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Abstract

In this thesis we discuss the graph p-Laplacian eigenvalue problem. In par-
ticular, after reviewing the state of the art, we present new results on the nodal
domain count of the p-Laplacian eigenpairs, on the graph oco-Laplacian eigen-
problem, and on the computation of the p-Laplacian eigenpairs.

Concerning the nodal domain count, we prove that the number of nodal do-
mains induced by a p-Laplacian eigenfunction can be bounded, both from above
and below, in terms of the position of the corresponding eigenvalue in the vari-
ational spectrum. Moreover, we prove that on trees the variational spectrum
exhausts the entire spectrum, and the number of nodal domains induced by an
everywhere nonzero eigenfunction is equal to the variational index of the cor-
responding eigenvalue. These results allow us to derive, from the p-Laplacian
spectrum, topological information about the graph. Indeed, when p is equal to 1
and oo, the p-Laplacian eigenvalues approximate the Cheeger constants and the
packing radii of the graph, respectively.

The study of the co-Laplacian eigenproblem is another major contribution of
this thesis. In particular, we compare different formulations of this degenerate
eigenproblem. In the first case we study the oo-eigenpairs as solutions of the
limiting eigenvalue equation, in the second case we define the oo-eigenpairs as
generalized critical points of the co-Rayleigh quotient Roo(f) = ||V f oo/ f |l co-

Then, we relate the oo-variational eigenvalues to the packing radii of the
graph. Here, among other things, we prove that the first and the second oc-
variational eigenvalues are exactly equal to the first and the second packing radii
of the graph.

Finally, we present a novel approach to compute the p-Laplacian eigenpairs
both in the smooth case 2 < p < 00, and in the degenerate case p = co. To this
end, we observe that the p-Laplacian eigenvalue problem, both for 2 < p < oo
and p = oo, can be reformulated as a constrained linear weighted-Laplacian eigen-
value problem. Based on this remark, we introduce a family of energy functions
whose domain is the space of positive measures on the edges and on the nodes of
the graph. Then, we first prove that the unique saddle point of the first energy
function corresponds to the unique first eigenpair of the p-Laplacian. Second,
we prove that smooth saddle points of the k-th energy function correpond to p-
Laplacian eigenpairs (f, A), such that the Morse index of the p-Rayleigh quotient
Rp(f) = [IVfllp/llfllp in f is equal to k. Based on such results, we introduce
gradient flows suited to compute saddle points of the proposed energy functions
and we discuss the results of their numerical integration. Practically, the integra-
tion of the gradient flows, at each step, requires only the computation of a linear
eigenpair. Hence we are able to use all the theoretical and numerical advantages
of the linear setting to overcome the difficulties of solving a nonlinear equation.



However, the theoretical study of the gradient flows remains an open problem,
which deserves a future in-depth study.
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1 Introduction

In this thesis we review the graph p-Laplacian eigenvalue problem and present
our contributions to the theoretical and numerical investigation of this topic. The
p-Laplacian operator arises as a natural generalization of the Laplace-Beltrami
operator when one considers variational problems involving the p-norm of the gra-
dient of an objective function ||V f||,. The linear Laplacian operator corresponds
to the case p = 2, while a nonlinear p-Laplacian operator is obtained when p # 2.
The numerous applications of these kind of problems make the p-Laplacian one of
the most studied nonlinear operators both in the continuous and in the discrete
setting. In particular, in many applications, it has been observed numerically or
theoretically that using a suitable p-norm in place of the 2-norm it is possible to
achieve better results and avoid pathological situations. We mention for example
the case p € [1, 2], that is of particular interest in signal processing and variational
filtering strategies where given noisy data we want to denoise them by minimiz-
ing the distance from the observed signal plus a regularization term based on the
p-Laplacian operator [73, 81]. For example, given a partial sample of the data,
if we want to recover the entire signal promoting its smoothness as typical of
semi-supervised learning, the case p € [2, 00] becomes fundamental [36, 82]. The
same case has significant applications in optimal transport problems [40, 42] and
image reconstruction [37, 38]. Moreover, p-Laplacian eigenpairs find application
in spectral representation and approximation theory [18] as well as unsupervised
learning and graph partitioning [13, 20, 50].

Since the p-Laplacian operator is a generalization of the Laplace-Beltrami
operator, its study often starts from the extension to the nonlinear case of classical
results about the Laplace operator. We cite for example the extension of the
maximum principle that allows one to prove the uniqueness of the solution to the
p-Poisson problem [69]. Within this framework, it is natural to investigate the
notion of spectrum and its applications in the non-linear case. Indeed, it is well
known that the spectrum of the Laplacian is a fundamental tool in the study of
solutions, exact or approximated, of many physical problems, such as the Poisson
equation, the heat equation or the wave equation, just to mention some. On
the other hand, it is also worth to recall the relevance of the Laplace-Beltrami
operator in relation to the study of the geometry of the domain. Think for
example to the Cheeger inequality [23], which bounds the smallest eigenvalue of
the Laplacian by the Cheeger constant, i.e., the minimal ratio between the area of
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the boundary and the volume of a subdomain, among all the possible subdomains.
Think also of the famous Can one hear the shape of a drum? problem [60],
which poses he question of whether or not the spectrum of the Laplace-Beltrami
operator fully characterizes the domain. This conjecture was then proved to
be false [48], but in the meantime many different geometrical properties of the
domain had been related to properties of the Laplacian spectrum [79].

Generalizing the notion of eigenpair to the p-Laplacian is not difficult. Recall
that the Laplacian eigenpairs correspond to the critical values of the 2-Rayleigh
quotient Ra(f) = ||V fll2/||f|l2, and that the p-Laplacian operator arises naturally
when we consider the variation of the p-norm of the gradient. It is then natural
to define the p-Laplacian eigenpairs as the critical points of a Rayleigh quotient
of the form:

Rpa = IV Flp/Ifllq-

Here the norm in the denominator could, in principle, be chosen arbitrarily,
however the most studied case is surely ¢ = p, which we denote as R,(f). The
critical point condition dyR,(f) = 0 leads to the equation:

Apf = NfP2S, (1.1)

where A, denotes the p-Laplacian operator. The choice p = ¢ is particularly
interesting because on the one hand, the Laplacian eigenpairs are recovered as
a particular case and, on the other hand, the Poincaré inequality guarantees to
have a “positive definite” p-Laplacian operator for any p. However, we mention
that also the case ¢ = 2 and p # 2, which allows us to work in the Hilbert space
L? has received particular attention [14, 17], as well as all of the cases p > ¢, in
which the Sobolev inequalities combined with the Poincaré inequalities allow to
have a positive definite p-Laplacian operator as well [45, 56, 74]. Singular cases
may arise for other choices of ¢, see for example [10].

Besides the intuitive definition, extending classical results from the linear case
to the nonlinear one is not an easy task and many problems are still open. First
of all, there is the problem of quantifying the number or eigenpairs. In the linear
case, the Laplacian operator is self adjoint and we know that the cardinality of
its spectrum is countable in the continuous setting, and equal to the dimension
of the space in the discrete one. For the p-Laplacian, instead, such information is
unknown and the countability or finiteness of its spectrum are open problems. It
is, however, quite easy to show that in the discrete setting the number of eigen-
values of the p-Laplacian can exceed the dimension of the space [2, 90], see also
Chapter 1. Another major problem concern the properties of the eigenfunctions.
In fact, in the linear case we know that it is always possible to extract a base
of orthogonal eigenfunctions and that, the multiplicity of an eigenvalue equals
the dimension of the corresponding eigenspace. This is fundamental information
when we are interested in decomposing or approximating a signal with some or all
of its frequencies. Unfortunately, these properties are again lost when we consider
the nonlinear p-Laplacian. Indeed, the fact that the cardinality of the spectrum



is unknown rules out the possibility of defining an algebraic multiplicity, while,
the loss of linearity implies the existence of non orthogonal eigenfunctions and
multiple, but not necessarily infinite, eigenfunctions with the same eigenvalue [2],
implying that also a notion of geometrical multiplicity is not well defined.

These problems are partially overcome by the definition of the variational
eigenvalues, i.e., a family of eigenvalues whose cardinality, depending on the set-
ting, equals the dimension of the space (discrete setting) or is countable (continu-
ous setting). There are several ways to define such eigenvalues, the most classical
one is based on the Lusternik-Schnierelman theory and the notion of Krasnosel-
skii genus [46, 47, 85]. In this case, the strategy is to define a generalized notion
of dimension, the genus, for symmetric subsets and then, similarly to the linear
case, to prove that

Ak(Bp) = pen I THAX Rp(f)

is a critical value of the p-Rayleigh quotient R, for any k. A relevant advantage
of these eigenvalues is the possibility to define a notion of algebraic multiplic-
ity, i.e., the number of times that an eigenvalue is repeated in the variational
sequence. If a variational eigenvalue, A, has multiplicity k, then there exists a
subset of genus greater than k of eigenfunctions associated to A, i.e. a kind of
eigenspace. Moreover, the existence of a subset with genus greater than k, im-
plies the existence of at least k linearly independent eigenfunctions associated to
A [85].

Surprisingly, the introduction of the variational eigenvalues allows one, not
only to recover but also to improve the relationships between some geometrical
properties of the domain and the spectrum of the Laplacian. This is the case
for example for the Cheeger inequality, which becomes an equality when p goes
to one, i.e. the limit of the first non zero eigenvalue of the p-Laplacian operator
when p goes to 1 is equal to the Cheeger constant of the domain. This result holds
both in the continuous setting [62, 76] and in the graph one [13, 20]. Similarly, if
we consider the limit, for p that goes to one, of higher variational eigenvalues of
the graph p-Laplacian, it is possible to show that

;eri Me(Ap) < hi(G),

where hi(G) is the higher order Cheeger constant of index k, [86].

Another example comes from the study of the oco-limit of the variational p-
Laplacian eigenvalues. In this case it is possible to prove that the first and the
second eigenvalue of the p-Laplacian converge respectively toward the reciprocal
of the radius of the maximal ball which can be inscribed in domain and to the
reciprocal of the maximal radius which allows us to inscribe two disjoint balls in
the domain [57, 58], see also Chapter 5. Moreover, again considering the limit of
higher variational eigenvalues, it is possible to show that

lim Ax(A,) < 1/Ry,

p—00
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where Ry is the packing radius of order k [49], i.e., the maximal radius that allows
to inscribe k disjoint balls in the domain, see [57, 58] for the details.

In the study of the above relations of the p-Laplacian eigenvalues with the
higher order Cheeger constants and the radii of the domain it is worth to mention
the relevance of the study of the nodal domains. A nodal domain induced by an
eigenfunction, f, is one of the maximal subdomains where f is strictly positive or
negative. The relevance of the nodal domains is twofold. First of all, observe that
if we have an eigenpair (f, A) on a domain §2 with homogeneous Dirichlet bound-
ary conditions, and a nodal domain A induced by f, then it is easily observed
that (f|a,A) is an eigenpair on the domain A still with homogeneous Dirichlet
boundary conditions. This means that the nodal domains induced by some eigen-
function f are subdomains of €2 that share the same eigenvalue A induced by f
on . Using this property, if we denote by N (f) the number of nodal domains
induced by a function f it is possible to provide a lower bound for the limit of
the A,-eigenvalues:

hinp(9) < 1im Ae(Bp) < hi(G) 1/ Br(pe) < lim Ak(Bp) < 1/Ri, (1.2)
where f1 and fo are proper limits of any eigenfunction of A;(A,). On the other
hand, the number of nodal domains induced by an eigenfunction is somehow
capable to reproduce the frequency (index) of the corresponding eigenvalue.

This has been originally observed for the Laplacian operator in Sturm’s os-
cillation theorem that states that the zeros of the k-th mode of vibration of an
oscillating string induce k£ nodal domains. Later, Courant extended this result
to higher dimensions, proving that the k-th eigenfunction of an oscillating mem-
brane admits no more than k£ subdomains [26]. The count of the nodal domains
of the Laplacian operator in the discrete graph setting has then lead to observe
that trees behave like strings, i.e. an eigenvector fi for the k-th eigenvalue, if
everywhere non-zero, induces exactly k£ nodal domains [5, 7]. In addition, in the
general case of eigenvalues with any multiplicity and eigenvectors with possibly
some zero entry on general graphs, it was proved in [30, 34, 87] that the following
inequality holds for the number of nodal domains induced by any eigenfunction
of the k-th eigenvalue of the Laplacian operator:

k4+r—1-08—-2z2<N(fy) <k+r-1,

where [ is the total number of independent loops of the graph, z is the number
of zeros of f and r is the multiplicity of Ag.

The main contribution of Chapter 3 of this thesis is to show that the above
result holds almost unchanged for the nodal domains of the eigenfunctions of the
p-Laplacian operator, for any p > 1. An upper bound was provided in [86], where
it is shown that, for any eigenfunction f; of the k-th variational eigenvalues of
the p-Laplacian, the number of nodal domains is bounded above as

N(fr) <k+r-1,



where r is the variational multiplicity of the corresponding eigenvalue. In this
thesis, instead, we consider the case of trees, proving analogous results to the
linear case, and propose a lower bound for general graphs that states that if f is
a p-Laplacian eigenfunction with eigenvalue A such that A > A;(4,), then

where [ is the total number of independent loops of the graph and z is the
number of zeros of f. These bounds, combined with the inequalities (1.2), lead
to interesting inequalties between the p-Laplacian eigenvalues and the geometrical
quantities Ry and hy.

Considering the above discussion and in view of (1.2), it is natural to futher
focus the attention on the investigation of the 1-Laplacian and the oco-Laplacian
eigenvalue problems. However the definition of eigenpairs as critical values/points
does not transfer directly to the 1- and oco-case, due to the lack of differentiability
of the corresponding Rayleigh quotients. The approaches used to overcome this
difficulty have been various. In [57, 58], the authors study the oo-eigenpairs
defined as the solutions to an oo-limit eigenvalue equation. In [50], studying
the 1-Laplacian eigenvalue problem, the authors propose the definition of a 1-
eigenfunction as a Clarke critical point of Rq, i.e., an f such that

0 € "Ry (f), (1.3)

where 'Ry (f) is the Clarke subgradient of the locally Lipschitz fucntion R4
[25]. Finally, investigating the graph 1-eigenvalue problem, the author of [20]
proposes the definition of a 1-eigenfunction, f, as a function that satisfies:

0€ 0|V fin | a1, (1.4)
A>0

where ||V f||1 and 0| f]|1 are the subgradients of the two convex functions f —
IVflli and f — ||f|l1 [35, 80]. It is worth noting that the formulation (1.4) is a
generalization of the one in (1.3). In fact, it follows directly from the properties
of the Clarke subdifferential that any solution to (1.3) solves (1.4). However,
examples exist of functions that solve (1.4) but not (1.3), see [90] for an example.
This reformulation has then been generalized to general functions on convex
polytopes in [22]. Interestingly, the formulation (1.4) admits a useful geometrical
interpretation. Indeed, if f solves (1.4) with || f|l1 = 1, then 9|V f]]1, which
generalizes the definition of A, f to the case p = 1, intersects the normal outward
cone to the piecewise-linear manifold S1 = {f| || fl1 = 1}, i.e. Uyso A f]1-
Observe that, when p > 1, the normal cone to S, = {f| ||f|l, = 1} reduces to
Usso AlfIP2f, that immediately shows that equation (1.4) actually generalizes
(1.1).

Based on the approaches above, in Chapter 5 we consider co-Laplacian eigen-
pairs on graphs and show, among other things, that the inequalities in (1.2) hold
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true when limy, ;oo A\;(A,) is replaced by the properly defined variational oo-
eigenpairs. Analogous results were previously shown for the graph 1-Laplacian
[20, 50] and for the first oco-eignvalue, A\j(As), in both the graph and the contin-
uous setting [16, 17].

Given the remarkable theoretical spectral properties of the p-Laplacian, a
critical issue that arises is the problem of how to compute p-Laplacian eigen-
pairs and where to locate a computed eigenvalue with respect to the variational
spectrum. Both are still partially open problems that have been faced by differ-
ent authors in recent years [14, 50, 88]. The majority of the existing methods,
such as the inverse nonlinear power method [50] or gradient flow methods for
the functional R, [14], are mainly suited to compute extremal eigenvalues, i.e.
the maximal or the minimal eigenvalue. From a theoretical point of view, these
methods have the advantage that it is always possible to prove the convergence,
but the drawback that the convergence toward an extremal eigenpair depends on
the initial point and thus can be guaranteed only a-posteriori. Other methods,
like the local minmax method [88], are suited to compute families of nonlinear
eigenpairs, {(fi, )\i)}f‘:l, with increasing local minmax index, i.e. number of de-
creasing directions of the functional R, in f;. However, to compute the k-th
eigenvalue, these methods need to know the first £ — 1 eigenpairs and are suited
to compute an eigenpair, (f, ), if and only if A is a local maximum of R, in
the space spanned by f and the previously computed fi,..., fr_1. Note that the
latter is a nontrivial condition in the case of the p-Laplacian and, in principle,
could never be satisfied. The theory about how to compute nonlinear eigenpairs
is thus still far from being complete. We face this and other problems in the
next chapters. In chapter 4 we contribute to this challenging line of work with a
novel approach based on a suitable linearization of the p-Laplacian eigenproblem
inspired by recent gradient flow formulations of the Monge-Kantorovich optimal
transport equation [41, 42, 43].

We divide the reminder of this thesis as follows:

e Chapter 2. In this chapter we fix the notation and review the state of the
art, settling in a rigorous mathematical framework the results discussed
in this introduction. At the end of this chapter we present also a brief
but precise description of our contributions and main results, which are
contained in the next three chapters.

o Chapter 3 is devoted to a discussion on the nodal domains of the p-Laplacian
eigenfunctions. Here we face the case of trees and provide novel lower
bounds for the number of nodal domains induced by the p-eigenfunctions
in terms of the position of the eigenvalue in the variational spectrum.

e Chapter 4 is devoted to a reformulation of the p-Laplacian eigenvalue prob-
lem in terms of a constrained linear weighted Laplacian eigenvalue problem.
On the one hand, this allows us to characterize a family of p-eigenparis in
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terms of the critical points of a family of energy functions, and on the other
it allows to introduce new numerical methods for the computation of the
p-Laplacian eigenpairs.

e Chapter 5 is devoted to the study of the graph oo-eigenvalue problem.
Here we compare different formulations of the co-eigenvalue problem, in
terms of subgradients and in terms of co-limit eigenvalue equation. We
recover results known in the continuous setting that relate the co-variational
eigenvalues to the readii of the graph and finally we extend to the oo-
Laplacian case results proved in Chapter 4 for the case p € (2, 00).

We point out that every chapter can be of independent interest, even though
the various results are certainly interconnected. For this reason, we chose to write
the chapters as self-consistent as possible. In the introduction of every chapter, we
recall the basic notation and results (from the literature and the other chapters)
needed for the reading and comprehension of the chapter itself.
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2 Notation and Preliminaries

We devote this chapter to establish the notation and summarize the state of the
art in the study of the spectral properties the graph p-Laplacian. We conclude
with a short but complete summary of our main contributions.

2.1 The Graph Setting

An undirected graph, G, can be denoted by a triple G := (V, E,w), where V
is the discrete set of nodes (or vertices) of the graph, E C V x V denotes the
set of edges and is such that if (u,v) € E then also (v,u) € E, and finally
w: E — R is a function on the edges such that w(u,v) = w(v,u). The value of
w(u,v) can be thought of as representing the reciprocal of the edge length. To
simplify the notation, in the following we will often write wy, := w(u,v) Using
these definitions, we can introduce a distance between two nodes u and v of the
graph defined as the length of the shortest path joining them:

d(u,v) = Feg:;itﬂum length(T"),

where path,, , denotes the set of paths joining u to v:
path,, , = {F ={u;}iq|ur = u, up, =0, (u,uit1) € E; n arbitrary}

and the length of a path I' = {u;}}", is defined as

i—1 w(Us Uit1)

Denote by H(V) and H(FE) the Hilbert spaces of the functions on the nodes and
on the edges of the graph, respectively, endowed with the scalar products:

1
(f,a)noy =Y fwgw)  (F,G)yym) = B > Fu,v)G(u,v).
ueV weE
We can then introduce the graph equivalent of the differential operators used
in the continuous setting. Let us start with the gradient of a function in H(V)

13



14 CHAPTER 2. NOTATION AND PRELIMINARIES

defined as the function that reproduces the slope of f on the edges:

Vi H(V) — H(E)
f— Vf(u,v) = wuv(f(v) - f(u)) )

with u and v being vertices of the edge (u,v) and with the obvious property
that Vf(u,v) = =V f(v,u). Next we introduce the divergence operator. Not
considering a boundary on graphs is usually understood to be analogous to having
homogeneous Neumann boundary conditions. Thus, to preserve the classical
divergence theorem in the continuous setting, i.e.

—(f,divG)ny = (VI Gy

we may define the divergence as the half of minus the adjoint of the gradient,
that in matrix form reads div = —%VT, i.e.

div: H(E) — H(V)
G — divG(u) = %Zwuv(G(Ua’U) - G(v,u)),

v~u

where {v|v ~ u} are the nodes connected to the node u by an edge, i.e. such that
(u,v) € E. Given the definitions of gradient and divergence we can introduce
the graph Laplacian operator (p = 2) and the more general p-Laplacian operator
(p € (1, oo)), whose definitions are similar to the one used in the continuous
setting:

Apf(u) = =div([VIIP2 O V) () = Y ww|VF(o,u)P?V f(v,u),

v~u

where |V f|P~2 has to be understood entrywise and ® denotes the entrywise prod-
uct (we will omit this symbol in the following). When p = 2, it is possible to
check that such definition matches the classical definition of Ay in terms of the
adjacency matrix. Consider A, the weighted adjacency matrix of the graph, i.e.
Aup = wyol E((u, v)), where 1 denotes the indicator function, then a direct com-
putation shows that

Ay = diag(A*x1) — A,

where 1 denotes the vector entrywise equal to one.
Boundary case. Finally, observe that sometimes we are interested in studying
problems on graphs with some boundary conditions, in this case we define the

boundary of the graph, B C V, as a subset of the nodes. Then, if we impose
homogeneous boundary conditions, we set

Ho(V):={f: V\B=R}={f:V->R| f(u) =0Vu € B},
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and we consider the gradient operator

V : Ho(V) — H(E)

ww(f(v) —f(u)) ifu,0e V\B
f=Viu,v) =1 wewflv) ifue BveV\B.
— Wy f (1) ifueV\B,veB

As before, we introduce the divergence operator, div : H(E) — Ho(V), in such a
way to preserve the divergence theorem, i.e., —div = %VT.

2.2 p-Laplacian eigenvalue problem

Now we can introduce the p-Laplacian eigenvalue problem. Mimicking the con-
tinuous setting, we consider the Rayleigh quotient:

hSA

)

19rl, (3 Swwes VH o))
"ol ="y, = :
’ (Zuev lF@IP)”

whose critical point equation for p € (1, 00), reads:
Apf(w) = (Ry(H) IF P2 () Vu eV,
up to rescaling. We thus define (f, \) to be a p-Laplacian eigenapair iff
Apf(u) = Alf(w)P~2f(u) YueV. (2.1)

Multiplying the above equation by f(u) and then summing over the vertices
shows that if A is an eigenvalue corresponding to the eigenfunction f, necessarily

A= (Ry(f)".

Remark 2.2.1. In more generality, we mention that the Hilbert spaces H(E)
and H(V') can be provided each one of a measure, pp: E - R andv : V — R,
that produce the norms

1
I, =D wlf@P GG, =5 D |G lu.v)

ueV wek

In this case, differentianting the Rayleigh quotient Ry .. (f) = |V fllp.u/ | fllpw
we derive the (weighted) p-Laplacian eigenvalue equation

Apuf () = =div(u[V P2V f) (u) = M| f(w) P72 f(u) Vue V.
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L fi=(1,1,1,1), A =0

° 2. f2:(1,0,—1,0), Ay = 2
G e f3=(0,1,0,—1), )\3:2_’_21)71
fa=(1,0,1,—257), (1,—277,1,0)
(2) M=1+4(14271)""

5. f5=(1,—-1,1,-1), A5 =2P

@

=~

Figure 2.1: Left: Example graph in which the corresponding p-Laplacian A, with
wuw = 1 Y(u,v) € E, has more eigenvalues then the dimesion of the space. Right:
Set of five eigenvalues and corresponding eigenfunctions.

Next, we would like to highlight, that differently from the linear case p = 2
where As is a symmetric positve semidefinite matrix, for a generic p the number
of p-Laplacian eigenpairs can be greater than the dimension of the space, i.e
|[V|, the eigenpairs are not in general orthogonal, and there is no clear notion
of eigenspace or multiplicity, see Figure 2.1. We will come back to this topic
in Chapter 3. Morover, we refer to [2, 90] for other examples and discussions
on the problem. In particular, we mention that in [2] the author computes all
the eigenvalues of A, on complete graphs, showing that their number is equal to
|N/2|(N — [N/2]) + 1 where N is the cardinality of the nodes. The finiteness
of the p-Laplacian spectrum on general graphs as well as the existence of upper
bounds for the cardinality of the spectrum remain open problems.

Despite all the difficulties highlighted so far, using some classical results from
calculus of variations it is always possible to characterize a set of “variational”
eigenvalues whose number, counted with their multiplicity, equal in number the
dimension of the space, |V|. To define such eigenpairs, we observe that, because
of the homogeneity of the Rayleigh quotient R,, we can restrict the study of
its critical points to the p-sphere, S, := {f € H(V) || fll, = 1}. Having R} =
{f| Rp(f) < ¢}, we consider the following Deformation Lemma and its direct
consequence given in Theorem 2.2.3 (they are particular cases of more general
and classic results, see e.g. [46, 47, 75, 85]).

Lemma 2.2.2 (Deformation Lemma). Assume c to be a reqular value of R,, then
there exist € > 0 and a continuous family of deformations ¢ € C([0,1] x Sp, Sp)

such that ¢(t, f) = —¢(t, —f) V(t, f), (1, R;T) C Ry, and (0, f) = f.

Proof. We give here a sketch of the proof that is quite intuitive. Consider a
neighborhood B of {f | R,(f) = ¢} without critical points, a cutoff function £(f)
that is zero outside B, and the projection of the gradient of R, (f) on the tangent
space of S, denoted, with a small abuse of notation, by %Rp(-). Finally, define
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o(t, f) as the solution to the gradient flow

{&w, f) = €6t D) Ry ((, 1)

which is a continuous mapping from [0, 1] x Sp, to Sp. O

Theorem 2.2.3. Assume F to be a family of subsets of S, such that for any
regular value ¢ € R of R, there exist € > 0 and a continuous deformation of the
domain ¢ : [0,1] x S, = Sy, s.t.

¢:(0,-) =ids,(-)
¢(1,REH) C RE
o(t,A) e F, VA e F, Vvtel0,1]

Then

A = inf supR
jgfjsgelg »(f),

is a critical value of Ry, i.e. the p-th root of an eigenvalue of A,.

Proof. The proof is a direct consequence of the Deformation Lemma 2.2.2. [

Based on the above theorem, we can introduce the variational eigenapairs of
the p-Laplacian. Theorem 2.2.3 states that we have to find families, Fj, of subsets
stable with respect to deformations, i.e, if A € F; and ¢ is a deformation, also
¢(A) € Fi. To understand how this works, recall the Fisher-Courant min max
characterization of the eigenvalues of a symmetric matrix (for example the graph
Laplacian) i.e.

Ae(A2) = min  max Baf J) _ min  max (Rg(f))2

dim(A)>k feA\{0}  (f,f)  dim(A)>k fEA\{0}

A possible strategy (not the unique one) to generalize this min max theorem to
the nonlinear case, using Theorem 2.2.3, is based on the idea of considering a
generalized notion of dimension, the Krasnoselskii genus, that is related to the
Lyusternik—Schnirelmann category of a space [46, 47, 85]. First of all, observe
that, as we are interested in studying critical points of R, which is an even func-
tional, it would be enough to generalize the notion of dimension to the symmetric
subsets. Thus we introduce the family A of subsets of R™ that are symmetric
and closed, i.e.:

A={ACR"| A closed, A=—-A}.

Then, we observe that in the case A is a linear subspace of dimension k, A\ {0}
can be retracted with continuity on a sphere of dimension k — 1, S¥~1. This
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notion can be generalized by defining, for any A € A, the Krasnoselskii genus of

A:

0 if A=
Y(A) = inf{k e N | 3¢ € C(A,S* ) sit. (x) = —(—x)}
400 if # k as above

Note that, if v(A) > k and ¢ € C(R",R"), then vy(¢(A)) > v(A). Hence, the
families F,(Sp) = {A € AN S, |y(A) > k} satisfy the hypotheses of Theorem
2.2.3. Thus, we can define the Krasnoselskii variational eigenvalues of A, as

A= ol sup (Rp(1))" (2:2)

Since we are working in a finite dimensional space, it is also possible to prove
that the above inf sup is actually a min max (see also Chapter 4). The advantage
of defining these eigenvalues is twofold. On the one hand it allows us to select
a number of eigenvalues that equals the dimension of the space. On the other
hand, thanks to the properties of the Krasnoselskii genus, we can recover some
multiplicity results. In particular, we recall the following results from [85]:

Lemma 2.2.4. (See Lemma 5.6 Chapter II [85]). Suppose for some k,m there
holds
—OO<)\:)\k:---:)\k+m,1<OO.

