (the absolute values for Belle
and Belle II are given in section 8).

The ratio of visible ete™ — BBY and ete~ — BT B~ cross sections is determined as
RW = (Ngo/Ng+)V (1/r), (5.1)

where 7. = epo/ep+ is the ratio of the BY and B reconstruction efficiency, the change of
which with energy is negligibly small. We do not attempt to determine r. from simulation

5Indeed, in the absence of the ISR, the E s value is always shifted from Eem towards the cross-section
peak (the shift is zero if o = My (4s)), Which shrinks the interval spanned by Ep 5 compared to that spanned
by Eem. The effect of ISR is to further shift all the points towards lower E 5 values.
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as the corresponding systematic uncertainty could be difficult to control. Instead, for the
absolute normalization of R, we use the world-average value of the measurements at the
energy of the Y(45) peak [32]

Ry = 0.951 + 0.028. (5.2)

We apply the constraint of eq. (5.2) in the combined fit. The error in eq. (5.2) is accounted for
as a systematic uncertainty (section 9). The values of r. at Belle and Belle II are determined
from the combined fit.

The ratio of visible eTe~ — BYBY and eTe~ — BT B~ cross sections as a function of Egpy,
is shown in figure 5. The Belle and Belle II results are in good agreement; there is a slight
increase of R, with energy. The fit function describing the R, measurements is the ratio
of visible o (eTe™ — B°B%) and o,(ete™ — BT B™) cross sections that are obtained from
dressed cross sections in egs. (4.2) and (4.3) by applying radiative corrections (convolving
with the radiative kernel) and accounting for the beam-energy spread (convolving with a
Gaussian) as described in refs. [9, 10].

In the M, fits in energy bins, many parameters are fixed to the result of the combined
fit. To obtain self-consistent results, we use an iterative procedure. We perform a combined
fit, fix parameters and perform M, fits in Ep bins to measure Ry. The latter results are
used in the next iteration. The fit converges after two iterations.

To estimate the systematic uncertainties in R‘(,i) due to uncertainties in the parameters
that are fixed in the M, fits, we use a pseudo-experiment technique. We generate pseudo-
experiments using the fitted function that is obtained from the combined fit (section 8).
We then perform a combined fit to the pseudo-experiments and use the results to fix the
parameters of the M. fits in EB 5 bins. We repeat the measurements of R, in EB 5 bins

,10,
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using parameters of each pseudo-experiment. We treat the RMS of the deviations of R\(,i)
as a systematic uncertainty, which is found to be negligibly small.

To estimate the systematic uncertainty due to the modelling of the smooth background, we
float the parameters of the corresponding polynomial in the fits in the E 5 bins. Deviations
of Rg) are treated as symmetric systematic uncertainties. These uncertainties are small
compared to statistical uncertainties and are assumed to be uncorrelated for different F 55 bins.
The total uncertainty is obtained by summing the statistical and systematic contributions
in quadrature. The total and statistical uncertainties are shown in figure 5.

6 R, fit function

BaBar reported the most precise measurement of the total visible ete™ — bb cross section
in the Y(4S) energy region [11]. The results were presented in terms of Ry,

ov(ete™ = bb
Ry = ¥7 (6.1)
00
where o9 = 47,rT0‘ Eén is the Born-level eTe™ — pu ™ cross section, and « is the QED fine-
structure constant. The results of the BaBar scan for Ry are shown in figure 6. As in the

previous publications [9, 10], we include the BaBar measurements of R; at nine energies
between the BB and BB* thresholds into the combined fit. The fit function describing the
energy dependence of Ry is [oy(ete™ — B°B%) 4+ o,(ete™ — B*B7)]/og. The BaBar scan
points have a rather large energy scale uncertainty of 1.5 MeV [7]. We allow all the R;, points
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to be shifted simultaneously along the horizontal axis by a parameter AFEp,par, which is
included in the fit with a Gaussian constraint around zero and a width of o = 1.5 MeV.

7 Measurement of the energy dependence of o(ete™ — bb — D°/D° X)

In this analysis, the combined fit includes the energy dependence of the inclusive ete™ —
bb — DY X cross section. This helps to constrain the peak position of the R} scan [11], which
otherwise has a large uncertainty as noted in the previous section. We measure the energy
dependence of the cross section using, as in the case of R, variations of E.,, over the data-
taking period. We use an approach in which the luminosity of data samples at various energies
is determined using the yield of ete™ — c¢ — D% X. In this approach, the uncertainties due
to changes in the detector performance over the data taking period largely cancel.

