
1. Introduction
River networks continuously change their total flowing length—and the spatial configuration of wet channels—
in response to time-variable hydrologic conditions in the surrounding landscape (Datry et al., 2014; Messager 
et  al., 2021; Skoulikidis et  al., 2017). The ecological and biogeochemical value of stream network dynamics 
has been recently highlighted by scientists and policy makers (Abbott et al., 2016; Acuña et al., 2014; Berger 
et  al.,  2017; Boodoo et  al.,  2017; Datry et  al.,  2014,  2018; Dupas et  al.,  2019; Durighetto, Bertassello, & 
Botter, 2022; Giezendanner et al., 2021; Nikolaidis et al., 2013; Reyjol et al., 2014; Vander Vorste et al., 2020; 
von Schiller et al., 2014), posing a call for hydrology to develop robust empirical or modeling tools for character-
izing the spatiotemporal dynamics of surface flow induced by unsteady climate drivers. However, measuring the 
seasonal and event-based changes in the active portion of stream networks remains impractical in most cases and 
wet length dynamics have been tracked only in relatively few small catchments across Europe and North America. 
On the other hand, the availability and the geographical coverage of discharge time series is much higher. In spite 
of known placement biases of the global river gauge network (Krabbenhoft et al., 2022), within which temporary 
streams and headwaters might be under-represented, long-term discharge records can be found in a broad range 
of geographic areas and climatic settings. Therefore, developing tools for linking the total active length that flows 
upstream of a selected outlet (L) to the surface runoff measured therein (Qsur) represents a promising way to 
reconstruct active length dynamics of non-perennial rivers capitalizing on widely available recorded streamflow 
timeseries. A formal link between the actively flowing length of a stream network and the discharge has long 
been recognized in the literature (Blyth & Rodda, 1973; Day, 1978; Gregory & Walling, 1968). Empirical L(Qsur) 
relations have been often used to quantify the sensitivity of the active length of streams to changes in the under-
lying hydrological conditions (Durighetto, Mariotto, et al., 2022; Godsey & Kirchner, 2014; Jensen et al., 2017; 
Lapides et al., 2021; Senatore et al., 2020; Shaw et al., 2017; Ward et al., 2018; Zanetti et al., 2021; Zimmer & 
McGlynn, 2017).

Recently, the literature has provided a robust conceptual basis to explain the emergence of one-to-one relations 
between the flowing length of a river and the underlying catchment scale discharge. The conceptual frame-
work (Durighetto & Botter, 2022; Godsey & Kirchner, 2014; Lapides et al., 2021; Prancevic & Kirchner, 2019) 
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postulates that surface flow presence depends on the local imbalance between the total inflow and the subsurface 
outflow in the hyporheic region. More specifically, when the local specific inflow (per unit catchment area) in 
a given node of the geomorphic river network exceeds the (constant) maximum specific subsurface transport 
capacity of that node, ρ*, the corresponding excess water is routed downstream along the network as surface 
runoff. According to this conceptual model, when the catchment wets up, the specific inflow grows uniformly 
along the entire network. Consequently, the local subsurface capacity is exceeded in more and more network sites 
and a larger number of reaches experience surface runoff. Thus, when the catchment wets up and additional water 
inputs feed the streams through for example, melting, infiltration, exfiltration, soil drainage, the active length of 
the network and the catchment discharge both increase, originating a monotonically increasing L(Qsur) relation.

Starting from the above conceptual scheme, two different types of L(Qsur) functions have been proposed in the 
literature. If ρ* is assumed to scale with the contributing area as a power law, then the corresponding L(Qsur) rela-
tion is a power-law as well, that is, 𝐴𝐴 𝐴𝐴 ∝ [𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠]

𝑏𝑏 with the scaling exponent b being dependent on key morphometric 
features of the catchment (Prancevic & Kirchner, 2019). When this assumption is relaxed, instead, the L(Qsur) law 
takes the form of the cumulative distribution function of ρ* along the network, that is, 𝐴𝐴 𝐴𝐴 ∝ 𝐶𝐶𝐶𝐶𝐶𝐶𝜌𝜌∗ (𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠) . The 
main advantage of the latter formulation lies in its ability to capture S-shaped L(Qsur) relations, and its coherence 
with the concept of a maximum wet length that can't be exceeded even during extreme floods (i.e., for Qsur → ∞).

A major drawback of both the analytical formulations available from the literature, however, is that when 
discharge at the outlet (Qsur) tends to zero, the upstream flowing length L should approach 0 as well. The limit-
ing behavior of the L(Qsur) law for low discharges is particularly important, because during low flows the active 
length might be extremely sensitive to changes in the catchment discharge (Durighetto & Botter, 2022; Godsey 
& Kirchner, 2014; Lapides et al., 2021). Nevertheless, low flows can be under-represented in existing data sets 
for the following reasons: (a) discharge gauging stations are often placed in sections characterized by persistent 
regimes (sensu Botter et al., 2013) with limited streamflow variability; (b) the most intense droughts, during 
which L approaches 0, might not be captured by short-term or sporadic network mapping campaigns. Although 
in line with the common intuition, prescribing that L → 0 for Qsur → 0 proves in some cases inappropriate and, 
in others, an untested assumption. In fact, observed active networks are highly fragmented in most settings (e.g., 
Godsey & Kirchner, 2014; Goodrich et al., 2018; Perez et al., 2020; Ward et al., 2018; Zimmermann et al., 2014). 
Thus, if the outlet where discharge is measured is temporarily dry, when the recorded discharge is equal to zero 
a fraction of the upstream river network could still be actively flowing, that is, L > 0 when Qsur = 0. Physi-
cally, this occurs in all cases in which the active portion of the network retracts in the upstream direction—for 
example, owing to the presence of a localized spring feeding a losing stream (Durighetto & Botter, 2021). This 
circumstance indicates that existing L(Qsur) relations might not be suited to be applied to temporarily dry outlets. 
Moreover, as L represents a spatially integrated property of a catchment while Qsur is a point-wise hydrologic 
signal measured in a pre-defined node of the network, it is unclear to what extent the shape of the L(Qsur) relation 
depends on the specific position of the outlet where the discharge is measured and the size of the contributing 
catchment. The scaling of the active length versus discharge relation is particularly relevant to understand if (and 
how) the effect of highly dynamical headwaters is integrated in space when long branching networks with a 
main perennial channel are considered, and for predicting global-scale temporal variations in the active drainage 
density of the global river network.