Then, v(Ky) > m, where Ky = {f|Rp(f) = X, 0fRp(f) = 0} is the set of
critical points associated to .

Proposition 2.2.5. (See Proposiiton 5.3 Chapter II [85]). Suppose A C V is
a compact symmetric subset of a Hilbert space V' and suppose y(A) = m < co.
Then A contains at least m mutually orthogonal vectors {v;}I" .

The last two results show that if a variational eigenvalue, A, has multiplicity
m, then there exists a sort of eigenspace associated to it, whose genus (intended
as its generalized dimension) is lower bounded by the multiplicity. In turn, this
implies that there exist at least m mutually orthogonal eigenvectors associated
to .

Boundary case. We conclude this paragraph by recalling that the p-Laplacian
eigenvalue problem can also be studied on a graph with a boundary, B, and
homogeneous Dirichlet boundary conditions (see section 2.1).

Then, the p-Rayleight quotient of a function in Ho(V), i.e. which is zero on
the boundary B, reads

271 Z (u,v)EE wgv’f(u) - f(v)’p + Z (u,v)EE wgv’f(u)’p

u,veV\B ueV\B,veB

> uev\g [ f ()P ’

RO(f) = feHo(V)
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and its critical point equation, i.e., the p-Laplacian eigenvalue problem, can be
written as:

{Apﬂu) = A f()P~2f(u) YueV\B

f(u)=0 Vu € B
where given u € V' \ B,
Apflu)= D wh|f(w) = F)P+ D whlf(w). (2.3)
vé};q\LB Egﬁ

Clearly, also in this case, considering the symmetric subsets of Ho(V) NS, whose
genus is greater than k, we can introduce the k-th variational eigenvalue. In
particular, note that A;(A,) = 0 in the case we have no boundary conditions, as
A(Ap) = ming(R,(f))? = 0 which is obtained on nodewise constants. Differ-
ently, if we consider a boundary, it can be proved that A{(A,) # 0 and also the
study of the first eigenfunction becomes of interest. In chapter 3, we will present
a complete study of the first eigenfunction of a class of generalized p-Laplacian
operators that include the homogeneous-Dirichlet p-Laplacian operator (2.3).

2.2.1 Cases p=1,

A particular discussion is necessary for the two extreme cases p =1 and p = oco.
Observe that in these cases the Rayleigh quotients R (f) and R (f) are still well
defined but not differentiable anymore. This opens the problem of how to define
the one and the infinity eigenpairs. The answer to this problem is not unique, and
different approaches have been proposed in the literature. Here, we discuss an
approach that has been initially used for the case p = 1 [20, 50], but that has been
recently used also in the continuous setting for the infinity case [16, 17]. The idea
is to define a generalized notion of critical points for the Rayleigh quotients R1(f)
and R (f). To this aim, we first note that, given a p-Laplacian eigenfunction f,
we can assume w.lo.g. ||f|l, = 1, which is equivalent to saying that f is a point
of the unit sphere S,. Then, observe that |f[P~2f is the outward normal to S,
in f. As a consequence, from eq.(2.1), since f is a p-Laplacian eigenfunction,
VL, (= CAR(f))! is equal, up to rescaling, to the outward normal to the
manifold S, in the point f. We immediately encounter two difficulties when
trying to generalize this idea. The first is the non differentiability of the one or
infinity norms of the gradient, and the second is the fact that the outward normal
to the spheres S7 and Sy is not everywhere well defined. A solution to both of
these problems comes from the notion of subgradients of a convex function [80].
Let ¥ : R™ — R be a convex function, e.g a norm. Its subgradient at a point fy
is defined as:

(o) = {€] Wlg) ~ W(fo) > (€, — fo) Vg € R"}.

there 9;||V f||, denotes the usual gradient in R™ of the function f ~ ||V f||,. We prefer the
symbol 05 to V to avoid confusing the gradient on the graph with the gradient in R"
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This is a generalization of the notion of gradient: if the function W is differentiable
at the point fp, then 0¥(fy) = (ﬁf\Il) (fo), where 0§V denotes the usual gradient
in R™. Morover it is possible to characterize the composition of the subdifferential
of a convex function with a linear transformation (see Theorem 23.9 [80]):

Theorem 2.2.6. Let ®(f) = V(Af), where ¥ is a convex function on R™,
|W(f)] < +oo Vf € R™ and A is a linear transformation from R™ to R™, then

00(f) = ATO(Y(Af))

These results allow us to define a generalized notion of 9f||V f||, meaningful
also in the case of the one and the infinity norms and that matches the classical
definition for 1 < p < oc.

Now, we need to generalize the notion of outward normal to the spheres of
p-norm with p equal to one or infinity. As the outward normal does not change,
instead of considering the sphere, we consider the corresponding closed ball, i.e.:

Dy =1 [ fllp <15

It is easy to see that D), is a convex set for any p and we can define the convex
external cone in the generic point, fy s.t. || foll, =1 as

CEJ:t(fO) = {g‘ <§7g_ f0> <0 v.q € DP}

Then, we observe that the external cone can be related to the subgradient of
f = |Ifllp (see Theorem 23.7 [80] and [22] for more general results):

Lemma 2.2.7. Let ||-|| be a norm and D = {f||| f|| < 1}. Then, for any fo € D,
with || fol| = 1, it holds the following equality:

Crat(fo) = | 2| foll -

A>0

Here Ceyt(fo) = {€1(&, 9 — fo) < 0Vg € D} is the external cone to D in fy and
|l foll = {5! llgll = [l foll = (&,9 — fo) Vg € R”}. 1s the subrgadient of the norm
in fo

Proof. The inclusion

U 20l foll, € Crai(fo)

A>0

is a direct consequence of the fact that ||g||, — || foll[, < 0 Vg € D,. Indeed from
the last inequality, if £ € AJ|| fo||, with A > 0, then

(.9~ fo) < A(llgll = 1oll) < 0.



2.2. P-LAPLACIAN EIGENVALUE PROBLEM 21

On the other hand, assume that Cgai(fo) # Uyso A9 follp, then there exists
& € Cpat(fo) such that, for any A > 0, £ & A9 follp, where given A > 0:

Al folly = LA (lgll — 1foll) > (€. — fo) Vg € ")

This implies that £ # 0 and that, for any A > 0, there exists some gy € R" such
that

(€95 = fo) > A(llgally = 1 folly) - (2.4)
Note that, since & € Cga(fo), for any g € R™ it holds the following inequality:
9
fa < <£7 f0> ) (25)
< H9Hp>

where we write g/||g|| = 0, if g = 0. Now if we use the above eq.(2.4) joint with
eq.(2.5) and the fact that || fol|, = 1, we obtain the following set of inequalities
for any A > 0.

(Ilgallo = 1)4&, o) =llgnllo(€; fo) = (&, fo) =

> gl (& 725 ) = (€ fo) = (€ 9x = fo) > A(llgall, 1),

9Al
(2.6)
where as before we say g»/|lga|l = 0 if g» = 0. From (2.6), we deduce that
necessarily (£, fo) < 0, otherwise taking A = (¢, fo) in (2.6) would lead to a
contradiction. However, also (&, fo)leq0 leads to a contradiction. Indeed, since
€ € Crat(fo) \ {0}, we note &/||&|| € D, and from the definition of external cone
we deduce the opposite inequality:

¢ . 1113
(Eqp—fo) =0, te (&h)z >0,

O]

It follows that saying that f is an eigenfunction of the p-Laplacian is equivalent
to asking that there exist A > 0 such that

07 OlIV fllpy VA flp (2.7)

and now this definition makes sense also when p =1 and p = oc.

To complete the discussion about the two nonsmooth cases we need to char-
acterize the sets J|f]|1 and 9| f||co. To this end we recall the following result
[18].

Lemma 2.2.8. Given a function fy and a norm || - ||,

Ol foll ={& | llgll = (&, 9) Vg, [lfoll = (& fo)}
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Proof. The inclusion {€ | gll = (€.9) Vg, Ilfoll = (€ fo)} € Dl foll is trivially
proved. Indeed if € € {£ | gl > (€.9) Yg. [lfoll = (€, Jo)}, then

(&9 = fo) < llgll = [l foll

which is the definition of subgradient. To prove the opposite inclusion, consider
& € || fol|, then the triangular inequality and the definition of J|| fo|| yield:

(& h = fo) = (& h) = (& fo) < IRl = lfoll < (I = foll VR

Then, as g := (h — fy) spans the whole R™, the sup in the above inequality yields
sup ((€,) — lgl}) = sup (€.~ fo) — In = foll) <0,
g

which reads
lgll > (&.9)  Vg. (2.8)

Furthermore, taking g = 0 we obtain the opposite inequality

sup ((€.9) — lgl) 2 0,

which yields sup, ((f ,9) — || g||) = 0. Finally, from the subgradient definition,

we have:
0= 29) = llgll) = (€, fo) — lL.foll = .9)—llgll) =0,
(sgp@ 9) HgH) (€ fo) — [l oll (Stglp<§ 9) IIQII)

which reads:

(& fo) = [l foll - (2.9)
The last equality (2.9) joint with the inequality (2.8) proves the inclusion 9|| fo|| C
{119l = (€ 9) Vg, lIfoll = (& fo)} and concludes the proof. O

Observe that from this Lemma it follows that necessarily, if f is an eigen-
function as in eq.(2.7), then A = R,(f) i.e., it is the p-th root of the eigenvalue
defined in (2.1). However, observe that, when p = oo, R is not defined, while
for p = 1 there is no difference between R1(f) and the 1-st root. Thus, for the
two extreme cases, p = 1 and p = 0o, we will call, with a small abuse of notation,
A in eq.(2.7) the eigenvalue corresponding to f.

The subgradients of the one and infinity norms can be calculated from Lemma
2.2.8 and Theorem 2.2.6, yielding the following formulas, where & and Z denote
functions on H (V') and H(F), respectively.

Ol = {&| ¢tw) = sign(s(w) |

(2.10)
AVl = { — divE | E(u,v) = sign(V £ (u, v))}
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1 ifx>0
where sign(z) is the set valued function, sign(z) = < [-1,1] if x =0 .
-1 ife<0

anfnoo:{ ‘ ”5”1 & > if 1F(w)] < I£] }
= |&(u) f(u)]
Il =1, S, 0) = 0 if [VF(u,0)] < IVl }

)
OV fllee = { —divZE
v { E(u,v)V f(u,v) = [E(u, 0)V f(u,v)|

We conclude this part recalling that, also in the degenerate cases, the min max
in eq.(2.2) characterizes eigenvalues as generalized critical values of eq.(2.7), al-
lowing to define the variational eigenvalues also for p = 1 and p = co. This fact
follows from Theorems 6.1, 6.4 and Theorems 5.1, 5.8 of [22] (see also Theorem
2.2.3 above) applied to the boundary of fine polytopes such as S; and Sy
completeness, we recall the deformation Theorem 5.1 from [22]. Here, for sim-
plicity, it is stated only for the 1-norm and oco-norm spheres, while in [22] it is
stated for more general polytopes (see Theorems 6.1, 6.4 [22]). The existence of
the one and infinity variational eigenvalues follow then from Theorem 2.2.3 and
Lemma 2.2.9.

Lemma 2.2.9. Let ® be a Lipschitz convez function on RY. Define ® = D|x
as the restriction of f to the boundary, X of one of the convex polytopes P =
{FIfll <1} or P = {f[lIfllc <1}. Let c € R, be an isolated critical value,
K,=KnN® '(¢) and N C X be a neighborhood of K., where K is the set of
critical points of ® on X. Then Vey > 0, there exist € € (0,€9) and a deformation

n:X x[0,1] = X satisfying:

1. n(z,0) =z, Vx € X

3

(
2. n(x,t) =x, Yo & ® e — ey, c+ €, Vt € [0, 1];

8. N(fore \ N, 1) C ®_., where By, is the level set of ® below or equal to b;
4 (@

N(Pese, 1) C Poe if Ko = 0.

2.3 Nodal Domains

The nodal domains induced by a function f are generally the maximal subdo-
mains where f has constant sign. Here we briefly discuss and recall a number of
results about the nodal domains induced by the p-Laplacian eigenfunctions. We
will return on this topic in Chapter 3, where we face the problem of bounding
the number of nodal domains induced by a p-Laplacian eigenfunction in terms of
the position of the eigenvalue with respect to the variational spectrum. We start
from the definition of nodal domain:
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Definition 2.3.1 (Nodal domains). Given a graph G and a function f:V — R,
a subset of the vertices, A C V, is a nodal domain induced by f if the subgraph
Ga C G with vertices in A is a mazximal connected subgraph of G where f is
nonzero and has constant sign. We denote by N'(f) the number of nodal domains
induced by a function f.

A classical result relates the number of nodal domains induced by an eigen-
function of the linear Laplacian with the corresponding frequency [5, 6, 87]. The
same result can be transfered to the nonlinear p-Laplacian setting. In particular,
without entering in the details of the sharpeness of the bounds, that we will dis-
cuss in Chapter 3, from [86] and the results of this thesis as published in [31], it
can be shown that

Theorem 2.3.2. Suppose that G is a connected graph, 1 < p < oco and A\ <
A2 < --- < Ay are the variational eigenvalues of Ay,.

e If f is an eigenfunction of A, with eigenvalue X\ such that X < A, then
N(f) <k—1;
o if f is an eigenfunction of A, with eigenvalue X such that X > A, then

N(f)>k—-8-=z(f)+1,

where B is the number of independent loops of the graph, i.e. § = |E| —
[V|+ 1, and z(f) is the number of nodes where f is zero.

Given a nodal domain A, define by E(A, A¢) its boundary given by:
E(AA°) ={(u,v) e Est.uc A, ve A°oruc A°, ve A}, (2.11)

where A° =V \ A. Then, given an eigenpair and its nodal domains it is possible
to establish the following equality. In the next Lemma, with a small abuse of nota-

. . -1 _ —1 _
tion, we write || f[[7") = >°, | f(u)[? Land IV -1 = (1/2) 2 (up) Wun [V f (w, 0) [P !
also in the case p € (1,2) in which the above functionals are not norms.

Lemma 2.3.3. Let (A, f) be a p-Laplacian eigenpair, p > 1, A a nodal domain
induced by f and E(A, A®) the boundary of A. Then

Ay et

—1
1flallp—1

where V floa(u,v) = Lga ae)(u, v)V f(u,v) and fla(u) = La(u)f(u).

Proof. The proof easily follows summing over all the nodes u that belong to A
the eigenvalue equation of f. O
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These results about the nodal domains, jointly with the fact that the nodal
domains are related with a form of balanced partition of the graph, lead to the
idea of using the eigenvalues of the p-Laplacian to approximate some “optimal”
partitions of the graph. This idea, as we will see in the next paragraphs, allows
us to derive some geometrical information about the graph from the spectrum of
the one and infinity Laplacians.

2.3.1 p=1 and Cheeger constants

We start this subsection by introducing a family of Cheeger constants of a graph.
These constants are typically used in data analysis applications and they are
useful to provide information about the number and the quality of the clusters
of a graph. Let A C V be a subset of the nodes and let E(A, A¢) be defined as
in eq.(2.11). Consider the quantity

_ (B4, A9)x _ 3 2 (u)eB(A,Ac) W (U, V)
Al Al ’

c(A)

and, given an integer k, all the possible families of k nonempty and disjoint
subsets of V

Dr(G) ={A1,..., A, C V| A; #0, AiﬂA]’ =0 Vi, j}.
Define the k-th Cheeger constant, see [28, 65, 66] as

h = i AZ s
tO) = A ) B, oA

Observe that having a “small” value of hi(G) means that there exist k subsets
of nodes that are at the same time quite large (|A;| is sufficiently big for any
i) and poorly connected to each other (Z(u,v)eE(Ai,Af) w(u,v) small for any 7).
This is exactly what k clusters of nodes should be. The constant hx(G) can
thus be considered as an indicator of how well the graph can be clustered into
k subgraphs, with the corresponding family of subsets being the approximate
clusters.

Now observe that, given a subset A C V and considered its characteristic
function x4, we have that

1 Wy u) — v
Ri(xa) = 2 Z(u,v)EZE €V||);z:((u))’ xa(v)| — ().

Then, consider a maximizing family of nonempty disjoint subsets {A1,..., A C
D(G) in the definition of hx(G), i.e.

hi(G) = zfllax,k c(4;).
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Named A,%/, the k-th variational eigenvalue of the 1-Laplacian, i.e.,

A} = i Ri(f),
F A )

a simple argument shows that

AL < Ri(f) < Ri(xa,) = A;) = hi(G).
k_fespan{g?ﬁzlwk} 1(f) < maxRi(xa,) igfﬁ@( ) = hi(9)

Moreover if f is a 1-Laplacian eigenfunction associated to the eigenvalue A, there
exist £ € J||f|l1 and ZE € 9||Vf|1 such that

— 1 - -
—divE(u) = 5 ;wm) (:(U, u) — =(u, v)) = A¢(u). (2.12)
Then, if we consider a nodal domain A induced by f, where we assume w.l.o.g.

f >0 over A, and we sum the eigenvalue equation (2.12) over A we get

ZUEA VEAC, vy Yuv
A= : : =c(A),
A (A)

where we have used the characterization of the subgradients (2.10), i.e. {(u) =
1Vue Aand Z(v,u) = —E(u,v) =1Vu € A, v € A° such that (u,v) € E.

The remarks above show that the study of the Cheeger constants is tightly
related the the study of the eigenpairs of the 1-Laplacian. What is actually
possible to prove is the following theorem [13, 20, 29, 50, 86|

Theorem 2.3.4. Let (f, A,lc) be the k-th variational eigenpair of the 1-Laplacian,
then
Ay =ha2(G),  hnp(G) < Ay < hi(G) Wk,

where N(f) is the number of nodal domains induced by f.

Moreover using the p-Laplacian eigenpairs, when p goes to 1, it is possibile
to prove the following theorem which relates the p-eigenpairs to the Cheeger
constants, [29, 86]:

Theorem 2.3.5. Let ( f, A,gp)) be the k-th variational eigenpair of the p-Laplacian,
p>1, then
20! (hwp(9))"
T(g)p—l P

where 7(G) = maxyey Y, w(u,v)

< AP <271 (g),

Combining the last two theorems, we observe that whenever we have a vari-
ational eigenfunction whose nodal domain count reflects the corresponding fre-
quency, letting p go to one, the eigenvalue reproduces exactly an higher-order
Cheeger constant.
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2.3.2 p= o and packing radii of the graph

Similar results relate the co-eigenpairs to the maximal distance between k nodes.
It is worth mentioning that these results are similar to those obtained in the
continuous setting by [39, 57, 58|, using an approach different from the one that
employs the subgradients. We enter in the details of this topic in Chapter 5,
where we provide also a comparison between the formulation of oco-eigenpairs
proposed by Lindqvist et al. [39, 57, 58] and the formulation in terms of subgra-
dients.

Let us start by introducing the k-th packing radius of the graph:

. d(v;, v;
Rp = max min M ,
V1,0 €V i g=1,... .k 2

which can also be written as
Ry =max{r|Jvi,...,vp €V s.t. d(vi,v;) >2r Vi,j=1,...,k}.

Observe that 2R, is obviously the diameter of the graph, while, for k& > 2 we
are computing the maximal reciprocal distance among k nodes, following [49] we
name this quantity “packing radii of order k” . In terms of information about a
set of data represented by the graph, R measures a sort of distribution width of
the data.

Similarly to what shown before for the 1-eigenpairs, it is not difficult to show
that, if (f, A) is an oo-eigenpair, then there exist two nodes u,v € V such that
f(u) >0, f(v) <0 and
Ve 2

[fllse  d(u,w)

Since any oo-eigenpair can be related to a distance between nodes in different
nodal domains, it makes again sense to relate the infinite variational eigenvalues
to the packing radii of the graph. The following results, very similar to the one
presented for the p = 1 case, are part of the contributions of this thesis, we refer
to Chapter 5 for the details.

A

Theorem 2.3.6. Let A;COO) be the k-th co-variational eigenvalue, then

1 1
A(OO) =, A(OO) < Vk
2 Ry kT Ry
Moreover, in the case of eigenpairs obtained as limit for p — oo of p-Laplacian
eigenapairs we have the following

Theorem 2.3.7. Let (f,A>) be an oo-eigenpair that is a limit of p-Laplacian
etgenpairs as p — oo, then

< A(OO)
Brep)
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Thus, as in the case p = 1, whenever we have a variational eigenfunction
whose nodal domain count reflects the corresponding frequency, letting p go to
infinity, the eigenvalue reproduces exactly a packing radii.

We point out that the above results hold also in the more general setting of a
graph with a boundary, B C V. In this case we only have to change the definition
of the packing radius Ry, which becomes:

R :=sup{r| 3vi,...,v with d(v;,v; > 2r d(v;, B) >rVi,j=1,...,k}.

Moreover, if the boundary is nonempty, from the above Theorems 2.3.6 and 2.3.7,
we can also derive the equality

1 1
RE " maz,dp(u)

2.4 Computing the p-Laplacian eigenpairs

In the last paragraphs we have shown that the graph p-Laplacian eigenpairs,
with particular attention to the limit cases p = 1 and p = oo, can be used
to deduce or approximate topological properties of the graph itself. Since the
computation of these topological invariants is usually difficult and expensive,
it is natural to wonder if it is possible to bypass this problem by computing
instead the p-Laplacian eigenpairs. Unfortunately this is a complicated task
itself, and, to the best of our knowledge, at the moment there is no method able
to compute all the p-Laplacian eigenpairs. Moreover there is no method able to
locate a given eigenvalue in the variational spectrum. Among the few methods
proposed in the literature, we can mention the inverse nonlinear power method
[50] and the gradient flows proposed in [14, 15]. Both these methods are aimed at
the computation of extremal (minimal or maximal) eigenpairs. The strenght of
these approaches is the possibility to prove the convergence toward an eigenpair.
However the limit eigenpair depends on the starting point and, from a theoretical
point of view, there is no a-priori information about the eigenpair that will be
computed. On the other hand, there are methods like the local minmax method
proposed in [88], that are able to compute sequences of |V| eigenpairs with an
increasing number of local decreasing directions of R,. However these methods,
once the first k-eigenpairs {(f;, A;)}¥_; have been computed, are able to compute
the k + 1-th, (fx+1, Ak+1), if and only if

Akt1 = localmax R,(f),
fespan{fi}it}

where local max phtl Rp(f) is the set of local maxima of the function
=1

fespan{f;
R, on span{ fz}fill This property, however, is not trivially satisfied by the p-
Laplacian eigenpairs and in principle could be satisfied by none of the p-Laplacian

eigenpairs. In Chapters 4 and 5 we propose a novel method suited to work both
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in the p € [2,00) and p = oo case. For this method we provide theoretical
and a-priori guarantee of convergence towards the first p-Laplacian eigenpair.
Moreover, given an index k and without using any other nonlinear eigenpair,
our method is suited to compute non-extremal p-Laplacian eigepairs, (f, \), such
that the Morse index of R, in f is equal to k, where the Morse index denotes
the number of negative eigenvalues of the Hessian matrix of R, i.e. decreasing
directions. In addition, we provide bounds for the Morse index of some properly
defined variational eigenfunction in terms of the variational index.

In more details, assuming p € [2,00], in Chapter 4 and 5 we consider a
reformulation of the p-Laplacian eigenavalue problem in terms of a weighted
linear Laplacian eigenvalue problem

Ao f(u) = =div(uoV ) (u) = Ay f(u) YueV
ifpe(2,00) = < poyy = |VF(u,v)P2 V(u,v) € E
vou = |.f(u)[P~2 VueV

(A, f(U) = —div(uoVf)(u) = Avg flu) YueV

’vf(u7v>’ = va(UaU)Hoo if HOyy = 0
ifp=oco = ¢[f(W]=]f(u)lw if vo, > 0
1oV fll1e=1

o flly =1

This reformulation allows us to introduce a class of energy functions in the vari-
ables (u,v) whose saddle points correspond to eigenpairs of the p-Laplacian.
Indeed, for any couple of positive measures p: E — R v: V — R*, we consider

the eigenpairs ( f(u, ), A(1, 1/)) of the generalized linear eigenvalue problem

A, fu) = ( — div (diag(p))V f) (1) = M f(u). (2.13)

Observe that these are eigenpairs of a linear eigenvalue problem and thus can be
enumerated from 1 to |V, the cardinality of the node space, and can be easily
computed. Then, for any 1 < k < |V, we introduce the function

Fpv)=—— 222 S ) -2, 21
kA Ak, v) P * v

and the sets MT(V):={v:V — Rxo}, M (E) :={u: E — R>o}. With these
definitions we prove the following:

Theorem 2.4.1. Let p € (2,00], then & (u,v) admits a unique saddle point
(maxl, minﬂ) and

(v*, 1*) := arg max arg min & (u,v)
ve M+ (V) pe M+ (E)
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P
is such that (A (u*,v*), f1(p*,v*)) = (M(Ap), f1(Ap)) is the unique, up to scal-
ing, 1-st p-Laplacian eigenpair.

Theorem 2.4.2. Let, p € (2,00) and

(v*,p*) == arg max arg min & (i, )
ve M+ (V) ue M+(E)

4
be a smooth saddle point of the function & (u,v), then ()\,i (w*,v*), fr(u*, V*)) is
a p-Laplacian eigenpair.

Moreover, given a p-Laplacian eigenpair, (f, \), we can consider the index of
the eigenvalue thought as an eigenvalue of the corresponding linear eigenvalue
problem (2.13) and use it to derive information about the Morse index of the
p-Rayleigh quotient in f.

These results finally lead to the construction of numerical algorithms for the
computation of p-Laplacian eigenpairs based on gradient flows for the functionals
5,1: . These algorithms, at each step, only require the computation of an eigenpair
of a weighted linear Laplacian, thus allowing us to use all the advantages of
linearity to numerically solve a nonlinear problem.

2.5 Our contributions

In this section we give a short but precise list of our main contributions joint
with an overview of the structure of the thesis. At the end of the section we will
add a diagramatic map summarizing our contributions.

e Chapter 3: Nodal Domains.

In this chapter we study the nodal domains of the eigenfunctions of a gener-
alized class of p-Laplacian operators. In particular, we prove the uniqueness
of the first eigenfunction of the generalized p-Laplacian and its characteri-
zation as the only eignfunction that induces only one nodal domain. Then,
we study how the spectrum of p-Laplacian operators changes after different
kinds of perturbation of the graph and we prove novel nonlinear Weyl-like
inequalities. After that, we study the spectrum of p-Laplacian operators
on trees. Here we prove, first, that the variational spectrum exhausts all
the spectrum, and, second, that for any simple variational eigenvalue, A,
the number of nodal domains induced by the corresponding eigenfunction
equals the variational index of A. Finally, using the previous results, we
prove old and new bounds for the number of nodal domains induced by an
eigenfunction. These bounds depend on the position of the corresponding
eigenvalue with respect to the variational spectrum.

e Chapter 4: A reformulation of the p-Laplacian eigenvalue prob-
lem.
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In this chapter we study the reformulation of the p-Laplacian eigenpairs as
constrained weighted Laplacian eigenpairs when p € (2, 00). We prove that
given an eigenpair (f, A), the Morse index of the p-Rayleigh quotient in f
matches the Morse index of the corresponding weighted 2-Rayleigh quotient
in f which, in turn, corresponds to the linear index of the eigenvalue A. Us-
ing these comparisons, for any variational eigenvalue of the p-Laplacian, we
give bounds for its linear index in terms of the variational index. Then, we
introduce the energy functions &} eq.(2.14) and we prove that £} admits a
unique saddle point corresponding to the unique first eigenfunction of the
p-Laplacian. In addition, we prove that smooth saddle points of the higher
energy functions & for k > 1 correspond to higher p-Laplacian eigenpairs.
It is worth mentioning that, to prove the latter results, we need to study in
some depth the so-called (p, 2)-eigenpairs, i.e., the critical values and points
of the Rayleigh quotient Ry, 2(f) = |V fllp/IIf]l2-

Chapter 5: The Infinity eigenvalue problem.

In this chapter we study the oco-Laplacian eigenvalue problem. In the
first part we consider the discrete analogue of the approach proposed by
Lindqvist and Juutinen [57, 58], i.e. we look at the solutions of the co-limit
eigenvalue equation. Within this approach, we prove inequalities between
the oo-limit variational eigenvalues and the packing radii of the graph that
are finite-dimensional counterparts of the continuous inequalities presented
in [57, 58].

