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Abstract

The goal of this thesis is to analyze certain nonlinear elliptic Partial Differential Equa-
tions (briefly PDEs) that arise in Conformal Geometry, Mean Field Games theory, and
Choquard models. Our primary focus is on the study of the existence and nonexistence
of solutions, analyzing their asymptotic behavior, and examining the occurrence of con-
centrating phenomena. The contents of this manuscript have been organized into three
distinct parts, each one focusing on a specific topic.

The first part of this work deals with some prescribed curvature problems. In particu-
lar, in Chapter 1 we address the problem of existence and compactness of entire solutions
to the Gaussian curvature equation on R? in the case of power-type and sign-changing
prescribed curvature; while in Chapter 2 we deal with the corresponding prescribed Q-
curvature problem in R*. While these two issues are undoubtedly interconnected, it is
essential to recognize that each possesses distinct features that warrant in-depth analysis
and attention. The content of Part I corresponds to the research papers [17, 18].

In the second part, we study second-order ergodic Mean-Field Games systems defined
in the whole space R with a coercive potential V and aggregating nonlocal coupling,
given in terms of a Riesz-type interaction kernel. In Chapter 3, we prove that the
strength of the attractive term and the behavior of the diffusive part interact to produce
three distinct regimes for the existence and nonexistence of classical solutions in our
MFG system. On the other hand, in Chapter 4, exploiting a variational approach and
a concentration-compactness argument, we show that in the vanishing viscosity limit,
there is concentration of mass around minima of the potential V. This leads to proving
existence of solutions to the potential-free system. The content of Part II corresponds to
the research papers [19, 20].

The third part of this thesis focuses on boundary value problems for Choquard equa-
tions. More in detail, we investigate the existence of solutions when the domain is an
annulus or an exterior domain, considering both Neumann and Dirichlet boundary con-
ditions. The results of Chapter 5 are presented in the work [21].
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Chapter 0

Introduction

This doctoral thesis is devoted to studying specific nonlinear elliptic Partial Differ-
ential Equations that arise in the context of Conformal Geometry, Mean Field Games
theory, and Choquard models. More in detail, we use methods from Calculus of Vari-
ations, Regularity theory, and Optimal Control, to explore fundamental properties of
nonlinear elliptic equations, such as the existence of solutions, their qualitative prop-
erties, and asymptotic decay. We also investigate concentration, blow-up, and singular
phenomena.

The manuscript is split into three parts, each focusing on a specific and distinct topic.
This introduction aims to clarify how our problems are closely connected, particularly in
terms of the tools and techniques employed to prove our results.

Part I concerns a classical question in Geometric Analysis and more specifically
in Conformal Geometry: the problem of prescribing curvature. In a nutshell: the task
consists of finding whether a given function on a manifold M endowed with a metric g,
can be the curvature of a conformal metric g, = €2*¢. For a more thorough explanation,
please refer to Section I.1. Our focus will be to investigate prescribed curvature problems
defined in the whole Euclidean space R? and R* with the standard flat metric, assuming
to have Gaussian curvature, and respectively Q-curvature, of the form 1 — |z|P. When
dealing with prescribed curvature which is unbounded and changes sign, new challenges
arise that cannot be tackled using the same methods as in previous works. A different
approach is necessary.

Firstly, I studied existence and compactness of entire solutions to the following pre-
scribed Gaussian curvature equation in R?

—Au= (1 - [af)e (1)

(refer to work [17]). If u satisfies (1), then the metric e?*|dz|? has Gaussian curvature
equal to 1 — |z|P. Using a variational approach together with a blow-up argument, I
showed that (1) has solutions with prescribed total curvature equal to

A= / (1— |zP)e* dx € R,
R2

if and only if
p € (0,2) and 2+pr <A<d4n

and I proved that such solutions remain compact as A — A € [(2 + p)7, 47), while they
produce a spherical blow-up as A 1 4.



2 0. Introduction

As the @Q-curvature is a higher-order equivalent of the Gaussian curvature, I have
investigated also the related prescribed @)-curvature problem, that is
A%y = (1 — |z[P)e*™, in R* ©)

A= [pa(1 = |zfP)etdr < oo

(see paper [18]). I showed that for every polynomial P of degree 2 such that lim P =

|z|—+o0
—00, and for every A € (0,1672), there exists at least one solution to problem (2) which
assume the form v = w + P, where w behaves logarithmically at infinity. Conversely, I
proved that all solutions to (2) have the form v + P, where

1 | 4
- 1 1 |y[P)etud
o) = 5oz 0w () - ey
R4

and P is a polynomial of degree at most 2 bounded from above. Moreover, if u is a
solution to (2), it has the following asymptotic behavior

A
u(z) = —Wlog\aﬂ + P+o(loglz]), as |z| = +oc.

In the following two parts of the thesis, we shifted our attention to some nonlinear
equations featuring nonlocal interactions. Over the last few years, the problem of mod-
eling the collective behavior of a large number of interacting individuals has gained a
lot of attention in the mathematical community. As one can easily guess, for simple
systems it is possible to analyze each path separately and describe their behavior mathe-
matically. However, as the number of individuals grows, the system becomes exceedingly
complex, and tracking all the components becomes an impossible task. The key idea
for addressing these challenges consists of using averaged information about the system.
As a result, studying nonlinear equations that involve nonlocal interactions, has started
to emerge as a new paradigm for modeling the collective behavior of many-body systems.

Part IT focuses on a nonlocal problem arising from Mean Field Games. This recent
theory describes Nash equilibria of differential games, with a very large number of iden-
tical and rational infinitesimal players aiming at minimizing a certain common cost by
anticipating the distribution of the overall population. Please refer to Section II.1 for a
general presentation of the theory of Mean-Field Games and its developments.

In particular, we consider second-order ergodic Mean-Field Games systems defined
in the whole space RY, with a coercive potential V, and aggregating nonlocal cou-
pling given in terms of a Riesz interaction kernel. Equilibria solve the following system
of PDEs where a Hamilton-Jacobi-Bellman equation is combined with a Kolmogorov-
Fokker-Planck equation for the mass distribution:

—Au+ LVu" + A = V() = fon rak=dy

—Am — div(mVu(z) [Vu(z)|"~2) = 0 in RY. (3)
fRN m=M, m2>0
In this setting, every player of the game is attracted to regions where the population is

highly distributed, and the external potential V' discourages agents from being far away
from the origin. Due to the interplay between aggregating forces (described in terms of
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the Riesz attractive term and the coercive potential V') and dissipation (caused by the
diffusive term in the system), we will obtain three different regimes for the existence and
nonexistence of classical solutions to the MFG system (3). By means of a Pohozaev-type
identity, we prove nonexistence of regular solutions to the MFG system without potential
in the Hardy-Littlewood-Sobolev-supercritical regime. On the other hand, using a fixed
point argument, we show the existence of classical solutions in the Hardy-Littlewood-
Sobolev-subcritical regime at least for masses smaller than a given threshold value. In
the mass-subcritical regime, we show that this threshold can be taken to be +o00. Refer
to work [20] for more details.

Moreover, considering the MFG system (3) with a small parameter € > 0 in front of
the Laplacian, I investigated concentration phenomena in the vanishing viscosity limit.
More in-depth, assuming some restrictions on the strength of the attractive nonlocal
term depending on the growth of the Hamiltonian, I studied the asymptotic behavior of
solutions as € — 0. First, using a variational approach and a concentration-compactness
argument, I obtained existence of classical solutions to potential-free MFG systems with
Riesz-type coupling. Secondly, as expected when the diffusion becomes negligible, I
proved concentration of mass around minima of the potential V. See paper [19].

Finally, in Part III of this dissertation we address boundary value problems for the
Choquard equation. This nonlocal nonlinear PDE appears in physical models of multi-
particle systems. At macro scales, the Choquard equation can be used to model boson
stars and even the formation of black holes and dark matter galactic halos. At atomic
scales, it was used by Prof. Roger Penrose to relate quantum mechanics and general
relativity. Over the past decade, Choquard-type equations and other classes of nonlinear
equations with nonlocal interactions, have emerged as a mathematical framework for
modeling the behavior of self-interacting many-body systems at various scales: from
atoms and molecules to flock patterns in animal swarms, up to the formation of stars
and galaxies.

In [21], we consider the following nonlinear Choquard equation

—Au+ Vu = (I * |ulP)|uP~u in Q cRY,

where N > 2, p € (1,400), V(z) is a continuous radial function such that inf,cq V' > 0
and I, is the Riesz potential of order @ € (0, N). Assuming Neumann or Dirichlet
boundary conditions, we prove the existence of a positive radial solution to the corre-
sponding boundary value problem when {2 is an annulus, or an exterior domain of the
form RN \ B,(0). We provide also a nonexistence result, that is if p > {+% the cor-
responding Dirichlet problem does not have any nontrivial regular solution in strictly
star-shaped domains. Finally, when considering annular domains, letting @ — 07 we
obtain an existence result for the corresponding local problem with power-type nonlin-
earity.

0.1 Organization of the thesis

Each chapter of this thesis corresponds to a different paper as follows.
Part I:

e Bernardini C.; Fxistence and Compactness of Conformal Metrics on the Plane with
Unbounded and Sign-Changing Gaussian Curvature, Vietnam J. Math. 51, 463-487
(2023) doi:10.1007/s10013-021-00540-5.


https://doi.org/10.1007/s10013-021-00540-5
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e Bernardini C.; Ezistence and asymptotic behavior of non-normal conformal metrics
on R* with sign-changing Q-curvature, to appear in Commun. Contemp. Math.
(2022) doi:10.1142/S0219199722500535.

Part II:

e Bernardini C., Cesaroni A.; Ergodic Mean-Field Games with aggregation of Choquard-
type, J. Differential Equations 364, 296-335 (2023) do0i:10.1016/j.jde.2023.03.045.

e Bernardini C.; Mass concentration for Ergodic Choquard Mean-Field Games, (2022)
submitted (preprint ArXiv:2212.00132)

Part III:

e Bernardini C., Cesaroni A.: Boundary value problems for Choquard equations,
(2023) submitted (preprint Arxiv2305.09043)

Finally, during my Ph.D. studies, I had the opportunity to work on a slightly different
topic concerning elliptic regularity. This issue is not contained in the present manuscript,
we recall briefly the main result obtained, and we refer to the original paper for a complete
treatment of the problem.

e Bernardini C., Vespri V., Zaccaron M.: A note on Campanato’s LP-reqularity with
continuous coefficients. Eurasian Math. Journal 13 (2022) no.4, 44-53.

We consider local weak solutions of elliptic equations in variational form with data in
LP. We refine the classical approach due to Campanato and Stampacchia and we prove
the LP-regularity for the solutions assuming the coefficients are merely continuous. This
result shows that it is possible to prove the same sharp LP-regularity results that can
be proved via the classical singular kernel approach also with the variational regularity
approach introduced by De Giorgi.


https://doi.org/10.1142/S0219199722500535
https://doi.org/10.1016/j.jde.2023.03.045
https://arxiv.org/abs/2212.00132
https://arxiv.org/abs/2305.09043

Part 1

Prescribed curvature problems in
Conformal Geometry






Introduction

In the first part of this thesis, we investigate some nonlinear Partial Differential
Equations related to curvature invariants in Conformal Geometry. A model of such
differential equations is the prescribed Gaussian curvature equation under conformal
change of metrics, or analogously the prescribed @Q-curvature equation. In what follows,
we provide some preliminary notions and facts about the geometric quantities arising in
the treatment. Afterwards, we give a brief introduction to our problems.

I.1 Prescribing curvature in conformal geometry

Let (M, g) be a 2-dimensional Riemannian manifold with Gaussian curvature K,. We
consider a metric g, conformal to g, that is g, := e*g for some function u € C*°(M). If
we denote by K, the Gaussian curvature of (M, g,), the Gaussian Curvature Equation
reads as follows

A+ K, = K, e*" (I.1)

where Ay is the Laplace-Beltrami operator with respect to the metric g. Notice that for
n = 2 it is defined as

1 9 y 0
Ay = —— i
and it holds
Agugp = B_QHAg@a for all p € COO(M),

hence Ay is a conformally covariant operator. Equation (I.1) provides a relation between
K, and K, , so it shows how the Gaussian curvature behaves under conformal change of
metrics. Moreover, identity (I.1) can be used to prove that the total Gaussian curvature
is preserved under conformal change of metrics. More in detail, if M is closed (compact
without boundary) and orientable, we have

/Kgdvolg:/ K, dvolg,
M M

namely the total Gaussian curvature is a global conformal invariant, and using the Gauss-
Bonnet Theorem it holds

Ky dvoly = 2mx (M)
M

where x (M) is the Euler characteristic of M. A classical problem in Conformal Geometry
is the problem of prescribing Gaussian curvature: that is finding whether a given
smooth function K on the manifold (M, g), can be the Gaussian curvature of a conformal
metric g,. Therefore, the question concerns the set of solutions u to

~Agu+ Ky =Ke*", in M. (1.2)

7



In other words, if u solves (I.2), then the conformal metric g, = e?“g has Gaussian
curvature equal to K.

The case when the surface M is the two-dimensional sphere S? with the standard
round metric gsz, is the well-known Nirenberg problem (raised by Nirenberg in the years
1969-1970). Fundamental progress on the Nirenberg problem was made by Kazdan-
Warner [118, 119], Aubin [7]|, Chang-Yang [49-51], Chang-Gursky-Yang [47], Chen-Ding
[56] and many others. More broadly, in [119] Kazdan and Warner provided some neces-
sary and sufficient conditions for a smooth function K on a given compact 2-manifold
to be the Gaussian curvature of some metric, their results depended on the sign of the
Euler characteristic of the consider manifold.

On the other hand, if (M,g) = (R?, |dz|?) we have K, = 0 and A, is the classical

Laplace operator, so (1.2) reduces to
—Au=Ke*, in R2% (1.3)

The first problem we investigate in this thesis deals with a specific instance of equation
(I.3). Therefore, we briefly focus on the literature that pertains to this specific situation.
The study of equation (I.3) started with the work of Liouville [138] who considered the
case K =1 (so (1.3) is called Liouville equation when K = const. > 0) and proved that
any solution can be given by
2|f'(2)] :
w60 s () meraee

Later around the thirties Ahl’fors [4] studied solutions to equation (I.3) when K is a
negative constant, proving that in this case (I.3) does not have any solution in the entire
space R? (see also the works of Wittich [183], Sattinger [174] and Oleinik [161]). The first
existence result for solutions to equation (I.3) on the entire plane, when the function K is
nonpositive and satisfies further growth conditions at infinity, was given by Ni [159] and
it was then refined by McOwen [147| using a weighted Sobolev space approach. Later,
a complete classification of all possible solutions to (I.3) in some important cases when
K is nonpositive was obtained in [62-65]. If K is a positive constant Chen and Li [57]
studied the following problem

_ — 2u 2
{ Au= Ke on R (1.4)

Jgz €*dx < o0,

proving that every solution to (I.4) is radially symmetric with respect to some point in
R2. In particular, all such solutions have the form

2

where A > 0 and 2o € R%. On the other hand, if K(x) is positive in some region, under
suitable assumptions on the behavior of K at infinity, existence of solutions to equation
(I.3) has been studied by McOwen [148]|, Aviles [8] Cheng and Lin [59, 60, 62] and many
others. Finally, the study of compactness of solutions to (I.3) started with the seminal
paper of Brézis and Merle [32|, which led to a broader study, both in dimension 2 (see
for instance the work of Li and Shafrir [129]), greater than 2 (using powers of the Lapla-
cian, or GJMS-operators see e.g. [82, 83, 140, 143, 158]), or in dimension 1 (using the
1/2-Laplacian see e.g. [79, 80]).



Given a 4-dimensional Riemannian manifold M endowed with a metric g, the Q-
curvature Q‘gl and the Paneitz operator P; are defined as follows

1 .
Qy = -5 (AgRy — RZ + 3|Ricy|?)

2
Py = A2 4 div, <3Rgg - 2Ricg> d,

where R, denotes the scalar curvature, Ric, the Ricci tensor, A, the Laplace-Beltrami
operator and d is the differential (acting on functions). These definitions have been in-
troduced by Branson [25], Branson-Orsted [28] and Paneitz [162], and then generalized
to higher order QQ-curvatures ng and Paneitz operators P;m on a 2m-dimensional Rie-
mannian manifold (M, g) (see [26, 27, 105] and also [87, 88]). Even if explicit formulas
for szm and Qf]m in a general manifold do not exist when 2m > 4, a formal definition is
given in [105] (based on the work of Fefferman-Graham [86]).

The Paneitz operator and the )-curvature are related by a generalized version of the
Gauss identity, indeed they satisfy

Pg2mu + Qf]m _ gzne2mu

(compare with identity (I.1) when m = 1). Roughly speaking, the Paneitz operator can
be seen as a higher-order Laplace-Beltrami operator and the Q-curvature is a sort of
higher-order counterpart of the Gaussian curvature, this is also pointed out by the fact
that in dimension 2 we have Pg2 = —A, and QZ =K,

The study of the Paneitz operator and Q-curvature has gained a lot of attention in
conformal geometry due to their covariant properties. The Paneitz operator szm satisfies

Pg%fl(go) = efzm“Pgm(go) for all p € C*°(M),

hence Png is conformally covariant. Moreover, the total QQ-curvature is a global conformal
invariant, namely if M is closed and g, = e?“g, we have

/ Q2" dvoly, = / Q" dvolg
M M

and this integral gives information on the topology of the manifold, indeed using the
Gauss-Bonnet-Chern’s Theorem [66] on a locally conformally flat closed manifold, we

have v
/ ngdvolg = (2m — 1)!vol(SQm)7X( )
M 2
where x(M) is the Euler-Poincaré characteristic of M. As above mentioned in the 2-
dimensional case, also in the higher dimensional case we can investigate the problem
of prescribing @-curvature: given a smooth function K on (M, g), it corresponds to
find solutions to the following equation

PPMu+ Q2" = Ke*™,  in M (1.6)

where K = Q?]um is the prescribed Q-curvature of the conformal metric g, = e?“g.
When K is constant Chang and Yang [52] gave a partial affirmative answer to the ques-
tion, assuming that the total Q-curvature of the metric ¢ is less than 1672 namely
I} M Q;dVOIg < 1672 and the Paneitz operator is a positive operator whose kernel only
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consists of the constant functions. In view of a result of Gursky [109], the latter hypothe-
sis is satisfied whenever [ M Q‘;dVolg > 0 and provided (M, g) is of positive Yamabe-type
(this means that there is a conformal metric with positive constant scalar curvature).
The same result in higher dimensions was later derived by Brendle [29] via a flow ap-
proach, again in the “subcritical” case, which precisely rules out the case when (M, g) is
conformal to the standard sphere. The result of Chang-Yang has been extended recently
by Djadli and Malchiodi [82] to the case where the kernel of P; only consists of the
constant functions and [ M diVolg # 16kn? for i € Z*. Finally, Malchiodi and Struwe
[140] studied a natural counterpart of the Nirenberg problem, namely to prescribe the
Q-curvature of a conformal metric on the standard S* as a given function f. Their ap-
proach uses a geometric flow within the conformal class, which either leads to a solution
to our problem as, in particular, in the case when f = const. or otherwise induces a
blow-up of the metric near some point of S%.

If we consider the Euclidean space R?"™ endowed with the standard Euclidean metric
|dz|? (flat metric) we have P@’;‘Q = (—A)™ and Q|2$|2 = 0, so equation (I.6) becomes

(—A)™u = Ke?™  in R?™., (L.7)

Due to its geometric meaning, the constant Q-curvature case for equation (I1.7) has been
extensively studied (see e.g. [46, 53, 57, 133, 142, 181| and the references therein). More
in detail, if we consider the following equation

(=A)™u = (2m — 1)!e?™  in R*™ (1.8)

and we assume that the volume is finite, that is V' := fRzm e dy < oo, it is well known
that the function -
Unao (7) := log (1 e ) (1.9)

|z — 02

solves (1.8) with V = |S?™| for every A > 0 and z¢ € R?*™. Solutions of the form (I.9)
are called standard (or spherical) solutions in the literature. Notice that they originate
as pull-back under the stereographic projection of round metrics on S?™ (by round we
mean that they are conformally diffeomorphic to the standard metric). There is no loss
of generality in the particular choice of the constant K, we fixed K = (2m —1)! since it is
the Q-curvature of the round sphere (S, g). On this subject, we recall that Chang-Yang
[53] showed that the round metrics are the only metrics on the 2m-dimensional sphere
having @-curvature equal to (2m — 1)!. As mentioned above, Chen and Li [57| classified
all solutions to (I.8) when m = 1, proving that every solution is spherical. On the other
hand, in higher-dimension non-spherical solutions do exist, Chang and Chen [46] proved
that for any m > 2 and every V € (0, vol(S?™)) there exists at least one non-spherical
solution to (I.8), moreover Lin [133] in the case m = 2 and Martinazzi [142| for m > 2,
classified all solutions to (I.8). We finally mention that the analogous problem in odd
dimension has gained a lot of attention in recent years.

I.2 Our problem: sign-changing unbounded curvature.

The problem which we address in Chapter 1 deals with the following prescribed
Gaussian curvature equation in R?

—Au = (1 - |z[P)e?, (1.10)

where p is a real positive value.
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First, we prove that equation (I.10) has solutions with prescribed total curvature
equal to A := [po(1 — |z[P)e?"dz € R, if and only if

p € (0,2) and (2+p)m < A < 4.

More in detail, exploiting some estimates on the asymptotic behavior of solutions at
infinity and a Pohozaev-type identity, we get a nonexistence result when p > 0 and
A < (2+p)mor A > 47 and for every value of A when p > 2 (refer to Theorem 1.1.1
below). Then, we use a variational approach due to Chang and Chen (see Theorem 2.1
in [46], where, under suitable assumptions on the curvature K, they show existence of at
least one solution to equation (—A)2u = K(z)e™ in R") to prove existence of a radial
solution u) to the perturbed problem

2
—Auy = (A — |z|P)e 2% e2ux op R?,

such that
A= (A= |l"p)6_|z‘2€2u)‘d$
R2
(see Proposition 1.4.1 for further details). This result, together with a blow-up argument,
will allow us to prove the existence part (see Theorem 1.1.2).

Furthermore, we show that such solutions remain compact as A — A € [(2+p)7, 47),
while they produce a spherical blow-up as A 1 47 (Theorem 1.1.3 and Theorem 1.1.4).
The proof of the first fact is based on a blow-up analysis, the Kelvin transform and on
quantization of the total curvature (using [144, Theorem 2|); while the second one relies
on the fact that if A 1 Agn, we could have only two cases: loss of curvature at infinity,
or loss of compactness; we get that the second case occurs.

In Chapter 2, we consider the following prescribed @)-curvature problem

20 (1 _ ||P)pdu 4
{Au (1—|z|P)e*™, onR (111)

A= [pa(1 = |zP)etda < oo

where p > 0 is fixed. Taking advantage of the above-mentioned result by Chang and
Chen, suitably adapted to this case, we extend to the non-normal case the existence
results in [116]. More in detail, we show that for every polynomial P of degree 2 such

that ‘ |lim P = —oo0, and for every A € (0,1672), there exists at least one solution to
x|—+00

problem (I.11) which assume the form u = w + P, where w behaves logarithmically at
infinity (refer to Theorem 2.1.1).
Conversely, we prove that all solutions to (I.11) have the form v + P, where

1 | 4
— 1 1 |y[P)etud
o) = ooz [ 0w () 1= ey
R4

and P is a polynomial of degree at most 2 bounded from above. Moreover, if u is a
solution to (I.11), it has the following asymptotic behavior

A
u(z) = ~52 log || + P + o(log |z|), as |z| = +o0

(see Theorem 2.1.2). The proof of this result is based some suitable upper and lower
estimates for the function v, which allow us to obtain a Liouville-type theorem and then
prove that the polynomial P is upper-bounded.
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Chapter 1

Existence and compactness of
conformal metrics on the plane with
unbounded and sign-changing
(Gaussian curvature

1.1 Introduction to the problem and main results
We study existence and compactness of entire solutions of the equation
—Au = Ke*, in R? (1.1)

where K € L{° (R?) is a given function. Equation (1.1) is the prescribed Gaussian cur-
vature equation on R?. This means that if u satisfies (1.1), then the metric e?“|dz|? has
Gaussian curvature equal to K. Equations of this kind also appear in physics, see for

example Bebernes and Ederly [14], Chanillo and Kiessling [54] and Kiessling [121].

In this chapter we will focus on a specific problem that arose recently from a work of
Borer, Galimberti and Struwe [23] in the context of prescribing Gaussian curvature on 2-
dimensional surfaces. More in detail, they studied the following sign-changing prescribed
Gaussian curvature problem on a closed, connected Riemann surface (M,g) of genus
greater than 1:

~Agu+ Ky = (fo+ \)e*" on M, (1.2)

under the assumption that A > 0 and fy < 0is a smooth non-constant function, which has
only non-degenerate maxima &y with fo(&o) = 0. In the case of sign-changing curvature,
the uniqueness of solutions may be lost (compare with [23, Theorem 1.1]), indeed, as
already proven by Ding and Liu [81] there exists a value A* > 0 such that for 0 < A < A\*
the energy functional F) associated to (1.2) admits a local minimizer u) and a further
critical point u* of mountain-pass type. In particular, through a mountain-pass technique
and the monotonicity trick, Borer, Galimberti and Struwe [23] investigated the blow-up
behavior of “large” solutions u* as A | 0, and, upon rescaling, they obtained solutions to
(1.1) with K either constant or K(z) = 1+ (Az,z) where A = L Hessy, (fffo)) (see [23,
Theorem 1.4]). More recently, Struwe [177] obtained a more precise characterization of
this “bubbling” behavior: considering a closed surface of genus zero, he proved that all
“bubbles” are spherical. This is achieved with the help of a Liouville-type result, in fact

13
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he proved that there are no solutions u € C*°(R?) to equation
~Au = (1+ (Az,z))e*" in R? (1.3)

(where A is a negative definite and symmetric 2 x 2 matrix) with v < C, such that the
induced metric €2*|dz|? has finite volume ¢** € L' and [z (1 + (A, z))e*"dz € R. In
this way, he proved that all blow-ups must be spherical also in the higher genus case.

If we do not assume that the prescribed curvature fop 4+ A in the problem (1.2) is
smooth, but we only require that fo € C%® for some a € (0, 1], then Hessy, is no more
defined and, upon rescaling, instead of (1.3), one might expect to find solutions to

—Au=(1- |x\p)e2“ in RZ? A= (1-— \$|p)e2“da: < 00, (1.4)
R2
for some p > 0. More precisely, for p > 0 we define

Agph :=4m and Aip = 2+p)m.

(the constant Agpp is the total curvature of the sphere S?). Taking advantage of a
Pohozaev-type identity, we are able to prove the following non-existence result:

Theorem 1.1.1. Let p > 0 be fized. For any A € (—o0, Ay p)U[Agph, +00) problem (1.4)
admits no solutions. In particular, for p > 2, problem (1.4) admits no solutions.

Following an approach of Hyder and Martinazzi [116], and in sharp contrast with the
nonexistence result of Struwe [177|, we will show that problem (1.4) has solutions for
every p € (0,2) and for suitable values of A.

Theorem 1.1.2. Let p € (0,2) be fized. Then for every A € (Ayp, Aspn) there exists a
(radially symmetric) solution to problem (1.4). Such solutions have the following asymp-
totic behavior

A
u(z) = —2—log |z| + C + O(|z|™%), as|z| — oo, (1.5)
™
for every a € [0, 1] such that o < w, and
1
|Vu(x)| = O <|Zv) , as |z| — oo. (1.6)

Observe that Theorem 1.1.1 and Theorem 1.1.2 do not cover the case A = A, ;. In
this case (see Proposition 1.3.4 and Lemma 1.3.6) relation (1.5) degenerates to

Ay to(l)
27
which is compatible with the integrability of (1—|x[P)e?*. We will study the case A = A,
from the point of view of compactness, namely we will show that solutions to (1.4) are
compact for A away from Agpp, and blow up spherically at the origin as A 1 Agpn.

A
log |z| < u(z) < —T’I)log lz| + O(1), as |z| = +oo,
m

Theorem 1.1.3. Fiz p € (0,2), let {uy |k € N} be a sequence of solutions to (1.4) with
A = Ap € [Ap,Aspn) and A — A € [Aup, Aspn). Then, up to subsequences, u, — @
locally uniformly, where i is a solution to (1.4) with A = A.

Moreover, choosing Ay, | Ay p and uy given by Theorem 1.1.2, we obtain that (1.4)
has a solution u also for A = A, and we have

A
u(z) < —T’I)log lz| — (1 +o(1))loglog |x|, as|z| — +oo (1.7)
7r

" Vu(z) = O <1> . as |2] = +oo. (1.8)

|
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The proof of Theorem 1.1.3 relies on uniform controls of the integral of the Gaussian
curvature at infinity. This is particularly subtle as Ay | A, since in this case Ke?"*
is a priori no better than uniformly L' at infinity and we could have loss of negative
curvature at infinity. This possibility is ruled out with an argument based on the Kelvin
transform (see Lemma 1.5.4). Theorem 1.1.3 strongly uses the lack of scale invariance of
equation (1.4).

Notice that for the constant curvature case (I.4), solutions given in (I.5) can blow up
“spherically”, we will show that this is also the case when A 1 Agpy.

Theorem 1.1.4. Fizp € (0,2), let {ux | k € N} be a sequence of radial solutions to (1.4)
with A = A T Agpn as k — +oo. Then

(1 — |z[P)e*™ — Agondo, as k — 400,
weakly in the sense of measures. Moreover, setting
L 2= 2¢ "k (0)

and
nk(x) == wp(urx) — uk(0) + log 2,

we have
2

1
oo 8T |22

nk(‘r) in Clloc(]R2)'

Notice that all solutions to problem (1.4) are radially symmetric about the origin and
monotone decreasing, this follows by Corollary 1 in the work of Naito [157] (to prove
Corollary 1 Naito uses an approach based on the maximum principle in unbounded do-
mains together with the method of moving planes).

The outline of this chapter is the following. In Section 1.2 we prove some regularity
results for solution to (1.4). In Section 1.3, thanks to some estimates on the asymp-
totic behavior of solutions at infinity and to a Pohozaev-type identity, we prove Theorem
1.1.1. In Section 1.4, we use a variational approach due to Chang and Chen [46] to prove
Proposition 1.4.1, which, together with a blow-up argument will allow us to prove the
existence part of Theorem 1.1.2. Section 1.5 is devoted to the proof of Theorem 1.1.3,
which is based on a blow-up analysis, the Kelvin transform, and on quantization of the
total curvature (using [144, Theorem 2]|). Finally, the proof of Theorem 1.1.4 in Section
1.6 is based on the fact that if A T Agpp, from Theorem 1.1.1, we could have only two
cases: loss of curvature at infinity, or loss of compactness; from Lemma 1.6.1 we get that
the second case occurs.

After the completion of the work the author learned that a result of Cheng and Lin
(see [60, Theorem 1.1]) implies our Theorem 1.1.2. Their elegant proof is based on a
Moser-Trudinger inequality in weighted Sobolev spaces. Our approach to Theorem 1.1.2,
only based on ODE methods, is more elementary and will be the basis for the compactness
Theorem 1.1.3, therefore we left the statement of Theorem 1.1.2 for completeness.

1.2 Regularity of solutions

Let p > 0 be fixed. First of all, we prove some regularity results for solutions to
equation
—Au = (1—|z[")e*® in R? (1.9)
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assuming that u € L} (R?) and (1 — |z[P)e?* € LY(R?).
In the following, if O C R? is an open set and s € R s > 0, we will denote
C5(Q) = {u e Clsl(@) | Dlly e 0Ll (Q)},

and
C; (R?) := {ue CO(R?) | ulo € C*(RQ) for every Q CC RZ} .

Proposition 1.2.1. Let u be a solution to (1.9). Then u € VV;OZ(R2) forl<r< oco.

Proof. Following the proof of [115, Theorem 2.1|, first we prove that e* € Ll (R 2) for
any ¢ > 1. Let ¢ > 1 be fixed, take ¢ = €(q) such that ¢ < 32, we can find two functions
f1 and fo such that (1 — |z|P)e?* = f1 + f2 and

f1 € LY(R?) N L=(R?), 1 f2lln m2) < €.

We define the following

1 y ,
wto)i= g [ s () s i= 1.2

U3 = U — UL — UD.

and

In this way, ugz is harmonic and hence uz € C*°(R?). Differentiating u; we obtain

Vul(x)— 2171' - ‘IL’—fol( )

using the relation |z||y| = |z — y| it’s easy to prove that Vu; is continuous,

Y
lz[* y[?

hence u; € C1(R?). Concerning us we have

/ esq%_/ eXp(/ 8qgf2”1°g<\ |y|y){2f( ||) )d””“
Br R2 s X — 2
/ / <8qu2|!1g< f >>f2< )y o
. w—)) TRl

4q|l f2l

) >wd o
||f2|| R2f2(y)/33(|x—y| dy <,

by Holder’s inequality, we can conclude that e?* € L?OC(]R2) for any ¢ > 1.

By assumption p > 0, so (1 — |z[P) € LI (R?) for every 1 < r < oo; it follows that
—Au = (1 —|z|P)e** € L} (R?) for each 1 < r < co. By elliptic estimates (refer to [93,
Theorem 9.11]), we have

loc

uwe W2'(R?), for every r € (1,00),

loc

and by the Morrey-Sobolev embedding we get

ue Ch*(R?), for a € (0,1].

loc
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Proposition 1.2.2. Let p > 0 be fized and u be a solution of equation (1.9). Ifp ¢ N
then u € C=(R2\ {0}) NCEA(R?), if p—1 € 2N then u € C=(R?\ {0}) N CLA(R?) for

s <p and if p € 2N then u € C®(R?).

Proof. From Proposition 1.2.1 we have that u € WQT(R2) — CZIOS(RQ) for 1 <r < oo
and a € (0,1]. Since 1—|z[P € C>®°(R?\ {0}) if p ¢ 2N, and belongs to C*°(R?) if p € 2N,
by bootstrapping regularity we get that u € C*°(R? \ {0}) if p ¢ 2N and u € C*°(R?) if

p € 2N. Moreover, we can verify that for p > 0

CP(R?) ifpgN
1—|z[P el Cs (R?) fors<p, ifp—1€2N

C>®(R?) if pe 2N

Using Schauder estimates and bootstrapping regularity, we get that if p € N then u €
CP2(R2) and if p— 1 € 2N then u € C$F2(R?) for s < p. Hence we can conclude that if

loc loc

p & N then u € C®(R2\{0})NCP 2(R2), if p—1 € 2N then u € C=(R2\ {0})NCE2(R2)

loc loc

for s < p and if p € 2N then u € C*®(R?). O

All solutions to (1.9) are in fact normal solutions, namely if u is a solution to (1.9)
then u solves the integral equation

1
) = 5 [ 1o () (- ey 4 (110

where ¢ € R (for a detailed proof of this fact see the proof of [59, Theorem 2.1]). Moreover,
if we have more integrability (namely log(| - |)(1 — |y|P)e?* € L*(R?)), equation (1.10) is

equivalent to
1 1
=— /1 Pye2u) g 1.11
u(z) 2%/11@ 0g<|x_y|)( ylP)e* " Wdy + ¢, (1.11)

where ¢ € R.

1.3 Nonexistence result

First of all, we can observe that the case A < 0 is not possible (this follows similar
to the proof of [141, Theorem 1]).

Proposition 1.3.1. Let p > 0 be fized, if u is a solution to (1.4) then A > 0.

Proof. Assume by contradiction that A < 0, then there exists rg > 0 such that
/ Audr >0, Vr > rg,

hence

/ —da >0, Vr>nrg.
OB,

It follows that f wdo is an increasing function for r > 7o, and consequently also
OBy

exp ( fa B, U da) is increasing for r > rg. By Jensen inequality we get

exp <2][ uda) §][ e?do.
OBy 0B,

It follows that fa B. e?*do must be increasing for r > rg, hence integrating fRQ et = +o0.
This leads to a contradiction since in this way A cannot be finite. O
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In order to prove Theorem 1.1.1 we need the following Pohozaev-type identity and
some asymptotic estimates at infinity.

Proposition 1.3.2. Let K(z) =1 — |x|P and u be a solution to the integral equation

1
u(zx) = o /R2 log < i ) K(y)e**Wdy + ¢, (1.12)

|z =yl
for some ¢ € R, with Ke?* € L*(R?) and | - [Pe?* € LY(R?). If

lim R**P max 2*®) =0 (1.13)
R—o0 |z|=R

then denoting by A = [go K (z)e*"®)dz, we have

A
Asph

(A — Agpn) = —g / |2 [Pe? @) dg. (1.14)
R2

Proof. In the spirit of the proof of [184, Theorem 2.1|, differentiating equation (1.12) (by
Proposition 1.2.2 w is sufficiently regular) and multiplying by z, we obtain

1 (x,z —y)

Com g2 |z —y)? K(y)e%(y)dy.

(z, Vu(z)) =

Multiplying both sides of the previous one by K (:c)eQu(x) and integrating over the ball
Bpr(0) for R > 0, we have

K (2)e*@) (g, Vu(z))de =
Br

1 (z,2 —y)
= K (x)e2u(®) [—/ X2 IR () e2uW g } dx.

Integrating by parts the left-hand side:

K(2)e*®) (¢, Vu(z))de = = K (2)(z, Ve* @)\ dz =
Bpr 2 Br

= —/ (K(x) + 1<JJ, VK(:L‘)>> @) dy 4 R K(z)e*®)do =
Br 2 2 JoBg

= [ (K@ - Zal) o+ 5 [ ey e
Bpr O0BRr

It’s easy to see that

- K(z)— ]Z|a:|p 2@ gy — o A4 P |z |Pe? (@) dz
2 R 2
Br — 00 R2

and concerning the boundary term, we have

R (1 — |z|P)e? @ de < R max 62“(@/ (1 —|z|P)do =
2 JoBg 2 |z|=R 2B

1
= 7R%(1 — RP) max 2"(*) = pRP+2 < — 1) max %)
|z|=R Rp |z|=R
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using (1.13) it goes to 0 if R — +o00. Regarding the right-hand side, we have
1 _
K (z)e2u(@) [_/ <I’”Cy>K(y)(c}u(y)agy] de —

Br 27 Jg2 ]x—y|2

1 1
=3 K (z)e?® [—2
Br ™ JR2

1 2ute) | _ 1 / EAEYT=Y) gy 2uw)
+2 BRK(a:)e [ 5. 7=y K(y)e*""Wdy| dx.

K(y)ezu(y)dy] dx

It follows immediately that

1 1
- K(p)e2v® | - —
3/, K@e [ 27

1
K (y)e )dy] dr ——— ——A?

R—+o00 4

while, by dominated convergence, the second term goes to

/ / x4y, 5 >K(x)62“(x)K(y)62“(y)dyd:c
Rz Jr2 [T — Y

which, changing variables, it’s equal to 0. Finally combining we obtain (1.14). O

In order to study the asymptotic behavior of solution to (1.1), a useful trick is the
Kelvin transform. We have the following result.

Proposition 1.3.3. Let u be a solution to (1.4) and assume that (1 —|z|P)e** € L}(R?).
Then, the Kelvin transform of u, namely the function

u(z) =u (’5‘2> — alog |z|, for x#0, (1.15)

1 1 Y 2u(y)
— log ( ) K () dy + c,
21 Jre |z — yl2) [y|i-2

where K(x) := 1 — |x|P, hence @ is a solution to

21
~ X (&
—Ai(@) =K <m> a2

Proof. Following the proof of [116, Proposition 2.2|, using (1.10) and then changing
variables, we have

u(x) = 21/ log <:c|y|> K (y)e** W dy — ilog |x|/ K(y)e?*Wdy + ¢
™ JR2 T y‘ 2 R2

I

A

where o := o,

satisfies

a(zx) =

1
= 2/ log L K(y)ezu(y)dy—i-c
TR ‘$|‘|f|2*—y‘
1 1 2a(y)
:2/ log K<|y2> |e‘4 20ldy+c
m e\ Jallyl| 2 - | ) \WP/

1 1 y e2u(y)
= — log< >K<> dy +c
2m Jpe |z —y] [yl ) ly|*—2e

where in the last equality we have used that |z||y|

= |z —yl. O

27 TyP?
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1.3.1 Asymptotic behavior of solutions

Proposition 1.3.4. Let u be a solution to the integral equation

1
u(zx) = By /R2 log <\m‘g’yl> K(y)e®Wdy + ¢,

where ¢ € R, assume K(y) <0 for |y| > Ry >0 and Ke** € L*. Then we have

u(z) < —;10g|1:] + O(1), as |z| — o0 (1.16)
7r

where A = [ Ke?.

Proof. Following the proof of [116, Lemma 2.3] and adapting it to the two-dimensional
case, we choose x such that |z| > 2R (assuming Ry > 2) and consider R? = A; U Ay U A3
where

Ay = B (), Ay = Bp,(0), Az =R\ (41 U A4y).

2
/ log ( vl > K(y)e®Wdy <0
A |‘T - y|

because if y € A; we have K(y) < 0 and log (%) > 0. For y € Ay we have

It’s easy to see that

log (|x|g‘y|) = —log|z[ + O(1) as |z| — +o0, hence

/ log ( vl > K(y)e*Wdy = —log|z| Ke?dy 4+ 0(1), as |z| — 4o0.
Ao ’.’If - y’ Ao

lz—y| |z

As ‘37 - y‘ As

If y € A3 we have |z — y| < |z| + |y| < |z||ly|, hence K(y) log( ly| ) < K(y)log <i),

so we obtain

Finally we have

1 A
< — (-1 Ke* < ——1 1
) < o (< 1ogla 2y ) +0(1) < 5 oglal + O(1),

AgUA3
using the fact that nguAg, Ke2t > Jre Ke** = A since K <0 in A;. O
Corollary 1.3.5. If p € (0,2), there exist no solutions to (1.4) for A > 4.