This contribution addresses the above issues by developing a theory that elucidates how current L(Qsur) models 
could be extended to include the case of non-perennial outlets. In particular, we develop three formally distinct 
analytical expressions of the L(Qsur) law that apply to the cases of (a) a perennial outlet; (b) a non-perennial outlet 
that dries out only when the whole network is dry; and (c) a temporarily dry outlet, that experiences surface flow 
for less time than other network nodes. The proposed framework is then applied to a set of case studies selected 
from the literature, to demonstrate the robustness and flexibility of the theory. The manuscript identifies the driv-
ers of potential scale-dependencies in the L(Qsur) relation, providing a basis for integrating observed L(Qsur) laws 
in perennial and temporarily dry outlets into a unique mathematical framework.

2. Modeling L(Qsur) Laws
2.1. Conceptual Model for Surface Flow Emergence

In this paper, local surface flow presence is described via a water balance approach applied to an arbitrary stream 
portion of the geomorphic network (Figure 1). The model is that developed by Durighetto and Botter (2022), 
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which in turn was built on the concepts previously introduced by Godsey and Kirchner (2014). A crucial element 
of the formulation is the concept of geomorphic network (hereafter indicated as Γ), defined as the maximum 
potential extension of the active network in a catchment (see Botter et al., 2021; Zimmer & McGlynn, 2017).

In the proposed formulation, surface flow is assumed to be triggered by the occurrence of saturation excess along 
the geomorphic network (Dunne & Black, 1970; Tsegaw et al., 2020). Furthermore, network dynamics are seen as 
a sequence of steady states at different catchment wetness levels, which are quantified by the temporal variations 
of the discharge in a reference control section (usually the catchment outlet where the discharge is recorded). 
In particular, the emergence of surface flow within any location of the network is linked to the local imbal-
ance between the flowrate supplied from upstream (intended as the combination of surface discharge, Qsur, and 
subsurface flow, Qsub) and the maximum subsurface transport capacity of that stream portion, Q*, as proposed 
by Godsey and Kirchner (2014) and Prancevic and Kirchner (2019). While Qsur and Qsub change through time in 
response to precipitation, Q* is roughly constant, as it is controlled by durable hydro-morphological attributes 
(e.g., transmissivity, topographic gradient, soil depth as per Prancevic & Kirchner, 2019; Lapides et al., 2021). 
Surface flow is observed either when the subsurface gets fully saturated by the incoming groundwater flow, or 
when a fraction of the surface flow produced upstream is delivered downstream as overland flow. Formally, the 
condition that leads to the local presence of surface flow can be expressed as Qtot = Qsub + Qsur > Q* (Figure 1b), 
in line with Godsey and Kirchner (2014); Prancevic and Kirchner (2019); Lapides et al. (2021); Durighetto and 
Botter (2022). The problem is best formulated using specific quantities (i.e., per unit upslope contributing area). 
This requires the definition of the local specific discharge, qtot(x, t) = Qtot(x, t)/A(x), and the local subsurface 
discharge capacity ρ*(x) = Q*(x)/A(x), A(x) being the upslope contributing area at the location x. The presence/
absence of surface flow at a given location of the network (x) is thus expressed by the following equation:

𝑋𝑋(𝑥𝑥𝑥 𝑥𝑥) =

⎧
⎪
⎨
⎪
⎩

1 if 𝑞𝑞𝑥𝑥𝑡𝑡𝑥𝑥(𝑥𝑥𝑥 𝑥𝑥) > 𝜌𝜌∗(𝑥𝑥)

0 otherwise

 (1)

where X = 1 implies the presence of flowing water and X = 0 corresponds to a dry riverbed in the relevant cross 
section (Botter & Durighetto, 2020). In the above equation, ρ*(x) is a spatially variable threshold for the local 
specific inflow qtot(x, t), above which surface flow is observed. ρ*(x) thus represents the specific subsurface flow 
experienced by the location x during all the times in which surface flow is observed.

2.2. General Relation Between Active Length L and Total Flowrate Qtot

Characterizing the spatial and temporal patterns of qtot(x, t) within Γ might be difficult, as the total inflow along 
the geomorphic network can not be measured. Here, we assume that qtot(x, t) can be expressed as q(t) α(x), where 