In the second part of the chapter, we consider the co-Laplacian eigenvalue
problem expressed in terms of subgradients of the infinity norms. Within
this approach, we prove, first, inequalities between the variational eigen-
values and the packing radii of the graph and, second, a geometrical char-
acterization of the co-eigenpairs. Using the latter characterization, we are
able to compare the two formulations of the co-eigenvalue problem, in par-
ticular we prove that the oco-limit eigevalue problem proposed in the first
part of the chapter is stronger than the subgradient co-Laplacian eigenvalue
problem. We conclude the chapter proposing a reformulation of the subgra-
dient co-Laplacian eigenvalue problem in terms of a constrained weighted
linear Laplacian eigenvalue problem. This reformulation allows us to prove
that, also in the co-case, the function £7° (2.14) admits a unique saddle
point and that such saddle point corresponds to the first eigenvalue of the
oo-Laplacian.
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3 Nodal Domains

3.1 Introduction

We have seen in Chapter 2 that the p-Laplacian nodal domains play an important
role in the study of the k-th order isoperimetric constant hi(G) of the graph.
Indeed, as we have recalled in the introdution (see also [86]), this fundamental
graph invariants can be bounded from above and from below using the variational
spectrum Mg of the p-Laplacian and its nodal domain count via the Cheeger-like
inequality

Mg < b < N, (3.1)
where ¢(p) — 1 as p — 1 and fi is any eigenfunction of ;. This result clearly
highlights the importance of the nodal domain count in connection to, for exam-
ple, the quality of p-Laplacian graph embeddings for data clustering, for which
there is a wealth of empirical evidence [11, 12, 13, 38]. In Chapter 5, moreover, we
will see similar inequalities, involving the number of nodal domains, connecting
the p-Laplacian eigenpairs to the packing radii of the graph.

Because of these reasons, the estimation of the number of nodal domains of
the Laplacian and p-Laplacian eigenfunctions, both on continuous manifolds and
on discrete and metric graphs, has been an active field of research in the past
years.

In the discrete graph setting, it was proved in [5, 7| that trees behave like
strings and that the k-th eigenvector f; of the Laplacian (or more generally
Schrodinger) operator, if everywhere non-zero, induces exactly k& nodal domains.
Moreover, again under the assumption that the k-th eigenvector fj of the graph
Laplacian operator is everywhere non-zero, it was proved in [6] that for general
graphs the following inequality holds for the number of nodal domains N (f}) of
fi, provided the corresponding eigenvalue is simple:

k=B+1(fr) SN(fn) <k.

Here 3 is the total number of independent loops of the graph and I(fy) is the
number of independent loops where fi has constant sign. In the general case of
eigenvalues with any multiplicity and eigenvectors with possibly some zero entry,
it was proved in [30, 34, 87] that the following inequality holds:

k4+r—1-08-—2z<N(fy) <k+r-1,

33
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where fj, is an eigenvector of the eigenvalue A\p, z is the number of zeros of f
and r is the multiplicity of Ag.

A nodal domain theorem for the graph p-Laplacian is provided in [86], where
it is shown that, for any eigenfunction fi of the p-Laplacian, the number of nodal
domains is bounded above as N(fx) < k+r — 1, where r is the multiplicity of
the corresponding variational eigenvalue. Analogous results are proved in [21] for
the case p = 1. However, no lower bounds for N'(f) were known in the general
case.

The final aim of this chapter is thus to provide lower bounds on the number of
nodal domains of the generic eigenfunction of the p-Laplacian. To this end, we will
introduce a class of generalized p-Laplacian operators, already addressed in [78].
Such operators, similar to the generalized linear Laplacian or Schrédinger oper-
ator [b, 87], are also largely related to p-Laplacian problems with zero Dirichlet
boundary conditions, see the Introduction and [54]. Thus, all our results apply to
both the classical p-Laplacian and the generalized p-Schrédinger operators. We
prove a classical characterization of the first and the second variational eigen-
pairs and nonlinear Weyl’s like inequalities. These are fundamental instruments
to study the nodal domains of the generic eigenfunction. Our general strategy,
inspired by the work of [5], consists of defining appropriate rules to remove nodes
or edges from the graph without changing an eigenpair. Repeated applications
of this procedure allows us to arrive to a structured graph (e.g. a tree or the
disjoint union of the nodal domains) for which nodal domain numbers can be
fully characterized. This characterization can be brought back to the original
graph by reversing the proposed procedure. This strategy allows us to find new
lower bounds as well as retrieve known upper bounds for the number of nodal
domains of any eigenfunction, as a function of the position of the corresponding
eigenvalue in the variational spectrum. In addition, our estimates, with p = 2,
provide an improvement on the known results for the linear case.

An important side result of our work is that we are able to prove that, if
the graph is a tree, the variational eigenvalues are all and only the eigenval-
ues of the p-Laplacian operator and that the k-th eigenfunction, if everywhere
nonzero, admits exactly k£ nodal domains. This result extends what is already
known in the particular cases of the path graph [86] and the star graph [3], and
is a generalization to the p-Laplacian of analogous findings known in the linear
case [5, 7]. This is of independent interest for its potential applications to non-
linear spectral graph sparsification, expander graphs, and graph clustering [84].
In particular, note that our findings, in combination with (3.1), show that the
k-th order isoperimetric constant of a tree coincides with the k-th variational
eigenvalue of the 1-Laplacian.

The results presented in this chapter has been collected in the paper: “Nodal
domain count for the generalized graph p-Laplacian”, published on the journal
“Applied and Computational Harmonic Analysis”, [31].
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3.2 Notation

Let G = (V, E) be a connected undirected graph, where V and E are the sets of
nodes and edges endowed with positive measures v : V — Ry and p: E — R,
respectively. Given a function f : V — R, for any p > 1 consider the p-Laplacian
operator:

(Apf)(w) =Y pul f(w) = fOP2(f(w) = f(v))  VueV,

v~U

where v ~ u denotes the presence of an edge between v and u. We highlight that
the above definition of the p-Laplacian operator differs from the one given in
the introduction (see Remark 2.2.1), here indeed we are neglecting the term w?.
However, since in this chapter we are not interested in varying p, we observe that
this choice corresponds to redefining p := pwP and thus does not affect the results.
On the other hand, this choice allows us to lighten the notation. Observe also
that, while the p-Laplacian can be studied also for p = 1 and p = oo, throughout
this chapter we will not consider this limit cases and we will always implicitly
assume that p € (1,00). Throughout the chapter, we will often use the function
¢p(z) := |x[P~2x, so that A, can be compactly written as:

(Apf) (W) = puntp (f(u) = f(v))  VueV.

v~U

In analogy to the linear case, where the generalized Laplacian is defined as
the Laplacian plus a diagonal matrix [87], we define the generalized p-Laplacian
(or p-Schrédinger) operator as

(Hpf)(w) = (Apf) () + wul f(W)P2f(w)  VueV,

where k,, is a real coefficient. We say that f is an eigenfunction of H, if there
exists A € R such that

(Hpf)(u) = Aval f@)[P2f(w)  VueV. (3.2)

Similarly to the linear case, generalized p-Laplacians and their eigenfunctions are
directly connected with the solutions of Dirichlet problems on graphs for the p-
Laplacian operator. In fact, assuming to have a graph G = (V, E) with boundary
B, if f is a solution to the Dirichlet problem

)

(Apf)(u) = Awv|f(@)P2f(u)  YueV\B
f(u) =0 Yu € B

we deduce that f is automatically also solution to the following eigenvalue equa-
tion for a generalized p-Laplacian, where the information about the boundary
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nodes has been condensed in the nodal weights (see (2.3)):

> sl ) = F@)P2(F @) = F@) + (D2 ) @) P72 ()

veVr veVp
= Avalf(w)[P72f (u).

In other words, the p-Laplacian Dirichlet problem with zero boundary conditions
is equivalent to the eigenvalue problem (3.2) for the generalized p-Laplacian H,,
with K, = ZveVB T

Finally, the following definition introduces the concept of strong nodal do-
mains of G, corresponding to a given function f:V — R.

Definition 3.2.1 (Nodal domains). Consider a graph G = (V, E) and a function
f:V = R. A set of vertices A C V is a nodal domain induced by f if the
subgraph G4 with vertices in A is a maximal connected subgraph of G where f is
nonzero and has constant sign. For convenience, in the following we will refer
interchangeably to both A and G4 as the nodal domain induced by f.

Sometimes it is useful to distinguish between maximal subgraphs, where the
sign is strictly defined, and those where zero entries are allowed. In particular,
when zero entries of f are allowed in the definition above, the maximal subgraphs
are called weak nodal domains, whereas the maximal subgraphs with strictly
positive or strictly negative sign, as in Definition 3.2.1, are called strong nodal
domains. However, as in this work we are not interested in weak nodal domains,
throughout we shall simply use the term “nodal domain” to refer to the strong
nodal domains, as defined above.

3.3 Variational spectrum and main results

In this section we state our main results and will devote the remainder of the
chapter to their proof. We first recall the notion of variational spectrum. A set of
N variational eigenvalues of the generalized p-Laplacian on the graph G = (V, E)
can be defined via the Lusternik—Schnirelman theory and the min-max procedure
based on the Krasnoselskii genus, which we review below [63].

Definition 3.3.1 (Krasnoselksii genus). Let X be a Banach space and consider
the class A of closed symmetric subsets of X, A ={A C X| A closed, A =
—A} . For any A € A consider the space of the Krasnoselskii test maps on A of
dimension k:

Ap(A) = {p : A = RFcontinuous and such that o(x) = —p(—z)}.
The Krasnoselskii genus of A is the number v(A) defined as
inf{k e N: Jp € Ap(A) st. 0& p(A)}
v(A) =< oo if 3 k as above
0 ifA=10
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Our reference Banach space is the space of vertex states X = {f : V —
R} = RY and A denotes the family of all closed symmetric subsets of RY. Let
Sp={f € X :||fllp =1} be the p-unit sphere on X and for 1 < k < N consider
the family of closed symmetric subsets of S, of genus greater than k

Fi(Sp) ={A e AnS, |v(A) > k}.

In order to define the variational eigenvalues of H,, we consider the Rayleigh
quotient functional

2owve Fuol (1) = F(0)P + 3 ey Ful f ()]
> uev Vulf(u)|P '

As Ry, is positively scale invariant, i.e. Ry, (af) = Ry, (f) for all a > 0, it is
not difficult to observe that the eigenvalues and eigenfunctions of the generalized
p-Laplacian operator are the critical values and the critical points of Ry, on Sp.
The Lusternik-Schnirelman theory allows us to define a set of N variational such
critical values, via the following principle

R, (f) =

Ak = jin | max R, (f)- (3.3)
We emphasize that the Krasnoselskii genus is a homeomorphism-invariant
generalization to symmetric sets of the notion of dimension. In particular, if
A € A is the intersection of any subspace of dimension k with S, then v(A) = k.
Moreover, note that any A such that y(A) > k contains at least & mutually
orthogonal functions (see e.g. [83]). Therefore, the definition in (3.3) is a gener-
alization of the Courant-Fisher min-max characterization of the eigenvalues of a
symmetric matrix, as F(Sp) contains all subspaces of dimension greater than k.
However, while Courant-Fisher applies directly to the case p = 2, linear subspaces
alone are not sufficient to provide critical points in the general case p # 2.

3.3.1 Multiplicity and ~-multiplicity

Similarly to the case of symmetric matrices, we note that the variational eigen-
values {\r} are by definition an increasing sequence. This allows us to define a
notion of multiplicity for variational eigenvalues:

Definition 3.3.2. Let \;, be a variational eigenvalue of H,. If A\ appears m
times in the sequence of the variational eigenvalues

M S A< S X1 < A== A1 < A S0 S AN

we say that \p has multiplicity m and we write multy,,(A\x) = m or simply
mult(A;) = m when no ambiguity may occur.

The notion of multiplicity defined above applies only to variational eigenval-
ues. In the case of a generic eigenvalue A, we can use the Krasnoselskii genus to
extend the notion of geometric multiplicity to the nonlinear setting;:
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Definition 3.3.3. Let A\ be an eigenvalue of H,. If

’Y({f €Sy Hp(f) = )\V|f‘p—2f}) o

we say that X\ has y-multiplicity m and we write y-multy, () = m, or simply
~v-mult(\) = m when no ambiguity may occur.

Finally, we define simple eigenvalues

Definition 3.3.4. We say that X is a simple eigenvalue of H, if X has a unique
eigenfunction f € Sp.

Notice that the notions of multiplicity and v-multiplicity do not coincide and
an eigenvalue with v-multiplicity equal to one is not necessarily simple. Viceversa,
if A is a simple eigenvalue, then necessarily y-mult(A) = 1 and, if A is variational
then also mult(A) = 1. This result is a direct consequence of the next lemma,
whose proof follows directly from Lemma 5.6 and Proposition 5.3, Chapter I of
[85]:

Lemma 3.3.5. If X\ is a variational eigenvalue, then
~v-mult(A) > mult()\) .

Note that the inequality above implies, in particular, that, to any variational
eigenvalue A, there correspond at least mult(\) orthogonal eigenfunctions. Fi-
nally, we remark the following direct consequence of Lemma3.3.5

Corollary 3.3.6. Let H, be the generalized p-Laplacian operator on a graph G
with N nodes. Let {\;i}" be the variational eigenvalues of H, counted without
multiplicity, i.e. N\; # \j Vi # j. Then

n

Z’y—mult(/\i) > Zmult()\i) =N,
i=1

i=1

with the equality holding if and only if y-mult(X\;) = mult(\;), foralli =1,... n.

3.3.2 Main results

We present below our main results. Recalling the idea summarized in the intro-
duction, our strategy for counting nodal domains of generalized p-Laplacians is
to come up with algorithmic steps to remove vertices and edges from the original
graph in such a way that the original eigenpairs can be recovered from the eigen-
pairs of the new graph. Since the proofs of our main results require relatively
long arguments, we state the results here and devote the remainder of the chapter
to their proofs. In particular, after discussing in Sections 3.4 and 3.5 a number of
preliminary observations and results, which are of independent interest, Section
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3.6 will provide proofs for Theorems 3.3.7 and 3.3.8, which deal with the special
case of trees and forests, whereas Section 3.7 will present the proofs of Theorems
3.3.9 and 3.3.10, which address the case of general graphs.

Notice that, unlike linear operators, the variational spectrum does not cover
the entire spectrum of the generalized p-Laplacian and, in general, establishing
whether a certain eigenvalue is variational or not is still an open problem. For
example, Amghibech shows in [2] that the p-Laplacian on a complete graph ad-
mits more than just the variational eigenvalues. Another simple example for the
setting p = 1, v = 1 and k = 0 is provided by Figure 2.1 in the introduction,
while a more refined analysis of non-variational eigenvalues is recently provided
by Zhang in [90].

Our first main result shows that the situation is different for the special case
of trees and, more in general, forests. In fact, as for the standard linear case, we
prove that when G is a forest, the variational spectrum covers all the eigenvalues
of the generalized p-Laplacian. Here and in the following, we use the symbol U
to denote disjoint union.

Theorem 3.3.7. Let G = I_Ile’ﬁ be a forest, H, a generalized p-Laplacian oper-
ator on G, p > 1, and H,(T;) the restriction of H, to the i-th tree T;. Then H,
admits only variational eigenvalues and for any such eigenvalue X\ it holds

k
multy, (A) = y-multyy, (A) = Zmulth(Ti)()\)
i=1

where multy (7-(A) = 0 if A is not an eigenvalue of Hy(T:).

In addition, we are able to prove the following theorem about the number of
nodal domains induced on a forest, which generalizes well-known results for the
case of the linear Laplacian [5, 7, 44].

Theorem 3.3.8. Let G = U 7; be a forest and consider the generalized p-
Laplacian operator Hy, p > 1, on G. If fi, is an everywhere nonzero eigenfunction
associated to the eigenvalue A\, = -+ = Aypm—1 of Hp, then fi changes sign on
exactly k — 1 edges. In other words, fi induces exactly k — 1+ m nodal domains.

Next, we address the case of general graphs. A tight upper bound for the
number of nodal domains of the eigenfunctions of the p-Laplacian on graphs is
provided in [86]. It is not difficult to observe that the same upper bound carries
over unchanged to the generalized p-Laplacian case. This is summarized in the
following result.

Theorem 3.3.9. Suppose that G is connected and \1 < Ay < -+ < Ay are the
variational eigenvalues of Hy, p > 1. Let X be an eigenvalue of H, such that
A < Ap. Any eigenfunction associated to A induces at most k — 1 nodal domains.
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Finally, the following theorem provides novel lower bounds for the number of
nodal domains of H,, in the case of general graphs. Morever, when tailored to the
case p = 2, it provides improved estimates of the nodal domain count that are
strictly tighter than the currently available results [6, 87]. We will discuss these
properties in more details below.

Theorem 3.3.10. Suppose that G is a connected graph with 8 = |E| — |V| + 1
independent loops, and let A\; < --- < Ay be the variational eigenvalues of H,,
p > 1. For a function f : V — R, let N(f) be the number of nodal domains
induced by f, l(f) the number of independent loops in G where f has constant
sign and {vl}fifl) the nodes such that f(v;) = 0, with z(f) being the number of

such nodes. Let G' = G\ {vz}fg) be the graph obtained by removing from G all
the nodes where f is zero as well as all the edges connected to those nodes. Let
c(f) be number of connected components of G' and B'(f) = |E'| — |[V'| + ¢(f) the
number of independent loops of the graph G'. Then:

P1. If f is an eigenfunction of H, with eigenvalue X\ such that X\ > X, then f
induces strictly more than k — + 1(f) — z(f) nodal domains. Precisely, it

holds N'(f) = k = B'(f) +1(f) = 2(f) + c(f).

P2. If f is an eigenfunction of H, corresponding to the variational eigenvalue
g > Ag—1 with multy, (M) = m, then N(f) > k+m—1—=5"(f)+I(f)—=z(f).

Before moving on, we would like to briefly comment on the above results and
provide a comparison with respect to lower bounds available for the linear case
p = 2. First, note that both P1 and P2 in Theorem 3.3.10 apply to variational
eigenvalues of H,,. However they are not corollaries of each other in the sense that
there are settings where P1 is more informative than P2 and vice-versa. Indeed,
if A\, is a variational eigenvalue of multiplicity equal to one, then Ay > A\p_; and
from P1 we obtain

N(f) =k =B(f) +1(f) = 2(f) + (e(f) = 1) (3-4)

for any eigenfunction f of Ag, which is strictly tighter than the lower bound in P2.
However, in P2, when A\, has multiplicity m > 1, we have A\ > Ax_1 and the
two lower bounds in P1 and P2 cannot be compared a-priori. Instead, their
combination leads to

N(f) 2 masc{ (k=8'()H(F)—2(H+e(H)-D)), (k=B ()+(FH)==(H+m-1)) }
(3.5)
for any eigenfunction f of A\;. These observations allow us to draw new lower
bounds for the eigenvalues of Ho, which are all variational. In fact, for a simple
eigenvalue A\ of Ho with an everywhere nonzero eigenfunction f, it was proved
in [6] that N(f) > k— B+ 1(f). Point P1 of Theorem 3.3.10 improves this result
by allowing eigenfunctions with zero nodes via inequality (3.4). Note that this
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implies in particular N'(f) > k—B+I1(f)—z(f), as ¢ > 1 and /() < 8. Similarly,
when Mg is a multiple eigenvalue of multiplicity m and f is any corresponding
eigenfunction, it was proved in [87] for the linear case that N'(f) > k+m —1—
B — z(f). Combining P1 and P2 allows us to improve this bound via the sharper
version given in (3.5), which further accounts for the number of independent loops
of f, the number of connected components of G’ and its number of independent
loops.

3.4 Properties of the p-Laplacian eigenfunctions

In this section we present a brief review of the main results about p-Laplacian
eigenpairs and discuss how to extend them to the generalized p-Laplacian case.
We start with the characterization of the first and the last variational eigenvalues.
Classical results available for the p-Laplacian equation in the continuous case
[67, 68], have been extended to the discrete case in [54, 86]. In the following we
present analogous results for the generalized p-Laplacian operator on graphs.

3.4.1 The smallest variational eigenvalue

We consider in this section the first (smallest) variational eigenvalue \; of #,,
defined as:
AL = mnin R, (f) - (3.6)

Since obviously Ry, (f) > R, (|f]) for all f € Sy, we can assume that the first
eigenfunction f; is always greater than or equal to zero. On the other hand, if
fi(u) =0 for some u € V, then from the eigenvalue equation (3.2) we get

Hy(f1) () = =3 (mal H )P 2fi(0)) =0,

veV

which shows that f; assumes both positive and negative values, contradicting
the previous assumption. We deduce that any eigenfunction corresponding to
A1 must be everywhere strictly positive, i.e., fi(u) > 0 Vu. This observation
generalizes a well-known result for the standard p-Laplacian (k, = 0) on a graph
with no boundary for which Ay = 0 and any corresponding eigenfunction is pos-
itive and has constant values [2]. We formalize the characterization of the first
eigenfunction of the generalized p-Laplacian in the following theorem.

Theorem 3.4.1. Let A1 be the first eigenvalue of H, on a connected graph G as
in (3.6). Then

1. A\ is simple and the corresponding eigenfunction fi is strictly positive, i.e.,

filu) >0VueV;

2. if g is an eigenfunction associated to an eigenvalue A of H, and g(u) >
0Vu eV, then A = \1.
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Proof. We have already observed that any eigenfunction f of A\; must be strictly
positive so it remains to prove that for any strictly positive eigefunction g as-
sociated to an eigenvalue ), it holds ¢ = f; and A = A\;. From the eigenvalue
equation, we have

Zﬂuv¢p(f1 (u) = fi(v)) = (/\IVu - HU) fi (u)p_l (3.7)

v~u

D Huwdp(g(w) = g(v) = (A — ku) g(w)? ™" (38)

v~u

where ¢, is defined in Section 3.2. If we multiply both sides of (3.7) by the
function f1(u) — g(u)P f1(u)! =P and both sides of (3.8) by g(u) — f1(u)Pg(u)'~P,
we obtain

>ttt (1) = f1(0) (2 ()= g ()P f1 () 77) = (ava =) (1 () = g(w)?).

v~U

>ty (9(w) = 9(0) (9u) = i) g(w)!7) = (= w) (g(w)?” = fu(w)?).

Summing the two equations first together and then over all the vertices, we obtain
S(f1.9) + 500 J1) = (= A) 3 v ()P — g(w) (3.9)
ueV

with

glw? — g(v)’
590 = 3 hu (|g<u> — 9 = Byl (w) = FO) (57 ~ f(v)p1)> .

If we apply Lemma B.0.1 to the above sums first with o = f1(w)/f1(v) > 0 and
then with o = g(u)/g(v) > 0, we deduce that both S(f1,g) and S(g, f1) are
non-negative. Thus, if A = A1, in which case S(f1,9) = S(g, f1) = 0, again using
Lemma B.0.1, we obtain

glw) _ i)

g(v)  fi(v)’

which shows that, since the graph is connected, g is proportional to fi, implying
A1 simple. This allows us to conclude that f; and g are the same eigenfunction.
Assume now that there exists an eigenvalue A > A with the associated eigen-
function g being strictly positive. For any € > 0, the function eg¢ is also a strictly
positive eigenfunction associated with A. Thus we can find a € > 0 such that
fi(u) > eg(u) for all uw € V. This yields an absurd in (3.9) as the left hand side
term is strictly positive and the right hand side is strictly negative. Thus, every
eigenfunction that does not change sign has to be necessarily associated to the
first eigenvalue and this concludes the proof. O
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The following corollary is a direct consequence of Theorem 3.4.1 which states
among other things that A\; < A2, and generalizes to H, a well-known property
of the eigenfunctions of the standard p-Laplacian (see e.g. [86, Cor. 3.6])

Corollary 3.4.2. Any eigenvector associated to an eigenvalue different from A\
has at least two nodal domains.

3.4.2 The largest variational eigenvalue

Opposite to the case of the first variational eigenvalue, the last variational eigen-
value realizes the maximum of the Rayleigh quotient:

AN = max R, (f)

and, following [3], one can provide an upper bound to the magnitude of Ay in
terms of u, v and the potential k.

Proposition 3.4.3. The largest variational eigenvalue Ay of the generalized p-
Laplacian operator H, defined on a connected graph satisfies:

K
IAn| < max (27’*1 Z Huv + 7‘ u|) .
ueV Vy Vy
v~u
Proof. Let fn be an eigenfunction associated to Ay and let ug be a node where
v fn assumes the maximal absolute value |vy,, fn(uo)| = max,ey |vy fa(v)]. Then,

from the eigenvalue equation, we have

Vo AN (o)™ = | 37 gy (£ (o) = F(0) + g6 (Fv (0)|

vAUQ

from which we obtain

Pugw op—1 Kol p-1 5™ Mo [
\)\N\SZV 2P~ 4 Smax(Q Zyu—i—y). O

uQ VUO ueVv N

vAUQ v

As done for the first eigenfunction, we provide here a characterization of the
sign pattern of the last (maximal) eigenfunction in the particular case of bipartite
graphs. Our result extends to the generalized p-Laplacian the analogous results
obtained in the linear case in [8, 72] and in the case of the p-Laplacian with
Dirichlet boundary conditions in [54].

Theorem 3.4.4. If G is a bipartite connected graph, then the largest eigenvalue
AN of Hp is simple and the corresponding unique eigenfunction fn is such that
fn(w) fn(v) <0, for any u~wv.
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Proof. We start by proving that if f € S is a maximizer of the Rayleigh quotient,
necessarily f(u)f(v) < 0, Vu ~ v. Indeed, since G is a bipartite graph we can
decompose V into two subsets V' = Vj U Vs, such that if u,v € V;, ¢ = 1,2, then
u ¢ v. Thus, starting from f, we define f’ such that f'(u) = |f(u)|, Vu € V; and
I (u) = —=|f(u)], Vu € Vo. Now observe that

Ra, (F) = D puol f (1) = F@)IP + D wul f ()]

weE ueV
< Z Muv“f(u)| + |f(v)|’p + Z K'u|f(u)|p = RHp(f/)
weE ueV

where the equality holds if and only if f = +f’. Since f is a maximal eigenfunc-
tion, then f = f’ up to a sign and thus f(u)f(v) < 0, Vu ~ v. To conclude,
if f'(u) = 0 then, for u € Vi we have X\, f'(u) = H,(f')(v) < 0 and the equal-
ity holds only if f’(v) = 0 for every v ~ u. Since the graph is connected this
would lead to the absurd f’ = 0. Thus, we have that f/'(u) # 0, Vu, implying
f(u)f(v) <0, Vu ~ v.

We now prove uniqueness of the maximizer. Given two maximizers f,g € Sp
such that

R, (f) = A =Ru, (9),

up to a sign as above, f and g must be strictly greater than zero on V; and strictly
smaller than zero on V. Then, similarly to the proof of Theorem 3.4.1, we first
multiply the eigenvalue equations for f and g by f(u) — |g(u)[P/¢p(f(u)) and
g(u) — | f(uw)|P/ép(g(w)), respectively. Then, we sum the two equations together
and over all the nodes to obtain:

W) a0 — () — o) (2P L)
2 ol =900 = (1700 = 1) (5 7055~ 3
)

BN 11 0 (G L
%;M(uu FF = 6000 o) (5055 %@mﬂ) 0

From Lemma B.0.1, both the sums above are smaller than zero unless f = g, thus
showing uniqueness of the maximizer and hence of the maximal eigenfunction

IN- O

Corollary 3.4.5. Consider a graph G and the generalized p-Laplacian operator
Hp. Then, the graph G is bipartite and connected if and only if the mazimal
etgenfunction fy of H, induces exactly N nodal domains.

Proof. If the graph is bipartite, by Theorem 3.4.4 the N-th variational eigen-
function is unique and induces N nodal domains. Vice-versa, let fy be an
eigenfunction such that fn induces exactly N nodal domains. Then, consid-
ering Vi = {v|fn(v) > 0} and Vo = {v|fn(v) < 0}, we have V = V; U V5 and
each node in Vj is connected only to nodes in Vs, showing that the graph is
bipartite. ]
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3.4.3 Further properties of #, and its eigenfunctions

Observe that, similarly to the linear Schrédinger operator and unlike the p-
Laplacian case, the eigenvalues of the generalized p-Laplacian depend on the
potential k, and may attain both positive and negative values. This follows
directly from the eigenvalue equation (3.2) for (A, f1):

S (ol () = AP () = 1)) + ufi(@P = Nvfi ()

In fact, summing over all the vertices u € V yields

A\ Swev Eufr Pt Y ey prvafi(uw)?
1 pu— pu—

TN ) ST A

which shows that A; is in the convex hull of the coefficients {';—Z} and, since ky,
may be negative, H, may not be positive definite.

The next lemmas extend to the generalized p-Laplacian the results proved
in [86] for the standard p-Laplacian, and provide partial orderings for the given
eigenpairs. In particular, Lemma 3.4.6 below follows directly by replacing the
standard p-Laplacian with the generalized operator H,, in the proof of [86, Lemma
3.8] and, for this reason, its proof is omitted.

Lemma 3.4.6. If f is an eigenfunction relative to an eigenvalue A and Ay, ..., Amn
are the nodal domains of f, consider f|a, the function that is equal to f on A;
and zero on V' \ A;. Then

max {Ra, (£) : £ € span{flays-- s flan} | <A

Corollary 3.4.7. If f is an eigenfunction relative to an eigenvalue A\ and f
induces k nodal domains, then A > .

Proof. If Ay,..., Ay are the nodal domains of f, consider f|4, the function that
is equal to f on A; and zero on V' \ A;. If m = span{f|a,,..., f|a,}, then notice
that the Krasnoselskii genus of A is k, i.e., y(7w) = k. Thus, from Lemma 3.4.6,
we have that A\, = minger, maxyea Ry, < maxyer Ry, (f) < A O

We conclude by noticing that, combining Corollaries 3.4.2 and 3.4.7, one
immediately obtains that, as for the standard p-Laplacian, the second variational
eigenvalue A\g of the generalized p-Laplacian is the smallest eigenvalue larger than
A1. Precisely, it holds:

Theorem 3.4.8.

