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ABSTRACT. We show that the Nichols algebra of a simple Yetter-Drin-
feld module over a projective special linear group over a finite field whose
support is a semisimple orbit has infinite dimension, provided that the
elements of the orbit are reducible; we obtain a similar result for all
semisimple orbits in a finite symplectic group except in low rank. We
prove that orbits of irreducible elements in the projective special linear
groups of odd prime degree could not be treated with our methods. We
conclude that any finite-dimensional pointed Hopf algebra H with group
of group-like elements isomorphic to PSL,(¢) (n > 4), PSL3(q) (¢ > 2),
or PSp,,,(¢) (n > 3), is isomorphic to a group algebra.
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1. INTRODUCTION

1.1. The problem. Let G be a finite group. The conjugacy class of x € G
is denoted by OF or O,. The subgroup of G generated by I C G is denoted
by (I). Consider the following properties of a conjugacy class O of G:
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(C) There are H < G and r,s € HN O such that rs # sr, H = (0¥, 0O,
O £ OH and min{|0X|, |OH|} > 2 or max{|OH|, |OH]|} > 4.

(D) There exist r, s € O such that o) # o0 and (rs)? # (sr)2.

(F) There are 7, € O, a € Iy = {1,2, 3,4}, such that Ofreacl) o Oﬁza:aeh)
and 1,1y # Tprg for a £ b € ly.

We say that O is of type C, D, F when the corresponding property holds.
As explained in the Introduction to [5], to which we refer the reader, the next
question has profound implications for the classification of finite-dimensional
Nichols algebras, and therefore, of finite-dimensional pointed Hopf algebras.

Question 1. Determine which conjugacy classes of a given finite (non-

abelian) group G are of type C, D or F.

Indeed, if a conjugacy class O is type C, D or F, then the Nichols alge-
bra associated with any Yetter-Drinfeld module of group type with support
isomorphic to O has infinite dimension; for brevity we say in this case that
O collapses. For the purposes of this paper further precision on Nichols
algebras is not needed.

If O is neither of type C, D nor F then we say that it is kthulhu. It follows
at once from the previous definitions that if O N H consists of commuting
elements or is a single conjugacy class of H for any H < G, then O is
kthulhu.

Intuitively, checking whether a class satisfies the criteria of types C, D
or F can be best carried out by means of inductive arguments that are
more flexible in the language of racks, see Section [2 Conjugacy classes are
the prototypical examples of racks. We will say that a rack is abelian if it
consists of commuting elements. In this situation, none of the three crite-
ria applies but the Hopf algebraic problem can be attacked with methods
stemming from the abelian group case. However, not all kthulhu racks are
abelian, and abelian group techniques are not always effective. We say that
a rack is sober if every subrack is either abelian or indecomposable [I], §1.5];
and austere if every subrack generated by two elements is either abelian or
indecomposable [3, 2.11]. Clearly, sober implies austere and austere implies
kthulhu. Subsidiary to Question [1, we propose:

Question 2. Determine which conjugacy classes of a given finite (non-
abelian) group G are sober or austere, or kthulhu.

1.2. Simple groups of Lie type. It is natural, and convenient, to start
addressing Questions [I] and [2| by assuming that G is simple non-abelian, see
[9] for the importance of this reduction. When G is alternating or sporadic,
this was addressed in [7, 8, [14], [15]. The series of papers [1} 2,3, 4 [5, T2] treat
the case when G is simple of Lie type. In the first five papers, Questions
and [2| were answered for non-semisimple conjugacy classes in Chevalley or
Steinberg groups. The sixth is devoted to Suzuki and Ree groups.
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In the present paper we deal with Questions 1 and 2 for semisimple con-
jugacy classes in the classical Chevalley groups. The main new difficulty
is due to the deeper influence of arithmetics, as opposed to the unipotent
classes and the mixed classes, which can be reduced in most of the cases to
a unipotent one in a smaller group. We summarize our main results and
then discuss the proofs and the main new challenges in the present paper.

Theorem 1. Let O # {e} be a semisimple conjugacy class in a group G.

(i) If G = PSL,(q), then any O not listed in Table 1] collapses.
(ii) If G = PSp,,(q), then any O collapses with the possible exception of
the orbit of non-trivial involutions if n =2 and q € {3,5,7}.

Part|(i)|is proved in Theorem see Remark for the cases with small
q excluded in the statement. Part |(ii)|is proved in Theorem For other

Chevalley groups, there is substantial information in Theorems and [6.2]

Roughly the proofs of these results go as follows: pick a simple group G,
a surjective morphism of groups 7 : G — G and conjugacy classes O and O
in G and G respectively, such that 7() = O. Then look at the subgroups
H intersecting O. If H N O splits as more than one conjugacy class of H
for one H < G, then work out the details to have that O is of type C or D
and that this is preserved by the projection 7 : O — O. When G is of Lie
type, the subgroup H is usually found by looking in one way or another at
the structure of the algebraic group behind G.

But if 7(H) N O is either abelian or one conjugacy class of 7(H) for every
H < @, then O is kthulhu. In the previous papers in the series, which dealt
with unipotent and mixed conjugacy classes, when this happened, either G
was ‘small’ and had few subgroups, or the class O was unipotent of small
size and fitted into some well-behaved infinite family. In this case, the field
of definition of the group played a marginal role.

In the present paper, devoted to semisimple classes, we discovered a new
collection of kthulhu classes with a different behaviour: any conjugacy class
O of an irreducible element in PSL,,(q) where n is an odd prime is kthulhu.
To show this we used the main result of [I7] to get the list of the H < G
intersecting O and use some arithmetic manipulations. This outcome, and
the techniques used, differ significantly with those of the previous of the
series and underline the connection of semisimple classes with arithmetical
aspects.

1.3. Applications to Hopf algebras. As in previous papers, we say that
a finite group G collapses if every finite-dimensional pointed Hopf algebra
H with G(H) ~ G is necessarily isomorphic to CG. As a corollary of
our main Theorem and results from previous papers in the series, we obtain
new families of groups that collapse, see Theorem extending [3, Theorem
1.2]. For this, we first draw the complete list of kthulhu classes in the simple
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TABLE 1. Kthulhu semisimple classes in PSL,(q).

n \ q \ class \ Remark ‘
2, PSLy(2) ~ S5 (3) abelian
3, PSLy(3) ~ Ay (29) abelian
4, PSLy(4) ~ Aj (5) sober
2 5, PSLy(5) ~ As (1,2%) sober
9, PSLy(9) ~ Ag (1,5) kthulhu
even and not a square | irreducible, order 3 sober
all irreducible, order > 3 | sober
odd prime all irreducible kthulhu

groups PSL,(¢q) and PSp,,,(q) for n > 2, any ¢. This information combines
the main result of this paper with a corrected version of [I, Table 1], [3|
Table 3] and [5, Theorem 1.1] and a careful analysis of the cases of the
groups PSLy(q) for ¢ = 2,3,4,5,7,9, where some exceptions occur. We
point out that the classes labeled (1™, 2) in Sp,,,(9), occurring in [3, Tables
3,5] are in fact not kthulhu: they are of type C, as each of them includes
a non-trivial unipotent class of type (2) in PSL2(9) ~ Ag which is of type
C, cf. Example Also, the classes of involutions in PSLy(7) in [3, Table
1] are not kthulhu: since PSL3(2) ~ PSLy(7), they are of type C by [3,
Lemma 2.12].

Theorem II. Let G be either PSLy,(q) or PSpy,(q), n > 2 and let O be a
non-trivial conjugacy class in G different from the class of a split involution
in PSpy(7). Then O is kthulhu if and only if it occurs in Table|[d

It remains open to determine whether the conjugacy class of split involu-
tions in PSp,(7) is kthulhu.

The next result combines [I, Theorem 1.4], [3, Theorem 1.2] and [5, The-
orem 1.2] with Theorem

Theorem III. The groups PSL,(q) with n > 4, PSL3(q) with ¢ > 2, and

PSp,,,(q), n > 3, collapse. O

In the group PSL3(2), there is just one class that could not be treated,
namely the regular unipotent class O, which is sober. Actually PSL3(2) ~
PSL;y(7) and for the latter group, O is semisimple.

1.4. Conventions. If a < b € Ny, then I,; denotes {a,a+ 1, ...,b}; also
I, = I 4 for simplicity.

Let G be a group. The centraliser of X C G is denoted by Cg(X). If
z,y € G, then x>y = zyzr~'. We write X > Y, or Y < X, to express that
Y is a subrack of X (or a subgroup, or more generally a subobject in a given
category). The normality of a subgroup is expressed by N <G. If z € G and
H < G, then O will indicate the orbit of  under the conjugation action.
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TABLE 2. Kthulhu classes, G = PSL,(q) or PSp,,,(¢), n > 2.

] G \ n \ q \ type of class \ description/label ‘
even or else | unipotent (2)
odd and not
a square
5 semisimple involution
PSL,(q) 2 all semisimple | irreducible, || > 3
even and | semisimple | irreducible |z| =3
not a
square
3 2 unipotent (3)
odd prime | all semisimple irreducible
even unipotent wW(@)*e V(2)
PSp,,,(q) > 2 odd and not | unipotent (1M, 2)
a square
even unipotent W(2)
2 3,5 semisimple split involution

Let ¢ = p™, p a prime and m € N. Let F, be the field with ¢ elements
and k the algebraic closure of F,. We denote by G, (k) the group of n-th
roots of unity in a field k.

ACKNOWLEDGEMENTS

We thank Gunter Malle for very helpful email exchanges, Andrea Lucchini
for pointing out several references, and the referee for useful remarks.

N. A. was partially supported by CONICET (PIP 11220200102916CO),
FONCyT-ANPCyT (PICT-2019-03660) and Secyt (UNC). G. A. G. was
partially supported by CONICET (PIP 11220200100423CO), Secyt (UNLP)
and FONCyT-ANPCyT (PICT-2018-00858). G. C. was partially supported
by Projects BIRD179758/17, DOR2207212/22, and BIRD203834 of the Uni-
versity of Padova. The results were obtained during visits of N. A. to the
University of Padova, and of G. C. to the University of Cérdoba, partially
supported by the bilateral agreement between these Universities and the
INdAM-GNSAGA Visiting Professor program.

2. RACKS

2.1. Racks. As in previous papers we use the language of racks; see [9] for
more information. A rack is a pair (O,>) where O is a non-empty set and
>: Ox0O — O is aself distributive operation such that ¢, := z>_ is bijective
for any z € O. A subset @' C O is a subrack if O'>0" Cc O'. Let InnO
be the group generated by the image of the map ¢ : O — Sp. The main
examples of racks considered in this paper are (unions of) conjugacy classes
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of a finite group with > being the conjugation. A rack (O,r) is abelian if
x>y =y for any x,y € O. Also, a rack is indecomposable if it can not be
presented as the disjoint union of two subracks and decomposable otherwise.

The following observation will be useful, especially when dealing with
orthogonal groups.

Remark 2.1. Let G be a finite group, N <G, g € G — N. Then the orbit
(’)év of g under the conjugation action of N is a subrack of OgG.

This is a special case of [13, Remark 3.2] that can be verified directly.
Notice that if N < G is not normal, then Oév may fail to be a subrack

of Of. For instance, take G = Sy, g = (123) and N = ((12)(34)); then
Oév = {(123), (142)} is not closed under the rack operation.

2.2. Racks of type C. The following notion was introduced in [3, Defini-
tion 2.3] motivated by [I8, Theorem 2.1].

Definition 2.2. A rack X is of type C if there are a decomposable subrack
Y =R][[S<X,r€Rand s €S such that r>s # s,
R = OMY S =0mY " min{|R|,|S|} > 2 or max{|R|,|S|} > 4.

The group-theoretical reformulation of the definition of type C is [3,
Lemma 2.8]. We need a variation of [3, Lemma 2.8] in order to encompass
the situation in Remark The proof can be repeated verbatim: we recall
it here for completeness.

Lemma 2.3. Let G be a finite group, g € G and N <G. The orbit O = Oév
is of type C if and only if there are H < (O), r,s € O N H such that

(2.1) off # ol

(2.2) TS # Sr;
(23)  H=(0¥ 0l
(2.4) min{|O;], |0} >2 or  max{|O]], O]} > 4.