Figure 1. Scheme of the perceptual model proposed in this paper. (a) River catchment defined by the control section Ω, 
with a dynamic network and a contributing area A(Ω). In this panel, the geomorphic network (defined as the maximum 
potential extension of the river network) is indicated as Γ; (b) Schematic of the local water balance that controls surface flow 
emergence at each location of the network; note that while Qsur and Qsub change through time, Q* is constant. (c) Example 
timeseries of flowrate at the outlet, subdivided in surface and subsurface components via the subsurface capacity Q*(Ω), and 
the corresponding active length of the upstream network.
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α(x) is a dimensionless factor that defines the spatial variations of the specific discharge along the network. The 
above formulation implies that the spatial and temporal variations of qtot(x, t) can be decoupled (i.e., the ratio 
between the inflow at two different points of the network does not change in time as the discharge varies, and it 
is only dependent on α(x)). Under the above assumption, the local flowrate at the outlet (x = Ω), Qtot(Ω, t), can 
be expressed as Qtot(Ω, t) = A(Ω)α(Ω)q(t), A(Ω) being the contributing area of the whole catchment. The pattern 
of α(x) along the network can be defined save for a constant factor, which is here conveniently embedded in q(t). 
Thus, the specific discharge observed in the position x ∈ Γ, qtot(x, t), can be estimated without loss of generality 
setting α(Ω) = 1 and combining the above equations as:

𝑞𝑞𝑡𝑡𝑡𝑡𝑡𝑡(𝑥𝑥𝑥 𝑡𝑡) =
𝛼𝛼(𝑥𝑥)𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡(Ω𝑥 𝑡𝑡)

𝐴𝐴(Ω)
. (2)

According to Equation 2, the catchment discharge Q(Ω, t) and qtot(x, t) do change with time in a synchronous 
manner in response to wetting and drying cycles linked to precipitation and climate dynamics.

In the proposed framework, the total length of the active network at a given time can be obtained by integrating 
the status of each point X(x, t), as given by Equation 1, along the geomorphic network:

𝐿𝐿(𝑡𝑡) = ∫
Γ

𝑋𝑋(𝑥𝑥𝑥 𝑡𝑡)𝑑𝑑𝑥𝑥 = ∫
Γ

𝐻𝐻
[
𝑞𝑞𝑡𝑡𝑡𝑡𝑡𝑡(𝑥𝑥𝑥 𝑡𝑡) − 𝜌𝜌∗(𝑥𝑥)

]
𝑑𝑑𝑥𝑥 =

= ∫
Γ

𝐻𝐻

[
𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡(Ω𝑥 𝑡𝑡)

𝐴𝐴(Ω)
−

𝜌𝜌∗(𝑥𝑥)

𝛼𝛼(𝑥𝑥)

]
𝑑𝑑𝑥𝑥 = 𝐿𝐿𝑔𝑔 𝐶𝐶𝐶𝐶𝐶𝐶𝑟𝑟∗

[
𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡(Ω𝑥 𝑡𝑡)

𝐴𝐴(Ω)

]
𝑥

 (3)

where H[⋅] is the Heaviside step function, Lg is the length of the geomorphic network, r*(x) = ρ*(x)/α(x) and 
𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝑟𝑟∗ indicates the Cumulative Distribution Function (CDF) of r*—which implicitly accounts for the spatial 

variations of qin along the network and is conceived here as a spatial random variable. The total network length is 
calculated as the sum of all the lengths associated to the active sites of the network, that is, the nodes where X(x, 
t) = 1. The right-hand side of the first line of Equation 3 expresses the condition necessary for flow emergence 
(X = 1), as dictated by Equation 1. Then, in the second line of Equation 3, qtot(x, t) is expressed as a function of 
Qtot(Ω, t) as per Equation 2 to separate space and time dependencies. Consequently, the integral over x ∈ Γ can 
be replaced by an integral over r* ∈ (0, ∞), which is embedded into the cumulative distribution of r*, 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝑟𝑟∗ .

Equation 3 is analogous to Equation 8 in Durighetto and Botter (2022), but relaxes two key assumptions: (a) the 
spatial uniformity of the inflow qin along the network (which is here overcome by replacing ρ* with r*); and (b) 
the equality between the total flowrate at the outlet and the corresponding surface runoff (i.e., Qtot(Ω, t) = Qsur(Ω, 
t) ∀ t). With this regard, Equation 3 clarifies that the active length L depends on the total discharge at the outlet 
Qtot(Ω, t), and not just on the surface component of it as implicitly assumed by current L(Q) models. While in 
perennial outlets it is reasonable to assume that Qsub(Ω, t) ≪ Qsur(Ω, t), this is not the case if the cross section 
where discharge is measured temporarily dries out (Qsur(Ω, t) → 0). The above derivation thus provides the ration-
ale to explain why current analytical models that link the active length to the observed surface runoff might fail 
in reproducing the behavior of dynamically fragmented river networks if the outlet dries out.

Provided that the local status of each network portion varies in time as a function of qtot(x, t) ∝ Qtot(Ω, t), a 
one-to-one monotonic relation between Qtot(Ω, t) and the corresponding wet length arises from Equation  3. 
According to the proposed model, when Qtot(Ω, t) falls below the minimum value of [ρ*(x)A(Ω)]/α(x) along the 
geomorphic network, the active length approaches zero. In such circumstances, in fact, the least persistent node 
of the network can no longer sustain surface flow and the network completely dries out. Therefore, the function 
L(Qtot(Ω)) shall approach the x-axis not only for Qtot(Ω) → 0, but—more likely—for a strictly positive value of 
Qtot(Ω).