A2 = min{\ : XA > Ay is an eigenvalue of Hy}
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3.5 Graph perturbations and Weyl’s-like inequalities

In this section we show how to modify the graph and, consequently, the associated
generalized p-Laplacian operator, maintaining eigenpairs. In particular, we will
show how to remove edges and nodes obtaining a new generalized p-Laplacian
operator on a simpler graph written as a “small” perturbation of the initial op-
erator H,. For this perturbed operator, we will prove Weyl’s like inequalities
relating its variational eigenvalues to those of the starting operator.

3.5.1 Removing an edge

Consider a graph G and the generalized p-Laplacian operator H#, on G. Let A and
[ be an eigenvalue and a corresponding eigenfunction of #,, and let ey = (uq, vo)
be an edge of the graph such that f(ug)f(vg) # 0. We want to define a new
generalized p-Laplacian operator H,, on the graph G’ := G \ eo, such that (f,\)
is also an eigenpair of H,,.

Our strategy extends to the nonlinear case the work of [5], where the new
operator H]’D is written as a rank-one variation of the starting Laplacian. To this
end, we write 1, = H, + =, where

0 if u £ g, vy
(Epg)(u) = § Huguo p(1 — )y (Q(UO)) — ¢p(g(uo) — g(vo)) if u =g ,

Hugug ¢p(1 - é)¢p(g(v0)) - (Z)p (Q(UO) - g(“O)) if u =g
(3.10)
a = f(vo)/f(up) and ¢p(x) := |z|P~2z as before. It can be easily proved that
’H; is obtained from H, by considering the edge weights p’ given by pul,,, = piyy if
(uv) # (ugvo) and gy, = 0. Thus H;, can be seen as a generalized p-Laplacian
operator on a graph G’ that is obtained from G by deleting the edge ey and that
acts on the nodes that are not adjacent to eg exactly as H, does. Observe that
H;, depends on the original eigenfunction f and a direct computation shows that
(A, f) is still an eigenpair of the new operator.
Now we want to compare the variational eigenvalues of H]’D with the ones of H,
with ordering purposes. We first write the Rayleigh quotient of the new operator
H,, as

Ray,(9) = R, (9) + Rz, (9)

where, for g € S:

Rs,(9) _ < g(w)l __lg(wo)l”

op(f(u0)) qbp(f(vo))) p(f (uo) — f(vo))

— (g(uo) — g(vo)) &y (g(uo) - Q(Uo)) .

Hugug
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f(vo)

A direct application of Lemma B.0.1, shows that Rz, is positive if Fluo) is negative

and negative if L é )) is positive. Moreover, if we assume that g(vg) and g(ug) are

non zero, we can write =,g in the following equivalent way

0 if uw# ug, v
(Zpg)(u) = { Huovo@p(9(u0)) <¢p(1 —a) = ¢p(l - ﬁéﬁf,))) if u=uo
o0 (9(00)) (6p(1 = 1) = 6p(1 — 2190)) if w = wg
From this last equation we can easily see that, if g(vg) = ag(ug), then =,g =

Rz,(9) =0.
—p
To continue, we need the following lemma from [83], reported here without
proof, which provides a bound on the Krasnoselskii genus of the intersection of
different subsets.

Lemma 3.5.1. [83, Prop. 4.4] Let X be a Banach space and A the class of the
closed symmetric subsets of X. Given A € A, consider a Karsnoselskii test map
¢ € A(A) with k < v(A). Then, v(p~1(0)) > v(A) — k.

Using the fact that Rz, is zero on the hyperplane 7 = {g : g(uo)f(vo) —

g(vo) f(up) = 0}, we obtain the following ordering of the k-th eigenvalue of H,,
within the spectrum of #,.

Lemma 3.5.2. Assume that there exist an eigenfunction f of H, and an edge
eo = (uo,v0) such that f(uo), f(vo) # 0 and consider the operator H;, = Hp, +=p,
where =, is defined as in (3.10). Let ny, be the variational eigenvalues of H; and
A those of Hy,. The following inequalities hold:

.« If & f(”“O <0, then ng—1 < A\ < my;

. f f(” ;> 0, then N < A < Npt1-

Proof. Let ]-"k be the Krasnoselskii family Fj, = {A C ANS,|y(A) > k} as defined
in Section 3.3. Let Aj € Fj be such that A\, = maxyca, Ry, (f), and let

7 ={g: g(uo)f(vo) — g(vo)f(uo) = 0} .
Then Ay N7 = qﬁ];li(()), and from Lemma 3.5.1, since ¢|a, € A1(Ag), we have
YA Nm) > y(Ag) —1>k—1.
Thus, Ay N7 € Fi_1 and

_1 = min max Ry < max R = max Ry, + Rz, < Ag.
k-1 AEF 1 fejx( Hp (f) feA,:r%w P(f) feA,:r%w Hp K

This implies that 7;_1 < A;. Moreover, since Rz, > 0 we have that RH; (f) >
R#,,, which implies

A\ = R < Ry =
K= femf}leaf 1, (f) }feﬂ}”}lgf 3, (f) = e

and this concludes the proof of the first inequality. The second inequality can be
proved analogously, by exchanging the roles of 7-[1’0 and H,,. O
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3.5.2 Removing a node

Consider a generalized p-Laplacian operator H, defined on a graph G and let ug
be a node of G. We want to define a new operator H,, on the graph G’ := G\ {uo}
that behaves on G’ like H,, behaves on the hyperplane {f : f(up) = 0}. Note
that, in the linear case, this operation is equivalent to considering the principal
submatrix of the generalized Laplacian matrix obtained by removing the row and
the column relative to ug. If we remove a node ug, we have to remove also all
its incident edges from the graph G. Thus, on the graph G’ we can define the
generalized p-Laplacian:

= i p(f(w) = F(0)) + s dp(f(u)),

veV!
where V' =V \ {uo}, ply = puw and &, = Ky + fyu,-

Remark 3.5.3. If f is an eigenfunction of the generalized p-Laplacian H, on
G, with eigenvalue A and such that f(ug) = 0, then the restriction f' of f on the
graph G' = G\ {uo} is automatically an eigenfunction of H;, with eigenvalue \.
Indeed, for each u # uy we have

MWubp(F(@) = D puwp(f () = F(0)) + g &p(f (1)) + £udp(f (1) = Hyy(f)(w) -

vF#UQ

Next, we provide an ordering for the variational eigenvalues of 7-[;, in com-
parison with those of H,, as stated in the following lemma.

Lemma 3.5.4. Given a node ug of G, let H, and ’H;, be generalized p-Laplacian
operators defined on the graphs G and G' = G\ {ug}, respectively, and let N\, and
Nk be the corresponding variational eigenvalues. Then:

Me <M < Agy1 -

Proof. Let S, = {f: V' = R: ||f|l, = 1} and consider A} € F(S,) such that

nk—maxR»H/ x Z "(uv)|f(u \p—i—z Ko | f (u

€A
I v)EE’ ueVv’

where E' is the set of edges of G’. Consider now Ay, the immersion of Aj in
the N — 1 dimensional hyperplane m = {f : V. — R : f(ug) = 0}, i.e. the set of
functions f that, when restricted to the nodes different from wg, belong to A},
and are such that f(ug) = 0. Thus, Ay belongs to Fi(S,) since Ay and Aj are
homeomorphic, and we obtain:

e < —= ’ — .
A = frlreu}i 1}1622{727{ (f) j{ﬂEXz R, (f) = }Té%( R, (f) =k
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To prove the other inequality, consider Ay € Fi41(Sp) such that

Ak41 = R .
be1 = max Ry, (f)
Because of Lemma 3.5.1, we have that y(Axr1 N {f : f(uo) = 0}) > k, which
implies that Ag41 N{f : f(uo) = 0} € Fi(Sp). Thus

< R / = R < R :)\ 5
e < i Rag (1) = e R () < e R (1) = Ak

where Aj is the set of functions f' : V/ — R obtained as the restriction of
functions from Aiy; N7 to G/, ie., f € A} if the lifting f : V' — R defined as
f(up) =0 and f(u) = f'(u), Yu # ug, belongs to Agt1 N . O

This result can be generalized by induction to the case of n removed nodes,
obtaining the main theorem of this section.

Theorem 3.5.5. Let H, be the generalized p-Laplacian operator defined on the
graph G and let G’ be the graph obtained from G by deleting the n nodes uy, us, . .., u,.
Consider the generalized p-Laplacian operator on G' defined as

Hy(u) =t bp(f(u) — F(0)) + Kp(f(w)

veV’

where V' = V\ {u1,...,un}, Wy = paw and K, = Ky + D iy fuu, - Let {Ag}
denote the variational eigenvalues of H, and {n} those of 7-[1’0. Then

Ak <0k < Akt s
forany ke {1,...,|V]|—n}.

Proof. The proof follows directly from Lemma 3.5.4, removing recursively the
nodes ui,...,Up. ]

3.6 Nodal domain count on trees

In this section we deal with the case in which 7 := G = (V, E) is a tree and we
provide proofs of the two Theorems 3.3.7 and 3.3.8. In particular, we will prove
that the eigenvalues of the generalized p-Laplacian on a tree are all and only
the variational ones. Moreover, again restricting ourselves to trees, we will show
that, if an eigenfunction of the k-th variational eigenvalue is everywhere non zero,
then it induces exactly k nodal domains. This generalizes to the nonlinear case
a well-known result for the linear Shrodinger operator.

In the following, given a tree 7 = (V, E), we assume a root r € V is chosen
arbitrarily. This provides a partial ordering of the nodes so that a precise root is
automatically assigned to any subtree of 7. In particular, we write v < w if v is
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a descendant of u and v < w if v is a direct child of u. Moreover, for each node
u € V, we let T, denote the subtree of 7 having u as root and formed by all the
descendants of u. On this subtree we can define a new operator H,; obtained as
follows: starting from 7, we remove all the nodes that do not belong to 7, and,
for each deleted node, we modify the original operator H, on 7 as in Section
3.5.2.

We also consider the operator Hg, obtained by removing from 7, also the
root node u and by modifying H,, accordingly. This latter operator is defined on
a subforest, 73 = U;7;, that has as many connected components as the number
of children of w. From the generalized Weyl’s inequalities of Section 3.5, we have
that

S A(Hy) S M) < Aipa(Hy) < -+

where \;(H;) and )\i(Hg) denote the i-th variational eigenvalue of H; and ’Hg ,
respectively. Observe also that Hg = @ H,(T;), where H,(T;) is the generalized
v;<u

p-Laplacian of 7; and v; < u indicates that v; is a direct child of u.

3.6.1 Generating functions

Consider now an eigenfunction f of H, with eigenvalue A and assume that f # 0
everywhere. For each u different from the root r, we denote by ur the parent of
w in 7. Then, the following quantity

f(ur)
f(u)

is well defined for all u # r and we can rewrite the eigenvalue equation H,(f)(u) =

Avudp(f(u)) as

g(u) =

1
(1= 9() = My = ko = 3 (1= =), (3.11)
v=<u g(v)
for each u # r.
Now, if u is a leaf, Equation (3.11) allows us to write g(u) explicitly as a
function of A:

Fu — Put ”“A> . (3.12)

Huup

gu(A):l_FQb;l(

Similarly, for a generic node u different from the root, we can use (3.11) to
characterize g(u) implicitly as a function of the variable A:

o = 1A+ Dty (1~ m)) (3.13)

Huup

gu()‘):1+¢;1<

Finally, for the root u = r, we define
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gr(N) = 1+¢;1(nr—1—Aur+2urv¢p<1—i)) . (3.14)
v=<r gv(A)

Observe that, whenever g,(A) = 0 with v < wu, the function g, is not well
defined in A. In this case, we say that A is a pole of g,. However, these disconti-
nuities do not affect the definitions of g,, with © < w. Indeed, given a pole A of
the function g, with v < u, we can define, both in (3.13) and (3.14), 1/g,(\) = 0.
The following Lemma 3.6.4 proves that such definition makes 1/g, continuous
in the poles of g,. We call the functions g, defined in (3.12), (3.13), (3.14) the
generating functions of the eigenfunction f. In fact, we will show in Section 3.6.2
that g, () characterizes the ratio f(up)/f(u) for any eigenfunction of A such that
f(u) # 0. To this end, we need a number of preliminary results to unveil several
properties of the generating functions g,,.

First, observe that when f = 0 everywhere, the claimed characterizing prop-
erty follows directly from the definition of g,,. We highlight this statement in the
following remark.

Remark 3.6.1. If A is an eigenvalue of H,° for some ug € V, and f is an
associated eigenfunction such that f(u) # 0, Vu € Ty, then by the definition of
the functions g,(\) one directly obtains that

f(ur)
fu)

On the other hand, it is not difficult to observe that also the opposite property
holds, namely

=g.(\)#0, YueT\{u} and  g,(\)=0.

Remark 3.6.2. Assume that X is a zero of gu,(A) and g, (X) # 0, for all u < ug,
i.e., for all the descendents of ug and not only the direct children. Then X is
an eigenvalue of H,° and a corresponding eigenfunction f can be defined on the

subtree Ty, by setting f(up) =1 and f(u) = J;S(Li)), for all u < ug. Indeed, with

these definitions, (3.12) and (3.13) imply that X\ and f are solutions of the system
of equations

Z Huov®p(f (uo) — f(v)) + Hugug, 5 Op(f(u0)) + £udp(f(uo)) = Avudp(f(uo))

v=<ugp

D uwdp(f () = f(0)) + mudp(f(w) = Aup(f(w)  Vu <wuo,

veG

which shows that A and f are an eigenvalue and an eigenfunction of H,°.

We have observed already that it is possible to relate the eigenpairs of the
subtrees of 7 with the values of the functions g,(\). Then, we show that it is
always possible to immerse the tree 7 in a larger tree for which the values of the
functions ¢,(\) do not change.
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Remark 3.6.3. Let H, be the generalized p-Laplacian operator defined on a tree
T = (V,E). We can always immerse T in a tree T obtained adding a parent T
to the root r. Next, we define the generalized p-Laplacian operator H, on T by
setting fiyy = fuw, V(U 0) € E, lipr, = 1, Ky = Ky, Yu € V\{r} and &, = k, — 1.
Considering ’7}F and 7—~[;F, the subtree and the operator obtained removing the
root rg from '7', it is straightforward to observe that T = 7~}F and H, = ﬁ;F
Morover, working on T and the associated operator 7:21,, it is possible to introduce
the functions g, () as in (3.12), (3.13), (3.14).

gu(A) :gu(A)v VueT.

Thus, the generalized p-Laplacian eigenavalue problem on a tree can always be
studied as the generalized p-Laplacian eigenvalue problem on a subtree of a suit-
able larger tree.

Finally, the following lemma summarizes several relevant structural properties
of the functions g, ().

Lemma 3.6.4. For eachu € V, consider the function g,(\) defined as in (3.12)—
(3.14). Then:

1. the poles of g, (\) are the zeros of the functions {gy(A) }o<u;

2. gy 1s strictly decreasing between each two consecutive poles;

3. limy s oo gu = 400, limy 1 o0 gy = —00, limy_,,,- gy = —00, limy_,,+ gy =
400 where p is any of the poles.

In particular, the number of zeros of the function g, is equal to the number of
distinct zeros of the functions {gy bv<u plus one.

Proof. Let uw € V, if u is a leaf then the three properties follow immediately from
(3.12). Otherwise, assume by induction the thesis holds for each v < u. From
(3.13), it immediately follows that the poles of g, are the zeros of {g,}y<u. To

. 1 . . .
show that the function ), . ttuv®p (1 — m) is strictly decreasing between any

couple of neighboring poles, observe that x — ¢,(x) is strictly increasing and,
by induction, Yv < u, A — g,(A) is strictly decreasing between any two of its
zeros (i.e. the poles of g,). Moreover, since A — —u,\ is decreasing and ¢, 1
increasing, we can conclude that the function A — g, () is strictly decreasing
between any two of its poles. Finally, the limits of g,()\) for A — pT in the third
statement follow as a consequence of the previous observations, while the limits
for A — 400 can be proved directly by the induction assumption. O

3.6.2 Eigenfunction characterization via generating functions

The following result shows that the generating functions g, (\) always characterize
the eigenfunctions of A, generalizing what observed earlier in Remark 3.6.1.
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Theorem 3.6.5. Let (f,\) be an eigenpair of a generalized p-Laplacian operator,
Hp, defined on a tree T = (V, E) with root r. For any node uw € V \ {r} such that
f(u) # 0, it holds

where up is the parent of u in T.

Proof. If f(v) # 0 Vv € T we have already observed in Remark 3.6.1 that the
thesis holds. Assume thus that there exist v1,...,v; € V such that

f)=0, i=1,....,k and  f(u)#0, Yug{v},

and let 7/ = U, 7; and H), = &/ H,(T;) be the forest and the corresponding
operator obtained from G removing the nodes vy, ..., v; as in Section 3.5.2. From
Remark 3.5.3, Vi = 1,..., h, the pair (f|7;, \) is an eigenpair of #,(7;) such that
fl7;(w) # 0, Yu € T;. Denoting with r; the root of 7; and using (3.12),(3.13),
(3.14) and Remark 3.6.1, V7, starting from the leaves, we can define functions
gJi()\) such that

7oy () T
T =S A0 e T\ )

gli(A) =0

We claim that Vi = 1,...,h and Vu € T;, then g,(A\) = g7i(\). The thesis follows
directly from this claim since

g\ =gli(\) =L VYue T

To prove the claim, first we introduce a partial ordering on {7;}2_; and {v; }?:1
so that 7; < v; if v; is the parent of the root of 7;, while v; < 7; if v; is
the child of some node of 7;. Then, if v; < 7; there exists a subtree 7; < vj.
In fact, considering the generalized p-Laplacian eigenvalue equation in v; with
u; = vjp € T;, we can write

Ho;u, Pp (f(“i)) + Z oo u®p (f(u)> =0.

u< vj

Since f(u;) # 0, there exists a node u; < v; such that f(u;) # 0ie. w € T} < v;.
Similarly, one observes that if f(v;) = 0, and v; is a leaf, then also f(v;,) = 0.
Because of these two facts, there exists some T;, in the set {7;}"_; such that a
node v; with v; < 7, cannot exist. In addition, the leaves of 7;, are all and only
the leaves of 7 that are connected to 7;,. It is then easy to observe that, for
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any such 7;,, by definition, gfo (A) = gu(N) Yu € Ty, u # 14,. Moreover, when
u =15, < v; we have

7i - 1
grid(A) =1+ qspl (’i;io — 1=, + Z Nnovﬁbp(l — g()\)>> =0 , (3.15)

V<711

which implies

1
B, + Hrigv; — )\Vno + Z ,unovgbp(l - m) =0, (3'16)
v<r]1 v

where, since v; is one of the removed nodes, we have used the expression K,;nl_o =

Krig T Mrigov; that we obtain when moving from H, to ’H;, as in Section 3.5.2.
Thus, (3.16) implies

gn‘o()‘) = 1+¢;1<

=1+ ¢_1 _:UJriovj —0,
P ,LLT',L'O’U]'

that is g, () = gzzoo(/\) =0 and A is a pole of g,,, due to Lemma 3.6.4.
Now, given a general subtree 7;,, w.l.o.g. we can assume that the claim is
true for any 7; < v; < T;,. Then if u is a leaf of 7;; that is also a leaf of T, clearly

Horiqv;

Friy = Vrig Ao + Zv<r,-0 HhriqvPp (1 - ﬁm) )
(3.17)

g (V) = gu(N).

Consider now the case of a leaf, u, of 7;, that is not a leaf of 7. Since u is not
a leaf of 7, by construction, there exist some node v; < w and some subtree
Ti < v < Tj,. For any such v;, by the inductive assumption, A has to be a pole
of the corresponding g,,, leading to the following equation:

:u”LLuF

Ku = VuA + D0 o Huv; Op 1_v-17/\
gum:w;l( <t gm))

=1+ ¢, (KU ~ At D “““”bp(l))

Huup

[ K — v .
:1+¢p1<uu> :917}()‘)-
Huup
Here we have used as before the fact k], = Kk, + Zvj ~u Huv;, see Section 3.5.2.
The case of u a generic node of 7;, can be proved analogously assuming,
w.l.o.g., the claim true for any w < u, w € T;,. Indeed, recalling k!, = K, +
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Zvj ~u Muw; and that, by the inductive assumption, A is a pole of g,, for any
v < u, we get

g\ =1 _’_¢;1 (:U«m}F <’<6u — VpAo + ZMUUJ' + Z Nuw@bp(l — gwl()\)>>>

v <U 1506%7%0
_ _ 1 -
=1+¢," (Mm}F </€L —VyA + Z Muw%(l - 9()\)>>> = g0 (V)
w=<u w
we T,

The case of u = r;, can be finally dealt with as done in (3.15)(3.17), concluding
the proof. O

Corollary 3.6.6. Let (f,\) be an eigenpair of H,, then, if g,(\) = 0, necessarily
f(up) =0.

Proof. First, notice that Remark 3.6.3 allows us to assume that, given any u €
T\ r, also the node up has a parent, since we can always think of 7 as immersed
in a larger tree with a suitably defined generalized p-Laplacian. Assume by
contradiction that f(up) # 0, then by Theorem 3.6.5 we would have that

flurp)
f(ur)

At the same time, Lemma 3.6.4 implies that X\ is a pole of the function g,,,
leading to a contradiction. O

= Gur (A)

3.6.3 Multiplicity via generating functions

Theorem 3.6.5 shows that given any eigenpair (f,A), the generating functions
{gu(N) }u characterize the value of f up to a scaling factor. In this section we
observe that counting the number of generating functions that vanishes on the
eigenvalue A provides several insights about its multiplicity.

First, we obtain the following sufficient result for simple eigenvalues, which
directly follows from Theorem 3.6.5.

Proposition 3.6.7. Let H, be the generalized p-Laplacian operator defined on a
tree T = (V,E), and let ug € V. If gu(A\) # 0, Yu < ug and gy, (X) =0, then X is
a simple eigenvalue of H,° associated to an everywhere nonzero eigenfunction.

Proof. We have alredy observed in Remark 3.6.2 that such a non zero eigenfunc-
tion f exists. Assume by absurd that there exist also an eigenfunction f* of H;°
associated to A with f* £ c¢f, Ve € R. Then, due to Theorem 3.6.5, there has to
exist a node v such that f*(v) = 0. Since f*(v) = 0 and for any node u such that
f*(u) # 0 it holds that f*(up) = f*(u)gu(N) # 0, then necessarily we get that
f*(u) =0, Vu < v. On the other hand, by the generalized p-Laplacian eigenvalue
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equation, if f*(v) = 0 and f*(u) = 0 Vu < v, then we have in addition that
f*(up) = 0. Thus, if f* is zero in some node then necessarily f* = 0 everywhere,
yielding a contradiction. O

Next, in the following lemma, we establish a more general condition for A to be
an eigenvalue, counted with its v-multiplicity, in terms of zeros of the generating
functions g, ().

Lemma 3.6.8. Let H,, be a generalized p-Laplacian on a forest G and, for anyu €
V' and any tree of the forest, let g, (\) be the function defined in (3.12)(3.13)(3.14).
Given A, assume there exist v1,...,vi € V such that

go(N) =0 Vi=1,... k.

Let {Uj}"}:l be the set of the parents of the nodes {v;}¥_,, where roots do not have
parents. Then, X is an eigenvalue of H, if and only if k —h >0, and

y-mult(\) =k — h.

Proof. From Theorem 3.6.5 and Corollary 3.6.6 we know that if X is an eigenvalue,
any corresponding eigenfunction f is such that

flu;) =0 and

= gu(N) i f(w) £0.

Following the strategy of Section 3.5.2, remove the nodes {u; }?:1 from the forest
G ending with a forest G’ and an associated operator 7—[; of the form

=0T Hy= S H(T).

for some n > 1. Then, from Remark 3.5.3, any eigenfunction of H, with eigen-
value A corresponds to an eigenfunction of ’H;,. In particular, given any subtree
7/ and corresponding operator H,(7;) it is easy to observe that

9\ =gu(\)  weT,

where ¢! are the generating functions defined starting from Hp(T;) via equations
(3.12),(3.13),(3.14) (see the proof of Theorem 3.6.5 for a similar construction).
Among the {T;}7,, let {T/}%_| be the subtrees with root r; = v;. Due to Propo-
sition 3.6.7, for any such 7, and corresponding H,(7;) there exists a unique
everywhere nonzero eigenfunction f; of #H,(7;) with eigenvalue A whose ratios
fl(wp)/ fl(w) are induced by the functions g,,()\), Yw € T;. Moreover, notice
that for any f eigenfunction of H, with eigenvalue A, since f is also an eigen-
function of H;,, we have f l77 = f1, for some o; € R.

On the other hand, on the subtrees {7}” ?’;1]“ whose root r; is such that r; # v;
Vi = 1,...,k, since g,(\) # 0, Yw € T;’, any eigenfunction associated to A of
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H,, has to be such that f |7;_u (w) = 0 because of Theorem 3.6.5. Indeed, suppose
by contradiction that f is an eigenfunction associated to A such that f]7;u # 0,
then f should be an eigenfunction of ’Hp(7;” ) with same eigenvalue A. However,
guw(A) # 0, Vw € T implies that f\7}u(w) # 0, Vw € 7;" and thus, by Remark
3.6.1, we would have that g, (\) = 0, which is absurd.

Now, let f; be the immersion of f/ into RY such that filrr = fland fi(w) =0
for all w ¢ 7;. Define Q := span{f;}¥_, the k-dimensional linear space spanned
by the f;. The observations above together with Corollary 3.6.6 imply that if f is
an eigenfunction of H, with eigenvalue A, then f € Q. Starting from (2, we want
to recover all the possible eigenfunctions of H, relative to A. To this end, we
select among the functions f € € all those functions that satisfy the eigenvalue
equation for H, also in the removed points {u; }?:1. For any node u;, let w; ; be
the node in the neighborhood of w; such that w; ; € 7. Then, the H, eigenvalue
equation on a node u; reads

() = D s u; 8p(Buss ) By (fi(71))

=D by @ Fiwi)) = (M, = e, ) 8p(Fug) =0 Wi =1,

where we have used the fact that on any 7 the ratios between the components
of f; are fixed by the functions g,,(\), w € 7 and thus, for every w € T, there
exists 5, # 0 such that f;(w) = By fi(rs).

We continue by defining the set A = {f|0;(f) =0, Vj = 1,...,h}. It is
clear that f is an eigenfunction of H, relative to X if and only if f € AN Q.
Thus, let us now study the genus of such a set. Observe that y(A\ {0}) = N —h,
since A is diffeomorphic to a linear subspace of dimension N — h through the
homeomorphism of RY given by z; + ¢,(2:), i = 1,..., N (the set of equations
{0;(f) = 0} is transformed into a set of h linearly independent equation by the
change of variable y; := ¢p(fi(r;))). Thus, if £ > h then the intersection is always
nonempty because of Lemma 3.5.1 and in particular

YANQ\{0}) > v(A\{0}) = (N—k)=N—-h—N—+k=Fk—h.

Now we claim that it is possible to define a function 1; in the set of Krasnosel-
skii test maps Ag_n(©2 N A\ {0}) such that 0 & (2 N A\ {0}). This implies
v(2 N A\{0}) <k — h, from which the statement follows. To construct such 0,
consider the function ¢ € Ai(Q2) given by:

F= > sk bl) = (£ f 1)) = (rfilra), s anfilrn))
i=1

It is easy to verify that 0 Z (22 \ {0}), as fi(r;) # 0, Vi. Since we want to define
the function ¢ on A N, we define v as the restriction to R¥=" of . To define
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such a restriction, note that among the {7} it is possible to select h distinct
subtrees {7 | such that any node u; is incident to some Ti- As before, let
wj,,j be the neighbor of u; in ’7;; Then consider the function 1; QN A RFR
entrywise defined as

(@n), = (u(n), it 1=1...h.

It is easily proved that @Z € Ak_n(2 N A). Finally, we show that if J(f) =0, for
some f € N A, then necessarily f = 0. To this end, write f = Zle a; f;. If
¥(f) =0, then (up to a reordering of the indices of the chosen subtrees)

OéZfZ(T’l)ZO VZ#Zl,lzl,h

Thus, f = Zlh:1 a;, fi,- Then, observe that, since f € A, we have

@](f) = ZHWil,jUj¢p(ail)¢p(ﬁwil,j)¢]?(fil (ril)) =0 \V/j = 17 RN h. (318)
l

Consider a node wj, that is incident only to one of the subtrees {7 M, say s

observe that such a node necessarily exists because there are no loops in a forest.
Then (3.18) for j = jo reads (up to a reordering of the indices)

O, (f) = Houjowi, o ¢p(aih)¢p(5wih)¢p(fih (ri,)) = 0.

This means that oy, = 0, i.e. f = 2?2_11 o, fi,. Repeating this procedure for
all the h nodes u;, we obtain that all the a; have to be zero. In particular, this
implies that, if & = h, then all the «; are zero and thus AN = {0} i.e. A is not
an eigenvalue, thus concluding the proof. O

To conclude this preparatory section needed to tackle the proofs of Theorems
3.3.7 and 3.3.8, we show in the next result how the eigenvalues and the corre-
sponding y-multiplicities change when moving from H, to ’Hg (recall that H; is
the operator obtained by removing all the nodes different from u and its descen-
dants while ’Hg is the one obtained by removing also the node u). We state this
result as a corollary of the previous lemma, recalling that A is not an eigenvalue
if and only if v-mult(A) = 0.