Proof. Assume that u solves (1.4) for some A > 47. By Proposition 1.3.4 u satisfies
(1.16), so hypothesis (1.13) in Proposition 1.3.2 is verified and therefore from (1.14) we
must have A < 4m, a contradiction. O

Lemma 1.3.6. Fiz p > 0 and let u be a solution to (1.4). Then, we have
A Z A*7p

and
A +o(1)

u(w) = 2

log|z|, as|z| — 400 (1.17)
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Proof. We first prove the asymptotic estimate (1.17). Writing u = u; + ug, where

1 1
_ = 1 - P ,2u(y)
UQ(.T) o Bi(x) 0og (’1) — y,) ‘y| € dyv

we obtain

A 1
uy(x) = ——;;()log |z|, as |x| = +oo, (1.18)

(see the Appendix for a detailed proof of the estimate (1.18)). Let’s consider R > 1 and
|z| > R+ 1, define

1

W) =5 [ ey,
R

it’s easy to see that h(R) — 0 as R — 400, so we can write h(R) = or(1). We have

~ua(a) = [

By Jensen’s inequality and Fubini’s theorem we get

1
R+1<|z|<2R ¢, J R+1<|z|<2R |z — y ()

Hence using Holder’s inequality and the previous one

1/2
R*~ / e?e”"?dx < CR / e*2dy . (1.19)
R+1<|z|<2R R+1<|z|<2R

If we assume by contradiction that % < p, then |y[Pe?t > ﬁ for |y| sufficiently large,
therefore

yp€2u
>><”<1du<y>7 dnly) = —2 gy,

B fB}c2 |?J|pe2udy

h(R)log <|x—y|

c
R

1
or(l) = / |z[Pe?™ e?u2dy > — e*2dy
R+1<|z|<2R R R+1<|z|<2R

which contradicts (1.19). Therefore we must have % > p, from this it follows that

ly[Pe?¥t < C on R?, using the fact that us < 0 we have |y[Pe?“1e?2 < C, and then

lug(x)| < C log

dy < C
Bi(x) ‘.% - y’

this prove (1.17). Finally, if A < A,, then (1 — |z[P)e** ¢ L'(R?), hence it must be
A>Ap. O

Lemma 1.3.7. Let u be a solution to (1.4) with A = Ay p = (24 p)m and G its Kelvin
transform (as defined in (1.15)). Then

lim a(z) = —oc0. (1.20)
z—0

and
lim Au(z) = +o0. (1.21)

x—0
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Proof. In this case, we have

u(z) =u <x> — <1 + g) log ||, for z # 0, (1.22)

and 4 satisfies

1 1 1 2a(y)
ﬂ(gg):/log( ><1—>62 dy +c, forx #0.
21 Jge |z —y| P ) lyl>~*

We follow the proof of [116, Lemma 2.7]. Using Proposition 1.3.4, which gives us a bound
from above, we have supp, % < +00. Since u is continuous, using (1.22), we get

1 2a(y)
o Lyt ¢ B (1.23)
P )yl = |y[*

For x # 0 we have

_ 1 / < 1 ) 2iy) 1 / < 1 ) 2iv)
u(x) =— — [ log ——dy+ — [ log | ——— | ——5—dy+
=g =) B T e ) )

1
1\ e2w)
+/ (Y (i L) e
— | lylP ) lyl?=P

If 0 < |z| < 1, using the fact that @ < C on B; and (1.23), the second and the third
term of above are O(1), therefore

e2u(y)
/ (’m_m) Sy +O(1),  for 0<faf <1 (1.24)

Assume by contradiction that @(xy) = O(1) for a sequence 3, — 0, applying [116, Lemma

2.6] to (1.24) we have
1\ e2)
/ log ( ) 5 dy < +00
B lwl/) vl

/ log(|y|)[y[Pe* @ dy < +oo. (1.25)

By

and changing variables

Since A = A, p, as [z| — oo we have

(1= ) Dy = Aoy = [ (1= [yl 0y =
/|y<\/?| ' ly|>+/I|
1
=My + O log(|y)(1 — [y[")e**@dy | =
P (10g\$| lyi>/lzl
1
A7p+0<lo |x|) as |z| = 400

where in the last equality we used (1.25). Using equation (1.11) for |z| > 1

= 21” </y|<\/|? /\/?|<y|<2|x +/|y>2|ml> o8 (!a: i y!) (1= lyP)etdy + c.
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From the previous estimate, as |z| — oo,

1
log ( ) (1= lyl")e2 @ dy =
/|y|<\/;| lz —yl

:(—i%ﬂ$‘+0(n)<A“p+()<

1
log |z|

>>::—A%pbguk+0ﬂ)

Concerning the second integral, as |x| — oo we get

1 1
IOg < > 1— Y P eQu(?J)dy > / log < ) 1— y p 62u(y)dy
/\/ﬂgmgzu |z -y (1= 1) Bi(x) |z — y =Wk

1 1 1 1
= _/ log <> ’1 - |y]p‘62“dy > —2/ log <) dy = O <2> ,
B (z) |x—y| |ZL‘| By (x) |l‘—y‘ |£L’|

and for the third integral, using (1.25), we have

— (1 —|y[P)es ¥ dy = O(1).
21 Jiyi>21e) \|7 — ¥l

Therefore, for |z| — oo

A
> . *7p
u(x) o log |z| + O(1)

but this means that | - |[Pe?* ¢ L'(R?), which is a contradiction. Hence (1.20) is proven.
In this case, @ is a solution to

1 62’11(;2)
ANl =[1- — )=
= (1 ) o
using (1.22) and (1.17) we obtain that lim (—Aw(z)) = —oo, which proves (1.21). O

xz—0

Proposition 1.3.8. If p > 2, there exists no solution to (1.4).

Proof. Assume by contradiction that for some p > 2 there exists a solution u of (1.4),
then by Lemma 1.3.6 we must have A > A, , > 47 since p > 2. If A > A, ,, using
Lemma 1.3.4 we have u(z) < —% log |z| + ¢ for |x| — 4o00. In this way u satisfies (1.13)
and hence by Proposition 1.3.2 follows that

Asph < A*,p <A< Aspha

which is a contradiction. If A = A, ,, using (1.22) and (1.20) we observe that (1.13) is
satisfied, and we proceed as in the previous case. ]

Proof of Theorem 1.1.1. Theorem 1.1.1 is proven, we have just to combine Corollary
1.3.5, Lemma 1.3.6 and Proposition 1.3.8. [

If A = A, , we obtain a sharper version of (1.20).

Lemma 1.3.9. Fiz p € (0,2), let u be a solution to (1.4) with A = A, ,. Then we have

1+ 2)1
lim sup u(a:)—i—( + 2) og || _

—1.
|z|—=+o0 loglog ’HJ‘
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Proof. Let @ be defined as in (1.22), w is a radial solution (this follows from [157, Corollary
1]) therefore also @ is radially symmetric. By Lemma 1.3.7 we have

lim a(r) = —oo, lim Aa(r) = +oo,
r—0 r—0

so there exists § > 0 such that @ is monotone increasing in Bs(0). Using this and (1.24),
we estimate for |x| — 0 and get

iz) > — 1 ( ! >62u(y)d o(1)
—u(xr) > — og - ay +
27 Jojal<|yl<1 lz—yl) |yl?

1 1\ 24y 1 1\ 2y
= — log <> ——dy + / log () ——dy + O(1
27 Jaju|<|y|<o lyl) lyl? 21 Js<yl<1 /) [yl? @

e2t(z) / 1 dy
log () —= +0(1
2m 2|z|<|y|<d ‘y‘ ’yP ( )

_ § Jogi
62“(””)/ ppdp—i—O(l), as |z| — 0.
2|z

v

Hence we have

Now taking the logarithm and rearranging, we get

lim sup ()

=0 loglog (ﬁ)

We prove now that the lim sup is equal to —1. Assume by contradiction, that the previous
limsup is less than —1, it must exist € > 0 such that

< -1

€ 1
U < — — J—
u(x) < (1 + 2) log log ]

for |z| small. Therefore, recalling (1.24), for |z| small we have

5 1 dy
—u(x §C/10 ( > + O(1).
=R\ T=y) pog e O
1

We can split [ log (Imiy|> ‘y|2|loéy|yH2+5 into I + Is + I3 definig
By

1 dy
I = [1
2 A/ o (31) P

i

where

Al = By
2

N A2 = B2\a¢| \B% and A3 == Bl \ B2\93|

Concerning I, we observe that if y € B, we have log (lx—iy‘) ~ log <|?1‘) as x| = 0
2

1 _ |z||—1—€

and fB\z\/z [y[?[log [y[[2F¢ dy = ‘IOg 5 ‘ , hence

L <.
|log |z[|°
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Regarding Is we have

I < ¢ / log< L >dy ¢
2{ — — =
]mm log ]J:HZJFE Boja| |y }log\xHHE

Finally it’s easy to prove that Is < C. We have obtained a contradiction to the fact that
—t(x) — 400 as |z| = 0. O

1.4 Existence result

The proof of the existence part of Theorem 1.1.2 will be based on a blow-up argument
as done in [116], but first we need the following result, which we will prove using a
variational approach due to Chang and Chen [46].

Proposition 1.4.1. Let p € (0,2) be fized. For every A € (0,Aqpn) and X > 0, there
exists a radial solution uy to

—Auy = (A — |:U|p)e_‘3”|2€2“A on R?, (1.26)
such that

A= (A= ’l‘|p)€_‘$|262u>‘dl‘.
R2

Moreover, such solution uy solves the integral equation

1 1 W2 2w
@) = %/R log <|x_y|> (A = lyP)e M2y + ¢ (1.27)

for some constant c) € R.

Proof. Let’s denote by K)(xz) = (A — ]:U|p)e*‘x|2. Following the proof of [46, Theorem
2.1], we identify each point in R? with a point on S? through the stereographic projection
II:52 = R2, we take K(z) = K)(z) and =1 — ﬁ A solution to

sp

—Au = K)(z)e* on R? (1.28)

has the form
uy =wo I + (1 — p)no,

where ng(z) = log (ﬁ), w = u+ c such that v minimizes a certain functional defined

on the set of functions
{v € H! (5% ’ /K,\(x)eQ”dV > 0}

and c is a suitable constant such that [ K)(z)e?“dV = (1 — u)Aspn. By construction it
holds

/Kk(x)e%“dx = /Kx(x)em”dv = (1 — p)Aspn = A.
So there exists at least one radial solution to (1.26). In order to prove (1.27), consider

—Agw~+ (1 —p)=(Kyo IT)e~2#(m0oth) 2w
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Since (K o M)e~2#meT) ¢ 1,0(62) and e2* € L9(S?) for every ¢ € [1,00), by elliptic
estimates we get w € C1%(S?) for o € (0,1). Therefore w is continuous in S = (0,0, —1)
and hence

ux(z) = (1 — pw)no(z) + w(S) +o(1) = %log lz| + C +o(1), as|z| = +oo.

Defining

1 1
e [ s () e
™ JR2 \m—y[

and h) := uy — vy, we observe that
Ahy =0, ha(z) = O(log |z|) as |z| = 400
by Liouville’s theorem Ay must be constant. O

If w is a radial function belonging to C?(R?) and 0 < r < R, using the divergence
theorem, we have the following identity

R

w(r) —w(R) = / —Awdzx dt. (1.29)

r 2rt B
In what follows, let uy be a radial solution to (1.26) given by Proposition 1.4.1.

Lemma 1.4.2. For every A > 0 we have uy(x) | —oo as |z| — +o0.

Proof. Let us consider the function

r— —Auy(x)dr = / (A — |x‘p)eflx‘262uk(l‘)dl‘
By B,

we observe that it is increasing on [0, A'/?] and decreasing to A > 0 on [A\Y/P, 4-00), so it
follows that it is positive for every r > 0. Hence by (1.29) u) is a decreasing function of
|z| and using Proposition 1.3.4 we conclude that uy — —oo as |z| — +o0. O

Lemma 1.4.3. It holds that Ae**>(©) — 400 as A | 0.

Proof. Assume that Ae?*»(0) < C as A | 0, then

A= / (A — \x]p)e_m?ez“*dx < / (A — ]w\p)e_erQ“Ada:
R2 B

AL/p

2
< / eIl 23O gz g
Bxl/p A—0

which gives a contradiction. O

Now we define
() := up(raz) — ux(0)

where the values r) are non-negative and defined in such a way that

Ar3 2 0) = 1,



1.4 Existence result 27

by Lemma 1.4.3 we have ry — 0 as A | 0, moreover 7)(0) = 0 and 7, < 0 (since u) is a
radial decreasing function). A basic calculation shows that 7, satisfies

D .|p
T |T 2202
—Any = (1 _ AH) e~ AT g2

A
and .
A= / (1 - w) e AT 2 gy (1.30)
R2 )\
p
Observing that <1 — w> < 0in By, where ry := )‘;ip, we have

0<A< / e AT 2 gy < | By, |
B

(5]
where in the last inequality we employ the fact that since n) < 0 then e Azl e2m < 1.

It follows that »

. ™\
lim sup = < 4o00.
A0 A

Since 17, (0) = 0, using ODE theory, we have that, up to a subsequence,
M ——n in CZZOC(R2) (131)
A—0

and the function 7 satisfies
_An=(1-plaP)e?, i R?
p
where p 1= )l\in%) % € [0,+00). Notice that at this stage we do not know if © > 0 and if
—
Jr2 (1 = |2fP)e?? = A.
Lemma 1.4.4. If =0, then e*7 € L' (R?).

Proof. From Lemma 1.4.2 and (1.31), we have that 7 is decreasing. Since 7 satisfies
—An = €% then An < 0 must be increasing. We have lim, o, An(r) =: ¢y € [~00,0],
if co = 0 then lim, oo €2"") = 0 and so 2" € LY(R?); if ¢g < 0 then n(r) < —r?, and

~

hence €27 € L' (R?). O
Lemma 1.4.5. For every A € (A p, Aspn) we have pp > 0.
Proof. Assume by contradiction that g = 0, then 7 is a solution to

—An=¢e? in R2?

where €27 € L'(R?) from Lemma 1.4.4. Chen and Li in [57] proved that every solution
to the previous equation with finite total Gaussian curvature, is a standard one, namely

assumes the form
(2) = Io 2\
M) =08 14+ Xz — x|/

for some A > 0 and zg € R?. Hence all solutions are radially symmetric with respect to
some point zg € R?. Since 7 is spherical, we have

/ edx = |S?| = Agph.-
R2
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Moreover, by assumption A < Agpp, so we can fix Ry > 0 such that

A< / Ndx

Br,
Recalling that ry — 0 and % — 0 as A | 0, one can find \p (which depends on Ry) such
that »
/ (1 - 7;1\|xp) e P2y > A, for Ae (0, Xo)- (1.32)
Br,

Let us now define the function

p
Fx(t) = / <1 — 7;‘|x‘p) 6_T3‘$|26277)\dx’

By

we can observe that I'y(0) = 0, Iy is monotone increasing on the interval [0, )‘Tl:p} and

AL/P
)

P)\(t) >A, fort>Rpand A € (0, /\0). (133)

it decreases to A on [ —i—oo). From (1.32) we have

Integrating from Ry to r > Ry we have

" TA(t) "A A r D r
- dt<— | Zdt=—"logt = (1+246)10g -
/RO ot = /RO ot o ° Ry ( Tt ) “® R

where § > 0 is such that A, , + 257 = A, hence by (1.29) we have
D r
< - = — =
ma(r) < na(Ro) (1 +5+ 5) log &
— O(Ry) — (1 + g + 5) logr,  Vr> R
This implies that
lim lim [ (14 |z[?)e*dz = 0. (1.34)

R—00 A—0 BS,

We can split

P|,.|p Pl .|p
A= / <1_mll’|> I / <1_Hl«’v\> =121 2 gy
Br A BY, A

by uniform convergence the first term goes to [ Br e?dx as A — 0, regarding the second

term we have
D|.|p
1— M ez 020 g
c A
R

so taking the limit as A — 0 and using (1.34), we obtain

< / (1+ |2]P)e2™ da,
B

c
R

A= e¥dx + ogr(1), as R — +oo.
Br

It follows that
D .|p
s |z
A= (l — )‘H) e AP 2 gy e2Ndy = Agph
R2 A A0 R2

which is absurd, hence we must have p > 0. O
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p
Proof of Theorem 1.1.2. Fxistence part. Since % )\—0> i > 0 by Lemma 1.4.5, choosing
—

1/
R= (%) 8 we have that for A sufficiently small it holds

p
T
1= e <1- e < Lzl for o> R

Therefore, by (1.30) we obtain

J

fad |z[Pe Ao e2mn gy < —
4 B

P
= / <1 - 7’)\$|p> e3P e2ngy — A < C
Br A

where we used that ny < 0. So, from the fact that the integrand in Bp is uniformly
bounded, it follows that

T§ —r?|z|? 2
1— =2|z|P ) e\ e dy =
e A

c
R

(1.35)

/ (1+ |z]P)e 3l e2m g < ¢
R2
From (1.35) we also have

/ e~ 2 g < g —0

< — RP R—+oco
uniformly in A, and hence
lim e_r§|x262’7*dx:/ e*dz. (1.36)
A—=0 JRr2 R2
Using Fatou’s lemma
/ |z|Pe?dx < lim/ |:c|pe_r§|$|262’“d:v. (1.37)
R2 A—=0 JRr2

From (1.36) and (1.37) we obtain

/ (1 — p|z|P)e*dx > A.
R2

Now we are going to prove that the previous inequality is actually an equality. Since
p
% — > 0 then

1

— = — >0,

(DY H;
proceeding as in the proof of Lemma 1.4.5, for Ry = QM_% and \g sufficiently small,
relation (1.33) holds and from it (1.34) follows. Finally, (1.34) implies that

/ (1 — plz[P)e*dz = A.
R2

Defining

1
u(x) =n(pz) +logp,  pi=p>r

=
we get the desired solution to (1.4).
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Asymptotic behavior. Proof of estimate (1.5). Let u be a solution to (1.4) and @ its
Kelvin transform as defined in (1.15). We have

~ 1 6212(1’) 1
i) = (1- g5 ) g =0 (e ) wwled=0

Since for A > A,

44p— Ay A-hy
T T
we obtain
—AG € L] (R?) forl1<q<—Fp——,
1 Ak
hence by elliptic estimates we have
i e W2(R?) for1<gq< PR vy
2m

Now, by the Morrey-Sobolev embedding we obtain that

i € CY%(R?)

loc

for a € [0,1] such that a < w From this (1.5) follows.

Proof of estimate (1.6). If u is a solution to (1.4), then u satisfies the integral equation
(1.10) and differentiating under the integral sign, we obtain

1
Vu(x :O</ 1+ |ylP 62“(9)d>
Vala)| = O ( [ sy (1 )y

since A > A, ,, using (1.5) as |z| — oo we get

C
2u(x) e
(1+[z[P)e < 1+ [z

for § > 0. Hence, for |z| large, we have

1 1
Vu(z)| < C / —|—/ _|_/ dy
| @ ( Bia|/2 B3z \Bz|/2 B§|$> |z —y| 1+ |y‘2+(S
C C 1 C

<= 4 / ———dy < —.
ol "2l Sy e — ol S Tl

1.5 Compactness result

Let p € (0,2) be fixed and {ur |k € N} be a sequence of solutions to (1.4) with
A = Ay € [Asp, Aspn), hence every solution uy solves the integral equation

1 | 2
=— /1 1— |y[P)eu®) : 1.
wio) = 5 [ ou (L) 4= ey + o (1.38)

Assuming that
Ay = / (1 — |z|P)e?* @ dz — A € [Asp, Asph), (1.39)
R2
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we want to prove that uj — @ (up to a subsequence) uniformly locally in R?, where @ is
a radial solution to (1.4) with A = A.

With the same procedure used in the proof of Lemma 1.4.2, we can prove that uy is
radially decreasing.

Lemma 1.5.1. We have u(0) > C where C' depends only on iII%f Ag.
Proof. Using the fact that wy is radially decreasing, we have
Ay :/ (1= afP)e2ue®) gy g/ (1= )2 ®) g
R2 By

< / 20n(@) gy < 2k (0)
</, <

therefore

A
log—k >logy/p+2>0
7T

A
since =k € 2+ p,4). O

DN |

uk(O) >

Since A € [Asp, Asph), using Proposition 1.3.2 (which can be applied thanks to
Proposition 1.3.4 if Ay € (Asp, Asph) and thanks to Lemma 1.3.9 if Ay = A, ;) we have
the following Pohozaev identity:

A
As];h (A — Aspn) = _g 5 | [P () dg. (1.40)
Hence we have oA
/RQ 2k dy = Ay, — oA kh (Ag — Agpn) (1.41)
sp
and taking the limit for £k — +oo
_ 2A -
li 2ukdy = A — A — Agph). 1.42
k—1>r-|{loo R2 ¢ v pAsph ( ph) ( )
Lemma 1.5.2.
lim sup u(0) < o0
k—4o0
Proof. From (1.39), (1.40) and (1.41) we have
lliszrup /R?(l + |z|P)e? r dx < 4-o00. (1.43)
—+00

Differentiating (1.38), integrating over Bj(0) and using Fubini’s theorem, we get

/ |Vug|de < C / ;daz (14 |y|P)e2 =Wy < C
B1(0) r2 \JB,(0) |z — ¥

where in the last inequality we used (1.43). Assume by contradiction that (up to a
subsequence) ug(0) — 400 as k — +o0, by [144, Theorem 2| (the two-dimensional case
was first studied by Brezis and Merle in [32] and by Li and Shafrir in [129]) we have that
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uy, — —oo locally uniformly in B;(0) \ {0}. Moreover, we have quantization of the total
curvature, namely

lim (1 — |z[P)e*** dx = 4,
k——+oco BT-(O)

where r € (0,1) is fixed. The blow-up at the origin is spherical, namely there exists a
sequence of positive numbers

e = 2¢O 0, as k — +oo,

such that, setting
k() = up(prr) — ug(0) + log 2,

we have
2

1 in  CL.(R?).
o BT e M Cle®)

k()

Since uy, is monotone decreasing, we have that up — —oo locally uniformly in R?\ {0}
and using (1.43) we get

lim 2k dy = Agph.
k—+oco JR2

Comparing the previous one and (1.42), we have

2A 2A., 2
> p __2+D S

1=
pAsph - pAsph 2]?

1 for pe(0,2),

which is absurd. ]
Lemma 1.5.3. u; — @ locally uniformly, where @ is a solution to (1.4) with A = A > A.

Proof. Using Lemma 1.5.1 and Lemma 1.5.2 and the fact that w is radial decreasing,
we have
Uk S uk(O) = O(l),

therefore
—Auk = OR(l) on BR.

Integrating (1.38) over Br and using Fubini’s theorem and (1.43), we obtain that

/ lug(z)|de < Cgr
Br

therefore, by elliptic estimates we have
HukHcm(BR/g) < CRy2

and hence, up to a subsequence u; — @ in Cllo C(RQ). Finally by Fatou’s lemma, we have
that

A= (1— |z|P)e? dx > limsup/ (1 — |z|P)e?"*dx = A.
R2 k—+o00 JR2

Lemma 1.5.4. We have A = A.
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Proof. Assume by contradiction that A > A. Using the fact that u, — @ in Cloc( ), we
get

A—A= —/ (1 — |z|P)e* ™ dx + or(1) + or(1), as k — +oo, R — 400
BC

R

0<A—A= lim lim [ (Jz]P—1)e*™dz= lim lim / |z[Pekdx =: p. (1.44)
R—+00 k—+00 R—+00 k—+o00
B

We consider the Kelvin transform of uj, as defined in (1.15) for x # 0

_ T A
() = uk (W) - %IOQ ||.

From Proposition 1.3.3 we have

- 1 1 1 ezak () Ak — A* D
o) = g [ () (1 ) s e BB

and with the same procedure for proving (1.24) we obtain

1 1 2k (y)

U = 1 d 1 if 1. 14

i) = 5 0w () iy + 0, i 0< e < (1.45)
By

If 6, /4 0, from (1.45) we have that 4, = O(1) in By, but this contradicts the fact that
p > 0, hence we must have J;, — 0, namely Ay, — A, ,. Let us define e > 0 in such a

way that _—
——dy ==, (1.46)
/ng ly[*=%% 2

and we have that ey — 0 as k — oo. We can observe that for y € B., and x € Bf_,
log (ﬁ) = log (ﬁ) + O(1), hence for 2¢;, < |z| <1 we get

_ log(1/|z 2k (Y) 1 1 o200 (Y)
g (z) = — g(1/]z) dy — — / log<’x_y’> —dy + O(1)

2m |y |20 2 |y| >0k
B, Bi1\B, (1.47)

c 2u(L)ve

where in the last inequality, we used the fact that log <ﬁ> is lower bounded for y € B;
and x — 0. From (1.47) we have that

lim lim supuy = —oo (1.48)
r—0 k—oo B,

and moreover 20)
g (y
lim lim 7dy =0,

r—0 k—oo BT\B%I@ |y|2 Op

which, using (1.44), implies
2t (y)

lim ————dy = p. 1.49
k=00 /By, |29k ( )
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Hence from (1.46), (1.48) and (1.49) we obtain

p 2t (y) 1
= = lim T dy = 0(1)/ Tdy =o(1), ask — oo,
2 k=00 By \B., |y[>~0% Bae, \Be, |y
which is absurd, because we assumed p > 0. O

Proof of Theorem 1.1.3. Lemma 1.5.3 and Lemma 1.5.4 prove that, up to a subsequence,
uy, converges to @ locally uniformly in R?, where % is a solution to (1.4) with A = A.
Estimate (1.7) follows from Lemma 1.3.9, while for (1.8) we proceed in the same way as
for proving (1.6). O

1.6 Spherical blow-up as A; T Agn
Lemma 1.6.1. Let {uy | k € N} be a sequence of solutions to (1.4) with Ay T Aspn. Then

up(0) = 400, ask — +oo.

Proof. By Lemma 1.5.1 we have that ux(0) > C. Assume by contradiction that, up to a
subsequence, ux(0) — s € R as k — +00. Proceeding as in the proof of Lemma 1.5.3, we
get that uy — @, where @ is a solution to (1.4) for A > 4, which contradicts Theorem
1.1.1 ]

Proof of Theorem 1.1.4. By Lemma 1.6.1 the sequence {u|k € N} blows-up at the
origin. Moreover, we have

/ |Vug|de < C / ;d:c (1+ |y|P)e2*Wdy < C.
B1(0) r2 \JB1(0) [T — Y

We can conclude using [144, Theorem 2. O

1.7 Appendix

Proof of the estimate (1.18). Since u; = u — uy one has

1
) =g [ e () o ey

|z =y
R2\Bi ()
1 1 1
+— / log ( ) W dy + — / log |y (1 — |yP)e®*Wdy + ¢ =
27 | — y| 27
Bl(x) Bl(m)

1
:%(Il—FIQ—FIg)—FC.

First of all we estimate I; using the split of R? introduced in the proof of Proposition

1.34
n=[ o | Oy + [ ()dy
Bpr (0) B@\Bl(ﬂ R2\(Bj|/2UBR,)

If y € Bp, we have log (%) = —log |z| + O(1) as || — oo, hence

o |y’ P €2u(y) = (—log |z 0
[ 1o () (1 e 0y = (- tog el + O + oy (1)

Ro
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For y € By /2(z) \ Bi(z) we have log (%) = O(log|z|) as |z| — oo, hence

/ log ( ] > (1 - |yP)e @ dy = o, (1) O(log |z]).

|z =y
Big|/2(z)\B1(z)

lyl
lz—y|

For y € R?\ (By,|2(x) U Bg,) we can observe that log ( ) = O(1) as |z| = o0, so

log <|x'3'y|) (1= [yP)e*@dy = O(1) og, (1).
R2\(B)3|/2(z)UBRy)

Concerning I, using (1.16) as |z| — oo we have

1 1
I = / log ( ) Wy < C log <> ly| == dy
Bi(z) |JJ - y| By (z) ‘J} - y‘

from Proposition 1.3.1 A > 0, hence if A = 0 we have I < O(1) and if A > 0 we obtain
Iy = 0(1) as |z| — oo. Let’s consider I3, as |x| — oo we get

=0 (1og o [ - ry|P>e2“<y>dy> — oflog )
Bi(x)

where, since (1 — |y|p)62u(y)XBl(x) — 0 a.e. as |x| — oo, using dominated convergence we
have fBl(:p)(l — |yP)e2Wdy = Jro(1 — |y|p)62“(y)XBl(m)dy — 0 as |z| — oco. Summing
up, we can conclude that

A +o(1)

ui(z) = Tlog |z|, as || = +oo.
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Chapter 2

Existence and asymptotic behavior
of non-normal conformal metrics on
R* with sign-changing Q-curvature

2.1 Introduction to the problem and main results
Let p > 0 be fixed, we consider the prescribed Q-curvature equation
Ay = (1—|z[P)e? in R?, (2.1)
under the assumption

A= / (1— |z[P)etdz < oco. (2.2)
R4

Geometrically, this means that if u is a solution to (2.1)-(2.2), then the metric g, =
e?"|dzx|?, which is conformal to the Euclidean metric on R*, has Q-curvature equal to
1 — |z|P and finite total Q-curvature A. In what follows, we will always assume that
(1 —|z|P)e* € LY (R*). Let u be a solution to (2.1)-(2.2), we define v as

1 \y| 4

=— /1 1 — |lyP)e* dy. 2.

ole)i= g [0 () 0= ey (23)
R4

Definition 2.1.1 (Normal and non-normal solutions). We call a solution u to (2.1)-(2.2)
normal if there exists a constant ¢ € R such that u solves the following integral equation

1 |y‘ 4u
u(z) = 8772/10g <|x —y|> (1—|y|P)e*dy + c.

R4

All other solutions to problem (2.1)-(2.2) are called non-normal.

For what concerns normal solutions to (2.1)-(2.2), recently, A. Hyder and L. Marti-
nazzi [116] proved some existence and non-existence results. In particular, among other
things, they showed that problem (2.1)-(2.2) admits normal solutions if and only if
p € (0,4) and A,p < A < Agpn where A, = (14 §)87% and Agn == 1672 More-
over, every normal solution has the following asymptotic behavior

A
u(@) = —ggloglz[+ O+ O(|z]™%),  as |z] = oo

37



38 2. Non-normal conformal metrics on R*

for every a € [0, 1] such that o < A;:g*’p

Motivated by the above results, we study the properties of more general solutions
(not necessarily normal) to problem (2.1)-(2.2). Although for p > 4, problem (2.1)-(2.2)
admits no normal solutions, we prove that non-normal solutions do exist. To this end,
we consider all polynomials P of degree 2 such that

lim P(z)=—o0

|z|—o00
and define the set

Py := {P polynomial in R*|degP =2 and lim P(z) = —oco}.

|z|—o00

By means of a result of S.-Y. A. Chang and W. Chen (see Theorem 2.1 in [46] where,
under suitable assumptions on the curvature K, using a variational approach, they prove
existence of at least one solution to equation (—A)zu = K (z)e™ in R") we prove the
following theorem, which extends to the non-normal case the existence results in [116].

Theorem 2.1.1. Let p > 0 be fizred. Then for any P € Pa and for every A € (0, Agpn),
there exists at least one solution to problem (2.1)-(2.2) of the form

u=w-+P

where

A
w(x) = —ﬁlog lz| + C 4+ o(1), as |z| — +o0.
We shall prove the following classification result.

Theorem 2.1.2. Let u be a solution to (2.1)-(2.2) such that (1 — |y|P)e?* € LY (R?) and
v as defined in (2.3). Then there exists an upper-bounded polynomial P of degree at most
2 such that

u=v+ P

Moreover, u has the following asymptotic behavior

u(z) = —%log |z| + P(z) + o(log |z|), as|z| — oco.

Note that P being upper bounded means that P has even degree, and since P has
degree at most 2, this implies that P could only have degree 2 or be constant. For this
reason, we can rephrase Theorem 2.1.2 by saying that all solutions to problem (2.1)-(2.2)
have the form v + P, where v behaves logarithmically at infinity and P is an upper
bounded polynomial of degree 2 if the solution is non-normal, whereas P is constant if
the solution is normal.

Remark 1. We can observe that the function w of Theorem 2.1.1 and the function v of
Theorem 2.1.2 differ by a constant.

In order to prove Theorem 2.1.2, we obtain some suitable upper and lower estimates
for the function v (see Lemma 2.3.1 and Proposition 2.5.3 below). First, we prove the
lower estimate (2.6). To this end, we need to overcome some difficulties compared to
previous works, due to the fact that the QQ-curvature is not constant and it changes sign
(compare e.g. to the proof of Lemma 2.4 in [133]). The lower estimate (2.6) will be



2.2 Existence of solutions 39

crucial to obtain a Liouville-type theorem (see Theorem 2.4.2), also in this case the proof
is quite delicate because the estimate for —v contains the singular integral

Alz) : log(| = y)(1 — [y[")e dy.

- 87‘1’2 Bl(x)

Then we show that the polynomial P is upper-bounded (see Proposition 2.5.2). To do
this, we take advantage of a useful result of Gorin and the fact that |A(z)| < C. In
order to estimate the singular integral A(x) and prove Proposition 2.5.3, we take some
ideas from the proof of Lemma 13 in [142| and the one of Lemma 2.4 in [133], but our
case is more challenging. This is due to the fact that the singular integral A(z) is over
B (z) and we need a radius 7 € (0,1) which can be fixed later. In addition, we lack a
good estimate for fR‘l\ Br vT dx, which indeed is necessary in [142], and we do not know
a priori the sign of Au, which is fundamental to apply a Harnack inequality as in [133].

Open problem. Can we find non-normal solutions to (2.1)-(2.2) with arbitrarily
large but finite total @Q-curvature A? In the constant Q-curvature case C.-S. Lin [133]
(see also [46]) proved that this is not the case, indeed he showed that all solutions to

A2y = 6e*™  in R*
e4u c LI(R4)

satisfy V € (0, vol(S*)]. Unfortunately, his approach is no longer applicable to our case,
in fact when v = v + P with P polynomial of degree 2, we need Q(z) = (1 — |z[P)e*”
to be radially decreasing, which is not true in general. Since x - VQ(z) does not have a
fixed sign, using methods from [145], it would be interesting to see whether there exist
solutions to (2.1)-(2.2) with total Q-curvature A > Agpp.

2.2 Existence of solutions

In this section, we take advantage of a result of A. Chang and W. Chen (see [46,
Theorem 2.1|). Using a variational approach in a Sobolev space defined on a conical
singular manifold, they prove existence of at least one solution to equation

n

(=A)2w = K(x)e"™ in R",

in even dimensions, assuming that K is positive somewhere and for some s > 0, K (z) =
O (ﬁ) near infinity.

Proof of Theorem 2.1.1. Let us fix P € Py and A € (0,Agn). By [46, Theorem 2.1]
and its proof (refer also to Section 7 in [116]) setting K (z) := (1 — |z|P)e*” and u :=

1—- AAh € (0,1), one can find at least one solution w to equation
sp
A*w = K(z)e®™, inR*
such that

/K(x) e* dr = (1 — p)Agpn = A.
R4

It follows immediately that
u:=w-+P
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is the desired solution to problem (2.1)-(2.2). More precisely, w is of the form
w=1woll '+ (1— p)wp

where wy = log (ﬁ), II:S* — R* denotes the stereographic projection, w = w + C,
where w minimize a certain functional which takes values in a Sobolev space defined on
a conical singular manifold, and C' is a suitable constant such that

/ K(2)é™ dV = (1 — w)Agn

where the corresponding volume element is dV = e*(1=#)%odz. We have
Pl +6(1 — p) = (K o I)e vl e,

from this identity, with the same argument as in Section 7 of [116], we obtain @ € C3%(S?)
for a € (0,1). In particular, @ in continuous at the South pole S = (0,0, 0,0, —1), which
implies

w(z) = (1 — p)we(z) +w(S) + o(1) = _SA? log|z|+C +o0(1), as |z|— oco.

O

Remark 2. If P € Py is a radially symmetric polynomial, there exists at least one non-
normal radial solution to problem (2.1)-(2.2) of the form u = w + P. This follows from
the fact that we can minimize the previous functional over radial functions and obtain
w radially symmetric.

2.3 Asymptotic behavior

In all this section, let u be a solution to problem (2.1)-(2.2), we define

o) = g [0 (20 ) (1= ety (2.0

|z — yl

R4
Obviously, we have A?v(z) = (1 — |z[P)e** in R*.
Lemma 2.3.1. For |z| > 4, there exists a constant C' such that

A
v(z) < —=—log|z| + C. (2.5)
82

Proof. For |z| > 4, we decompose R* = B1(0) U A; U Ay U A3 where A7 = {y ||y — x| <
|z|/2}, A = {y| 1 < |y| <2} and A3 = R*\ (41 U Ay U By). For y € By we have

log v < —loglz|+C
|z =yl

hence

/Bllog< Y >(1—\ylp>e4“dys(—logx|+0> / (1 = lylP)et dy.

|z —yl By
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ly]
lz—yl

For y € A; we have log(

concern A, we have

/ 1og< ly )(1—\y|p>e4“dy
As ’x_y|

- / log(lyl) (1 — [yl”)etdy — / log(jz — y)(1 — [yl”)etdy
Ag Az

using the fact that the first integral is non positive, we get

< /A log(|z — y)(1 — [yP)e™dy < — log|a /A (1 lyP)etdy + C
2 2

) > 0 hence the integral over A; is negative. For what

where in the last inequality we used that for y € Ay log|z —y| < log x|+ C. For y € A3

since |z —y| < |z| + |y| < |z||y| we have

log vl > —log ||
|z —y|

and since in this case 1 — |y|P < 0 we get

g (1) 1= 1) < owel) (1~ o)

and hence

/43 log < | > (1— |y\p)e4“dy < —log(\x|)/ (1-— |y‘p)e4udy.

|z — g As

Summing up, we finally obtain

1
< - _ P\ 4u
v(@) <~ 10g(\93|)/A?(1 lylP)e™dy + C,

: o P\ 4u
since fAlc(l ly|P)e**dy > A we have

A

Lemma 2.3.2. For any ¢ > 0, there exists R = R(¢) > 0 such that for || > R

1 1
o) 2 gy (A 5 loglal — o [ Togla = wl) (1~ [yl")etdy.

Bi(z)

Proof. We can choose Ry = Ry(g) > 1 such that
/ (1 —|y|P)erdy < A +e.
B,

Let us take R > 2Ry and assume that |z| > R, we can decompose

R* = Bpr,(0) UA; U A
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where
={yeR": ly—z| < |z|/2}

Az:={y €R" : |y —af > |z]/2, |yl > Ro}.
For |z| > R and |y| < Ry we have

log 1 < —loglz|+C <0
[z =y

hence, we get

) U
/ m("yuwm&@
Bry\B1 [z —yl

zemm+m/ (1— lyP)c dy

Bpry\B1

zemm+m/<vwmﬁw

Bg,

> (—log|z| +C)(A+¢) > —(A+¢)log |z|

_ J AP _ P\ 4u .
where we used the fact that fBRO\Bl(l ly|P)e*dy < fBRO(l ly|P)e**dy. Concerning
the integral over B; we have

/ log <|1‘ - y|)(1 _ ‘y|p)e4udy < / log <|33 _y|) 64udy
Bl |yl B |y
:/ log (’ ‘> e4udy+/ log(|z — y[)e4“dy <C
By

using Holder’s inequality. Therefore, we obtain

/ log ( v ) (1— |y/P)etdy > —(A +¢)log |z| — C. (2.7)
Br, |z =yl

We observe that log |z —y| > 0 for y & Bi(z), log|y| < log(2|z|) for y € Ay, [, (1 -
ly[P)etdy > —e and log(2|z|) < 2log|z| for |z| > R, hence we get

/ﬁ%<w’vamw@
Ay W—m

—/A log(|y|) (1 — |y|?)e**dy — / g(lz —y))(1 = [y[P)etdy
1

zhg@wn/< ~l)etdy = [ roae a1 ~ o)ty

Ay

zzmano/<1—ww4w /' log(| — y[)(1 — [yl")e*dy

Ay

z—%byﬂ—é(l%w—wﬂ—WW4Wy (2.8)
1

For y € Ag, in the case |y| < 2|z| we have % < 4, while in the case |y| > 2|z| we get

|yl
[z—y]

< 2, so when y € Ay we have the estimate

log y < log4,
|z =y
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hence using that ng(l — |y|P)e*tdy > —¢, we obtain

J o () 0 ey = tou(a) [ )ty = o 29

Ao

Putting together (2.7), (2.8) and (2.9), possibly taking R larger, we get

1 1
> ——— (A +5e)log x| + — / lo <> 1 — |y|P)e*d
v(z) 87T( Jogla| + o5 i BTy (1= y[")e™dy

O
From (2.6) changing signs, it follows that for any ¢ > 0 there is R > 0 such that for
[z = R

1 1
@) < g\ 5 gl g [ doslle ()t (210

2.4 A Liouville-type theorem

To prove a Liouville-type theorem (see Theorem 2.4.2 below) we will need the follow-
ing useful result.

Lemma 2.4.1. Let u be a measurable function such that (1 — |y|P)e*™ € LY(R*). Then
for any x € R* it holds

][ utdy — 0, asr— +oo.
()

Proof. Let x € R* be fixed, using the fact that 4ut < e we get

C 1
4][ utdy < ][ ettdy = — —— (1 — |yP)et dy. (2.11)
Br(2) By (2) ™ By 1 — yIP
Observing that for y € B,(z) we have |y| < r + |z| and |y| > —r + |z|, we obtain the

following inequalities
1 1

<
L=yl = 1= (|| +r)»’

and
1 1

> Y
L=yl = 1= (Ja] = r)P

by means of them we get

C 1
+ < . P\ 4u
4f4@udy_ﬂ11_wﬂ+mp [ a-lretay
Br(z)NBy
PR S— / (1— |yP)e*dy
1— (|z| —r)P

By (z)NB¢

since fBT(z)(l — |y|P) e*dy < oo, we can estimate (2.11) with O(r~P=*) as r — oo. The
claim follows as » — 400 since by assumption p > 0. ]

We are now in position to prove the following Liouville-type theorem, which will be
crucial to prove that © — v is a polynomial of degree at most 2.
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Theorem 2.4.2. Consider h : R* — R such that
A’h =0 and h <u-—w.

Assume that (1 — |y|P)e** € LY(RY), v € L} (R*) and further that (2.10) holds. Then, h
s a polynomial of degree at most 2.

Proof. We take some ideas from the proof of [142, Theorem 6], but this proof is more
delicate since our estimate for —v contains the singular integral

1

871'2 B (x)

Alz) = log(| = y)(1 — [y[")e* dy.