Equation 3 can be used as a basis to describe L(Q) relations in the general case, regardless of the fraction of time 
during which the outlet experiences surface runoff. However, Qtot is quite difficult to measure in the filed, as the 
longitudinal subsurface component of the total discharge can be captured by existing gauging techniques only 
in very few circumstances, for example, in the presence of control structures that limit the magnitude of bypass 
flows or when salt dilution methods are used in streams with very high bed permeability (Seybold et al., 2023). 
Furthermore, also in these cases it is not known a priori to what extent subsurface flows are actually captured, a 
circumstance that enhances the uncertainty associated with the observations of the total discharge, Qtot. Therefore, 
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there is a practical need to transform the L(Qtot(Ω)) relation given by Equation 3 into an equivalent—and more 
useful—L(Qsur(Ω)) relation which could be applied to all the cases in which only the surface component of the 
total discharge is known. To this aim, quantitative information on the degree of persistence of the outlet is needed. 
The persistence of the outlet, P(Ω), is defined as the percentage of time for which the outlet experiences surface 
flow (i.e., the expected value of X(Ω, t)), and can be empirically computed as:

𝑃𝑃 (Ω) = Prob 𝑡𝑡

[
𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡(Ω, 𝑡𝑡) > 𝑄𝑄∗(Ω)

]
. (4)

In the following, we derive the relationship between L and Qsur(Ω) for P(Ω) = 1 and P(Ω) < 1 into two separate 
subsections. For the sake of illustration, hereafter it is assumed that α(x) = α(Ω) = 1 ∀x, so as r*(x) = ρ*(x) ∀x. 
The full set of equations corresponding to the case in which α(x) is not constant can be found in the Supporting 
Information S1.

2.3. L(Qsur) Relation in Case of Perennial Outlets

If Qtot(Ω, t)  >  Q*(Ω) ∀t, the catchment outlet is perennial (P(Ω)  =  1), and never dries out (see example in 
Figure 2). As the persistence of the outlet is 1, one can reasonably assume that Qsur(Ω, t) ≃ Qtot(Ω, t) ∀t, as long 
as surface transport is much more efficient than the corresponding subsurface flow. Thus, Equation 3 can be 
rewritten as follows:

𝐿𝐿(𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠(Ω)) = 𝐿𝐿𝑔𝑔 𝐶𝐶𝐶𝐶𝐶𝐶𝜌𝜌∗

[
𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠(Ω)

𝐴𝐴(Ω)

]
, (5)

where 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝜌𝜌∗ indicates the spatial CDF of ρ*(x). Provided that the minimum observed value of Qsur(Ω, t), say 
Qsur,min(Ω), is strictly positive, the behavior of the 𝐴𝐴 𝐴𝐴(𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠 (Ω) relation for Qsur(Ω) → 0 can not be experimen-
tally observed (Figure 2a), as only the upper-rightmost portion of the L(Q) law is visible, that is, the part of the 
curve for Qsur(Ω) > Qsur,min(Ω) and 𝐴𝐴 𝐴𝐴 𝐴 𝐴𝐴min = 𝐴𝐴𝑔𝑔𝐶𝐶𝐶𝐶𝐶𝐶𝜌𝜌∗

[
𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(Ω)

𝐴𝐴(Ω)

]
 . The lower-left part of the L(Qsur(Ω)) curve, 

instead, could be revealed only by intense droughts that could make the catchment experience a wetness degree 
that is lower than the driest state in correspondence of which Qsur(Ω) and L were recorded. This case is schemati-
cally represented in Figure 2, where we have represented the joint dynamics of L and Q in an idealized catchment 
(panels e and f), and the configuration of the active network observed in correspondence of the minimum (panel 
c) and the maximum (panel d) degree of wetness experienced by the catchment, in agreement with the spatial 
patterns of local persistency (panel b). This case comprises most of the sections for which synchronous active 
length and discharge data are available in the literature. However, it should be noted that, in some cases, the mini-
mum value of Qsur(Ω)—though strictly positive—can be very low, making the assumption Qsur(Ω, t) ≃ Qtot(Ω, 

Figure 2. (a) L(Qsur) relation in a catchment with perennial outlet; circles c and d refer to the networks depicted in panels (c) 
and (d), respectively. (b) Spatial distribution of local persistency P(x), defined as the relative fraction of time during which 
the location x experiences surface runoff (in analogy with the definition of P(Ω) given by Equation 4); (c) active network at 
the minimum extent; (d) active network at the maximum extent; (e) and (f) timeseries of active length and surface flow at the 
outlet, respectively.
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t) no longer valid. Under the above circumstances, one should employ the equations derived in the following 
section, which addresses the case of a temporarily dry outlet.

2.4. L(Qsur) Relations in Case of Temporarily Dry Outlets

If the selected outlet is temporarily dry (i.e., P(Ω) < 1), then Qsub(Ω, t) < Q*(Ω) at least for some values of t. 
The control section, in fact, dries out at times because the local inflow at the outlet can not sustain surface flow 
all-year round. In this case, when the outlet experiences surface runoff, Qsur(Ω, t) is the difference between Qtot(Ω, 
t) and Q*(Ω). Otherwise, the total inflow is only made up by subsurface flow:

𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡(Ω, 𝑡𝑡) =

⎧
⎪
⎨
⎪
⎩

𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠(Ω, 𝑡𝑡) +𝑄𝑄∗(Ω) if 𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠(Ω, 𝑡𝑡) > 0

𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠(Ω, 𝑡𝑡) > 0 if 𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠(Ω, 𝑡𝑡) = 0

 (6)

Equation 6 indicates that when Qsur(Ω) > 0, Qtot(Ω) and Qsur(Ω) differ by a positive constant, Q*(Ω), which is 
dependent on the local hydromorphologic features of the outlet. Therefore, Equation 3 can be rewritten as:

𝐿𝐿(𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠(Ω)) = 𝐿𝐿𝑔𝑔 𝐶𝐶𝐶𝐶𝐶𝐶𝜌𝜌∗

[
𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠(Ω) +𝑄𝑄∗(Ω)

𝐴𝐴(Ω)