Corollary 3.6.9.
1. Let A be such that gu(X) = 0, then A is an eigenvalue of Hy and y-multyu (X)) =
’y—multHg()\) + 1.

2. Let X\ be an eigenvalue of?-[g such that g, (X)) # 0 for allw < u and g,(\) #
0, then A is an eigenvalue of Hy such that y-multyu (A) = y-multﬂg()\).

8. Let \ be an eigenvalue of Hg and assume there exist wi,...,w, < u with
G, (A) = 0, then y-multyu (X)) = ’y—mult,{g(/\) - 1.
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Proof. From Lemma 3.6.8 we know that A is an eigenvalue if and only if k—h > 0,
where k is the number of nodes v such that g,(A\) = 0 and A is the number of
their parents. In particular, we have that y-multy;,(A) = k£ —h. To prove point 1,
we observe that, since u is the root of the subtree 7,, u has no parents and thus
necessarily h < k. Moreover, by Lemma 3.6.4, g,(\) # 0, for all v < u implying
that h does not change when moving from 7; to 7,, while k increases by one.
This implies the statement. To prove point 2, it is enough to observe that the
number k£ — h does not change going from 73 to 7,. Finally, in order to prove
point 3 observe that in this case, when moving from T3 to 7T, k does not change
while A increases by one. O

3.6.4 Proofs of Theorems 3.3.7 and 3.3.8
We are finally ready to prove the main Theorems 3.3.7 and 3.3.8.

Proof of Theorem 3.3.7. We first observe that if the thesis holds for trees, then
it holds as well for forests. To prove this fact, we assume that all the eigenvalues
on trees are variational and the multiplicity matches the y-multiplicity. Then,
we note that if G = L;7;, with T; = (V;, E;) trees, then H, = &;H,(7;), where
Hp(7i) is a suitable generalized p-Laplacian operator defined on 7;, and hence
o(Hp) = Uio(Hp(T;)). In other words, the spectrum of H, is the union of the
spectra of the operators defined on the trees forming G. Next, we observe that,
by the same assumption on trees, o(H,(7;)) is formed only by variational eigen-
values and thus it contains at most |V;| distinct elements, implying that o(H,) is
formed by at most IV different eigenvalues. Now, let A € o(#,). By the previous
assumption, A is a variational eigenvalue of H,(7;), for some i € {1,...,k} and
multy, (7:)(A) = y-multy, (7;)(A) = m;(A). Then, for any i € {1,...,k} there
exists ¢; € Ami()\)(Ag) s.t. 0 ¢ (A4 NS,), where

A=A{f Vi RIH(T)(f) = AlFP2 S}

Let
Ax={f:V = RIH,(f) = AFP2f}.

Then, we can consider the extensions of the functions ¢; to Ay and, given m(\) =
>_;mi(A), define the function @) € A,,n)(Ax) as a linear combination of ¢;
such that 0 ¢ (A N Sp). This implies that y-multy,,(A) < m()\). Noting
that N = >y > ;mi(A), we have )y y-multy,(A) < N. Thus, by Corollary
3.3.6 we conclude that all the eigenvalues of H,, are variational and multy, () =
y-multyy, (A) = Zle multy, (77)(A).

Now, we address the proof of the assumption and consider the case in which
G = T is a tree. The proof proceeds by induction on the number of nodes N.
If N =1, from (3.12) and Proposition 3.6.7, we can conclude that there exists
only one eigenvalue, A1, with y-mults;, (A1) = mults, (A1) = 1. Assume now that
N > 1 and that the theorem holds up to N — 1. First note that the inductive
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assumption and the result derived in the previous paragraph imply that the thesis
holds for any forest composed by trees, each one, with less than N nodes. Then,
fix a root r for 7 and consider 73 = U} ;7; and ’Hz = ®Hp(T;). Proceed by
dividing the eigenvalues of ’Hg into two sets {g; };?:1 and {55}?:1, where each ¢; is
a zero of some g, for some v < r, whereas & is not. By the inductive assumption,
we have that

k h

ZV-HM“H;(%‘) + ZV'mUItHg(ﬁl) =N-1.

j=1 =1

Now, let us divide the eigenvalues of H, in a similar way. Let {m}fill be the
eigenvalues that are zeros of g,. By Lemma 3.6.4 we know that they are exactly
k+ 1, where k is the number of eigenvalues of ’Hz that are zeros of some function
gy With v < r By Lemma 3.6.4 we know that they are exactly k+1. Lemma 3.6.8
ensures that all the other eigenvalues of H, are also eigenvalues of Hg and, in
particular, they must be either in the set {qj}k,1 or in the set {¢} ;. Moreover,
from Lemma3.6.4 we deduce that {gj}J LN An Y = 0 while {&30, N {ni} ]
could be non empty. In particular, let us set

(&, = {& \ &y N {m L

Then,
k+1
Z y-multyy, (17;) + Z y-multyy, (55) + Z y-multyy, (&)
=1 7=1
k+1 k h1
= Z (7 multw ;) ) + Z ('y—mult;_” (sj) — 1) + Z y- multHT (&)
=1 j=1 =1
k h
=k+1—Fk+ Z*y—multq_[;(gj) + ny—multHg(@) =N-141=N
j=1 1=1

where we have used Corollary 3.6.9 and the fact that {&}/_, € ({&}/%,U{n}E]h,
with 'y—multHg(m) = 0if n; & {&},. Together with Corollary3.3. 6 the latter
equality concludes the proof. ]

Before moving on to the proof of Theorem 3.3.8, several observations are in
order.

Remark 3.6.10. Suppose G = U™ T; is a forest and let H, = &, Hy(Ti) as
before. If we consider an eigenfunction fi, of H, that is everywhere nonzero The-
orem 8.3.7 ensures that the corresponding eigenvalue A\ has multiplicity exactly
equal to m. Indeed, necessarily fi|71. is an eigenfunction of H,(T;) and, since it is

everywhere non-zero, its corresponding eigenvalue is simple because of Proposition
3.6.7.
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In addition, observe that ey = (up,vp) is an edge of some 7; such that
Jr(uo) fr(vo) < 0 if and only if ey separates two distinct nodal domains. This
means that the number of nodal domains induced by fr on 7; is equal to the
number of edges where f;|7; changes sign, plus one. Thus the total number of
nodal domains induced by f; on G is equal to m plus the total number of edges
where f;, changes sign. Combining all these observations, we eventually obtain
the following proof.

Proof of Theorem 3.3.8. First we note that, by the hypotheses and Remark 3.6.10,
the eigenvalue A\, = Ag1m,m—1, which corresponds to an everywhere nonzero eigen-
function, has multiplicity exactly equal to m, i.e.:

M1 < A== Megm—1 < Megm -

Now we prove by induction on & that, if f; is an eigenfunction everywhere nonzero
associated to the multiple eigenvalue A\, = - -+ = Agym—1, then f changes sign on
exactly k — 1 edges, implying that fi induces exactly £ — 1 + m nodal domains.
If k=1, fi|7; is an eigenfunction related to the first eigenvalue of each operator
Hp(Ti), i =1,...,m. Thus, as a consequence of Theorem 3.4.1, f; is strictly pos-
itive or strictly negative on every tree 7; and overall it induces m nodal domains.
Moreover, it does not change sign on any edge. Now we assume the statement to
be true for every h < k and prove it for h = k. If £ > 1, then f; cannot be a first
eigenfunction on every tree 7;. Then, by Theorem 3.4.1, there exists at least one
edge eg = (up,vp) in some T;, such that fi(uo)fr(vo) < 0. Thus, we operate as
in Section 3.5.1 and remove edge ep to disconnect 7;, into the two subtrees T,/
and T, so that the reduced graph G’ is the union of the m + 1 subtrees:

g’:<7IIILT)LITII_ITH
i=1 " = Tt
i#i0

Similarly, the new operator 7-[;,, obtained after removing ey, can be decomposed
as:
/ m ! e
Hy = (& Ho(T)) & Hy(Ti) & Hy(T2)
i#io
Now we can compare the eigenvalues {73} of #,, with the ones {\;} of H,. From
Lemma 3.5.2 we have:

M1 <A <M <o < Xgeom—1 < Mierm—1 < Mm -

Due to Remark 3.6.10 and Theorem 3.3.7, the multiplicity of n; has to be exactly
m+ 1 and, by assumption, A\y_1 < Apx = = Agrm—1 < Mgtm, 1.€6. N1 = -+ =
Mkam—1. Moreover, by the inductive assumption, fi changes sign on k — 1 edges
of the graph G’. Thus, on the original graph G, fi changes sign k —1+1 =k
times, concluding the proof. O
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3.7 Nodal domain count on generic graphs

In this final section we prove Theorems 3.3.9 and 3.3.10, providing upper and
lower bounds for the number of nodal domains of f and for the number of edges
where f changes sign. To this end, we need first a few preliminary results.

Consider an eigenpair (f, A) of the generalized p-Laplacian operator H, on a
generic graph G. Suppose we remove from G an edge ey = (ug, vg), obtaining the
graph G’ = G\ {eo}. Modifying accordingly the generalized p-Laplacian ,, as in
Section 3.5.1, the new operator H,;, on G’ is such that the pair (f, ), restricted
to G’, remains an eigenpair of 7-[;,.

Let us denote by Al(eg, f) the variation of the number of independent loops
of constant sign, namely the difference between the number of loops of constant
sign of f in G’ minus the number of those in G. Similarly, let AN (eq, f) be the
variation between the number of nodal domains induced by f on G’ and on G.
We can characterize the difference AN (eg, f) — Al(eo, f) in terms of sign, (f) =
f(up)f(vg), i.e. whether or not f changes sign over ey. In fact, note that, by
definition, if sign, (f) < 0, then neither the number of loops of constant sign nor
the number of nodal domains changes. If, instead, sign, (f) > 0, then either the
number of independent loops decreases by one (A(egp, f) = —1) or the number of
nodal domains increases by one (A(eg, f) = +1). Overall, we have

0 sign, (f) <0

. (3.19)
1 sign, (f) >0

AN (eo, f) — Al(eo, f) = {

Based on the above formula, the following lemma provides a relation between the
number of nodal domains induced by an eigenfunction and the number of edges
where the sign changes. It is a generalization of a result from [4], which was
proved for linear Laplacians and for the case of everywhere nonzero functions.

Lemma 3.7.1. Consider f : V — R, a function on the graph G. Denote by ((f)
the number of edges where f changes sign, by z(f) he number of nodes where f
is zero, by l(f) the number of independent loops in G where f has constant sign,
and by |E,| the number of edges incident to the zero nodes. Then

C(f) = 1Bl = B[ + 2(f) = VI + N () = UI(F) < [BE| = [VI+N(f) = 1)

Proof. Operating as in Section 3.5.2, we start by removing from G all the z(f)
nodes where f is zero, thus obtaining a new graph G’ with the corresponding new
generalized p-Laplacian 7—[;,. Since |E.| is the number of edges incident to the
zero nodes that have been removed, the number of edges in G’ can be estimated
as |E'| = |E| — |E.| < |E| - z(f). Moreover, the edges incident to the zero nodes
neither connect different nodal domains nor belong to constant sign loops. Hence,
the restriction of f to G’ remains an eigenfunction of #;, having the same number
of nodal domains and the same number of constant sign loops as f.
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Next, we proceed by removing from G’ all the edges eq,.. -yer() where f
does not change sign (i.e., such that sign, (f) > 0) and modify consequently the
operator H; as in Section 3.5.1. We obtain a new graph G” and the corresponding
new operator ”H;’ in such a way that (), f) remains an eigenpair. Since the number
of edges where f does not change sign is 7(f) = |E'| — ((f), thanks to (3.19), we
have that

h
> (AN (ei f) = Alles, 1)) = 1B = C(H) S |BI = 2() = <) (3.20)

=1

In the final graph G”, only edges connecting nodes of different sign are present,
so that each node is a nodal domain of f. As a consequence, there are a total
|V| — z nodal domains of f and no loops with constant sign. Then:

h

h
S AN(e f)=|VI—z(f) =N(f) and Y Alle;, f) = —I(f),
=1

i=1

and, by (3.19), 7(f) = Yiey AN (ei, f) = A llei, f) = V] = 2(f) = N(f) + 1(f)-
Hence, using (3.20) and the fact that 7(f) = |E| — |E.| — ¢(f), we obtain

CUf) = |E| = |E:| + 2(f) = VI+ N(f) = I(f) < [E| = [V][+ N(f) = 1(f)
thus concluding the proof. O

The above lemma allows us to prove our third and fourth main results given
in Theorems 3.3.9 and 3.3.10, which provide new upper and lower bounds for the
number of nodal domains of the eigenfunctions of the generalized p-Laplacian,
extending and generalizing previous results for the standard p-Laplacian and
the linear Schrédinger operators [5, 86, 87]. As the proof of the two claims in
Theorem 3.3.10 requires different arguments, we subdivide it into two parts, each
addressing one of the two points P1 and P2 in the statement.

Proof of Theorem 3.3.9. For a connected graph G, let f be an eigenfunction of
H, relative to X\. Let N (f) denote the number of nodal domains of f and let
G1,--.,9n¢(s) be such domains. Furthermore, let ey, ..., e be the edges where f

changes sign and vy, ..., v, the nodes where f is zero, with z = z(f) the number
of such nodes. The proof proceeds as follows.
According to Section 3.5.2, we start by removing the nodes vy, ...,v, from G

obtaining a new graph G’. Operator 4, is then modified to form the operator
7—[; in such a way that the restriction of f to G’ is an eigenfunction of 7—[;, with
the same eigenvalue A. Moreover, as all the zero nodes that are not part of any
nodal domain are now removed, we observe that f restricted to G’ has no zeros
and induces the same nodal domains that f induces on G. From Lemma 3.5.4,
we conclude that A < Ay < A}, where A} denotes the k-th variational eigenvalue

of 7'[1,0-
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Then, operating as in Section 3.5.1, we remove from G’ all the edges ey, ..., e¢
obtaining a new graph G"” and the new operator H,, such that f restricted to G"
is an eigenfunction of 7—[;’ with the same eigenvalue A. Notice that, since we
removed only nodes where f is zero and edges where f changes sign, then G” can
be written as the disjoint union of the nodal domains, namely G” = I_I?i(lf )gi and,
as a consequence, we have

N(f)
Hy = © Hy(G)

where H;’ (Gi) is the restriction of the generalized p-Laplacian operator onto G;.
Hence, from Lemma 3.5.2 we have

A< AL <. (3.21)

where A/ denotes the k-th variational eigenvalue of 7—[;,’ . Note that the restriction
flg, to each of the nodal domains G; of f has constant sign and it is then neces-
sarily the first eigenpair of H; (G;) corresponding to A (see Theorem 3.4.1) and
Corollary 3.4.2). Hence, A is also the first eigenvalue of ’H;,’ and, as an eigenvalue
of H,, has multiplicity exactly equal to N'(f). Indeed, defined 7 = span{f|g,},
since y(r NSp) = dim(w) = N(f), we observe

A= <N py= min @ maxRyr(f) < max Ryn(f) =,
L= N ™ derg(S,) Fea wy(f) = ferns, #y (f)
which yields )\x[( n= A. Moreover since 7 corresponds to the set of eigenfunctions

of H,, associated to A and y(7 NSp) = dim(7) = N(f), from Lemma 3.3.5 we
conclude multy(A) < N(f). We deduce that A = \] = .- = /\X/(f) which,
combined with (3.21), implies & > N (f), thus concluding the proof. O

Proof of P1 in Theorem 3.3.10. Using the same notation of the proof of Theorem
3.3.9 above, suppose that A > A;. Then Lemmas 3.5.2 and 3.5.4 imply that

A> A > )‘;c—z > A;C/—Z—C

where we define \j = A} = —oo for h < 0 and A}, = A} = 400 for h > N —
z(f) + 1. As observed above, A is also the first eigenvalue of 7—[;’. Thus, the
above inequality can hold only if k£ — z(f) — ¢ < 0. Using Lemma 3.7.1 we obtain
k—z(f)—|E|+|E.| —2(f) + V| =N(f) +1(f) <0, with [(f) being the number
of independent loops in G where f has constant sign. This implies

N(f) = k=z(f) = (B E:D+([VI=2(f) +I(f) = k+1(f)=B'(f)—=(f) +e(f)

where ¢(f) is the number of connected components of G" and S'(f) := (|E| —
|E.) — (V] = 2(f)) + ¢(f) the number of independent loops in G’ . O

Next, we provide a proof for P2, Theorem 3.3.10. The idea is similar to the
one used in the proof of P1. In the latter, we reduced the starting graph to the
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disjoint union of the nodal domains of an eigenfunction and doing so we knew
that the corresponding eigenvalue would become the first variational one on the
reduced graph. Now, instead, we reduce the graph to a forest where we know
from Theorem 3.3.7 that our eigenvalue becomes a variational one and we know
by Theorem 3.3.8 how to relate the nodal domains induced by the eigenfunction
to the index of the eigenvalue.

Proof of P2 in Theorem 3.3.10. Let H, be a generalized p-Laplacian operator
defined on a connected graph, G and assume

M A< SN < A= = A1 < A S S AN,

to be the variational spectrum of H, and f to be an eigenfunction relative to
A= X = - = Mam_1. Additionally, denote by N(f) the number of nodal
domains of f, by I(f) the number of independent loops where f has constant
sign, and by vy, ..., v, the nodes where f is zero, with z = z(f) the number of
such nodes.

Using the results of Section 3.5.2, we start by removing the nodes vy,...,v,
from G and accordingly modifying the operator H,, obtaining a graph G’ and an
operator H,, such that the restriction of f to G’ is an eigenfunction of H;, with
the same eigenvalue A. Observe that, since we have removed all and only the
nodes of G where f is zero, f restricted to G’ has no zeros and induces the same
nodal domains and constant sign loops induced on G. From Lemma 3.5.4, we
have that

;f—i-m—l—z <A< /\;H—m—l ’ (322)

where {)\,} denote the variational eigenvalues of H,,. In particular A is an
eigenvalue of H,, i.e. \ € [)\/1’)\/]V—z(f)] (N — z(f) the number of nodes of G).
Thus, since the variational eigenvalues of ’H;, split its spectrum in intervals, there
has to exist and index, h with A, < ;.| such that A € [X}, \}, ;) where X} = o0
if h > N — z(f). Morover from (3.22) we can state

h>k+m—z(f)—1. (3.23)

Now observe that if ¢(f) is the number of connected componets of G" and §'(f) =
|E'|—|V'|+¢(f) the number of independent loops of G’, we can remove §'(f) edges
from G’ to obtain a forest 7 with the same number of connected components of
G'. Every time we remove an edge, we modify the operator ’H;, as in Section
3.5.1 so that the pair (f, \) remains an eigenpair of the resulting operator. At
each step, denote by eg the edge we are removing, and by G/, ﬁ; and G, 7:2;’
the graph and the corresponding generalized p-Laplace operator before and after
cutting ep. Denote by {\,} and {\/} the variational spectra of 7?[;, and 7?[1'0’
Letting A\ € [X’E,X’ZH) (always with the assumption X} = oo if £ > |V(G")]), due
to Lemma 3.5.2, we can bound A in terms of the spectrum of the new operator
as:
N <A< Wy
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Now, define the two counting functions An(ep, f) and M (eg, f). The first one
counts how the variational interval in which A is contained changes when moving
from G’ to G”, namely:

—1 A< )N
An(eg, f)=4¢+1 A> X}’H

0 otherwise.

Observe that An(eg, f) = —1 implies that \ € [X/e/—p}v‘/z/)a An(eg, f) = 1 implies
that A € [\) 1, A/,5), and An(eo, f) = 0 implies that A € [N/, A, ;).

The second counting function, M (e, f), takes into account the sign of f on
the removed edge eg. Recall that, if sign, (f) < O then from Section 3.5.1 it
follows that A € [A7_;, Ay, ), otherwise we have A € [}, A}, ). Thus, we define

1 A< N
if sign <0,
{O otherwise & eo(f)

M(eo, f) =

0 A2,
- if sign > 0.
{—1 otherwise & eo(f)

It follows by their definition and from Lemma 3.5.2 that

0 sign, (f) <0

Thus, thanks to (3.19), every time we cut an edge ¢y and modify consequently
the operator 7-[;,, we have the following identity

An(eq, f) — M(eq, f) = AN (eo, f) — Al(eo, f), (3.24)

where AN (eg, f) and Al(eg, f) are the difference between the number of nodal
domains and the number of constant sign loops induced by f in G and in G” ,
respectively.

After 8 steps, (f, A) will be an eigenpair of a generalized p-Laplacian operator
H,, defined on the forest 7, such that f(u) # 0 Yu € G"”. We have proved
in Theorem 3.3.7 that 7—[;,’ has only variational eigenvalues, so, w.l.o.g., we can
assume that A has became the s-th variational eigenvalue of ’H;,’. Note that,
thanks to Theorem 3.3.7 and Remark 3.6.10 we have that multy(A) = c(f),
that is

"

Nomef) SA= Ny == M <X

Moreover, because of Theorem 3.3.8, we know that f induces s nodal domains on
the forest 7. Thus, using (3.24) and the equality S>7 | AN (e;, f) = s — N'(f),
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the number of nodal domains, N'(f), induced on the original graph G by f (which
is the same as the one induced on G’), can be written as

B g g’ g’
N(f) :S—ZAN(ei,f) :s—ZAn(ei,f)—ZAl(ei,f)—i-ZM(ei,f).
i1 i=1 i=1

=1

Finally, observe that, by definition of An, it holds
g’ B
> An(ei, f)=s—h, and > Alle;, f) = —I(f)
i=1 =1

because we have removed all the loops, while 226;1 M (e;, f) > —=0'(f) (note that
the equality holds if and only if M(e;, f) = —1, Vi). Hence, using inequality
(3.23), we obtain

N(f) Z s=s+h+1(f)=B'(f) = h+1(f)=B'(f) = k+m—1—z(f)+1(f) = B'(f),

which concludes the proof. O
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4 Reformulation of the p-Laplacian
eigenvalue problem

4.1 Introduction

In this chapter we address the problem of computing the p-Laplacian eigenpairs
when p is greater than 2, i.e. solutions of the nonlinear eigenequation:

Apf = N fIP2F

Recall that, in the general case, the number of p-Laplacian eigenpairs is unknown,
but it is always possible to select an ordered set, {/\k}{le whose cardinality is
equal to the dimension of the graph G. The remaining eigenvalues are usually
classified depending on their position in the variational spectrum, Ay < A < Ag41.
The computation of the p-Laplacian eigenpairs can be addressed by tackling two
distinct problems:

e The development of effective numerical algorithms converging toward solu-
tions of the eigenequation.

e The classification of the numerically found eigenpairs in terms of the vari-
ational spectrum.

Despite different algorithms have been proposed in the last few years [15, 50, 88],
to the best of our knowledge, no methods exist that are capable of accomplishing
both of the above tasks. In [88], the authors propose a numerical method capable,
in principle, to compute a sequence of N eigenpairs, where given the space, L,
spanned by the first £ — 1 computed eigenfunctions (L := span{fi,..., fk—1}),
the k-th eigenpair is found performing

M\ = min local max Rp(f) .
9LL Fespan{g,L}

If the so computed f; ¢ L, the authors show that (ﬁ,Xk) is a p-Laplacian

eigenpair and that, assuming the local differentiability of g — localmax R,(f),
f€span{g,L}

ﬁ has local minmax index of order k — 1, where the local minmax index is the

69
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number of local strict decreasing directions of the p-Rayleigh quotient, R, (f) =
IVFIB/IIFIIE, in fr. However note that there is no evidence that the cigenpair
sequence so computed exists. Indeed except for the smallest and the biggest
variational eigenvalues all the other ones could not be local maximal values of
the p-Rayleigh quotient on the linear subspaces spanned by the corresponding
eigenfunction and some other eigenfunctions with smaller eigenvalues

On the other hand for the nonlinear power method introduced in [50] and the
gradient flow method from [15], both thought to compute the extremal eigenval-
ues, it is always possible to prove the convergence toward some eigenpair but no
information about its position in the spectrum is available. Moreover we high-
light that both of these methods are not suited to compute a full sequence of
eigenpairs.

In the following, ispired by the Dynamical-Monge-Kantorovich method intro-
duced in [41, 43], we propose the reformulation of the p-Laplacian eigenproblem
in terms of a constrained linear eigenproblem. In particular we show that any
p-Laplacian eigenpair, (f,\), can also be regarded as a weighted linear eigen-
pair and that the index of the variational eigenvalue can be bounded using the
index assigned to A as a linear eigenvalue. Moreover, based on this analogy,
we introduce and discuss numerical algorithms to compute a class of p-Laplacian
eigenpairs. The strength of our method is the ability to calculate nonlinear eigen-
pairs by means of linear ones, but the proof of convergence of our method is not
complete and deserves a future in depth study.

4.2 Notation

To ensure self-consistency of the chapter, we begin by recalling the basic defi-
nitions and notation that will be used in this chapter. Let G = (E,V,w) be a
graph, where E are the edges, V' the nodes and w is a weight on the edges such
that wyy = wyy. Given a function f: V — R and a function G : E — R define
V:H(V)— H(E)
f = Vf(“?”) = Wyy (f(U) - f(u))

1
div = —ivT : H(E) — H(V)

G+ div G(u) = }Zwuv (G(u,v) — G(v,u))

where v ~ u means that (u,v) € E. Throughout the whole chapter, if not
otherwise specified, we use capital letters to denote edge functions and lowercase
letters to denote node functions. Recall also the definition of the p-Laplacian
operator

(Apf) () = —div(|[VFP2V ) = wu| VI (0, w)[P2 (V£ (v,u)) .

U
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Finally, we say that (f, \) is a p-Laplacian eigenpair with homogeneous Dirichlet
boundary conditions assigned on a subset of the nodes B C V, if it solves the
following equation

{Apﬂu) Sl VI WPV f0,0) = AF@P 2 () ueV\ B
f(u)=0 Vu € B

(4.1)
i.e., if and only if (f,\) is a critical point/value of the p-Rayleigh quotient on
Ho(V):
VAR 3 wwer [V (wo)?

R Yev f@)l
where Ho(V) ={f:V - R| f(u) =0Vu € B}.

Rp(f)

4.3 An equivalent formulation of the p-Laplacian eigen-
value problem

In this section we consider a trivial reformulation of the p-Laplacian eigenvalue
problem in terms of a constrained weighted Laplacian eigenvalue problem. Using
such an equivalence, since the eigenvalues of the corresponding weighted Lapla-
cian are finite, it is possible to assign to every p-Laplacian eigenvalue, A, an index
which is the index of A regarded as a linear eigenavalue. We prove that this index,
which is theoretically computable, matches the Morse index of R, in f, where
f is the eigenfunction corresponding to A. We would like to stress the fact that
here we are assuming p > 2.

4.3.1 Weigthed Laplacian equivalence

Recalling the p-Laplacian eigenvalue problem (4.1), it is easy to observe that
(f,A) is an eigenpair of the p-Laplacian if and only if (f, \) is an eigenpair of the
following constrained weighted Laplacian Dirichlet problem:

Auof(u) = > Houwuw V[ (v,u) = A, f(u) YueV\B

U

f(u)=0 Vu € B , (4.2)
Hoyy = ‘vf(uvv)‘[‘HZ V(u, U) eFE
Vou = | f(u)P~2 VueV\B

moreover p € MT(E) and v € M (V) where M1 (E) and M™ (V) denote the
positive measures space on the edges and on the nodes

Definition 4.3.1.

MT(E) ={p| pruw > 0V(u,v) € E} and MT(V)={v|v,>0VueV}.
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Let (f,A) be an eigenpair of the p-Laplacian and let
va = |f(@)P? and  pu = |V f(u,0)[P72.

Introducing the quantities

1
0= vl and |Vg|3, = 3
u

lg > | Va(u,v),

(u,v)eE
the 2-Rayleigh quotient weighted in u, v is given by:

Rauw(9) = IV 9ll3,./ 19115, -

Clearly the critical points and values of R, , are the eigenpairs of the linear
generalized eigenvalue problem

Apf=—=div(uVf)=Avf.

Since the last is a linear eigenvalue problem its eigenpairs can be numbered and,
using an increasing ordering for the eigenvalues, we denote by (fx(u, V), Ae(p, v))
the k-th eigenpair.

Observe that by definition of v, if || f||, = 1, then also ||f|]2,, = 1. We now
introduce the two spheres

Sp=Aglllgly =1} and S, :={g|llglla, =1},

and denote their tangent spaces in the point f by T7(S,) and T¢(S2,,). Then, it
is not difficult to observe that

{1 (& IfP72f) = 0} = T§(Sp) = Ty(S2,) = {€] (€, vf) = 0}.