By elliptic estimates for biharmonic functions (see [142, Proposition 4]) for any x € R*
we have

C C 2C
D3h(z)| < = h(y)|dy = —— h(y)dy + — htdy. 2.12
U< f, =5 f a5 f (212)
From Pizzetti’s formula (refer e.g. to [142]) we have
][ h(y)dy = O(r?), as r — oo. (2.13)
r(x)

In order to estimate the term 27%’ JEB (@) h*dy, we observe that

f htdy < 7[ utdy + C (—v)*dy,
B, (z) By (x) Br(z)

thanks to Lemma 2.4.1 the term fBr(x) utdy — 0. Using Tonelli’s theorem, we can prove
that A € L'(R*) as follows

/|A )| dx =
< — 1 — 1 — |y|Ple*dy d
/R48 2/@! oglz —yl| |1 = [ylP|e*dy dx

—C/ / Xja—y|<1|log |z — yl| |1 = |y[P|e*dy dz
R4 JR4

1
= C’/ ‘1 - \y|p‘e4u/ log <> dx dy
R4 Bi(y) |z — y|

= C’/ |1 - \y|p‘e4udy < 0.
R4

1

oz [ Tostle —y)(1 ~ yP)etin]da
Bi(x)

Since —(A—|—5e) log |z| + A(z) > 0 for |z| > R > 2, we get

1

(—v)t < 8—(A+55) log|z| + A(z)

for x € R*\ Bg. Taking into account that A(z) € L' we obtain

C
][ (—v)tdy < C'][ log(|ly| + 1) dy +][ A(y)dy < Clogr + —
By () By (x) Br(x) T
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(if y € Bgr(0) the previous estimate for (—v)™ does not hold, we can overcome this
problem since v € L} (R*)). Hence,

][ htdy < ][ utdy + % + C'log. (2.14)
Br(x) Br(x) r

From (2.13) and (2.14), we get that all terms in (2.12) go to 0 as r — 0o, hence we obtain
D3h=0. O

2.5 Proof of the classification result

In order to prove that all solutions to problem (2.1)-(2.2) have the form v+ P, where
v behaves logarithmically at infinity and P is an upper-bounded polynomial of degree at
most 2, we proceed by steps.

Theorem 2.5.1. Let u be a solution to problem (2.1)-(2.2) such that (1 — |y[P)e** €
LY(R*) and v as in (2.4). Then

u=v+P
where P is a polynomial of degree at most 2. Moreover, Au(x) can be represented by
Au(z) = —1/ i yp)etay+C (2.15)
Ar? Jga |z —y/? 7 '

where C' is a constant.

Proof. Consider P = u — v, we have A2P = 0. From (2.10) using Theorem 2.4.2 we
can conclude that u = v + P where P is a polynomial of degree at most 2. Hence
Au = Av + AP, it follows immediately that AP = C' where C is a constant and from
(2.4) we have that Av = —ﬁ Jga ﬁ(l — |y[P)e dy. O

Let us prove that the polynomial P is upper-bounded.
Proposition 2.5.2. Let P be the polynomial of Theorem 2.5.1. Then

sup P(z) < +o0.
zeR*

Proof. Step 1. Estimate of the term |A(x)|. We take some ideas from the proof of
[142, Lemma 13| and the one of [133, Lemma 2.4], but our case is more challenging. In
what follows, C' denotes a generic constant which may change from line to line and also
within the same line. We observe that

1 / 4
— log (|z —y 1—ype“dy'
2 . o lle ) (L= )

1 / 1 A
< — log(>1—ype“dy
872 By (x) e aul

1 1
=— / —i—/ log <> |1 — |y|?] etidy
872 \JBi(@)\Br (@) JBr(2) |z — |

where 7 € (0,1) will be fixed later. Since log <|wiy‘) € (0,—logT) for y € Bi(x) \ B-(z)

and by assumption (1 — |y|P)e?* € L'(R*), we have

1
/ log <) 11— |y|P| etdy < C.
B1()\Br («) |z -y

[A(2)| =
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In order to estimate the integral over B, (x) we proceed as follows. By Holder’s inequality
we get

1
[ tow (- bl
B, (z) T —y
9 1/2
<(fowe()a) ([ neweEea
B, () |z —y| B, (x)
. ) 1/2 1/4 1/4
< / log< ) dy / 11—yl dy / eBudy |
By () [z —y| B, (2) By ()

(2.16)

1/2

Fix 0 < g9 < 1, we can choose Ry > 6 sufficiently large such that

[ =lulety < = (2.17)
By(x)
for |x| > Ro. Let h be the solution of

A’h = f on By(x)
h=Ah=0 on 0By(x)

where f(y) = (1 — |y[?)e**®), then by [142, Theorem 7] (refer also to [133, Lemma 2.3])

__8r® 4k|h| 1
for any k € < , ||f||L1(B4(m))>7 we have e € L' (By(x)), and

/ e*ihlay < ¢ (2.18)
By(x)

where C' is a constant which depends on k but is independent from z. For y € By(x)
define ¢(y) := u(y) — h(y), then ¢ satisfies

A%2¢ =0 on By(x)
Ag=Au and g=wu on 0B(x)

Integrating equation A?u = (1 — |y[P)e*™ on B,(z) we get

| arude= [ - lypyetay
9B, (x) O By()

Dividing by wyp?® and integrating with respect to p from 0 to R (we assume R < 5), using
Fubini’s theorem, we obtain

Au)do dp = ][ Audo — Au
/o wap? /63,,(1 (97“( ) 8B (z) (=)

and similarly

/R —P)etayap =5 [ |\p>4“[ ! 1}1
y ydp = — — [y | ——5 — 55 | du-
o w2 0 TP R’
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Hence

1 1 1
Audo = Au(z —|—/ 1—ype4“[—}dy
]éBR(a:) (=) 42 BR(:,;)( ") lz—y[* R?

by means of identity (2.15) we get

1 -yl 4 1 / 4
- Audo = — e*dy + (1—|y/P)e*dy — Ci.
]gBR(x) A2 Jip—y>r |2 —y[? AT R? [ g (a)

If we take R = 4 we have
—][ Audo < C. (2.19)
9B (z)

Let G be the Green’s function for the operator A on By(z), namely
AG =6, and G =0 on 0By(x),

we have

—Aq(x) :—/ Auda:—/aB ( )coAudU§C
nes

where by [142, Lemma 12| ¢p > 0 and in the last inequality we used (2.19). Since ¢
is a positive constant there exist some 7 € (0, 1) such that if £ € By-(x) and G¢ is the
Green’s function defined by

AGg = 55, Gg =0 on 834($),

then 5
0< 85(77) <C, formne€dBy(x), r:=
r

and as before we get
—Aq(y) <C on By (). (2.20)

Define ¢(y) := —Aq(y), obviously g satisfies

Aq(y) = —q4(y) in Ba(x)
g=u on 0By(x)

hence by elliptic estimates (refer to [93, Theorem 8.17|) for any ¢ > 1 and o > 2

sup 0 < e(t.0) (10" Neemiron + 1l o)

From (2.20) we get [|q[| zo(B,, (2)) < C. Since ¢ = u — h, it follows that ¢*(y) < u™(y) +
|h(y)| for y € By(x) and hence

1/2 1/2
/ (q+)2 <C qu+ <C / e4u+ / e4\h\ )
B4‘r(-73) B4T($) B4‘r(73) B47‘(33)

Note that
T <1 <14 1=yl e, for [y| > 2VP.

Since Byr(z) C By, (eventually choosing Ry greater) from (2.17) we get

/ edut dy <C
Bayr(x)
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finally, together with (2.18), we obtain

la™ [l 22 (B4, () < C-

In this way we have shown that
sup ¢ < C,
Br(x)

hence for y € B;(z) we have

u(y) = q(y) + h(y) < C +|h(y)l,

from which we get

/ elfudy < C elOhlay < C. (2.21)
Br(x) Br(x)

where in the last inequality we used (2.18). From (2.16) using (2.21) we get that

/ log <1) ‘1 — |y|p|e4“dy <C
By () |z -y

hence |A(z)| < C.
Step 2. Let us define

f(r) = sup P(x)
x€0B;

and assume by contradiction that sup P = +o00. From [104, Theorem 3.1] it must exist
R4

s > 0 such that

lim /()

r——+oo ré

= 4-00.

Moreover, P is a polynomial of degree at most 2, hence |VP(z)| < c|z| for |z| large.
From Lemma 2.3.2 using the fact that |A(x)| < C, we get that there is R (sufficiently
large) such that for every r > R we can find x, with |z,| = r such that

u(y) = v(y) + P(y) >, for |y —z,| <

S|

We consider

),

(ol =1y > [ (yp = 1)etay

(bwm&@z/
1 R

+o0
> / ettdy > C/ / e*do dr
BS, R JoB,NBy . (ar)

+oo s +oo e4rS
ZC’/ / e4rdadr20/ 5 dr = +o0.
R OByNBy /(1) R r

which is absurd since (1 — |y[P)e** € L1(R%). O

c
1

The fact that P is upper-bounded implies that P has even degree, hence or P has degree
2 or is constant. We are now in the position to prove a more precise estimate from below
for the function wv.
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Proposition 2.5.3. Let u be a solution to (2.1)-(2.2) such that (1 — |y|P)e*™ € LY(R*)
and v as defined in (2.4). Then, given any € > 0 there exists R = R(g) such that for
|x| > R it holds

1
v(z) > —@(A + 6¢) log |z|. (2.22)
Moreover, we have
lim Aw(z) =0. (2.23)
|z|—+o0

Proof. First we prove (2.22). From Lemma 2.3.2 for any ¢ > 0 there exists R > 0 such
that for |z| > R

1 1 du
o) 2~y se)loglel — oo [ toae— ) li)e

Notice that a priori the second term on the right-hand side may be very little, but in the
proof of Proposition 2.5.2 we have proven that |A(z)| < C, so (2.22) follows at once.
Now we prove (2.23). Differentiating we have

1 1
Av(z) = —— | —— (1 - |y[P)e*dy.
o) =~z [ (= ety

For any ¢ > 0, by dominated convergence

1— P\ 4u
/ Wdyeo, as |z] = +oo.

RN\ B, ()

By Holder’s inequality we get

1/k 1k
_ P 4u _ p\k ,
JRCEE R RCETV PN R
|z =yl |z — y[?F
Bo(x) Bo(z - ()
if o is small enough, by (2.21) we can conclude. O

Proof of Theorem 2.1.2. 1t follows from Lemma 2.3.1, Theorem 2.5.1, Proposition 2.5.2
and Proposition 2.5.3. ]

Corollary 2.5.4. Any solution u to (2.1)-(2.2) is bounded from above.

Proof. The solution u is continuous and v = v + P. Moreover from (2.5) we have that
v(xz) < C on Bf and from Proposition 2.5.2 we have supgs P(z) < 400. O
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2. Non-normal conformal metrics on R*




Part 11

Stationary Mean Field Games with
Riesz-type aggregation.

o1






Mean Field Games theory

The theory of Mean Field Games (MFG in short) has been introduced around 2006 in
a series of seminal papers by Lasry and Lions [123-125] in order to model Nash equilibria
of differential games with infinitely many interacting agents. Independently at about the
same time, Caines, Huang and Malhamé [112-114| developed the analogous concept of
“Nash centainly equivalence principle”. Since then, the study of MFG rapidly grew up,
also encouraged by its powerful applications in a wide range of disciplines: equations of
this kind arise in Economics, Finance, models of social systems and crowd motions. For
a complete presentation of the theory and its applications, we refer the reader to P.-L.
Lions series of lectures at Collége de France [137], the lectures by Gueant, Lasry and
Lions [108] and also [1, 34, 42, 43, 102| among many others.

In the Mean Field Games theory, players are assumed to be indistinguishable and
“rational”, that is each of them optimizes his/her behavior by taking into account the
behavior of the other players, in this sense each individual strategy is influenced by some
averages of quantities depending on the states of the other agents. In other words, each
agent chooses his/her optimal strategy in view of global information that are available to
him /her and that result from the action of all other players, which is described through
the distribution law of the dynamical states. Moreover, agents are infinitesimal, namely
they are small compared to the collection of all other controllers and hence individually
have a negligible influence on the game. In this setting, the key idea underlying the theory
comes from Statistical Mechanics, and consists in a mean-field approach to describe
equilibria in a system of many interacting identical particles (see for instance the notes
by Sznitman [178]). The other central concept is the notion of Nash equilibrium, which
describes how agents play in an optimal way by taking into account the others’ strategies.
In particular, there is a Nash equilibrium when no controller has interest to deviate
unilaterally from the planned control.

II.1 Mean Field Games: an overview

Let us briefly describe from a PDE viewpoint, the heuristic derivation of the MFG
system in the simplest case where the state space is RY and the time horizon is finite (we
mainly follow the approach of [1, Chapter 1]). We stress that, even if our problem deals
with the stationary case, we decided to introduce MFG system in the time-dependent
case to be as generic as possible. On the other hand, it is not our aim to provide all
details and proof, since a rigorous treatment on the topic can be found in the above
mentioned references.

Let us assume to have a differential game with infinitely many players, each agent
controls his/her own dynamics, which is described by the following stochastic differential

53
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equation (SDE) with values in RY
S
Xs=z+ / b(X,, v, m(r))dr 4+ V/2¢ B,
t

where z € R, the control v belongs to the set A of admissible control processes, m €
P(RY) is the distribution of all players, the drift b : RY x Ax P(RY) — R is sufficiently
smooth, € is a non-negative parameter and By is a N-dimensional standard Brownian
motion starting at 0. Notice that at this stage we assume that m is given, from the point
of view of the model we could think to it as the anticipation made by agents of the future
distribution of players. Fach player controls the state X through the control v in order
to minimize a certain common cost. In a typical MFG model, the cost each agent wants
to minimize is

T
J(t,2,0) = E M L(Xs, ve,m(s))ds + G(Xr, m(T))

where T' > 0 is the finite horizon of the problem and L and G are continuous maps. We
define the value function of this optimal control problem as the map u : [0, 7] x RN — R
such that

t,2) = inf J(t .
u(t,z) = inf J(t, 2, v)

Taking advantage of some basic notions of optimal control, dynamic programming and
It0’s formula, one can verify that at least formally, the value function u solves the
Hamilton-Jacobi equation

{—@u —eAu+ H(x,Du,m) =0 in (0,T) x RY
u(T,z) = G(x,m(T))

where (slight abuse of notation)

H(x,p,m) :=sup [ — L(z,v,m) — b(z,v,m) - p]
veEA

is the Hamiltonian of our problem. Finally, if v*(¢,z) is defined as the maximum point
in the definition of H when p = Du(t,x), that is

H(J?,D’LL, m) = —L(Q’J,U*,m) - b($7v*am) b,

by standard arguments in control theory, one can verify that v*(¢,x) is the optimal
feedback, i.e. the optimal strategy to implement at time ¢ in the state x. Moreover,
under suitable assumptions, the drift is of the form

b(z,v*,m) = —D,H(x, Du,m).

Using the control v* agents play in optimal way and the dynamic of each of them is
described by

dX7 = b(XZ,v" (5, X2), m(s)) + V22 dB,.

Since we assume that all the agents behave in this way, and moreover that the initial
position and the noise in their dynamics are independent (there is no common noise),
studying the mean field limit, we obtain that at time s the distribution of all agents m(s)
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is described by the law of X with initial distribution my € P(RY). Hence, the function
m satisfies in the sense of distributions the following Kolmogorov equation

oym(t, z) — eAm(t, z) + div(m(t, z)b(z, v*(t,z),m(t))) =0 in (0,T) x RY
m(0) =mg in RY

If all agents play optimally, in an equilibrium regime for the game, we expect that
the anticipation m is correct, namely m(t) = m(t). This leads to the MFG system

—Ou — eAu+ H(z,Du,m)=0  in (0,7) x RV
dym — eAm — div(m DpH (x, Du,m)) = 0 in (0,7) x RN . (IL.1)
m(0) =mo, u(z,T)=G(z,m(T))

In particular if the cost of control is separate from the mean-field dependent one, the
MFG system assumes the following form:

—Ou — eAu+ H(z,Du) = F(x,m)  in (0,T) x RY
oym — eAm — div(m D, H (z, Du)) =0 in (0,7) x RN . (I1.2)
m(0) = mo, u(T) = G(x,m(T))

The above systems consist of a backward Hamilton-Jacobi equation coupled with a for-
ward Kolmogorov-Fokker-Planck equation. In particular, the Hamilton-Jacobi equation
is related to the optimal control problem of a typical small agent and it is solved by the
value function of each player; while the Kolmogorov equation is related to the distribu-
tion law of the individual states and provides the evolution of the population density.
The MFG system (II.1) describes, from a PDE viewpoint, Nash equilibria of differential
games with infinitely many players. Indeed, the deviation of a single agent does not
change the population dynamics, this is due to the fact that each agent is assumed to be
“small” compared to the whole population. It follows that in the individual optimization
the behavior of the other players, and hence their distribution m(¢), can be taken as
given. In short, all agents play an optimal strategy while freezing the others’ choices.

Conditions under which the MFG system admits a solution, and also its uniqueness
and stability, can be found already in the first works by Lasry and Lions [123-125] in
the case when F' and G are monotone smoothing operators on the space of probabil-
ity measures (i.e. the behavior of the couplings depends on the global behavior of m).
Uniqueness of the solution is in general not expected, if Lasry-Lions’ monotonicity con-
dition fails (see e.g. [10, 33, 42, 43]), while it is proved to hold for short time horizon. On
the other hand, existence of smooth solutions in the case of local couplings, namely when
the functions F' and G depend on the (Lebesgue) density of the measure m, is much
more involved. We refer the reader to [100, 101, 103] for existence of smooth solutions
under either growth limitations on the Hamiltonian or growth limitations on the coupling
(see also [40]). In this context, starting from [125] where existence of weak solutions has
been proved, a complete theory was then developed in [169, 170] proving uniqueness and
stability of weak solutions in quite general setting (see also [35, 36]). We refer the reader
to [1, Chapter 1| and the references therein, for a complete overview on this topic.

We are now in the position to heuristically introduce second order stationary
MFG systems, this class of systems will be the main object of study of Part II. Similarly
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to before, we assume that the dynamics of a typical player is described by the following
controlled SDE
dXt = —Utdt + \/idBt, XO =T c RN,

where vy is the controlled velocity and B, is a standard N-dimensional Brownian motion.
Each agent wants to minimize the following long-time average cost

1 T
J(z,v) :=liminf —E [/ L(v) + F( Xy, m(Xy)) dt|
T—~+o00 0

where the Lagrangian L represents the cost of moving with velocity v;, while the function
F (X, m(X;)) represents the cost of being at position X;, modeling the coupling between
the individual and the overall population. Following the same arguments as before (refer
also to [16, 111]), we can associate to this optimal control problem a stationary Hamilton-
Jacobi-Bellman equation

—Au(z) + H(Vu(z)) + A = F(z,m(z)) inRY

where the Hamiltonian H is the Legendre transform of L, that is H (p) := sup,ern [—L(a)+
p-al. It follows that the optimal velocity of a typical player is given in feedback form by

—VH(Vu(-)). Since the drift is autonomous, if all agents play in an optimal way then,

the law of X} becomes stable in the long-time regime, namely as t — 400 it converges to

the measure m which solves a stationary Kolmogorov-Fokker-Planck equation with drift

b(x) = =VH(Vu(z)). In an equilibrium regime, the invariant measure 7 (independent

of the initial position) coincides with the population density m. Equilibria of the game

are encoded in the following stationary MFG system

—Au+ H(Vu) + X = F(z,m) in RY
—Am — div(mVH(Vu)) =0 in RV (11.3)
Janm =1

where the unknowns are the function v and m, and the ergodic constant A € R. Notice
that A can be interpreted as the value of the game, indeed if there exists an admissible
control v* such that v*(z) € argmax,cgn[a - Vu — L(a)] then, A = J(x, v*).

As already pointed out in [123], system (II.3) can also be defined as the limit, when
the number of players tends to infinity, of Nash equilibria of ergodic differential games
(refer to [34] for the analogous result for time-dependent problems).

A natural problem that arises in the literature is the study of the long-time behavior
of the system (II.2) in connection with the corresponding ergodic control problem for
mean field games (see [137]). The convergence of the MFG system in (0,7), as the time
horizon T tends to infinity, towards a stationary ergodic system of the form (II.3), has
been proved under some special assumptions but it remains still open in the general
case. More in detail, the long-time behavior is completely described for purely quadratic
Hamiltonians [39, 40], in the case of smoothing couplings and uniformly convex Hamil-
tonians [41] and for local couplings and globally Lipschitz Hamiltonian [171] (see also
[37, 146]). This is also related to the study of the long time stability of solutions, it
can be proved that solutions become nearly stationary for most of the time, showing a
so-called turnpike pattern (see [171]).

Finally, we point out that in order to study existence of solutions for MFG systems,
the main arguments in the literature are based on variational methods, convex opti-
mization, and elliptic regularity (refer e.g. to [15, 35, 38, 44, 97, 98, 102, 149] and to
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Chapter 4). We can also construct solutions to MFG systems by exploiting a fixed point
argument and an approximation procedure (see [9, 70, 102, 123] and also [69, 76] for
multi-population systems), we will use this strategy in Chapter 3. Notice that, introduc-
ing sequences of regular couplings that converge to the original ones and studying the
corresponding approximating problem, is a very common tool in such kind of problems
(refer to [44, 70, 137]), indeed using the stability of the equation and some a priori es-
timates, one can prove that approximate solutions converge to a solution of the initial
problem.

II.2 Owur problem: a Riesz-type coupling

In Chapter 3 and Chapter 4, we study second-order ergodic Mean Field Games sys-
tems defined in the whole space RY, with attractive nonlocal coupling given in terms of
a Riesz interaction kernel. Our analysis takes into account both the model in presence
of an external coercive potential V' and the potential-free case. More in detail, given
M > 0, we consider elliptic systems of the form

—Au+ %|VUW +A=V(2) = [~ %dy

—Am — div(mVu(z) |[Vu(z)|72) =0 in RY (IL.4)
fRN m=M, m>0

where 7 > 1 and « € (0, N) are fixed. Note that the unknowns in the previous system
are the functions u, m and the constant A € R, which can be interpreted as a Lagrange
multiplier related to the mass constraint fRN m = M, or as the value of the game.

In Chapter 3, we will assume that the potential V' is a locally Holder continuous coercive
function, that is there exist b and Cy, positive constants such that

Oy (max{|z| — Cv,0})" < V(z) < Cv(1+ |z])?, Vo e RV, (IL5)

Notice that the assumption on V' to be non-negative is not restrictive, we can assume
more generally that V is bounded from below and shift appropriately A. On the other
hand, in Chapter 4 we will study the corresponding potential-free MFG system, that is
we assume that V is identically 0.

The coupling in the system is given through the interaction term —K, * m, where K, :
RY — R is the Riesz potential of order a € (0, N), defined for every z € R \ {0} as

1

Finally, we assume, for sake of simplicity, that the Hamiltonian H in the system (II1.4)
has the form H(p) = %|p|7. Actually, the results we obtain in Chapter 3 and Chapter
4 also hold under more general assumptions on the Hamiltonian, namely assuming that
H : RN — R is strictly convex, H € C*(RV \ {0}) and there exist Cy, K > 0 and v > 1,

such that Vp € R the following conditions hold
Culp|” — K < H(p) < Cqlp

VH(p)-p—H(p) > K '[p|" — K
\VH(p)| < K|p|~".
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Our aim is to study existence and nonexistence of classical solutions to the MFG
system (I1.4) in the two above-mentioned cases. We recall that by classical solution we
mean a triple (u,m,\) € C2(RY) x WEP(RN) x R for every p € (1,+400) solving the
system.

Before discussing our results more in detail, let us take a look at some considerations
regarding our model and the current state-of-the-art.

In our setting, each agent wants to minimize the following long-time average cost

liminf ~E /T|”t|wl+v(x)—K s« m(Xy)dt
%&T 0 '}// t a® 1 ¢

where v/ = % is the conjugate exponent of v and m(z) is the density of population

at x € RY. We observe that the potential cost has two components: the term V and
the term — K, * m. The coercive potential V' describes spatial preferences of agents and
hence (if present) discourages them from being far away from the origin. The Riesz-type
interaction potential — K, * m, represents the coupling between the individual and the
overall population, due to it every player of the game is attracted towards regions where
the population is highly concentrated. In addition, the dynamics of each player is subject
to a Brownian noise which induces a dissipation effect. So, existence results for classical
solutions to the MFG system (II.4) will depend on balancing between dissipation and
aggregation. Indeed, if aggregating forces are too strong, the mass m tends to concen-
trate and hence to develop singularities, while if the diffusion dominates, we might have
loss of mass at infinity, in both cases we expect nonexistence of classical solutions.

In the particular case when v = 4/ = 2, using the Hopf-Cole transformation v(z) :=
e~U®)/2 (see [123, 125]), we can reduce our MFG system to a single PDE. More in detail,
exploiting the previous change of variable and setting m(x) = v?(x), the MFG system
(I1.4) proves to be equivalent to the following normalized Choquard equation
2
{—ZAU + (V(z) — Nv = (K, *xv%)v i RV, (IL6)

Jpn v (z)dz = M, v>0

with associated energy

1 v2(ac) 02(y)
(U) /]RN | U| ( )v 2 Jry JrN ’x—y’N ot

Notice that the relation between MFG systems and normalized nonlinear elliptic equa-
tions has recently been exploited in [164] in the case of nonlinear Schrédinger systems.
Choquard-type equations have been intensively studied during last decades since they
appear in the context of various mean-field type physical models. The peculiarity of the
Choquard equation lies in the attractive interaction potential, which is given in terms
of a Riesz interaction kernel and therefore it is weaker and with longer range than the
usual power-type potential in the classical Nonlinear Schrodinger equation. Existence of
solutions to the normalized Choquard equation (II.6) in the case V = 0, was first inves-
tigated using variational methods by Lieb [130]. In particular, he proved existence and
uniqueness (up to translations) of solutions when N = 3 and o = 2 by using symmetric
decreasing rearrangement inequalities. Then, P.-L Lions [134] proved that there exists a
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minimum of the energy associated to (I1.6) (with V' = 0) when we restrict the infimum to
functions with spherical symmetry, while more recently Li and Ye [128] studied existence
of positive solutions by using a minimax procedure and the concentration-compactness
principle. We refer the reader to [135, 136, 152, 156] and references therein for a complete
overview of the topic. Finally, as we shall see later, the existence result in Chapter 4
(Theorem 4.1.1 below) provides a more general result for the range of values « such that
the normalized Choquard equation (II.6) with V' = 0 has a solution, but it leaves open
the problem of symmetry of solutions.

Our model is defined in the whole Euclidean space RY, while usually, Mean Field
Games systems are defined on bounded domains, with Neumann or periodic boundary
conditions, in order to avoid non-compactness issues (see e.g. [70, 169]). We recall some
works in the non-compact setting: in particular [11] in the linear-quadratic framework,
[170] in the time-dependent case, [99] for regularity results, and finally [44] where a system
analogous to (I1.4) but with power-type coupling, has been considered. The unbounded
setting brings new difficulties. Indeed, in order to avoid loss of mass, the diffusion induced
by the Brownian motion has to be compensated by the optimal velocity, which is a priori
unknown and depends on the distribution m itself and on the confining potential V' (if
present).

The second distinctive feature of our Mean Field Game is the nonlocal attractive cou-
pling, we will refer to such kind of models as focusing MFG systems, namely models with
coupling which encourages aggregation. Stationary focusing MFG systems with different
assumptions on the coupling have been studied e.g. in [44, 45, 70, 71, 97]. The problem
of existence of solutions to focusing MFG systems requires different approaches than
the ones that have been developed in the literature to study defocusing MFG systems,
namely models where individuals avoid areas with high density of population. Indeed,
an increasing coupling is essential if one seeks for uniqueness of equilibria, and it is in
general crucial in many existence and regularity arguments (see [102]).

Finally, a similar MFG system but with local decreasing coupling defined in terms of a
power-type function, has been studied in [44]. We point out that, unlike it, in our setting
the nonlocal attractive coupling models a long-range attractive force between players,
moreover, in order to deal with the Riesz-term we need different techniques compared to
the ones used in [44].

In Chapter 3, we show how the interplay between dissipation (induced by the diffu-
sive term in the system) and aggregating forces (resulting from the Riesz-type attractive
coupling and the action of the coercive potential V'), could affect existence of classical so-
lutions to the MFG system (I1.4). In particular, we observe that the strength of the Riesz
potential is related to the parameter «, which has two critical thresholds: the Hardy-
Littlewood-Sobolev-critical value o = N — 2+ and the mass-critical value « = N —~'. Tt
follows that the MFG system (II.4) exhibits three different regimes which correspond to
ac(0,N—-29,ae(N—-29y,N—-+]and a € (N -+, N).

In the Hardy-Littlewood-Sobolev-supercritical regime 0 < o < N — 27/, assuming
V =0, we get that “regular” solutions, namely satisfying some integrability and boundary
conditions at infinity, do not exist. In order to prove this nonexistence result (refer to
Theorem 3.1.1) we take advantage of a suitable Pohozaev-type identity and we argue by
contradiction. Notice that, starting from the celebrated identity due to Pohozaev [168]
and the well-known extension by Pucci and Serrin [172], Pohozaev-type identities have
been used to prove nonexistence results for various kinds of nonlinear PDEs (see also
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Section 1.3 and Section 5.4).

On the other hand, in the Hardy-Littlewood-Sobolev-subcritical regime N — 2" < o <
N, taking advantage of the fixed-point structure naturally associated to the MFG sys-
tem, we obtain existence of classical solutions to (II.4) (refer to Theorem 3.1.2). More
in detail, we consider a regularized version of problem (II.4), obtained by convolving the
Riesz-interaction term with a sequence of standard symmetric mollifiers approximating
the unit. In our case, it is crucial to obtain a uniform L*°-estimate on the Riesz-coupling,
this bound can not be obtained without the above mentioned “approximating” procedure
(see Lemma 3.4.5). Then, exploiting an extension of the classical Schauder Fixed Point
Theorem, we show that solutions to the “regularised” version of our MFG system do
exist. Actually, in the case when N — 27/ < a < N — +/ we obtain existence of so-
lutions assuming that the total mass M is smaller than a threshold value My, while if
N —+' < a < N solutions exist for every total mass M > 0. Finally, we show some a
priori uniform (not depending on the mollifiers) estimates on the solutions of the regular-
ized problem, using them we can pass to the limit and obtain a classical solution of the
MFG system (I1.4). We refer the reader to Chapter 3 and the work [20] for further details.

The previous results can also be interpreted from a variational point of view, this
perspective provides a better understanding of our model’s behavior and of the deep
analogy with normalized Choquard-type equations. As Lasry and Lions first pointed out
in [125], taking into account the variational nature of the MFG system, solutions to (I1.4)
are related to critical points of the following energy functional (assuming € = 1)

[ mL(-2)+V(z)mdz—3% [ [ OB G dy i (myw) € Ky

L |z —y| N =
E(m,w) := (RN RN RN
400 otherwise
(I1.7)
where )
% }% K iftm>0
w
L(-—): 0 ifm=0,w=0
m
+00 otherwise
and the constrained set is defined as
KMW:{MyweuﬂmNﬂuﬂ®NDxL%R% s.. mdz =M, m>0 ae.
RN
a/ m(—Ayp) dz :/ w-Veodr Vo€ CgO(RN)}
RN RN
(I1.8)

with
. W%ﬁrﬁy<N
B R ifv >N
If N—+" < a < N, so in the mass-subcritical regime, the energy £ is bounded from
below. More precisely, using elliptic regularity results for the Kolmogorov equation (see

Proposition 3.2.4 below), the Hardy-Littlewood-Sobolev inequality and the fact that
V >0, we get

2’yl
E(m.w) > Cillml| 15 G, — Collml2s e,

. . . / . .
where 8 = ]\?fa, and in this regime we have % > 2. Hence, inf(,, w)ex, 5, €(m, w) is

well-defined and by means of classical direct methods and compactness arguments, it is
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possible to construct global minimizers. Then, a linearization argument and a convex
duality theorem allow us to show that minimizers (m,w) of £ correspond to solutions to
the MFG system (I1.4) (for more details we refer to Chapter 4 and also [19, 20, 44, 45]).
In the mass-critical regime, namely, for « = N —«/, the energy is bounded from below
just for sufficiently small masses M, and we may construct in this range global min-
imizers (refer to Section 4.6.1). Finally, in the mass-supercritical regime, namely for
0 < a < N —+/, the energy is not bounded from below in general, so no global min-
imum can be found. Nonetheless, some compactness of sequences with finite energy is
still available in the Hardy-Littlewood-Sobolev-subcritical regime N — 2+ < a < N — /.
More in-depth, we consider a minimization problem adding a smallness constraint on the

L%-norm of m and we show that if the total mass is sufficiently small, then constrained
minimizers are actually local free minimizers of the problem (see Section 4.6.2). This
argument provides solutions to our Mean-Field Game, but at this stage, we do not know
if they coincide with solutions we obtained by using the Schauder fixed-point approach.
A similar procedure dealing with local minimizers has recently been developed in [72]
for MFG on bounded domains with Neumann boundary conditions and local attractive
interaction potential of polynomial type. Moreover, since the energy becomes more and

more negative as the Lf\%x—norm of m increases (as it can be observed by a simple rescal-
ing argument), then we expect that with a nontrivial adaptation of the mountain-pass
theorem, it should be possible to construct in the Hardy-Littlewood-Sobolev-subcritical
regime N — 27 < a < N —~' also solutions to the MFG with a min-max procedure
(analogously to what is done in the case of normalized Choquard equation, see [128]).
We plan to investigate this issue in the future.

In Chapter 4 we investigate the problem of existence of classical solutions to the
MFG system (IL.4) for & € (N — 4/, N) when V = 0. The strategy of the proof is the
following: we consider an auxiliary MFG system where the Brownian motion depends
on a parameter € > 0 and there is an external confining potential V. Using the above-
mentioned variational approach (recall that in this regime the energy £ is bounded from
below) we are able to find solutions to the auxiliary system. Then, we define a suitable
rescaling of solutions and we study their asymptotic behavior in the vanishing viscos-
ity limit, namely as ¢ — 0. Taking advantage of an appropriate adaptation of the
concentration-compactness Lions theorem, we prove that no loss of mass occurs in the
limit, this implies existence of solutions to the potential-free MFG in the mass subcrit-
ical regime o € (N —+/, N). Moreover, solutions are global minimizers of the energy
&€ with V' = 0, among competitors which satisfy an appropriate integrability condition
(see Theorem 4.1.1). Finally, we prove that in the vanishing viscosity setting, there is
concentration of mass around minima of the potential V. We left open the problem of
existence of solutions to the potential-free MFG system when a € (N — 24/, N —4/]. We
refer the reader to Chapter 4 and the research paper [19] for additional details.

Open Problems. An interesting open question concerns the analysis of the corre-
sponding time-dependent MFG system, that is a system of the form

—Ou — Au + %]Vu\” — Jan |$m?5"|”]f)adx in RN x (0,7)
om — Am — div(mVu(x) |Vu(z)["~2) =0 in RN x (0,7)
m(z,0) = mo(z), u(z,T) = ur(z) on RV

where where fRN modx = M, mg > 0 a.e. and mg,ur € C?(RY). Finite-horizon MFG
systems in the case of local coupling as been investigated for instance in 36, 75, 102].
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We expect that a similar approach as the one exploited in our works for the case of
stationary equations, should work also in the parabolic setting. Hence, the next step
could be to study existence of solutions to the previous evolutionary MFG system, and
their long-time stability. On this point, we recall that convergence as T — +o0 is almost
completely open in the case of non-monotone coupling (see [74] in the periodic setting
for mildly non-monotone MFG).



Chapter 3

Ergodic Mean-Field Games with
aggregation of Choquard-type

3.1 Introduction to the problem and main results

In this chapter, we study ergodic Mean-Field Games systems defined in the whole
space RY with a coercive potential V and attractive nonlocal coupling, defined in terms
of a Riesz interaction kernel. More in details, given M > 0, we consider elliptic systems
of the form

—Au + %|VU’7 + A=V (x) — Ky *xm(z)
—Am — div(mVu(z) [Vu(z)|[772) = 0 in RY (3.1)
Jaxnm =M, m=>0

where v > 1 and a € (0, N) are fixed. Note that the unknowns in the system (3.1)
are the functions uw, m and the constant A € R. We will assume that the potential V'
is a locally Holder continuous coercive function, that is there exist b and Cy positive
constants such that

CyH(max{|z| — Cy,0})" < V(z) < Cy(1 + |z|)’, Vo e RV. (3.2)

The assumption on V' to be non-negative is not restrictive, we can assume more generally
that V' is bounded from below and shift appropriately A.

We provide existence and nonexistence results of classical solutions solving the MFG
system (3.1), where by classical solution we will mean a triple (u,m,)\) € C*(RV) x
WLP(RN) x R for every p € (1,400), solving the system. Our focus will be to obtain
classical solutions which satisfy some integrability conditions and boundary conditions
at 0o, which will be meaningful from the point of view of the game. In particular, we
will require some integrability properties of the optimal speed with respect to m and of
the confining potential V' with respect to m, namely

m|Vul' € LYRY)  |Vm||Vu| € LYRY)  and  Vm e LYRY). (3.3)

Indeed, if one looks at the Kolmogorov equation, such integrability properties are impor-
tant to ensure some minimal regularity of m and uniqueness of the invariant distribution
itself (see [110, 150]). Regularity and boundedness of m is quite crucial in our setting:
indeed, due to the aggregating forces, m has an intrinsic tendency to concentrate and
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hence to develop singularities. Moreover, the Lagrange multiplier A will be uniquely de-
fined as the generalized principal eigenvalue (see for details [12, 68, 117]): if m € L'(RY)
is fixed and such that K, * m € C%(RY) for some 6 € (0,1), we define \ as

1
A= sup{cER‘EIUG C?(RY) solving Av+|VvW+c:V—Ka*m}.
Y

Once we know this value exists, it is possible to show that there exists u € CZ(RY)
solving the HJB equation with such value A, and that such solution wu is coercive i.e.

u(z) = 400 as || = 400 (3.4)

and moreover its gradient has polynomial growth (see Section 3.2 and the references
[12, 68, 117]). Note that (3.4) is a quite natural “boundary” condition for ergodic HJB
equations on the whole space, indeed the optimal speed would give rise to an ergodic
process, at least heuristically, if —Vu -z < 0 for |x| — +oo (refer to [110] and ref-
erences therein, for more details about ergodic problems on the whole space and their
characterization in terms of Lyapunov functions).

Existence results for such classical solutions will depend on the interplay between the
dissipation (i.e. by the diffusive term in the system) and the aggregating forces (described
in terms of the Riesz potential K, and the coercive potential V). So, denoting by +' the
conjugates exponent of ~y, that is o/ = %, we get that the MFG system (3.1) shows
three different regimes which correspond to o € (0, N — 2'), o € (N — 29/, N —+/] and
a € (N —+/,N). We will refer to « = N — 2+ as the Hardy-Littlewood-Sobolev-critical
exponent and to o = N — 7/ as the mass-critical (or L?-critical) exponent, in analogy
with the regimes appearing in the study of the Choquard equation (II.6) when ' = 2.
Obviously if v/ > N, there exists just one regime, which will be the mass-subcritical
regime « € [0, N), whereas if % <~ < N there will be just 2 regimes.

First of all, we observe that for classical solutions to (3.1) with V' = 0 and which
satisfy (3.3), a Pohozaev-type identity holds (see Proposition 3.3.2):

N N
(2—N) / Vu-Vmdz -+ <1 - ) /m|Vu|7d;1: — ANM + O‘; / (;@7}53_/) dzdy.
RN 7 RN R2N

y [e7

Notice that, also in the case when the potential V' does not vanish identically, assuming
the integrability condition mVV -2 € L'(RY), a similar identity holds. For MFG in the
periodic setting with polynomial interaction potential an analogous Pohozaev identity
has been proved in [70], while for the case of the Choquard equation we refer to [156]
and references therein.

In the Hardy-Littlewood-Sobolev-supercritical regime 0 < a < N — 27/, the Pohozaev
identity, together with the fact that A < 0 (see Lemma 3.2.12), implies that solutions to
the MFG system (3.1) do not exist. More precisely, we obtain the following nonexistence
result.

Theorem 3.1.1. Assume that a € (0, N —27") and V =0. Then, the MFG system (3.1)
N
has no solutions (u,m,\) € C?(RY) x Wl ire (RNV) x R which satisfy (3.3) and (3.4).
In the case when N — 24/ < a < N we obtain existence of classical solutions to the

MFG system (3.1) by means of a Schauder fixed point argument (refer to [9] and see
also [70]). More in detail, we consider a regularized version of problem (3.1), obtained by
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convolving the Riesz-interaction term with a sequence of standard symmetric mollifiers
(see (3.42) below). Taking advantage of the fixed-point structure associated to the MFG
system and exploiting the Schauder Fixed Point Theorem, we show that solutions to the
“regularized” version of the MFG system do exist. Then, we provide a priori uniform
estimates on the solutions to the regularized problem, which allow us to pass to the limit
and obtain a classical solution of the MFG system (3.1).

Theorem 3.1.2. Assume that the potential V is locally Héolder continuous and satisfies
(3.2). We have the following results:

i. if N—+' < a < N then, for every M > 0 the MFG system (3.1) admits a classical
solution (u, m, \);

ii. if N—29" < a < N—+' then, there exists a positive real value My = My(N, o, 7, Cy, b)
such that if M € (0, My) the MFG system (3.1) admits a classical solution (u, m, \).

Moreover in both cases there exists a constant C > 0 such that
2 Ly -1
|[Vu(z)] < C(1+ |z|)> u(z) > Clz|»" —C™7,
where C = C(Cy,b,v, N, \, ), /m € WL2(RN) and it holds
m|Vull € LYRY),  mV e LY(RY), V| [Vm| € LY(RY).