Proof. Assume that r, s and H are as above and set R := O and S = Ol
Ifr' =hore (’)7{{ = R for some h € H, then there exist z1,---, zp € O
such that h = 1 - - - ;. Hence

=15 (x> (- (2> 71)) € OOG--- O 0))) C O,

so R C ONH and similarly S € ONH. By (2.1]) the subset Y .= R[[S C O
is a decomposable subrack, and r > s # s is (2.2)). In addition,

OinnY _ O;ﬂR,S) _ 07{{ = R,
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where the second equality follows from , and similarly, O™*Y = S. The
estimate on R and S is . Hence O is of type C.

Conversely, let X = O and r, s, R, S, Y be as in Definition Setting
H = (R, S), we immediately have 2.3), H < (0), R = Of  § = O and
r, s € ON H. Finally , and are straightforward. O

Remark 2.4. Let G, N and O be as in Lemma [2.3]
(a) If there exist r, s € O satisfying (2.2), (97<nm> #+ Oér’s> and:

min{|O"9) ], |07} > 2  or  max{|O"], |0} > 4,

then O is of type C by Lemma applied to H = (r, s).

(b) If |g| is odd and 7, s € O, then for any H < G containing r and s
the estimate follows from (2.2)), since then |s| = |r| = |g| is odd,
whence |OH| > ](’)7@] > 3, and similarly for OX. This generalizes [3|
Lemma 2.7 (b)] to the situation of Remark

Example 2.5. Let n > 5 be odd. Then the conjugacy class O of n-cycles
in S, is of type C. Indeed, O splits into two classes @' and O” in A,, and
|O'| = 0" = w > n elements. Therefore, if r € O, there exists s € 0"
such that s € Cy,, (r) = (r) and the result follows from Remark

Example 2.6. The class O corresponding to the partition (12,22) in Ag is
of type C. Indeed, let H := Cy,(56) ~ S4. Then, O’ := H N O contains all
involutions of the form (ab)(cd) for a, b, ¢, d ¢ {5, 6} and those of the form
(ab)(56) for a, b ¢ {5, 6}. Therefore, |O’| =9 and O’ contains all involutions
in H. Now, the involutions in S, are parted into two classes of size 6 and
3, respectively, and S4 contains non-commuting non-conjugate involutions.
Hence, we can find r, s € H N O such that r>s # s and OF # O with
|OH| = 3 and |Of| = 6. Finally, (Of OF) = H because S, is generated
by its involutions. We conclude by Lemma [2.3]

Example 2.7. The class of 3-cycles in G = Ag or Ay is kthulhu because its
intersection with any subgroup of G is either abelian or a conjugacy class.
The class O of 3-cycles in A,, for n > 5 and the class O’ labeled (3%) in
Ag are of type C. Indeed, O N Ay splits into the classes O(123) and O(194)-
Since the representatives do not commute, O is of type C by Remark [2.4]
Any non-inner automorphism of Sg interchanges © and O’ in Ag, so O’ is of

type C as well.

Here is an easy but useful application of the previous Lemma.
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Lemma 2.8. Let G be a finite group, H < G, x € H. Assume that

(2.5) H is not abelian;
(2.6) H =(0;);
(2.7) there exists s € O NH: s¢ O |01 > 2.

Then Of is of type C.

Proof. There is r € O such that rs # sr; otherwise s € Z(H) by (2.6),
hence |Of| = 1. Thus (2.2) holds and (2.1)) and (2.3)) are clear by construc-

tion. Finally, |OZ| > 2 by (2.5)), thus (2.4) holds. O

Here is another way to detect racks of type C.

Lemma 2.9. Let G and G2 be finite groups, a1 # b1 € G1, as,bs € Gs.
Set r = (a1,a2),s = (b1,b2) € G := G1 x Go. Assume that

(2.8) a1b1 = baq, asbs # boas;

(2.9) ogr =0, 052 = 05
G

(2.10) Ga = (O2).

Then OF = (’)fll X (’)3‘; s of type C.

Proof. Let H = ({a1} x 052, {b1} x 0%2) 5 1, s; (2.2) is evident. We claim

that OF = {a;} x (9522. Indeed, C follows from (2.8)), and 2 from ({2.10)):

G
ye€Gy = dwy,..., ;0 €07 ty=x1... 74

— (a1,y>az) = (a1, z1) > (a1, 22) > ... (a1,a2)) € O,

Similarly, Of = {b;} x Ol?;. Hence (2.1) and (2.3) follow. Finally, if
(0| = |OH| = |0%2| < 2, then as and by commute, contradicting [2.8). O

Remark 2.10. Let G1 and G5 be finite groups, a1 # b1 € G1. The hypotheses
of Lemma [2.9/on G5 hold when G5/Z(G>) is a non-abelian simple group and
as € (9 is not central. Namely, <Og2><G2, hence it is all of G2 giving .
Furthermore there is by € C’)f; that does not commute with as, because Go
is not abelian, as needed in .

2.3. Racks of type D. A rack X is of type D if it has a decomposable
subrack Y = R[[S with elements r € R, s € S such that r>(s>(r>s)) # s
[7, Definition 3.5]. If O is a conjugacy class in a finite group G, then the
rack O is of type D if and only if @] holds, see [7].



NICHOLS ALGEBRAS OVER SEMISIMPLE CLASSES 9

3. ALGEBRAIC GROUPS

Let G be a connected reductive algebraic group defined over k = F, and let
F : G — G be a Frobenius map, that is a [F,-split Steinberg endomorphism
[22, Chapter 21]. Thus there exists an F-stable torus T such that F'(¢) = t?
for t € T, and G¥ = G(F,) is the finite group of F,-points. We make more
precise assumptions on G in each Subsection below. The main objectives of
the paper are encompassed in the following situations:

o The group G is either SL, (k) or Spy, (k) (n > 2) and
G =G"/Z(G") = [G",G")/Z([G",G"])

is a finite simple group.
¢ The group G is either SOg),11(k) (n > 2, p is odd) or SOy, (k) (n > 4)
and G := [GT,G¥]/Z(GT) is a finite simple group.

In both situations we say that G is a (classical) Chevalley group. We
allow SO;5(k) whose simply connected cover is Spg(k), and SLa(3), SL2(4),
SLy(5), SL2(9) for flexibility in some recursive arguments.

Let @ be the root system of G and fix a subset A of simple roots. Let Q,
respectively A, be the root, respectively weight, lattice. Then A = @®;c1Zw;;
here 6 is the rank of G, I = Iy and (w;);cr are the fundamental weights. Let
W be the Weyl group of ® and let s, € W be the reflection corresponding
to a € ®. Also, o) : k* — T, i € I, are the simple coroots. Then

wi(ay/ (€)= €%, cek* ijel
If a € ®, then there is a monomorphism z,, : k — G of abelian groups; let

U, = Imz,, (a root subgroup) and let U, respectively U™, be the subgroup
of G generated by the U,’s with o € A, respectively —a € A.

3.1. The classical groups. In this section we fix notation for the classical
1
groups we will deal with. For d > 1 we set Jg = ( > We denote
1
by Fry the Frobenius map GLqg(k) — GLq(k) given by (ai;) = (af;), and

similarly the restriction to any suitable subgroup.

We will often use the automorphism ¢: GLg4(k) — GL4(k) given by:
(31) ¢(A) =Jq tA_le.

The symplectic group Sp,, (k). The symplectic group Sp,, (k) is the
0 Jn

subgroup of GLy, (k) leaving invariant the bilinear form (_§ ). Thus
Sps,, (k) consists of the invertible matrices (4 B) such that
(3.2) 'c1,A="'AJ3,0, 'BJ,D='DJ,B, -'CJ,B+'AJ,D=1J,.

In this case, F' = Fr, and G = Sp»,,(¢)/Z(Sp2,,(q)) = PSp,,(q).
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The orthogonal group SOs,1(k). Let p be odd. The orthogonal group
SO2;,+1(k) is the subgroup of SLa,, 11 (k) leaving invariant the bilinear form
Jon+1. Thus SOg,4+1(k) consists of the invertible matrices

AeB
X:((J;E%), A,B,C,D e k™™  eYftg hek™!, kck

such that det X =1 and
{CI A+ +1A3,C =0, tCIe+fk+tAJh =0,
(3.3) '{C3,B+"g+'A3,D = J,, thine + k? +ted,h =1,
*h3,B + kg +ted,D =0, 'DJ,B+'g9+"'B3,D=0.
In this case F' = Fry and G = [SO2y,41(q), SO2,,41(q)] = PQ2,41(q).

The orthogonal group SOg,(k). Let n > 4. The orthogonal group
SOg, (k) is the subgroup of matrices in SLy, (k) preserving the quadratic
form Z?:l ZTiTon—i+1. If p is odd, such elements automatically preserve the
bilinear form with associated matrix Jo,. Thus SOg, (k) consists of those
matrices (é g) € SLy, (k) with A, B,C, D € k™*™, such that

(3.4) ‘I, A+tAJ,C =0, 'CI,B+"'AJ,D=1],, 'DJ,B+'BJ,D=0.

If p = 2, then SOy, (k) consists of those matrices (4 B) € SLa, (k) satisfying
(3-4) and such that the diagonal terms in ‘CJ, A and *BJ, D are 0. In both
cases I' = Fr, and

G = [SO2n(q), SO2n(q)]/Z([SO2n(q), SO2n(q)]) = PL2n(q).
3.2. On normalizers. In Subsection we shall need the finite unitary
groups SU,(q) and GU,(q), and the following folklore fact. We consider:
o G =SL,(k), go = p™° with mg|m so that ¢ is a power of ¢ ;
o Fy: GL,(k) — GLy(k) is defined either by Fy(A) = Fry(A) or by
Fy(A) = Fr i/ (¢(A)), for A € GL,,(k), ¢ as in (3.1)), the latter occurring
0
only for mg even, in which case, we denote as usual SU,, (q(l)/ 2) = G0 and
GU,(¢*) = GL, (k)%.

Proposition 3.1. Ngr, ()(G™) = Z(GLy(q))GLy (k)™ for both choices
of Fy.

Proof. We prove that Ngr,,(g)(G™®) < Z(GLy(q))GLy(k)*, the other in-
clusion being immediate. Let g € Ngu,(q) (G*). For any y € G0 there
holds Fy(gyg™!) = gyg™', that is z .= g~ ' Fy(g) € CGLn(q)(GFO). Now, G0
contains regular unipotent elements in U and U™, so it follows from [26],
Lemma 5.3] that CGLn(q)(GFO) = Z(GL,(q)). In addition, Fy restricts to a
Steinberg endomorphism on the connected group Z(GLy,(k)) ~ k*, hence
Lang-Steinberg theorem [22, Theorem 21.7] is in force and there exists (id €
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Z(GLy(k)) such that ('Fy(¢)id = z. Hence, (T'g € GL, (k)" < GL,(q)
and so (id € Z(GL,(k)) N GL,(q¢) = Z(GL,(q)). The claim follows. O
3.3. The subgroup K. We introduce a subgroup K of G that will be useful
in Sections [4 and [6] In this Subsection G is one of the groups
Spa,(k), n > 2; SOg,(k), n >3, or SO92,+1(k), n >3,
where p # 2 when G = SOg,41(k). We set ' = 2n if G = SOy, (k) or
G = Spy,, (k) and n’ =2n+ 1 if G = SOg,,11(k), so that G < GL, (k).
Recall ¢ from (3.1). Then K is the image of the injective group morphism
A 0 :
Doln)s il G=80u(k), or Spy, (K),
i GLa(g) = GF, A S50 |
(8 (1)4)(0/4)) . if G = SOs11(K).
3.4. Cuspidal classes in the Weyl group. Let S = {s, : @ € A}, so
that (W, S) is a Coxeter group. Given J C A, we set
o Wj={(sq:a€lJ);
o Py = the standard parabolic subgroup of G determined by J;
o L = the standard (reductive) Levi subgroup of P;.

Definition 3.2. [16] 3.1.1] A conjugacy class C in W is called cuspidal if
CNW; =  for all proper subsets J of S; an element is cuspidal if its
conjugacy class is so.

A decomposition of w € W is a family I" = (;) ey, in ®, such that
(3.5) W = Sy =" Sy

where s, is the corresponding reflection and [ is minimal (with this prop-
erty). Then [ is denoted by ¢*(w) and is called the absolute length of w. By
a result of Kostant, see [24], I" is then a linearly independent family and

(3.6) %(w) = rk(id —w)
in the natural representation of W. By [16, Exercise 3.16], we have
(3.7) w is cuspidal <= (*(w) = rkG.

Notice that ¢*(w) = rk G means that w has no fixed points.
Given a decomposition I" of w, we set

(3.8) Vr=0oN(Zn & &Zv),

(3.9) Gr=(T,Us:B€¥r).