To measure the ete™ — bb — D°/D% X cross section, we reconstruct D° — K7™
decays in the YT (45) data of Belle II. The K~ and 7" candidates must originate from the
interaction region and be positively identified based on the energy-loss measurements in
the drift chamber and the response of the particle identification systems. The selection
requirements are the same as in ref. [33].

For each Eg; bin, we determine the D° yields in the z, < 0.5 and x, > 0.55 regions,
and N

max

N The normalized momentum x,, is defined as x, = pp/pH*>, where

low- high-z;,*
pp is the c.m. momentum of the D candidate, ppH** is the maximal kinematically allowed
value of pp, pp** = \/ (Eem/2)? — m2, and mp is the D%-meson world-average mass [8]. For

D° mesons produced in ete™ — bb events, xp is below 0.55 [33]. In the case of continuum
ete™ — c¢¢, D° mesons are produced in the entire xp range from 0 to 1. The visible
ete™ — bb — D X cross section for the i-th EBB bin is calculated as

(i)

(i)

. _ - N,
e (ete™ = bb— D° X) o low-a, _ "cont " Thigh-z, (7.1)
NY g2
high- z, ~cm

Here the DY yield in the xp > 0.55 region is used both to subtract the eTe™ — cc — DX
continuum (the factor r¢ont is the ratio of the continuum yields in the x, < 0.5 and z, > 0.55
regions) and for normalization (the factor EZ2 accounts for the fact that the cross section
of the continuum process is proportional to 1/E2.).

We fit the M (K~ =) distributions for the z, < 0.5 and x, > 0.55 regions for the entire
E pp interval with a sum of three Gaussian functions and a first order polynomial. We then fit
the M (K ~71) distributions in E ' bins by fixing the parameters of the Gaussian functions
and introducing a common shift and broadening factor that are free in the fit. The parameters
of the background function are also allowed to float. An example of the fit to the M (K~ 7™)
distributions in the 4th Eg 5 bin is shown in figure 7 (the E 55 bins are shown in figure 3).

The factor 7cons is determined using fits to the M (K ~7) distributions in an off-resonance
data sample that has an integrated luminosity of 43fb~!, collected at Fem = 10.52 GeV. We
find 7eont = 0.608 & 0.006. The result for the visible eTe™ — bb — D°/D® X cross section
in arbitrary units is shown in figure 8.
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Figure 7. The M (K~ 7") distributions for D° candidates with z,, < 0.5 (left) and z,, > 0.55 (right)

in the 4th E g bin. The solid histogram is the result of the fit; the dashed histogram is the background
component of the fit.
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Figure 8. Visible eTe™ — bb — DO/B0 X cross section versus Eg,. The open circles with error
bars show the direct measurement performed using Belle II data; the inner and outer error bars show
statistical and total uncorrelated uncertainties, respectively. The curve is the result of the combined
fit described in section 8. The vertical scale is in arbitrary units.

In the combined fit, the visible ete™ — bb — D°/D° X cross section is described by
the function

oy(ete” = bb— D°/D° X) = o,(ete” = BYB™) 2B(BT — D°/D° X)
+oy(ete” — BB 2B(B° — D°/D° X).

We use the world-average values [8]

B(BT — D°/D° X) = (87.6 £ 4.1)%, (7.2)
B(BY — D°/D° X) = (55.5 + 3.2)%. (7.3)

,13,



Since the vertical scale in figure 8 is arbitrary, we multiply the fit function by a normalization
parameter, which is free in the fit.
To account for the uncertainties in Fep, 6(Eem), we use the formula

00y = | f'(Bem)| 6(Eem), (7.4)

where f'(Eenm) is the derivative of the oy(ete™ — bb — DY/D° X) dependence on Eey,. At
the boundaries of the E.;, range, where the values of | f'(Ecy)| are large, the contribution of
the E.n uncertainty is up to 40% of the statistical uncertainty in the cross section. In the
case of the R, energy dependence described in section 5, the contribution of the uncertainty
in En is negligibly small.