Moreover, considered R, and Rs,, as functions defined on the manifolds S,
and Sy, respectively, in the next Lemma we show that it is possible to compare
the Morse indices of the functions R, and Ra,,, in the point f, MZ(R,) and
MZ¢(Ra,,). In particular this allows to relate MZ¢(R)p) to the linear index
of A, i.e., the position of A in the spectrum of the associated linear eigenvalue
problem, A, f = Avf. We recall that the Morse index of a function ¢ at a point
x is essentially the number of local decreasing directions of ¢ in z, MZ,(¢).
More precisely, it is the number of negative eigenvalues of the associated Hessian
matrix, 0%¢/0x?, see [71]. Before enunciating the Lemma observe that the u-v
weighted Laplacian eigenvalue problem can be degenerate in case Ker(diag(v))

is non empty. In this case, indeed there would be only N — dim (Ker (diag(u)))

well defined eigenpairs, nevertheless with a small abuse of notation we can always
complete the set of eigenpairs to a base of the space. We have to differentiate
between two cases, first if f is in Ker(diag(u)) but not in Ker(AM), we can say
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that f is an eigenfunction of eigenvalue A equal to infinity, f indeed would be a
eigenfunction of zero eigenvalue of the inverse eigenvalue problem

diag(v)f = AALS .

If instead we have a function f such that f € Ker(diag(y)) ﬂKer(Au) then f
satisfies the pu-v Laplacian eigenvalue problem for any eigenvalue A, in this case
we can thus say that f is an eigenfunction for an arbitrarily chosen eigenvalue .

Lemma 4.3.2. Let (f, \) be an eigenpair of the p-Laplacian, and v = |f|P~2, u =
IV fIP~2. Assume that h is the linear index of X, i.e. (f,\) = (fa(p,v), An(p,v)),
where fr(u,v) and A\p(u,v) are the h-th eigenfunction and eignvalue of the p-v
weighted Laplacian problem given in (4.2) and are such that:

)\h—i-m(lu’a V) > )\h-‘rm—l(/’ba V) = )‘h(u7 V) > Ah—l(/*% V) .

Here in the multiplicity of A, we count also the dimension of Ker(A,)NKer (diag(y)),
i.e., whenever f is such that f € Ker(A,) N Ker(diag(v)), we artificially im-
pose that the corresponding eigenvalue A satisfies A = Ap,. Instead, for every
f € Ker(diag(v)) but f & Ker(A,), with a small abuse of notation, we write that

f is an eigenfunction associated to the eigenvalue A = oo. Then

MZ¢(Rp) = MIZf(Ropy)=h—1.
MIf(—Rp) = MIf(—R27u7V) =N—-h—m+1.

Proof. To prove the lemma we first show that V¢ € T¢(S,) = T¢(S,) we have:

W(IIV(HG&)H?) _plp— 1)32<\|V(f+6§)\|3,u>
0\ |If +e€llp /o 2 0\ |If +el3,

The first derivative is zero as f is a critical point for both the Rayleigh quotients
because of the equivalence of the p-Laplacian and weighted Laplacian eigenvalue
problems in f.

e=0

9 HV(f+6§)H§> _ (V P o1 )
ae( el )|, = T\ Vave = Smelirese
9 HV(f+6£)H§u> 2 ( V712, >
) - =P = \Y% ,V - : )
ae< e, oo~ TAE, \WY Ve = T = vf.d)
P
_ Qp(qw\p-?w, vey - IVl o2y )
7 HE

(4.3)
Then, recall first that & € T¢(S,) = T¢(S,), which means

0 0
EH]P—‘_ 65”5 = &”f_'_egH%,V = C<|f’p_2f7 £> = C<Vf7§> =Y,
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second that

5<\|V(f+6§)\|§>

9 <||v<f+es>||%,ﬂ>
oe\ Tf + <€l

e=0 a e Hf + 6&”%,1/

= 07
e=0

and last that

Olx + ey|P~2(x + €
| y!ae ( y)‘go: (p— 2z

2
Pty a2y = (- Dol 2y,
Then, using the last remarks, differentiate the first derivatives (4.3) , where we
recall the |V (f+€€)[P~2(V(f+€€)) and | f+€e£[P~2(f +€€) are entrywise products:

E \V<f+65)H;’3> _p(p_1)< VA )
e (Taen )| = " (v vevo - fggtaseiee
5 ||v<f+eguaﬂ> ) < V713, >
()| = VEVE) - et (e,
ae2< ez, o= T, \WYe Ve = g e 8

2 \vailis

(4.4)
and this yelds to the desired equality.
Next observe that T4 (S2,,) = span{ f;(u, v) }izn, indeed T'g¢(S2,,) = {&, |, (v f,§) =
0}, and {fi(i,v)}: is a v-othogonal basis of the space. Hence, the following im-
plications hold:

2
8(”““5)”) <0 & espanlfi(m )| M) < Ao}

0\ |f+e€ls, /leo
0% (IV(f +e€)l3,
M(W) 7 0 <= ¢espan{fi(p, V)| Xi(p,v) > An(p,v)}

To prove the last statement, let { = >, ), i fi(u,v) and recall that if i # j,
(uVfi,Vfj) = 0 and (vf;, fj) = 0. Hence, using (4.4), we can provide the
following equality that allows easily to conclude the proof of the lemma:

& (\WfﬂfH%,u)
o2\ 7 + <,

T ZZ%%(WW“W” - A"<”f"’fj>>

2
2V ith j#h

= ||f2% Z&?<<vai, Vi) = AV fi, fi>>
W izh

In the last equality observe that if f; is an eigenfunction corresponding to an
eigenvalue \; with f; & Ker (diag(l/)), then

<<,U’Vfiavfi> — (v fi, fi>> = 1£ill3., (A — An)
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i.e., f; is an increasing or a decreasing direction of R, , in f according to the
inequalities \; > A, or A; < A,. Moreover if f; € Ker(A,) N Ker(diag(v)) by
definition we have A; = A, which corresponds to observing that f; is neither an
increasing nor a decreasing direction of Rz, in f

<<sz-,Vfi> v m) .

Finally if f; € Ker (diag(u)) but f; & Ker(A,) , then by definition we have \; = oo
which corresponds to observing that f; is an increasing direction of R, , in f,
indeed:

((qui,vm —Ah(ufi,fi>> = ((uwj,vm) >0.

Observe that the last equalities proves that the tangent directions corresponding
to smaller(higher) eigenfunctions of the u,v weighted Laplacian problem corre-
spond to decreasing(increasing) directions of Rs ., and thus of R,. O

4.4 Variational Eigenvalues

We devote this section to show that for certain families of variational eigenvalues
of the p-Laplacian we can compare their index with the corresponding index of
the same eigenvalues seen as eigenvalues of the corresponding linear weighted
Laplacian. We begin this section recalling that since the p-Laplacian operator is
nor linear we do not know a priori how many eigenvalues exist. Nevertheless it
is always possible to select IV of them as representants of the whole spectrum.
Since the usual selection procedure is performed by means of variational methods
the selected eigenvalues are named variational eigenvalues. The most classical
variational eigenvalues are defined using the Lusternik-Schnirelman theory and a
min-max method based on the definition of Krasnoselskii genus of a set [46, 47,
63, 85]. Nevertheless this is not the only possibility and using the same tools it
is possible to select different families of variational eigenvalues more suitable to
our scope.

We start recalling the definition of the Krasnoselskii variational eigenvalues.
The domain of definition of the Krasnoselskii genus is the family of the closed
and symmetric subsets of R™:

A={ACRN| A closed, A= —A}.
For any A € A, the Krasnoselskii genus of A is then defined as the number

inf{k € N : 3p € C(A,RF\ {0}) s.t. p(z) = —p(—2)}
v(A) =< oo if 71 k as above )
0 if A=
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where C(A,RF\ {0} is the space of continuous functions on A with values in
R*\ {0}. In other words, the genus of A can be seen as the smallest & such that
A can be continuously mapped on the sphere of dimension k — 1 preserving the
symmetry. Consider now the family F(S, N Dy) = {A C ANS, NDy| v(A4) >
k}, the Krasnoselskii variational eigenvalues, {\X}&_ . of A, are defined by the
following expression

K
— inf 4.
N = Alg]—‘k ?22 Rp(f). (4.5)

It is easy to prove that such values are actually eigenvalues (i.e. critical points
of the Rayleigh quotient) see [46, 47, 63, 85]. Moreover, since we are working in
a finite dimensional space, we can prove that the inf sup is actually a min max.

Lemma 4.4.1. Let )\f be the k-th variational eigenvalue

— inf
Xy = AlélkfchR p(f)-

Then there exists Ay € Fp s.t.

ppg R
k= maxRy »(f)

Proof. Since any A € Fj, is compact it is clear that we can replace the sup by a
max. On the other hand, we need to do some more work to work out of the inf
condition. Assume A, € Fi to be a minimizing sequence, i.e.

1

AC < max R <N - 4.
E S fei}i p(f) < A o (4.6)
and define
Ay = A, 4.
0 QN(ng ) ) ( 7)

Ap is a nonempty symmetric closed set as it is the limit of a sequence of symmetric
closed subsets of a compact set, S,. Now we study the genus of Ay, if y(Ag) =
h < k, then there exists an odd function fy continuous in Ay and with values
in R"\ {0}, fo € C(Ag,R"\ {0}). Thanks to the Tietze extension theorem it
is possible to find an odd function fo € C(RN,R") such that f0| 4, = fo- The
preimage Uy = fo L(R"\ 0) is a neighborhood of Ag, thus from (4.7), there exist
ng such that
A, C Uy, Yn >ng.

Observe that this leads to an absurd because, considering ﬁ)] A,, as a Krasnoselskii
test function for A,, it implies that VYn > ng, 7(A,) < h < k. Thus, necessarily,
v(Ap) > k and, since Ag C A, Vn € N, thanks to (4.6) and the definition of A}

AR < maxR,(f) <\,
f€eAo

concluding the proof. O
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We refer to the previous chapter 3.4 for an in depth study of such eigenvalues,
in particular we remind the following result from section3.4.

Theorem 4.4.2. Let N} and \§ be the first two Krasnoselskii variational eigen-
values. Then first )\’f s simple, meaning that there exists a unique eigenfunction
f1 associated to )\’f. Second f1 is the only strictly positive eigenfunction, i.e. if
[ is an eigenfunction of A, and f(v) >0 for allv € V' \ B, then

f=r.
Third, there are no eigenvalues between )\’f and )\IQC, i.e.
AF = min{\ | \ eigenvalue of Apand X > MY} .

The definition of the variational eigenvalues of the p-Laplacian using the Kras-
noselskii theory is widely used in literature, but not the only one. For example,
from [32, 33] a “Drabek” family of variational eigenvalues, say {A\P}; can be
defined as follows

AP = inf supRa, (f), (4.8)
AeAPreA

where
FP:={AcC S,NnDy|3hec C(S*1 A), hodd and surjective}, .

Observe that, since FP C Fy, necessarily \j, < )\kD . In [32, 33] it is also proved
that A\; = AP and A\ = A\l whereas the equality of the upper variational eigen-
values so defined remains an open problem.

Inspired by these works, below we present a new class of variational eigen-
values whose definition allows a comparison between their variational index and
their index as eigenvalues of a weighted Laplacian. The families of subsets suit-
able to define a sequence of variational eigenvalues can be characterized as the
families of subsets stable with respect to appropriate deformations of the domain.

To describe our new definition, we first introduce some classical notation. We
say that c is a critical value of R, if there exist f € S,NR,(c) s.t. 9R,(f) =0
and in this case f is said a critical point. Any ¢ € R that is not a critical value
is said a regular value. We denote by C the closed, and hence compact, set of
critical points of R, on S,NDy and by R, (C) the compact set of the critical values.
Finally, for any = € R, we denote by Ry = R, 1(—c0,x]. The following Lemma
is a classical results from critical point theory [75, 85] and it is here presented
in the version that better suits to our scope. Given a family of subsets F and
a functional identified with R,, the Lemma describes some sufficient conditions
that guarantee that the min max, or the max min, over F of R, is a critical
point.
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Lemma 4.4.3. Assume F to be a family of subsets of S, N Dy such that for any
regular value c € R of R, there exist € > 0 and continuous deformations of the
domain ¢ : [0,1] x S, = Sp, ¥ : [0,1] x Sy, — S, such that:

¢(0,-) =idg, (") ¥(0,-) = ids, ()

H(1,RT€) C R P(1, S, \ R€) C S\ ReFe

o(t,A) e F,VAe F, vte|0,1] Y(t,A)e F,VAe F, Vtelo,1].
Then

A:= inf supR , = sup inf R
IESWR(), = up Il Ry()

are critical values of R,.
Proof. Assume by absurd that X is a regular value and consider a deformation of

the domain ¢¢ as in the hypotheses such that ¢(1, Rg“) C Ry ¢. Then consider
a subset, A, € F, such that

sup Rp(f) < A+e,
feAe

by hypotheses ¢(1, A¢) € F and

sup Rp(f) <A —e
fes(l.Ae)

which is an absurd because of the definition of A as an inf. The proof for 7 is

similar. O

The next step is to show that for any regular value ¢ there exists a deformation
of the domain which perturbs the set RIC;LG into the set Ry;™¢ for a suitable e.
Then we will be able to choose a family F that is invariant with respect to such
deformations. The following lemma is a p-Laplacian adapted version of a family
of deformation lemmas suitable to work in more general settings, see [47, 75, 85].

Lemma 4.4.4 (Deformation Lemma). Let p > 2 and assume ¢ to be a regular
value of Ry,. Then there exists € > 0 and a C family of ¢ € C1([-1,1] x S, S,)
such that

1. ¢(t,-) is a C? odd homeomorphism for any t € [—1,1],
2. ¢(1,R°T) C Ry and ¢(—1,5, Dy \ R™€) C S, N Dy \ R,
where Ho(V) ={f:V = R | f(u) = 0Vu € B}.

Proof. Let By, (Rgi(c)) and By, (Rgi(c)) be two symmetric open neighborhoods
of Rgi(c) in S, N Dy such that Bn(Rgi(c)) C BQn(Rgi(C)) C Sp \ K. Consider
€ € C(S5,,RT) a symmetric cutoff function such that

g, =1, €ls,\B,, =0-
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Now introduce the deformation function ¢ : R x S, — S, that solves the following
Cauchy problem

Since it is easy to observe that 8f(Rp(f)) is an odd C* function, 8f(R,(f)) €
CY(S, N Dy, RM) and af(Rp(f)) = —Gf(Rp(—f)), for any t € [-1,1] and p > 1
we have that ¢(t, f) is a C? odd function, ¢(t,-) € C?(S, N Dy, S, N Dy) and
o(t, f) = —o(t,—f). Moreover ¢(-,t +s) = ¢(-,t) o ¢(-,s) and thus ¢(-,t) =
¢~ (-, —t). Finally observe that

0

5 (Ro(0(1.0) = ~€0(1.0)]| SRu(6( 0 < 0.

{aw(t, f) = —€(b(t, [)OfRy(S(t, f))

Since ¢ is a regular value and R, Le
minimum greater than zero on R (

) is a compact set, [|0/0f(Rp(f))| admits a
» (c
such that

) and so, for any ¢ > 0 there exists an € > 0

Rp(o(f,t) <c—e Vfe 'R;l(c).

To conclude, by the continuity of ¢, there exists a neighborhood U, (that we can
assume w.1.o.g to be RET€) of R!(c) such that

Ry(6(f,1) < c—¢ VfeU..
Moreover, since ¢(-, —1) = ¢~ 1(-, 1), necessarily ¢(—1, 5, \R5 ™€) C S, \Rete. O

It is now possible to introduce another choice of variational eigenvalues in
addition to the Krasnoselskii and Drabek definitions for which, given a variational
p-Laplacian eigenvalue ), it is possible to compare the variational index of A with
its linear index, i.e. the index of A as eigenvalue of the linear problem (4.2). To
this aim, for any p > 2, we introduce the family of embedded C? k-spheres in Sp
given by:

JT-'I/C = {A C Sp mDO’ Elgo c Cz(skfl,A),(pfl c CQ(A’Skfl)}

, where S*~1 is the k—1-dimensional sphere. Observe that, thanks to Lemma4.4.3,
the family 7}, for any k, satisfies the hypotheses of Lemma4.4.3 and thus we can
define the following family of variational eigenvalues

A, = inf maxR = su minR . 4.9
o= LR = s () (1.9

Observe that since F, C F C Fj the eigenvalues N} satisfy the following in-
equalities with respect to the Krasnoselskii (4.5) and the Drabek (4.8) variational

eigenvalues:
A< AP <\ (4.10)
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Oserve also that for given two symmetric subsets, A, C S, and By C S, re-
spectively homeomorphic to a k-sphere and to a N — k + 1-sphere we have that
A N By, # 0 (see Lemma 3.5.1), thus Ve we have the following :
" . . /
—e=minR < min R < max R < maxR < Apte.
k fin A, (f) < Jein A, (f) S e A, (f) < max 2, (f) < Ay
Hence we can establish the following inequality between the max min and min

max variational inequalities:

ES (4.11)

In addition we can prove the following equality about the first variational eigen-
values:

Lemma 4.4.5.
Me=AP =N =)\ and Ny =22 =), =),.

Proof. The case k = 1 is trivially proved since all M, AP X" and ] are defined
as pointwise minimizers of R,.
To prove the second sequence of equalities, let As € Fo be such that
max R = \k.
max R, (f) =
From the definition of Krasnoselskii genus, A2 must be necessarily a closed, sym-

metric, and connected subset of S;,. This fact implies the existence of a continuous
closed curve ¢ : [0,1] — Ag such that

R =K.
Jnax p(f) = A3

Now observe that the curve §(¢) can be approximated by C? curves 6¢(t) € A}
with d(d(t), 5€(t)) < €, thus using the continuity of R, we easily get that

Ny < AY (4.12)

which, together with (4.10), implies that equality holds. Last observe that from
(4.11),
N <N, (4.13)

However we recall from 4.4.2 that there are no eigenvalues of the p-Laplacian
between A\{ and \§. Hence, from (4.10), (4.13) and (4.12) it follows

Mo=AD =X =)
O

Now, thanks to Lemma 4.3.2, given a variational p-Laplacian eigenvalue, A,
we are able to compare its position in the variational spectrum with its index as
an eigenvalue of the corresponding weighted Laplacian.
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Lemma 4.4.6. Let (X, f) be a p-Laplacian eigenpair such that
A=\

Define p = |Vf|P~2 and v = |f|P72 and assume N\ = Ny_pmi1(p,v) = -+ =
An(p,v), where Xj(p,v) are the eigenvalues of the weighted Laplacian as given in
Lemma (4.3.2) and m is their multiplicity. Then

k < h.

Moreover, if X! = X, then
h—m+1<k.

Proof. We first assume k& > h. Then by characterization (4.9), for any ¢ > 0
there exists fo € S, N Dy and a subset A _; € S, N Dy, C?-diffeomorphic to a
(k — 1)-dimensional sphere such that

At e=Ry(fe) = fénaex Rp(f)-

k—1

Then for any & € Ty, (S, N Aj,_;) and any curve, y(t), in Aj,_; such that v(0) = f.
and +/(0) = &, we have

2
TR GD)] = {6 D*RY(1E) + (VRY(f) A (1) 0. (414)

Then assuming, up to subsequences, that f = lime g fe and 7 := limc_0 Tgy. (SpN
A ) € T(Sp N Dy), recalling that 8f(Ra,(f)) =0, for any & € m, from (4.14),
we have

a?@vq+¢m% :p@—n620vu+¢m%
0\ |f+elp /o 2 0\ |If +€ll
Moreover, if A = A\p(u,v), thanks to lemma 4.3.2, we know that if £ € T¢(S,) =
T¢(Sp) and & € span{f;(p, v)}j>n then

W(\\V(He&)\ﬁ) _plp— 1)82<\|V(f+6£)\li>
0\ Nf +ellp /o 2 0\ |If +€l?

Now observe that dim(7NT(S,)) = k—1 and dim (span{ f;(u,v)}j51) = N—h >
N — k. Thus

<0.  (4.15)
e=0

>0 (4.16)
e=0

Tr(Sp N Ag) Nspand{ fj(u, v)}j>n # 0

which is a contradiction by (4.16) and (4.15).
In the second case, if k < h —m + 1, by (4.9), we can state that there exists a
subset 7 of T¢(S, N Dy), of dimension N — k such that for any £ €

620v0+¢m% p@—na20vu+¢m%

= > 0.
0\ |f +elp /o 2 0\ |If+el

e=0
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1L f=(1,1,1,1), A=0

° 2. f=(1,0,-1,0), A=2
3. f=(0,1,0,—1), A=2+2r"!
G e 4. f=(1,0,1,—257), (1,—257,1,0)
e A=1+4(14251)7"
5. f=(1,-1,1,-1), A=2°
Figure 4.1: Left: Example graph in which the corresponding p-Laplacian A, with

wuw = 1 Y(u,v) € E, has more eigenvalues then the dimesion of the space. Right:
Set of five eigenvalues and corresponding eigenfunctions.

Moreover, again from 4.3.2, we know also that V& € span{ f;(u, V) }j<h—m+1

52(W(f+6§)!§> _plp— 1)82<||V(f+e£)li>
9\ |If +e€lly /o 2 0\ |If +€l?

leading to an absurd since

<0
e=0

dim(Tgf(SpﬂAN,k)) —|—dim(span{fj(,u, y)}j<h,m+1) =N—-k+h—m>N-1.
O

Observe that if ), = A}/, as in the case of k = 1,2, Lemma 4.4.6 implies that
A is the k-th eigenvalue of the corresponding weighted Laplacian.

Remark 4.4.7. Observe also that the last Lemma 4.4.6 provides a nowvel tool in
the study of the variational eigenvalues. Recall, for example, the graph presented
in the introduction with the corresponding eigenpairs of the p-Laplacian (see Fig-
ure 4.1) Then, since the number of eigenpairs is greater than the dimension of
the space, at least one of the eigenvalues is a non wvariational one. However,
the only definition of the variational eigenvalues does not help to identify which
eigenvalue is variational and which one is not. Differently the last lemma allows
us to conclude that the eigenvalue A\ = 2 + 2P~1 is not a variational eigenvalue.
Indeed the gradient of f = (0,1,0,—1) is everywhere different from zero, which
implies that:
Ker(A,) NKer(v) =0,

where p = |V f[P~2 and v = |f[P=2. Moreover, it is easy to prove that (f,\) =
(0, 1,0, —1), 24 2p_1> is the second eigenpair of the eigenvalue problem

Auf=f,
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and that X is a simple eigenvalue of the (u, v)-weighted linear eigenvalue problem,
i.e.:
A(p,v) < A= Xa(p,v) < A3(p,v) = Aa(p,v) = 0.

Thus, if A was a variational eigenvalue X = X.(A,), Lemma 4.4.6 would yield,
k < 2. However from the characterization of the second eigenvalue in the previous
chapter (see Theorem 3.4.8) and Lemma 4.4.5 we know that X\ can not be the
second variational eigenvalues. Otherwise A should be the smallest eigenvalue
among the eigenvalues that are strictly bigger that the eigenvalue 0, nonetheless
the eigenvalue 2 is always between 0 and A see Fig.4.1. Hence we can conlcude
that A = 2 + 2P~ s surely not a variational eigenvalue.

4.5 p-Laplacian eigenpairs as critical points of a class
of energy functions

In this section, using the equivalence of the p-Laplacian eigenvalue problem and
the constrained weighted Laplacian eigenvalue problem (4.2), we characterize
a set of p-Laplacian eigenpairs in terms of critical points of a family of energy
functions whose variables are densities on the edges and on the nodes of the graph.
To formalize some proofs, before considering the classical p-Laplacian eigenvalue
problem, we need to introduce the weighted (p, 2)-Laplacian eigenvalue problem
that can be of independent interest [15, 45, 74].

4.5.1 The (p,2)-Laplacian eigenvalue problem

Let v : V. — R be a density on the node space of a graph G and consider the
(p, 2)-Rayleigh quotient,

VAl 2 Len [V (@)l
’R’P,ZV(f) - Hf P - g 9
2 (Luev vl fw)P)
Assuming R, 2, to be defined on the domain Dy we call its critical point equation,
the (p, 2)-Laplacian eigenvalue equation weighted in v:

{(Apf)(U) = Ava|lfl15, f(w) Vue VB (4.17)
fu)=0 Vu € B

and we refer with \(p, 2, v) to indicate the (p,2)-eigenvalues.
Observe that if f solves (4.17), we have the following equation Yu € V' \ B:

S @l VAP (VEw,w) + (30 wh ) @2 ) = A | £18,7F ().

veV\B vEB

v~u v~u

(4.18)
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Moreover, as done for the p-Laplacian, we can define the (p, 2)-variational eigen-
values as follows. Let So = {f : || f|l2,, = 1} and for any 1 < k < n consider the
Krasnoselskii family Fj,(S2 N Dy) = {A C ANS2 NDy|~v(A) > k}, then

Ae(p,v) = ,L{Iél]% I;lezﬁ( Rp2.(f)
defines the k-th variational eigenvalue of the (p,2)-Laplacian. Next we provide
a quite classical charaterization of the first eigenpair ( fi, M(p, 1/)) of the (p,2)-
Laplacian. The idea is very similar to the one used in [54] for the classical
p-Laplacian eigenvalue problem. We recall first the following maximum principle
from [77] that we use in the proof, whose proof is reported, for completeness, in
the appendix ThmA.0.2.

Theorem 4.5.1. Suppose that f and g satisfies

Apf(u) + ()| f (P72 (u) = Apg(u) + r(u)|g(w)["~>g(u),
where r(u) > 0 for any u in V. Then f(u) > g(u) for any u € V.

Then we can prove that the first eigenvalue is simple and positive and the
corresponding unique first eigenfunctions is the only eigenfunction that is strictly
greater than zero on all internal nodes. This is summerized in the following
theorem:

Theorem 4.5.2. Let G = (E,V,w) be a connected graph with boundary, B. As-
sume (A1, f1) to be a first eigenpair of the (p, 2)-Laplacian with Dirichlet boundary
conditions. Then A1 > 0 and fi(u) >0 Yu € V. Moreover \; is simple and fy
1s the unique eigenfunction strictly greater than zero on every internal node.

Proof. Let fi be a minimizer of Rp2, such that [/ fil2, = 1. Observe that
Rp2v(f]) < Rpau(f) with equality if and only if f = |f|, implies that f;
satisfies fi(u) > 0 Vu € V' \ B. Moreover if there exists u € V' \ B such that
fi(u) = 0 then, from (4.18), fi(v) = 0 for any v ~ u and the connectedness of
the graph implies f; = 0 which is a contradiction.

Now we can prove the second part of the theorem. Assume that there exists
a positive eigenfunction fo > 0 such that Rp2,(f2) = A2 > A1. Take ¢t > 0 such
that

)\Qfg(u) > t)\lfl(u) YueV \ B and HdugeV \ B s.t. tfl(u()) > fg(uO) .

Applying Theorem 4.5.1 to the functions tf; and fa, we get a contradiction,
proving that positive eigenfunctions have to be associated to the first eigenvalue.
We are left to prove that A\ is simple, i.e., the uniqueness of the corresponding
eigenfunction fi. Assume that there exist two positive eigenfunctions fi; and fo
relative to Ay with || fi[l2,, = || f2[l2,, = 1. Then, the function

N

g(u) = (fi(u) + f3 ()2,
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has 2-norm given by ||g|[5,, = 2%, and its gradient satisfies:

—2
IVl <22 (VAL + IV £2IIB)

with equality holding if and only if V fi(u,v) = V fa(u,v) V(u,v) € E. To prove
the last inequality, consider an edge (u,v) and use first the Cauchy Schwarz
inequality applied to the two vectors (f1 (u), fg(u)) (f1 (v), fg(v)) and then the

Jensen inequality applied to the function z ]:Jc\g

p

=

(F1(w)? + f2()?)? — () + fa(v)?)
(1) = 1) + (o) - H)?]°
<27 (| = A+ falw) = L))
= 2" |V fi (0, ) + |V falv, ) P)

Vg(v,u) " = wi,

p
S Wy

where, by convexity of the function |:z:]§, we have equality if and only if fi(u) —
fi(v) = fa(u) — f2(v). Then we have

p p=2 P
n28 = Millgll, < Vgl < 2°7 (IV AL+ 1V A]5) = M2b

implying that for any edge fi(u)— fi(v) = fa(u) — f2(v) and thus, since || fi]|2,, =
Il f2ll2ws f1 = fo O

4.5.2 Weigthed Laplacian equivalence

Similarly to the p-Laplacian eigenvalue problem discussed in Section 4.3.1, the
(p, 2)-Laplacian eigenvalue problem can be reformulated in terms of a constrained
weighted Laplacian eigenvalue problem. To this aim, we first look at the eigen-
value equation (4.18)

> @l VI AV ,w) + (D wh, 1@ () = AvallF15,F ()

veV\B veB

Y

Dividing both the terms by ||f|]§;,2, it is straightforward to observe that (f, \)

is an eigenpair of the (p,2)-Laplacian if and only if (f,\) is an eigenpair of the
constrained weighted Laplacian problem

Apfu) =3, 0 WaoltuwVf(v,u) = Avy f(u) YueV\B

fu)=0 Vu € B (4.19)
p—2

[y = @O Y (u,v) € E

—2 -
1112
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4.5.3 Energy function of the first eigenpair of the (p, 2)-Laplacian

Given a density v € M™(v) on the node space, we introduce a convex energy func-
tion whose minimum can be proved to correspond to the unique first eigenapair of
the (p,2) eigenvalue problem weighted in v. The results and the techniques pre-
sented in this section are the starting point for the next paragraphs that address
the classical p-Laplacian eigenvalue problem.