The Hardy-Littlewood-Sobolev critical exponent is not covered by our analysis. In-
deed it is possible to prove existence of solutions to the regularized problem also in this
case, for sufficiently small masses (see Theorem 3.4.7). Nevertheless, in order to pass to
the limit in the regularization, we need to obtain a priori L> bounds on solutions my, to

the regularized problem, starting from uniform bounds in L% N L'. This is not possi-
ble at the critical level @ = N — 2/, due to critical rescaling properties of the Sobolev
critical exponent. A priori uniform L° bounds on my only hold in the range where we
have a uniform bound in L? for ¢ > W,ZXOC (see Theorem 3.2.13) and ]\?fa > W,ZXOC only in
the Hardy-Littlewood-Sobolev-subcritical regime. One way to circumvent this difficulty
could be to obtain at the critical level & = N — 24/, by using regularity estimates on the
viscous Hamilton-Jacobi equation and on the Fokker-Planck equation and a smallness

condition on ||m|| N A priori uniform bounds on ||m/||, for some ¢ > N%“/’ in order to

be able to apply Theorem 3.2.13. This kind of result has recently been obtained recently
in [72] for MFG on bounded domains with Neumann boundary conditions and nonlinear
Schrédinger-type potential. This problem is related to the maximal regularity of solu-
tions to viscous Hamilton-Jacobi equations —Au + |Vu|? = f(x) (see |73, 77, 96]).

Note that in the mass-subcritical regime, solutions to the MFG exist for every to-
tal mass M > 0, while in the mass-supercritical and mass-critical regime (namely for
a € (N —29,N — +']) we provide existence just for sufficiently small total masses,
below some threshold value M. This different behavior is due to the fact that when
N — 2+ < a < N — v/ the interaction attractive potential is stronger than the diffusive
part, so if the total mass M is too large, the mass m tends to concentrate and hence to
develop singularities.

We recall that solutions to (3.1) correspond to critical points of the energy &€ over the
constrained set ICj 5 (as defined in (I1.7) and (I1.8) respectively). So, we can analogously
find solutions to (3.1) using a variational approach. We refer the reader to Chapter 4 for
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more details.

This chapter is organized as follows. Section 3.2 contains some preliminary results. In
particular, we recall regularizing properties of the Riesz interaction kernel, some a priori
elliptic estimates for solutions to the Kolmogorov equation, a priori gradient estimates
for solutions to the Hamilton-Jacobi-Bellman equation and finally uniform L°*° bounds
for m, solution to (3.1). In Section 3.3 we provide the Pohozaev identity and the proof
of the nonexistence result Theorem 3.1.1, while Section 3.4 contains the proof of the
existence result Theorem 3.1.2.

In what follows, C, Cy, Cs, K1, ... denote generic positive constants which may change
from line to line and also within the same line.

3.2 Preliminaries

In this section we introduce some preliminary results which will be useful in this
chapter and in Chapter 4. We refer the reader to [20, §2]|, [19] and the references [32, 68,
117] for more details.

3.2.1 Regularity results for the Kolmogorov equation

Lemma 3.2.1. Let u € C*%(RN) and m € WY2(RN) be a solution (in the distributional
sense) to

—Am(z) — div (m(z) Vu(z) |Vu|7_2) =0 inRY, (3.5)

where v > 1 is fized. Then, m € C*9(RN). Moreover, if m > 0 and m # 0, then
m(z) > 0 for any x € RY.

Proof. If v > 2, then m solves
—Am — b(x) - Vm(z) — m(x) divb(z) =0

where b(z) := |Vu|'2Vu(z) € CYY(RY) and div b(x) € CO(RY). By elliptic regularity
(see e.g. [93, Theorem 8.24]) we get that m € C%* for a certain a € (0,1]. Denoting by
f = mVu|Vu[""2 we have —Am = divf where f € C%“ then by [93, Theorem 4.15]
we get that m € C and hence

—Am = div (mVu|Vu|7_2) e Vmin{a,0}

so m € C?min{a0} Tterating we finally obtain that m € C*?. If 1 < v < 2, b(z) is just
an Holder continuous function, hence m is a weak solution of equation (3.5). In this case,
we can replace b(z) with be(z) := Vu(z)(e + |[Vu|?)2~! and m. is a-posteriori a classical
solution to the approximate equation

—Am — div (m(x) be(z)) = 0.
We can conclude letting ¢ — 0. If m > 0 on RY, we also have that m satisfy
—Am — b(z) - Vm(z) — (div b(a:))+m(:c) <0,

since [pn mdz = M > 0, the Strong Minimum Principle (refer e.g to [93, Theorem 8.19])
implies that m > 0 in RY (indeed m can not be equal to 0, unless it is constant, which
is impossible). O
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We will use the following result (proved in [44, Proposition 2.4]) which takes advantage
of some classical elliptic regularity results of Agmon |[3].

Proposition 3.2.2. Let m € LP(RY) for p > 1 and assume that for some K > 0

mAypdz

< K[IVoll o gyy, Ve € G5 (R™).
RN

Then, m € WHP(RN) and there exists a constant C > 0 depending only on p such that
IVm||ppeyy < CK.

We prove now some a priori estimates for solutions to the Kolmogorov equation. Let
us fix p € (1,400) and M > 0.

Proposition 3.2.3. Let us consider a couple (m,w) € (L*(RY) N LP(RY)) x LY(RYN)
such that

/ m(—Ayp)dr = / w - Veodz, Vo € C(RY).
RN RN

Assume also that fRN m(z)de =M, m >0 a.e. and
FE = m‘g‘7 dx < 4o00.
RN m

Then, we have that
m e WhH(RY)

for v such that 1 = (1—%)1—%% (i.e. T =

5 ) and there exists a constant C,

Y
v +p—1
depending on r, such that

1 1
Il gy < CCE + M) [lml] ], g,

Proof. Using Holder inequality (since % = (1 — %) % + %, it holds % + % + L =1) we

s/lwﬁwu%:/ Ow”
RN RN m

1
w Y 57 1
S(éJm‘mw>”mmewmvmm

obtain

1

N 1
m) m~ |Vo|dx

mApdr
RN

and hence

P!
mApdz| < BV |Im| 7, gn [Vl L @y

RN

Since |[m||p1gyy = M and m € LP(RY), by interpolation we get

1 1
Il ey < il gy M7 (3.7)

1 1
therefore m € L"(R™). From Proposition 3.2.2 with K = E+’ HmHZp(RN), we obtain that

m € WL (RY) and there exists a constant C' > 0, depending on 7, such that

1 1
[Vl ry < CE [l (33)
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By (3.7) and (3.8), we can conclude that
1 1 1 1
Imllwrrsy < (M7 +CEY) ml, < C(E + M) [ 0
O

Proposition 3.2.4. Under the assumption of Proposition 3.2.3, we have the following
results:

i) ifl<p<l+y L then, there exists 6y = < +1- ) such that
Il ey < CM“W 'E (3.9)

where C' is a constant depending on N, v and p;

ii) if ¥ < N and 1 < p < N%v’ then, there exists do = ;%WNI and a constant C
depending on N, v and p such that

0 _
Im |15 gny < C(E +M)MP*=1, (3.10)
Proof. i) The proof of (3.9) follows from [44, Lemma 2.8]. i) As before let 1 =
1 (1 _ 1

P

7,) + %, if ¥ < N then r < 7/ < N, so by Gagliardo-Niremberg inequality
and (3.6) we get

1
5

[m| s vy < CIImIILp vy (B + M)~ (3.11)
where i = % — N and C' is a constant depending on N, p and 7/. One can observe that
T% — l = % < 0, that is 7* > p, so by interpolation there exists 6 € (0, 1] such
that

3 1-9
Il ey < M7 il vy
and from (3.11) we get that
1_1)y iy
||m|r§2(R7v>) <C(E+MM7,
By simple computations we have that
L, Y p
0 ~ Np-1
and ) ,
7D
1)y =1
(0 > 7 Np—-1
denoting by &2 the quantity %VN we finally obtain (3.10). O
Remark 3. In the following we will use (3.9) and (3 10) in the case when p = J\?f 5 It
will be useful to observe that if v/ > N then 1 < 7> <2 <1+ % z , hence estlmate (3.9)
holds. In the case when v/ < N, if N —+' < a < N then, 1 < N+a <1+ % ~ and hence
from (3.9) we get that
2 2~/
Iml| % < OoMNa B (3.12)

LN+a (RN)

lm)| ™5 <O M)M~=!, (3.13)
R
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Finally, we recall the following a priori elliptic regularity result (see [44, Proposition
2.8, Corollary 2.9]).

Proposition 3.2.5. Let

)

oo Lo <N
N ify >N

the couple (m,w) € (L4(RN) N LY (RN)) x LYRN) be such that

/ m(—Ap)dr = / w- Vedz, Vo € C°(RY)
RN RN

with [pn m(x)de =M, m >0 a.e. and
FE = m‘g‘7 dr < +o00.
RN m
Then, it holds:
)
N
and there exists a constant C' depending on N, B and ' such that
[m||psmyy < C(E+ M);

ii)
me WHWRYN), Vi<q

and there exists a constant C depending on N, £ and ~' such that

Imllwieryy < C(E + M);
iii) if v > N, we have also
N
m e COYRYN), Voe (0, 1— 7,>

and there exists a constant C depending on N, 6 and ' such that
m||coo@ny < C(E + M).
Proof. From Proposition 3.2.3 we have
m e WHO(RN)  for 1o (1 - 1/> 1—{— i/
To v/4q4 0

Case v/ < N. Since 1 < rg <+’ < N, by Sobolev embedding theorem and interpola-
tion, we get that
me LPRY) VB <q (3.14)

where ¢; is the Sobolev critical exponent, i.e.

Nrog gNy'
N-rg Ny —N+gq(N—~)

q1 =
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(notice that g1 > ¢ since ¢ < %V) From (3.14), using Proposition 3.2.3 again, we have

'

m € WHYRN W<p=—1
&) =T Y g

As before, by Sobolev embedding theorem and interpolation, we have that

aNY

m € LP(RN VB < gy = )
®™) Pea Ny =N +q (N —v)

Iterating the previous argument, we observe that ¢;11 = f(q;) where f(s) := NV’+ZEN—“/)

Since f is an increasing function if s < N%,y, and it has a fixed point for s = N%w” we
obtain that

m e LP(RY), VB <

N —«
and N
e WHRY), W< ——.
" R, N~ +1
Moreover, for any fixed 8 < N%v” taking r = r(3) such that % = ( — %) % + %, from

estimate (3.6) and the Sobolev embedding theorem (notice that r* > ) we get that
there exists a constant C' depending on N and 7 such that

1 1
Imilgsgany < CCB + M) il Ly g

and hence

||mHLﬂ(RN) S Cl(E + M)
Finally, from (3.6) we obtain

Imllyeqany < CalE + M).

Case v/ = N. Since 19 < v = N, we can apply the Sobolev embedding theorem and
with the same argument as before we obtain

. e N .
qdi+1 = N — 1%-

Obviously gj+1 > g4, by iteration we get that
m e LP(RY), VB < +o0o

and
me WH(RYN), vi<~.

The estimates on the norms follow in the same way as the previous case.

Case ' > N. Since m € LY (RY), by interpolation m € LV (RY) and we can go back
to the previous case. In particular, we have that m € Wl’Z(RN ) for N < £ <+, hence
by Morrey’s embedding

N
me CHRN), for 0<h<1——
5

and there exists a constant C, depending on 6, N and 7/, such that
Imllgosgsy < C(E + M),
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3.2.2 Some properties of the Riesz potential

We recall here some properties of the Riesz potential, which will be useful in the
following in order to deal with the Riesz-type interaction term.

Definition 3.2.1. Given o € (0,N) and f € L},
order o of the function f as

(RYN), we define the Riesz potential of

loc

Ka*f(m)::/R f(y’])\,_ady, z e RV,

Nz —y

The Riesz potential K,, is well-defined as an operator on the whole space L"(RY) if
and only if r € [1, %) We state now the following well-known theorems (for which refer
e.g. to [132, Theorem 4.3| and [182, Theorem 14.37]).

Theorem 3.2.6 (Hardy-Littlewood-Sobolev inequality). Let 0 < o < N and 1 <r < %
Then, for any f € L"(RY)

1Ko * £l < Cllfllzr e

a (]RN -
where C' is a constant depending only on N, o and r.

Theorem 3.2.7. Let 0 < A\ < N and p,r > 1 with L + % + £ = 2. Let f € LP(RY)

T

and g € L"(RN). Then, there exists a sharp constant C(N, \,p) (independent of f and
g) such that

(y)
—drdy| < . . 1
/RN RN |x |>\ CHfHLp(RN)HgHL (RN) (3 5)

Remark 4. If 0 < a« < N and f € L%(RN), then there exists a sharp constant C,
depending only on N and «, such that

J@) 1Y) ‘ 2
/RN /RN ’m_ywwdl‘d < CIAI e, vy (3.16)

As shown in [131], in this case the constant C' can be computed explicitly and there exist
explicit optimizers for (3.16) (while neither the constant nor the optimizers are known
for p # r, although do exist).

Regarding the L®°-norm and the Holder continuity of the Riesz potential, we recall
here the following results.

Theorem 3.2.8. Let 0 < o < N, 1 < r < 400 be such that r > % and s € [1,%).
Then, for every f € L*(RN) N L"(RY) we have that

[ Ko * fllLoo@myy < Crll fllor@ny + Coll fll sy (3.17)
where C1 = C1(N,a,r) and Cy = Co(N, a, s).

Proof. We observe that

N
——— ¢ LP(B N 1
‘.’L"N_a € ( 1)7 pE |: 7N_a>
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and it is well-known that fB |m|(N1 apdr =

N—(s5;+ By Holder inequality we get

1

s (Le-ors) ([, et

w
< | fllzr @y <N—(]\;V—a)r’> < Cillfll pr @y

3

e

using the fact that r’ < %, since by assumption r > % On the other hand

1 N
- P c
|z Ve € LP(BY), Vpe (N_a,—i-oo]
hence
1
|f(z—y)| / 1
——dy < flz—y)|*dy —dy < O£l s mmys
/IRN\Bl ‘y|N—a RN\Bl| ( )‘ |y’N—a LS'(Bf) || ||L (RN)

since (N — a)s’ > N. We can conclude that

flz — flz
o sl < [ St [ e S il + Colfle

1
where C1 = C1(N, «a,r) and Cy = Co(N, a, s). O

Remark 5. It follows immediately that if we take r = +00 and s = 1 we have

d < oo
/1 | |N—a Y= HfHL (B1)

and hence
[ Ko * fllLoo @y < Ca,N|I fll oo @ny + 1l 22 @y

Theorem 3.2.9. Let 1 <r < 400 and 0 < a < N be such that 0 < o — % < 1. Then,
for every f € LY(RN) N L™ (RY) we have that

K, * f € o7 (RY)

and there exists a constant C', depending on r, a and N, such that

K, * — K, *
} f(x) — f(y)| S CHfHLr(RN)
o —yl*

Proof. Concerning Holder regularity results for the Riesz potential, one may refer to [151,
Theorem 2.2, p.155| and [84, Theorem 2. O

3.2.3 Some results on the Hamilton-Jacobi-Bellman equation

By a straightforward adaptation of [44, Theorem 2.5 and Theorem 2.6], we obtain
a priori regularity estimates for solutions to some Hamilton-Jacobi-Bellman equations
defined on the whole euclidean space RYN. The following propositions are stated under
slightly more general assumptions than ones of our problem.



3.2 Preliminaries 73

Proposition 3.2.10. Assume that K, * m € L®(RY) and that V satisfies (3.2) with
b>0. Let (u,c) € C?(RY) x R be a classical solution to the HJB equation

1
—Aut |Vu@) + e = V() = Koxm(z) inRY, (3.18)

for v >1 fized. Then

i. there exists a constant Cy > 0, depending on Cy,b,~v, N, c, || Ky * m||co, such that

2o

[Vu(z)] < CL(1 + |2[)

1. if u is bounded from below and b # 0, then there exist a constant Co > 0 such that
b
u(z) > Colz|" ™ = CyY, Vo eRN.

The same result holds also in the case when b = 0, but we have to require in addition
that there exists § > 0 such that V(z) — Ko *xm(x) —c > 6 > 0 for |z| sufficiently
large.

Proof. The thesis follows applying [44, Theorem 2.5 and Theorem 2.6]. O

Let us define
A :=sup{c € R|(3.18) has a solution u € C*(RY)} (3.19)

Proposition 3.2.11. Besides the hypothesis of Proposition 3.2.10, let us assume also
that V. — Kq xm 1s locally Holder continuous. Then

i) A < +oo and there exists u € C?(RYN) such that the pair (u,\) solves (3.18).

i) ifb # 0 in (3.2), u is unique up to additive constants (namely if (v, \) € C*(RV) xR
solves (3.18) then there exists k € R such that w = v+k) and there exists a constant
K > 0 such that ,
w(z) > Kl ™ =K, vz eRVN.

Proof. 1t follows by [44, Theorem 2.7|. We may observe also that
A = sup{c € R|(3.18) has a subsolution u € C?(RM)}.
0

Finally, we conclude with an estimate on the Lagrange multiplier A defined in (3.19).
Lemma 3.2.12. Let (u,\) € C?(RY) x R be a solution to the HJB equation (3.18).

1 If V=0, then A <0;

it if V satisfies (3.2) then X < C for some constant depending on b, Cy,~y, N.
Proof. The proof is based on the same argument of [70, Lemma 3.3|. Let us consider the

a2
function ps(x) := (%)N/2 e~ for z € RN and § > 0. Obviously [pn ps(x) dz = 1.

From the definition of Legendre transform we get that

1 g x|’
—|Vu|? = sup (Vu‘a— |a|/ > > Vu - (dz) — | x,|
v a€RN v v
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hence

1 /
—Au(z) + Vu - (0x) — ?’(5$|’Y + A< V(z) —m=x* Ky(z).

Multiplying the previous inequality by us and integrating over Br we obtain

— | Au(@)us+ [ Vu-(6x)ps — /

1 /
A6l st ) [ ps< [ (V@) - ms Ko
Bgr Br Br 7 Br Bg

Integrating by parts (notice that fBR Vu-Vys =— fBR Vu - (dx)us) we get
1 /
—/ ugVu'uda—,/ |5a:\7u5d:c+)\/ ugdx</ (V(z) —m* Ky )pus de
8BR fy BR BR BR
and since fBR m * Ko (x)us(x) de > 0, we have

1 /
)\/ s dx S/ ,u(;Vuﬁ/dU—i—,/ |0z| s dx+/ V() ps dz. (3.20)
Br OBRr Y Bpr Br

For § > 0 fixed, the first integral in the RHS of (3.20) can be estimated as follows

/ usVu-vdo
OBRr

taking advantage of the gradient estimates on Vu proved in Proposition 3.2.10. So,
sending R — +o0 in (3.20) and using (3.2) we get

2
< C5% e "5 ||Vul| oo, |0Br| = 0,  as R — +o0

1 5% r_lyl? 1 Y ly|?
A< — Te 2 dy+ / V<)62d.
(2m)> 7 /RN v YT emE v\ VB Y

If V =0, then sending 6 — 0 in the previous inequality, we conclude immediately A < 0.
If V' # 0, we may choose § = 1 in the previous inequality and conclude recalling (3.2). [

3.2.4 Uniform a priori L>*-bounds on m
We state now the following result, which provides uniform a priori L* bounds on m.

Theorem 3.2.13. We consider a sequence of classical solutions (ug, my, i) to the fol-
lowing MFG system

—Au + %|Vu"7 + A= Wi(x) — Gk,a[m](m)
—Am — div (mVu|Vu|7"2) =0 in RY
fRN m = M, m 2 O

where Wy, : RNV — R satisfies assumption (3.2) with constant Cy, b independent of k and
Grao @ LYRY) — LYRY) is such that Gga[m] > 0 for all m € L' with m > 0. We
assume also that there exists o € (0, N) such that for all s € [1, %) and r € (g,—i-oo]

taking m € L*(RN) N L"(RYN) there holds
1Gralm]ll ey < Cillmllpr@ay + Collm| s (3.21)

where C1 = C1(N, a,r) and Cy = C2(N, a, s).

If uy, are bounded from below and satisfy (3.4), and my € LYRN) N L®RYN) with
|millre < Cq for some ¢ >
ing on k such that

%7, then, there exists a positive constant C' not depend-

Imill o gy < C, Yk €N
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Proof. We follow the argument of the proof of [44, Theorem 4.1] (refer also to |70] for
the analogous result on TV) but we have to define a different rescaling in this case.
Up to addition of constants we may assume inf ug(z) = 0. We assume by contradic-
tion that
supmg = L — +00
RN

and we define

p ifv’gNandqg%

(i

Ly
O := _
L,", ifeither 4/ >N or o/ <N, q>%

where 8 > 0 (so 6 — 0) has to be chosen in the following way. We fix

re(N Ng ) (3.22)

o' N — ¢

(note that since g > 7/% the interval is not empty) and if ¢ = % we fix r € (g, +oo).
Then we choose 3 such that

1 q q

~(1- 7) << L

04 ( r/ = P N

We rescale (uy, mg, \,) as follows:

2=y ~ /
vp(x) = 6 up(dpx) + 1, n(x) == L 'mg (), Mo = 6] A

Observe that 0 < ng(z) < 1 and supng = 1 and moreover that vy (z) > 1 for all z. So
we obtain that (vg,ng, Ag) is a solution to

—Avg + 2V "+ A = Vi(e) — Gi()
—Any — div(nvak\Vka*?) =0

where

Vi(x) := 0 Wi(dkx)  and  Gi(x) := &) Gralmi(or2).
Observe that by assumption (3.2) there holds
C16Y (max{|6pz| — Cy,0})" < Vi(x) < Cv (146 Ta)), Vo e RY.
Computing the equation in a minimum point of u; we obtain A\ > —||Gg o[mi]||cc and

reasoning as in Lemma 3.2.12, we get that A\ < C, for some C just depending on ~, Cy/, b,
SO we get

~Nldilloo = =0} |Gkalmallloo < Ak < 5] C.

IfY/>Nor+ <N and ¢ > % we apply (3.21) with r = 400 and s = 1 and we get

Igklloo < 8} (C1Lg + C2M) = Ly {(C1 Ly, + CaM) < C

which in turns gives also that |Ax| < C. If ¥/ > N there holds

lngllpr = / ng(x)dr = 5;/_N||mk||L1 = (5,;/_NM —0 and 0<mn; <1=supng,
]RN
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while if v/ < N and ¢ > % we have that

_N N _q
Inkllpe = Ly '6,, @ lmgllre < L,;”l Cy—0 and 0<ny <1=supny.

If Y/ < N and ¢ < % first of all we observe that, since § < %,

_N N_q
nkllpe = L6, @ lmllze < Li" Cqy—0 and 0 <ny <1=supng.

We apply (3.21) with r as in (3.22) and s = 1 and we get, using interpolation between
L% and L™ to estimate the norm |mg||rr, that there holds

_ / —By 1-4 1-By'—4
I9elloe < O (Callmall x ) +CaCy) < L (CL 7 + CoCy) SOL 7 <

N—2+7 -

Q

since 37 > 1 — Z. This in turns implies that ’5\k| < C. The remaining part of the proof
follows exactly the same lines of the proof of [44, Theorem 4.1|, since we have uniform
bounds on A\ and on 13k ||00, either the L' or the L7 norm of ny vanishing as k — +o0,
whereas ||ng|lcc = 1. In particular one shows that if xj is an approximated maximum
point of ny (that is ng(zx) = 1 — 6), then necessarily 5Z,+b\xk.\b — +oo. If it is not the
case, using a priori gradient estimates on v as in Proposition 3.2.10, we get that ny is
uniformly (in k) Hélder continuous in the ball By (xy), contradicting the fact that ng > 0

and either ||ng|/zs — 0 or ||ng||z1 — 0. On the other hand, if 5zl+b|xk|b — 400, we may
construct a Lyapunov function for the system, which allows for some integral estimates
on ny showing again a uniform (in k) Hélder bound for ng in By /() and again getting
a contradiction. Therefore one concludes that Ly — +oco is not possible. O

3.3 Pohozaev identity and nonexistence of solutions

In this section, we study the MFG system (3.1) in the case V =0, i.e.

—Au+ %|Vu(x)|7 +A=—K4xm(x)

—Am — div (m(z)Vu(z) |Vu(z)]??) =0 in RY. (3.23)

Jaxnm =M, m=>0
The following Lemma (see Lemma 3.2 in [70]) will be useful in order to control the
behavior of m, Vu, Vm at infinity.
Lemma 3.3.1. Let h € LY(RY). Then, there exists a sequence R, — oo such that

R, |h(z)|dx — 0, asn — oo.
0Br,

In order to prove nonexistence of solutions to the MFG system (3.23) in the super-
critical regime 0 < o < N — 2/, we need a Pohozaev-type identity.

Proposition 3.3.2 (Pohozaev identity). Let (u,m,\) € C*(RY) x Wl’lv%va(RN) x R
be a solution to (3.23) such that

m|Vul € LYRY)  and  |Vm||[Vu| € LYRY).
Then, the following equality holds

(2—N)/Vu‘dea:+<1—N> /m|VuPdm:/\NM—|—a;N/m(x)Ka*m(a:)da:.
RN ! RN RN

(3.24)
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Proof. From Lemma 3.2.1, we get that m is twice differentiable, so the following com-
putations are justified. Consider the first equation in (3.23), multiplying each term by
Vm - x and integrating over Br(0) for R > 0, we get

—/AuVmwda:—i—i/]Vu(x)'YVm-a:da:+)\/Vm-xda::—/Ka*m(m)medx.
(3.25)

We take into account each term of (3.25) separately. Integrating by parts the first term,
we have

/AuVm :nd:):—/Vu V(Vm - z)dx — /(Vu-u)(V’m-m)da, (3.26)

Br OBR

we observe that

/Vu V(Vm - a:d:c—/Zumz (Vm - z)y /Vu Vm+/2uwlmwl%xj
and integrating by parts the last term of the previous one we get

/E uwlxj m%%:/ E Ug; Mg, Tj + =5 g Mg Uz, 2;Tj — N/E Ug; My,

Br ™I oBp I Br ©J
/(Vu Vm)x - Vda—/Vm V(Vu-z)+(1-N /Vu Vm.
OBRr

Note that z - v = R on 0Bg. Coming back to (3.26) we obtain

—/AuVm-xdm:—/Vm-V(Vu-x)da:—i—(Q—N)/Vu-dex

Br Br Br
+ / (Vu-Vm)(z-v)do — / (Vu-v)(Vm - z)do. (3.27)
OBRr OBR

Concerning the second and the third term in (3.25), we get that

/\Vu )'Vm-xde =— /|Vu]7m:c Vda—/mdw |Vu|"z)dx

BBR
/ IVul"mz - vdo — / mV(|Vu|") - zdx — — /m|Vu x)|Vdx
8BR
(3.28)
and
A Vm-xzde =X\ mx-vdo — AN mdzx. (3.29)
BR aBR BR

Similarly, multiplying the second equation in (3.23) by Vu -z and integrating over Br(0)
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we get

AmVu-zdr = —/ div(m|Vu]"2Vu)Vu - x da

Br Br

= V(Vu-z)- (m|Vu|""2Vu) dz — / (Vu - 2)m|Vu|""2Vu - vdo
Br dBr

= / 1mV(]VuW) ~xdr + / m|Vu|"dx — / (Vu - 2)m|Vu|""*Vu - vdo
BR 7 BR 8BR
(3.30)

where we have integrated by parts and then used the following identity
—V(Vu|") -z = |Vu["2Vu-V(Vu - z) — |Vul.
Integrating by parts the LHS of (3.30) we get

/ (Vm -v)(Vu - x)do — Vm -V(Vu-z)dx
dBR Br

= / EV(\Vu]"*) ~xdx +/ m|Vu|'dx —/ (Vu - 2)m|Vu|'"*Vu - vdo
Br Y Br OBR

and then isolating the first term in the second line

1 mV(|Vul?) -z dz = Vm-V(Vu-x)d:n—/ (Vm-v)(Vu - z)do
Y JBgr Br OBR
+/ m|Vu|"dx —/ (Vu - 2)m|Vu|' " *Vu - vdo
Br dBg
(3.31)
plugging (3.31) in (3.28) we obtain
1/ |Vu(z)["Vm - xdx = 1/ m|Vu|"z - vdo
Y JBg Y JoBg
+ Vm-V(Vu-x) da:—/ (Vm - v)(Vu - z)do
Br 9Bg
N -2
+({1—— m|Vu|"dx — (Vu - z)m|Vu|""*Vu - vdo. (3.32)
7/ JBgr 0Br

2N
For what concern the Riesz’s potential term, since m € L¥+a (RY) from Theorem 3.2.6
2N
it follows that K, * m € L~ -a (R"), hence by Hélder inequality

/Ka*m x)Vm-x dzx

< R/ Ky [Vim| dz < R | Kosm|

this proves that the term — fB Ky *m(x)Vm -z dx is finite. We get

m( m( X
/K xm(x)Vm - xdm-// \33— ‘Na d da:—// ]a:— ’Na ———~ —dxdy

Br RN RN Br

:/ / W(m-y)da(x)dy—//m(x)divx (%Q drdy (3.33)

RN 0BRr RN Br
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and furthermore

RlBlm(m) div, (%Q da dy =
o= //|x—y|Nax_z)/|2dd+N//| e =

a+N// —N// ) (@ +y) (xz—y)
- e @) my) bgy 4 da dy
2 |z — y|N 2 |z —yIN‘“ |z — yl?

RN Br RN Bgr
(3.34)

where we used that =8 = 1 4 EHIE0) - Summing up (3.27), (3.29), (3.32), (3.33)

and (3.34) we get the following identity

(2—N) /Vu-deaH—<I—N>/m|Vu7dx—(Tv//dedy

RN Br

a—N J(x+y) (x—vy)
— AN ) dx — drdy =1 3.35
/m T //’1__ ’N @ |$—y|2 T ay O0BRr ( )

RN Br
where

IaBR:/ [Vu-me]Vup)\m](az-y)da/ / W(m-y)da(m)dy

z‘_

O0BRr 7 RN OBgr Y

+ / (Vu-v)(Vm-2) + (Vm-v)(Vu - x) +m|Vu|""2(Vu - 2)(Vu - v) do.
OBRr
Now, we let R go to infinity in (3.35). We observe that (changing variables = and y)

m(z)m(y) (z+y) (x—y) _
// |x—y\N_0‘ \x—yP dx dy = 0.

RN RN

Moreover

lomal < B [ IVl (V] + 2 [Vul + Ny o+ [ R [ Mda(m) dy
BBR RN 8BR y
since by assumption |Vu| |[Vm|, m|Vu|?” and m € L*(RY), by Lemma 3.3.1, we get that
for some sequence R,, — +00
R, / (3|Vu| [Vm| 4 2m |Vu|” + |>\|m>d0 — 0, as n— +oo.

dBn,

2N
By means of the same argument, since m € L¥+a (RY) implies that

G(z) = /]RN Mdy € L'(RY)

(by Theorem 3.2.7), we get that there exists a sequence R,, — 400 such that
Rn/ G(z)dr — 0, as n— +oo,
8B,

which conclude the proof. O



80 3. Ergodic Mean-Field Games with aggregation of Choquard-type

We are now in position to prove nonexistence of classical solutions with prescribed
integrability and boundary conditions at oo.

Proof of Theorem 3.1.1. We argue by contradiction. Assume to have a triple (u, m, \) €

C*RYN) x Wl’%(RN) x R solution to (3.23) such that v — +o0 as |z| — +oo and it
holds
m|Vul’, |Vm||Vu| € L'(RY).

From Proposition 3.3.2 we have the following Pohozaev-type identity

N N
(2—N)/Vu.de1:+ (1_7> /m|Vu]"/d:n:)\NM+a—; /m(Ka*m)d:E.
RN N

(3.36)
Moreover, we obtain the following identities

/Vu dem——/m\Vu]'yd:c—/\M //|x— d dy (3.37)

RN RN

and
/ Vu-Vmdr = — / m|Vu|? dz. (3.38)
RN RN
Proof of (3.37). Multiplying the first equation in (3.23) by m and integrating over Bpr
we obtain

/Vu deac—/mVu vdo+— /m\Vu]Vdm—i-)\/mdx— // ]a;— ’N adydm

Br Br RN
(3.39)
By Holder’s inequality and using the fact that m|Vu|? € L'(RY), we have

1
/ |Vu|lmdz < </ |Vu|7mdx> T MY < 400,
RN RN

hence |Vu|m € L*(RY) and by Lemma 3.3.1, we get that for some sequence R, — 400

/ mVu-vdo — 0, as n— +oc.
dBr,

Equality (3.37) follows letting R — oo in (3.39).
Proof of (3.38). For any s > 0 let us define the set

X, = {z e RY |u(z) < s}

and the function
vs(z) ;== u(z) —s, VaeRY.

After a translation we may assume u(0) = 0. In this way, UssoXs = RV, every X,
is non-empty and bounded since u(xz) — +oo as |z| — +oo. Multiplying the second
equation in (3.23) by vs and integrating by parts, we get

/Vvs -Vmdr = — /m \Vu|"™2Vu - Vv d,
X Xs
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since Vug = Vu, we obtain (3.38) letting s — +o0.
Plugging (3.38) in (3.37) we get

<1_>/m|Vu\7d:v—/\M+//’ ‘N xd

RN RN
and hence
/m\Vqux— MM+~ // - d dy. (3.40)
RN RN
Using (3.38) in (3.36), we have

N N
(/ - 1> /m|Vu]“/d;U =ANM + a—; /m(Ka x m)dx
’Y RN N

and finally from (3.40) we obtain

N — 2+ —
At S / / 7m(x)m(g_/) dx dy =\ M.
2 gy Jry o —y| N

Recall that by Lemma 3.2.12, we have that A < 0 and by assumption N — 29" —a > 0,
so we get a contradiction. O

Remark 6. One could observe that the the previous proof (with slight changes) holds
also in the case when u — —o0 as |z| — 400, hence one may ask why we do not consider
this possibility. This is due to the fact that the property of ergodicity for the process is
strictly related to the existence of a Lyapunov function (refer to [110]). More in detail,
a sufficient condition to have an ergodic process is

Vu-x >0, forazlarge

(see also [68] and references therein). As a consequence, the case u — —oo as |z| — 400
is not relevant.

Remark 7. A Pohozaev identity similar to (3.24) can be obtained also in the case where
V does not vanishes identically (requiring in addition that mVV -2 € L'(RY) and
mV € L'(RY™)). Nevertheless, the nonexistence result of Theorem 3.1.1 can not be
extended to the MFG system (3.1) when V satisfies (3.2). This is due to the fact that
in this case we could not have that A <0 (refer to Lemma 3.2.12).

3.4 Existence of classical solutions to the MFG system

First of all we consider a regularised version of problem (3.1), namely

—Au+ %’VUW +A=V(z) — Ky xm* @i(z)
—Am — div (m(z)Vu(z) |Vu(z)[""2) =0 in RY (3.41)
f]RN m=M, m2>0

where (¢r)r is a sequence of standard symmetric mollifiers approximating the unit as
k — oo (i.e. a sequence of symmetric functions on RY such that ¢, € C5(RY),
supp ¢ C By/x(0), [@r = 1 and ¢}, > 0). For every k fixed, using the Schauder Fixed
Point Theorem, we will prove existence of (ug, mg, Ax) solution to (3.41), and then,
exploiting a priori uniform estimates on these solutions, we will show that we may pass
to the limit as k — 400 and get a solution of the MFG system (3.1).
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3.4.1 Solution of the regularized problem
We consider (3.41) with k fixed:

—Au+ %|Vu]7 +A=V(z) — Kqxmxp(zx)
—Am — div (m(z)Vu(z) [Vu(z)]72) =0 in RV, (3.42)
fRN m=M, m>0

We are going to construct solution to (3.42) by using the following version of the well-
known Schauder Fixed Point Theorem. Construction of solutions to MFG systems by
exploiting fixed point arguments is quite classical in the literature, see [9, 70, 102, 123].

Theorem 3.4.1 (Corollary 11.2 in |93]). Let A be a closed and convex set in a Banach
space X and let F be a continuous map from A into itself such that the image F(A) is
precompact. Then, F has a fized point.

Let &, C > 0 (which will be chosen later), M > 0 and p > %, we define the set

Acarc = {n € D@ N LR |l o, <& [ ndo =1,
RN

L N+« (RN

(3.43)
0> 0, /RN uV(z)de < C}.

Lemma 3.4.2. For any choice of {, M,C > 0, the set A¢ prc C LP(RN) is closed and
convex.

Proof. The set A¢ ar,c is convex since it is intersection of convex sets.
Let now (f1,,)n be a sequence in Ag pr ¢ which converges in LP to fi. Obviously i > 0

2N
and since p,, — fi in L¥+a (RY) by weak lower semicontinuity of the norm we have that

IR g vy < i i llnll gnr o) < &

From Fatou’s Lemma we get also that [py V() < liminf [ox p,V(z) < C. Note that
due to the fact that 0 < [py pnV(2) < C, and that V is coercive, see (3.2), u, are
uniformly integrable, since for every R >> 1, 0 < fleR pndr < % Jan V(@) pndr <

Clg,‘/ . Due to the fact that u,, — fi in LP, we have also that they have uniformly absolutely

continuous integrals, so we may apply the Vitali convergence theorem and obtain that
pn — B in LY(RY) and hence Jgn fidz = M. This proves that fi € A¢ a7, and hence
that Ag¢ ar,c is closed. O

We define the map F' : A¢ pro — C?(RY) x R which to every element p € Aemc
associates a solution (u, \) € C?(RY) x R to the HJB equation

1
—Au+ = |Vu[y + A=V (z) — Ko # px o(z), in RY (3.44)
Y

where ) is defined as in (3.19) (refer to [12]); and the map G which to the couple (u, \)
associates the function m which solves (weakly)

{Am —div (m(az)Vu(:v) \Vu(:p)h—?) =0 (3.45)

Jgvm=M, m=>0
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We look for a fixed point of the map F : y — m defined as the composition of F' and G,
namely F(u) := G(F(u)).

We are going to show that, once we have fixed M (in an appropriate range), it is
possible to choose appropriately £ and C'in such a way that the map F defined on A¢ s c
satisfies the assumptions of the Schauder Fixed Point Theorem 3.4.1. As we will see, the
regularization with ¢ in the system (3.42) is necessary in order to get precompactness of
the image of F. We start with some preliminary results.

Proposition 3.4.3. Let us consider p € A¢ o, (u,N) = F(u) and m = G(u,\) =
F(u). Then,

i) there exists a positive constant C depending on Cy,b,~y, N, \, || Ka * o * ¢||oo such
that

2

IVu(z)] < C(1 + |z])7. (3.46)

ii) the function u is unique up to addition of constants and there exists C' > 0 such
that

(@) > Clz|7 ' — ¢, (3.47)
ii1) it holds
~K1 <A< K> (3.48)

where K1 and Ko are positive constants depending respectively on || Kq * % oo
and on Cy,b,v,N.

w) the function m is unique, m € (WHINL*®)(RY), /m € WL2(RN), m € WHP(RY)
Vp > 1 and it holds

1 _ 1—1
IVmll o @y < Cllme [Vul ™| oy m 7 || oo @y - (3.49)
Moreover, the following integrability properties are verified

m|Vu|' € LY(RY), mV e LY(RY), |Vu||[Vm| e LYRY). (3.50)

Proof. i) Since pu* ¢ € LYRYN) N LP(RY) with p > %, by Theorem 3.2.8 and Theorem
3.2.9 we obtain K * (u * @) € CO(RN) for some 6 € (0,1) and || Ky * g * ¢[loo <
Cnapllt*ellrs + e *@llpr < Cnaplliellzs + M. Therefore we can apply Proposition
3.2.10, which gives us the following estimate

V()| < C(1+ [z))

where C' is a constant depending on Cy/, b, v, N, A, || Ko * (14 * ¢)||co- This proves (3.46).
ii) Since, by construction, u is a solution to (3.44) with A = X then by Proposition
3.2.11 i) it follows uniqueness up to additive constants and (3.47).
iii) The fact that A < K» is a direct consequence of Lemma 3.2.12. Furthermore, if
Z is a minimum point of u, evaluating (3.44) at  we have that

A2V (Z) = Ko px () > —[|Kao * p ¥ ¢lloc > =K1



84 3. Ergodic Mean-Field Games with aggregation of Choquard-type

since V(z) > 0 in RV,
iv) For r > 1, let us consider the function h(x) := u(x)", one can observe that

Vul?

—Ah+ |Vu|"2Vu - Vh = ru"? (—(r - 1)‘u — Au+ \VuW)

1 21
=yt (—Au + —|Vu|”" = (r—1) [Vl + I|Vu|7>
Y u g

- Vul? 1
:rur_l<—)\+V—Ka*,u*g0—(r—1)’ ul +/|Vu\7),
u gl
where in the last equality we used the fact that u solves (3.44). Denoting by

|Vul?2 1

H(z) = =M+ V(z) = Ko x px p(x) = (r = 1) =+ vl

from (3.48), (3.2) and the fact that K, * pu* ¢ € L™, we get

H@) 2 (= )va (o

taking R sufficiently large. Hence, for |z| > R

2—y
_ \VUJ ) + O 2l —C >1, for |z| >R

—Ah + |vu‘7_2v'u -Vh > C‘$|(%+l)(7‘—1) -0

this means that h is a Lyapunov function for the stochastic process with drift |Vu|?=2Vu,
and since m solves (3.45), it is the density of the invariant measure associated to this
process. So, from [150, Proposition 2.3] we get that

mla] GO ¢ L1RN)

and more in general, since the value of 7 > 1 can be chosen arbitrarily, we have that for
any g >0
m|z|? € LY(RY).

In particular m|z|® € L' (RY), so taking into account estimates (3.46) and (3.2) we obtain
that
m|Vu|’ € LYRY) and mV € L*(RY).

With the same argument (since |Vu[PO'~1) has polynomial growth) it follows that
m|VulPO™) e IP(RY), Vp>1
hence from [150, Corollary 3.2 and Theorem 3.5] we get that
m € WH(RN) N L°(RY).

Moreover, using the fact that m is a weak solution to the Kolmogorov equation and
Holder inequality, we obtain that for any ¢ € C§° (RM) we have

mA@dx
RN

1 _ _1
< [ mlVal 98 do < b (90 ' -

1
Since m»|Vu[Y~! € LP(RN) and m' 7 € L>=(RY), by Proposition 3.2.2 we get that

me WPRN), ¥p>1
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and estimate (3.49) holds. Finally, from [150, Theorem 3.1] we have that /m € W12(RY)

|[Vm|? . . . . .
and fRN -~ < +00, so using Holder inequality we obtain

< +00.