To estimate the systematic uncertainty associated with the signal shape, we introduce
additional corrections: a shift and broadening for the sum of the second and third Gaussians
in the parameterization of the signal shape. These two Gaussians account for about 50%
of the signal yield. To estimate the systematic uncertainty associated with the background
modeling, we change the order of the polynomial that parameterizes the background shape
from first to second. We repeat the fits and consider deviations as symmetric systematic
uncertainties, which are assumed to be uncorrelated between EB g bins. The uncertainties
from the two sources are comparable. To obtain the total uncertainty, we add in quadrature
the statistical uncertainty, the contribution due to the uncertainty in F,,,, and the systematic
contributions. The total and statistical uncertainties are shown in figure 8.

The ete™ — bb — DY/D° X cross-section measurements at Belle cover a smaller energy
range than at Belle II. They agree with the expectations based on the combined fit but do not
provide a significant constraint on the cross-section peak position. For simplicity, we do not
include the ete™ — bb — D°/D° X cross-section measurement at Belle in the combined fit.

8 Combined fit and its results

We perform a simultaneous fit to the distributions shown in figures 1, 2, 5, 6 and 8. The
corresponding fit functions are described in the previous sections. The fits to M, distributions
are binned likelihood (—21n L) fits, while the fits to the energy dependence of the R, B®/B*
cross-section ratio and o(ete™ — bb — DY/D° X) are x? fits. The —2In L and x? values are
added together and their sum is passed to the fit for minimization. The results are shown in
these figures and in tables 1, 2 and 3. Throughout this paper, the first uncertainty is statistical
and the second, if present, is systematic. The tables show the results for 24 fit parameters.
In addition, there are 12 free parameters describing the R energy dependence, 3 parameters
describing R(FEcm ), 20 parameters describing the yields and shapes of smooth background
in the M, distributions, and an additional parameter describing the normalization of the
o(D°/D® X) measurement. Thus, there are a total of 60 free parameters in the fit. All
distributions are described well by the fit functions. The results for E¢no and o, at Belle,
and AFEp,par are in agreement with the Belle-only results [9]. The fitted values of o(bb)
and R as functions of F.y, with a step size of 0.1 MeV are given in appendix A. We also
provide fitted values for pseudo-experiments and fit modifications for the main sources of
systematic uncertainty. This information can be used to perform energy calibration near
the T(4S5) peak or for phenomenological studies.
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Am (0.495 4 0.024 £ 0.005) MeV /c?

Belle
Eemo (10579.05 + 0.04 4+ 0.18) MeV
OEum (5.35 £ 0.07 £ 0.09) MeV
Belle 1T
Eemo (10578.19 + 0.05 4 0.22) MeV
OB (5.24 £ 0.08 £+ 0.15) MeV

AFEBaBar (—1.27 £0.14 £ 0.22) MeV

Table 1. Fit results for Am and the c.m. energy-related variables.

Belle Belle 11
Np+ + Npo  (587.6+£0.8)-10% (458.2+£0.7) - 103
Ngo / Np+ 0.789 + 0.002 0.895 + 0.003
T 0.830 £ 0.002 0.949 + 0.003

Table 2. Fit results for the BT and B signal yields and the efficiency ratio.

Belle Belle 11
Bt BY Bt BY
ns 1.224+0.07 1.20£0.13 1.03+£0.06 1.13+0.09
S3, MeV/c —-58+27 -30£x£44 150=x3.1 17.0+£ 3.9
o3 0.84 £0.06 1.024+0.12 0.64+=0.04 0.53=+0.05

Table 3. Fit results for the peaking background corrections.

9 Systematic uncertainties and additional studies

The contributions to the systematic uncertainty in the fit results are shown in table 4. We

consider the following sources of systematics uncertainties.

1. Uncertainty in the BT mass. For the BT mass, we use the PDG average (not the
PDG fit): m(BT) = (5279.42 + 0.08) MeV /c? [8]. We vary its value by +1 standard
deviation and repeat the analysis. Here and in all cases described below, we estimate

the systematic uncertainty as the maximum deviation of the fit result, assuming that

the systematic uncertainties are symmetric.

2. Uncertainty in the absolute value of R,. We vary the world-average value

Ry = 0.951 £ 0.028 [32] measured at the Y(45) peak by its uncertainty.

3. Uncertainty in B(B — D°/D° X). We vary the values of B(B* — D°/D° X) =
(87.6 +4.1)% and B(B® — D'/D° X) = (55.5 £ 3.2)% [8] by their uncertainties. The

contributions from BY and Bt are added in quadrature.