Consider the energy function, written here for a fixed v € M*(V):

1 I£13, | p—2 723

L1.6 (1) = M () = sup 02 Wi

e A TR TP G
M (u,w)EE (4 20)

2 vof(w)? -2 ] .
— sup ZUEV wf () S+ p Z bz
F 2 (uwyer Puo| V f(uv)] 2p =
_p_

where Mg, (1) = % Z(u,v)EE pbs” . Since in this section we are assuming v

to be fixed, to simplify the notation, we will write A(u) in place of A(u,v) and
L1,r(p) in place of L1 g(p,v) .

In what follows we will be using the following result about the differentiability
of the first eigenvalue of the Laplacian operator. This result is well-known [61]
and we report here only the special case of a generalized weighted Laplacian
matrix.

Lemma 4.5.3. Assume g € M (E) and v € M (V) to be positive densities
on the edges and on the nodes (see Deff.3.1) and let A,y to be the weighted
generalized Laplacian matriz associated to the homogeneous Dirichlet boundary
problem on the graph G = (V, E,w) with boundary B. Define A\i(uo) to be the
1-st eigenvalue of the eigenvalue problem A, f = Avf, and assume A, to be
not degenerate, then the subgradient of the function p — /\1_1(,u) m gy 1S given
by:

- _ IVf]? -
3<)\1 1(MO)) = CO{ - m | Ay f = Al(Mo)”f}

Where Co{-} denotes the convex hull.

Proof. The proof is a trivial consequence of the forumla for the subgradient of
the supremum of a family of convex functions (see Thm 4.4.2 [51]) which states
that, given ¢(x) = sup,eca ¢a(x) with ¢, convex, A a compact and o — ¢q ()
an upper semi continuous for any x in a neighborhood of xg, then

d(d(z0)) = Co{0¢qa(z0) | a s.t. da(z0) = P(20)} . (4.21)
In our case we have 2
— f 2,v
A 1 — >
CU= e TV,
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0 :“’ e‘: o

Figure 4.2: A graph with non-simple first eigenvalue. Assume v, = 1 Yu €
V'\ B, then the graph is symmetric and the first eigenfunction of A,, fi(A,,v),
is unique and necessarily agrees with the symmetry of the graph. This means
that V f1(3,4) = 0 and thus the density po = |V f1|P~2 of eq.(4.19) is also zero on
the edge (3,4) and splits G in two connected components. As a result Ai(ug, V)
is not simple.

2
with g — ||f”2’2“ differentiable in pg and
IV£I3,,
5 1£13,, () VRIS,
2y ) = — e 2
"IV, 21V £113,,

DD o

Thus from (4.21), recalling that 171

s A"2(pg), we get the desired result:

oy

sHQ

_ B ik B
8()\1 1(H0)> = CO{ - m | Auf = )\I(NO)Vf} :

O]

We recall in particular that if the graph is connected and g > 0 then A1 () is
simple (see Theorem A.0.1). Otherwise the multiplicity of A;(x) can grow up to
the number of connected components of G = UM G, and the eigenspace of A1 (u)

is the span of the eigenvectors relative to every connected component. In other
words, if A, f = A (p)vf,

fespan{fiii=1,...., M, st. Apfiilg; = M(p)vfrilg , fri(u) =0VYu € G\G;}

We would like to remark that an edge with zero density can be removed from
the graph without changing the eigenfunction when we consider the constrained
weighted-Laplacian eigenvalue problem equivalent to the p-Laplacian eigenvalue
problem (4.19). Hence, the first eigenvalue may not be simple even for a connected
graph if p > 0. Figure 4.2 reports a simple example where this situation occurs.
The above result of Lemma 4.5.3 can be extended also to the higher eign-
values by means of the Clarke subdifferential of a locally Lipschitz function, see
[25, 27, 52]. Here, however, we limit our study of the higher eigenvalues to the
differentiable case. Assuming A (p) to be differentiable in a point pg, in the next
Lemma we provide a trivial characterization of its derivative in the variable p.
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Lemma 4.5.4. Let A\, (1t) to be the k-th eigenvalue of A, the weighted generalized
Laplacian matrixz associated to the homogeneous Dirichlet boundary problem on
the graph G = (V, E,w) with boundary B. If \x(p) is differentiable in po, then

B B IV fi|?
O ()\kl(u)>w0) B _2>\k(/~00)2||ka§,u

Proof. Observe first of all that if g () is differentiable in po then Ag(po) is simple
and thus fy is uniquely defined, see [61].By the chain rule it is enough to show
that

o Ortus (F79" diag 1)V k) 19 fo (o)
k(1) = -
b 2 fell2, 2(| 73,

To prove the last equality, we differentiate both the terms of the eigenvalue equa-
tion with respect to fiyy:

Optun (B fi) = Optan (Mucling(v) i)

Otun (AL) fro + A pOpan () = Optuw (M) diag(v) fio + Axdiag(v)Opuuw (fr) -
Then multiply both terms by fi and remember A, f; = Agfk = M fr and A, =
VT diag(p)V
Fi Ot (D) fie + b f1l O () = Opaw (M) f1 diag(v) fr + A fi diag (1) Dptuww (f)

TV ding(ew)V fi = O () 1 diag(v) i

where e, is the characteristic function of the edge (u,v), this concludes the
proof. ]

Now we have all the instruments to study the critical points of the function
L1 1(p) (4.20), we will show that it admits a unique minimum, p*, and that the
first eigenfunction of A« corrsponds to the unique first eigenpair of the (p,2)-
Laplacian. Indeed, that the function £q g(r) (4.20) is a convex function on the
convex cone M (E), hence it admits a unique minimum that can be characterized
by means of Lemma 4.5.3.

Theorem 4.5.5. Given v, € M (V) such that v, > 0Vu € V' \ B, let u* be a
manimizer of L1 (1) on MY (E). Then there exists f1(u*) such that

Ay fr(p®) = M (p*)v fr(p*)
e __IVAGEOP?
N2 () | () s

In particular (f1(u*), )\110—1('“*)) , is the first (p, 2)-eigenpair, (f1(p*), )\11”_1(/[“)) —
(fl (p,v), M(p, 1/)) Moreover

* 2])_2 *%
Li,p(p") = » AP (p,v)
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Proof. We first observe that, necessarily, A« is a non singular matrix. Indeed,
if this was the case we would have A\ (p*) = 0 and thus £« = oo, implying that

p* is not a minimizer. Then, from [24], we know that the minimizer p* of the

constrained problem has to satisfy the following KKT system of equations

0e OC/JLE(M*) — > v CuvCuv
Cuvlbiy =0 V(u,v) € E
Cup > 0 V(u,v) € B

where ey, is the characteristic function of the edge (u,v) and {cy,} is a family of
edge-wise Lagrange multipliers. Using lemma 4.5.3 we get

2

0e CO{ — ’vf(U,U)P } + Mfwﬁ - ZCuveuv

223 (1)1 £113, 2
Apef =M f (4.22)
Cuvlliy, =0 V(u,v) € E
( Cuv = 0 V(u,v) € E

In the case in which p* does not disconnect the graph, A;(u) is differentiable in
p*, and thus the proof trivially follows from Lemma 4.5.3 since

IV F (o) * I £, 0)
A = Bz | A f = M} = g

where f7 is the only eigenvector associated to A;(u*) . Assume now that the graph
has been disconnected by the zeros of p* and consider an edge, (ug,vg) € E, such
that uy ,, =0. Let G: E - R” and c: EF — R* be, respectively, the element
in the subgrandient of A\;*(1*) and the Lagrange multiplier that satisfies (4.22).
Then we have G(up,v9) = cygu, = 0. Now we claim that if G is zero on all
the edges where p* is zero, necessarily G is an extremal point of the convex set
(A1 (")), i.e., there exists an eigenfunction fi(u*) such that

VAW
221 () Fa ()2

The last claim follows by recalling that, if the graph has been disconnected by the
zeros of p*, G = U;G™, and the multiplicity of A;(x*) can increase up to the num-
ber, m, of connected components of G. Moreover, the corresponding eigenspace
is generated by the eigenvectors relative to every connected component. This
means that if A,g = A\ (n)vg,

gespan{fi;i=1,....,m, st. Ayfiilg, = M(w)vfiilg , fii(u) =0Vu e G\G;}

Now, (4.22) ensures that for any puf, # 0 |[Vf(u,v)[? # 0, which implies that
fii #0Vi=1,...,m, ie., the multiplicity of A\;(1*) is exactly equal to m. Thus,

G =
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up to rescaling, there can exist only one linear combination f; € span{f;} such
that V fi(u,v) = 0 for all edges (u,v) where u}, = 0. This in particular means
that if

[V f(u,0)[?

223 () f13,

and G(u,v) =0 Y(u,v) s.t. ur, =0, necessarily

G(u,v) € C’o{ Ay f = Al(ﬂ*)lff}

VAP
XA,

concluding the proof of the claim. It follows that equation (4.22) can be written

as:
. IV f1[P2

= -2, X =2
AN () f I,

Apfr = (p")vfi
that reads

Y wwl VA@ WP (V(0,u) = M@ )P Al v i) YueV (4.23)

veV
v~Yu

From equation (4.23) it is straightforward to observe that the pair (f1(p*), )\11’_1 (1*))
associated to the critical weight u*, corresponds to an eigenpair of the (p,2)-
Laplacian. Moreover

A >0 YueV\B

beacause it is the first eigenfunction of a Laplacian opertator. Thus, following
Theorem 4.5.2, (f1 (u*), )\Il’fl(u*)) is necessarily the first eigenpair of the (p,2)-

Laplacian, A’f_l(u*) = A1(p,v). To conclude, we observe that

Lop(p) = A 7 p—2 * 5P
Le(r) =N\ (I%V)"'T Zﬂuu”
P weE
1 pP—2 Mlpv) _2p—2 -5

_p_ )‘1 ! (pjy),
A7 (p,v) PO (pow)

4.5.4 The p-Laplacian eigenvalue problem

In this section we discuss the more classical (p, p)-Laplacian eigenvalue problem
as presented in section 4.2 (we will refer to it just as the p-Laplacian eigenvalue
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problem). We recall that it corresponds to the study of the critical points and
values of the p-Rayleight quotient:

||Vf”§ % Z(u,v)ew |Vf(u, U)|p
R = —
)= S FOP

or, in other terms, the p-Laplacian eigenvalue equation reads:

Apf(u) =3, wu V (0, 0) P2V f(0,u) = A f(w)[P2f(u) YueV\B
flu)=0 Vu € B '

(4.24)
As in the case of the (p,2)-Laplacian eigenvalue problem, the same characteriza-
tion of the first eigenpair, (f1(p), A1(p)), carries over directly to the (p,p) case,
see Theorem 4.4.2. Thus Ai(p) is a simple eigenvalue and fi(p) is the only p-
Laplacian eigenfunction to be strictly positive on all the internal nodes of the
graph.

Analogously, the equivalence of the p-Laplacian eigenvalue problem with a
generalized linear eigenvalue problem carries over directly, see 4.3. Thus we say
that (f,A) is an eigenpair of the p-Laplacian, i.e., satisfies eq.(4.24), if and only
if (f,\) is an eigenpair of the constrained weighted Laplacian Dirichlet problem

Auf(u) = puwwn VI, u) = v, f(u) YueV\B

flu)=0 - Yu € B
o = |V f(u,v)[P~2 V(u,v) € E
Vo = | f(u)[P~2 VueV\B

Observe that, alternatively, we can write (4.24) as a constrained weighted (p, 2)-
Laplacian eigenvalue problem, halving the number of free variables:

Apf(u) = Mol £, 2 f(u) YueV\B

p—2
uuz'f'(;‘”)gb VueV\B .
f)=0 Yue B

4.5.5 Energy function of the first eigenpair of the p-Laplacian

In section 4.5.3 we have proved that, given a weight function on the nodes v,
it is possible to characterize the first eigenpair of the (p, 2)-Laplacian eigenvalue
problem weighted in v by the minimizer p) of the function £; g(u) (see eq.
(4.20)). We can analogously introduce an energy function only of the variable v
as follows:

2p—1) -1 _9 v
£1,V(1/):7(p ))\1 ”*l(p,y)—pi Z vE? .
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Observe that for any non singular v, from Theorem 4.5.5, we have the following
equality:
Liv(v) = L1,5(k,v) — Myp(v)

_p_
where My, (v) := % ZueV\B vt~*. We want to show that the only critical point

of this function corresponds to the first eigenpair of the p-Laplacian. However,
before taking derivatives, we have to prove sufficient regularity of the function
v — Ai(p,v). Similar results have been proved for the regularity of the first
p-Laplacian eigenfunction with respect to perturbations of the domain (see [64]).

Lemma 4.5.6. The function A1 : v — A (p,v) is continuous together with its
first derivativer, i.e., M (p,-) € CH(MT(V),R), where MT(V) ={v:V \ B —
Rlv, > 0}. Moreover

%(p vo) = 2 A1 (p, vo)l fol®
ov 2 lfll3,

Proof. In the proof we write A1(v) to denote A\ (p,v). Consider the function

VIR 3 Y wer [V ()P
1f15, (Cuerival fW)[?)

Recall that, given v, the fist eigenvalue is characterized by

R(f,v):

A(v) = m}nR(f, v) =R(f,,v).

The function that associates to a density v the corresponding first eigenfunction,
, fuv, of the (p,2)-Laplacian weighted in v, with ||f,||2,, = 1 is well defined by
Theorem 4.5.2 and continuous by the continuity of the minimizers. Observe also
that given a density 1y and considered the corresponding first eigenfunction f,,
from Theorem 4.5.2 we know that f,,(u) > 0 Vu € V' \ B. Now consider the
variation of A1 near a point vy, where we use the notation fy := f,,

A1(vo) — M(v) = R(fo,v0) — R(fv,v)
< R(fo,v0) = R(fu, V) = OR(fv, 10) (vo — v) + o([lvo — v||)

which means

= lim sup (Al(yo) — M (v) = ,R(fo,v0) (10 — V))

v—rp

< lim sup (8,,R(f,,, 1) — O R( fo, 1/0)) (vo—v)=0

v—Q
Similarly observe that

A (vo) — M(v) = R(fo, v0) — R(fu,v)
> R(fo, ) — R(fo,v) = 0 R(fo,v0)(vo — v) + o(|lvo — vl



4.5. ENERGY FUNCTIONS 93

i.e.

= liminf A\ (1) — A1 (v) — O, R(fo,v0)(vo —v) > 0.

v—

Thus we get

A (y 2
9\ (10) = R (fo, vo) = _SW
2v
O

Because of lemma 4.5.6 we know that £,y € CY(M™*(v),R) and hence we
can study its critical points. It turns out that, if p*, maximizer of £y v (v), is
nonzero, then there is only one critical point, as the following theorem asserts

Theorem 4.5.7. Let v* be a mazimizer of the function L1y (v) and (A1 (p, v*), fu+)
p

be the first eigenpair of the correspondingg weighted (p, 2)-Laplacian. Then ()\12@71) (p,v

1s the first eigenpair of the p-Laplacian. Moreover v* belongs to the interior of
MH(V), ie.,
vie{v:V\B—=R|y, >0VueV\ B},

and not other internal critical points of the function Ly (v) exist.

Proof. Thanks to Lemma 4.5.6 we have

oL v
ov

R
£,

Then considering the KKT conditions for the maximum constrained problem we
get that, if v* is a maximizer, there exist a family of Lagrange multiplier {c, },ev
such that

(v) = A7 (p,v)

Af “p,v )|f”()| ViPT fe, =0 YueV
Hfl/*HQV
cuvy =0 Yu eV (4.25)
cy >0 YueV
Apfoe =M (p, V") for 520 for

Observe that the first three equations necessarily imply

_p—=2 2
* :)\ T 2(p—-1) 1) LV )|fl/ ( )’p .
I R TR

Replacing (4.26) in the last of (4.25), we obtain

|fl/*

(4.26)

L= M) [ P e

(4.27)
Observe now that, since f,~ is the first (p, 2)-Laplacian eigenfunction, Theorem
4.5.2 ensures that f,«(u) > 0 for all w € V '\ B, and thus, by (4.26), v* is an

(p=2)
Apfor = M@ ) fur 50 2077 2 (V") s

*)7fV*)
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internal point of the domain M ™ (V). Moreover, from Theorem 4.4.2 and (4.27),
1

()\12(” “(p,v*), f;‘) is necessarily the first p-Laplacian eigenpair. We conclude
by observing that, other internal critical points of the function £;y(v) would
correspond to other critical points of the p-Rayleigh quotient. This would corre-
spond to a first eigenvalue of the p-Laplacian with multiplicity greater than one,
contraddicting the result of Theorem 4.4.2. O

We would like to remark that, by Theorems 4.5.7 and 4.5.5, the point (u*, v*)
satisfies:

(up-,v*) = argmax argmin + M, (1) — Mp(v)

velnt(M* (1)) per+(u) M (1, V)

Thus (u}«, v*) is the only, possibly non-differentiable, saddle point of the function
& € C(Int(MT(V)) x MT(E),R)

E1lu.v) + M (1) — Myp(v) (4.28)

B 1
A1 (“) V)
In particular we can state the following

Theorem 4.5.8. Assume (u*,v*) to be a saddle point of the energy function

E1(p,v) and let (Al(u*,u*),fl(u*,u*)) be the first eigenpair of the Laplacian
b

eigenvalue problem weighted in (p*,v*), then ()\12 (u*,y*),fl(u*,u*)) is the first

p-Laplacian eigenpair.

Proof. The proof follows directly from Theorems 4.5.5 and 4.5.7. 0

4.5.6 The other eigenpairs

Recalling (4.5.4), it is clear that any eigenpair of the p-Laplacian can be seen as an
eigenpair of a constrained weighted linear Laplacian. Hence to any p-Laplacian
eigenvalue we can associate the index of the corresponding linear eigenvalue.
Then, it is natural to consider energy functions similar to (4.28) but with eigen-
values of higher order in place of Aj(u,v), i.e.:

€0 (1, v) = mi) + Mg (p) — My(v), (4.29)

where A\ (i, v) is the k-th eigenvalue of the weighted laplacian eigenvalue problem

A/‘«Ofk(u) = Z #Oukuvvfk’(vv U) = )\k(/% V)”Oufk(u) YueV \ B

U

fr(u) =0 Yu € B

and we recall the definitions
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In the following of the chapter, since we are not interested in varying p, we omit
the superscript p in the definition of Slf .

For the eigenpairs beyond the first one there are no results similar to the
one provided by Theorem 4.5.8. However, under the assumption of regularity
and differentiability we can prove that saddle points of the energy functions in
equation (4.29) correspond to eigenpairs beyond the first one. Indeed, observe
that the energy functoins in equation (4.29) for k£ > 1 are continuous in Q =
Int(MT(E)) x MT(V)U MT(E) x Int(M*(V)) but may loose continuity in
both y € IM™T(E) and v € IM™T (V) (where IM™T(E) and OM™ (V') denote the
boundary of Mt (FE) and M™(F)) as in this case the eigenvalues may no longer be
continuous [53]. Moreover the functions & (i, ) are not differentiable whenever
M. (p, v) is not simple. Avoiding these degenerate situations it is possible to prove
that any smooth saddle point of & (u, ) corresponds to a p-Laplacian eigenpair.
We collect this result in the form of a theorem as follows.

Theorem 4.5.9. Let (p*,v*) € Q be a smooth saddle point of the function
p
Ex(u,v). Then (/\13 (™, v*), fr(u*, V*)) is a p-Laplacian eigenpair.

Proof. To simplify the notation in this proof we denote (Ak(u*,l/*),fk(u*, V*))
by (A, f). The saddle point equation of the energy function & (u,v), thanks to
Lemma 4.5.4, reads:

u,v)|? 'va%
T e 0 M) €
H|VfJ(:\}I)%’,Z* R s, =0 YoeV
Cuvblly = 0 Yuv)er (430
Cup > 0 V(u,v) € E
syvp =0 YveV
Sy >0 YveV
A f = A f

where {cuy}(uver and {s,}vey are suitable families of Lagrange multipliers.
observe that if py, = 0, since ¢, > 0, the equation

V£ (u,v)]?
B 2( % 1% 2 — Cuv
2% (v [ f113,, -

=0

admits only the solution V f(u,v) = 0, ¢y = 0. Analogously v = 0 implies



96 CHAPTER 4. REFORMULATION OF Ap EIG. PROBLEM

f(v) = s, = 0. Hence equation (4.30) yields:

L v
RN
P . (4.31)
IV 5,2
Ay f = f
Now we can write:
=l VAPT? v =elAP, (4.32)

and, from (4.31) we immediately obtain
2— 2—
C,U' = A1 prHQ,VI: (4 33)
— 2—p ) )
Cy = HVfHQ,,u*
Finally, divide the second equation in (4.33) by the first one to yield

Cy —2 ||f1’%u* % p=2
o _ypa( Il 7 a3
¢ 0 NIVAR . !

Replacing (4.32) in the last equation of (4.31), dividing by c,, and using (4.34),
we obtain

S V£ (0, 0) P72V (0,u) = N8| F ()P ().

v~u

That concludes the proof. ]

4.5.7 Numerical Aspects

In this final section of the chapter we discuss how the results of the above The-
orems 4.5.9 and 4.5.8 can be used to effective numerical algorithms to compute
p-Laplacian eigenpairs. The key idea is to define gradient flows for the functions
Ek(u, v). However, we face the problem of the lack of regularity of the functions
Ek(u,v) in case of eigenvalues with multiplicity greater than 1. Nevertheless, our
preliminary numerical results show that the developed schemes actually deliver
acceptable results in most situations. In the following we describe the methods
and discuss some benefits and drawbacks.

4.5.8 Gradient flows

We would like to start this section by noticing that computing the saddle points of
the functions & (i, v) is a constrained critical point problem. To avoid adding the
positivity constraints our numerical schemes we perform the change of variable
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p = 0? and v = 3. Using the new variables, the functions & (0%, o3) become well
defined everywhere in RIZl x RVl We thus define a dynamics for the variables
(1, v) as the gradient flow in the variables o1 and oy i.e.

2 2
= 20101 = —QUlm = _4U%M — _4NM
80’1 8/1 a'u
and analogously
iy PEr)
%

Writing explicitly the partial derivatives and neglecting constant multiplicative
factors we end up with the following gradient flow system:

- V£ 2
=15z — H7)

- lf2 2
V= ”(\\anz e 2)
Apf=X(p,v)f

The system of algebraic-differential equations is discretized by means of a
simple explicit Euler method with an empirically-determined constant time step
size, t. The third (purely algebraic) equation is solved by diagonalizing the p-
weighted linear Laplacian by means of standard blas-like methods. Given the
value of k and the initial values p and v9, for n = 0,1, ... the final scheme takes
on the form:

Appf = N (i, vi) f

n+1 n n |Vf|2 n 2
= it (el e — G
AN T

LI @g)fz) .

il = vy, + tuy; <
. ZI

Convergence towards equilibrium is considered achived when the error

err = [|Apfi(t) = A OO ult)] 1o (4.35)

is below a given tolerance.

Figure 4.3 shows the experimental results obtained on a graph of 49 vertices
with weights randomly chosen between 0.1 and 1.1. The graph is plotted by
distributing the nodes randomly in space with edge lengths equal to the recip-
rocal of the weights. The results are relative to a value of p = 6. The first 6
eigenfunctions (left panels) and relative convergence behaviour are reported. We
note that convergence towards equilibrium for £ = 1 and k = 2 is smooth and
fast. However, for k = 3 strong oscillations when the error reaches 10~4 appear
and convergence is completely absent. For k£ > 3 the initial oscillations disappear
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Figure 4.3: Left panel: first six eigenfunctions as calculated by the proposed
method for p = 6. The graph nodes are randomly distributed with edge lengths
equal to the reciprocal of the weights. The nodal values of the eigenfunctions are
plotted with the color-code shown on the right of the figure for k = 1,...,6 (top
to bottom). For each k the right panel reports the behavior of the error defined
in eq.(4.35) as a function of time steps (iterations) n.
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quickly and convergence of the discrete gradient flow proceeds smoothly after
that.

We must recall here that for £ = 1 Theorem 4.5.8 ensures that the energy
function £; has only one saddle point and the proposed algorithm is expected to
converge. However, for k& > 1 nothing is known. In particular, if the eigenvalues
are not simple, the energy function loses continuity, and the ODE trajectories
identified by the gradient flow intersect, potentially leading to an oscillatory be-
haviour of the discrete method.

For k = 3 the initial oscillations clearly noticeable in the convergence profile
are due to the jumping back and forth between energy levels relative to different
values of k of the numerically calculated trajectories. In this case the gradient
flow stagnates. In other cases we observe experimentally an oscillatory behaviour
which actually converges towards stationarity. This behaviour can be justified
empirically postulating that the time step becomes large enough to jump over
the discontinuity point and, by chance the numerical scheme picks an appropriate
trajectory and carries the calculations to convergence. However, unlike in the
linear (p = 2) case, we have no means at the moment to identify the position in
the spectrum towards which we converge.

4.5.9 Final Considerations

We have observed in section 4.3 that every p-Laplacian eigenpair can be consid-
ered as a linear eigenpair of a properly weighted Laplacian eigenproblem. Using
such a characterization in this section we have introduced a class of energy func-
tions whose “smooth” saddle points correspond to p-Laplacian eigenpairs. Nev-
ertheless, except for the first eigenpair of A, (Theorem 4.5.8), not all of the other
eigenpairs can be found as saddle points of one of these functions. Indeed, first
of all, there exist p-Laplacian eigenvalues that are not simple eigenvalues of the
corresponding weighted Laplacian eigenvalue problem, see Fig 4.2. In addition
there are also p-Laplacian eigenpairs that correspond to smooth critical points of
the relevant energy function without, however, being saddle points, i.e. minima
in g and maxima in v. Considering the proof of Theorem 4.5.9 it is indeed clear
that if (pu*,v*) is a smooth critical point of & such that u), > 0V(u,v) € E and
vy > 0Vu €V, then ()\E(u*, v*), fe(p, V*)) is a p-Laplacian eigenpair. On the
other hand, in the case of a partial degenerate p*, v*, the KKT conditions for
extremal values that are not min max do not necessarily imply that the optimizer
corresponds to a p-Laplacian eigenpair (but they do not exclude this possibility
either).

We devote the remaining part of this paragraph to show that such situations
can actually occur. To simplify the problem, let us fix the v-variable and reduce
the problem to finding the minimum in g i.e. consider the functions Ly gp(u) =

1

N M, (gt). Their smooth minimizers correspond to eigenvalues of the (p, 2)-

Laplacian weighted in v. In particular, as for £ g, it can be proved that, given u*
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Figure 4.4: Simple example of a case where the p-Laplacian eigenpair does not
correspond to a saddle point of any of the energy functions &,k = 1,...,n. Here
the lengths are all unitary, i.e.: wy, =1V(u,v) € E

1
a smooth minimizer of L, g, the pair ()\]’;71 (u*,v), fr(p, V)) is a (p, 2)-eigenpair,
(simply repeat the proof of Theorem 4.5.9 letting v to be fixed).
Consider now the graph and the eigenpair in Figure 4.4, and let
p—2

Vf*

|fH P2
_ Y —

T —— =
L 2Ae e 118
1
A simple calculation shows that (f*, \*»—1) satisfies the eigenvalue problem
A, f=Mvf.

1
Moreover from a numerical computation we obtain that (A\*)r=T = Ag(u,v) is

a simple eigenvalue. Thus, we deduce that (f*, )\*P%l) should correspond to a
critical point of the energy function L3 g .

However, we can prove that ir is not a minimizer of L9 g. To this aim, we
compute the Hessian matrix of L3 . The gradient of £3 g (Lemma 4.5.4) is given
by

8(£3’E<ﬂ>)_i Vo) 1%

= + —u
Oty 22 ()l fsll3, 27

Now before going into the computation of the Hessian observe that we need the
derivative of f; with respect to u. Start from the derivative of the eigenvalue
equation

o(A) Ofs) _ O(Aufs) _ d0afs) _ X

Y\ A _ _ hdd

ofs
ou’

then recall that the (u,v)-cigenfunctions are a basis of RIVl and thus we can
express 0fs/0u = 2?21 «; f; as a linear combination of the eigenfunctions. As-
suming || fi|[, = 1 Vi, multiply both the terms by a generic eigenfucntion f; to
yield:

(2o Gt + (o2 ) = G2 fuwti) + da{fr 2.
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Recalling that A, is a symmetric matrix, (f;, v f3) = 6; 3, we obtain

(A — >\3)<fi,uaf3> - —<Vfi, W%> i # 3.