]
, (7)

which expresses the general relationship between L and Qsur(Ω). Owing to the hierarchical nature of network 
dynamics (sensu Botter et al., 2021) implied by Equations 1 and 2, if the outlet is the most persistent section 
of the entire geomorphic river network (see Figure 3), then all the river network is dry whenever Qsur(Ω) = 0 
(panel c and point c in panels a, e and f in Figure 3). Under the above circumstances, ρ* = Q*/A takes a mini-
mum value at the outlet Ω (e.g., because the contributing area is maximum therein), and the following condition 
applies:

𝐶𝐶𝐶𝐶𝐶𝐶𝜌𝜌∗

[
𝑄𝑄∗(Ω)

𝐴𝐴(Ω)

]
= 0, (8)

where 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝜌𝜌∗ is interpreted as the non-exceedance probability of ρ*(x). In such a case, when the outlet is dry (i.e., 
Qsur(Ω, t) = 0), the local inflow is lower than the subsurface capacity in all the nodes of the network (i.e., qtot(x, 

Figure 3. (a) L(Qsur) relation in a catchment with a temporarily dry outlet; circles c and d refer to the networks depicted 
in panels (c) and (d), respectively. (b) Spatial distribution of local persistency, P(x), defined as the relative fraction of time 
during which the location x experiences surface runoff (in analogy with the definition of P(Ω) given by Equation 4). In this 
case, the outlet is the most persistent location of the whole network, as observed in cases where streamflow generation is a 
spatially homogeneous process and the persistency is proportional to the contributing area; (c) active network at the minimum 
extent; (d) active network at the maximum extent; (e) and (f) timeseries of active length and surface flow at the outlet, 
respectively.
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t) < ρ*(x) ∀ x), thereby implying that the total active length is zero (i.e., L = 0). Consequently, Equation 7 can be 
rewritten as (see Supporting Information S1):

𝐿𝐿(𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠(Ω)) = 𝐿𝐿𝑔𝑔 𝐶𝐶𝐶𝐶𝐶𝐶Δ𝜌𝜌∗

[
𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠(Ω)

𝐴𝐴(Ω)

]
, (9)

where Δρ*(x) = ρ*(x) − ρ*(Ω) is the excess specific subsurface capacity of the site x with respect to that of the 
outlet (ρ*(Ω), which is the minimum value of ρ* along the whole network). The functional form of the L(Qsur) 
relation implied by Equation 9 is thus the same as that obtained for persistent outlets (Equation 5), the only differ-
ence being that in this case the reference physical quantity involved is the excess of specific discharge capacity 
with respect to the outlet, Δρ*, instead of ρ* itself. Therefore, according to Equation 9, as the minimum value of 
Δρ*(x) in Γ is zero, when Qsur(Ω) = 0 also the flowing length of the network is zero (i.e., L(Qsur(Ω)) = 0 when 
Qsur(Ω) = 0, see Figure 3a). Note that the same equation can be applied also to the cases in which the outlet is 
perennial but it experiences very low flows (i.e., Q*(Ω) > Qsur,min(Ω)) and during the most intense droughts the 
large majority of the network disappears 𝐴𝐴

(
𝐶𝐶𝐶𝐶𝐶𝐶𝜌𝜌∗

[
𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(Ω)

𝐴𝐴(Ω)

]
≪ 𝐿𝐿𝑔𝑔

)
 .

In the above circumstances, existing L(Qsur) models can still be used to represent observed L versus Qsur patterns, 
as they allow one to describe how both L and Qsur get close to zero when the network dries out. The only theo-
retical inconsistency in applying traditional L(Qsur) laws to temporary outlets of this type (i.e., P(Ω) < 1 but 
P(Ω) > P(x) ∀x ∈ Γ) is that Δρ* is physically misinterpreted as ρ*. Provided that neither Δρ* or ρ* can be directly 
measured, however, this shortcoming does not have significant practical drawbacks when the fitting of observed 
L versus Qsur points is concerned. Note that in this case, the full shape of the L(Qsur) relation can be potentially 
reconstructed exploiting field data, as the network dries out completely (as in the example presented in Figure 3).

On the other hand, if the outlet is temporary but is not the last section of the whole network to dry (Figure 4), 
when Q(Ω, t) = 0 the total inflow Qtot(Ω, t) is still positive, and some upstream sections of the network are flowing 
even though the outlet is dry (Figure 4c). Under the above circumstances Equation 7 applies, but in this case the 
upstream flowing length L is strictly positive even for Qsur → 0 (see point c in Figures 4e and 4f) and this mini-
mum flowing length—that is observed when the outlet is dry—is equal to:

𝐿𝐿𝑑𝑑𝑑𝑑𝑑𝑑 = 𝐿𝐿𝑔𝑔𝐶𝐶𝐶𝐶𝐶𝐶𝜌𝜌∗

[
𝑄𝑄∗(Ω)

𝐴𝐴(Ω)

]
> 0. (10)

Therefore, Equation  7 can not be simplified to Equation  9. Moreover, given the non-perennial nature of the 
outlet, only the part of the L(Qsur) relation in the domain L > Ldry can be empirically observed, while the lower-
left part of the curve would require information on the discharge in a more persistent section of the catchment. 

Figure 4. (a) L(Qsur) relation in a catchment with a temporarily dry outlet, which however is not the most persistent node in 
the network; circles c and d refer to the networks depicted in panels (c) and (d), respectively. (b) Spatial distribution of local 
persistency, P(x), defined as the relative fraction of time during which the location x experiences surface runoff (in analogy 
with the definition of P(Ω) given by Equation 4). In this case, the outlet is not the last node to dry out in the network; (c) 
active network at the minimum extent; (d) active network at the maximum extent; (e) and (f) timeseries of active length and 
surface flow at the outlet, respectively.
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In this case, the currently available models that link L to Qsur are no longer 
suited to describe the co-evolution of L and Qsur, as they assume that L → 0 
for Qsur  → 0.