,15,



Belle Belle 11

Am AE/‘BaBaI
Ecmo OFEem Eemo OFEcm
BT mass 0.001 0.160 0.011 0.160 0.013 0.163
Absolute value of R, 0.002 0.007 0.007 0.008 0.008 0.009
B(B - D°/D° X) 0.001 0.005 0.001 0.005 0.002  0.008

Ry vs. E.n parameterization 0.000 0.040 0.040 0.040 0.052 0.071
R vs. E.y, parameterization  0.001  0.048 0.046 0.044 0.060 0.086

Momentum scale 0.001 0.002 0.000 0.001 0.000 0.002
Momentum resolution 0.002 0.007 0.005 0.043 0.045 0.012
Peaking background 0.003 0.023 0.053 0.127 0.114 0.051
Smooth background 0.000 0.047 0.029 0.042 0.037 0.078
Binning 0.002 0.004 0.004 0.001 0.006 0.003
Total 0.005 0.180 0.087 0.221 0.151 0.219

Table 4. Systematic uncertainties from various sources in Am (in MeV/c?), Eemo and o, (for
Belle and Belle II), and AFEp,pa, (in MeV).

4. Parameterization of R; energy dependence. In the default fit, the energy
dependence of Ry is parameterized by an 11th order Chebyshev polynomial. We also fit
with 12th and 13th orders as a cross-check.

5. Parameterization of R energy dependence. We find that a second order Chebyshev
polynomial is sufficient to describe the R energy dependence; increasing the order gives
a very small reduction of the overall 2 — 2In L of the fit. We consider polynomial
orders up to 10. The results of the fits with different polynomial orders for the ratio
of visible and dressed cross sections are shown in figure 9. In the same figure, we
also show the energy dependence of the ete™ — bb cross section and the distribution
of the number of produced BB pairs, which corresponds to the first line of eq. (4.1).
The curves corresponding to different polynomial orders coincide in the energy region
covered by Epgz, but begin to diverge outside this region. This is because the M.
distributions constrain the cross-section shapes in the region covered by Egp5.

6. Uncertainty in the momentum scale. We find that the AE’ peak positions differ
slightly between simulation and data. We introduce momentum-scale corrections in the
simulation to reproduce the peak positions in the data.

7. Uncertainty in the momentum resolution. We vary the correction factors ¢, for
the width of the momentum resolution function by +3%, which is the relative difference
of the width correction factors for the AE" and momentum resolutions (section 4).

8. Modelling of peaking background. We have two types of peaking background:
in the AE’ signal region and in the AE’ sideband. The shapes of these backgrounds
and their yield relative to the signal events are determined from simulation. In the
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Figure 9. (Left) the ratio of visible cross sections o, (ete™ — B°B%) /o,(ete™ — BT B™) versus
energy. The open circles with error bars show the direct measurement using Belle II data; the red
solid curve is the result of the nominal fit; the green dashed curves correspond to the orders of
the polynomial describing the R energy dependence from three to 10; the black solid curve shows
the energy dependence of the visible ete™ — BB cross section; the blue dashed curve shows the
distribution of the number of produced BB pairs. Normalization (vertical scale) of the latter two
curves is arbitrary. (Right) the same curves as on the left panel, except that they correspond to
dressed cross sections before accounting for the energy spread.

10.

default model, we introduce correction parameters for the peaking component in the
sideband, ns3, s3 and ¢3 (for yield, peak position and broadening), while corrections for
the peaking background in the AE’ signal region are fixed at the values ny =1, so =0
and ¢ = 1. We consider two alternative peaking background models. In the first, we
assume no = ng, sy = S3 and ¢2 = ¢3, and treat these as free parameters in the fit.
In the second model, the parameters no, so and ¢o are varied independently in the fit.
The peaking background is enhanced in channels with DE*S) due to soft pions or 7’s
from Dz‘s) decays. We exclude all such channels when plotting the M}, distributions.
We lose 1/2 (1/3) of the B® (B*) sample, while the peaking-background fraction is
reduced by about a factor of 2.5. We then repeat the combined fit. In all cases, the
changes in Am are small (table 4).

Modelling of smooth background. The smooth background is described by a
second order polynomial multiplied by a threshold function; we increase the order of
the polynomial by one.