Clearly, W is a root subsystem of ® and G is a connected reductive sub-
group of G. If I' and I’ are different decompositions of the same w, then the
subsystems W and Wy, and the subgroups Gr and G/, might be different.

Remark 3.3. If w € W is cuspidal, then G is semisimple for any decompo-

sition I" of w, by (3.7).
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Remark 3.4. If w € Wy for some J C S, then there is a decomposition I
such that G < L.

Indeed, any decomposition of w in W} is necessarily a decomposition in
W, by (3.6). For, w acts trivially in (R.J)*, hence rk(id —w) = rk(id —w) g

3.5. F-stable tori. Here we assume that G is connected reductive and F
is a Frobenius map. By [22], Proposition 25.1], there is a bijection from the
set of GF'-conjugacy classes of F-stable maximal tori to the set of conjugacy
classes in W, described as follows. Let T/ be an F-stable torus in G. Then
T’ = gTg~! for some g € G such that g~ 'F(g) € N(T). Let

(3.10) w = class of g7 F(g) € N(T)/T ~ W.
The assignment T’ — w gives rise to the mentioned bijection. We set

(3.11) T, == gTg'.

Remark 3.5. Let T/ be an F-stable maximal torus in G such that TV — w
in the correspondence above and let G’ be the derived group of G. Then
TN G’ is an F-stable maximal torus in G’ and T N G’ — w.

Indeed, T N G’ is a split torus of G’. The element ¢ € G such that
T = gTg~! and g~ 'F(g) € Ng(T) is a representative of w can be written
as g = ¢’z where ¢’ € G’ and z is central. Then T'N G’ = ¢'(TNG')(g")~*
and (¢')"'F(¢') € Ng/(TNG') is a representative of w.

Definition 3.6. An F-stable maximal torus is cuspidal if the corresponding

conjugacy class in W as above is cuspidal.

Example 3.7. Let w € W be a Coxeter element, i.e. a product
(3.12) w=S81...8¢,

where (s;)ier, is a numeration of S; this provides a decomposition I" of w.
Then the class of w is cuspidal and Gr = G. If W = §,,, the conjugacy class
of w is the only cuspidal class in W, [16] §3.1.2].

Definition 3.8. A Cozeter torus is an F-stable maximal torus that corre-

sponds to the conjugacy class containing a Coxeter element.

By abuse of terminology the intersection of a Coxeter torus of G with G

will be called a Coxeter torus of G'.

3.6. Semisimple classes. Here G is connected and reductive, unless oth-
erwise stated, F' is a Frobenius map and T is an F-stable torus such that
F(t)y=tlforteT.
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Let € G = G /Z(G") be semisimple non-trivial and pick x € G a
representative of x, thus x is semisimple but not central. Let O = OF and
0= (’)S’F; there is an epimorphism of racks O — O.

Let y € G be semisimple. By [22, Proposition 26.6], there exists an
F-stable maximal torus T’ containing y; however, not all F-stable maximal

tori intersecting O;‘;’F are necessarily G'-conjugated to T’. Consequently we

assign to (’)SF the set S,gr of all conjugacy classes C in W corresponding
y

to F-stable maximal tori T’ that intersect (’);(,;’F.

Remark 3.9. Assume that G is simple and that we are not in the cases
F F
excluded in [22, Theorem 24.17]. If C € S, gr, then O}[,G E 1 intersects
y

an F-stable maximal torus T” in G' corresponding to an element in C.
Indeed, let g € G be such that g7 F(g) € Ng(T) represents an element
in C, and let T" = gTg~'. Then there exists | € G such that I>y € T
Now, GI' = TF[GF, G*], [22, Corollary 24.2, Proposition 24.15, Proposition
24.21], so | decomposes as [ = t1l; with t; € TF and I; € [GF,G*], and
Lvyet;'gTg 'ty = T", where g~ 't1 F(t;')F(g) = g~ ' F(g) represents an
element in C.

For our aim, it is convenient to introduce the following notion.

Definition 3.10. A semisimple conjugacy class O;(,;'F in G is called cuspidal
if the set S,y consists of cuspidal conjugacy classes in W. In other words,
y

all F-stable maximal tori intersecting (’);(,;’F are cuspidal.

Also, C’);(,;’F is called a Cozeter class if it only intersects Coxeter tori.

Necessarily, Og(,;’F is then cuspidal.

Remark 3.11. Since Z(G¥) = Z(G)F is contained in every torus of G
the class (’);(,}F is cuspidal, respectively Coxeter, if and only if its projection
O in GY'/Z(GF) intersects only cuspidal tori, respectively Coxeter tori in
GY/Z(GF). We will thus call also O cuspidal, respectively Coxeter. In
particular, if G is simply-connected and £ is cuspidal, O will be called
cuspidal.

If G is not simply-connected, Remark guarantees that (’)g(,;’F is cuspidal,

F
respectively Coxeter, if and only if OB[,G C intersects only cuspidal tori,
F nF
respectively Coxeter tori in G, and we will call also OTE,G Gl cuspidal,

respectively Coxeter.

Proposition 3.12. Assume G is simply-connected. If T' is a mazimal F'-

stable torus that intersects 9, C is the conjugacy class in W corresponding to
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T and I' is a decomposition of w € C, then O intersects GIE. In particular,

the following are equivalent:

(a) O is not cuspidal.
(b) O intersects a proper standard Levi subgroup L.

Proof. We assume x € O N'T'. Since F is a Frobenius automorphism, G
is F-stable. Pick a representative w of w; by definition, it belongs to G.
By the Lang-Steinberg Theorem there is h € G such that h™1F(h) = .
The tori T and ATh~! are G'-conjugate since they both map to w, cf.
, that is, there exists y € G such that y> T’ = hTh™! < Gr and so
y>x e GrNo.

If © is not cuspidal, then pick C non-cuspidal and apply Remark [3.4]
Conversely, if ¥’ € O N L, then there is an F-stable maximal torus T’ of
L that contains x’. Hence T' = uTu~! for some u € L such that o =
utF(u) € NL(T) < Ng(T); so that the class of o belongs to the Weyl
group of L. O

Recall that a semisimple element y is regular if its centraliser Cg(y) con-
sists of semisimple elements, or equivalently, if the irreducible component
Cg(y)° of Ci(y) containing the identity is a torus, [27, II.11]. This occurs
if and only if y lives in a unique maximal torus. If our x € G¥ is regular,
then Cg(x)° is the unique F-stable maximal torus containing x.

Proposition 3.13. If x is a cuspidal element, then it is reqular.

We thank Gunter Malle for suggesting us the following proof.

Proof. Let Ty be an F-stable maximal torus of G containing x, let g € G
be such that Tg = gTg~! and let w be the corresponding Weyl group el-
ement, i.e., g 'F(g) € wT as in . The F-stable maximal tori in G
containing x are also the F-stable maximal tori in the connected reductive
group C' = Cg(x)°. Every F-stable maximal torus in C is of the form
cToc™t for some ¢ € C such that ¢ 'F(c) € Ng(Tg) < gNg(T)g~!. Let
We = Ne(To)/To be the Weyl group of C. We claim that We is triv-
ial. Assume for a contradiction that W is non-trivial. Let s be a re-
flection in W and let ¢ € C be such that ¢ 'F(c) = 5, a representative
of s in N¢(Tp). Then, s’ = g lsg would represent a reflection s’ in W
and cToc™' = cgTg~'c™! is an F-stable maximal torus of G, containing x
and corresponding to g ¢ F(e)F(g9) = (¢ ¢ F(c)g) (97 F(g)) € s'wT.
Therefore, s’w is cuspidal by hypothesis on x. However, the characteristic
polynomial of a cuspidal element is a product of cyclotomic polynomials
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different from (X — 1), therefore its value at 0 is 1, see and (3.7). On
the other hand, det(s'w) = —det(w). Hence, s'w and w can not be both
cuspidal elements in W, contradicting our assumption on x. Therefore W¢
has no reflections and C' = Ty is the unique maximal torus containing x. [

The following well-known result is instrumental to apply Lemma [2.9

Lemma 3.14. Assume G is simply-connected.
(a) x7 € 9. (b) If x4 = x, then O NTE £ 0.

Proof. First, OF is F-stable: if x = hyh~! for some h € G, then

F(y) = F(h)"'xF(h) € OF.
Since x is semisimple, there are t € T and g € G such that x = gtg~'. Thus
1= F(t) € OY and consequently x? € OF NG = O; here the last equality

holds because Cg(x) is connected, G being simply connected, cf. [20] §2.11,
§8.5]. Finally, if x7 = x, then t9 =t € TF' N OF C O by the same reason. [

4. SPLIT CONJUGACY CLASSES

We keep the notation from namely G is simple and simply connected,
but not of type A. Also F' is a Frobenius map; T is an F-stable torus such
that F(t) =ti for t € T; e # 2 € G = GI'/Z(GT') is semisimple; x € G a
representative of z; O = OF and © = OE’F. Thus there is an epimorphism
of racks O — O.

We assume additionally that O 0T £ (. Without loss of generality, we
suppose that x € T, i.e., x is split. Adapting the proof of [3, Lemma 3.9
for type A, but with more work, we deal with such classes.

We will need to consider separately the following particular situation:
X ifj <80,
ay(-1)x ifj=40.
Here 6 > 2. When this is the case, then x has the form

(4.1) G is of type By, q is odd, x satisfies sq;(x) = {

(4.2) x = ( 11 4((-1)@')) oy (n), where 7 = (—1)7.

i€lg_1

Notice that if @ is odd, then such a x belongs to G iff ¢ =1 mod 4.
Here is the main result of this Section:

Theorem 4.1. Assume that ¢ > 2; G is not of type Ap; q ¢ {3,5,7} if we
are in (4.1); and (’)S’F intersects the split torus TF. Then O collapses.

When g = 2, TF is trivial and the class of x could not intersect it.
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4.1. Proof of Theorem This follows from Lemmata (4.2 and
Lemma 4.2. Assume that ¢ > 2 and that we are not in the situation (4.1)).
Then O is of type C.

TABLE 3. Center of some G, q odd; ¢ € Fy has order 4

type q Z(G)
BQ <O‘g(_1)>
Cy, 0> 2 II e (-1
i odd
Dy, |g=1 mod4 [T of-Dai (g (¢
i odd,i<0—2
0e€2Z+1|qg=3 mod4 {ag_1(—1)oy (-1))
Dy, 0 € 2Z [T e (=1, ey (=D (-1)
i odd
Er (o3 (=1ag(=Dag (=1))

Proof. Recall that x € T¥. We will rely on the proof of [5, Lemmata 4.1,
4.2]. Tt is shown there that, for any simple root « such that s, (x) # x, the
subrack Y = xUE [ sa(x)UE of OF" is of type C. We claim that we can
choose « such that the restriction of the projection 7 : Y — O is injective. If
G is of type Eg, Fy, Go, then Z(G) is trivial and G = G*'. Let u # v € Y such
that m(u) = 7(v), i.e. there is z € Z(GY), 2 # 1, such u = zv. Hence either
u = xx4(a) and v = s4(x)za(a), or vice versa. In any case, x = 254(x).
Applying s,, we get 22 = 1. Thus G is not of type Eg (here Z(G) ~ 7Z/3);
and ¢ should be odd. By x, we have

(4.3) w;i(x) = wi(284(x)) = wi(2)sa(w;)(x), i € .

Say a = o, j € . Then so(w;) = w; when i # j, hence w;(z) = 1. Now
such z exists only in the situation (4.1)), see the shape of Z(G) in Table
31 O

Lemma 4.3. If we are in situation (4.1) with ¢ =9, then O is of type C.
If we are in situation (4.1) with ¢ > 9, then O is of type D.

Proof. We deal first with § = 2; now By = Cy and G = Sp,(k). Let
K ~ GLgy(q) be the subgroup of G which is the image of j as in Thus
we have a monomorphism of groups GL2(q)/{x1} - G = PSpy,(q).
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Let y = ((1] ,01) € GL2(q); by our assumption on x, we know that either
x = j(y) or x = —j(y). Let @w : GLy(q) — PGLy(q) be the canonical
projection and y = w(y). Then we have a surjective map of racks

ONK/{#1} - OFCGL2(@),

Therefore it is enough to prove that (97]; GL2a) 4 of type C if ¢ = 9 and of

type D for ¢ > 9.