/ IVl [Vim| < || Vuly/m ||,
RN

2
Vi |

Since the function w is unique up to additive constants, Vu is fixed and hence, by
existence of a Lyapunov function, it follows immediately uniqueness of m solution to the
Kolmogorov equation. O

We show now that once we fix the mass M (in (0, +00) in the mass-subcritical case,
or below a certain threshold in the mass-supercritical and mass-critical regime), then we
may choose the constants £ and C in the definition (3.43) of the set A¢ p7c such that
the map F maps A¢ ar,c into itself.

Lemma 3.4.4. We have the following results:

i) if N —~" < a < N, then for any M > 0, there exist £,C > 0 such that F maps
Ae v,c into itself;

ii) if N—2v" < o < N—+/, then there exists a positive real value My = My(N, o, 7y, Cy, b)
such that if M € (0, My) there exist £, C > 0 such that F maps the set Ag¢ prc into
itself.

Proof. Let p € A¢arc, m = F(u) and (u,\) = F(u) as above. Since by Proposition
3.4.3 i) m € L®(RYN), by interpolation it follows that m € LP(RY). Multiplying (3.44)
by m and integrating over Br, we obtain

1 _
- mAudaz+/ m|Vu| dz + A mdx = V(x)md:c—/ m(Kqy*p*p)de
Br Y Br Br Br Br
and integrating by parts the first term
1 _
Vm - Vudr — mVU‘VdU-i-/ m|Vu|"dx + A mdx
Br OBrR Y JBg Br

(3.51)
= V(z)mdz — / m(Kq * px ) de.
Br Br

From the fact that [px m = M and m|Vu|? € L'(RY), by Holder inequality we get that
m|Vu| € L'(RY), hence by Lemma 3.3.1 for some sequence R,, — +oo we have that
faBR mVu-vdo — 0. Since m(Ky * p* @) € LY(RY) and (3.50) holds, letting R go to
+00 in (3.51) we obtain that

1 _
/Vu~de:L‘:—/m]Vu|7dx—)\M+/V(a:)mdx—/m(Ka*u*go)d:x. (3.52)
RN FYRN RN RN

Moreover, from the fact that m solves (weakly) the Kolmogorov equation in (3.45),
following the proof of identity (3.38), we have that

Vu-Vmdr = —/ m|Vu|"dx. (3.53)

RN RN

Putting together (3.52) and (3.53) we get that

1 -
// m|Vu|'dx —i—/ mV dx = AM +/ m(Kq * p* ) d. (3.54)
7 JRN RN RN
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From (3.54), using the fact that A < K (from (3.48)) and (3.15), we have

/ m|Vu|"dz < C1M + Co
RN ( (RN)
< Ci1M + Oy ||m\|LN+a( (RN)
<C1M + C’2§||m||LN+a &Y} (3.55)

where C; = Ci(v,Cy,b, N) and Cy = Co(ar, N, 7).
Choice of £. First of all we show that we may choose ¢ in such a way that if u € A¢ o

then HmHL%(RN) = [|F(n )”LN+ & (BN) <¢.

Let us fix a := ]\?—z/a Notice that a > 2if a > N -+, a=2ifa=N—+,a € (1,2) if
N—-2v<a<N-—v"and a=1 when o« = N — 2.
In the case when N — 4’ < a < N, using estimate (3.12), we get

[[mf|* on SCM‘H/ m|Vu|"dz (3.56)
LNFa (RN) RN

where C'is a constant depending on N, « and ~; whereas if N — 29 < a < N —~' using
estimate (3.13), we get

[m[|* on
LN+a (RN)

<CM* ! (/ m|Vu|'dz + M) (3.57)
RN
where C'is a constant depending on N, « and 7. From (3.55) and either (3.56) or (3.57)

we obtain that

a < C M(l
% an v =G ¥ /Yy

(3.58)

We define the function
ft) =t — CoM* ¢t — CLM®

and observe that (3.58) is equivalent to

7 (1m, o, ) <0
o (RY)

When a > 1, f(||m|| 2~ ) <0 is equivalent to ||m]]
L¥Fa (RY) L¥a (®Y)

unique zero of f. So, in order to conclude that ||m|| RM) < ¢ it is sufficient to choose

L¥a(
¢ such that f(&) >

Case N —~' < o < N. In this case since a > 2 and f(£) = &2 — CoM1¢2 — 1 M@
then for every fixed M > 0, there exists {ys such that f(§) >0 f or every £ > & and we
have done.

Case a« = N —~'. In this case a = 2, so arguing as before, and recalling that
(&) = €2 — CoME? — C1M?, we get that whenever M < C% := M there exists £y such
that f(&) > 0 for every & > &y

Case N —2y' < a < N —~'. In this case a € (1,2). Denote g(t) := t* — Co M2 1% —
C1M®. We aim to find & 81110h that g(¢) > 0. This is possible if and only if g(tymaez) > 0,

< tg, where t; is the

where t,,0; = <W]\}(1_1) *~* is the maximum point of g. Evaluating g in this point we

2—a —5% /AN 7=a a(l-a)
g(tmar):< . )02 S(5) T M — e,

get
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Since a € (1,2) we have that 25% > 0 and a(21_—aa) < 0, hence

g(tmax) > 0

provided that M is sufficiently small. We may choose { = 4, (or more generally £ in
the range of values ¢ such that g(t) > 0).
Case « = N — 24, Since a = 1, the function f reads f(t) =t — C2ét — C1 M and

. . 1
since f(HmHL]\?iva (RN)) < 0 we have, if { < &,
m] <
m P
LN2]+Va(RN) T 1-0%¢

We look for some condition on M under which we may choose £ such that 10_161216 <&

Observe that this is equivalent to Cot? —¢+C1M < 0. If M < m, then it is sufficient

to choose ¢ in the range [17\/1;?)?02]\4’ H\ﬂ;éflCQM} n (07 C%) :

Choice of C. Notice that in each of the previous cases, from (3.54), using (3.48), (3.15)

and the fact that ||m| o~ <&, we get
LN+a (RN)

mVdz < CiM + Che€2.
]RN

So it is sufficient to choose C' greater or equal to C; M + Cof?.
We can conclude that F maps the set A¢ ps ¢ into itself. O

We show now that the image of F is precompact, that is relatively compact. Here is
the main point in which the regularization with the mollifier ¢ comes into play.

Lemma 3.4.5. Let M and §,C as given by Lemma 3.4.4. Then the image F(A¢ m.c)
18 precompact.

Proof. Let us consider a sequence (my), C F(Ag m,c), in order to prove that F(Ag a.c)
is precompact in A¢ a7,c, we have to show that that (m,,), admits a subsequence converg-
ing in LP-norm to a point belonging to A¢ ar,c. There exists a sequence (n)n C Ag p,c

such that F(u,) = m,, for every n € N, considering also (un, An) = F(fn), we have that

for every n € N the triple (uy, my,, Ay) is such that

—Au, + %|Vun|“Y + A\, = V(z) — Kq * i, x p(x)
—Amy, — div(m, Vu,|Vu,|[772) = 0
fRNmn:M my > 0.

Note that by Young’s convolution inequality [|un * ¢llpamny < [lpnll L@y l@llLa@yy =
M|¢[|Lorry for every g. Therefore by Theorem 3.2.8 and Theorem 3.2.9 we get that
Ko % pin ¥ @ € L N C% for some § € (0,1) uniformly in n, and in particular ||K, *
tn * || reo(rNy < C, for some C independent of n. By Proposition 3.4.3 we have that u,,
are bounded from below, that m, € L> and that ), are equibounded in n, so applying
Theorem 3.2.13 (actually a simpler version, with W, (z) = V(z) — K4 * pin, * ¢ and
Gr,o = 0) we obtain that there exists a positive constant C' not depending on n such
that

Ml Lo mrvy < C, Vn e N. (3.59)
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Now we use Proposition 3.2.5 i7), since m,, € LI(RY) (where q is defined as in Proposition
3.2.5) and E,, < O1M + Co&? we get that

Hmnuwl,Z(RN) < C, Vi < q

where the constant C' does not depend on n. Hence, by Sobolev compact embeddings,
my, — m strongly in L*(K) for 1 < s < ¢* and for every K cC R¥. Moreover, using the
fact that [py m,V dz < C uniformly in n and (3.2) we get that for R > 1

C > m,V dz > / m,V dz > C’Rb/ my(x) dx
RN |z|>R |z|>R
that is
/ my(x)de — 0, as R — +o0.
lz|>R

Using also the uniform estimate (3.59), from the Vitali Convergence Theorem we obtain
that up to sub-sequences
mn, —m  in LYRY) (3.60)

and as a consequence [py Mm(z)dx = M. Finally, from (3.59) and (3.60), we deduce that
my, — 1 strongly in LP(RY). Since A¢ s ¢ is closed and by Lemma 3.4.4 we have that
F(A¢.m,c) C Aem,c, we may conclude that m € A¢ ac. O

Finally we show that F is continuous.
Lemma 3.4.6. Let &, M and C as given by Lemma 3.4.4. Then, the map F is contin-

uous.

Proof. Let (un)n be a sequence in A¢ s ¢ such that p, — i € Ag o strongly in LP(RY).
In order to prove that the map F is continuous, we have to show that F(u,) — F(f)
with respect to the LP-norm, that is m, — m strongly in LP(RY).

We consider the sequence made by the couples (un, A,) € C2(RY) x R, where (un, \p) =
F(un) Vn € N, as previously defined. As observed in Lemma 3.4.5, K, * i, % is uniformly
bounded in L>®. So by Proposition 3.4.3 we have that \,, are uniformly bounded, that

|Vun(x)] < C(1+ |x]%) uniformly in n
and then consequently
|Au,| < O+ |z]%) uniformly in n. (3.61)

Up to extracting a subsequence we assume that A, — A1), Since u, is a classical

solution to the HJB equation, by classical elliptic regularity estimates applied to v, (z) :=

Un () — u,(0) (refer e.g to [93, Theorem 8.32]) for any 6 € (0,1] and K CC RY we get
an”cllo’g(K) <C uniformly in n

(notice that the previous estimate holds for § = 1 thanks to (3.61)). By Arzela-Ascoli
Theorem, up to extracting a subsequence, we get that

vy — uM locally uniformly in C'?

and hence
Vu, — Vull) locally uniformly in C%.
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Since |[(pn — ) * ¢l Ls@ny < 2M |||l sy, by Theorem 3.2.9 we get that
| Ko * % tin|| co.a-ns < C, uniformly in n
and from Theorem 3.2.8
[ Ko * % pn — Ko * 0% fif| oo mrvy < ONaplliin — fill La@ny + ltn — Bl pr ey
Since jt, — ji in LY(RYN) N LP(RY), then up to subsequences
Ko x %y — Ko xp* i locally uniformly.

By stability with respect to locally uniform convergence, we get that (u(l),)\(l)) is a
solution (in the viscosity sense) to the HJB equation

1
~Au+ Z|Vu]' + A =V(z) — Ko+ ¢ fi(z), onRY,
Y

Let (@, \) = F(fi), we want to show that A = A1), Assume by contradiction that
A # AU without loss of generality we can assume that A1) < X — 2¢ for a certain
e > 0. Then, for n sufficiently large X\, < A — ¢ and, possibly enlarging n, we have also
| Ko % @ * i, — Ko * @ % [i]|oo < . One can observe that

1 -
—Ai+ =|Va|" + A —e—V(z) + Ko * 0 * pp(z) <0,
~
i.e. 4 is a subsolution to the equation
1 -
—Au+ = |Vu]? + X —e =V (2) — Ky * ¢ * ().
Y

Since by definition (see [44, Theorem 2.7 (i)])

|Vul|7 s 2 mN
Api=sup<AeR —Au+T+)\:V—Ka*,un*g0 has a subsolution in C*(R™)

it must be A, > X — ¢, which yields a contradiction. Therefore A= AD, By Proposition
3.4.3 ii), @ is unique up to addition of constants, namely there exists ¢ € R such that
@ =uW + ¢, it follows that Vi = VuM). Once we have the sequence of function u,, we
construct the sequence (my), C F(A¢ nm,c) such that for every n € N fixed, it holds

—Amy, — div(my, Vg, |[Vu,|772) =0
f]RN mp = M7 mp > 0

From Lemma 3.4.5, up to extracting a subsequence
myp — m) in LP(RY)

where m1) € Ag prco. Since Vu,|Vu,|7"2 — Vi|Va|7~? locally uniformly in RY, we
get that m™) is a weak solution to

—Am — div(mVa|Va["™?) =0

that has m = F(fi) as unique solution. This proves that m, — m in LP(R"V). O
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We are ready to prove the following result on existence of solutions to the regularised
MFG system (3.42).

Theorem 3.4.7. We get the following results:

i. if N—+' < a < N then, for every M > 0 the MFG system (3.42) admits a classical
solution;

ii. if N—29" < a < N—+/ then, there exists a positive real value My = My(N, o, 7y, Cy, b)
such that if M € (0, My) the MFG system (3.42) admits a classical solution.

Proof. From Lemma 3.4.2, Lemma 3.4.4, Lemma 3.4.5 and Lemma 3.4.6 assumptions
of Theorem 3.4.1 are verified, hence the map F has a fixed point m,. The fixed point
m., together with the couple (uy, A,) = F(my) obtained solving the Hamilton-Jacobi-
Bellman equation with Riesz potential term equal to K, * m * ¢, is a solution to the

MFG system (3.42). O

3.4.2 Limiting procedure

Let (¢r)r be a sequence of standard symmetric mollifiers approximating the unit as
k — 4o00. For every k € N (under the additional assumption that the constrained mass
M is sufficiently small in the case when N —2+" < e < N —+') from Theorem 3.4.7 we can
construct a classical solution (ug,mg, A\x) to the corresponding regularised MFG system
(3.41). Our aim now is passing to the limit as & — 400 and prove that (uz,my, \i)
converges to a solution of the MFG system (3.1).

We need some preliminary apriori estimates.

Lemma 3.4.8. Let a € (N — 27/, N) and (ug, my, \x) be a solution to the regularized
MFG system (3.41) as constructed in Theorem 3.4.7. Then, there exist Cy, Cy, Cs positive
constants independent of k such that

M| oo vy < Ch,

Ak| < Cy
and

Vg < Cs(1 + |2]7) |Aug| < C3(1 + |z]). (3.62)

Proof. Note that if m € L"(RY) N L¥(RY) for any r € (%,+oo] and s € [1, %), by
Theorem 3.2.8 we have that

[ Ko * @r * M| poomny < ON,ams(llor * ml pr@yy + o * mllpswny)

< Cil|m| prmay + Collml s @)

So, since my € LY(RN) N L®(RY) with ||mg|| 2v < €, ug are bounded from below and
N+«
satisfy (3.4), we may apply Theorem 3.2.13 with Wy, =V, Gj o[m| = K, * ¢ * m and

_ 2N N : 00
9= Nta > oty and conclude the uniform L°° bounds on my.

Now, by Proposition 3.4.3, we get that \; are equibounded in k and that
b
V(@) < C+[x])  [Aug]| < C(1+ [2]")

where C' is independent of k. O
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Proof of Theorem 8.1.2. Since for any k € N, uy, is a classical solution to the HJB equa-
tion 1
—Au+ = |Vul|" + A\, = V(x) — Kq * pp * my,
v

by Lemma 3.4.8 and elliptic estimates (refer to [93, Theorem 8.32]) applied to vg(z) :=
ug(x) — ug(0), we obtain that for every K cC RY and 6 € (0,1]

HkaCll(;z(K) <C uniformly with respect to k
hence up to extracting a subsequence
v — U locally uniformly in C' on compact sets.
Similarly, since my, weak solution to —Am — div(m|Vug|""2Vug) = 0, for every ¢ €

C§°(K) it holds

< IVl L1 ey lm | Ve ™ | oo (1)

‘ / mpAp dx
K

Using the uniform L estimates on mj and the estimates (3.62), by Proposition 3.2.2
and Sobolev embedding, we get that for every 5 € (0,1)

[mellcosxy < C uniformly with respect to k
so up to extracting a subsequence
mg — m locally uniformly.

Since the values of \;, are equibounded with respect to k, we have that A\, — A up to a
subsequence.Again recalling that [ V(z)my < C uniformly in k, we conclude by Vitali
Convergence Theorem that my, — m in L*(RY) and hence Jg~ ™ = M. From the strong
convergence in L'(RY) and the uniform L estimates, we obtain also that

my — m  in LP(RY)
for every p € [1,+00). We finally have that
K, * o xmy — Ky xm  locally uniformly.

We can pass to the limit and obtain that (i,m,)) is a solution to the MFG system
(3.1). O
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Chapter 4

Concentration for Ergodic
Choquard Mean-Field Games

4.1 Introduction to the problem and main results

In the present chapter, we keep on the study, initiated in Chapter 3, of stationary
Mean-Field Games systems defined in the whole space RV with aggregating nonlocal
coupling of Riesz-type. In particular, given M > 0, we consider systems of the form

—Au+ %\Vu!“f + A= —K4xm(x)
—Am — div(mVu|Vu['=2) =0 in RY (4.1)
fRN m=M, m>0
where v > 1 is fixed and K, : R — R is the Riesz potential of order a € (0, N).
Focusing on the mass-subcritical regime N —~ < a < N (where 7/ = % is the
conjugate exponent of ), we provide existence of classical solutions to the MFG system
(4.1). Notice that by classical solution we mean a triple (u, m, \) € C2(RY)x WhP(RN) x

R for every p € (1,+00), solving the system. More precisely, we obtain the following
existence result.

Theorem 4.1.1. Let N —+' < o < N. Then, for every M > 0 there exists (u,m,\)
classical solution to the MFG system (4.1). Moreover, there exist Cy,Co,C3 and Cy
positive constants such that

u(z) > Cylz| — C L, V| < Oy

and
0 < m(x) < Cze~Clel,

Remark 8. Solutions to the MFG system (4.1) are invariant by translation, namely if
(a(x),m(z),A) is a classical solution to (4.1) then for every zo € RY and ¢ € R, also
(@(x + z0) + ¢, m(z + x0), A) is a classical solution to (4.1). Therefore, the constants Cy
and Cj appearing in the previous theorem, depend on the choice of the solution.

Theorem 4.1.1 partially completes the study of existence of solutions to the potential-
free MFG system (4.1) started in Chapter 3. In particular, in Theorem 3.1.1, using a
!/«

Pohozaev-type identity, one proves that if 0 < a < N — 29/, “regular” solutions to
the MFG system (4.1) (namely satisfying some quite natural integrability conditions

93
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and boundary conditions at infinity) do not exist. It remains still open the problem of
existence of solutions to (4.1) when a € [N — 24/, N —+/].

On the other hand, the main result in Chapter 3 deals with the study of MFG systems
with Riesz-type coupling and external confining potential V. More in detail, exploiting
a Schauder fixed point argument, one proves that the MFG system admits a classical
solution for every total mass M > 0 if « € (N —+', N), and for sufficiently small masses
M < My if a € (N —2+', N —+] (see Theorem 3.1.2 for more details). Notice that, using
a fixed point approach, the presence of the coercive potential V' adds compactness to the
problem and proves to be essential to conclude, so the existence result in this chapter
does not cover the case when the potential V' is identically 0. In order to deal with the
potential-free system we take advantage a variational argument. This approach allows
us to obtain some uniform (namely not depending on the viscosity parameter) estimates
on the solutions, which will be crucial in the vanishing viscosity setting and which can
not be obtained by means of a fixed point technique.

Remark 9. From Theorem 4.1.1 we obtain a more general result for the range of values
a such that the normalized Choquard equation (II.6) with V' = 0 has a solution, but we
left open the problem of symmetry of solutions.

Finally, if the coupling is given by K, *m, dissipating forces dominate and we expect
nonexistence of solutions in the noncompact setting RY; while if we consider a bounded
domain with periodic or Neumann boundary conditions a similar approach to the case
of power-like coupling should work (see e.g. [70, 98]).

In order to study system (4.1), we consider an ergodic MFG system defined in the
whole space RY with an external confining potential V and Brownian noise which depends
on € > 0. Specifically, we take into account systems of the form

—eAu+ %]Vu\” +A=V(x) — Ky *m(z)
—eAm — div(mVu|Vu|'~2) = 0 in RY (4.2)
f]RN m=M, m2>0

where we assume that the potential V is locally Holder continuous and there exist two
positive constants b and Cy such that

CyH(max{|z| — Cv,0})" < V(z) < Cy(1 + |z|)?, Vo e RY. (4.3)

Studying the asymptotic behavior of rescaled solutions to the MFG system (4.2) in the
vanishing viscosity limit, we are able to prove existence of classical solutions to the MFG
system (4.1) (without the potential term V). As a matter of fact, letting ¢ — 0, the
dynamic of each player is no subject anymore to the dissipation effect induced by the
Brownian motion, so we expect aggregation of players. In particular, in the vanishing
viscosity limit the mass m tends to concentrate, the introduction of the coercive potential
V', which represents spatial preferences of agents, rules out this possibility and leads to
concentration of mass around minima of the potential V.

Let us summarize the main tools to prove our results. As above mentioned, taking
into account the variational nature of the MFG system, solutions to (4.2) are related
to critical points of the energy functional £ (as defined in (I1.7)) over the constrained
set K.y (see (I1.8)). Using some regularity results for the Kolmogorov equation (refer
to Proposition 3.2.4), the Hardy-Littlewood-Sobolev inequality and the fact that V is
non-negative, we show that the energy £ is bounded from below when N —+ < a < N.
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By classical direct methods and compactness arguments, we obtain minimizers (m., w;)
of £. Finally, passing to another functional with linearized Riesz-term and using convex
duality arguments (see for instance [33, 35, 36, 44, 45]), we are able to construct the
associated solutions (ug, me, Ac) of the MFG system (4.2). Then, in order to investigate
the behavior of the system in the vanishing viscosity limit, we define a suitable rescaling
of us, me and A.. We also translate the reference system by y., where y. is a point of
minimum for the value function u., in such a way around . the mass remains positive and
we can rule out vanishing of the total mass in the limit. We obtain a triple (m, @, 5\5)
which solves the following MFG system

- (N—a)y !
*Aﬂe + %|vas|7 + >\s = 5W,_N+’Ya Vv <5W/:;v+a (y + ys)) - Ka * ms(y)
—Am, — div(m: V| Vie[772) = 0
fRN me = M

(see Subsection 4.4.1 for more details). Exploiting a concentration-compactness argument
(refer to the seminal work of P.-L. Lions [136]) as done in [44], we are able to prove that
there is no loss of mass when passing to the limit as € — 0. We show that in the vanishing
viscosity limit, the rescaled solutions converge (up to sub-sequences) to (u,m, \) classical
solution to the MFG system (4.1). Moreover, solutions to (4.1) are related to minimum
points of the following energy

Eo(m, w) = /RNmL (—%) daz—;/RN/RN Wd:rdy

over the constrained set
B .= {<m,w) € K1 ‘ m(1+ |zl) € Ll(RN)}.

We obtain the following theorem, which states existence of solutions to (4.2) and con-
centration of mass.

Theorem 4.1.2. Let N — v < a < N. Assume that the potential V is locally Hélder
continuous and satisfies (4.3). Then, for every e, M > 0 there exists (uz, me, Ae) classical
solution to (4.2), such that (me, —m:Vue|Vue|Y~2) is a minimum of the energy .

7y

Moreover, there exists a sequence € — 0 and a sequence of points r. = €' —N+tay,
around which there is concentration of mass, namely for everyn > 0 there exist R,eg > 0
such that

/ / me(z)de > M —n
B(ze,e?'—N+aR)
for all e < egg and
T —x, ase—0

where T is a minimum point of the potential V' and V (z) = 0.

Finally, if 0 < a < N —~/ the energy £ is not bounded from below, so global minima
do not exist. Despite this, since in the mass-supercritical and HLS-subcritical regime
N — 2y < a < N —+/, we still get some a priori estimates for the LNLXQ(RN )-norm
of m (see (3.13)), we can look for critical points, that are no global minimizers (called
bound states in the NLS literature). Hence, assuming for sake of simplicity € = 1 (same
results hold for ¢ > 0 fixed), we study the previous minimization problem requiring a
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smallness constraint on the L¥+a (R™)-norm of m. More in detail, we minimize £ over
the constraint set

’Cl,M@ = {(m,w) € Kim ’ ||m||LJ\?i\[a ) < 5} ,

where ¢ is the value obtained from Lemma 3.4.4. Taking advantage of some results
obtained in Chapter 3 and adapting the previous minimization procedure, we prove that
if the total mass M is sufficiently small, local free minimizers of £ exist. This procedure
allows us to construct classical solutions to the MFG system (4.2), which a priori are not
the same as those obtained in Chapter 3 by using a fixed point argument. More precisely,
we get the following result.

Theorem 4.1.3. Let N —2v < a < N —~' and e = 1. Assume that the potential
V' is locally Holder continuous and satisfies (4.3). Then, there exists a positive real
value My = My(N, ar, 7y, Cy,b) such that if M € (0, My) the MFG system (4.2) admits
a classical solution (G, m,\). Moreover, m is bounded in L°(RYN) and the function @
satisfies for some constant C' > 0 the following estimates

a(z) > Clz|t — 1

V()] < C(L+[a]").

Unfortunately, due to the absence of adequate estimates for the value A in this regime,
we are unable to obtain the corresponding outcome of Theorem 4.1.1 when the potential
is identically zero.

The outline of this chapter is the following. In Section 4.2 we provide some prelim-
inary results. In particular, we provide some integrability, Holder continuity and com-
pactness results for the Riesz-potential term when considering couples (m,w) € K.
with finite kinetic energy E. We state also a more general version of Theorem 3.2.13 for
a € (N—+', N), which gives uniform L* bounds on m. In Section 4.3, using a variational
approach, we prove that minimizers of the energy do exist, and from them, we obtain as-
sociated solutions to the MFG system. We are in the position to analyze the asymptotic
behavior of solutions in the vanishing viscosity limit, in particular, in Section 4.4 we prove
existence of groundstates to MFG system defined in the whole space RY with Riesz-type
coupling and without the confining potential V. Finally, in Section 4.5, we show concen-
tration of the mass towards minima of V. We conclude this Chapter with the study of
the energy associated to the MFG system (4.2) when a € (N —24/, N —+/] in Section 4.6.

In what follows, C, Cy, Ca, K1, ... denote generic positive constants which may change
from line to line and also within the same line.

4.2 Preliminaries

We state here some preliminary results for couples (m,w) € IC; pr with finite kinetic
energy E. For further details we refer the reader to [19, 20, 44]. In what follows we
always assume that e, M > 0 are fixed.

First of all, we have the following compactness result.
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Proposition 4.2.1. Let us consider a sequence of couples (my,wy) € Ko such that
E,, < C uniformly in n. Assume also that there exists a couple (m,w) € K. ar such that
E < 400 and m, — m in LY(RY) as n — +oo. Then

N

(the previous holds Vs € [1,400) if v/ > N).

Proof. If ¥/ < N, from Proposition 3.2.5 we have that m,,m € L3(RV) Vg < N]X’Y/ and
|l ps@yy < C(E+M). Let us pick 1 < s < N%v’ and s € (s, N%w’)’ by interpolation
we get there exists 6 € (0,1) (depending on s and s;) such that

1-6

_ _ 0 _
| — mnHLS(RN) < [jm — mnHLl(RN) [m — mnHle(RN)-

We observe that
[ = mall g @yy < llmllzs + [[mnllps < C(E+ M) + C(E, + M) < Ch.

Hence [|m — my || s (myvy is bounded, since |[m — my|| 1@~y — 0 we can conclude. The
same argument holds in the case when 7/ > N. O

We are able to prove more precise integrability results for the Riesz term K, *m and
also a compactness result.

Corollary 4.2.2. Assume that (m,w) € K. pr and E < +00.
i) If v/ > N, then

N
K, LARN .
xm € LP(R™Y), Vﬁe(N_a,—l-oo)

ii) In the case v/ < N, if N —4' < a < N, then

N
K, LARN :
xm € L°(RY), VBG(N_Q,+OO>,

whereas if 0 < a < N —+/', then

N N
K, LA(RN .
xm € LP(R™), Vﬁe(Noz’Nv’a)

Moreover, there exists a constant C' depending on N, «, v and 8 such that
||Ka % m”Lﬁ(RN) S C(E + M)

Proof. Case v’ > N. From Proposition 3.2.5 i) we have in particular that m € L°(RY)
VB e (1, %), hence by Theorem 3.2.6 it follows claim ¢). Case v’ < N. From Proposition

3.2.5 i) it holds that m € LP(RY) VB < N%v’ In the case when N —+' < a < N, we
have that m € L#(RY) V3 € (1, &) and we can conclude as before. Whereas in the case
when 0 < a < N —+/, m € LA(RN) VB € (1, N%y,), by Theorem 3.2.6 we can conclude
the proof of claim 7). O

Corollary 4.2.3. Under the assumptions of Proposition 4.2.1, we have the following:
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i) if ¥ < N and o > N — 29/, it holds

(Ko * mp)my, P (Ko xm)m, in LY(RY);

ii) if ' > N, then for every a € (0, N)

(Ko % mp)my, —— (Ko xm)m, in LYRY).

n——+00
Proof. Let us consider 7 := % and (7) its conjugate exponent, namely (F) =
M_Nij\};w. If v/ < N, from Proposition 4.2.1, we observe that in order to have m,, — m

in (L"NLM"Y(RN) for a certain r € (1, %), it is sufficient to require that (7)" < N%v”
that is

<r<
o+ N =+

and hence
a>N—29.

In particular m,, — m in L"(RY), so from Theorem 3.2.6 it follows that
Ky *m, — Ko xm, in LT(RY)
and since m,, — m in L' (RN)
(Ko % mp)my, — (Ko *m)m, in LY(RY).
The case v/ > N is analogous. O

Taking advantage of the integrability results in Proposition 3.2.5, we are able to prove
Hélder continuity of the term K, *m, for couples (m,w) € IC; pr with finite kinetic energy
E.

Corollary 4.2.4. Assume that (m,w) € Ko pr and E < +00.
i) If v/ > N, then

Koxm e C*RY), V6 e (0,min{1,a}).

i) If ¥ < N and « > N —~/, then

Ko xm € C*RY), Vo€ (0,min{l,a — (N —~)}).

Proof. The thesis follows from Theorem 3.2.9 and Proposition 3.2.5. O

We recall here a Brezis-Lieb-type lemma for the Riesz potential (refer to [31, Theorem
1| for the classical Brezis-Lieb Lemma). It will be a key tool in Section 4.4.

Lemma 4.2.5 (Lemma 2.4 in [152]). Let 0 < a < N, p € [1, %) and (fn)nen be a

2N
bounded sequence in LJ\T:;(RN), If f, — f almost everywhere in RN as n — +oo, then

lim (Ka*!fn|p)|fn!p—/ (Ka*!fn—f|p)|fn—f|p=/ (Ko * | fIP)LfIP.
RN RN RN

n—o0
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4.2.1 Uniform L*°-bounds on m in the mass-subcritical regime

Finally, we state a simplified version of Theorem 3.2.13, indeed in the mass-subcritical
regime N — ' < a < N, uniform a priori L>-bounds on m hold under more general
assumptions.

Theorem 4.2.6. Let o € (N —+', N) and (s)g, (tx)x be bounded positive real sequences.
We consider a sequence of classical solutions (ug, my, M) to the following MFG system

—Au+ %]VUW + A = s V(tkx) — Ko * m(x)
—Am — div (mVu|Vu[772) =0

in RY,

where the potential V' satisfies assumption (4.3) with constant Cy,b independent of k.
We assume that for every k, my € LOO(RN) and uy are bounded from below. Then, there
exists a positive constant C' not depending on k such that

Imellpeemry < €, VE €N

Proof. We follow the argument of the proof of Theorem 3.2.13 (refer to [20, Theorem
2.12] and see also [44, Theorem 4.1]), but since we are in the mass-subcritical regime,
some assumptions we require in the previous one can be weakened.

We assume by contradiction that

supmg = L — +00
RN
and we define X
L, if 4/ <N
(5]{; = ]ii 7 -
L, it >N
We rescale (uy, mg, \i) as follows:
2—y

vg(x) = 5,;’juk(5kx) +1, ng(x) = L,;lmk(ékx), S\k = 5ZI>\k.

In this way 0 < ng(z) < 1, supng, = 1 and [pn ng(z)de = 6fM — 0 since a =
at+y —-N>0ifyY <Nanda=+"—N>0if 4 > N. Moreover, since up to addition
of constants we may assume inf uy () = 0, we have vi(z) > 1 for all x € RV, We get
that (vg, ng, S\k) is a solution to

{—Avk+i|Vvk|7+5\k = Vi(z) — Ko * ng(x) (4.4)

—Any, — div(ngVop|Vog|772) =0

where

Vi(x) == 67 s,V (tr0y).
Notice that from (4.3), denoting by oy, = 5z/+bsktz we have
87 5,C  (max{txd|z] — Cy,0})° < Vi(x) < Oy (1 + oglal?), Vo e RN
and by Theorem 3.2.8 we get that

| Ko * ni(2)| < Cnallnglloo + [Inx]i < C+ 63 M < 2C, uniformly in k.
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Moreover, by computing the HJB equation of (4.4) in a minimum point of vy we have
that }
A > — K, % nk(:i‘) > -C

while with the same computations as in Lemma 3.2.12 (|20, Lemma 2.11|) we obtain that
A < C where C depends on v,Cy, b, N, this gives —C' < e < 5;/0 hence |/~\k| <C
uniformly.

We can conclude following the proof of [44, Theorem 4.1|. More in detail, if zj, is an
approximated maximum point of ny, (that is ng(z) = 1 —d), then either og|zy|® — 400
up to subsequences or o|z|? < C for some C' > 0. We suppose that the second possibility
occurs, using a priori gradient estimates on vg, we get that ny is uniformly (in k) Holder
continuous in the ball By (zy), which contradicts the fact that ni > 0 and ||ng||,1 — 0.
Then oy |zy|® — +o0, in this case we may construct a Lyapunov function for the system
and hence some integral estimates on ny, this allows us to obtain a uniform (in k) Holder
bound for ng, which yields an absurd. This proves that Ly — +oco is not possible. ]

4.3 Existence of ground states for ¢ > 0

In this section, we provide existence of classical solutions to the MFG system (4.2)
using a minimization procedure. Notice that, even if this result partially covers the
existence result obtained in Chapter 3, the variational approach proves to be essential to
obtain some suitable estimates that will be necessary in the vanishing viscosity setting
and hence to prove concentration phenomena as € — 0.

If 4/ < N, condition

N-+4 < a<N (4.5)

is necessary for the problem

min  E(m,w)
(m,w)eIC&M

to be well-posed. Indeed, let us consider m = ce~*! such that Jgny m(z)dz = M and
w = eVm, in this way (m,w) € K. y. For o > 0 define

 m(o ') w(o )
mg(m) = T and U}a—(.’I,') = W,
we get that (mq,ws) € Ky and
1 o , v —N+a
E(Me,ws) = — / PO 4 0" VmdX — U/ m(X)(Kq*m)(X)dX | .
o7 | Jgy Y M 2 RN

From (4.3) we have that [,y %\%W, +0"VmdX <C,s0if « < N -+ and ¢ — 0 the
Riesz term in the energy dominates and

E(mg,wy) = —00, as o — 0.

Actually, condition (4.5) is also sufficient, in fact we prove that if N — ' < o < N the
energy £ is bounded from below; and in the case when o = N — 4/, requiring in addi-
tion that the constraint mass M is sufficiently small, the energy £ is non-negative (see
Section 4.6.1). Hence, the minimum problem is well defined and by means of classical
direct methods we are able to obtain minimizers. Notice that in the case when ' > N,
the above condition (4.5) reduces to 0 < ao < N.
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In what follows we address the case N — 7' < a < N. Without loss of generality, we
may assume ¢ € (0, 1] fixed. Let us define
ee(M):= inf E(m,w).
(m,w)ee m
Lemma 4.3.1. Assume that N —~' < o < N and let (m,w) € Ko p. Then, there
exist C1 = C1(N,v,a, M), Co = Co(N,v,a, M) and K = K(M,Cy,b, N, ) positive
constants such that

_ Y (N-a) 7 (N=a)

—Cre VNta <e (M) < —Coe "Nta + K. (4.6)

Proof. Let us fix 8 := J\%—fa, since 1 < 8 <1+ 'YN/ by (3.12), (3.15) and the fact that
V >0, we get

, 2
E(m,w) 2 1" [ml vy — c2llml s (4.7)

where c; is a constant depending on N, a,y, M and cs is a constant which depends on
N and a. Minimizing the RHS of (4.7), we obtain that

- 2 9 AN
1€ HmHLB(RN) - CQHmHLﬁ(RN) > (03 — C4)€ 7' =N+a

hence, there exists a constant C; > 0 depending on N, ~y, a, M such that

Y (N-a)

E(m,w) > —Cie V—Nta,

In order to prove the estimate from above it is enough to show that for a suitable couple
(m,w) € K. p it holds
RO )
E(, D) < —Coe™ 7—Nto + K.
Let us consider a smooth function ¢ : [0,+00) — R defined as ¢(r) = e~". We define
m(x) == MmN 1p(r|z|)

w(x) :=eVm(x)

where 7 is a positive constant to be fixed and 1'1_1 = fRN e*|y‘dy, obviously (m,w) €
Ke v We get that
~ ’Y/
w o
/ m|—| drv=Me" 77,
RN m

1
V(a:)rhdx S MCV + MCVIII27
RN T

m(x)m —a
/ / TUEVINY) 31 gy = MEI Ly
rY JrN |7 =yl

where Ip := [pn [ylP@(lyl)dy and I3 == [pn [on eleDellvD) g: dy. Now, coming back to

lz—y[N =

and

the energy, we obtain

, 1 1
E(m,w) < M(eT)” + MCy + MCy I I — — §M2112I3 N-a
T

’

I S
finally taking 7 = %5 V' —N+a we get
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M M?IZI /(N —a) 1 V(N—a)
5<T7L,1I))< <A'y _ ANlj) ’Y, —N+a +MCV+MCVIlIQ b< CQ@ 'ny+a _|_K

choosing A large enough. O

In particular, from Lemma 4.3.1, it follows that for N —+' < a < N, e.(M) is finite. We
have also the following a priori bounds.

Proposition 4.3.2. Let (m,w) € K.y such that ec(M) > E(m,w) —n for some positive
n. Then

9 A (N-a)
[m|” o < Ceg +-Nta (4.8)
LN+a (RN)
o4 A (N=—a)
/ m|—| dex<Ce +V—Nta + K (4.9)
RN m
and
Y (N-a)
/ V(z)mdr < Ce +-N+a + K (4.10)
RN
where C' and K are positive constants depending on M, N, «,Cy, b,y and 7.
Proof. Let us denote (3 := N+a, if (m,w) € Koy and e.(M) > E(m,w) — n for some

n > 0, we have

1 r
etz e 402 Eomu) > 5 [ m| 2 ae-g [ ] 2O g,
v JrN 2 Jrv Jry |z —ylN

2y

> C1e” M | G, — Collmils gy (4.11)

where in the first inequality, we used that by Lemma 4.3.1 there exists a positive constant
¢ depending on M, Cy,b,v, N,« such that e.(M) < ¢, while in the last inequality we
exploit estimates (3.12) and (3.15). Since N%a > 1, choosing C sufficiently large (not
depending on ¢) we have

/

;o2 _Y(N-a) N—o _ (e
Ci1e" M " N-a | g ¥-N+a( —Cyle VN+a(C ) >c+n,

hence we must have
9 7 (N—a)
[m]|” an <e VNl
LN+a (RN)

From (4.11) we get that

! 1
’yd:CSC—i-T}—I-/ / Mdmdy
m 2 Jpv Jry |z —y[N o

Y (N—a)

<ctn+Cml* o <Ce VNre £ K
LN+a (RN)

1
? m

which proves (4.9). Finally, since

/m’w dw+/V ymdz = E(m,w) // ,
RN RN|55— |NO‘
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using (3.15) and (4.8), we obtain

Nta (RVY)

1 /
/ V(a:)mdalcg,/m’w’7 d:v+/V(:U)mda:SS(m,w)+C||m||2 N
RN Y m L
RN RN

7 (N—a)

<e(M)+n+Ce 7Nta (4.12)
which gives estimate (4.10). O

By means of classical direct methods, we prove that for every e, M > 0 there exists
a minimizer (mg,we) € K¢ pr of the energy £.

Proposition 4.3.3. For every ¢ > 0 and M > 0, there exists a minimizer (mg,we) €
Kenr of the energy £, namely

E(me,we) = inf E(m,w).
( ) (m,w)eICEM ( )

For every minimizer (mg, we) of £, we have that

A (N-a)
[mel| an < Ce 7Nt (4.13)
LN+a (RN)

| A (N—a)

/ me|—| do < Ce V—Nto + K (4.14)
RN me
and

A L))

/ V(z)medx < Ce V-N+te + K, (4.15)
RN

where C' > 0 and K are two constants not depending on €. Moreover, it holds
b
me(1+|z) e L*RY)  and  w.(1+ |z|)> € LY(RY). (4.16)

Proof. Let us consider a minimizing sequence (my,wy,) € K¢y, namely &€(my,,w,) —
e:(M) as n — +oo. For n sufficiently large e-(M) > E(my,w,) — 1, so estimates (4.8),
(4.9) and (4.10) hold. By Proposition 3.2.5, using (4.9), we get that

[mnllwrr@yy <C, 0 Vr<g

where C' does not depend on n, hence by Sobolev compact embedding, up to subsequences
my — me in L5(K) for 1 < s < ¢* := Jg,—]jq and K cC RY. We observe that if A ¢ RV
it holds

mn(z)de = [ mu(z)xa(@)de < ||mnl| v [[xall 2v ;
A RN N+ao N—«a

hence using (4.8) we get that for every p > 0 there exists §, > 0 such that

[imrin<,

for every n and for any A C RY such that meas(A) < d,. Using estimate (4.10) and
(4.3) we obtain that for R > 1

C > my,V dx > myV dx > CR? my(x) dx
RN B, B,
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namely, for every n > 0 there exists R > 1 such that f\x|>R mp(z)dz < n for any n

(more precisely, for every n greater than a certain value ng). Thus, using the Vitali
Convergence Theorem, up to extracting a subsequence, we have that

mp — me in LYRY)

and consequently

me(x) dx = M.
RN

Moreover, since by Sobolev embedding, m,, are bounded in L*(RY) for every s € [1, ¢*),

2N
we have also that m,, — m in L¥+a (RY). If we assume 3 = ]\%—fa, by Holder inequality
we get also

'7,7[3 1 , , ,y/f31+5 5/(7’_1)
/}RN |wp| =148 dr < (/RN my, " wy|” dx) HmnHzﬂi(]E;\’ﬁ)
hence using (4.8) and (4.9)
. +'8 N
wy, — we in L1468 (R™Y).