Binning. We shift the binning in M. distributions (figures 1 and 2) and in EB B
distributions (figure 3) by half the bin size.

The change in Am is negligible when m(B") is used as an external parameter instead of

m(B™). Based on the results in table 4, any change in Am arising from future improvements

in the knowledge of m(B™) or the absolute value of R, would be negligible compared to the

statistical uncertainty of 0.024 MeV /c2, and no adjustment of Am will be needed.
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To test how the various distributions used in the combined fit affect the precision in
Am, we perform the fit excluding some distributions. The uncertainty in Am changes very
little if we exclude the M, distributions of Belle or Belle II. In contrast, the precision in
Am deteriorates significantly if either Belle or Belle II data on Ry(FEcm) are excluded. If the
R, data of both experiments are excluded, the uncertainty in Am increases to 0.10 MeV /c?.
Thus, it is the slope of R versus F.p, that determines the precision in Am. If we exclude the
o(ete™ — DY/D° X) measurement, the statistical uncertainty of E.yo in Belle and Belle IT
increases by a factor of 4; the statistical uncertainty of AEpgagar also increases, while all other
results remain unchanged. In all cases, we find that the results with some measurements
excluded are consistent with the nominal fit.

The measured value of Am, (0.495 4 0.024 + 0.005) MeV /c?, differs significantly from
the BaBar result, (0.33 & 0.05 4- 0.03) MeV /c? [7]. To study the origin of this difference, we
perform the combined fit using, as in ref. [7], the phase-space hypothesis, R = (pgo/pp+)>.
The change in x? — 21n L of the fit is +113.1 with the dominant contribution, +95.5, coming
from the Mbc distributions (the signal fit function is too broad for B and too narrow for
BT). Based on Wilks’ theorem, the phase-space hypothesis is disfavored at about the 100
level.5 The value of Am from this phase-space hypothesis fit is (0.386 4 0.006) MeV /¢, which
is consistent with the BaBar result [7]. Thus, the difference in Am (table 1) with respect
to BaBar is probably due to the fact that BaBar used the phase-space hypothesis for the
energy dependence of R, which we find to be excluded.

Comparing the left and right panels in figure 9, we see that the ratio of dressed cross
sections R reaches 1.0 while the ratio of visible cross sections R, remains a few per cent
below one. This shows the importance of the ISR and energy-spread effects for the absolute
value of the cross-section ratio.

10 Measurement of the ratio of dressed B°B° to BT B~ cross sections in
a wide energy range

The combined fit constrains the energy dependence of the dressed cross-section ratio R in a
much wider range than that covered by direct measurement (figure 9). This is because the
My, spectra of BY and Bt candidates contain information about the shapes of B°B° and
BT B~ cross sections, as discussed in section 1. To provide information about the energy
dependence of R for phenomenological studies, we measure R in Fy, bins using the combined
fit. The idea is similar to the Argand plot measurement in amplitude analyses [34, 35].
The dressed cross-section ratio corrected for the phase-space factor, R(Eem)/(pgo/pp+ )3, is
described by a second order polynomial P(Ecp) in the combined fit (eq. (4.3)). We modify
the combined fit, and instead of Pa(FE.p), we use a piecewise step function where the height
of each step is determined from the fit. The quantity R(Eem)/(ppo/pg+)? is particularly
convenient for this approach, since it changes relatively slowly with energy. We chose bins of
width 2.5 MeV, which results in 13 bins in the energy range 10.56 — 10.5925 GeV. For the
small fraction of events outside this range, we use the values in the first or last bin. The
original polynomial Ps(FE¢y) and the results of the modified fit are shown in figure 10.

5The difference in the number of degrees of freedom of the two hypotheses is three; it is the number of free
parameters of P>(Ecm) in eq. (4.3).
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Figure 10. Energy dependence of the ratio of dressed ete™ — B°BY and ete™ — BtB~ cross
sections divided by the phase-space factor (ppo/pp+)>. The open circles with error bars show the
results of the modified combined fit; the red curve (left) shows the original second-order polynomial;
the red and green error bars (right) show the systematic shifts due to variation of, respectively, R,
and Am by +1 standard deviation. The shifts due to —1 ¢ variations are not shown to make the signs
of the shifts clear.