Let ¢ = 9. Then PGL2(9) ~ Ag, and through this isomorphism the class

(’)5 GL2(g) corresponds to the class labeled by (12,22), which is of type C by

Example
Let now ¢ > 9. If ¢ = 3 mod 4, then [6, Corollary 5.4 (b)] appliesﬂ
Assume then that ¢ =1 mod 4. Let ¢ € Fy be a primitive 4-th root of 1

and let u € PGLy(q) be the class of (8 _OC). Then
O;)G[Q(Q) — Qll’GLa(q) — OESLQ(‘”
which is of type D by [6, Corollary 5.4 (a)].
Assume next that § > 2. Here
G = PQy.1(q) = G /Z(G") ~ [SO241(q), SO2+1(q)].

We identify PQs5(q) with a subgroup of PQ9g1(q) via the inclusion

A 0 e 0 B
A e B 0 idg_s 0 0 0
SOs5(q) = SO2+1(q), | f k g || f 0 &k 0 g,
C h D 0 0 0 idgo O
C 0 h 0 D

keFy, A, B,C,D € Fg“, etc. Fix tp € T of the shape (4.2) and analo-
gously to of the shape ([#.2)) but for type By. If 7 : G — G is the projection,
then
m(tg) = diag (—idg, 1, —idg) = 7(t2)7,
where ~v = diag (idg, —idg_o, 1, — idg_o,1id2) .
Here diag refers to a diagonal of blocks. Then

_ MG PQs5(9)x(v) o ~P(q)
0= Oﬂ(te) = Oﬂ(t;) - Oﬂ(t;)

which is of type D by the preceding argument. Hence O is of type D.  [J

INotice that Corollary 5.4 (b) in loc. cit. refers implicitly to the class of involutions in

PGL2(q) not in PSL2(q), as is transparent from the proof.
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Lemma 4.4. If we are in situation (4.1) with n =2 and q = 3, then O is

austere, hence kthulhu.

Proof. Indeed, PSp,(3) ~ PSU4(2) and the semisimple class we are dealing
with in the former group corresponds to the unipotent class of type (2,1?)
in the latter one, which is austere by [4, Lemma 5.2]. O

Remark 4.5. Assume that n = 2. If we are in the situation with ¢ = 5,
then calculations with GAP show that O is austere, hence kthulhu. The
evidence obtained by performing different computations seems to indicate
that in the case ¢ = 7, the class is also kthulhu.

4.2. Split classes in orthogonal groups. Theorem [£.1] was proved by as-
suming that G is simply connected. For recursive arguments on the orthog-
onal groups we need an analogous statement for the orbits of split elements
in G = 80,/ (q) for the action of [G!', G| for n’ = 2n or 2n+1. Let T < G
be the subgroup of diagonal matrices

diag(ty, ., ta,tn 'y oo 1Y), if n' = 2n,

diag(ty, ..., ta, 1, t 1,00 171, ifn' =2n+1.

Recall Remark 2.1

Lemma 4.6. If y € TF — Z(SO,/(q)), then OLSO"'(q)’SO"'(qH collapses,
except in the situation (4.1)), i.e., when n' =2n+1 and t; = —1 for i € L.

Proof. There is always a simple root « so that the proof of [5, Lemma 4.2]
carries over. If t; # t;41 for some i < n, then take a = o; = g; — g441; if,
instead, t; = ;41 for all i < n, then our assumptions imply ¢, # ¢, ! and we
take o = o, i.e., €, when ' = 2n + 1 and &,_1 + &, when n’ = 2n. The
argument works also in types By and Ds. O

5. THE SPECIAL LINEAR GROUPS
In this Section G = SL,,(k), that is, we deal with semisimple classes in
G = PSL,(q). Asin §3.6, ¢ # x € G is semisimple, x € G — Z(GF) is
a representative of z, O = OF and O = (’)S’F. There is an epimorphism of
racks O — O.

For inductive arguments, we will also consider classes of elements in
GL,(q). As observed in [I, Remark 4.1], for any semisimple element y €

GL,(q), we have (’)SL"(‘?) _ O?Ln(Q).

Definition 5.1. We say that A € GL,(q) is irreducible if its characteristic
polynomial p4 is irreducible; necessarily A is regular semisimple.

From our previous work, we know:
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Remark 5.2. (i) [3, Theorem 1.1] If n = 2, and ¢ ¢ {2,3,4,5,9}, then any
O not listed in Table [1] collapses.

(ii) [3, Props. 5.4, 5.5] If n = 3 and x is irreducible, then O is kthulhu.
(iii) [3, Theorem 1.1] If n > 3 and x is not irreducible, then O collapses.

Remark 5.3. Let n = 2. We record information on the semisimple classes
with ¢ € {2,3,4,5,9} for recursive arguments. Recall that PSLs(q) has two
conjugacy classes of maximal tori: the split one, of order (¢ —1)/(2,q — 1)
and the Coxeter torus, of order (¢+1)/(2, g+1), that contains the irreducible
elements.

o If ¢ = 2, then PSLy(2) ~ S3 and the semisimple elements are the 3-
cycles, that form an abelian rack; if ¢ = 3, then PSLy(3) ~ A4 and the

semisimple elements have order 2 and form an abelian rack.

o If ¢ = 4, then PSLy(4) ~ As. The irreducible elements have order 5 and
form two conjugacy classes that are sober by [I4, Remark 3.2 (b) and (c)].
The split semisimple elements form the conjugacy class of 3-cycles which

is of type C by Example

o If ¢ = 5, then PSLy(5) ~ As. The irreducible elements form the con-
jugacy class of 3-cycles which is of type C by Example The split
semisimple elements are the involutions in the class (1,22) which is sober
because its intersection with any subgroup of Ajy is either trivial, abelian
or indecomposable.

o If ¢ =9, then PSLy(9) ~ Ag¢. The irreducible elements have order 5 and
form two conjugacy classes that are sober by [14, Remark 3.2 (b) and

(c)]. The split semisimple elements are the involutions in the class (12,22)
which is of type C by Example

Our main result in this Section is:

Theorem 5.4. Let O # {e} be a semisimple conjugacy class in PSLy(q).
Then any O not listed in Table[1] collapses.

By Remark we will consider conjugacy classes of irreducible elements
assuming n > 3. We will see that if n is prime, then such classes are kthulhu
by Proposition otherwise, they are of type C by Proposition

We start by a classical result whose proof we include for completeness.

Lemma 5.5. Let n > 2 and e = +1. If P(X) = X" + € € F,[X] is

irreducible over Fy, thenn =2, e =1 and ¢ =3 mod 4.
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Proof. First, e = 1 and ¢ is odd, otherwise P(1) = 0; and n = 2b is even,
otherwise P(—1) = 0. Also, ¢ = 3 mod 4, otherwise —1 = &2 for some
¢ €Fyand P(X) = (X°+ €)(X" — ¢) would be reducible. Let now n = 2"a
where a is odd, and let ®4(X) be the d-th cyclotomic polynomial. We have
the factorization over Z, hence over [,
(X" =1D)P(X)=X"—1= ][ ®a(X) = PX)= ][] @uX).
d|2n d|2n, din
Thus ®oni1(X)|P(X), hence they are equal and n = 2", Finally, if X" 41
is irreducible over F, for ¢ =3 mod 4, then h =1 by [23, Theorem 1]. O
5.1. Coxeter tori. We assume in the rest of this Section that n > 3 and
that x is irreducible. In this case W = S, and by Proposition [3.12] and
Example [3.7] every irreducible class intersects every Coxeter torus. We fix
the n-cycle
w=(1,2,...,n).
By technical reasons, we fix a Coxeter torus Ty, in GL, (k); then T,,NSL,, (k)
is a Coxeter torus in SLy, (k) by Remark[3.5] By [22, Example 25.4], we have
(5.1) ITol = ¢" = 1= (n)y(qg 1), ITe, N SLa(g)] = (n)g-

The group TE is isomorphic to F an, hence it is cyclic; further, any cyclic
subgroup of GL,,(q) of order ¢" — 1 is conjugated to TZ [19, Example 1.13].

Remark 5.6. ([21, Satz I11.7.3] and [25, Theorem 2.3.5 and below]). We have
NeL,(9)(Tw) = Nar,(g)(T) = Ty, 3 Ciw (w),
NsL,(q) (Tt N SLn(4)) = Naw, () (Te) N SLn(g),
with Cy(w) ~ Z/n. Let o be a generator of Cyy(w) identified as a subgroup

of Nar,(q) (TZ); o can be chosen so that o>y = y? for any y € TE.

Lemma 5.7. Let y € TE be irreducible in GL,(q). Then

n—1

F .
(5.2) (’)SL”(") NTE = OBI,VGL”@(T“’) =) ey={y,y,...,y",...,y" },

o F
(53) ONetn @) _ oSLa(a) q F = Ofstn@(Th)

Proof. If z € TE N OEL"((]), then there is g € GL,(q) such that gyg~! = z,
50 gCGL.(q) (y)g~t = CGL,(q)(2), that is, g € Ngr,,(¢)(Tw) since clearly z is
also irreducible. This and Remark@imply . Since (’)? Lnla) _ OS’ L"(q),
the centraliser argument as above gives . O

We investigate when two elements in an irreducible class have the same

image through the natural projection 7: SL,(¢) — PSL,(¢). Recall that
Gy (Fy) is the group of n-th roots of unity in F,.
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Lemma 5.8. (Just for this Lemma, n > 3). Lety, z € O such that w(y) =
m(z), i.e., y = Az for some 1 # X € G, (F,). Then
(i) There exists j € I,,_1 such that \z = z7 .

(ii) Let j € I,,—1 be minimal satisfying z¢ = \z for some 1 # X € Gy (Fy).
Then j|n and X\ is a primitive ?—th root of 1.

(iii) Let j € 1,1 be minimal satisfying z¥ = )\z for some 1 # X € G, (Fy)
n

and let a == . Then the characteristic polynomial p, € Fq[X®]. This
observation rectifies [3, Remark 3.1 (d)].

(iv) Let j € I, be minimal satisfying TI'(qu) =mn(z). Then j # 1.

Proof. The elements y and z lie in the same (unique) maximal torus,
SO0y = z? for some j € I, by Lemma Therefore, Az = z? and A #1
implies j < n.

Ifn=aj+0b,witha>1and 0<b<j, then

aj+b

g = 50" — T _ (Zq“j)qb — ()\az)q” — \agd

that is, 24" = \~9%. Hence b = 0 by minimality and A® = 1. Now, if A =1

with ¢ [ N, then zch = N’z = z, hence ¢ Z a = ?

(iii)p By assumption p, = p_,; = paz- Ifpz(X) = X" ep 1 X" 4 o,
then pyz(X) = X" + Acpm1 XL+ -+ 4+ N¢p. Thus po(X) = pro(X) if and
only if ¢, =0 for all h & ?Z.

If j = 1 then p, would be X"+ (—1)" by By Lemma n =2,

a contradiction. O

5.2. Irreducible elements of SL,(¢), n not a prime. In this Subsection
we assume that n = cd, for some ¢,d € N>9. Given S € SLy(q) irreducible,
we consider y = diag(s, ..., S) € SLy(q). Then Cqr,,(¢)(y) ~ GLc(¢%).

We claim that a Coxeter torus T’ of CGL,(q)(y) remains a Coxeter torus
in GL,(g) hence T := T'N SLy(q) is a Coxeter torus in SLy(q).

Indeed, by (5.1)), we have |T| = ((¢°)% — 1) = (¢" — 1). Since T is cyclic,
it is conjugated to TL as claimed after (5.1)). Thus, |T'| = (n),.

In this subsection we will assume that x lies in a Coxeter torus T of G¥'
arising from some y as above.