From (4.8), (4.9) and (4.10) passing to the limit as n — +o0o0 and using Fatou’s Lemma
we obtain estimates (4.13), (4.14) and (4.15).

We can infer that (m.,w.) € K¢ as. Since the functional [py m\%hl + V(x)mdz is
sequentially lower semi-continuous with respect to the weak convergence and by Corollary
4.2.3 we have that (K, *my)m, — (Kq*m:)me in LY(RY), then (m., w.) is a minimum
of the energy &.

Finally the fact that m.(1 + |z|)’ € L*(RY) follows from (4.15) and (4.3); whereas,
by Hoélder inequality

/ L/ 1
_ , il
/ |w€<1+|x|>b/wxs(/ mmwmdx) (/ m5<1+|:c|>”dx>”
RN RN RN

v ,
since [pn me 7 |we|Vde = [y me|2=|" de, using (4.14) and the fact that m. (14 |z|)* €
L', we obtain that w.(1 + |z|)?/" € LY(RY). O

Once we have obtained minimizers (m.,w.) € ICc pr of the energy &£, we construct
the associated solutions (ue, me, Ac) of the MFG system (4.2).

Proposition 4.3.4. Let N —+' < a < N. Assume that the potential V is locally Hélder
continuous and satisfies (4.3). Then, for every e, M > 0 there ezists a classical solution
(ue, me, Ae) to the MFG system (4.2) such that

b
ue(z) > C€|$|1+; - Ca_l

Ve ()] < Co(1+ |2]7)

where Cg positive constant. Moreover, ue is unique up to additive constants, me €
L>®(RYN) and there exist C1,Cy, K positive constants not depending on ¢ such that

+/(N—a) Y (N-a)

—Chie VN+a <\, < K — Cge 7 —N+ta, (4.17)
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Proof. Following the proof of [44, Proposition 3.4], let us consider the set of test functions

= {1/1 e CHRY) ’ lim sup |T¢‘}b(/$)| < 400, limsupw < +oo} .
x

|z| =400 |z|—+o0 ‘$|

From Proposition 4.3.3 there exists at least one minimizer (m.,w.) of the energy £, and
one can verify (using (4.16) and integrating by parts) that

—e meAY dr = / we - Vpdr, Ve A (4.18)
RN RN

(see (3.18) in [44], for details). Since every minimizer satisfies (4.16) and (4.18), mini-
mizing £ on K js is equivalent to minimize £ on the following constraint set

1 1,r /Wi N :
K= {(m,w) e (L NWH") x Ly+5-1(R™) ‘ (m,w) satisfies
(4.16), (4.18), | m=M, m > 0}
RN

where r < q. Now we prove that if (m.,w.) is a minimizer of £ on K, then (m.,w;) is
also a minimizer of the functional

E(m,w) ::1// m‘ﬂ"y d:v—l—/ x)mdzr — / / N d dy
7Y Jry o Im RN RN JRN \95— \ “

on K. Define )
L fevm |2 dxif (m,w) €K

O(m,w) = {7

+o0 otherwise

and

v L[ [ m@ml)
m) = [ Vimd 2/RN/RN el

E(m,w) = ®(m,w) + ¥(m).

we have
For any (m,w) € K and A € (0,1) we define my = (1 — \)ms + Am and wy =
(1 = Mwe + Aw, by minimality of (me,w,) it holds
O (my, wy) — P(me,we) > W(m:) — W(my) (4.19)
and by convexity of ¢
A(P(m,w) — P(me,we)) = P(my, wy) — P(me, we). (4.20)

From (4.19) and (4.20) we obtain that

A (D(m, w) — B(me, we)) > —\ / V (m—m.)dz+X / / me(y |mi” ‘Nm;) ) gy dzo(\),

RN RN RN

dividing by A and letting A go to 0, we get

_ m — m.)dx me(y) (m(z) —me(x)) " mw) — Bl w
-t e)d +/RN - o glia T < B(m,w) — B(me, we)
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for any (m,w) € K. Hence, the couple (me,w.) minimizes £ on K.
Let us consider the following functional

L(m,w, A\, ) = E(m,w) + / emAY + wVy — Amdx + AM.
RN

One can easily verify that

min (m,w) = min sup  L(m,w,\, ¢
(maw)ek ( ) (mw)€E () ¢)eRx.A ( )

where
'8
E = {(m,w) e (L' NWEY(RY) x Ly+51(RN) | (m,w) satisfies (4.16)} :

Proceeding as in |44, Proposition 3.4|, by means of the Fan’s minimax theorem (refer to
Theorem 2.3.7 in [24]) and the Rockafellar interchange theorem (see [173, Theorem 3A]),
we get that

min sup  L(m,w, A\, 1)
(mw)EE (X y)eRx.A

=  sup min /ﬂf E’”+Vm—(Ka*mg)m+smA¢+wv¢_)\mdx+)\M
(AW)ERXA (Mw)EE J 7y Im
RN
1 ’
= sup / min m(/wv+V_K°‘*m6+5A¢+wV¢—/\>dx+)\M
(A,w)eRxARN (m,w)€R>o xRN v Im -

We observe now that

1 v
min m<,w —|—V—Ka*m6+5Aw+wV¢—/\>:O
(m,w)eR>o xRN ¥y lm m

if eAy — %]Vl/}ﬁ — A+ V — K, *xme >0, while it is —oo otherwise. This proves that

min E(m,w) = sup AM
(maw)er (Ap)EB

where
1
B::{(A,w)ERXA‘ —5A¢+;|V¢W+)\§V—Ka*ms onRN}.

From Corollary 4.2.2 and Corollary 4.2.4 we have that K, * m. € L?(RN) 0 CO/(RN),
hence by Proposition 3.2.11 (|20, Proposition 2.10]) there exists a couple (u., A;) €
C?(RM) x R such that

1
—eAue + ;|Vu5|7 + X =V(z) — Ko xme(z), on RY (4.21)

where

1
Ae 1= sup {)\ € R‘ —eAu+—|Vu|"+\ =V —K,*xm. has a subsolution u. € CQ(RN)}
Y
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and u, is unique up to additive constants. Using also Proposition 3.2.10 (|20, Proposition
2.9]) we have

241 -1 2
us(z) > Celz|?™ = CZH, |Vue(z)| < Co(1 4+ |z])7.
Since .
e|Au| < ;\V%W + | + V(@) + Ko x me(z) < C(1+ |z))°,
it follows that lim sup % < 400, hence u. € A. This proves that sup AM = A.M
|z|—+o0 (A\yp)eB
and consequently
)\EM:g(mE,wg): (me,we) — /]RN /RN ’x_ |N ~ d dy. (4.22)

Now, by (4.22), (4.21) and (4.18) (since u. € A) we get that

v 1
+V—Ka*m€—)\5>m€d:c:/</
RN K

,y/

We

OZR[ (5]
-/

RN

We

b4 \V4 %
—eAue + Ve )mgd:v
Y

€ me

We

w 1
— Vu. + |Vu€|"’> me dx
€ Y

and we must have

We y—2
— = —Vu.|Vu:|""%, on the set {m. > 0}.
m

€

We can conclude that eAm. + div(meVue|Vu:|7~2) = 0 in weak sense.
Proof of estimate (4.17). From (4.22) we get that

ar gy We) ™ dd 4.2
Ae 5(mw QM/RN/RN|$— N-a Y (4.23)

hence, by (4.6) and (3.16) we get that

Y (N-a) 7Y (N=a)

Ae > —cie V—NFa — CQngH e @) > —Cie V-N+a (4.24)

using (4.8) in the last inequality. Moreover, from (4.23) we have

1 1 .
Mg(ms,ws) = (m,wl)rgKaM E(m,w)

Ae <
and using (4.6), we conclude the proof of estimate (4.17).

Finally, the function m. € L>®(RY) N WP(RY) for very p > 1, this follows proving
that the function u. for » > 1 is a Lyapunov function for the stochastic process with
drift Vue|Vus[""2 and m. density of the invariant measure associated to the process,
then using some results in [150] and Proposition 3.2.2 (we refer the reader to the proof
of |20, Proposition 4.3 iv)| for more details). This proves that the triple (u., me, Ac) is a
classical solution to the MFG system (4.2). O



108 4. Concentration for Ergodic Choquard Mean-Field Games

4.4 Asymptotic analysis of solutions

In this section, assuming o € (N — 4/, N), we want to study the behavior of agents
when the Brownian noise vanishes. To this end, we analyze the asymptotic behavior of
a solution (me, ue, Ac) to the MFG system (4.2) as ¢ — 0.

4.4.1 The rescaled problem and some a priori estimates

For € > 0, let us define a suitable rescaling for m, v and A\, which preserves the mass
of m:

N“y/ 47/
() = e7=R e m (TN )

5 Y (N—a)—y'—N+a ~'
ily) = e TNy (),

~ (N—a)y
N = e N\

and a rescaled potential

(N—a)y 5
Ve(y) := e -N+aV/ (57/—N+a y> . (4.25)

Notice that V. vanishes locally as € — 0, hence, passing to the limit, we can not take
advantage of the coercivity of V' in order to prove that there is no loss of mass (compare
with the proof of Proposition 4.3.3) indeed we will use a concentration-compactness argu-
ment. From assumptions (4.3) on the potential V', we get the corresponding assumptions
on V.:

1 (N—a)y ol b (N—a)y' ' b
Cy er=Nte [ max qer - Nie|y| = Cy,0 <Ve(y) < Cyer—Nte [ 14V Nialy| | .
(4.26)
The rescaled Riesz-type interaction term is

B (N—a)y ~
Kyxm(y) =eV-NtaKysxm e -Ntay |,

Hence, if the triple (ue,me, Ac) is a classical solution to the MFG system (4.2) (from
Proposition 4.3.4 there exists at least one solution to (4.2)), one can verify that

1 -
—Ad(y) + ;IVﬂe(y)l7 + Ae

7:(1\’*04)_’_1 i ol vi(N*OO 1 ; 5 5 vi(N*a)
= —g7-N+a " Aug (e *N+ay)+57*N+af}Vu€(m *N+ay)‘ + eV —N+a )\,
Y

Y (N=a) ol

Y (N-e) 1 Y (WN=a) _ 4 4
=g N+a | —cAu. + —|Vu|" + )\g:| — 7Nt {V(EW’VNM y) — Ko * m(e7—N+a y)]
7
= ‘/z-:(y) — Kq er(y)
and also
— A (y) — div(me(y) Vi (y) | Vi (y) )

N+ 42+ ~ Ny'+N-«a _9 o
= —gv-N+ta Amg(e7-Ntay) —div [ e "-Nte m Vue|Vue | * (e N+tay)

Ny +N—a+y' 9
=¢e -N+ta [—eAm, — div(m:Vu.|Vu:|""*)] = 0.
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Hence ~
At + LV + Ae = Ve(y) — Ko #1722 (y)
— A — div(meVie| Vi [772) = 0 in RV, (4.27)
fRN mé‘ = M

In order to prove that there is no loss of mass when passing to the limit as ¢ — 0, we
translate the reference system at a point around which the mass m. remains positive.
By Proposition 4.3.4, u. € C%(RY) is coercive, hence there exists a point y. € RY such
that

ﬂa(ys) = I]{{}JIVH as(y)
Let us define
Ue(y) = Ue(y + Ye) — Ue(ye)
me(y) = me(y + ye)
in this way we have @.(0) = 0 = mingy .. One can immediately verify that (17, e, Ac )
is a classical solution to
—Ade + %|Vﬂ€|'y + 5\5 = Ve(y +ye) — Ko xme(y)
—Am, — div(m. Vi |V |"~2) = 0 . (4.28)
f]RN me = M
We define also the rescaled energy as
m

E(m,w) = —
-(m,w) /RN v
(N—a)y

for couples (m,w) € K. with m > 0. Notice that & (me,w.) = ev-N+a&(me, we),
hence if (me, w.) € K¢ pr is a minimizer of £, then (M., w.) is a minimizer of & on Ky ps

w Y 1 m(x)m
*’ +Ve(y+ya)mdy—/ / miz)mly) N(i)ldscdy,
2 Jry Jry | =y

m

(where . = —m.Vi.|Va.|"2). We will denote
é(M):= min & (m,w).
(m,w)EICLM

From (4.6) by rescaling, we get

(N—a)y

-C; < éE(M) < -0y + Ke”v—N+ta (4.29)

where C1, Cy, K are positive constants not depending on €.

First of all, we prove the following a priori estimates.

Lemma 4.4.1. Let (ue,me, \e) be a classical solution to (4.28). Then, there exist
C1,Cy, C positive constants not depending on € such that

—C1 <A < -0y (4.30)

/]R me|Vaeldr < (4.31)

[ [| oo rvy < C (4.32)
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7' (N—a+b) b
g V=Nta |y |” < C (4.33)
7/ (N—a+b) b
0<V(y+y:) <C(1+e " Nta |y (4.34)
b b _
Vi (y)] < C(1+ |y[)~ and  a.(y) > Cly|'"v — 7L (4.35)

Moreover, for R sufficiently large we have

/ me(y)dy > C. (4.36)
Br(0)

Proof. Estimates (4.30) and (4.31) follow, by rescaling, from (4.17) and (4.14) respec-

tively. From Proposition 4.3.4 we have that for every e, @, are bounded from below and
(N=—a)y' '
Mme € LOO(RN), so by Theorem 4.2.6 with s, = e+ -N+a and t. = €7'-N+a | we obtain the

uniform L*-bound (4.32). Evaluating the first equation of (4.28) in y = 0, we get

Ae 2 Ve(ye) — Ko % me(0) (4.37)

from estimates (4.30), (4.32) and (4.26) we get (4.33); using it and (4.26) again, we obtain
(4.34).

Since (4.30), (4.32) and (4.34) hold and u. is bounded from below, from Proposition
3.2.10 (see [20, Proposition 2.9]) we get estimates (4.35) (which are uniform with respect
to e since || Kqy * Me|loc < CONollMelloc + M < C uniformly in €).

From (4.37), using the fact that V. > 0 and (4.30), we get that there exists a positive
constant C not depending on ¢ such that

Ko +m.(0) > C >0,

me(y) / me(y) / Mme(y) M
C< dy + dy < dy + )
By lyIN = RM\Bg Y|V B Yl RN-«

hence

This implies that for R > 0 sufficiently large

/ mgN(f/) dy > Cy > 0.
B YN

Moreover, if r < R we have

me(y) me(y) 1 _ _ dy
C1§/ . dy+/ dy < me(y)dy + ||melloo N
Ba\B, [YIN 2 B, [y|N— rN=a JpaB, ) e B, lylN -2

Keeping in mind that [ B, wﬁl\,iy,a = cr® and (4.32), we can infer that choosing r sufficiently

small
1

_ me(y)dy > Cy >0
TNQ/BR\BT (@) ?

and consequently

me(y)dy > C3 > 0.
Br
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4.4.2 Convergence of solutions

At this stage we are able to prove a convergence result, which however, do not ensure
conservation of mass in the limit.

Proposition 4.4.2. If (4., m., \e) is a classical solution to (4.28), then ase — 0 up to
extracting a subsequence we have that

A — A
and
Ue — U, Vi, — Vi, me — M, locally uniformly.
The triple (@, m, ) is a classical solution to
—Au+ %]Vﬁ\'y + A =g(z) — Ko *m()
—Am — div(mVa|Va['=2) =0
fRN mdxr = a

(4.38)

where g is a continuous function such that, up to subsequence, V.(x + y.) —0> g(x)
E—

locally uniformly and a € (0, M]. Moreover, there exist Cy,Ca,c1,co positive constants
such that
a(y) > Cilyl—C1™t and  |Va| < Cy (4.39)

and finally
m(z) < cre=el®l on RV, (4.40)

Proof. By means of the previous uniform estimates and the fact u. is a classical solution
to the HJB equation, using [93, Theorem 8.32|, we get that for any compact set K in
R and for any 6 € (0, 1]

ltellcrory < C locally uniformly in e.

Using (4.32) and (4.35), by Proposition 3.2.2 and Sobolev embedding, we get that for
every p € (0,1)
el conry < C locally uniformly in e.

Hence, up to subsequences, we have that as ¢ — 0
Ue — U, locally uniformly in C'* on compact sets

and
me = m locally uniformly on compact sets

and weakly in W'?(Bg) Vp > 1 and R > 0. Moreover, from (4.30) it follows that up
to extracting a subsequence A\: — A. From (4.32) and the fact that |[mc| ;1 @ny = M,
by interpolation we get that for every p € (1, +00) it holds ||/ L»ryy < C uniformly

in £. Using Theorem 3.2.8 and Theorem 3.2.9 we have that || K, * T?LEHCO’Q_E(RN) <C

uniformly in € and up to extracting a subsequence

K, *me —0> K, *m, locally uniformly.
e—

Moreover, from estimate (4.34) we have that up to subsequences V.(x + y.) — g(x)
locally uniformly, where ¢ is a continuous function such that 0 < g(z) < C. Finally,
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from (4.36) it follows that [nm(x)dz = a € (0, M]. By stability with respect to
uniform convergence, @ solves in the viscosity sense

1 _
—Au + ;|Vu\”’ + A =g(x) — Ko *xm(zx)

and using the regularity of the HJB equation we get that @ € C2. Finally, by the strong
convergence Vu, — Vi, we get that m solves

Am — div(mVa|Va|'™?) = 0

and with the same procedure as Proposition 3.4.3 iv), we get that m € Wl’p(RN) for
every p € (1,400). Hence, (u,m, \) is a classical solution to (4.38).

In order to prove (4.39) we use Proposition 3.2.10. Notice that, if f is a non-negative
Hélder continuous function such that [y fPdx < +oo for a certain 8 > 1, then f(z) — 0
as |z| — 400 (see [44, Lemma 2.2| which is stated in the case § = 1 but it can be easily
generalised to 3 > 1). Since K, *m € C%(RN)N LA(RN) and it is non-negative, we get
that

Ky xm(z) — 0, as |z| = +00
and hence

liminf (g(z) — Ko % m(z) — A) > =X > 0.
|z| =400
From Proposition 3.2.10 we get (4.39).
Since we can choose k > 0 such that the function ¢(x) = e
function for the process, from [150, Proposition 2.6] we get that

ki(z) i a Lyapunov
e e LY(m)

and finally from [150, Theorem 6.1] it follows (4.40). O

4.4.3 No loss of mass when passing to the limit

First, we prove that the energy functional & (m,w) holds a sort of sub-additive prop-
erty. Then, we assume by contradiction to have loss of mass, namely that fRN mdr =
a € (0, M), by means of a concentration-compactness argument we prove that this leads
to an absurd. Hence m has still L'-norm equal to M.

Lemma 4.4.3. For all a € (0, M), there exists a positive constant C' depending on a, M
and the other constants of the problem (but not on €) such that

&.(M) < &.(a) + &(M —a) — C.

Proof. Let us assume that a > % and fix ¢ > 1 and B > 0. If (m,w) € K1, p we get

_ em jw [V c? m(x) m(y)
< = - | — - _ T AT
és(cB) < E.(em, cw) /RN ol s +cVe(z +y-)mdx 5 /]RN /RN |$_y|N_adxdy
_ _de=1) m(z) m(y)
= c&(m,w) 5 /]RN /RN |x_y‘N_adacdy (4.41)

If (m,w) € K1 p is a minimizer of &, we have

WN=a)y' 1 m(x) m(y)
—C9(B Ke+v-N+ta > e (B) > —— —— 2 dxd
B+ kT w2 [ [ ey
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notice that the constant Cj is the one that appears in (4.29) and depends on B and on
the others variables of the problem. Taking ¢ sufficiently small, we obtain

;ANANdedyz(b;m>0. (4.42)
and using (4.42) in (4.41) we get
é-(cB) < cé.(B) — ¢(c — 1)02§B ). (4.43)

Taking B = a and ¢ = M/a in (4.43) we have

é:(M) < %ég(a) M (M - 1) GBla) 5 gy s M= - M (M _ 1) Ca(a)

a a 2 a a a 2

if @ = M/2 we have done, whereas if a > M/2 we take B = M —a and ¢ = 3 in

a
M—a
- we get

M-—a_ < a _1)02(1\4_@)

(4.43) and multiplying by

- ée(a) < éc(M —a) — 7 —a 5 <é.(M —a).

We can conclude that

6.(M) < éu(a) + 8(M —a) — L <M - 1) Cala)

a \ a 2
In the case when a < M /2 we replace a with M — a. O

From estimate (4.40), it follows that there exists a positive constant ¢ such that
m < ée~ 1l For R > 0 (which will be fixed later) let us define

(2) ce® if |2| <R
vr(z) =
r ce~l#lif |z| > R

We have the following splitting of the energy &..

Lemma 4.4.4. Let (mg,w:) be a minimizer of &, m and u obtained from Proposition
4.4.2 and w. — w = —mVu|Va|""2 locally uniformly. If Jpy mdz = a € (0, M), then

E (e, We) > E(m, @) + E- (e — 1+ 2uR, W — @ + 2VvR) +0.(1) — CRP ™ Ne™E (4.44)
as € — 0.

Proof. Following the arguments of the proof of [44, Theorem 5.6], we recall some facts
that we will need. By definition, m(z) < vgr(z) for |z| > R and

/ vp(z)dz = wyRNce !t +/ ce Pl < Ce RN 0, as R— +oo. (4.45)
RN RN\BR

Since m. — m and Vi, — Vu locally uniformly as € — 0, there exists g, which depends
on R, such that Ve < ¢

e — m| + ‘|Va€|7‘2Va5 — |Va]?Va| < ée f, for |z| <R.
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Moreover, Ve < g
Me — M + 2VR > VR, Vz e RY

and hence
|me —m| < me —m+ 2vp. (4.46)

We estimate each term of the energy & separately. Concerning the kinetic term,
ﬂ"yl

notice that the function (m,w) % is convex and in particular

om (= 3\7/ :_E‘E‘V' and v, (2 ﬂ\vl :3‘3‘7/*2.
~! v im "Im m lm

m Y
By convexity, we estimate separately the integral over Br and the integral over RV \ B,

obtaining
— ’y/
/ m—/g dx >/ ‘w ‘
Br Y Br 04
me —m + 2vpR

!/

We

me

We —w + 2Vrg |’
me —m + 2vp

- — CRNe ™R, (4.47)

Br v

dzx >/
RN\Bpg v

me —m + 2v
+/ e / R
RN\Bg Y

we also have (refer to estimate (5.44) in [44])

we |7

e e

[
RM\Bp 7V

we —w + 2Vvg|?

— — dr — CRN*tbe= I,
me —m + 2vR

(4.48)

Ve(@+ye)medr > /

‘/g(x+y5)mdx+/ Ve (z+ye) (e —m~+2vg)de—C R Ne E,
RN

RN
(4.49)
Regarding the Riesz term in the energy &, since by Proposition 4.4.2 m.(z) — m(x)

RN

2N
a.e. as € — 0 and (m.). is a bounded sequence in L¥+a (RY) (it follows by interpolation
using the uniform estimate (4.32)), applying Lemma 4.2.5 we get that

gl3%// yIN O‘d o

RN RN
e () — )Ilme( ) —m(y)|
s | [ e
RN RN RN RN
m(x)m(y) : //(me—m+2m)($) (me —m + 2vR)(y)
< 7 N7
_//‘x_yN_adxdy—i-il_% o — gV o dz dy
RN RN RN RN

where in the last inequality we used (4.46). Hence

/(Ka * M ) Mg
RN (4.50)
< /(Ka * 1)1 + / (Ko * (e —m + 2vpR)) (Me —m + 2vR) + 0-(1).
RN RN
Finally, putting together estimates (4.47), (4.48), (4.49) and (4.50), we obtain (4.44). O
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We are now in position to prove that there is no loss of mass passing to the limit.

Theorem 4.4.5. Let N —+ < a < N, assume that (me,w.) is a minimizer of E, m
and u obtained from Proposition 4.4.2. Then,

mdr = M
RN

and hence m. — m in L'(RY). Moreover, for every n > 0, there ewist R, g9 > 0 such
that for all e < &g

/ me(x)de > M —n, (4.51)
B(0,R)
namely
/ o N me(x)de > M —n. (4.52)
B(e7'~-Ntay.er'-NtaR)

Proof. From (4.45) we get

/ (ms_m+2yR)dx_M—a+2/ vrdr - M —a, as R — 4o0.
RN RN

Let us define
M —a

Cgr =

we observe that 0 < Cr < 1 and Cr — 1 as R — 400, moreover the couple (CR(mg —
m+ 2vR), Cr(w: —w + 2V1/R)) € Kayr—q and it follows that
CRgg(mg —m 4+ 2UR, W, — W + QVI/R) =& (CR(mg —m+ 21/3), CR('LDg —w + QVVR)>

2 . _ = _ -
N Cy—Cr / / (me —m + 2vR)(x) (mj m+ 2vg)(y) dr dy.
2 RN JRN |z — y| N~

Notice that C% — Cgr < 0 and from (4.32) and the fact that [mellp1@myy = M, by
interpolation we get that [[me|[p@yy < C uniformly in e for every p € (1,+00). By
(3.15) we get that

me —m~+ 2vp)(x) (M —m + 2v 3 B
L WD Qe =4 200 gy 4y < e =+ 20l g,

2
< 0 (Il g+ 10, o, + 210, ) <€

Nta (RY) LNFa (RN) LN+a (RN -
where the constant C' is independent of €. Hence
Cré:(me —m + 2vR,w. — w + 2Vvpg)
o o C% —Cr
> &, (C'R(TmE —m+ 2vg), Cr(w: —w + 2VVR)> + C?
C%—C
> 6.(M —a) + CRTR.
Using this in (4.44) we have that

ee(M) > é.(a) + é.(M — a) + (1 — Cg)&- (e — M + 2vg, W, — W + 2VuR)
+0.(1) = CRV™Ne R 4 0(C% - CR)
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by (4.29) we have &.(m. — m + 2vg, we. — w + 2VrR) > — K, hence

é-(M) > é.(a) +é-(M —a) — (1 — CR)K + 0-(1) — CR*™Ne B 1 C(C% — CR)

finally, from Lemma 4.4.3 we get
0>—-C> —(1-Cr)K +o0.(1) = CR"Ne B 1 C(C% - CR)

letting R — 400 this yields a contradiction. We can conclude following the proof of [44,
Corollary 5.7]. O

4.4.4 Proof of Theorem 4.1.1

We are ready to prove that the triple (uc,me, :\a) converges to (u,m, \) solution to
the MFG system (4.1).

Proof of Theorem 4.1.1. Let (@, m, \) be the triple obtained from Proposition 4.4.2 and
set w := —mVu|Vu|'"2. We have that (m,w) € B, indeed from Proposition 4.4.2 and
Theorem 4.4.5 we get that (m,w) € Ky a7, and using estimate (4.40) it follows

/ (1 + |z|°)dx < / cre (1 + |z))Pde < +o0.
RN RN

Since me — m in LYRYN), (me,w.), (m,w) € K1 p and E., E < 400, using Corollary
4.2.3 we get that (K, * mg)mE (Kq * m)m in LY(RY). Moreover, w. — @ locally

uniformly and weakly in L+ —1+8 i (RM).
It follows that the energy & is lower semi-continuous and it holds

Eol @ _/ / / @) my) o
o ) RV Y RN JRN fﬂf—y’N @
< lim inf / me dy —/ / me(@) Me(®) ;. g,
€ RN Y RN JRN |fU— | @

< liminf & (m, w;) (4.53)
€

we

Me

where in the last inequality we used the fact that V' > 0. Moreover, if (m,w) € B, using
(4.26), we have

(N—a)y
0<lim [ m(y+y:)Ve(y + y:)dy < lim Cyer™=Nte / (1 + |y ’m(y)dy = 0
&g RN

e—0 RN

from which it follows that
lim & (m(- + ye), w(- +y2) ) = Eo(m, w).
Using the fact that (me,w.) is a minimizer for £ and then (4.53), we finally get
Eo(m, w) = lim & (m(- +ye), w(- +ye) ) > lim E(me, we) > Eo(m, w),

this proves that

o, @ &
o(m,w) = (mngul)neg o(m,w).
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Since (me, we) and (m,w) are minimizers of & and &y respectively, we obtain that

m
E(he, we) <
E(m£7w£) > /RN (’Y’
o B L (Iy*a)v/
= olm @)+ [ Vily pe) by -+ ey < Ealime, ) + CeT A
R

,y/
O Ve — (Kt m>> (v + v.)dy

where in the last inequality we used also (4.26) and the fact that (m,w) € B. It follow
immediately that

WN=a)y
/ ms(y) ‘/vE(y + yg)dy S CE’Y/—N+Q .
B(0,R)

From (4.26) and (4.51) we get that there exists a positive constant C' such that

eV Nt ly.| < C (4.54)
and hence using (4.26) again we obtain that
(N—a)y

’ b ’ / b
ol (N*a)v
0<Vi(y+y:) <Cyev-N+ta <1+5“/’—N+°<|y+y5|> < Cer—N+ta <1~|—5“/’—N+a|y|>

which allows us to conclude that V.(y + y-) — 0 locally uniformly as ¢ — 0. This prove
that the function g defined in Theorem 4.4.2 is actually zero. O

4.5 Concentration of the mass

The following result allows us to localize the points where the mass concentrates.

.
Proposition 4.5.1. As ¢ — 0, the sequence eV —-N+ey,. converges, up to subsequences,
to a point & € RN such that V(z) = 0.

Proof. Let z € RY (to be fixed later), by minimality of (., w.) and (m(- + 2),w(- + 2))
we get

Ee(Mme, We) < 5€(m(- +2),0(- + 2)) = Eo(m, W) +/RN m(y + 2) Ve(y + y=)dy
% - ) T m Z
S/RN ~! dy /RN/RN |x_y|Nad dy"‘/RN (y+2) Vely + ye)dy
Me(y) Ve(y + ye)dy < /RN m(y +2) Ve(y + ye)dy = /RN m(y) Ve(y + ye — 2)dy

we |7

Me

hence

RN
NA/ N ™

and using (4.25) and the fact that m.(y) = e -N+am, (67’—N+ay + g7 -N+a ye) we get

’

me(y) V(y)dy < / () V (757 (y + ye — 2)) dy.

RN RN

By assumption the potential V' is a locally Holder continuous coercive function, so it has
a global minimum at a point Z € RY, and by a shift of A we may assume that V(%) = 0.

l

Let usfix 2z =y. —¢ —N+az it holds

lim sup / m(y) V(w'jNMy + E)dy < limsupc; / e*cﬂy'V(ev’jNﬂly + E)dy =0.
e—0 e—0
RN
(4.55)
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Moreover, by (4.54), we get that (up to subsequences)

!

evNFay, 7 € RY
Ye T €

and by (4.52) denoting by B := B(m/—WNw Ve, £7-N+a R)

lim inf me(y)V (y)dy > hm mf ma(y)V(y)dy

e—0 RN

> lim inf min V' (z / me(y)dy > lim I(I)lf min V(z)(M —n)

e—=0 z€eB zeB
= (M =n)V(2). (4.56)
From (4.55) and (4.56) we obtain that V(z) = 0. O
Proof of Theorem 4.1.2. 1t follows from Proposition 4.5.1 and Theorem 4.4.5. ]

Remark 10. Arguing as in [44] (refer to Proposition 5.13 and its proof) one can prove
that if V has a finite number of minima z; € RN for i = 1,...,n and can be written as

n

V(z) = h(x) [z — 2l

=1

for a certain function Cy;' < h(z) < Cy on RN and b; > 0 such that >}, b; = b, then

/

N
the sequence e —N+ay., as e — 0, converges (up to subsequences) to the more stable
minimum of V' (namely the point x; such that b; = max b;).

=1...n

4.6 Variational approach in the regime N — 27y < a < N —+/

In this last section, we show how the variational approach developed in Section 4.3,
can be used to construct solutions to the MFG system (4.2) in the mass-supercritical
and HLS-subcritical regime and in the mass-critical case. Despite that, we are not able
to obtain suitable estimates for the value of the game A. analogous to (4.17), which in-
deed proves to be essential in the vanishing viscosity argument. Hence, using the same
technique as in Section 4.4, we are unable to obtain existence of classical solutions to the
MFG system (4.1) when N — 27 <a < N —~/.

More precisely, when o = N — +' we show that if the total mass M is sufficiently
small, then the energy is bounded from below, and by direct methods, we can construct
global minimizers, which corresponds to solutions of the MFG system (4.2).

On the other hand, if N —2v' < a < N —+/ the energy is not bounded from below, in
this case, we prove that for sufficiently small total masses M, it is possible to construct
local minimizers of the energy. The key idea consists of considering a constrained varia-
tional problem, where the constraint is on the L%—norm of m, constructing minimizers
of the constrained problem and finally showing that actually such minimizers are local
free minimizers of the energy. In this way, we can construct solutions to the MFG system
arising from local minima of the energy. Moreover in this regime, as the L%-norm of
m is becoming larger, the energy is decreasing to —oo, so the problem should present a
sort of mountain pass geometry and we expect existence of saddle-type critical points of
the energy. Currently, we are not able to construct such saddle-type critical points, but
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this open question is in our opinion quite interesting and it will be the subject of future
investigation. Moreover, in the vanishing viscosity limit, where up to rescaling the coer-
cive potential is disappearing, we expect that local minimizers are subject to vanishing
(following the terminology of the concentration-compactness argument), that is, roughly
speaking, they lose their mass “at infinity”, while the saddle-type critical points are go-
ing to concentrate, converging in the limit to a solution of the potential-free MFG system.

In order to deal with the Riesz-interaction term which is not Holder continuous a
priori for a € (N — 2+, N —~/] (refer to Corollary 4.2.4), we first regularize the problem
convolving the Riesz term with a standard symmetric mollifier. We can assume, for sake
of simplicity, ¢ = 1. More precisely, we consider the following approximation of the MFG
system (4.2)

—Au A+ 2 Vul? + X =V(z) = Ko * g+ m(z)
—Am — div(mVu(z) |Vu(z)[72) = 0 in RY (4.57)
Jegxm=M, m=>0

where (pr) is a sequence of standard symmetric mollifiers approximating the unit as
k — 4o00. We associate to (4.57) the following energy

[ mL (—%) +Vmdx — % J m(@) Ko * g« m(x)dz i (m,w) € K1m

Ek(m,w) := (RN RN
+00 otherwise
where )
1 ¥ .
w 7 %! iftm>0
L(——):z 0 ifm=0 w=0
m
+o00 otherwise

4.6.1 Existence of minima in the critical case « = N —«/

In the critical case @« = N — 4/, if the total mass M is sufficiently small then, the
energy & is bounded from below.

Lemma 4.6.1. Let « = N—~' and (m,w) € K1 pr. Then, there exists My > 0 (depending
on N and 7y) such that for any M € (0, M)

Er(m,w) > 0. (4.58)

Hence, inf(, w)ek, 5, Ek(m, w) is finite.

Proof. Similarly to the proof of Lemma 4.3.1, let us fix § := %, we get
1 2
Ex(m,w) > ClM — O ) [Iml7s vy (4.59)

where C'y and Cy are constants depending on N and . If % — (5 > 0, that is M < M,

where My := g—;, we have that

Er(m,w) > 0.
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As before, by classical direct methods we prove that for every M € (0, M| there exists a
global minimizer (my, wy) € K1 as of the regularised energy &, this allows us to construct
the corresponding associated solutions (ug,mg, Ag) of the regularised problem.

With the same arguments of Subsection 3.4.2; since we have uniform L°°-bounds on
my,, we can finally pass to the limit as kK — 400 in the MFG system and obtain a solution
to the initial problem (4.2) for o = N — +/.

4.6.2 Existence of local minima for N — 27 <a < N —«/

In this subsection, assuming 7/ < N, we study the mass-supercritical and HLS-
subcritical regime N — 2" < o < N —+'. We consider the MFG system (4.57) with k
fixed

—Au+ %‘VUP +A=V(x) — Ko *x@*xm(x)
—Am — div(mVu(z) |Vu(z)[772) =0 in RY. (4.60)
fRN m=M, m>0

From Theorem 3.4.7 (which takes advantage of a fixed point argument) there exists a

positive real value My = My(N, a7y, Cy,b) such that if M € (0, My) the MFG system
(4.60) admits a classical solution (uy, My, Ay). Moreover, my, belongs to the set

Aessci={ue @NIYEN) Il gy <& Il =01, =0, [ pvieds<c]

where p > g and once fixed the mass M € (0, My), the values of £ and C' are given by
Lemma 3.4.4. We associate to the system (4.60) the following energy

I m %‘7/ +V(z)mdz — & [ m(z)Kq x pxm(z)dz if (m,w) € K1 m
E(m,w) := RN RN
+00 otherwise

In the case where N — 29 < o < N —+/, the energy £ is no a priori bounded from below,
hence we have to look for local minimizers over the constraint set

J\?fa (RN) < 5} ’

Lemma 4.6.2. Let us assume that N — 2+ < a < N —+/, M € (0, M) and (m,w) €
ICl,M,{- Then,

Kime = {(maw) € Ki,m

where Cy is a constant depending on N and «.
Proof. Let us fix 8 := N+a, by (3.13), (3.15) and the fact that V' > 0, we get

12 2 M O My 9
E(m,w) > 7,C]W HmHLB ®RN) 7 T ”mHLﬁ(RN) 2 _7 - *f

where (s is a constant which depends on N and «a. ]
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Hence, for every M € (0, Mp) the local minimum problem is well-defined over the
constraint set Ky p7¢, we define

e(M,§) := inf E(m,w).

(mw)ERT, M ¢

Notice that the couple (my, myVu,|Vu,|7~2) obtained in Section 3.4 taking advantage
of a fixed point argument, belongs to € Ky ¢ and it holds

1
E(my,wy,) —/ m—f]Vuw\V—i—V(:n)m(p de — = my (Ko * @ *my,) dx
RN Y 2 Jry

1
:A¢M+§ my (Ka *gp*mw)d;v<0,\M+f£2
RN

where we used that [px %|Vu@]“’ + Vmgdz = A\gM + [pn my (Ko * @ *my) dz (refer
to identity (3.54)). It follows immediately that

e(M,€) < CyM + %52. (4.61)

We prove now that the values of the energy £ for the couples (m,w) € Ky ar¢ such that
|lm|| 2en = £ are strictly greater than the infimum e(M, ).
N+a

Lemma 4.6.3. We have that

inf E(m,w) > inf E(m, w).
(m,w)elCl’Mé (mvw)elclyl\/faf
lm|l_on =€
N+a

Proof. Let us consider a couple (m,w) € Ky ar¢ such that ||m|| L= = . Then, denoting

by a :== ]3“’ and with g the function g(t) = t* — C Coy' M~ 1t2 CM®*—~'CC\M*?*, we
have

52

M G 1 C
AA 1 aca 2.2 a a a—1¢2 2
5(7”7“))27,0 & == 5 Wal(f —CM* - CC'M §>+2

- ‘oo + e

—W(g(§)+’7 A )+7§-
Since from Lemma 3.4.4 we have chosen ¢ in such a way that g(&) > 0, we get that

PN C’2 2
E(m,w) > C\M + 75 > E(my, wy).

The claim follows. O

Remark 11. If (mm,w) minimizes the energy £ over the set Ky ps¢, then there must exists
a positive real value n (n < ) such that

||mk||LN+a(]RN) <&-n<¢

We have the following a priori bounds.
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Proposition 4.6.4. Let (m,w) € K¢ such that e(M,&) > E(m,w) — ¢ for some

positive c. Then
/ m
gy Y Im

V(z)mdx < %52 +K

" g < 752 + K (4.62)

and

RN
where Cy and K are positive constants depending respectively on N, and on M, ., b,v, N

Proof. From (4.61) there exists a positive constant C. depending on M, Cy,b,v, N, «
such that
e(M,§) < Ce.

Let us denote with 3 := 2 we have

N+a

! 1
Ce—l—cZe(M,ﬁ)—i—cZE(m,w)Z/ ﬂ/ 7dac—/ m (Kq * @ * m)du.
RN YV M 2 RN

From the previous we get

)

1 w Y
m|
Y JRN

deC’e—i-c—l-l/ m(z)(Kq * @ xm)(x)dx
2 RN

Cy
S Ce + C+ HmHLﬁ(RN < K + 752

which proves (4.62). Finally, since it holds % [ m ‘%‘7, de+ [ V(z)mdz =E(m,w)+
RN RN

3 Jan m(Kq * o *m), using (3.15), we obtain

C: C
[ Vighmds < gm,w) + 2l <M &) +et 2 <k + 2
RN [ ¥ta (RN) 2 2

O

By means of classical direct methods, we prove that for every M € (0, My) there
exists a local minimizer (m,w) € Ky p¢ of the energy £.

Proposition 4.6.5. For every M € (0, My) there ezists (m,w) local minimizer of the
energy £ over the set Ky are, namely

E(m,w) = inf E(m,w).
( ) (m,w)ElCl,M’E ( )

For every local minimizer (m,w) of £ we have that

/[RN 04

/ V(z)mdx < %52 + K.
RN 2

’

ol
dx§%§2+K

El
Jl&

and

Moreover, it holds

m(l+|z))? € LYRY)  and  @(l+|z))7 € LARY). (4.63)
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Proof. Tt follows as the proof of Proposition 4.3.3. O

Once we have obtained local minimizers (m,w) € K1 ar¢ of the energy £, we construct
the associated solutions (@, m, A) of the MFG system (4.60).