To better control the correlations among the R(FEew)/(ppo/pp+)® measurements, the
Am value is fixed in the combined fit, and the uncertainty in Am is taken into account as
systematic uncertainty. We also consider the absolute value of Ry (eq. (5.2)) as a source of
correlated systematic uncertainty. Other sources of systematic uncertainty (table 4) have
negligible influence on R. The values of R/(ppo/pp+)> with statistical and systematic
uncertainties for different E., bins are given in table 5. The correlation matrix for the
measured R/(pgo/pp+)> values is shown in table 6.

11 Phenomenological analysis of R versus E.p,

To fit the data shown in figure 10, we use the phenomenological model of refs. [2, 36]. In
this model, the strong interaction between BB mesons is described by a potential that has
a constant value (V; for the isovector component) inside an interaction region of radius a
and zero outside. At distances r < a the wave functions of B and B overlap, so that it is
impossible to distinguish the BYB® and BT B~ pairs. Therefore, at 7 < a the electromagnetic
interaction is switched off in the model. The model has two parameters: the interaction
range a and the BB scattering phase in the isovector channel ¢;. The scattering phase is
proportional to the isovector potential V7, and varies with F..y; as a fit parameter, we take
the 97 value at E., = 10.58 GeV. The model is valid when |R — 1| < 1, so in the fitting we
exclude the two lowest energy points. We also exclude the highest energy point because it
contains all events above 10.59 GeV, and hence its argument is not well defined; moreover,
the corresponding uncertainty in R/(pgo/pg+)® is poor. Detailed information about the
model, as well as the expression for R, are given in appendix B.
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N Een interval — R/(ppo/pp+)®  syst. Ry syst. Am
1 10561.254+1.25 0.9111 +0.1261 +£0.0152 +0.0121
2 10563.75+1.25 0.7858 £0.0389 +0.0185 F0.0104
3 10566.25 £1.25 0.9323 +0.0183 +£0.0274 F0.0088
4 10568.75+1.25 0.9674 +0.0112 +£0.0292 F0.0068
5 10571.25+1.25 0.9779£0.0090 =0.0291 F0.0049
6 10573.75+1.25 1.0362 4+ 0.0077 +0.0303 F0.0029
7 10576.25+1.25 1.0327 +0.0067 +0.0302 +0.0014
8 10578.75+1.25 1.0524 +0.0066 +0.0311 +0.0041
9 10581.25+£1.25 1.070940.0076 +0.0318  +£0.0094
10 10583.75 £ 1.25 1.0537 4+ 0.0108 £0.0311 4+0.0152
11 10586.25 +1.25 1.07554+0.0176 +0.0312 +0.0202
12 10588.75 £ 1.25 1.0647 +0.0320 +0.0305 +0.0292
13 10591.25 +1.25 1.0333 +0.0692 +0.0320 £0.0260

Table 5. Measured values of the dressed cross-section ratio corrected for the phase-space factor,
R/(ppo/pp+)3, at various energies. Shown are the E., interval (in MeV), the central value of
R/(ppo/pp+)? with its statistical uncertainty, and the systematic shifts from changing the R, and

Am values by £10.

1.00 —-0.24 0.16
1.00 —-0.21
1.00

—0.01 0.03
0.11 —-0.07
—0.22 0.08
1.00 —-0.23
1.00

—0.10 0.07 —0.05
—-0.04 —-0.02 —0.02
—-0.12 —-0.03 —0.01
0.10 —-0.14 —0.02
—0.43 0.18 —-0.17
1.00 —0.45 0.16
1.00 —0.52

1.00

0.00
—0.05
—0.03
—0.06
—0.00
—0.18

0.15
—0.54

1.00

—0.02 0.01
0.02 —0.02
—0.01 —0.02
0.02 —0.03
—-0.07 —0.01
—0.00 —0.03
—-0.18 —0.03
0.19 -0.16
—0.50 0.21
1.00 —-0.54
1.00

0.03
—0.01
—0.04
—0.02
—0.01

0.00
—0.01

0.01
—-0.13

0.24
—0.51

1.00

0.07
0.01
0.11
—0.01
—0.00
—0.07
—0.05
0.01
—0.00
—-0.20
0.21
—-0.39
1.00

Table 6. Correlation matrix for the 13 measured values of R/(ppo/pp+)® shown in figure 10.