Proposition 5.9. If x s irreducible, then O = OxPSL”(q) is of type C.
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Proof. Let n = cd with ¢ prime and d > 2. We set:
M = Cau,,(p(y) = GL.(q%);
M = Cgy,, (q)(y) = M N SLy(q);
M = [M, M] ~ SLc(¢%).
Thus M; < M < M. Lemma [5.7 gives
OSL@) N = OSEn D N = {x,x9, ... x? ,anil}
OMAT =M AT =0M AT = [x,x%,... x" "},
Hence x9 € O NT but x9 ¢ OM. We claim that OM ¢ N4(T). Suppose
the contrary. Then, (OM) would be a non-central, normal subgroup of
M ~ GLc(¢%). Then SLc(¢%) ~ M; < (O}) < N#(T), and so T N M,
would be normal in M, a contradiction.
We pick s € OM \ N7(T) and set
s=m(s) €O, r:=m(x) € O; H = (r,s,n(M)).
We claim that 7, s and H satisfy the assumptions of Lemma [2.3] First,
s ¢ Ny7(T) implies s> 7 # r, i.e., (2.2) holds. Indeed, s>r = r would give
s> x € Z(G)x that combined with 7' = CGL,(g)(x) would force s>T =T.
In addition, (OM, OM1) = ((9}](\7 , (95/7 ) is a non-central, normal subgroup
of M ~ GL.(¢%), hence (M7, x, s) < (OM1 OM1) and therefore
H = (x(My), r, 5) < (OF M), 07 < (0ff 0ff) < 1.
That is, (2.3) holds and H < (O).
Observe that (M) ~ M/Z(SLy(q)) N M projects onto PSL.(q%), so the

orbits (’)ZCT(M) and (’);rq(M) project onto non-trivial orbits in PSL.(¢%), and
therefore |OH| > |(9:(M)\ > 2 and |OF] > ]Og(M)\ > 2, i.e., (2.4) holds.

We finally analyse OF N OH. First of all, 7(M;) < H < 7(M) and
OM — OM imply that O = OF™)_ Similarly, OH = 0T

If O M) (’)g(M) = (), then we are done. Otherwise,

2 e O™ AnT) =0 Ar(T) = {29, (299, ..., ()"}

Therefore there exists [ € Ip.—1 such that x1" e Gn(Fy)x. Lemma
gives [ # 0. Let j € I,_; be minimal satisfying x¢’ € G, (F;)x. Then
jln by Lemma whose argument shows that j divides also dl + 1.

Hence, (j,d) = 1. Since j > 1 by Lemma again, this can occur only
if j = cand (¢,d) = 1. In this case, d has a prime factor ¢ different from ¢
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and we may repeat the whole construction replacing ¢ by ¢’ and d by 5. As
j=c#c, we get that (’);T(M) N Og(M) = (). The hypotheses of Lemma
were verified, hence O is of type C. ([
5.3. Irreducible elements of SL,(q), n > 3 prime. Here n > 3 is prime.
Recall that e # # € G = PSL,(q), x € G — Z(G") is a representative of
x which is irreducible and belongs to the Coxeter torus T := T N SL,,(q);
we set O = OF and O = (’)S’F. There is an epimorphism of racks O — O.

We will analyse all possible subgroups of GL,(¢q) intersecting O. We start
by a few well-known arithmetic results instrumental for our analysis.

Lemma 5.10. Let n be an odd prime number.

(i) If (nyq—1) = 1, then (n,q" — 1) = (n, (n),) = 1.
() g =1 =r, ther (02, (n)y) = (n, (n)g) = n.
(i) (¢ —1,(n)q) = (n,q —1).

(iv) (n(g —1), (n)g) = (n, ¢ —1).

Proof. (i) and (ii) are [25, Lemma 4.1.1], whilst (iii) follows from the Eu-
clidean algorithm. We prove (iv). Combining (i), (ii) and (iii) we obtain

(n, (n)g) = (n,¢ = 1) = (¢ = 1, (n)g),
hence (n(q —1), (n)q) =11if (n,¢q—1) =1, and (n(g—1), ( )q) € {n,n?} if
(n,q — 1) = n. In this case, we discard (n(q — 1), (n),) = n? using (ii). O
Recall 0 € Ngr,,,(g)(Tw) from Remark

Lemma 5.11. Let n be a prime.

(i) Let g € NgL,(q (’H‘F) \TE. Then |g| divides n(q —1).
(ii) O N Ngr(T,) C TE.

Proof. (i) By Remark there are k € I;,,_1 and ¢ € TE such that g = ot
Then

(o= ] rot] o™ H TDt—(th>—t

TE(ok)
by a direct computation. Hence |g| divides n(q — 1).
(i) Let g € O N Nagr,,(o)(Th) = O N Ngr(TL). Recall that |x| divides
(n)g. If g ¢ TE then |g| divides (n(q — 1), (n),) by (i). By Lemma (iv)

lg| divides (n,q — 1), so g is central, contradicting its irreducibility. O

We recall that a primitive prime divisor of ¢" — 1 is a prime number /¢
such that ¢|(¢" — 1) and ¢ f(¢° — 1) for every e € I,_;
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Lemma 5.12. (Heren is any odd prime). Lety be an irreducible semisimple
element in GLy,(q). Then,

(i) Either there exists a primitive prime divisor £ of ¢" — 1 dividing |y| or
else |y| divides n(q — 1), it does not divide (¢ — 1) and n|q — 1.

(ii) If y € SLy(q), then there always exists a primitive prime divisor £ of
q" — 1 dividing |y|.

Proof. (i) If for every prime divisor ¢ of |y| there is an e € I,,_; such that
¢ divides ¢° — 1 = (q — 1)(e)q then, any such ¢ divides (¢ — 1)((n)q, (€)q)
for some e < n. The latter equals (¢ — 1)(e,n); = ¢ — 1 by the Euclidean
algorithm, so ¢|(¢ — 1) for any prime divisor ¢ of |y|.

Since y is irreducible, |y| cannot divide ¢ — 1, so there is a prime divisor
¢y of |y| dividing ¢ — 1 and (n),. By Lemma (iii) this is possible only
if n|(¢ — 1) and in this case £y = n. Then, Lemma (ii) implies that |y|
divides n(q — 1).

(ii) If y € SL,(q) then |y| divides (n),. Assume, for a contradiction,
that no primitive prime divisor of ¢" — 1 divides |y|. Then, |y| would divide

(n(¢g—1),(n)q) = (n,q—1) by (i) and Lemma (iii). Thus, y cannot be
irreducible. O

In the terminology of [I7, Definition 1.2], Lemma says that if n is an
odd prime, then all irreducible elements in SL,(q) are ppd(n, ¢; n)-elements.
The following result is a consequence of [17].

Lemma 5.13. Let ¢ be a primitive prime divisor of ¢" — 1 dividing |x| and

let H< GL,(q) be such that x € H. Then H occurs in the following list.

(a) SLn(q0) < H < Ngr,(q)(SLn(q0)) where go = p™° with m = mod,
deN and (d,n) = 1.

(b) SUn(q(l)/2) < H < Ngr,(q)(SUn(q0)) where go = p™ a square with

m = mod, d € N and (d,n) = 1.

H < Ngu,(¢)(TE) = Naw, (o (T), and { divides |H|.

H/(HN Z(GL,(q)) ~ Mj1,n=5,¢=11, and ¢° =1 mod 11.

H/(H N Z(GLy(q)) = Mag, or Moy, n =11, £ =23, ¢*' =1 mod 23.

PSLy(¢) < H/(H N Z(GLy(q))) < PGLy((), for £ > 7, n = 1(£ — 1)

and ¢" =1 mod /.

(c
(d

f

~— ~— ~— ~—

(
(

Proof. The main result in [I7] states that the subgroups of GL4(g) contain-
ing a ppd(d, ¢; e)-element, for some %d < e < d are precisely those occurring
in the Examples 2.1, ..., 2.9 listed therein. We extract the cases satisfying
d =e =mn an odd prime > 3.



NICHOLS ALGEBRAS OVER SEMISIMPLE CLASSES 25

o Example 2.1 (b) and (d) and Example 2.5 are discarded because they
occur for either d or e even.

o Examples 2.1 (a) and (c) are (a) and (b) in our list.
o Example 2.2 does not occur because it requires an H-stable subspace of
the natural representation of GL,,(¢) and x € H is irreducible.

o Examples 2.3 and Examples 2.4 (a) are discarded as they require e # d.
o Example 2.4 (b) is the case (c) in our list.

o Example 2.6 (a) is discarded because it requires the prime ¢ = n+1, which
is impossible because n > 2.

o Examples 2.6 (b) and (c) are collected in [I7, Tables 2,3,4]. In Table 2, d
is even. In Tables 3 and 4 the number e is never odd > 3.

o Examples 2.7 are listed in [I7, Table 5|. The column with ¢ = e + 1, is
immediately discarded, just as all rows for which d is not a prime number.
We are left with the three possible choices for H' ~ H/H N Z(GL,(q))
listed in (d) and (e).

o Examples 2.8 are listed in [I7, Table 6] and are discarded because e # d.

o Examples 2.9 are listed in [I7, Tables 7,8] and if d is a prime, then e is

even. In Table 8, we discard all cases for which ¢ = e + 1 and we are left

with the case (f) in our list. O
Lemma 5.14. Let G = SL,,(k), m = mod with (d,n) =1 and go = p™°.

(i) If (n,q0 — 1) = n, then Z(GLy(q))GLn(q0) N SLy(q) = SLn(qo)-

(ii) If mg is even and (n, qé/2 + 1) =n, then

Z(GLw(q)GU,(qy*) N SLa(q) = SUL(a,"?).
Proof. We prove C. Let (id,, € Z(GLy(¢q)) and g € GLy(g0) be such
that (g € SLy(q). Now, |(| divides n(go — 1) because (7" = det(g) € F..
It also divides ¢ — 1 because ¢ € F. Hence it divides
(n(g0 = 1), ¢ = 1) = (g0 = 1) (1, (d)go) -

By the assumptions on n and qg, we have (d)q, = d mod n. Since (d,n) =
1, then (| divides go — 1, i.e., ¢ € o and (g € SLy(qo)-

We prove C. Let (id, € Z(GL,(q)) and g € GUn(qé/Q) be such
that (id,)g € SL,(q). Now, as g = Frql/Q ¢(g), we have (det g)qé/2Jr1 =1.

0

Hence || divides n(qé/ ‘4 1) and also ¢ — 1 because ¢ € F;, and so it divides

(> + 1) a=1) = (" +1) (. (@/* = (@) 1)

/ /2_1;

However, n is an odd prime dividing q(-lJ 2 1 1 50 it does not divide q(l)

also, (n, (d)q1/2) = 1 by the argument inapplied to qé/2. Thus, |¢| divides
0
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g + 1, that is, Cidy € Z(GU,(gi/?), so Cg € SLa(q) N GU,(¢/%) =

SU,(g/%). 0

In this Subsection 7: GL,(¢) — PGL,(q) is the natural projection,
whose restriction to SL,(q) is .

Proposition 5.15. Let x be an irreducible element in the Cozeter torus

T =TE. Then O is kthulhu.

Proof. ~ 'We consider all possible intersections O N M for every M < G
containing x. All such groups have the form M = w(H N SL,(q)) for some
H < GL,(q) containing x. We will show that either O N M = OM or else
O N M is an abelian subrack. This implies that O is kthulhu.

For our analysis, we will make use of the following auxiliary facts:
Claim 1. Opgy,, (p)(2) N O = {z,2%, ..., 29" '}.
Indeed, Lemma gives
Csp(g(®) NO = {x,x7, ..., x7" '},

We describe Cpgr,,, () (). If z € SLy,(q) satisfies zxz ™! € Gy, (Fg)xNDO, then
by primality of n and Lemma and we conclude that zxz~! = x,
and so Cpsr,, (¢)(7) = 7(CsL,(¢) (%)) = 7(T'), whence the claim.

Claim 2. If 7(H) is simple, then w(H) < PSL,,(q). In particular, we may
assume H < SL,(q).

Indeed, if 7(H)

7(H) = [7(H),7(H)] =7([H, H]) < 7([GLn(q), GLn(q)]) = 7(SLn(q)).

is simple, then

We set from now on H; := HNSL,(q) and inspect all possible M = 7 (H)
where H runs through the list of subgroups from Lemma [5.13] containing x,
with ¢ a primitive prime divisor of ¢" — 1 dividing |x|. The numbering of
items is as in Lemma

Case @ Here ¢ = p™, qo = p™° where m = myd, d € N and (n,d) = 1.
Proposition [3.1] gives Ngr,,,(q)(SLn(q0)) = Z(GLx(q))GLx(q0) so

(5'4) SLn(QO) < Hl < Z(GLH(Q))GLTL(QO) N SLn(Q)'
We will first show that
(5.5) O N Z(GLy(g))GLn(go) N SLy(q) = OFEn(10),

If (n,qo — 1) = n, then the inclusions in (5.4]) are all equalities by Lemma
5.14] (i). In this case

on Z(GLn(Q))GLn(QO) N SLn(Q) =90N SLn(qo)
= 03®) M 8Ly (o) = OF4(®)
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where the last two equalities follow from [22, Theorem 21.11] and [20}, §2.11].
Assume now that (n,qo—1) = 1. Since x € H; < Z(GLy(q))GLy(qo), there

are z = (id, € Z(GLy(q)) and y € GL,(qo) such that
X = zy.