Proposition 4.6.6. If N — 27 < a < N —+/, then for any M € (0, My) there exists a
classical solution (a,m, ) to the MFG system (4.60). Moreover, the following estimates
hold

a(z) > Clz|"t5 — ¢ (4.64)
\Va(z)| < C(1+ |z]7). (4.65)

Proof. This proof is very similar to the one of Proposition 4.3.4, so we shall omit many
details, we recall only the different facts. From Proposition 4.6.5 there exists at least one
local minimizer (m,w) of the energy £, and one can verify that

- mAY dr = / w-Viydr, YyeA (4.66)

RN RN

(refer to the proof of identity (3.18) in [44], for more details). Since every local minimizer
satisfies (4.63) and (4.66), minimizing €& on Ky ¢ is equivalent to minimize £ on the
following constraint set

(m,w) satisfies (4.63), (4.66), m=M
RN

m>0 and ||m| 2~ <¢
L (RN)

'8
K=< (m,w) € (L* N WLT) x L7451 (RY)

N+«
where r < ¢. Let us consider in addition the following set

(m,w) satisfies (4.63), (4.66)

V'8
K :={ (m,w) € (L'n W) x Lv+5-1(RY)

m=M m >0

RN
and define ¥ )

vt = { o BT 0 ) <6
and

W(m) = /RN V(2)m do — % /RN (Ko + o %m)dz.

In this way £(m,w) = ®(m,w) 4+ ¥(m). For every couple (m,w) € K and for every
A € (0,A) (where A will be fixed later) we define my := (1 — A\)m + Am and w)y =
(1 = XN)w + Aw. One can verify that (my,w)) € K, indeed we have

< (1=N)||7 < (1-N)(¢E—
HmAHLA;fa(RN)_( A)HmHLm(RN)H\HWHLNWJQ(RN)_( A)(€ 77)+>\HmHLN21+Va(RN)

[mll_2n
N+ao

(see Remark 11). Taking A = min {1, 4 }, it follows that

lmall e <A=NE=A=Nn+n=E=XNE—n) <€

N+a (RN)
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since £—n > 0. The other conditions follow immediately. Since (7, w) is a local minimum
of € over K and (my,w)) € K, we get that

5(m)\,w)\) > 5(777,, 117)

hence
®(my,wy) — ®(m,w) > ¥(m) — ¥(my) (4.67)

and by convexity of ¢
A(P(m,w) — ®(m,w)) > ®(my,wy) — (M, w). (4.68)
From (4.67) and (4.68), dividing by A and letting A go to 0, we finally obtain that
®(m,w) — ®(m,w) > — V(a:)(m—m)da:—l—/ (m—m)Ky * o *xm
RN RN

Hence, the couple (m, w) minimizes also the following convex functional on K

~ m
E(m,w) := /RN b

The remaining part of the proof is analogous to the one of Proposition 4.3.4 and can
be summarized as follows. We include the differential constraint in the functional by
adding a supremum, so that using the Fan’s min-max theorem, we may interchange
the min and the sup. In this way, we can define the minimum of € over K as the
supremum of the values of A M for which the HJB equation has a regular subsolution.
Finally, since ¢ * m € L"(RY) for a certain suitable 7 by Theorem 3.2.9 we get that

w

7‘7 dx—l—/RN V(:r:)mdx—/RN m(z)(Kq * @ * m)(z)dz.

m

Ko xpxm e Co’afg(RN), hence we can use Proposition 3.2.11 and obtain the couple

(@, \) € C*(RY) x R and the estimates (4.64)-(4.65). O
Finally, the function m is bounded from above in R¥.

Proposition 4.6.7. Let (@,m,\) be a solution to the MFG system (4.60). Then, m €

L= (RN).

Proof. The proof is analogous to the one of Proposition 3.4.3 iv). O

Theorem 4.6.8. Let N — 2+ < a < N — . Assume that the potential V is locally
Hélder continuous and satisfies (4.3). Then, for every M € (0, My) there exists (u,m, \)
classical solution to the MFG system (4.60). Moreover, m is bounded in L™(RY) and
the function u satisfies for some constant C' > 0 the following estimates

a(z) > Clz["T — ¢!
b
[Va(z)] < C(1+ |z|7).
Proof. Tt follows from Proposition 4.6.6 and Proposition 4.6.7. O

Proof of Theorem 4.1.3. If (pr)k is a sequence of standard symmetric mollifiers approx-
imating the unit as £ — +o0o, from Theorem 4.6.8 we get that for every £ € N and
M € (0, Mp) there exists a classical solution (@, M, Ax) to the regularised MFG system
(4.57). Proceeding as in Lemma 3.4.8, we get uniform L> bounds on 7y, that the values
M\ are equibounded in k and

b
Vg < Ci(1+ |z|7) |Azy| < Co(1 + |z|%)
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where C'1 and Cs are positive constants not depending on k.

We are now in the position to pass to the limit as k — +oo (for more details we
refer the reader to the proof of Theorem 3.1.2) and prove that (g, My, \y) converges to
a triple (@, m, ) solution to the MFG system (4.2). O
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Choquard equation.
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Chapter 5

Boundary value problems for
Choquard equations

5.1 Introduction to the problem and main results

In the present chapter, we study the following nonlinear Choquard equation

{—Au + V(@)= (Lo * [uf")[uf?u  in Q (5.1)

u>0 in

with Dirichlet or Neumann boundary conditions. We assume that N € N, N > 2, the
exponent in the nonlinearity is a real value p > 1 and the potential V' : Q@ — R is a
continuous radial function such that inf,cqV > 0. Here, I, : RY — R is the Riesz
potential of order a € (0, N), which is defined for every = € R¥ \ {0} by

T N—a
I (x) = —, where Cygq = M (5.2)

r(2)m2 20

recall that by I, * f in a domain © C R, we mean the convolution I, * (xqf) in RY. We
consider both the case when the domain €2 is an annulus centered at the origin, namely
there exist two real values 0 < a < b < 400 such that

Q=A,p:={rcRY |a<|z|<b}
and the case of the exterior domain
Q=R¥\ B,(0) ={z e RN ||z| >a >0}.

The Choquard equation has been extensively studied over the last decades, since it
arises in the modeling of several mean-field physical phenomena. More in detail, the
Choquard-Pekar equation

—Au+u= (I * [uf)u in R3, (5.3)

has been first introduced by S. Pekar [163] in 1954 to model the quantum mechanics of
a polaron at rest, then P. Choquard used it to describe an electron trapped in its own
hole. A further application was proposed by R. Penrose [165-167], who used it to model
self-gravitating matter. Existence of solutions to equation (5.3) in the normalized frame-
work, namely imposing that |Jul| [2(R3) = M, has been first investigated using variational

129
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methods by E.H. Lieb [130] and in more general cases by P.-L. Lions [134] (refer also to
[19, 20] for further results about existence of solutions to more general Choquard-type
systems). In particular, using symmetric decreasing rearrangement inequalities, E.H.
Lieb proved that there exists a minimizing solution, which is radial and unique up to
translations, while more recently, L. Ma and L. Zhao [139] classified all positive solutions
to (5.3) (see also [126, 180]).

On the other hand, the Choquard equation on RY with a more general nonlocal
nonlinearity depending on a parameter p > 1, that is the following semilinear elliptic
equation

—Au+u = (I * |uP)|ulf~2u in RY,
2Np 2Np
admits a nontrivial solution u € H*(RN) N LN+« (RY) with Vu € HL (RM)N LY (RY)
if and only if 2582 < p < T2 We bring up e.g. [13, 67, 152, 154, 156] for a complete
overview on the topic and also [78, 90, 92| for existence of sign-changing solutions. The
situation changes when adding an external potential V in the equation, that is considering

—Au+ Vu = (I * |ulP)|uP~2u in RY, (5.4)

since the presence of the (possibly) variable potential V' influences particles and hence
it could affect existence of solutions (see for instance [155, 179] and [156, §4|, for further
discussion and references).

As we mentioned above, Choquard equations on the whole space RY have been ex-
tensively studied in past decades, while there are few results about Choquard equations
on other types of domain Q C RY. Notice that the notion of solution to the Choquard
equation is nonlocal, that is if u > 0 (weakly) solves (5.4), than u is only a supersolution
to the same equation in Q C RY. We refer, among others, to [89] for a Brezis-Nirenberg
type critical problem of the Choquard equation on bounded domains, to [91] who proved
that for slightly subcritical Choquard problems the number of positive solutions depends
on the topology of the domain, and to [94, 95| for existence results at the HLS critical
level for problems on non-contractible domains which contain a sufficiently large annu-
lus. On the other hand, for what concerns exterior domains, we mention the work of V.
Moroz and J. Van Schaftingen [153| regarding sharp Liouville-type nonexistence results
for supersolutions in some suitable range of the parameter p, and optimal decay rates for
solutions (see also [55, 78| and the references therein).

In this chapter, we prove that problem (5.1) with Neumann or Dirichlet boundary
conditions, admits a positive radial solution in annular domains £ = A, for every p > 1,
while in exterior domains Q = RY \ B, for every p > % Our result generalizes to the
case of nonlocal nonlinear equations a classical result by Kadzan and Warner [120] about
existence of solutions to nonlinear equations with power-like nonlinearities in annular
domains.

Problem (5.1) has a variational structure: weak solutions are formally critical points

with v > 0 on ol the action functiona efined for a function w : — v
(with u > 0 on ) of the action functional A defined for a functi RN 5 Rb

A =5 [ (vl + V@) - o [ ol fup

Q Q

Notice that due to the classical Sobolev Embedding Theorem H'(RY) « LI(RY) for
q € [2,2%], the above energy is well-defined and sufficiently differentiable on the Sobolev
space H 1(]RN ) if % <p< % Setting the problem in an annular domain or in the
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exterior of a ball, and looking for radial solutions, we are able to enlarge the range of
parameters p for which the energy is well-defined. We will consider the Sobolev space of
radial functions

Hyo4() = {u € H'(Q) | u(z) = u(lz]) }

rad
3
(/ uf? + yw?) .
Q

H! ,(Q) = LI(Q)

rad

with the usual norm

1
el = (72 + [Vullz2)?

We take advantage of the fact that the embedding

is compact for every ¢ > 1if Q = A, and for every ¢ > 2 if Q = {z e RV | |z| > a > 0}
(see Theorem 5.2.1 and Theorem 5.2.2 below). Analogous results hold also for H} ()
(see Corollary 5.2.3 and Corollary 5.2.4 below). Then, in order to find solutions to (5.1)
with homogeneous Neumann or Dirichlet boundary conditions we consider a constrained
variational problem (see also [155] and [179]). For every a € (0, N) fixed, we look for
minimizers of the energy functional

Qu) = ;/]Vu\z + Ve (5.5)
Q

over the constrained set
M, = {u € H! () ’ / (I * uP)ul = 1}. (5.6)
Q

Notice that the minimizers u, can be chosen non-negative (possibly taking |us| since it
holds [, |V|ua||2dac = [ |Vua|*dz). Hence, if

Q(uq) = Jo = nf{Q(u) |u € My}, (5.7)

up to multiplication by a constant, the function u, is a positive groundstate of (5.1) with
Neumann homogeneous boundary conditions.
Our main results are the following.

Theorem 5.1.1. Let N > 2, aw € (0,N), Q = Agp and V(|z|) be a continuous radial
function on Q such that inf,eqV(x) > 0. Then, for every p € [1,+00) there exists
u € HY (Q) which solves

—Au+V(z)u = (I * [ulP)|u|P~2u in Q
u>0 in Q . (5.8)
% =0 on 0f)

On the other hand, if Q = {x € RN ||z| > a > 0} the boundary value problem (5.8)
admits a solution for every p € (%, —|—oo).

The analogous result holds in the case of Dirichlet boundary conditions. Notice that
if N > 3 and () is an annular domain, we can weaken the assumptions on the potential
V', covering in this way also the case of the Choquard equation with the unperturbed
Laplacian, that is when V = 0.
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Theorem 5.1.2. Let N > 2, aw € (0,N), Q = Agp and V(|z|) be a continuous radial
function on Q such that infyeqV(z) >0 if N =2 and V(|z|) > 0 if N > 3. Then, for
every p € [1,+00) there exists u € Hy () which solves

—Au+Vu = (I * |ulP)|ulP~2u in Q
u>0 in Q . (5.9)
u=20 on 02

IfQ={ze RN ||z] > a > 0} the boundary value problem (5.9) admits a solution when
infyeq V(x) > 0 for every p € (%, +oo).

On the other hand, when € is a smooth domain in R and the solution u is suffi-
ciently regular, we are able to obtain a Pohozaev-type identity, which in turns implies
the triviality of u, when the domain {2 is strictly star-shaped.

Theorem 5.1.3. Let N > 3, Q C RY be a smooth domain strictly star-shaped with

2pN
respect to the origin, p > {2 and V€ C1(Q). Let u € H(Q) N H*(Q) N Wt (Q)
be a solution to

{—Au +Vu = (I * [ulP)|ulP~2u in Q (5.10)

u=2~0 on 02

Assume that
u?V, w?VV -z € LY(Q)

and

/u2vv-xzo.
Q

If p= %, we assume that V > 0 in €, whereas if p > % it 1s sufficient that V > 0.

Then, u = 0.

Finally, in the case Q = A,;, we prove a I-convergence type result as o — 07,
relating the minimization problem (5.7) with

Jo = nf{Q(u) |u € Mo}

where

My = {U € Hiad(ﬂ) ‘ HUHLQP(Q) =1 u=z 0}'

This argument allows us to recover the existence result of Kadzan and Warner [120] for
solutions to the corresponding local problem

—Au+ Vu=u2! in €

u >0 in Q) (5.11)
% =0 on Of)

and to extend it also to the case V is nonconstant. Notice that, the analogous result
holds also with Dirichlet boundary conditions, in this context we may refer among others
to [106, 160] for some related results.
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Theorem 5.1.4. Let us assume that Q = A, N > 2, V(|z|) be a continuous radial
function on Q such that infzeq V(z) > 0 and p is a fived real value in [1,4+00). Then,
lim J, = Jo

a—0t

and if {ua} is a sequence of minimizers for Jo, there exists ug € My such that as o — 0"
Uq — ug in H ()
and Jo = Q(ug). Moreover, ug is a solution to (5.11) up to multiplication by a constant.

Theorem 5.1.5. Under the assumptions of Theorem 5.1.2, the same result as Theorem
5.1.4 holds in the case of Dirichlet boundary condition on Q0 = Agp.

This chapter is organized as follows. In Section 5.2, we provide some preliminary
results about Sobolev embeddings for radial functions defined in annular domains or in
exterior domains. Using a variational approach, in Section 5.3, we prove existence of a
positive radial solution to our problem. In Section 5.4, we obtain a suitable Pohozaev-
type identity which allows us to prove the nonexistence result of Theorem 1.3. Finally,
Section 5.5 is devoted to the study of the limiting problem as o — 0.

5.2 Sobolev embeddings for radial functions

We state here some results on Sobolev embeddings for H! () and H&,r 2a(£2), both
in the cases when the domain Q@ C RY is an annulus and when Q = {z €¢ RV ||z| >
a > 0}. Since we have not found a detailed proof in the literature, we recall it here by
completeness.

Theorem 5.2.1. Let N > 2 and Q = A,yp. For every p € [1,+00), the following
1Mmersion

H! (Q) — LP(Q)

rad
is compact. Moreover, for every p > 1 there exists a positive constant C = C(N,p,a,b)
such that
llloy < Cllull - (5.12)
Remark 12. If a = 0 namely Q = Ay = By(0), from the classical Rellich-Kondrachov

Theorem (refer to |2, Theorem 6.2]) we have that the previous result holds for every
p € [1,2%)if N > 3, and for every p € [1,400) if N = 2.

Proof. If N = 2, since  is bounded and smooth, we have that for all p € [1,4+00) the
embedding
HYQ) = LP(Q)
is compact (see e.g. |2, Theorem 6.2]).
If N > 3, every function u € H} ,(A, ;) can be extended to a function 4 € H! ,(RY)
such that |4, , = u and @(x) = 0 for |z| sufficiently large with (by construction we have
that w = 0 for |z| > 2b — a)

lall2@yy < Cllullpzea, ) and  [lallgreyy < Cllullga,,)

where C' depends only on |b—al, see [30, Theorem 8.6]. We recall also that every function
@ € H'(R) is represented by a continuous function on R, which we denote again by 1,
and such that

u(z) —u(y) = /x @ (r) dr, Vz,y € [—o0, +00]
y
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(vefer to [30, Theorem 8.2]). Hence following [175], for any u € H} ;(Aqp) and z € A, p
we have that

Ju(@)* = |a(l=])* r)[Pdr| <

’ ||

—+o00 N TN2 “+o00o 2 %
§2< / |ﬂ(r)N2rN_1dr> ( / ) rN_ldr> (
o o

< Cle N [l yor o | Vall 2y < ClaP N Va2 gy

a(r

dr

< C\»’U’z_NHUH%ﬁ(Aa,b)

where C' = C(N,a,b) and we used the Holder’s inequality and the classical Sobolev
Embedding Theorem (refer to [30, Theorem 9.9] or [127, Corollary 11.9]). Hence for
every p € [1,400) we get

b b N
/A |u(z)[Pdz = C/ PN u(r)Pdr < CHUH}]’{l(Aa,b)/ PN 5 gy
a,b a a

which proves estimate (5.12). In order to prove compactness, let {u, |n € N} C H! ()
be a bounded sequence, then there exists a constant M > 0 such that [|u,|[g1q) < M
Vn € N. Using (5.12), we get that the family {u, |n € N} is bounded in LP(Q) for any

€ [1,+00). Let us show that {u, |n € N} is uniformly equi-continuous in LP(2). For
every k € N, we define

1
Q= {ZL‘ € Q’dist(x,@ﬂ) > k}

Using the Holder’s inequality and the Sobolev embedding, we can prove that Vk € N,
and Vh € RY it holds

1
[The — ullivay) < Cllullm @) L\ k)2, (5.13)

where C' = C(N, a,b) and mu(x) := u(z+h) with u extended with 0 outside §2. Moreover
Vk € N, and Vh € RY such that |h| < + we have

1
Imnu = ull Ly, < AVl 20 £(82)2. (5.14)

Hence from (5.13) and (5.14) we get that Vk € N, Vh € RY such that |h| < ; and
Vn € N we have

| Thun — un”Ll(Q) = |Imhun — un”Ll(Q\Qk) + [|7hun — unHLl(Qk)

<M (CE(Q \ Q)2 1 |h| L(Q)%) .

For every fixed € > 0 we can choose kg such that if |h| < - then

9

1
B £(S) —

% and L\ Q)2 <
hence we get that Ve > 0, 36 > 0 such that Yh € RY with |h| < § and for any n € N it
holds

[ Thtn — unll 1) < €.
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Finally for every p € (1, +00) fixed, by interpolation there exist g € (p, +00) and 6 € (0,1)
such that

| Thtn — unHLP(Q) < ||mhun — un”?:l(Q)HThun - un”i;(eg)

0 1-9
< Imhun — unllzi(q) [Imhtnll Lag) + lunllLoqo)]

1-6
< lImnttn = w10 (2wl o))

< [[Thun — unH?;l(Q)(QCM)l_G

where in the last inequality we used (5.12). This proves equicontinuity in LP(2), namely
Ve > 0, 36 > 0 such that Yh € RV with |h| < 6 and for any n € N it holds

| Thun — unllLr(@) < e

Then by the compactness criterion in LP, we can conclude that the sequence {u, |n € N}
converges (up to subsequences) in LP(€2). O

Theorem 5.2.2. Let N > 2 and Q = {x € RN | |z| > a > 0}. For every p € [2, +00) we
have the following continuous immersion

H,y0q(€2) < LP(9);
which is also compact for p € (2,400).

Proof. Case N > 3. Let u € H! (), since it is radial we can identify it with a function
in H*((a, +00)) which we still denote by u. Since u € H'((a, +00)) then | lim wu(z) =0,

x| =400
by the same argument as in the proof of Theorem 5.2.1, we get that

_N
[u(z)| < Clal'™ = ||ull g1(q) (5.15)

where C = C(N,a). If p>2*, N +p— 32 <0 and so

+oo N
[ u@pds < Culullygy [N R = ol (516)

From (5.16) and the classical Sobolev embedding (see |2, Theorem 5.4]) which holds for
p € [2,2%], we can conclude that if u € H} ()

HUHLP(Q) < CNpa UHH1(§2)7 Vp € [2,+00)

and hence
H! (Q) = LP(Q),  VpeE[2,+o0).

rad

Now in order to prove compactness, we proceed as in [5, Theorem 11.2] (see also [175]).
Let {u,|n € N} C H! ,(Q) be a bounded sequence, without loss of generality we can
assume that u, — 0 in H' (). From (5.15) it follows that

rad
[un(x)| < Cl|1:]1_%, for every n € N
so if p > 2, given € > 0 there exist Cy, R > 0 (we can always assume R > a) such that

|un (z)|P2 < Cl\x|(1_%)(p_2) < Cae, for |z| > R.
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Using this we get that
/|>R |un (2)|Pde < 026/ o |t ()| ?dx < C’QsHunH%p(Q) < Cse. (5.17)

We consider now the annulus A := {x € R |a < || < R}, since the sequence {u, |n €
N} is bounded in H} ,(A), recalling the compact embedding H' ,(A) cC LP(A) for any

rad

p € [1,400) (see Theorem 5.2.1) we get that u, — 0 strongly in LP(A). It follows that
there exists ng € N such that for all n > ng

/ | (z)|Pde < e. (5.18)
a<|z|<R
Combining (5.17) and (5.18), we get that for every n > ng

/ un(@)Pda < Cae
0

which proves that u, — 0 in LP(2) Vp € (2, +00).

Case N = 2. The continuous immersion H'(2) < LP(Q) holds for every p € [2, +00)
(see [2, Theorem 5.4 Case BJ). For what concern compactness, we proceed as in the
previous case using that for any v € H! ,(Q) it holds

rad
_1
lu(x)] < Clz|["1||ul| g1 (-
Actually, if N = 2 the embedding is compact for every p € [2, +00). O

Remark 13. Notice that if N > 3 the embedding of H! ,(RY) in LP(RY) is compact for
all p € (2,2%) (see [5, Theorem 11.2] and also [175]).

Regarding the Sobolev space H&T 2a(82) we get the following results.

Corollary 5.2.3. Let N > 2 and Q = Aqyp. For every p € [1,+00), the following
compact immersion holds
H&,rad(Q) — LP(Q)

Moreover, if N > 3 there exists a positive constant C = C (N, p, a,b) such that Vp > 1
lullzr () < ClIVullp2(q)- (5.19)

Proof. It follows similarly to the proof of Theorem 5.2.1. If N = 2, since A, is bounded,
we have that for all p € [1,4+00) the embedding

HY(Q) — LP(Q)

is compact (see e.g. [2, Theorem 6.2 which holds also in H}(Q2)). If N > 3 and U Cc RY
is an arbitrary open set, then for every u € H&(U ) it holds

[ell 2 0y < COn[IVull 2wy (5.20)

(classical Gagliardo-Nirenberg-Sobolev inequality for H}(U)). Since we are working with
functions in H}, ,(Q), extending u by 0 outside © and proceeding as before we obtain
the following estimate

[u(@)? < Clal*™NJull 2 @IVl p2(0) < Cla NIVl 2

where in the last inequality we used (5.20). Estimate (5.19) follows immediately; for
what concerns compactness we can replicate the arguments before. ]
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Remark 14. Notice that differently from Theorem 5.2.1, if N > 3 only the gradient of u
appears in the right-hand-side of inequality (5.19). This fact will be useful in the next
section, in order to relax the assumptions on the potential V' for problems defined on
annular domains.

Corollary 5.2.4. Let Q = {z € RV ||| > a > 0}. For every p € [2,+00) we have the
following continuous immersion

H(%,rad(Q) — LP(Q)
Hence for every p > 2 there exists a positive constant C = C(N,p,a) such that
[ull o) < Cllullg:, (@)
moreover, if N > 3 for any p > 2* we have
lull ey < ClIVull L2 (5.21)
The previous immersion is compact for every p € (2,4+00).

Proof. Case N > 3. Let u € H& +aqd(§2), by the same argument as before and using
estimate (5.20), we get that

_N
[u(z)] < Clzl'™ = || Vull 2(q)

where C' = C(N,a). If p>2*, N +p— 32 < 0 and so

+oo N
/Q u(z)Pdx < 01||vuug2m)/ PN-1+p=5E g Co|| Vullyz ),

which proves estimate (5.21). By the previous inequality and the classical Sobolev em-
bedding (see |2, Theorem 5.4]) which holds for p € [2,2*], we can conclude that if
u € H&T a d(Q)

lullr@) < Cnpallullgr)y, — Vp € [2,+00)

and hence the continuous embedding follows.

Case N = 2. The continuous immersion H}(2) < LP(£2) holds for every p € [2, +00)
(see [2, Theorem 5.4 Case B]).

In both cases, the proof of compactness follows the same arguments as in the proof
of Theorem 5.2.2. I

5.3 Existence of a constrained minimizer

We construct a radial solution to the Neumann boundary value problem (5.8) as
minimizer of Q(u) on the constrained set M, (as defined in (5.5) and (5.6)).

Proposition 5.3.1. Let N > 2, o € (0, N) fized, Q = Aqp and V(|z|) be a continuous
radial function on Q0 such that inf,eq V(z) > 0. Then, for every p € [1,+00), there exists
Uuq € My non-negative function such that

Q(ug) = Jo := inf Q(u).

’LLEMa
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Proof. Let J, = irjl\f[ Q(u) > 0 and {u, |n € N} € M, be a minimizing sequence for
ueMq

Jo. We can assume that there exists ng € N such that for any n > ng
Qup) < Jo+1

from which, using that iné V(z) > 0, we deduce that
TE

/ |V, [2de < Jo + 1, / u? de < Qlun) < Jo T 1.
Q Q

infV infV

This proves that the sequence {u,|n € N} is bounded in H! ,(Q), hence there exists
uo € H! ;(Q) such that u, — u, weakly in H' () (up to subsequences) as n — oo
and almost everywhere in €). Notice that the function u, can be chosen non-negative,
possibly taking |uq|. Now, in order to conclude, we have to verify that u, € M,. Using
the Hardy-Littlewood-Sobolev inequality (3.15) we get that

/ (Lo * [t i ]? — / (I * [tal”)ual?
Q [9]

|Un |un | |ua ”
=CNa // da:dy— dx dy
’ |z —y[N-e J I:E—yIN *

— Cya // (Jun(z I”*Iua(:v)lp)(lun(y)l”ﬂua( )P )dxdy

’ |z —y[Ne

O = e g e ]

LN+a LN+a(Q)
L N (T, |
|| |ta| e @ Hun”L%(Q)_FHuaHL%(Q)

Using estimate (5.12) and the fact that |[un||g1) < C, we obtain that for every p €
[1, 400)

N+a (Q)
uniformly in n. If p = 1 we are done, since using Theorem 5.2.1 we have that |lu, —

U || 2n v = 0. On the other hand if p > 1, in order to deal with the term ||u,|P —

P
el 2% g
function zP, for x > 0 and p > 1, we get that

HUHHPM + ||UaHp 2Np <C
LN¥a () L

, we take advantage of the following estimate. Using convexity of the

[wnl? = Jual?| < b |lunl = lual| (Junl™" + ual™")

and so using Holder’s inequality

([

2N
L N+a (Q)

< Ol Jun| = |ual

p—1 p—1
LJ%IJXZ (Q)H’un| * |ua| HL?VJYFT; Q)

ol Ny ) (522
(@) (o)

< Ol fun| = |ual

i Ik
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where 7 and 7’ are conjugate exponents. Choosing r such that

/ p—
2N (p 1)>17
N+ao —

we can use estimate (5.12) again, and since {u,} is bounded in H! ,(Q), we get that

-1 -1
HuTLHp 2N/ (p—1) + HuaHp 2N/ (p—1) < ¢

L~ Nta  (Q) L™ Nia ()

uniformly in n. Finally, since the embedding is compact (refer to Theorem 5.2.1) we have
that up to subsequences

lltn — uaHLz%IXZ - — 0.
This proves that
p_ P
Hlun\ [ua HLJ\%-&IYQ () -0

and consequently that

/(Ia * |ug|P)|ua|Pde = 1.

Q
We can conclude that u, € M,. ]

Proposition 5.3.2. Under the assumptions of Proposition 5.3.1, let Q = {x € RN | |z| >
a > 0}. Then, for every p € (%,4@0) there exists uo € My non-negative function

such that
Q(ua) = Jo := inf Q(u).

UEM(X

Proof. We proceed in the same way as the previous proof, but since Q = {z € RV | |z| >
a > 0}, we use the following Sobolev Embedding (see Theorem 5.2.2): for every ¢q €
[2, +00) we have the continuous immersion

H! ,(Q) — LYQ)

rad

which is also compact for ¢ € (2, 400). Since {u,} is bounded in H! ,(€), it follows that
for every p € (%, +oo)

Huanm + ”Uaupm <C
LT (Q) LT (Q)

uniformly in n. Recalling estimate (5.22), in this case we have to require that

2N7'(p—1) 2Nr
—_—>2 d
Nta -° " Nia~

If p > 2, taking r = v’ = 2, the two previous conditions are satisfied. If % <p <2,

we set 7’/ = NZ\([;_O‘I) and consequently r = ﬁi’fm), in this way
2Nr'(p—1
-1y g T 2N,
N+« N+a 2N+a—Np

which concludes the proof. O
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Proof of Theorem 5.1.1. Let u, € M, be a minimizer for J, (see Proposition 5.3.1 and
Proposition 5.3.2). By classical arguments, u, solves

—Atg + V(2)ua = pia(Ia * [ualP)|ta|P~2uq in Q

Uq > 0 in €
%L;:O on 0f)

where p, is a Lagrange multiplier, and u, > 0 by the Strong Maximum Principle.
Therefore |pq|2P=2 u, provides a solution to (5.8). O

Proof of Theorem 5.1.2. When dealing with homogeneous Dirichlet boundary conditions
we will investigate existence of minima of the functional @ over the constrained set

My = {u € H&md(Q) ‘ / (Lo * |ulP) |ulP = 1}.
Q

Exploiting Corollary 5.2.3 and Corollary 5.2.4, one can prove that there exists uq,o non-
negative function which achieves the infimum

Ja,O = 1nf{Q(u) ‘ u € Ma,O}-

Hence, the results of Proposition 5.3.1 and Proposition 5.3.2 hold also for Dirichlet bound-
ary conditions, and we can conclude by rescaling. Let us assume now that V>0, N > 3
and Q = Agp. If {u,} is a minimizing sequence for J, o, exploiting estimate (5.19) we
get that

/ u? de < C/ Vg [*dz < CQ(uy) < C(Jao + 1).
Aa,b Aa,b

Hence, if N > 3 we obtain existence of solutions to the problem (5.9) on Q = A, also
in the more general case V(|z|) > 0. O

5.4 Nonexistence result

First, we prove a suitable version of the celebrated Pohozaev identity (refer to the
seminal papers [168, 172] and also to |6, 89| for the Choquard case).

Theorem 5.4.1. Let Q be a smooth domain in RN . Assume that u € H}(Q) NW22(Q) N
2N
Whvre (Q) is a solution to

—Au+V(z)u= (I * |uP)uP2u, in Q (5.23)

such that u?V € LY(Q) and u>VV -2 € LY(Q). Then the following Pohozaev-type identity
holds

N N
<2—N+O‘Jr >/|Vu]2dx—<N—a+ >/Vu2d:c—/u2VV-:cdw:Im,
p Q p Q Q

(5.24)
where v is the exterior unit normal at 02 and u, = % and Ipn = faQ u? (z-v)do.

Proof. Since u solves (5.23), multiplying each term by Vu -z and integrating over 2, we
get

—/AuVu-xd:c+/VuVu-xd:L‘:/(Ia*]u|p)\u|p_2uVu-:L‘dx.
Q Q Q
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We consider each term of the previous equality separately. Integrating by parts the first
term, we have

—/AuVu-xdx:/Vu-V(Vu-x)d:L‘—/ (Vu-v)(Vu - z)do
Q Q o0

:/ ]Vu|2—|—/2uxiuxixjxj—/ (Vu-v)(Vu-z)do. (5.25)
Q Q i onN

Notice that integrating by parts

/ Z(u%x])u%x] = / |Vul>z - vdo — / Vu-V(Vu-x)+ (1 - N)/ |Vul?. (5.26)
ey o0 Q Q
Putting (5.26) into (5.25), and integrating by parts again, we find

/AuVu-azd:vz@N)/ |Vu|2d9:+/AuVu-xd:c+
Q Q Q

+/ \Vu|2m-yda—2/ (Vu-v)(Vu - z) do.
o0N o0

Since u = 0 on 01, one has that Vu(x) = u,v where u, = %, hence we get

2— N 1
—/AuVu~:L‘dx:/ |Vu|2dx—/ - vdo. (5.27)
Q 2 Ja 2 Joq

Concerning the second term, integrating by parts we have

/VuVu-:cdx:/ VuQx-udJ—/VuVu-xdw—N/Vqu:n—/uQVV':de
Q o2 Q Q Q

and hence

1 N 1
/VuVu-xdx—/ VuZx‘Vdo—/VUde—/uZVV-wd:v. (5.28)
Q 2 Joo 2 Ja 2 Ja

As for the Riesz term we get

)P P2 .
/(Ia*]u\p)u\p_QuVu-mdm:c/ )P julz)"u(z)Vu mdyda::

o=y
D] [ [ o s, (4L
Q

(5.29)
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where ¢ = ¢(N, ) is the constant in the definition of the Riesz potential. We have that

wu(z)|P~2
//|u )|[Pu(x lex< |( )—‘ZEV\)/‘O‘ >d:vdy
)P p—2 . )P p—2 .
//m|u u(z)| V“dmwﬂyz//m|“ @V,
|z —y[N - |z — y| N

+w_m/‘hmwmmww— dd+N//W DR,
Q

|z —yN o x —y|N-«

|u WP u(z) u(x)|P~2Vu - x a—l—N// |u(z) [P |u(y)
=(p-1) dx dy d dy
//) P ! oy

a—N u(@) P lu(y)|P (z +y) - (z—y)
// dz dy (5.30)

r—y T e

where we used that £

vle—y) %—F @49)-@=y) 3 nd moreover we observe that by symmetry

l[e—y[? — 2[z—y[?
(@) P [u@)P (@ +9) - (@ — 9)
dx dy = 0.
/) c_yNo ey W0

Using (5.30) in (5.29) we finally get

/I s |ulP)|uP~%u Vu - x dx
Q

[ R vy dotwydy - [l
Q

p lx —y[N—a
Q o0

(5.31)

Summing up (5.27), (5.28) and (5.31), and using the fact that v = 0 on 92 we obtain
the following identity

2—N N 1
/ \Vu]Qdm—/Vqum—/uQVV-xdx
2 Ja 2 Ja 2 Ja

a—l—N/ 1/ ) (5.32)
+ Iy |ulP)|ulP de = = usx-vdo.
[ Ul =3 [

Finally, testing equation (5.23) with u, we infer that

/(Ia*\u|p)\u|pdx—/ ]Vu|2dar+/Vu2dac
Q Q Q

using this relation in (5.32) we conclude the proof of the Pohozaev-type identity (5.24).
O

Remark 15. Notice that the previous integrability assumptions on u can be weakened
for suitable values of the nonlinearity p, indeed one can adapt the proof of regularity for
solutions to the Choquard equation in the whole space RY to other kinds of domains
(see [152, Proposition 4.1] and also [154, Theorem 2]).
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As a consequence, using the Pohozaev identity we can prove that if the domain Q is

strictly star-shaped, the value p = % is critical from the point of view of existence of

non-trivial solution for the Dirichlet problem (5.10). Notice that in the literature also

p = % is a critical value for the Choquard equation in the whole space R and for

Choquard boundary value problems defined in exterior domains of the form R \ B,(0)
(refer to Theorem 5.1.1 and Theorem 5.1.2).

Proof of Theorem 5.1.3. Since u € Hg () NW?22(Q) N WI%(Q) solves (5.10) and we
assumed that u?V, u?VV -z € L'(Q), we have the following Pohozaev identity

N N
(N—Q—O‘+ >/|Vu|2dm—|—<N—a+ >/Vu2dx
p Q p Q

+/u2VV-a:d:c+/ u?(z-v)do =0
Q o9

Since  is strictly star-shaped with respect to 0 € RY, we have that z - v > 0 on 09,

moreover by assumptions fQ u?VV -xdx > 0. Soif V>0 and p > %f;, u must be

identically equal to 0, and in the case p = % the same holds if V' > 0. ]

5.5 Limiting problem

In this section we will always assume that 2 = A,;,, N > 2, p is a fixed real value
in [1,+00) and V(|z|) is a continuous radial function on Q such that inf,cq V(z) > 0.
Notice that if 0 < ay < a3 < N for every couple of points x,y € By(0) it holds

1 T
m < (max{1,2b})* QWa

from which using that Cn o, < Cn,a, (as defined in (5.2)) it follows that

/ (I * /)1 f]dx < C / Loy * | f)1f] da (5.33)
Q Q

where C' = (max{1,2b})**. From Proposition 5.3.1 we have that for every fixed a €
(0, N), there exists a non-negative function u, € M, which minimizes Q(u), that is

Ja = Q(ua)'

We recall the following classical result (see [122, Theorem D]).

Theorem 5.5.1 (Riesz kernel as an approximation of the identity). Let f € LP(RY) for
€ [1,+00). If the Riesz potential I, x f is well-defined, we have that

Iox f(z) = f(x), as a—0"

at each Lebesgue point of f.

Following some arguments in [107], we prove weak convergence of minimizers when
a—0t.

Proposition 5.5.2. Let {ay,} be a sequence of real values in (0, N) such that o, — 0
as n — 400 and uq, € My, be a sequence of minimizers to Jo, respectively. Then, there
erists ug € Hrlad(Q) such that, up to subsequences

Uq, — ug in H ;(Q) Ua, = uog n LIU(Q), Vg€ [l,400)

n
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and

Q
Proof. First we prove that the sequence {uq, |n € N} is bounded in H} ,(€2). Let us
consider a non-negative test function n € M,, and for every a € (0, ;) let us define
o n
Mo 1= -
2p
<f (I, * PP da:)
Q
L
Denoting by a = (f I xnP)nP da;) "’ we observe that
Q
1
/(Ia * g6 dr = — /(Ia « )’ do =1
Q Q
hence 1, € M,. For every a € (0, 1), using (5.33), we get
Q1) Q(n) Q(n)
Q(Na) = P = r < T = C1Q(n)
p

(JUaemypde)” (& [ay <y do)

where C7 = Cj(b,a1,p) and in the last equality we exploited the fact that n € M,,.
Since 14 € M,, it follows that J, < C1Q(n), therefore J, < Cy for every a € (0, ).
Hence if uq,, is a minimizer associated to «,, we have that

/ |Vttg, |> < Cy and / e, |? < Cy
Q Q

uniformly in n. This proves that the sequence {uq, |n € N} is bounded in H} ,(Q) as

a, — 07, so there exists ug € H}ad(Q) such that, up to subsequences u,, — up in

H! (9). We can conclude using the compact Sobolev Embedding for radial functions

(refer to Theorem 5.2.1).

Now we prove that [ ug”(z)dx > 1. We observe that if s, € Ma,, using (5.33) it holds
Q

1= /(Ia1  |[Uay [P)|tay |P de < lim C’/(IO[2 * |Uay |P)|tay |P d. (5.34)
042—)0+
Q

Passing to the limit as oy — 07 in (5.34), we get that

1= lim (Ioy * |tay [P) |t |Pde < lim  lim C [ (In, * |ta, [P)|ta, |P dz,
a1 —0t Q a1 —0t as—0+
Q

and using monotone convergence and Theorem 5.5.1, we obtain that

a1 —0t ag—>

1< lim c/ lim (o, % [ttey|P)|tte [P do = Tim c/yual(x)y%dx.
—0t Oé1—)0+
Q

Since uq,, — ugp in L) for every ¢ € [1,+00) and C = (max{1,2b})** — 1 as oy — 0,

we can conclude that
1< /ug(ac)2p dx.

Q
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As for the inverse inequality, we observe that again by (5.33), for ae > oy

011—>0+

lim (Lo * |tay [P)|ta, [Pdz < lim C'/(Ioé1 * [uay [P)|ta, |Pde = C
a1—>0+
Q Q

where C' = (max{1,2b})*2. Passing to the limit as ay — 07 we get

> | ; P Ple — i P P
12 tim i [ oy oo, P =t [ (T * uol?) ol
Q

where to get the last equality, we proceed as in the proof of Proposition 5.3.1. Finally,
using again the Monotone Convergence Theorem and Theorem 5.5.1, we obtain that

1> /uo(a:)Qp dz
Q

which concludes the proof. O

Now we prove that every non-negative function belonging to My can be seen as the
limit of a suitable approximating sequence.

Proposition 5.5.3. Let u € My be a non-negative function. Then for every a € (0, N)
there exists wo, € M, such that wy, — u in Hrlad(Q) as o — 07T,

Proof. For every a € (0, N), let us consider the function

1
~2p
We,, 1= O, where o, = (/ (I * ]up)]u\p> "
Q

It follows immediately that
[ et Pl P = o2 [ (Lo s s =1,
Q Q

hence w,, belongs to M,. In order to conclude we observe that

lim o, = lim (/ (1o * |u]p)|u\pdx> = (/ lu(z)|?P dx> =1
a—07t a—07t Q Q

using in the last equality that u € M. O

In order to conclude we have to show that the constrained variational problems J,
converges to the limit problem Jy as o« — 0.

Proposition 5.5.4. Let us consider a sequence of real values o € (0,N) such that
a — 07 and let {ua} be a sequence of minimizers of Q(u) in M, respectively. Then, up
to subsequences, we have that

Uy —> Uy N Hﬁad(ﬂ)
and

Jo = inf Qu) = Qlua) —— Jo = inf Q(u) = Q(uo)



146 5. Boundary value problems for Choquard equations

Proof. From Proposition 5.5.2 there exists ug € My such that u, — ug in Hﬁad(Q). So,
by lower semicontinuity with respect to weak convergence, we get that

Jo < Q(up) < liminf Q(uq) = liminf J, (5.35)
a—0t a—0t

where we used also that Jy := ir}\g Q(u) and that every u, is a minimizer for J,.
ue Mo
Conversely, let u € My be a non-negative function, by Proposition 5.5.3 there exists a

sequence of function w, € M, such that w, — u in H 7}ad(Q) as a — 0T, so it holds

Q(u) = lim Q(wy) > limsup J,. (5.36)

a—0t a—0t

Notice that in the minimization problem Jy = ir}\{; Q(u), we can equivalently minimize
uec Mo

over the constrained set {u € My | u > 0} (possibly taking |u| instead of u). Passing to
the infimum in (5.36), we get that

Jo = inf  Q(u) > limsup J,
{ueMolu=>0} a—0+

and hence from (5.35) we finally obtain

Jo > limsup J, > liminf J, > Jy,
a—0+ a—0t

which concludes the proof. O

Proof of Theorem 5.1.4. Since ug is a minimizer for Jy, we have that

—Aug + V(z)ug = ,ugugp_l in Q
ug > 0 in Q
%LVO =0 on 0f)

1
where pg is a Lagrange multiplier. A suitable multiple of ug (namely |uo|2r—2 ug) provides
a solution to (5.11). O



Bibliography

1]

2]

3]

4]

[5]

6]

17l

8]

19]

[10]

[11]

[12]

Achdou Y., Cardaliaguet P., Delarue F., Porretta A., Santambrogio F.; Mean
field games. Lecture Notes in Mathematics, Vol. 2281. CIME Foundation Sub-
series. Springer, vii+307 pp. ISBN: 978-3-030-59837-2; 978-3-030-59836-549-06 (35-
06 49N80 91-06)

Adams R.A.; Sobolev spaces. Pure and Applied Mathematics, Vol. 65. Academic
Press [Harcourt Brace Jovanovich, Publishers|, New York-London, 1975. xviii+ 268

bp.