3. Proof-Of-Concept Application
In the previous sections we have discussed the reasons why three formally 
distinct expressions for the L(Qsur) relationship exist, depending on the 
persistency of the outlet: Equation  5, when the outlet is perennial; Equa-
tion 7, when the outlet is temporarily dry, but it is not the last node of the 
network to dry out; and Equation 9, when the outlet is temporarily dry but it 
dries out only when the whole network is dry.

The most general formulation is that given by Equation  7, which can be 
rewritten as a function of the specific discharge observed at the outlet (by 
unit contributing area), qsur(Ω), as:

𝐿𝐿 = 𝐿𝐿𝑔𝑔 𝐶𝐶𝐶𝐶𝐶𝐶𝜌𝜌∗

[
𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠(Ω) + 𝜌𝜌∗(Ω)

]
, (11)

The formula requires the use of at least three parameters: (a) the maximum 
length of the network, Lg (which however can be determined empirically by 
field surveys); (b) the specific subsurface discharge capacity of the cross 
section where the discharge is measured, ρ*; and (c) the parameter(s) defin-
ing the CDF of ρ* along the network (at least one). For instance, if the CDF 
of ρ* is exponential, the number of parameters of the general model repre-
sented by Equation 11 is minimum (only three), and the L(Q) relation can be 
rewritten as:

𝐿𝐿 = 𝐿𝐿𝑔𝑔 exp
[
−𝑘𝑘(𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠(Ω) + 𝜌𝜌∗(Ω))

]
, (12)

where k is the reciprocal of the mean value of ρ* along the network. Like-
wise, if the CDF of ρ* is assumed to be a power-law, then Equation 11 reads:

𝐿𝐿 = 𝑎𝑎
[
𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠(Ω) + 𝜌𝜌∗(Ω)

]𝑏𝑏
, (13)

where the scaling constant a embodies the geomorphic drainage density Lg. 
Equation 13 generalizes the power-law model commonly used in the liter-
ature. If the local persistency observed at the outlet is the maximum value 
along the network, Equation 11 can be simplified to:

𝐿𝐿 = 𝐿𝐿𝑔𝑔 𝐶𝐶𝐶𝐶𝐶𝐶Δ𝜌𝜌∗ [𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠(Ω)], (14)

in which Δρ* ≃ ρ* whenever the outlet is perennial (i.e., P(Ω) = 1 and ρ*(Ω) 
→ 0). Equation  14 can be further specified using the exponential or the 
power-law models as:

𝐿𝐿 = 𝐿𝐿𝑔𝑔 exp[−𝑘𝑘 ⋅ 𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠(Ω)]; (15)

𝐿𝐿 = 𝑎𝑎[𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠(Ω)]
𝑏𝑏
. (16)

The latter equations, however, can be used only if the control section where 
the discharge is measured is the section with the highest persistency among 

all the nodes belonging to the observed stream network. This also includes the case of a temporarily dry outlet 
(Equation 7) and that of a perennial outlet (Equation 5). However, if the outlet is perennial, the left part of the 
curve can be poorly constrained by the observations, as the active network never dries out completely.

Figure 5 exemplifies the diversity of shapes emerging in the L(Q) relations built from experimental data gathered 
in different regions of the world, in line with what foreseen by the general theory presented in this paper. Note 
that the empirical data presented here have the only purpose of demonstrating the variety of possible shapes in 

Figure 5. Relations between drainage density Dd and specific discharge 
q in three example experimental catchments: (a) Burnaby (Roberts & 
Archibold, 1978), which represents the case of a perennial outlet; (b) Poverty 
creek (Jensen et al., 2017), which represents the case of a non-perennial 
outlet that dries out only when the whole upstream network is dry; and (c) 
Turbolo creek (Botter et al., 2021; Senatore et al., 2020), which represents 
the case of a temporarily dry outlet, that experiences surface flow for less 
time than other network nodes (see Table S2 in Supporting Information S1). 
Equations 15 and 16 have been fitted to the available data in panels a and b, 
while Equations 12 and 13 have been fitted to the empirical data in panel (c). 
The fitted parameters are reported in Table S3 in Supporting Information S1.
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the empirical relation between the total flowing length and the catchment discharge. Consequently, technical 
issues such as the fitting of analytical CDFs to the data, and the presence of hysteresis in the L(Q) plots are not 
discussed, as they fall outside the scope of the present paper. For the sake of illustration, Figure 5 reports the rela-
tionship between L and qsur(Ω) in three catchments: the Burnaby (Roberts & Archibold, 1978), Turbolo (Botter 
et al., 2021), and Poverty (Jensen et al., 2017) (see Table S1 in Supporting Information S1). The selected case 
studies correspond to the three classes of L(Qsur) relations identified in this paper, namely (a) the case of a peren-
nial outlet (Figure 5a); (b) the case of a non-perennial outlet that dries out only when the whole upstream network 
is dry (Figure 5b); and (c) the case of a temporarily dry outlet, that experiences surface flow for less time than 
other network nodes Figure 5c). In the Burnaby catchment (shown in Figure 5a), the L(Q) law has been evaluated 
in a perennial outlet (i.e., P(Ω) = 1), thereby implying that the shift between Qsur(Ω) and Qtot(Ω) can be neglected. 
Consequently, Equations 15 and 16 can be applied to fit the observed data of L and Qsur. The experimental points 
clearly indicate that in this case the lower left part of the curve (dotted and dashed lines) is not revealed by the 
empirical data, provided that the fraction of channel length that is always observed as active is not-negligible. 
This is not the case for the Poverty catchment (Figure 5b), which dries out almost completely, thereby enabling 
a detailed reconstruction of the full shape of the L(Q) relationship—as almost all the nodes in the network have 
a persistency lower than 1. The L(Q) relation in the Turbolo catchment, instead, has a completely different shape 
(Figure 5c), as in this case L does not decrease to zero as the discharge at the outlet decreases. This indicates that 
in the Turbolo catchment the outlet is not the most persistent node of the network. This behavior is due to the pres-
ence of a localized spring located in the middle portion of the network which feeds a losing channel. This instance 
generates a significant leftward shift in the L(Qsur) relation, which is dependent on the unknown value of Q*(Ω).