Consider x; € O N Z(GLy(¢))GLy(g0). Let 21 = (1id,, € Z(GLy(q)) and
y1 € GL,(qo) be such that x; = z1y;. By construction, || and |(;| divide
n(go — 1) because x, x; € SL,(q). Since x is irreducible, y and y; are
again irreducible in GL,(¢q), whence in GL,(qo), because they are regular
and lie in a Coxeter torus of GL,(q). Let {n? : j € Iy,—1} C Fgp and

{n'fj tj€lppn} C Fgn be the sets of eigenvalues of y and yi, respectively,
SO {quj :j €lop—1} and {Clnf :j € lpn—1} are the sets of eigenvalues of
x and x7, respectively. Then

{n? :jelopat={Cn" jeclon 1}

and so (n = Cm(fjo for some jo. Therefore [(1¢7Y = |y, qm! divides
(n(go—1),q3 — 1) = (g0 — 1)(n,(n)gy) = qo — 1, where the last equality
follows from Lemma (i). In other words, (1 € (Fy, and z7'x; is a
regular semisimple matrix in GL,(qo) with the same eigenvalues as y, and

it is therefore SLy,(qp)-conjugate to y. Hence,
O N Z(GLy(q))GLy(g0) C 2058 (®0) = OFn(0),
Let now 2/ = m(x’) € O N M. Then, 2'x’ € O for some 2’ € Z(SL,(q))
and x’ € Z(SLy(q))Hi, that is,
Z'x' € DN Z(SL,(q))Hy € © N Z(GLy(q))GLy(qo) NSLy,(q) = O,

where the equality follows from (5.4) and (5.5). Thus, x’ € Z(SL,(q))OM

and ' € 05 = OM | ghowing that © N M = OM,

Case Here ¢ = p™, qo = p™° where mg|m, mg is even and (n,d) = 1.
We use the same strategy as in case

Proposition 3.1 gives N, ) (SUw (a)"*)) = Z(GL(0) GU(a}/*) so
(5.6) SU,(¢/%) < Hy < Z(GLy(q))GU,(g/*) N SLy(q).

We will first show that

1/2
(5.7) 9 N Z(GL,(9)GU,(g)*) N SLy(g) = 0F "0,

If (n, q(l)/ 2+1) = n, then the inclusions in (5.6]) are all equalities by Lemma
5.14] (ii). In this case

9N Z(GL,(q))GU,(qt*) NSLy(q) = O NSU,(¢s/?)

1/2
= 05 (18U, (g)/) = 077
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where the last two equalities follow from [22], Theorem 21.11] and [20}, §2.11].

Assume now that (n, qé/Q—i—l) = 1. Sincex € H; < Z(GLn(q))GUn(qé/Q),

there are z = (id,, € Z(GLy(¢)) and y € GU,(q0) < GL,(qo) such that

X = 2y.

Consider x; € DN Z(GLy(q))GU,(qt/?). Let 21 = (1 id, € Z(GLy(q)) and
y1 € GU,(qo) < GL,(q0) be such that x; = 2z1y;1. By construction, || and
|¢1] divide n(q(l)/2 + 1) because x, x; € SLy,,(q) and d(at(g)‘lé/2Jrl =1 for any
9 € GU,(g).

Since x is irreducible, y and y; are again irreducible in GL,(q), whence

in GL,(qo). We show that |y| cannot divide n(gyp — 1). Indeed, if this were

the case, then we would have y®°~! = ¢id,, for some ¢ € G, (F o )s with

& # 1. Since y® € (’)g L"(qo), the characteristic polynomial p;, would be

X™ — det(y) = X™ — £, which is not irreducible. Hence, by Lemma [5.12]
(i) there is a primitive prime divisor £ of |y| dividing ¢ — 1.

Let Fy: GL,(k) — GL, (k) be given by Fy(A) = Fr 12 #(A), for A €
0

GL, (k), cf. Subsection By [22, Proposition 26.6] there exists an Fp-
stable torus T’ in GL, (k) containing y. Let 7 = T' N GU,(¢t/?). By [22,
Proposition 25.3 (c)] and an analysis of ¢-classes in the symmetric group,

there is a partition A of n such that

TI= I] @”-1v [ @7+

i even A; odd

The latter divides [y, cyen (qé‘i/ - DT, odd (q(’)\i — 1) and is divisible by

the primitive prime divisor ¢ of ¢jj — 1. Hence, A = (n) and |T| = (qg/2 +1).

Now we proceed as in case @ considering the set of eigenvalues for x
and x; and of y and y;, we deduce that [(;¢ 71| divides

(nla”® + 105> +1) = (@ + D(m () _12) = (@5/* + 1)

where (n, (n) q1/2) = 1 because (n) o/ divides qg/Q + 1 and q(l)/2 is not a
—4p — 40
root of X"+ 1= (X +1)" in F,, by our assumption on ¢y and n.
Hence, z; € zZ(GUn(qé/Q)), and z71'x; is a regular semisimple matrix

in GUn(qé/ 2) with the same eigenvalues as y, and it is therefore SU,(qo)-
conjugate to y by [20] §2.11, §8.5]. Hence,

SUn(a5’®) _ ASUn(ay’?)
y - X .

O N Z(GLn(9))GU,(qy%) € 20 0

Let now 2/ = 7(x') € O N M. Then, 2'x’ € O for some 2’ € Z(SL,(q))
and x' € Z(SLy(q))H, that is,

2% € ON Z(SLy(q))Hy € O N Z(GLy,(q))GU,(qt/?) N SLy(q) = O,
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where the equality follows from (5.6) and (5.7). Thus, x’ € Z(SL,(q))OM

and 2/ € X = OM  showing that O N M = OM.

Case In this case, M < 7(Ngr,,(q)(T)) = Na(7(T)), where the second
equality follows because Z(SL,(q)) < T. If y = w(y) € O N M then there
is z € Z(SL,(q)) such that y € oS Nsr,(q)(T), and zx is again
irreducible. By Lemma we see that y € T', so ONM C «(T) is abelian.

Case [(d)| In this case n = 5 and £ = 11 and 7(H) = My = 7(H;). We
show that O N My = (’)fc‘/[“. The only elements whose order is divisible
by ¢ in My are of order 11, so |z| = 11. There are two classes of such
elements in M, say (950”11 and (9?])411. If ONM; = Oﬁ/fll U (93411, then

() =1 C ON My NCpsl,(q) () = {z, 29, 27 27 27}, a contradiction.

Case @In this case n = 11 and £ = 23. The only elements of order divisible
by ¢ in M = Mss or May have order 23 and there are 2 conjugacy classes of
such elements. We proceed as in case

Case [(T)] In this case £|(¢" — 1) and M = 7(H1) ~ H1/H1 N Z(SLy(q)), and
PSL;(¢) < Hi/H1 N Z(SLy(q)) < PGLy(f).

As [PGLy(¢) : PSLy(¢)] < 2, we have M ~ PGL2(¢) or M ~ PSLy(¢).
In both cases, |r| = ¢ and we claim that O "M = OM. In PGLy(¢)
all non-trivial unipotent elements are conjugate and the claim follows. Let
y € ONPSLy(¢). By replacing y with a representative lying in the same
Borel subgroup of PSLy(¢) as x, we can ensure that

(IS CPSLQ(()(':U) noc CPSLH(Q)(:U) no = {x?'xq: ey anil}.

Without loss of generality we may assume that x is the class of ((1) § ), for

some ¢ € F) so y is the class of (é?)q] = (é q15> for some j € I,,_1. By
n+1

assumption g = ¢ mod £ hence ¢ is a square modulo £. Therefore x and
y are conjugate in PSLy(¢), whence the claim. O

Remark 5.16. Consider either g € Mjy, |g| = 11, or g € Mas or Moy,

lgl = 23. Then the classes QM1 O}M2s or 024 are contained either in
O;P SLs(@) for some q, or in Og)SL“(q) for some ¢/, respectively, according

to [I7] and Claim [2| see Cases @ and @ By Proposition since ¢
is irreducible in all cases, C’)g; is kthulhu, where G is either PSL5(q) or

PSLi1(¢'). Hence so are (99411, (92423 and Oé‘@“, as was previously proved
in [10, Teorema 3.26].
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6. SEMISIMPLE CONJUGACY CLASSES REPRESENTED IN K

In this section we deal with semisimple conjugacy classes intersecting the
subgroup K which is the image of the map j: GL,(¢q) — G introduced in
We give parallel proofs for two classes of simple groups:

o G = Spy, (k) with n > 2; here G := G'/Z(G*) and 7: G — G denotes
the standard projection.

o G = SO, (k) with n’ = 2n and n > 4, or n’ = 2n+ 1 and n > 3; here
G =[G ,G"]/Z(GF) and 7: [GY',GF] — G is the standard projection.
In the symplectic case, GI' = [G", G¥] so for brevity of the exposition we

write [GF', G] in both cases. We also consider such groups with smaller n
sometimes for the sake of recursive arguments.

We shall consider a semisimple class O in G, a class O in [GF, GF] such
that 7(9) = O and assume that it exists A € GL,(q) such that j(A) € O.

Here are the main results of this Section:

Theorem 6.1. Let G = Spy,,(k), n > 2, and let A € GL,(q) — Z(GLx(q))
be a semisimple element, which is not an involution if n = 2 and q < 7.
Then O = O% TG(A)) collapses.

Theorem 6.2. Let G = SOg, (k) or SOgy,+1(k) with n > 3 in both cases
and let A € GL,(q) — Z(GLy(q)) be a semisimple element.

Assume in addition that j(A) does not correspond to situation if
q€{3,5,7}. Then O = Oﬂ(j(A)) collapses.

These theorems are proved in Subsection [6.2] after we deal in Subsection
[6.1l with the case when A is irreducible.

In the orthogonal case, we consider the orbit O[(E’A)G ! for later applica-

tions even if j(A) does not necessarily belong to [GY, G'], as in Remark
See Lemmata [6.4] and [6.5]

We start by some general considerations.

Lemma 6.3. Let A € GL,(q) be a semisimple element.

7(SLn(q)) [K,K] _ AK ](GLn(‘Z))
©) G5 = Ok = Ojtay = O

(ii) If A is irreducible, then either OGL”(q) = OGL”() or else j(A) is

reqular in GL,/(q).
(iii) If A is irreducible, then either O][.([(;j)’GF] = (QJ[%:E;], or else j(A) is

reqular.
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Proof. is a consequence of the inclusions
J(SLn(q)) ~ [K, K] < K ~ GLy(q).

If ¢4, h € Io,n—1, are the (distinct) eigenvalues of A in k, then ¢Ea"
for h € Tppn—1 (together with 1 when n’ = 2n 4 1) are the eigenvalues of
j(A). Assume that j(A) is not regular in GL,/(q); hence A and A~! have a
common eigenvalue. Then the sets of eigenvalues of A and A~! coincide by
irreducibility, that is A and A~! are conjugate in GL, (k). Since centralisers
in GL,, (k) are connected, [20, p. 19], OSL"(q) = (’)S,IT(Q). (iii)[ follows from
and and the inclusion [K, K] < K N [GF,GF). O

6.1. A€ GL,(q) is irreducible. We first analyze this case.

Lemma 6.4. (Here n > 3 when G = SOs,(k) or G = SOg,,11(k)). Let
A € GL,,(q) be an irreducible element such that

o j(A) is not regular in GL,/(q),
o pa(X) # X?+1 when G = Spy(k) and ¢ =3 mod 4.
Then

(i) 0 = OJ[.(((;Z)’GF} collapses.

(ii) If j(A) € O C [GF,GF], then O collapses.