Agmon S.; The LP approach to the Dirichlet problem. Part I: regularity theorems.
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 13(4):405-448, 1959.

Ahl'fors L.V.; An extension of Schwarz’s lemma. Trans. Amer. Math. Soc. 43
(1938), 359-364.

Ambrosetti A., Malchiodi A.; Nonlinear analysis and semilinear elliptic problems.
Cambridge Studies in Advanced Mathematics, 104. Cambridge University Press,
Cambridge, 2007. xii+316 pp. ISBN: 978-0-521-86320-9; 0-521-86320-1.

Ambrosio V.; Regularity and Pohozaev identity for the Choquard equa-
tion involving the p-Laplacian operator. Appl. Math. Lett., 145 (2023)
doi:10.1016/j.aml.2023.108742.

Aubin T.; Meilleures constantes dans le théoréme d’inclusion de Sobolev et un
théoreme de Fredholm non linéaire pour la transformation conforme de la courbure
scalaire. J. Funct. Analysis, 32, (1979), 148-174.

Aviles P.; Conformal complete metrics with prescribed non-negative Gaussian cur-
vature in R?. Invent. Math. 83 (1986), no. 3, 519-544.

Bardi M., Feleqi E.; Nonlinear elliptic systems and mean-field games. NoDEA Non-
linear Differential Equations Appl. 23 (2016), no. 4, Art. 44, 32 pp.

Bardi M., Fischer M.; On non-uniqueness and uniqueness of solutions in finite-
horizon mean field games. ESAIM: Control Optim. Calculus Var. 25, 44 (2019)

Bardi M., Priuli F.S.; Linear-quadratic N-person and mean-field games with ergodic
cost. SIAM J. Control Optim. 52:5 (2014), 3022-3052.

Barles G., Meireles J.; On unbounded solutions of ergodic problems in R™ for
viscous Hamilton—Jacobi equations. Comm. Partial Differential Equations, 41:12,

1985-2003 (2016). doi:10.1080/03605302.2016.1244208.

147


https://doi.org/10.1016/j.aml.2023.108742
https://doi.org/10.1080/03605302.2016.1244208

148

Bibliography

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

Battaglia L., Van Schaftingen J.; Groundstates of the Choquard equations with a
sign-changing selfinteraction potential. Z. Angew. Math. Phys. 69(86), 16 (2018).

Bebernes J., Ederly A.; Mathematical Problems from Combustion Theory. Appl.
Math. Sci. 83 (1989), Springer-Verlag, New York.

Benamou J.-D., Carlier G., Santambrogio F.; Variational Mean Field Games. Ed.
by Bellomo, Degond, Tadmor. Active Particles, vol. 1 (Springer, Berlin, 2017).

Bensoussan A.; Perturbation Methods in Optimal Control. Translated from the
French by C. Tomson. Wiley/Gauthier-Villars Series in Modern Applied Mathe-
matics. John Wiley & Sons, Ltd., Chichester; Gauthier-Villars, Montrouge, 1988.
Xiv-+573 pp. ISBN: 0-471-91994-2.

Bernardini C.; Fzistence and Compactness of Conformal Metrics on the Plane with
Unbounded and Sign-Changing Gaussian Curvature. Vietnam J. Math. 51, 463-487
(2023) doi:10.1007/s10013-021-00540-5.

Bernardini C.; Fxistence and asymptotic behavior of non-normal conformal metrics
on R* with sign-changing Q-curvature. Commun. Contemp. Math. 25 (2023), no.
10, Paper No. 2250053, doi:10.1142/50219199722500535.

Bernardini C.; Mass concentration for FErgodic Choquard Mean-Field Games.
ESAIM: Control Optim. Calc. Var., to appear (preprint ArXiv: 2212.00132).

Bernardini C., Cesaroni A.; FErgodic Mean-Field Games with aggrega-
tion of Choquard-type. J. Differential Equations 364, 296-335 (2023)
doi:10.1016/j.jde.2023.03.045.

Bernardini C., Cesaroni A.; Boundary value problems for Choquard equations.
Preprint Arxiv: 2305.09043 (2023).

Bernardini C., Vespri V., Zaccaron M.; A note on Campanato’s LP-regularity with
continuous coefficients. Eurasian Math. Journal 13 (2022) no.4, 44-53.

Borer F., Galimberti L., Struwe M.; “Large” conformal metrics of prescribed Gauss
curvature on surfaces of higher genus. Comment. Math. Helv. 90 (2020), 407-428.

Borwein J.M., Vanderwerff J.D.; Convex functions: constructions, characteriza-
tions and counterexamples. Volume 109, Encyclopedia of Mathematics and its Ap-
plications, Cambridge University Press, Cambridge (2010).

Branson T.P.; Differential operators canonically associated to a conformal struc-
ture. Math. Scand. 57 (1985) no. 2, 293-345.

Branson T.P.; The functional determinant. Global Analysis Research Center Lec-
ture Notes Series, no. 4, Seoul National University (1993) doi:10.1090/50002-9939-
1991-1050018-8.

Branson T.P.; Sharp inequality, the functional determinant and the complementary
series. Trans. Amer. Math. Soc. 347 (1995) 3671-3742, doi:10.1090/S0002-9947-
1995-1316845-2.

Branson T.P., Orsted B.; Ezplicit functional determinants in four dimensions. Proc.
Amer. Math. Soc. 113 (1991) 669-682, doi:10.2307,/2048601.


https://doi.org/10.1007/s10013-021-00540-5
https://doi.org/10.1142/S0219199722500535
https://arxiv.org/abs/2212.00132
https://doi.org/10.1016/j.jde.2023.03.045
https://arxiv.org/abs/2305.09043
https://doi.org/10.1090/S0002-9939-1991-1050018-8
https://doi.org/10.1090/S0002-9939-1991-1050018-8
https://doi.org/10.1090/S0002-9947-1995-1316845-2
https://doi.org/10.1090/S0002-9947-1995-1316845-2
https://doi.org/10.2307/2048601

Bibliography 149

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

Brendle S.; Global existence and convergence for a higher order flow in conformal
geometry. Annals of Math. 158 (2003) 323-343.

Brezis H.; Functional analysis, Sobolev spaces and partial differential equations.
Universitext. Springer, New York (2011) xiv+599 pp. ISBN: 978-0-387-70913-0.

Brezis H., Lieb E.; A relation between pointwise convergence of functions
and convergence of functionals. Proc. Amer. Math. Soc., 88(3):486-490 (1983)
doi:10.2307/2044999.

Brezis H., Merle F.; Uniform estimates and blow-up behaviour for solutions of
—Au =V (x)e" in two dimensions. Comm. Partial Differential Equations 16 (1991)
1223-1253.

Briani A., Cardaliaguet P.; Stable solutions in potential mean field game systems.
NoDEA Nonlinear Differ. Equ. Appl. (2018) 25:1, doi:10.1007/s00030-017-0493-3.

Cardaliaguet P., Delarue F., Lasry J.-M., Lions P.-L.; The Master Equation and
the Convergence Problem in Mean Field Games (AMS-201). Vol. 201, Princeton
University Press, Princeton (2019).

Cardaliaguet P., Graber P.J.; Mean field games systems of first order. ESAIM
Control Optim. Calc. Var., 21:3 (2015) 690722, doi:10.1051/cocv/2014044.

Cardaliaguet P., Graber P.J., Porretta A., Tonon D.; Second order mean field games
with degenerate diffusion and local coupling. Nonlinear Differ. Equ. Appl. 22 (2015),
1287-1317, doi:10.1007/s00030-015-0323-4.

Cardaliaguet P, Masoero M.; Weak KAM theory for potential MFG. J. Differ. Equ.
268, 3255-3298 (2020).

Cardaliaguet P., Mészaros A.R., Santambrogio F.; First order mean field games
with density constraints: pressure equals price. SIAM J. Control. Optim. 54(5),
2672-2709 (2016).

Cardaliaguet P., Lasry J.-M., Lions P.-L., Porretta A.; Long time average of mean
field games. Netw. Heterog. Media 7, 279-301 (2012).

Cardaliaguet P., Lasry J.-M., Lions P.-L., Porretta A.; Long time average of mean
field games with a nonlocal coupling. STAM J. Control Optim. 51, 35583591 (2013).

Cardaliaguet P., Porretta A.; Long time behavior of the master equation in mean
field game theory. Anal. PDE 12 (2019), no. 6, 1397-1453.

Carmona R., Delarue F.; Probabilistic theory of mean field games with applications.
I. Mean field FBSDEs, control, and games. Probability Theory and Stochastic
Modelling, 83, Springer, Cham, (2018) xxv+713 pp. ISBN: 978-3-319-56437-1.

Carmona R., Delarue F.; Probabilistic theory of mean field games with applications.
1. Mean field games with common noise and master equations. Probability Theory
and Stochastic Modelling, 84, Springer, Cham, 2018. xxiv+697 pp. ISBN: 978-3-
319-56435-7.

Cesaroni A., Cirant M.; Concentration of ground states in station-
ary Mean-Field Games systems. Anal. PDE 12 (2019), no. 3, 737-787,
doi:10.2140/apde.2019.12.737.


https://doi.org/10.2307/2044999
https://doi.org/10.1007/s00030-017-0493-3
https://doi.org/10.1051/cocv/2014044
https://doi.org/10.1007/s00030-015-0323-4
https://doi.org/10.2140/apde.2019.12.737

150

Bibliography

[45]

[46]

[47]

48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

Cesaroni A., Cirant M.; Introduction to variational methods for viscous ergodic
mean-field games with local coupling. Contemporary research in elliptic PDEs and
related topics, 221-246, Springer INdAM Ser., 33, Springer, Cham, 2019.

Chang S.-Y. A., Chen W.; A note on a class of higher order conformally co-
variant equations. Discrete Contin. Dynam. Systems 7 (2001), no. 2, 275-281,
doi:10.3934 /dcds.2001.7.275.

Chang S.-Y. A., Gursky M., Yang P.; The scalar curvature equation on 2-and 3-
spheres. Calc. Var. 1, (1993), 205- 229.

Chang S-Y. A, Qing J., Yang P.; Compactification of a class of conformally flat
4-manifold. Invent. Math. 142, 65-93 (2000), doi:10.1007/s002220000083.

Chang S.-Y. A., Yang P.; Prescribing Gaussian curvature on S?. Acta Math., 159,
(1987), 215-259.

Chang S.-Y. A., Yang P.; Conformal deformation of metric on S?. J. Diff. Geom.,
27, (1988), 259-296.

Chang S.-Y. A., Yang P.; A perturbation result in prescribing scalar curvature on
S™. Duke Math. Jour., 64 (1991), 27-69.

Chang S.-Y. A., Yang P.; Extremal metrics of zeta function determinants on 4-
manifolds. Annals of Math. 142 (1995) 171-212.

Chang S.-Y. A., Yang P.; On uniqueness of solutions of m-th order differ-
ential equations in conformal geometry. Math. Res. Lett. 4 (1997), 91-102,
doi:10.4310/MRL.1997.V4.N1.A9.

Chanillo S., Kiessling M.; Rotational symmetry of solutions of some nonlinear prob-
lems in statistical mechanics and geometry. Commun. Math. Phys. 160 (1994),
217-238.

Chen P., Liu X.; Positive solutions for Choquard equation in exterior domains.
Commun. Pure Appl. Anal. 20 (2021), no. 6, 2237-2256.

Chen W., Ding W.-L.; Scalar curvatures on S*. Trans. Amer. Math. Soc., 303,
(1987), 365-382.

Chen W., Li C.; Classification of solutions of some nonlinear elliptic equations.
Duke Math. J. 63 (1991), 615-622, doi:10.1215/S0012-7094-91-06325-8.

Chen W., Li C.; Qualitative properties of solutions to some nonlinear elliptic equa-
tions in R%. Duke Math. J. 71 (1993), 427-429.

Cheng K.-S., Lin C.-S.; On the asymptotic behavior of solutions of the conformal
Gaussian curvature equation in R%. Math. Ann., 308 (1997) 119-139.

Cheng K.-S., Lin C.-S.; Conformal metrics in R? with prescribed Gaussian curva-
ture with positive total curvature. Nonlinear Anal. 38 (1999),775-783.

Cheng K.-S., Lin C.-S.; Conformal metrics with prescribed nonpositive Gaussian
curvature on R?. Calc. Var. Partial Differential Equations 11 (2000), 203-231.


https://doi.org/10.3934/dcds.2001.7.275
https://doi.org/10.1007/s002220000083
https://doi.org/10.4310/MRL.1997.V4.N1.A9
https://doi.org/10.1215/S0012-7094-91-06325-8

Bibliography 151

[62]

[63]

[64]

[65]

|66]

[67]

[68]

[69]

[70]

[71]

[72]

73]

[74]

[75]

[76]

[77]

[78]

[79]

Cheng K.-S., Lin C.-S.; Multiple solutions of conformal metrics with negative total
curvature. Adv. Differential Equations 5 (2000), 1253-1288.

Cheng K.-S., Lin J.T.; On the elliptic equations Au = K (z)u® and Au = K (z)e?".
Trans. Amer. Math. Soc. 304 (1987), no. 2, 639-668.

Cheng K.-S., Ni W.M.; On the structure of the conformal Gaussian curvature equa-
tion on R? I Duke Math. J. 62 (1991), 721-737.

Cheng K.-S., Ni W.M.; On the structure of the conformal Gaussian curvature equa-
tion on R? II. Math. Ann. 290 (1991), 671-680.

Chern S.-S.; A simple intrinsic proof of the Gauss-Bonnet theorem for closed Rie-
mannian manifolds. Ann. Math. 45 (1944), 747-752, doi:10.2307/1969302.

Cingolani S., Clapp M., Secchi S.; Multiple solutions to a magnetic nonlinear
Choquard equation. Z. Angew. Math. Phys. 63(2), 233-248 (2012).

Cirant M.; On the solvability of some ergodic control problems in R%. SIAM J.
Control Optim., 52:6 (2014), 4001-4026, doi:10.1137,/140953903.

Cirant M.; Multi-population mean field games systems with Neumann boundary
conditions. J. Math. Pures Appl. (9) 103(5), 1294-1315 (2015).

Cirant M.; Stationary focusing Mean Field Games. Comm. in Partial Differential
Equations, (2016) 41, no 8, 1324-1346, doi:10.1080/03605302.2016.1192647.

Cirant M.; On the ewistence of oscillating solutions in non-monotone mean-field
games. J. Differential Equations 266 (2019), no. 12, 8067-8093.

Cirant M., Cosenza A., Verzini G.; Ergodic Mean Field Games: existence of local
minimizers up to the Sobolev critical case. Preprint Arxiv: 2301.11692 (2023).

Cirant M., Goffi A.; On the problem of maximal Li-reqularity for viscous Hamil-
ton—Jacobi equations. Arch. Ration. Mech. Anal., 240 (3) (2021), 1521-1534.

Cirant M., Porretta A.; Long time behavior and turnpike solutions in mildly non-
monotone mean field games. ESAIM: Control Optim. Calc. Var. 27 (2021), Paper
No. 86, 40 pp.

Cirant M., Tonon D., Time-dependent focusing mean-field games: the sub-critical
case. J. Dyn. Diff. Equat. 31(1), 49-79 (2019).

Cirant M., Verzini G.; Bifurcation and segregation in quadratic two-populations
mean field games systems. ESAIM Control Optim. Calc. Var. 23, 1145-1177 (2017).

Cirant M., Verzini G.; Local Hélder and maximal reqularity of solutions of elliptic
equations with superquadratic gradient terms. Advances in Mathematics, 409 (2022),
108700.

Clapp M., Salazar D.; Positive and sign changing solutions to a nonlinear Choquard
equation. J. Math. Anal. Appl. 407 (2013), no. 1, 1-15.

Da Lio F., Martinazzi L.; The nonlocal Liouville-type equation in R and conformal
immersions of the disk with boundary singularities. Calc. Var. Partial Differential
Equations (2017), 56:152.


https://doi.org/10.2307/1969302
https://doi.org/10.1137/140953903
https://doi.org/10.1080/03605302.2016.1192647
https://arxiv.org/pdf/2301.11692.pdf

152 Bibliography

[80] Da Lio F., Martinazzi L., Riviére T.; Blow-up analysis of a nonlocal Liouville-type
equations. Analysis and PDE 8, no. 7 (2015), 1757-1805.

[81] Ding W.Y., Liu J.; A note on the prescribing Gaussian curvature on surfaces.
Trans. Amer. Math. Soc. 347 (1995), 1059-1066.

[82] Djadli Z., Malchiodi A.; Ezistence of conformal metrics with constant Q-curvature.
Ann. of Math. 168, no. 3 (2008), 813-858.

[83] Druet O., Robert F.; Bubbling phenomena for fourth-order four-dimensional PDEs
with exponential growth. Proc. Amer. Math. Soc 3 (2006), 897-908.

[84] Du Plessis N.; Some theorems about the Riesz fractional integral. Trans. Amer.
Math. Soc. 80 (1955), 124-134, doi:10.2307/1993008.

[85] Ekeland I., Temam R.; Convex analysis and variational problems, Translated from
the French. Corrected reprint of the 1976 English edition. Classics in Applied Math-
ematics, vol. 28, STAM (1999) xiv+402 pp. ISBN: 0-89871-450-8 49-02.

[86] Fefferman C., Graham C.R.; Conformal invariants. The mathematical heritage of
Elie Cartan (Lyon, 1984). Astérisque 1985, Numéro Hors Série, 95-116.

[87] Fefferman C., Graham C.R.; Q-curvature and Poincaré metrics. Math. Res. Lett.
9 (2002) 139-151, doi:10.4310/MRL.2002.v9.n2.a2.

[88] Fefferman C., Hirachi K.; Ambient metric construction of Q-curvature in con-
formal and CR geometries. Mathematical Research Letters 10 (2003), 819-831,
doi:10.4310/MRL.2003.v10.n6.a9.

[89] Gao F., Yang M.; The Brezis-Nirenberg type critical problem for the nonlinear
Choquard equation. Sci China Math, 2018, 61: 1219-1242, doi:10.1007 /s11425-016-
9067-5.

[90] Ghimenti M., Moroz V., Van Schaftingen J.; Least action nodal solutions for the
quadratic Choquard equation. Proc. Am. Math. Soc. 145(2), 737-747 (2017).

[91] Ghimenti M., Pagliardini D.; Multiple positive solutions for a slightly subcritical
Choquard problem on bounded domains. Calc. Var. Partial Differential Equations
58 (2019), no. 5, Paper No. 167, 21 pp.

[92] Ghimenti M., Van Schaftingen J.; Nodal solutions for the Choquard equation. J.
Funct. Anal. 271(1), 107-135 (2016).

[93] Gilbarg D., Trudinger N.; Elliptic partial differential equations of second order.
Reprint of the 1998 edition, Classics in Mathematics, Springer-Verlag, Berlin, 2001,
xiv+517 pp. ISBN: 3-540-41160-7.

[94] Goel D., Radulescu V.D., Sreenadh, K.; Coron problem for nonlocal equations
involving Choquard nonlinearity. Adv. Nonlinear Stud. 20 (2020), no. 1, 141-161.

[95] Goel D., Sreenadh K.; Critical growth elliptic problems involving Hardy-Littlewood-

Sobolev critical exponent in non-contractible domains. Adv. Nonlinear Anal. 9
(2020), no. 1, 803-835.


https://doi.org/10.2307/1993008
https://doi.org/10.4310/MRL.2002.v9.n2.a2
https://doi.org/10.4310/MRL.2003.v10.n6.a9
https://doi.org/10.1007/s11425-016-9067-5
https://doi.org/10.1007/s11425-016-9067-5

Bibliography 153

[96]

[97]

193]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

107]

[108]

[109]

[110]

[111]

Goffi, A.; On the optimal Li-reqularity for viscous Hamilton-Jacobi equations with
sub-quadratic growth in the gradient. To appear on Commun. in Contemp. Math.,
doi:10.1142/S0219199723500190.

Gomes D.A., Nurbekyan L., Prazeres M.; One-dimensional stationary mean-field
games with local coupling. Dyn. Games Appl. 8 (2018), no. 2, 315-351.

Gomes D.A., Patrizi S., Voskanyan V.; On the existence of classical solutions for
stationary extended mean field games. Nonlinear Anal., 99:49-79 (2014).

Gomes D.A., Pimentel E.; Local reqularity for mean-field games in the whole space.
Minimax Theory Appl. 1:1 (2016), 65-82.

Gomes D.A., Pimentel E., Sanchez-Morgado H.; Time-dependent mean-field games
in the subquadratic case. Comm. Partial Differ. Equ. 40, 40-76 (2015).

Gomes D.A, Pimentel E., Sanchez-Morgado H.; Time-dependent mean-field games
in the superquadratic case. ESAIM Control Optim. Calc. Var. 22, 562-580 (2016).

Gomes D.A., Pimentel E.A., Voskanyan V.; Regularity theory for mean-field game
systems. SpringerBriefs in Mathematics, Springer, [Cham]|, 2016. xiv+156 pp.
ISBN: 978-3-319-38932-5.

Gomes D.A., Saude J.; Mean field games models -a brief survey. Dyn. Games Appl.
4, 110-154 (2014).

Gorin  E.A.;  Asymptotic properties of polynomials and algebraic func-
tions of several wvariables. Russ. Math. Surv. 16 (1) (1961), 93-119,
doi:10.1070/RM1961v016n01 ABEH004100.

Graham C.R., Jenne R., Mason L., Sparling G.; Conformally invariant powers
of the Laplacian, I: existence. J. London Math. Soc. 46 no.2 (1992), 557-565,
doi:10.1112/jlms /s2-46.3.557.

Grossi M.; Asymptotic behaviour of the Kazdan- Warner solution in the annulus. J.
Differential Equations 223 (2006), no. 1, 96-111.

Grossi M., Noris B.; Positive constrained minimizers for supercritical problems in
the ball. Proc. Amer. Math. Soc., 140:2141-2154, (2012).

Guéant O., Lasry J.-M., Lions P.-L.; Mean field games and applications. In: Car-
mona, R.A., et al. (eds.) Paris-Princeton Lectures on Mathematical Finance 2010.
Lecture Notes in Mathematics, vol. 2003, pp. 205-266. Springer, Berlin (2011).

Gursky M.; The principal eigenvalue of a conformally invariant differential oper-
ator, with an application to semilinear elliptic PDE. Comm. Math. Phys. 207(1)
(1999) 131-143.

Hasminskii R.Z.; Stochastic Stability of Differential Equations. Translated from
the Russian by D. Louvish. Monographs and Textbooks on Mechanics of Solids
and Fluids, Mechanics and Analysis, 7. Sijthoff & Noordhoff, Alphen aan den
Rijn—Germantown, Md., 1980. xvi+344 pp. ISBN: 90-286-0100-7.

Hasminskii R.Z.; Stochastic stability of differential equations. In Stochastic Mod-
elling and Applied Probability, vol. 66, Springer, Heidelberg, 2012. xviii+339 pp.
ISBN: 978-3-642-23279-4.


https://doi.org/10.1142/S0219199723500190
https://doi.org/10.1070/RM1961v016n01ABEH004100
https://doi.org/10.1112/jlms/s2-46.3.557

154 Bibliography

[112] Huang M., Caines P.E., Malhame R.P.; Large-population cost-coupled LQG prob-
lems with nonuniform agents: individual-mass behavior and decentralized c-Nash
equilibria. IEEE Trans. Automat. Control 52:1560-1571 (2007).

[113] Huang M., Malhamé R.P., Caines P.E.; Large population stochastic dynamic games:
closed loop Mckean-Viasov systems and the Nash certainty equivalence principle.
Commun. Inf. Syst. 6, 221-252 (2006).

[114] Huang M., Malhamé R.P., Caines P.E.; An invariance principle in large population
stochastic dynamic games. J. Syst. Sci. Complex. 20, 162-172 (2007)

[115] Hyder A., Mancini G., Martinazzi L.; Local and nonlocal singular Liouville equa-
tions in Fuclidean spaces. Int. Math. Res. Not. IMRN, rnz149, (2019).

[116] Hyder A., Martinazzi L.; Normal conformal metrics on R* with Q-
curvature having power-like growth. J. Differential Equations 301 (2021), 37-72,
doi:10.1016/j.jde.2021.08.014.

[117] Ichihara N.; The generalized principal eigenvalue for Hamilton-Jacobi-Bellman
equations of ergodic type. Ann. Inst. H. Poincaré Anal. Non Linéaire 32:3 (2015),
623-650.

[118] Kazdan J.L., Warner F.W.; Curvature functions for compact 2-manifolds. Annals
of Math., 99, (1974), 14-47.

[119] Kazdan J.L., Warner F.W.; Ezistence and conformal deformation of metrics with
prescribed Gaussian and scalar curvature. Annals of Math., 101, (1975), 317-331.

[120] Kazdan J.L., Warner F.W.; Remarks on some quasilinear elliptic equations. Comm.
Pure Appl.Math. 28 (1975) 567-597.

[121] Kiessling M. K.-H.; Statistical mechanics approach to some problems in conformal
geometry. Phys. A 279 (2000), 353-368.

[122] Kurokawa T.; On the Riesz and Bessel kernels as approzimations of the identity.
Sci. Rep. Kagoshima Univ, 30:31-45 (1981).

[123] Lasry J.-M., Lions P.-L.; Jeuz a champ moyen. I. Le cas stationnaire. C. R. Math.
Acad. Sci. Paris, 343:9 (2006) 619-625, doi:10.1016/j.crma.2006.09.019.

[124] Lasry J.-M., Lions P.-L.; Jeux a champ moyen. II. Horizon fini et contréle optimal.
Comptes Rendus Mathématique 343, 679-684 (2006).

[125] Lasry J.-M., Lions P.-L.; Mean field games. Jpn. J. Math., 2:1 (2007) 229-260,
doi:10.1007/s11537-007-0657-8.

[126] Lenzmann E.; Uniqueness of ground states for pseudorelativistic Hartree equations.
Anal. PDE 2(1), 1-27 (2009).

[127] Leoni G.; A first course in Sobolev spaces. Graduate Studies in Mathematics, 105.
American Mathematical Society, Providence, RI, 2009. xvi+607 pp. ISBN: 978-0-
8218-4768-8.

[128] Li G.-B., Ye H.-Y.; The existence of positive solutions with prescribed L>-

norm  for nonlinear Choquard equations. J. Math. Phys. 55, 121501 (2014)
doi:10.1063/1.4902386.


https://doi.org/10.1016/j.jde.2021.08.014
https://doi.org/10.1016/j.crma.2006.09.019
https://doi.org/10.1007/s11537-007-0657-8
https://doi.org/10.1063/1.4902386

Bibliography 155

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

[142]

[143]

[144]

[145]

Li Y., Shafrir I.; Blow-up analysis for solutions of —Au = Ve in dimension two.
Indiana Univ. Math. J. 43 (1994), 1255-1270.

Lieb E.H.; Existence and uniqueness of the minimizing solution of Choquard’s non-
linear equation. Studies in Appl. Math. 57 (1976/77), no. 2, 93-105.

Lieb E.H.; Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities.
Ann. of Math. 118 (1983), 349-374, doi:10.2307,/2007032.

Lieb E.H., Loss M.; Analysis. Second edition. Graduate Studies in Mathematics,
14. American Mathematical Society, Providence, RI, 2001. xxii+346 pp. ISBN:
0-8218-2783-9 00A05.

Lin C. S.; A classification of solutions of conformally invariant fourth order equa-
tions in R™, Comm. Math. Helv. 73 (1998), 206-231, doi:10.1007/s000140050052.

Lions P.L.; The Choquard equation and related questions. Nonlinear Anal. 4 (1980),
no. 6, 1063-1072.

Lions P.L.; Compactness and topological methods for some nonlinear variational
problems of mathematical physics. Nonlinear problems: present and future (Los
Alamos, N.M., 1981), North-Holland Math. Stud., vol. 61, North-Holland, Amster-
dam—New York, 1982, pp. 17-34.

Lions P.L.; The concentration-compactness principle in the calculus of varia-
tions. The locally compact case. I. Ann. Inst. H. Poincaré Anal. Non Linéaire,
1(2):109-145 (1984).
Lions P.-L.; Cours au Collége de France.

d?log A A

Liouville J.; Sur l’équation auz differences partielles =5 2= + 555 = 0. J. Math.
Pures Appl. 36 (1853), 71-72.

Ma L., Zhao L.; Classification of positive solitary solutions of the nonlinear
Choquard equation. Arch. Ration. Mech. Anal. 195 (2010), no. 2, 455467,
doi:10.1007 /s00205-008-0208-3.

Malchiodi A., Struwe M.; Q-curvature flow in S*. J. Differential Geom. 73 (1)
(2006) 1-44.

Martinazzi L.; Conformal metrics on R®*™ with constant Q-curvature. Atti Accad.
Naz. Lincei Rend. Lincei Mat. Appl. 19 (2008), 279-292.

Martinazzi L.; Classification of solutions to the higher order Liouville’s equation on
R?™. Math. Z. 263 (2009), 307-329. doi:10.1007 /s00209-008-0419-1.

Martinazzi L.; Concentration-compactness phenomena in the higher order Liou-
ville’s equation. J. Funct. Anal. 256 (2009), 3743-3771.

Martinazzi L.; Quantization for the prescribed Q-curvature equation on open do-
mains. Commun. Contemp. Math. 13 (2011), 533-551.

Martinazzi L.; Conformal metrics on R*™ with constant Q-curvature and large
volume. Ann. Inst. H. Poincaré¢ Anal. Non Linéaire 30:6 (2013), 969-982,
doi:10.1016/j.anihpc.2012.12.007.


https://doi.org/10.2307/2007032
https://doi.org/10.1007/s000140050052
www.college-de-france.fr
https://doi.org/10.1007/s00205-008-0208-3
https://doi.org/10.1007/s00209-008-0419-1
https://doi.org/10.1016/j.anihpc.2012.12.007

156 Bibliography

[146] Masoero M.; On the long time convergence of potential MFG. Nonlinear Differ.
Equ. Appl. 26, 15 (2019).

[147) McOwen R.; On the equation Au+ Ke?* = f and prescribed negative curvature in
R2. J. Math. Anal. Appl. 103 (1984), 365-370.

[148] McOwen R.; Conformal metrics in R? with prescribed Gaussian curvature and
positive total curvature. Indiana Univ. Math. J 34 (1985), 97-104.

[149] Mészaros A.R., Silva F.J.; A variational approach to second order mean field games
with density constraints: the stationary case. J. Math. Pures Appl. (9) 104(6),
1135-1159 (2015).

[150] Metafune G., Pallara D., Rhandi A.; Global properties of invariant measures. J.
Funct. Anal., 223(2):396-424, (2005) doi:10.1016/j.jfa.2005.02.001.

[151] Mizuta Y.; Potential Theory in Euclidean Spaces. GAKUTO International Series.
Mathematical Sciences and Applications, vol. 6, Gakk™ otosho Co., Ltd., Tokyo
(1996).

[152] Moroz V., Van Schaftingen J.; Groundstates of nonlinear Choquard equations: ex-
istence, qualitative properties and decay asymptotics. J. Funct. Anal. 265 (2013),
no. 2, 153-184, doi:10.1016/j.jfa.2013.04.007.

[153] Moroz V., Van Schaftingen J.; Nonexistence and optimal decay of supersolu-
tions to Choquard equations in exterior domains. J. Diff. Eq. 254 (2013), vol. 8,
doi:10.1016/j.jde.2012.12.019.

[154] Moroz V., Van Schaftingen J.; Existence of groundstates for a class of nonlinear
Choquard equations. Trans. Am. Math. Soc. 367(9), 6557-6579 (2015).

[155] Moroz V.; Van Schaftingen J.; Groundstates of nonlinear Choquard equations:
Hardy-Littlewood-Sobolev critical exponent. Commun. Contemp. Math. 17 (2015),
no. 5, 1550005, 12 pp.

[156] Moroz V., Van Schaftingen J.; A guide to the Choquard equation. J. Fixed Point
Theory Appl. 19 (2019), 773-813, doi:10.1007/s11784-016-0373-1.

[157] Naito Y.; Symmetry results for semilinear elliptic equations in R?. Nonlinear Anal.
47 (2001), 3661-3670.

[158] Ndiaye C. B.; Constant Q-curvature metrics in arbitrary dimension. J. Funct. Anal.
251 (2007), 1-58.

[159] Ni W.-M.; On the elliptic equation Au + Ke?* = 0 and conformal metrics with
prescribed Gaussian curvatures. Invent. Math. 66 (1982), 343-352.

[160] Ni W.M., Nussbaum R.; Uniqueness and nonuniqueness for positive radial solutions
of Au+ f(u,r) = 0. Comm. Pure Appl. Math. 38 (1985) 67-108.

[161] Oleinik O. A.; On the equation Au+k(z)e* = 0. Russian Math. Surveys 33 (1978),
243-244.

[162] Paneitz S.; A quartic conformally covariant differential operator for arbitrary

pseudo-Riemannian manifolds. SIGMA Symmetry Integrability Geom. Methods
Appl. 4 (2008), Paper 036. Preprint 1983, doi:10.3842/SIGMA.2008.036.


https://doi.org/10.1016/j.jfa.2005.02.001
https://doi.org/10.1016/j.jfa.2013.04.007
https://doi.org/10.1016/j.jde.2012.12.019
https://doi.org/10.1007/s11784-016-0373-1
https://doi.org/10.3842/SIGMA.2008.036

Bibliography 157

[163]

[164]

[165]

(166

167]

168

[169]

[170]

171]

[172]

173]

[174]

[175]

[176]

[177]

[17]

[179]

Pekar S.; Untersuchung tiber die Elektronentheorie der Kristalle. Akademie Verlag,
Berlin, 1954.

Pellacci B., Pistoia A., Vaira G., Verzini G.; Normalized concentrating solutions to
nonlinear elliptic problems. J. Differential Equations 275 (2021), 882-919.

Penrose R.; On gravity’s role in quantum state reduction. Gen. Rel. Grav. 28,

581-600 (1996).

Penrose R.; Quantum computation, entanglement and state reduction. R. Soc. Lond.
Philos. Trans. Ser. A Math. Phys. Eng. Sci. 356, 1927-1939 (1998).

Penrose R.; The Road to Reality. A Complete Guide to the Laws of the Universe.
Alfred A. Knopf Inc., New York (2005) xxviii+1099 pp. ISBN: 0-679-45443-8.

Pohozaev S.I.; On the eigenfunctions of the equation Au+ \f(u) = 0. Dokl. Akad.
Nauk SSSR 165, 36-39 (1965) (Russian); English transl., Soviet Math. Dokl. 6,
14081411 (1965).

Porretta A.; Weak solutions to Fokker-Planck equations and mean field games.
Arch. Rat. Mech. Anal. 216, 1-62 (2015).

Porretta A.; On the weak theory for mean field games systems. Boll. Unione Mat.
Ital. 10:3 (2017), 411-439.

Porretta A.; On the turnpike property for mean field games. Minimax Theory Appl.
3 (2018), no. 2, 285-312.

Pucci P., Serrin J.; A general variational identity. Indiana Univ. Math. J. 35(3),
681-703 (1986).

Rockafellar R.T.; Integral functionals, normal integrands and measurable selections.
Lecture Notes in Math., Vol. 543, Springer, Berlin-New York, (1976).

Sattinger D. H.; Conformal metrics in R? with prescribed curvature. Indiana Univ.
Math. J. 22 (1972), 1-4.

Strauss W.A.; Ezistence of solitary waves in higher dimensions. Comm. Math.
Phys. 55 (1977), no. 2, 149-162.

Struwe M.; Variational methods. Applications to nonlinear partial differential equa-
tions and Hamiltonian systems. Second edition. Ergebnisse der Mathematik und
ihrer Grenzgebiete (3), 34. Springer-Verlag, Berlin, 1996. xvi+272 pp. ISBN: 3-540-
58859-0.

Struwe M.; “Bubbling” of the prescribed curvature flow on the torus. J. Eur. Math.
Soc. 22 (2020), 3223-3262.

Sznitman A.-S.; Topics in propagation of chaos. Ecole d’Eté de Probabilités de
Saint-Flour XIX—1989, 165-251, Lecture Notes in Math., 1464, Springer, Berlin,
1991.

Van Schaftingen J., Xia J.; Choquard equations under confining external potentials.
Nonlinear Differential Equations Appl. 24 (2017), no. 1, Paper No. 1, 24 pp.



158 Bibliography

[180] Wei J., Winter M.; Strongly interacting bumps for the Schrédinger—Newton equa-
tions. J. Math. Phys. 50, 012905 (2009), doi:10.1063,/1.3060169.

[181] Wei J., Ye D.; Nonradial solutions for a conformally invariant fourth order equa-
tion in R* Calc. Var. Partial Differential Equations 32 (2008), no. 3, 373-386,
doi:10.1007/s00526-007-0145-2.

[182] Wheeden, R.L., Zygmund A.; Measure and integral. An introduction to real analy-
sis. Pure and Applied Mathematics, Vol. 43. Marcel Dekker, Inc., New York-Basel,
1977. x+274 pp. ISBN: 0-8247-6499-4.

[183] Wittich H.; Ganze Losungen der Differentialgleichung Au = e*. Math. Z. 49 (1944),
579-582.

[184] Xu X.; Uniqueness and non-existence theorems for conformally invariant equations.
J. Funct. Anal. 222 (2005), 1-28.


https://doi.org/10.1063/1.3060169
https://doi.org/10.1007/s00526-007-0145-2

Acknowledgements

At the end of this journey, I wish to express my gratitude to all those who, with their
kindness, advice, or simply kind words, made the way less difficult.

First of all, I would like to thank my advisors Prof. Annalisa Cesaroni and Prof. Luca
Martinazzi, for their guidance and constant support. Thank you for having introduced
me to these two fascinating and stimulating areas of Mathematical Analysis.

I warmly thank the two referees of this thesis, for devoting their precious time to me
and their nice comments on the report.

I am grateful to the research group of Mean-Field Games in Padua, thank you for
welcoming me with you. Also, thanks to all professors who have enriched me mathemat-
ically and inspired me with their passion for this subject. In particular, I would like to
thank that professor who, when I was still in my first year and a little frightened by the
world of research, pointed out to me that “stupid questions are the salt of research”. This
statement has stayed with me, and I now realize that asking questions, no matter how
simple they may seem, is essential for progress in any field. I wish to thank Prof. Alice
Chang for pointing out some references on Part I of this manuscript, and for her huge
willingness both by mail and in person in Granada. I thank Prof. Alberto Parmeggiani,
who followed me during my master’s thesis at the University of Bologna and kept on
supporting me after.

My sincere thanks go to all the friends that Mathematics made me meet during these
years, I am sure you will become super mathematicians. In particular, Marcello thank
you for always being ready to listen, Matteo thank you for defusing with me too many
bad situations. I cannot forget my fellow travelers, the PhD students from Padua.

I am also deeply grateful to Anna, the best flatmate you could wish for, thank you
for the countless Spritz (and Orsucci) together, and Lucia, my favorite physicist, thank
you for the support. Thanks also to my hometown friends ‘Ammaccabane’.

Finally, I am grateful to my mum and my sister for being always unconditionally by
my side.



	Introduction
	Organization of the thesis

	I Prescribed curvature problems in Conformal Geometry
	I.1 Prescribing curvature in conformal geometry
	I.2 Our problem: sign-changing unbounded curvature

	Existence and compactness of conformal metrics on the plane with unbounded and sign-changing Gaussian curvature
	Introduction to the problem and main results
	Regularity of solutions
	Nonexistence result
	Asymptotic behavior of solutions

	Existence result
	Compactness result
	Spherical blow-up as ksph
	Appendix

	Existence and asymptotic behavior of non-normal conformal metrics on R4 with sign-changing Q-curvature
	Introduction to the problem and main results
	Existence of solutions
	Asymptotic behavior
	A Liouville-type theorem
	Proof of the classification result


	II Stationary Mean Field Games with Riesz-type aggregation.
	II.1 Mean Field Games: an overview
	II.2 Our problem: a Riesz-type coupling

	Ergodic Mean-Field Games with aggregation of Choquard-type
	Introduction to the problem and main results
	Preliminaries
	Regularity results for the Kolmogorov equation
	Some properties of the Riesz potential
	Some results on the Hamilton-Jacobi-Bellman equation
	Uniform a priori L-bounds on m

	Pohozaev identity and nonexistence of solutions
	Existence of classical solutions to the MFG system
	Solution of the regularized problem
	Limiting procedure


	Concentration for Ergodic Choquard Mean-Field Games
	Introduction to the problem and main results
	Preliminaries
	Uniform L-bounds on m in the mass-subcritical regime

	Existence of ground states for >0
	Asymptotic analysis of solutions
	The rescaled problem and some a priori estimates
	Convergence of solutions
	No loss of mass when passing to the limit
	Proof of Theorem 4.1.1

	Concentration of the mass
	Variational approach in the regime N-2'<N-'
	Existence of minima in the critical case =N-'
	Existence of local minima for N-2'<< N-'



	III Choquard equation.
	Boundary value problems for Choquard equations
	Introduction to the problem and main results
	Sobolev embeddings for radial functions
	Existence of a constrained minimizer
	Nonexistence result
	Limiting problem

	Bibliography
	Acknowledgements