The fitting examples presented in the above paragraphs offer the opportunity to discuss how much data are needed 
to build reliable L(Qsur) relations, and whether the available data are sufficient to distinguish among the three 
models proposed in this paper. When one tries to reconstruct the shape of the L(Qsur(Ω)) law in a catchment, it is 
particularly useful to measure the maximum possible extent of the network, that is, the geomorphic network length, 
Lg. The importance of estimating the geomorphic network stems not only from the ability to identify the behavior 
of the L(Qsur) curve for high discharges, but also from the fact that Lg explicitly appears in most of the general 
equations derived in this paper (e.g., Equations 11 and 14). To estimate Lg two different methods are available: (a) 
mapping the active network length at a random time, and adding on top of this length the longitudinal extent of the 
regions of the landscape where signs of permanent channelization can be detected (e.g., Durighetto et al., 2020); 
(b) observing the active network in correspondence of a very high flow. Importantly, Lg can't be estimated a priori 
from a digital terrain map, as the threshold for the extraction would be unknown. However, the estimate of Lg could 
be potentially done through a single survey. When the geomorphic channel length is known, other surveys are 
necessary to evaluate the flowing length corresponding to a range of different discharge conditions, down to Qsur → 
0. In principle, just a few pairs of L and Qsur observations could be strictly necessary to fit some analytical model 
to the data (at least as much observations as the total number of parameters in the analytical model). However, 
getting more data is important, especially if the outlet is not the last node to dry out in the network (a circumstance 
which increases the number of parameters at play). In fact, observed L(Qsur) relations can exhibit some scattering 
(Jensen et al., 2019; Zanetti et al., 2021), which potentially hinders the behavior of the L(Qsur) law when the amount 
of empirical information is limited. Moreover, the shape of the L(Qsur) relations can be very complex, owing to the 
presence of knees, changes in the concavity and plateaus. Therefore, the availability of empirical data on active 
length and discharge in a limited range of discharges (e.g., mostly under high flow conditions) can lead to biased 
estimates of the model parameters. With this regard, it is important to emphasize the key role of low flows to deter-
mine the behavior of the L(Qsur) relation close to the origin and to identify the most appropriate functional form for 
the L(Qsur) relation (e.g., by determining whether the shifting factor ρ*(Ω) needs to be taken into account or not). As 
a general rule of thumb, we propose that 5 to 10 points in the L(Qsur) plane gathered under different flow conditions 
(including very low flows) should represent a good basis to estimate the shape of the relationship between active 
length and catchment discharge in most settings.

4. Implications, Extensions and Scaling Issues
The three behaviors discussed in Sections 2.3 and 2.4 and depicted in Figure 5 identify three different functional 
forms for the L(Qsur) relation. However, it is important to highlight that all these equations originate from the 
same curve, namely the spatial CDF of the specific subsurface capacity. In fact Equations 5, 7, and 9 all represent 
translations/truncations of Equation 3, the shape of which depends on morphological and hydrological features 
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in the hyporheic region along the network (Dohman et al., 2021; Durighetto 
& Botter, 2022; Godsey & Kirchner, 2014; Lapides et al., 2021; Prancevic 
& Kirchner, 2019). This is graphically represented in Figure 6, in which we 
show the relationship between the L(Qtot(Ω)) as given by Equation 3 and the 
corresponding L(Qsur(Ω)) laws emerging in the cases of: (a) a perennial outlet 
(panel (a); (b) a temporary outlet with the maximum value of persistency 
along the whole network (panel b, section Ω1) and (c) a temporary outlet 
with a persistency which is not the highest value of P along the geomorphic 
network (panel b, section Ω2). For the sake of illustration, in this figure Ω, Ω1 
and Ω2 identify generic discharge control sections located along the geomor-
phic network, and not necessarily the catchment outlet (which is considered 
to be fixed). Within this formulation, the role of the control section is that of 
allowing a quantitative assessment of the dynamics of the specific discharge 
by unit catchment area along the network, qtot(x, t), using the observed 
time-series of Qsur(Ω)—as per Equation 2. This caveat will enable us to virtu-
ally ”change” the position of the control section along the network, without 
changing the geomorphic network Γ and the spatial distribution of ρ* along 
the network (black curve in Figure 6). Figure 6a refers to the case in which the 
minimum specific discharge in the control section, qsur,min(Ω) = Qsur,min(Ω)/
A(Ω) is much larger than the specific subsurface capacity of the control 
section itself, which implies that P(Ω) = 1. In this case the shift between the 
two curves L(Qtot(Ω)) and L(Qsur(Ω)) is small as compared to the values of 
qsur(Ω, t) at play, and thus can be neglected. Therefore, the standard models 
found in the literature can be applied to interpret and describe the observed 
L(Qsur(Ω)). However, the L(Q) law might not be fully visible in empirical data 
because the specific discharge variations along the network can not unveil the 
potential dynamics of the node(s) in the network with the lowest values of ρ* 
(which are the last to dry out during recessions). Conversely, Figure 6b refers 
to the case in which the minimum specific discharge in the control section, 
qsur,min(Ω) is lower than the minimum value of the specific subsurface capac-