We define the pull of each experimental measurement, z; + o; (i = 1,10), relative to

the fitted value, u;, as

2
pi = (wz + & Awy —Mz) /0i
j=1

(11.1)

Here the second term takes into account systematic uncertainties due to external parameters:

Axj; is the signed deviation of x; when the j-th external parameter changes by +1 standard
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Figure 11. Energy dependence of the ratio of dressed ete™ — B°BY and ete™ — BtB~ cross
sections divided by the phase-space factor (pgo/pp+)3. The black dots with error bars are the
measured values shifted by the correlated systematic uncertainty (the second term in eq. (11.1))
according to the fit results; the open black circles are the measured values before the shift. The red
histogram shows the result of the fit to the phenomenological model. The left and right panels show
solutions 1 and 2, respectively.

Solution 1 Solution 2
a, fm  1.062+0.094 0.2475-2
o, rad  0.21875008  —0.1970:38
£R., 0.314+0.03  0.53+0.03

EAm 0.63£0.27 0.49+£0.27

Table 7. Parameters of two solutions in the (a, d;) plane.

deviation (j runs over the R, and Am contributions); §; is a nuisance parameter that is
free in the fit. The x? of the fit is defined as [32]

10 2
X =3 Cglpipi + 328 (112)
i=1 j=1

where C~! is the inverse of the correlation matrix of measurements z; used in the fit.

We perform a 2D scan in the plane of variables a and ¢;. At each scan point (a and d;
are fixed), we perform a fit with two free parameters, {g, and £a,,. The fit results for the
best solution are shown in figure 11 and table 7. The 2 value is 9.0, which for 6 degrees of
freedom corresponds to a p-value of 17%. The corresponding contours at the 1, 2, and 3o
levels are shown in figure 12. The contours are determined from the changes in x? of the fit
relative to the optimal value. There is a second solution whose x? value is worse by 8.6 units
(figure 11 and table 7). The second solution corresponds to a small value of a, which is below
the confinement scale. Such a small interaction range is theoretically disfavored.
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Figure 12. The (a,d;) plane. Here a and ¢; are phenomenological parameters of an isovector BB
potential described in the text.

The scattering phase d; in solution 1 is positive at the level of about 20. A positive
scattering phase would correspond to an attractive isovector BB potential. In the limit of a
large b-quark mass, the strong interaction potential is universal, i.e. the same for the BB,
BB*, and B*B* channels. Thus, our results are relevant for understanding molecular states
with isospin one in all these channels, in particular Z;,(10610) and Z,(10650) [37].

12 Conclusions
We measure the m(B°) — m(B*) mass difference to be

Am = (0.495 + 0.024 + 0.005) MeV /2. (12.1)

A key ingredient of this measurement is the determination of the energy dependence of the
R = o(ete” — B'B%) /o(ete” — BTB™) cross-section ratio that we constrain using the
variation of the average e™e™ c.m. energy over the data-taking periods of Belle and Belle II.

The result in eq. (12.1) is significantly different from a similar measurement by BaBar,
Am = 0.33 £ 0.05 &+ 0.03MeV /c? [7], which currently dominates the world average [8].
In contrast to the analysis reported here, in ref. [7] the energy dependence of R was not
determined experimentally; instead, the phase-space hypothesis R = (pgo/pp+)? was assumed.
If we use the phase space hypothesis in our combined fit, we obtain a value of Am that is
consistent with the BaBar measurement. However, the fit quality is very poor. In particular,
the fit fails to describe the M, distributions of B? and Bt candidates. We exclude the
phase-space hypothesis at about the 10¢ level. Using direct measurements of m(B?%) and
m(B7) [8], we obtain Am = (0.21 & 0.22) MeV /c?, which is consistent with our measurement
at the 1.30 level.

We find that the combined fit is sensitive to R in a wider energy range than covered
by the direct measurement, so we perform an additional study to measure the dependence
R(Ecm). Here, R(Ecm) is treated as a binned distribution where the values in each bin are
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determined by a modified version of our combined fit. The resulting values are reported
from the BB threshold up to 10.59 GeV. We also perform a phenomenological analysis of the
R(Eewm) results to determine the parameters of the isovector BB potential. At the 20 level,
we find an attractive isovector BB potential. Additional data closer to the BB threshold
could help to improve the precision in R and in the phenomenological model parameters.
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A Energy dependence of o(ete™ — bb) and R