Proof.  Observe that (ii) follows directly from (i), that we prove. The
initial discussion is valid for both orthogonal and symplectic groups. Recall
¢ from . The irreduciblity assumption in A ensures that the eigenvalues
of A are all distinct, i.e., A is regular semisimple, so we may assume that
A is the companion matrix of its characteristic (and minimal) polynomial
pa=X"+a, 1 X" 1 +..-ag. Thatis, A, ¢(A), A, TA7L, A= and ¢p(A1)
have the following shape:

100 —a
A=<01~-0 —) ¢>(A)=< o T 1 )
00 1 —an_1 —1/ap —an—1/ao - —az/ap —ai/ao

0 1 0 0 —al/ao —a2/a0 _an—l/aO _1/a0
U e 0 - 0 0

0 0 0 - 1 ’ 0 o0 o ’

0 ) )

0 —ai1 —a2 —Qp— 0 0 1 0
,Zlfzo (1) (1) 8 —Up_1 —Qp_g e e —ao
- S -1 1 0 0 0
A= —a .“1/(10 00 1 ’ ¢(A ) = 0 1 0 0
iy N eee eee eee
—1/ao 0 0 0 0 0 0T
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Also A # A~! otherwise A would have eigenvalues £1, contradicting irre-
ducibility. We consider the disjoint subracks:

Rlzz{(‘g¢&))€ﬁ}, Rg::{(A01¢( )>€ﬁ}, if n' = 2n;

A0 Y A-1lo %
= 01 = . /: '

Now R # 0 by construction, and Ry # () by Lemma It is easy to
see that ;> R; = R;j, 1 <1,j < 2. We continue with each group separately.

Case 1. G = Sp,,, (k). Let
i . _ -1 o
r= ( ((1)" ifﬁ) >j(A) = (6‘ éi’%};tﬁjn;{") €Ri, r2=3j(A"") € Ry.
A direct calculation shows that

3 t 1t 1
riry = (1%" - ?5:“") ToTy = <1d" T, )

S0 T1ry = rory if and only if 2id, = A7'*A"t + A'A. Let us verify that
such an equality never holds. Comparing the diagonal entries we obtain
a? = (=1)"1a3"(1 — a3) for i > 0, whereas comparing the entries in the
first row we obtain aj(as + ag) = 0 and ajaq; = —agal_l for I > 2. The
conditions as + a = 0 and a3 = —ag(1 — a3) lead to a contradiction, hence
necessarily a; = 0 and so a; = 0 for any [ > 0 and a2 = 1. In other words,
pa(X)=X"+1. By Lemma this is possible only if n = 2, ¢ =3 mod 4
and pa(X) = X2 + 1, which is excluded by hypothesis.

Then, 71 >r9 # ro and, for H = (ry,r2) we have C’)g ﬂ(’)g CRINRy=0
because A% # id. If p = 2, then |ri| = |rs| is odd and (’)JS&Q)"(‘I) is of
type C by Remark (b). If, instead, p is odd, then ri7re # rory implies

(r172)% # (r271)? as they are p-elements, so O &2)”(‘]) is of type D.

We claim that the restriction of the projection m: Spy,(qg) — G to
R1]] Rz is injective. Indeed, this could fail only if A? = +1, but since

A is irreducible, we would have A% = —1 which would give pa(X) = X2+1,

with ¢ =3 mod 4, i.e., the discarded case. Hence (’)ftj( A)) collapses.

Case 2. G = SOgy (k) or SO2,+1(k). For n > 3 we consider the matrices:
diag(idz, —idz) if n is even,
diag(id[@], 07 - ld[%}) if nis Odd,

b) if G = SOa, (k),

d

0
U= d 0 '

8 . if G = SO2p+1(k).
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Then U € [G¥,GF] by [22, Theorem 24.15, Proposition 24.21] and we con-
sider the elements r; € R;, i = 1, 2:

A —AE+E$(A e
A (A)()) if G = SOy (K),

ro = j(A™1) € Ro.
A direct calculation shows that ri7re = rory if and only if
(6.1) 2F = AE¢(A™1) + AT E¢(A).

We verify that this never happens. Assume first that p is odd. By looking
at the (1,1)-entries we see that (6.1]) never holds if n > 3. Since r1ry and

rory are p-elements, it follows that w(r172)? # m(rery)?.

The restriction of
7 to Ry ][ Ra is injective because A2 = —id with A irreducible would imply

n = 2, a discarded case. Hence OT?(j( A)) is of type D.

Assume that p = 2, so G = SOy, (k). Then (6.1) amounts to A2E =
E¢(A)?. If n > 4, by looking at the first row we see that % never holds. If
n = 3, then (6.1)) holds only when as = a, L = ag, but in this case

pa(X) :X3+a51X2+aOX+a0 = (X +ag) (X—I—aal)

is not irreducible. Since |r1] is odd and 7 is injective, Remark @ applies
and so Of(j(A)) is of type C. U

Lemma 6.5. (Here n > 3 for G = SOay (k) and n > 2 for G = SO2;,41(k)
or Spo,(k)). Let A € GLy(q) be an irreducible element such that j(A) is
reqular in GLy/(q). Then

g G GF]
(i) O Oi(ay  ~ collapses.
(ii) If j(A) € O C [GF,GT], then O collapses.

[GF,GF]

Proof. Since A is irreducible, (’)GL"( ) = (QAGQL”( 9. We have 0 = Ol i(A9)

by Lemma [6.3| (i) so we can consider the disjoint subracks:

Rlz—{(oqs&))eﬁ}, Rg::{(‘%q (gq)>€ﬁ}, if n' = 2n;

¢
A0 Y A10 Y e
ro={(05,0) €0, R={(01,08,) €0} ' =2ms1
Then RiDRj - Rj for 1 < Z,j < 2.
Let 11 = j(A) € Ry. Since j(A7) is regular, Cqr, (g
semisimple elements. Thus, there exists u € [GF ,GF | unipotent block upper

y(r1) consists of

triangular, with identity diagonal blocks of size n,n if n’ = 2n and n,1,n
if n” = 2n + 1, such that ro == up> j(A9) € Ry \ {j(A%)}. Observe that
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ro = j(A%)v for some non-trivial block upper triangular unipotent element
v. Now, r1j(A?) = j(A%)r and v ¢ Cgr, ,(q)(71) because the latter consists
of semisimple elements. Hence, r119 # ror1.

If p =2, then |A| is odd and (’);?;’GF] is of type C by Remark (b).

Let p be odd. Then H = (ry,r3) = (r1,v) = (re,v), with v a p-element.

Thus {O,{ﬂ > ‘(’)fn:}> >3fori=1,2, so (’)][.(((;j)’GF} is of type C by Lemma [2.3

Since A is irreducible, A # A%, hence the restriction of 7 to Ry [[ Re is
injective, giving ([

Lemma 6.6. Let G = Spy(k), let =3 mod 4 and let A= (U '). Then
0= Of(j(A)) s of type D, hence it collapses.

Proof. By assumption, 7(j(A)) is an involution. Let scq = (§ 4% ) € F2*2,
where (¢,d) € F2. A direct calculation shows that

-1
ASC,dA = S8—c,—d = —Sc,d-

If, in addition s.q € GL2(g), then
. . . -1
m(j(A) > 7(j(sca) = m(i(sca));  also  P(sca) = 2 gt
We pick (a,b) € Fg such that a® + b?> = —1. Since ¢ = 3 mod 4, we have
ab # 0. As s,y is semisimple, with same trace and determinant as A, it lies

in 052 5o 7 (j(sqs)) € O% (1))

Consider the disjoint, non-empty subracks

R {x (8 %) € 0%} Ro={r(%.Y,) € O}

of Of(j(A)). Then R;> Rj = R; for i,j € {1,2}.

We set
ri=1 (i%z ﬁ;) >r(i(A) =7 (5 %) € R, s:=m(j(sap)) € Ro.

Now ab # 0 implies that s, s, —p is not diagonal, hence

2 idg 2(id2 +Sa,b5a,7b) ida 72(id2 +3a,b3a,7b) _ 2
(rs)” = 7T( 0 ids 77 ids = (s7)7,

so OG

(

i(A)) is of type D. O

6.2. Proofs of Theorems and We now drop the irreducibility
assumption and proceed to prove the main results of this Section.

Proof of Theorem[6.1] For A irreducible, this is Lemmata [6.4] and [6.6]
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If A is not irreducible, then we may assume that A is a block diagonal
matrix diag(Aq,---,Af) where the A;’s are irreducible. If they are all of
size 1, then j(A) lies in a Fg-split torus and Proposition applies. If,
instead, one of the matrices A; has size n; > 2, then n > 2 and A; is

non-central in GL,, (q) because it is irreducible. Lemmata and

imply that (’) (A 27;’( o collapses. The statement follows from injectivity of the

composition of rack maps:

Span, ( Spa,(9) G
(H{JAI) O " (H{J >—>O(l?f>q_>0<<>>'m

m=i+1

Proof of Theorem[6.3 For A irreducible, this is Lemmata [6.4] and

If A is not irreducible, then we may assume that A is a block diagonal
matrix diag(Ay,---,Ay) where f > 1 and each A; is an irreducible n; x n;-
matrix.

If ¢ = 2, then A lies in SL,,(¢) and is not irreducible, so the rack inclusion
OiL”(q) — Ogsg)"’(Q)7SO”’(q)} combined with [3, Theorem 1.1] gives the claim
because P2,/ (q) =[SO,/ (q), SO, (q)].

If n; = 1 for all 4, then j(A) lies in a Fy-split torus and Lemma applies.

Therefore, we assume from now on that ¢ > 2 and n; > 2 for some i.

If n; > 3 for some ¢, then (’)[?02)”’ (4):802n; (4)] collapses by Lemmata

and [6.5] Then the claim follows because of the injectivity of the composmon
of the rack morphisms

i—1 f
. S04, (¢),SO2n, ) SO, ,(2),S0..,
(H{J(Al)}) X Oﬁ-(AS i(@)8020, ()] ( H {j(Al)}) N O]L(A)n (0),.80,,(q)]
=1

l=i+1
G
= Oz(j(a)-

From now on we assume that ny = 2, and n; < 2 for all i.

If n; = 1 for some i, say i = 2, then Ay = (c) for some ¢ € Fy. Since
Ay is irreducible, it is regular and has no eigenvalues in ;. Thus the block

diagonal matrix A; = diag(Ay, ¢) has 3 distinct eigenvalues in F,. The ma-

Ay v) Ls(q)

trices ( v E FZ have the same eigenvalues, hence they lie in (’)

(’)2‘3((1), cf. Remark Consider the map j : GL3(q) — SOg(q). We claim

. [SO6(q),806(q)]
that j ( ) €0 = Og(Al) .

Indeed, there is a representative g of a suitable w € W in the normaliser of
the torus of diagonal matrices in [SOg(q),SO¢(q)] that satisfies g>j(A;) =
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j (tAfl 2) Also, tAT! € (’)SLS( ), hence j (tA()fl 2) € 0. Thus

0
=g ey R={i(4)ver)

are subracks of &, which are disjoint because A; is irreducible. Clearly,
Ri>R; C R;, 1 <14,j <2. PickO#vng and set:

. . -1
ri=j (% 0) € Ris Si:J(A(l) Z)ERz-

By a direct calculation, rs = sr implies that ¢ is an eigenvalue of A;, a
contradiction. Similarly, (rs)? = (sr)? iff ¢2 = —1, which can occur only if
q is even or ¢ = 1 mod 4. If ¢ is even, then & is of type C by Remark
(b). If ¢ =3mod 4 or ¢ = 1 mod 4 and ¢? # —1, then & is of type D.

Assume that ¢ =1 mod 4 and ¢> = —1. We claim that

(6.2) 3= |{s,rsr 1, r?sr 2} < ’(’)ﬁf’5>

(6.3) 3=|{r, srs_l,rsrs_lr_1}| < ‘(95}‘@

By a direct calculation, r2sr—2 = s iff A%v = —v = c%v, hence ¢ or —c is an
eigenvalue of Aj, a contradiction because they both lie in F; follows.
Similarly, rsrs~lr=! = srs™!iff (A; — ¢)?v = 0, thus c is an eigenvalue of
Ay, a contradiction. Now srs~! # r implies rsrs 'r~! # r and follows.

[SO3(9),803(q)]
Hence O (A

f
(R [ Re) x (H{jml)})%o[?of ?80sla (H{g (A} )
=3

SO,/ (4).80,,/ ()]
= Oja) — 0= 0%,

is of type C by Lemma Since the composition

is an injective morphism of racks, the statement is proved in this case.

There remains the case n; = 2 for all 7. It suffices to assume that f = 2,
so G = SOg(q), and that A; and As are the companion matrices of their
characteristic polynomials p4, = X2+ aX + b and pa, = X2 +cX +d, so

(6.4) A= (?:2), Ay = (?:‘i)7 A= (AOI 22)

As in the previous step, there is an element in [SOg(q), SOg(q)] mapping
J(A) to j (Aé ' ) We consider the subracks of O[?O)S( 9):80s(a)] given by

Ry={G (0 4) e OB @S0l

o= (5 ) cogso)
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which are disjoint since A; is irreducible. Clearly, R;>R; C R;, 1 <1,j < 2.
Let u = (1%2 ig;) € SL4(q) and consider

. . . — . 71
7":zj(u)l>](A)zj<’%1 A2A2A1> € Ry, s::j(A(l) 22) € Ro.
A direct calculation in GLy4(q) shows that (rs)? = (sr)? if and only if
(6.5) (Ay — Ap)As(idg +A3) = AT (A — Ay)(idy +A3).