ity along the network, which implies that P(Ω) < 1, regardless of the position of the control section along Γ (i.e., 
the active network completely dries out at times). In this case, the shift between the L(Qtot(Ω)) and the L(Qsur(Ω)) 
curves can't be neglected, an instance which might challenge  the  use of existing L(Q) models. However, if the 
control section is selected in the point of the network with the maximum persistency (outlet Ω1), then the standard 
models—according to which L → 0 if Qsur → 0—can be used (red curve) provided that they are re-interpreted 
in terms of the CDF of Δρ*(x) (i.e., the excess of specific subsurface capacity as compared to that of the outlet). 
In this case, the full shape of the L(Q) relation is visible, precisely because the network completely dries out. 
However, if the control section (Ω2) is not the node of the network with the highest value of the persistency (i,e, 
minimum value of ρ*), the L(Qtot) relation gets truncated when translated into the equivalent L(Qsur) relation 
(orange curve). This left truncation is controlled by the difference between the maximum value of P along the 
network and P(Ω), and emerges from the fact that the selected control section (where Qsur is measured) can not 
be used to track the temporal variations of qtot in some nodes of the network—namely all the nodes with a persis-
tency lower than P(Ω).

This analysis clarifies that the shape of the L(Q) relation is controlled by the spatial CDF of the maximum 
specific subsurface capacity of the hyporheic region along the geomorphic network, with an unknown shifting 
factor (i.e., ρ*(Ω)) that comes into play when the outlet is not the most persistent section of the network. To 
circumvent the need for specifying this unknown shifting factor, the discharge control section could be placed 
in perennial outlets, so as to eliminate left-truncation effects. However, it is not necessarily true that placing 
the discharge gauging station in a ”downstream” section with a relatively large contributing area is the optimal 
strategy to unveil the full shape of the L(Q) law in all cases. In fact, if the outlet is placed in a section with a very 
large drainage area (such that the persistency of the outlet increases to 1), the lower-left part of the L(Q) relation 
might become invisible (climate-driven veiling), since in the latter case not only the outlet but also a significant 
part of the network could be perennial. In real-world river basins, when the control section is moved downstream 
and the corresponding contributing area increases, not only the persistency of the outlet P(Ω) is likely to increase 

Figure 6. Summary of the three possible shapes of L(Qsur). (a) case with 
perennial outlet and the corresponding L(Qtot) relation; (b) cases with 
temporarily dry control section.
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(since ρ* generally decreases in the downstream direction driven by the increase of contributing area), but also 
the statistical distribution of ρ* inevitably changes, since a larger number of perennial nodes are progressively 
included in the geomorphic network. This seems to suggest that the shape of the L(Q) relation could be inevitably 
scale dependent. This scaling is induced by the following two intertwined mechanisms: (a) the spatial variations 
of the cumulative distribution of ρ* across scales; (b) the changes in the magnitude of the left truncation and 
climate-driven veiling effects with the increasing contributing area (see above). Still, it could be possible that 
at some point, when the size of the catchment is sufficiently large, the shape of 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝜌𝜌∗ become scale-invariant, 
owing to the compensation effect generated by the aggregation of multiple dynamical headwater catchments 
around a perennial network. However, this hypothesis is difficult to verify or falsify at this stage, given the limited 
capabilities of currently available technological tools to map stream network dynamics at large scales with suffi-
cient temporal and spatial resolutions.

We propose that the active length—discharge relation represents a useful tool to analyze how climate fluctuations 
can impact the structure of the flowing network, and to identify the full array of geomorphic footprints in the 
hydrological response of rivers—beyond the classical geomorphological theory of the hydrological response that 
relies on a fixed channel network structure (e.g., Rodriguez-Iturbe et al., 1998).

5. Conclusions
In this paper, we have derived three formally distinct analytical expressions to describe the relationship between 
the total wet length of rivers and the underlying catchment discharge, which refer to the cases of (a) a perennial 
outlet; (b) a non-perennial outlet that dries out only when the upstream network is dry and (c) a temporarily dry 
outlet, that dries out before some other upstream nodes. Our derivation demonstrates that, under the assumptions 
done in this paper, in all cases the shape of L(Qsur) relation is controlled by the CDF of the specific subsurface 
discharge capacity along the network. Our results indicate that in general the relation between L and Qsur has 
at least three parameters, including an unknown shifting factor which corresponds to the specific subsurface 
capacity of the outlet, ρ*(Ω). The above shifting factor can be operationally neglected in a number of common 
circumstances (e.g., perennial outlets), but has a significant impact on the observed L(Qsur) laws if the discharge 
gauging station is not located in the most persistent node of the whole network (as might be observed in dynam-
ically fragmented river networks). We also provided a set of real-world examples built using experimental data 
gathered in three different field sites, in which the observed L(Qsur) laws follow the three prototypical behaviors 
identified by the proposed theory. Our results clarify that the whole shape of the L(Qsur) relation is driven by 
hydro-morphological features of the hyporheic region connected to the river network, but its empirical recon-
struction can be difficult in the following circumstances: (a) if the maximum specific subsurface capacity of the 
channels where the discharge control section is placed is too low, which implies that a significant fraction of 
the network is perennial; (b) if the persistency of the node where the discharge is measured is not the maximum 
persistency of the network, which implies that other nodes in the network experience surface flow for longer than 
the discharge gauging station. The study provides a basis for integrating empirical data about the joint dynamics 
of discharge and active length gathered in catchments characterized by contrasting size, climate and geomorpho-
logical features into a coherent mathematical framework.
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