Figure 13 shows the fitted energy dependence of [o(eTe™ — B°BY) + o(ete™ — BTB7)]/og
and R = o(efe” — B°B%)/o(ete” — BTB™), where o(ete™ — B°B°) and o(ete™ —
BT B7) are the corresponding dressed cross sections, and o¢ = (47 /3)/E?2, is the Born-
level ete™ — uTpu~ cross section. In the panels of figure 13, we show the contribution of
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Figure 13. Energy dependence of (top) [o(eTe™ — B°B®) + o(ete™ — BTB7)]/0o and (bottom)
olete™ — B°B%)/o(ete™ — BTB7), where o(ete™ — B°B°) and o(ete™ — B+*B~™) are the
corresponding dressed cross sections, and og = (47 /3)/E? is the Born-level ete™ — uu™ cross
section. The black curve in each plot is the result of the nominal fit. The red curves in the leftmost
plots show the deviations corresponding to the RMS of the fit results for the pseudo-experiments.
The remaining plots show deviations corresponding to the main sources of systematic uncertainty:
uncertainties in Ry, Am, and m(B™).

statistical uncertainty estimated using pseudo-experiments and the main sources of systematic
uncertainty. We fit pseudo-experiments fixing the Am value and take into account the
uncertainty in Am as systematic uncertainty. The ratio R is shown only below F., =
10.59 GeV, since it is not constrained by our fit above this value.

These plots in numerical format are given in the supplementary material [38]. We present
the values of the curves with a step in energy of 0.1 MeV. To provide information on statistical
uncertainty, the material contains the fit results for 1000 pseudo-experiments.

B Phenomenological model

The energy dependence for the dressed cross-section ratio o(ete™ — BYB%)/o(ete™ —
Bt B7), arising from the mass difference m(B") —m(B*) and the electromagnetic interaction
between BT and B~ for point-like B-mesons is given by the expression

3
ppo \° 1 —exp(—2mA) 1
= B.1
Ro <p3+) 27\ 1+ a2 (B.1)

where A = a/(2v.) is the Coulomb parameter with v. being the velocity of one charged
B meson in the c.m. system [39].

The expression in eq. (B.1) does not take into account two effects: the finite size of the
B mesons and the scattering phase in the isovector channel, which changes the relative phase
between the outgoing B°B? and BT B~ waves. These two effects were studied in ref. [2]
for P-wave production, where both isospin breaking effects were treated as perturbations
of the potential at linear order. The general formula in terms of the difference AV (r) of
the potentials for the BYB® and BTB~ pairs is

o . 2\ 2
R=1- 1Im [e%‘sl / e (1 + Z) AV (r) dr] , (B.2)

v pr
where v and p are the average B and BT velocity and momentum, respectively.
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The lower limit a in the integral in eq. (B.2) is a short-distance cutoff in the following sense.
The difference in the potential AV can be defined as long as the individual channels B°B°
and BT B~ can be distinguished. However, at short distances where the mesons overlap due
to their finite spatial size, the two channels are generally strongly mixed and thus cannot be
distinguished. Thus any difference in the potential AV should vanish at short distances. This
can be implemented by introducing [2] one effective cutoff distance a, so that AV =0 at r < a.

The potential difference due to the mass splitting and the Coulomb interaction has the
form AV = 2Am — «/r, and the integral in eq. (B.2) is given as [2]

0o . P\ 2
/ e2irr (1 + Z) AV (r) dr
a pr

A 2 2 2sin 2
== { o8 pa+sin2pa+i (Smpa—costa)] (B.3)
p pa pa
{cos 2pa  sin2pa Ci(2pa) + i (77 cos 2pa n sin 2pa Si(2 ))}
—Ci(2pa) +1 | = — — Si(2pa
2(pa)? pa b 2 pa 2(pa)? Py

where Si(z) and Ci(z) are the integral sine and cosine functions.

For a quantitative comparison of the obtained expression for R with experiment, it is
necessary to take into account the dependence of the scattering phase d; on energy. The
scattering phase in a wave with angular momentum /¢ is found from the formula [39]

¢ M [® 2
80 = =555 ) [eraplon)] v (B.4)
where J,(z) is the standard Bessel function and we take ¢ = 1. In the model [36], Vi(r)

is assumed to take a constant value V; in the region r < a and zero outside. Therefore
eq. (B.4) becomes

M a 2
5 = 7%%/0 {J3/2(pr)} rdr, (B.5)
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