Now, det(idy +A43) = 0 implies that there exists 0 # v € F2 such that Ajv =
—v. By the irreducibility of A, we get pa, = X2+ 1, ie., Ay = ((1) ’01 )

Assume that det(ids +A43) # 0. Then is equivalent to As — Ay =
Al_l — A5 1 which is equivalent to A; = Ay by virtue of . Therefore, if
Ay # As, possibly interchanging the roles of A; and Ay, we can make sure
that is not satisfied, hence (rs)? # (sr)?, so OjL4(q) is of type D. If
Ay = As # ((1) _01 ), then we interchange A; and Al_1 and argue as above. In
all cases, the restriction of 7 to Rj [] Rz is injective, so (’)f(j( 4)) is of type
D.

Finally, if Ay = A; = (9 7'), then A € SL4(q) and OFSLa@) s of type

TSLy (q) (4)
D by [3, Lemmata 3.15, 3.16, 3.17], and 028‘84)) projects onto it. Whence
(K .
Ong(,)q)) is also of type D. O

7. THE SYMPLECTIC GROUPS

In this Section, G = Spy,,(k), n > 2. Recall that e # x € G is semisimple,
Gfsox—ua,O= OE’F and O = OF. Here is the main result of this Section:

Theorem 7.1. Let x ¢ Z(G) be semisimple. Then O collapses unless n = 2,

q € {3,5,7} and x is an involution.

Classes represented in K have been discussed in Section [f], We deal in
Subsection with cuspidal classes that are not Coxeter, and then with
Coxeter classes in Subsection [7.2] Theorem [7.1]is proved in Subsection [7.3]

7.1. Cuspidal classes. Here we discuss the semisimple classes that are
cuspidal but not Coxeter. Below we use without further notice that a cus-
pidal class could not meet a standard Levi subgroup by Proposition [3.12
We start by the following observation: two semisimple symplectic matrices
conjugated in GLa,(q) are then conjugated in Sp,,(q).

Lemma 7.2. In either of the following cases, O is not cuspidal: (a) Some
eigenvalue of x lies in Fy. (b) |z| € {2,3,4}.
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Proof. Indeed, if A € F, is an eigenvalue of x, then so is A™!, hence

A
9 contains an element of the form é,; gi ) which belongs to a Levi

)\71
subgroup isomorphic to Spy,_1)(k) x k*. Thus O is not cuspidal.
@ By @ we may assume that x has no eigenvalues in F,, so 1 are
excluded. If |x| € {2, 3,4}, then x has at most 2 distinct eigenvalues, namely

the two primitive roots of 1, so it is not cuspidal by Proposition [3.13 U

7.1.1. Cuspidal classes in the Weyl group. As is well-known, the Weyl group
is W = (Z/2)" xSy; let (e;)er, be the canonical basis of (Z/2)". We identify
W with a subgroup of Sy, as in [I1]:

Wo{ceSy :c2n+1—j)=2n+1-<(j),j €L},
Sp 200, a(j) = {U(j)’ , lf] € In,
2n+1—c(2n+1—yj), if j € lyiiom;
ej—~T1i=( 2n+1-7j), jel,.
Given h < k in I,,, we consider the 2(k — h + 1)-cycle in Sg,, defined by
(71)  chp=(h h+1 ...k 2n+1—h 2n—h ... 20+1—k).

Evidently, ¢, € W. Let now A = (dy,...,d¢) be a partition of n, denoted
AbFn, withd; > --- > d;. Set

(7.2) CXA = €14, Cdy+1,d1+dz - - - Cdy+-+de+1,n € W.

By the identification above, we can rephrase [16, Proposition 3.4.6]:

Proposition 7.3. The conjugacy class of such cy is cuspidal. The family
cx, A F n, is a complete set of representatives of the cuspidal conjugacy
classes of W. O

For instance, if A = (n), then c) is a Coxeter element.

7.1.2. Cuspidal, but not Coxeter, classes. Let A = (di,...,d;) F n, with
d; > --- > ds. Let Gy, be the image of the injective morphism of groups

SPaq, (k) X Spag, (k) X - -+ X Spag, (k) — Spy, (k),

A1 Bl

Al Bl At Bt At Bt
(@ o) @ 2)—|  &n

Ch D1
Claim. cy has a decomposition I" such that Gy = Gy, cf. (3.9)).
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Proof. First, wj = Ca,+dy+-+d;_1+1,d;+do+-+a; 15 a Coxeter element of the
factor Spg; (k) of Gy. Up to appropriate identifications, the union of de-
compositions I, ..., Iy of wy, ..., wy is a decomposition of cy. This implies
the claim. O

Lemma 7.4. If the conjugacy class O in G is cuspidal but not Coxeter,
then it is of type C, hence it collapses.

Proof. By Proposition there is partition A # (n) such that O intersects
G} = SPag, (¢) X SPag,(q) X -+ X Spag,(q). Let x = (x1,...,%) € Gy N O,
with x; € Spyy; (¢) for all j, so that

F
OFx _ Oflpml (@ 0321)%2((1) o x OftPth (@) <o,

We claim that x; ¢ Z(Spaq,(q)) for all j € I;. Indeed, if x; € Z(Spag, (q)) for
some j, then x belongs to the torus Tci’ cf. (3.11)), where ci € W is defined
as cy in (7.2) but omitting cq,4.+a,_;+1,4,++4;- This is a contradiction
because ci is not cuspidal proving the claim. Then the lemma follows from

Lemma by Remark and Lemma Indeed, x; # X?, otherwise x

would lie in a non-cuspidal torus by Lemma, O

Lemma 7.5. If the conjugacy class O in G is cuspidal but not Cozxeter,
then the conjugacy class O in G is of type C, hence it collapses.

Proof. Let m : Sp,y,,(¢) — PSp,y,(q) be the canonical projection. We may
assume that ¢ is odd, thus ker 7 = {+id}. Keep the notation of Lemma|7.4]

Claim 1. The Lemma holds for t > 2.
Indeed, the Lemma [2.9] provides a subrack of O of type C with the form
v = (fra} % 02 x s} ) TT () x 057 x {xs})
and clearly the restriction of m to Y is injective.
Claim 2. The Lemma holds for t = 2.

If x; # —x{, then the restriction of 7 to the subrack of type C

Y = ({X1} % inzdz (q)) H ({x‘{} o OSQP%Q (q)>

is injective; similarly if xo # —x2. Thus we may assume that x; = —xJ

and xo = —xJ. Now x lives in a Coxeter torus T} in Spyg, (¢). By [22,
Proposition 25.3] and [16, §3.4.3], we have

T = g% + 1.
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2 if g% =1 mod 4,

4 if ¢ =3 mod 4.
By symmetry, we may assume that the same holds for x2. Hence [x|
divides 4; this contradicts Lemma O

Hence |x;| divides (2(q — 1),¢% +1) =

7.2. Coxeter classes in Sp,,(q). Let x € T" = TE be a Coxeter element
and let O = OE’F. Hence x is regular and its order divides ¢" + 1, so
x9" = x~1. Arguing as in [5, §2.5] we see that O NT" = {xiq‘j, Jj€lon-},
and that the action of w raises x to x4. If £ € F, is an eigenvalue of x, then all

other eigenvalues of x are of the form {¢7, j € Ipan—1} = {fiqj, Jj€lon-1},
with €9° = ¢~1 and they are all distinct by Proposition

Lemma 7.6. Assume q is odd. If x is a Coxeter element, then —x & O.

Proof. If —x € 9, then with notation as above, —¢£ is an eigenvalue of x, so
—¢=¢7 or —¢ = ¢ for some j < n. In the first case 77 = (—{)qj =&,
whilst in the second §q2j = (—f‘l)qj = —(§qj)_1 = ¢, with 25 < 2n in both
cases, contradicting regularity of x. O

Lemma 7.7. Let x be a Coxeter element in GF'. Then O is of type C.

Proof. Let H be a subgroup of G isomorphic to SLy(¢"), which exists by
[21], IT Satz 9.24]. Any non-split torus of 77 < H has order ¢™ + 1 by (5.1]),
hence it is a Coxeter torus in G, [I6, 3.4.3]. Therefore

ONT| = [{x*, j €lpn1}| = 2n, 01| <2,

so the intersection O N H is not a single H-conjugacy class. Assume x €
H. Since H ~ SLy(¢") with n > 2, the group H/Z(H) is simple, so the
non-central normal subgroup (O) coincides with H. In addition, |Of| =
q"(¢" — 1) > 4, so O is of type C by Lemma The restriction of the
projection 7: G — G to O is injective by Lemma so (D) = O is of
type C as well. ([l

7.3. The general case. Let L be a split F-stable Levi subgroup of G.
Then, there exist f > 0, m > 0 and n; for i € Iy satisfying n = e + Z{Zl n;
such that LL is isomorphic the image of the injective morphism of groups
(7.3) j: GLy, (k) x -+ x GLy, (k) x Spy.(k) — Spy, (k)

(74) (Al) T 7Af7 A) = dia‘g(Ala ERE AT7 A) (;S(Af)’ AR ¢(A1))
Proof of Theorem [71l If n = 2, ¢ = 3 and x is a non-central involution,
then O is kthulhu by Lemma Assume that ¢ ¢ {5,7} if n = 2 and

x is a non-central involution. If x is cuspidal but not Coxeter, we invoke
Lemma whilst if x is Coxeter, then the claim follows from Lemma [7.7]
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If x is not cuspidal, then by Proposition we may assume that x € LF
for a proper standard Levi subgroup L of G. Let j be as in and let
X = 3(}(1, ...,x¢,y). Taking n;, for i € Iy and e to be minimal, and possibly
increasing f, we assume that each x; is irreducible in GL,,(¢) and y is
cuspidal in Sp,.(¢). Under these assumptions x; € Z(GLy,(q)) if and only
if n; = 1. If e = 0 the statement follows from Theorem If e > 2, then
we consider the rack embedding

(7.5) {x1} % -+ x {x5} x O?pze(q) — 0SP(0) _, nPSP2()

and invoke either Lemma [7.5 or Lemma [T.7
Assume from now on that e = 1, i.e., y is irreducible in Spy(q) ~ SLa(q).
If there exists and n; such that n; > 1, then we consider the rack embedding

(7.6) {x1} % x O W s (3} x [y} = OSPn(@ _, oFSP2(@)

and invoke Theorem
There remains the case in which n; = 1 for every i. We assume that
f =1, forif f > 1 we can use the rack injection

S
{Xl} X oo X {Xffl} X Oi(zj(;jj;-'—l)(q) - OEPQn(q) - O‘fsp2n(Q)

Since y is irreducible, it lies in a non-split maximal torus, so its order divides
g+landsoy? =y !¢ O?LZ((]). Also, if py = X% — 2X + 1, then 2 # £2.
We may assume that y = (% 1) so y™' = (') and x = diag(\,y, A71).

We consider the following subracks of O = Of P(a),

Ax % 1ok ok
R::{X’:<Oy*>:x'60}, S::{x'z(Ao yl*>2X,€D}.
00 X1 0 0 X

By construction, R>S C S and S> R C R. Observe that RN S = (;
otherwise y = y~! and p = 2, but in this case y would not be semisimple.
Let M € SLy(q) be such that M >y =y~ ! and let

0 A=A1 1

0 _[oo0o1 1
—1>[>X_ 0—12zz-X"1 € R,
1 000 A!

0) > x=diagA\~Ly 1 \) € S
0 X = lag( ’y 7)6 *

A direct calculation shows that rs = sr only if A> = 1 and z = 42, a
discarded case. Taking H = (r, s), we see that OF N Of ¢ RN S = 0.
Thus, if p = 2, then |x| is odd so (’)sp“(q) is of type C by Remark If p
is odd, then (rs)? # (sr)? because s and sr are upper triangular unipotent
matrices by construction, and so (95’ Ps(@) g of type D. We claim that the
restriction of m to R][S is injective: indeed injectivity could fail only for
A2+ 1=0and z = 0 but in this case, \ € F, would be a root of py which is
irreducible, a contradiction. O
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