En O
JE
<f37 Vai'u> =0
ie. 9
0fs . (vfi(u7v>7vf3(u7v)) )
O B Z (A3 = Ni) i

i=1
Using the last expression for the derivative of the eigenvectors we can derive the
expression of the Hessian matrix of L3 g,

%Ls :IVf3(61)|2|Vf3(62)|2

Dtieriicy 1 %
L (Vo) V() (Vilea)Visle2) | 1 2
)\% Z;él )\3 _ AZ p o 2/"Lel €1,€2

where e; and es denote two edges (uj,u2) and (vi,ve) and we are assuming
fill,b =1Vi=1,...,3.
Now, if we consider the case p = 4, a trivial numerical computation of the

2
O Lsp (u) with f3 = f*/||f*||, returns the values

eigenvalues of I
€1 €2

M =-05874, =1, A3=3

revealing the nature of saddle point and not minimizer of the point pu.
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5 The Graph Infinity Laplacian
Eigenvalue Problem

5.1 Introduction

In this chapter we discuss the infinity Laplacian eigenvalue problem. The topic
has been largely addressed in the continuous setting [9, 39, 57, 58, 68, 89]. How-
ever, to the best of our knowledge, the discrete case has never been discussed
before. The interest to the study of this problem is twofold, on one hand we
remind that solutions of p-Laplacian equations, for large or infinite values of p,
play a fundamental role in various applications like L' optimal transport prob-
lems [40], semisupervised learning [36, 82] and image manipulation and [1, 38].
On the other hand the results proved in the continuous setting show that the
infinity eigenpairs encode topological information about the domain, it is thus
natural to investigate analogous results in the discrete setting where such results
could find applications in data analysis and machine learning. The main difficul-
ties in the study of the infinity Laplacian eigenvalue problem are due to the lack
of differentiability of the co-norm. This fact makes it necessary to generalize to
the nonsmooth case the approaches and methods used to study the p-Laplacian
eigenpairs. If we remind that the p-Laplacian eigenpairs are defined as the critical
points/values of the Rayleigh quotient R,(f) = |V fllco/| flloo, it is clear that
also defining the co-eigenpairs needs some work and open some problems. Indeed,
different generalizations of the notion of p-eigenpair lead to different notions of
oo-eigenpairs and this fact opens the problem of comparing these formulations
and discussing the pros and cons of each one of them. For example, in the contin-
uous setting, the study of the infinity eigenpairs, started from Lindqvist, Juutinen
et al. [57, 58], is based on the study of the solutions of the limiting p-Laplacian
eigenvalue equation when p goes to infinity. This, however, is completely differ-
ent from the approach used to study the 1-Laplacian eigenvalue problem [20, 50]
which is based on the idea of a generalized critical point theory for nonsmooth
functionals as R;. Considering this second approach with the functional R, we
get a completely different notion of infinity eigenpairs defined as the generalized
critical points and values of Ro. This second approach has been recently ad-
dressed in [16, 17] to study the minimizers of || f|lso in L and in L2. In this
chapter we face both the approaches in the discrete setting. In particular in sec-
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tion 5.3, using the first approach we define the limiting eigenpairs and we extend
to the discrete case the results obtained by Lindqvist, Juutinen et al. Section
5.4, instead, is devoted to the discussion of the second approach, here we define
the subgradient infinity eigenpairs and the variational infinity eigenpairs which
are a subset of the subgradient infinity eigenvalues. Moreover in section 5.4 we
provide a comparison between the two different formulations of co-eigenapairs in
the graph setting. In particular we prove, first of all, that the variational infin-
ity eigenpairs satisfy the same approximation properties owned by the limiting
variational eigenpairs [57, 58] and secondly that the oo-limit eigenvalue prob-
lem, section 5.3, is “stronger” than the generalized critical point theory for R,
section 5.4, in the sense that any limiting eigenpair is also subgradient infinity
eigenpair. Finally, we devote section 5.5 to the reformulation of the generalized
critical point problem of R in terms of a constrained linear weighted Lapla-
cian eigenvalue problem and finally to the characterization of the first infinite
eigenpairs as saddle points of a smooth energy function. From this discussion we
observe that, on one hand the infinity limit eigenvalue problem seems more inter-
esting than the subgradient infinity eigenvalue problem, indeed it is “stronger”
and encodes the same geometrical informations about the graph. On the other
hand, the subgradient infinity eigenvalue problem allows a reformulation in terms
of a constrained linear eigenvalue problem which is more easily feasible to be faced
from a numerical point of view.

In more detail in section 5.3 we consider the limit of p-Laplacian eigenpairs
and we prove that any accumulation point (f, A) solves the system of equations

min]|(Vo /) (@)lloo — Af(w) , Acf(w)} i f(u) >
0= Af(u) =0 if £(u)
masc{— | (Voo f)(w)loo — Af(u) , Ascf(w)} i f(u) <

0
0, (5.1)
0

while it is not in general true the inverse. Moreover we prove that if (fx, A) is an
accumulation point of the sequence of the sets of the k —th variational eigenpairs
of the p-Laplacian, we have that

A <

1
k )
where Ry is the maximal radius that allows to inscribe k distinct balls in the
graph ( following [49], Ry can be named the k-th packing radii of the graph).
Moreover, denoting by N (fx) the number of nodal domains induced by fz, we
can prove that

leading to the identity:
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In section 5.4, we consider the subgradient eigenvalue problem
0 € |V flloo N AD| flloo

to define the oco-variational eigenvalues Ay and we again prove that

AkS};k and Ak—}%kifk—l,Q.
Then, we compare the two formulations and, using a geometrical characteriza-
tion of the eigenvalues and eigenfunctions, we prove that the first formulation
is stronger than the second. In addition, we can prove that any solution of the
second formulation, up to considering a subgraph, solves the limit equation (5.1).
Finally in section 5.5 we propose a characterization of the co-eigenpairs and their
subgradients in terms of constrained linear weighted Laplacian eigenpairs and we
propose a method to compute the first eigenpair.

5.2 Notation

5.2.1 Graph setting and p-Laplacian operators

We start by recalling our basic definitions in the discrete setting. Let G =
(V,E,w), be our graph. The weight w : E — R is such that wy, = wy, and
wyy Tepresents the inverse of the edge length. This implies that, given two nodes
u and v, we can define their distance as the length of the shortest path that
connects them, i.e.

n

d(u,v) = min{Zw(w,l,vi)_l meN, u=vy~ - ~v, = v} (5.2)

=1

where v ~ u means that (u,v) € E and thus a sequence {u = vy ~ vy ~
- ~ v, = v} represents a path connecting u and v. In particular given a path
I'={vg~wvy ~ - ~uv,} we define its length as:

n—1
length(") =
i=0

1

Woiviqq

Now, we remind the definition of the differential operators. Given a function on
the nodes, f: V — R, define its gradient on an edge (u,v) by

wa(u,v) = Wyw (f(l)) - f(u)) :

The local gradient of f at a node u is the set of the gradients defined on the edges
outgoing from u

Vo f(u) ={Vuf(u,v) [v~u}.
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We define the p-Laplacian operator as
Apf(u) = —div(|VfP2V ) =Y why|f(u) = F)P2(f(w) = f(v),

veV
where given an edge function G : F — R, its divergence is defined on the nodes
as follows:

divG(u) = —%(VT)G(u) _ % S wuGlu, v) — G(v, 1)

U

and satisfies the following “integration by parts” formula

GV f)p = % S G, 0)VF(u,0) = (—dvG, fiv = 3 —div G(u)f(u).

(u,v)EE ueV

Throughout the chapter, if not otherwise specified, we use capital letters (latin or
greek) to denote edge functions and lowercase letters to denote node functions.
Observe that from the definiton of the scalar products we can define the 2-norms
(and more generally the p norms) on the edge and node spaces as:
1
IGhe=5 > G  flhy = If@P.

(u,v)EE ueV

Now, assign a subset of the nodes, B C V, that we call boundary, and consider the
set of the functions that are zero on it Ho(V) := {f| f(u) = 0 Vu € B}. Then,
from the study of the critical points of Ry,(f) = ||V f|lp/|lfllp in the domain S, N
Ho(V') we derive the diiscrete equivalent of the p-Laplacian eigenvalue equation
with homogeneous Dirichlet boundary conditions, i.e.

{Apﬂu) = AfP2(u)f(u) ueV\B

flu)=0 ue B (5:3)

If B # () we also introduce the distance from the boundary defined as follows

dp(u) = {Jréig d(u,v). (5.4)

Now we remind the definition of the p-Laplacian variational eigenvalues:

M(A,) = i R
WA= B o B Rel).

where Fj(Sp N Ho(V)) is the set of the closed and symmetric subsets of Ho(V) N
Sp = {flllfllpe =1 & f(v) = 0 Yv € B} with Krasnoselskii genus greater
or equal than k. We remind the definition of Krasnoselskii grenus of a closed
symmetric set A:

inf{h € N : Jp € C(A,R"\ {0}) s.t. p(x) = —p(—2)}
Y(A) = { o0 if 3 h as above . (5.5)
0 if A=0
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Finally given the infinity norm of a function f defined on the nodes,
1 £lloc = max{[f(u)l},
and of its gradient defined on the edges,
IVoflloo = max {[Vif(u,v)[},
(u,w)eV

we define the maximal sets

Definition 5.2.1.
Vinae(f) ={u € V[ [f(u)| = [[fllo}  Emaz(f) ={(u,v) € E[|Vof(w)| =V fllo}

5.2.2 The oo-Laplacian

In this paragraph, we introduce the oco-Laplacian operator. We start from the
well-studied continuous case and use this as a guide to define analogous operators
in the discrete case, we refer to [37, 38, 70] for a detailed exposition.

Continuous setting: In the continuos setting the oo-Laplacian operator is
defined as the second order partial differential operator:

—~ Of of *f T
A = —_— = H
where H(f) denotes the Hessian matrix. It is worth mentioning, see [70], that
given a bounded domain, 2 € R", and a Lipschitz continuous function, g €
Whee(Q), a viscosity solution, f, of the problem

Asf=0 inQ

f=g on 0f)

can be built taking the limit, for p — +o00 of a sequence of functions {f,}, such
that, for any p,

Apfp=0 inQ
fr=9 on 0N

Discrete setting: Moving to the discrete setting, the discrete oo-Laplacian
operator is defined in such a way to recover analogous results to the one that

hold in the continuous setting. First note that, contrary to the most classical
definition of continuous p-Laplacian operator (i.e. div(|Vf|P~2V f ), our discrete
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p-Laplacian, given 5.2.1, is positive definite. Moreover, as observed in [37], the
discrete p-Laplacian can be rewritten in the following way

(Apf)(u) =Y whyl f(w) = f()[P72(f(u) = f(v))

veV
=( Y whl (Pl = F@) P = Y wh|(F) = @) )5.6)
veV veV
= (ITur N~ @I = IV PP @B
where 7 := max{z,0}, = := max{—=z,0} and w, = wq’jy%l . Because of (5.6),

in [1, 37, 38] the discrete co-Laplacian is defined as

Boc(£)w) = (VD)™ ()20 = (Ve (W)]sc)

By consistency with the continuous case if f is the limit of solutions of A, f, =0
with prescribed values on certain nodes, it must satisfy A f = 0.

5.3 The Infinity limit eigenvalue problem

Now we discuss the oo-eigenvalue problem, again starting from the continuous
setting as introduced in [58], [57]. The idea is to build the oco-eigenfunctions as
the limit of the eigenfunctions of the p-Laplacian operator. In particular, the
limit of appropriate subsequences of the k-th variational eigenfunctions of the
p-Laplacian leads to an oo-eigenfunction whose corresponding eigenvalue can be
expressed formally as:

Ap = < lim (Ap(A,)77. (5.7)

p—00
Obser\{e that both in the continuous and in the discrete cases we know that the

set {\7(Ap)}, is bounded [31], thus we can extrapolate at least one convergent

subsequence. Nevertheless, for general k, there are no results about the conver-

gence of the whole sequence. Hence, A in (5.7) is not uniquely defined and can
1

be understood as any accumulation point of the sequence {\f (Ap)},.

5.3.1 The infinity limit eigenvalue equation

Continuous setting: In the continuous setting, the oo-eigenvalue equation for
a general eigenvalue A, thought as the limit of p-Laplacian eigenvalue equations,
takes the form [57]

min{|Vf| — Af,—-Axf} if f>0
0=1{ —Axf if f=0, (5.8)
max{—|Vf| —Af,—Axf} if f<O
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where the above equation has to be understood in the sense of viscosity solutions
(see [58] for a short and clear discussion about viscosity solutions in this setting).
It is possible to show that if the pair (f, A) solves eq.(5.8), then

9
711

Moreover, in [9], the authors prove that the above equation can be reformulatad
more compactly as

min{|Vf| = Af, =Aco [} + max{—|V[| = Af, =Accf} + Ao (f) = 0.

Discrete setting In the discrete setting, we can formulate the discrete analogue
of the co-eigenvalue equation as follows. First, we write the eigenvalue equation
of the p-Laplacian given in (5.3) in full form

D whIf(w) = FO)P2(f(u) = f(v) = Af@P?f(u)  YueV\B. (59)

YU

Assume {(),, fp)}p to be a sequence of p-Laplacian eigenpair and remember that
1

we want to compute an eigenvalue of the co-Laplacian as the limit of )\g , l.e:

A= lim (A)7.

p—o0

Hence, by means of the equality in (5.6), we rewrite (5.9) as below (as in (5.6),

/ p— 1
Wy = Wiy )-

(0¥ = @I = 1V I @IET) T =A@ 50

1(ZF) @llp1 = () ()1 > 0

e (O L e (C I

1A @llp1 — [(VH )5} <0

1(Ver )™ @)llp1 = (Voo ) () [p1 =0 if f(u) =
(5.10)

Studying the limit for p — oo we can explicitate the co-eigenvalue equation as in
the following theorem

Theorem 5.3.1. Let (fpj, )\pj) be a sequence of p-Laplacian eigenparis such that

1

limj o0 )\gjf = A and lim; . fp, = f. Then (f,\) satisfies the following set of
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equations
min{ || Ve f(u)lleo — Arf(u) , Asof(uw)}  ifu €V \ Band f(u) >0
0= Ao f(u) =0 ifueV\Band f(u)=0
max{—||Vuf(u)|loo — Axf(u) , Ao f(u)} ifueV\Band f(u) >0
f(u) ifue B
(5.11)

Proof. To prove the thesis, consider the case f(u) > 0. Then for any j large
enough, by (5.10), we can assume

- (Vo fo ) @\ T\ T 5T
(Ve fp;) (U)!pj—1<1 - <|I(Vw'f:;)(U):j‘1> ) A A
1V f,) ™ ()lp;—1 > [[(V fip, )T ()|l —1 -

Taking the limit we have

@l -\ B
IVt @leting (1- (e o))" =Afw
T lle > 71+

Now observe that

. ||(vw’fp')+(u)’p-—l)pj_1>pjl_l
lim — J J
j—o0 (1 <H(Vw'fpj)‘(u)!pj_1 =L

and, if (V)™ (w)|lee = (V)T (W)l »
. (Ve Fo ) @)llpy 1\ N 5T
Jlggo (1 - <||(vw’fpj)_(u)’pj—1> ) -

IV f(u)loe = Af(u).

This implies

Vo)t 1\ p;—1
Viceversa, if lim;_,o (1_ <”EV“},;ZJ;EZ§”ZJ 1) ) P; < 1, necessarily we have
w'pj 5~

(V)™ (Wlloo = (V)T () loo
showing that (5.11) is satisfied. O

Observe that equation (5.11) is similar to eq.(5.8), where the absolute value
is replaced by the infinity norm of the local gradient.
Now we can enunciate the following proposition which tells us that if (f, A) sat-
isfies (5.11), A is exactly the value of Roo(f).
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Proposition 5.3.2. Assume that (A, f) satifies equation (5.11) and f is not a
constant function. Considered u € Vinaz(f), it holds ||V flloo = |V f(w)]eo =
Alf(u)] = Al flloo, i-e.
VSl
[ flloo

Proof. If u is such that |f(u)| = || ||, then, assuming w.l.o.g f(u) > 0,
Vo f(u)lloo = Af(u) >0
Moreover since u is a maximizer, ||(V ) (u)|lcc = 0 and we get
Axf(u) >0
Thus, by eq (5.11), necessarily we have
IV f(u)loo = Af(u) =0.

The last equality allows us to observe that, if the thesis holds for some w €
Vinaz(f), it holds as well for each u € Vjp,q.(f), since

Vet )loe _ IVof@loe _ , _ Vel
[f ()] 1/ lloo £ lloo
implies ||V f(u)|locc = ||Vwf]loo - To prove the existence of such a node w, let ug be

such that there exists an edge (v, ug) with |V, f(vuo)| = [|[Vfloo- If Ascf(u) #0
then

A= [V f (o) lloo _ [V flloo > [V f (1) loo _ [V f () loo
|f (o) |flwo)l = [f(u) [1flloo

Thus necessairly |f(uo)| = || flloo- If instead Ao f(ug) = Ao f(v) = 0, assuming
without loss of generality f(ug) > f(v), there exist u; ~ wug such that f(u;) >
f(uo) and

=A.

w(uour) (f(u1)=F(u0)) = [I(Vef) ™ (wo)llso = (Ve /)" (0) o0 = w(uov) (f(uo) = £(v)) = [V fllo

Thus there exists another edge (ug,u;1) such that |V, f(uoui)| = ||V f|le and
f(ur) > f(up) > f(v). Iterating this procedure, by the finiteness of the graph
and the previous argument, there must exist a node wu such that

IV f(wr)lloo = IV flloo = ALf(ur)| = All flloo -
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5.3.2 Geometrical Properties of the oco-eigenpairs

In what follows, we use V f to denote V,, f, unless otherwise specified. As we see
in the next proposition the distance function introduced in (5.2) is a significant
tool in the study of the infinite eigenpairs interpreted as solutions of (5.11)

Proposition 5.3.3. Let (A, f) satisfy (5.11), f not a constant function. Then
for any u € Viaz(f) there exist a path of edges T = {(uj, uit1)}= such that

1. u1 = u.

2. Vf(ui,uit1) = ||V flleo and f is monotone along I'.

3. 1 or 2

S Ae 2
length(I") length(T")

4. A = min {1 min 2 }
' dp(u)’ {v| f(v)=—f(w)} d(u,v)

Proof. The first two points and the fact that u, has to belong to one of the
two subsets in point 3 follow from Proposition 5.3.2 and equation (5.11). Indeed
given ug = u, by Proposition 5.3.2, there exists u; ~ ug such that |V f(ug,u1)| =
IV f|loo- Then from eq (5.11) we conclude that

flu)=—flu) or  weB or |f(u1)] <[f(uo)l.

In the last case, since ||V f(u1)| oo = ||V f|loo, necessarily Ao f(ui) =0, i.e. there
exists ug ~ uy such that |V f(ugp,u1)| = [|[Vf||c and, assuming w.l.o.g. f(ug) >
f(u1), it follows f(uy) > f(us2). Iterating this procedure, by the finiteness of the
graph, there exists a path I' such that u, € B or f(u,) = —f(up). Moreover,
from the equalities

fui) = f(uiv1) _ 1 ) A IV £ lloe : B .
N oy Ty leneth(®)

i wuivui+1

we easily get to the expressions A = 1/length(I") if u,, € B and A = 2/length(I")
if f(uy) = —f(u). To conclude observe that, if u,, € B, necessarily

length(I") = dp(u) and length(I") < 2d(u,v) Vv s.t. f(v) = —f(u)
Indeed, assume by contradlctlon that there ex1sts a path T = {(vi,vi+1)}7"
with vg = u, vy, € B, and ;" wvlvl+1 <t 0 cuuzul+1 Then, by construction

| ( | - |’VfH002wuluz+1 .
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Then, a contradiction arises, since wy,,,|f(vi) — f(vig1)] = [V f(vi,vit1)] <
IV f|loos by the triangular inequality

m—1 n—1
F@)] <NV Flloo D wirier <NV lloo D @iy = £ (W)

=0 1=0

Observe that the inequality length(I") < 2d(u,v) Vv such that f(v) = —f(u),
can be proved with a similar argument, assuming the existence of a path I, from
u to v, with f(v) = —f(u), such that length(I'") < 2length(T"). Finally the case
f(un) = —f(u) can be treated analogously, concluding the proof. O

The study of the accumulation points of the sequences of the variational
eigenvalues of the p-Laplacian with homogeneous boundary conditions has re-
ceived particular attention in the continuous setting. In the remaining part of
this section we will recall the main results and extend them to graphs.

Continuous setting: Given a bounded domain Q € R™, for any integer k
introduce the maximal radius which allows us to inscribe k distinct balls in €2,
i.e.

Ry, :=sup{r s.t. 3B.(x1),...,Bi(zr) C Q, Bp(x;)NBy(z;) =@ Vi, j=1,...,k}.

Then, given A, an accumulation point of the sequence of the k-th variational
eigenvalues of the p-Laplacian, it is possible to relate such value to Ry, (see [57, 58])
getting the following inequality:

1
Ap < —.
k_Rk

The cases k = 1, 2 deserve a particular attention, indeed in these cases it holds also

the opposite inequality, leading to the convergence of the sequences {1 2(A,)? 172,
and to the equalities
1 1
= —, 9 = —.
ldBllo Ry

In the end particular attention is also dedicated to the study of the co-eigenfunctions
associated to A; (see [55, 59, 70, 89]). Indeed, despite the node function dp is
always a minimizer of R, it is not always also a first eigenfunction, meaning
that (dp,A), depending on 2, may not solve equation (5.8). Moreover the first
eigenfunction may not be unique and there may be first eigenfunctions that solve
the oco-limit eigenvalue equation without beeing limits of eigenfunctions of the
p-Laplacian.

Ay
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Graph setting: In the following we investigate analogue problems on graphs.
First of all, observe that the minimum of the co-Rayleigh quotient

V41l
171

can be easily computed, as in the continuous case, considering the distance from
the boundary, dp (5.4), see [17]. To prove it, observe the following trivial in-
equality: Assume the distance between the nodes u and v is realized along the
path T' = {(v;,vi41) }12)!, with v1 = u and v, = v, i.e., d(u,v) = 30 1/ w0, -
Then, we get the inequality:

[f(u) = f(0)] < [f(v1) = Fu2)| + |f(v2) = f(ua)[ + -+ [ f(vm) = f(Omt1)]

m

1
<Vl Y = [V £llood(u, v)

i=1 Vi Vi1

Reo(f)

(5.12)

Proposition 5.3.4. The boundary distance function dp defined in (5.4) realizes
the minimunm of the co-Rayleigh quotient:

dp € arg min IV Flle ,
ferov) flleo

Proof. 1t is easy to prove that
HVdBHoo <1

indeed, given an edge (u,v) and considered the gradient of the node function dp
on it, we have

(Vdp)(u,v) = wyy (db(v) — db(u)) < W (W) =1

Thus, to conlude it is sufficient to show that the boundary distance function
satisfies
dp € argmax | fllco
fEFIVEleo<1
To this end, for any function f with f € F and ||V f]lco < 1 and for any node
u € V, let v € B be the boundary node such that d(u,v) = dg(u). Then, using
(5.12) we can write:

[f)] = [f(u) = f(v)] < d(u,v) = dp(u)
The last equation clearly implies

dp € arg max 1 f |l oo-
FEHO(VYIIVS o<1
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Corollary 5.3.5.
IVfllo 1

min = ,
feto(V) | flle R

where Ry is defined as
Ry = sup{dp(v)}.
veV
Proof. Because of Proposition 5.3.4, it is enough to compute ||Vdp||s and ||dp||co-
Trivially ||dp|lcc = R1. From the proof of Proposition 5.3.4, we already know that
|Vdp(u,v)| <1 V¥(u,v) € E. Moreover, as it has been proved in [17],

|(Vdp)(u,v)] =1 <= wvel(u,B) oruecl(v,B),

where I'(u, B) is the shortest path from the node u to the boundary. Thus
necessarily [|[Vdg|lo =1 and we can conclude. O

Now, given (f,A), a solution to the co-limit eigenvalue equation, consider the
nodal domains induced by f, i.e. the maximal connected subgraphs where f is
strictly positive or negative. In the next theorem we show that A can be regarded
as a radius that allows us to inscribe as many balls in the graph as the number
of nodal domains induced by f.

Theorem 5.3.6. Let (f,A) be an eignepair that satisfies equation (5.11), and
assume that f induces k nodal domains. Then there exist vi,...,vy € V and
rg > 0 such that

d(vi,vj)ZQTk Vl%j dB(Ui)ZT'k Vi=1,...,k.

Moreover

A= —

Tk

Proof. Consider first the case of f strictly positive. Then given u; € Vi (f),
from Proposition 5.3.3 there exist a path I' = {(u;, ui+1)}?:_11 such that u; = vy,
vn—1 € B and length(I') = dg(vi) = A~!. Thus the node v; and the radius
r1 = A~! satisfy the thesis. Consider now the case of a generic function f and
assume {A;}, {B;} to be the nodal domains induced by f such that

fu) >0 YueUA;, flu) <0 Yue U;Bj .

Starting from the original graph G and the function f, we can define a new discon-
nected graph G’ = U,G), with as many connected components, G, as the nodal
domains of f and such that, for any h, (f|g,,A) satisfy the oco-limit eigenvalue
equation (5.11) on G, and f|g, is strictly positive or strictly negative. Indeed, we
can consider all the nodes u such that f(u) = 0 as boundary nodes, u € B(G').
Furthermore, for any edge (u,v) such that f(u)f(v) < 0, we add a boundary
node w € B(G’) and replace the edge (u,v) by the two edges (u,w) and (w,v)
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with weights wyw = wue (1 — f(v)/f (1)) and wyy = wyy (1 — f(u)/f(v)). Observe
that

) F(0) = @ (0= F(w)) = Vf (,w),

V1 (0,0) = (00 = £(0)) =~ (1= F) £0) =0 - F(0) = VS0, 0),
(5.13)
and 1 1 1
— = (5.14)

Moreover, the internal nodes of the new graph G’ are the nodes of G where f
was non zero, G’ = U}'_, G}, where (th N Q’hz) \B(G) =0 Yhi #hy=1,...,n
and every G; matches one of the nodal domains induced by f. To conclude,
observe that for any internal node u, from (5.13), the local gradient, (V f)(u)
is unchanged, implying that (f|g,,A) satisfies the oco-limit equation (5.11) with
respect to the graph Gp. Thus, since f|g, is strictly positive or negative, from
the first part of the proof we get that, for any h, there exists vy € Gy such that

1

A= ——7.-—.
dB(g/) (’Uh)

Conclude observing that, because of the above construction, it holds:

2
A= dp(gy(Vhy) + dp(gr)(Vhy) < d(Vhy, Vhy) -

To prove it, let I' be the shortest path that joins vy, and vy, in G, i.e. d(vp,,vp,) =
length(T"). Then, recall that G, NGy, \ B(G’) = 0 and that, by construction (5.14),
we have not changed distances among internal nodes. Thus, in G’, the path T’
has necessarily been replaced by some path I that crosses B(G’) and such that
length(I"”) = length(T"), which concludes the proof. O

Next, we study the relationships between the limits of the p-Laplacian varia-
tional eigenvalues, { A}, and the packing radii of G [49], { Ry }«, i.e. the maximal
radiuses that allow one to inscribe a prescribed number of disjoint balls in the
graph. We define the k-th packing radius of the graph G as

Definition 5.3.7.
Ry, := max{r s.t. Jui,..., v s.t. d(v;,v5) > 2r, d(vi, B) >r Vi,j=1,...,k}.

First of all, from the previous Theorem 5.3.6, we trivially get the following
corollary

Corollary 5.3.8. Let (f,A) be an eigenpair that satisfies equation (5.11) and
such that f induces k nodal domains, then

1
A>—
Z T
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Proof. The proof is a trivial consequence of Theorem 5.3.6. Indeed from this it
follows that A = 1/ry with r, < Ry. O

Next recalling that Ay can be used to denote any accumulation point of the
1
sequence A;(Ap)? , we can prove the following upper bound for Ay.
Proposition 5.3.9. Let A\y(A,) be the k-th wvariational eigenvalue of the p-
Laplacian on a graph G and let Ry be the k-th packing radius of G. Then,

1 1
lim sup A, (Ap) z <

msu B
Proof. Let uy,...,ux be k nodes as in the definition 5.3.7 of Ry, , i.e.
d(ui, uj) > 2Ry, dp(u;) > Ry, Vi, j=1,...,k.
Then, define the k linearly independent functions
fj(u) = max{Ry, — d(u,u;),0},

and the set A, = span{f; };?:1, as dim(Ag) = k, also its Krasnoselskii genus will
be equal to k,
V(AR) = k.

By definition,
Z(u,v)eE ng’f(u) - f(v)’p

A (Ay) < R = 5.15

M) S R ) = R T s TP (519
Consider a function f in A, f = Zle «; f;. Then we have

Z(u,u)EE wﬁ’l)’f(u) - f(v)’p _ Z(u,v)EE wﬁv‘ Zz alfl(u) - Zz Oéz‘fi(’l))‘p (5 16)

2 uev [f@)P 2 (0l Y gy <, | fi(w)IP)

Let us analyze first the numerator. If u and v are such that both d(u, w;), d(v, u;) <
Ry, then

wuo| f (1) = f(0)] = wupl ]| fi(w) — fi(v)| = wuvleil|d(u, us) — d(v, u;)]

<ol

< wuv’ai’d(u7v> < wuv’ai’
uv

If instead d(u,w;) < Ry and d(v,u;) < Ry with i # j, then
wuol f(u) = (V)] = walay fi(u) — a; f5(v)]
< wyy max{|ayl, oy} (R, — d(u,w;) + Ry — d(v,u;))
< Wy max{|ay|}F_, (2Ry, — d(u;, uj) + d(u,v))
< wyy max{|ay|}, (2R), — 2Ry + d(u, v))
< Wy max{]aﬂ}f:ld(u,v)

< max{|o| }s -
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Last, if d(u,u;) < Ry and d(v,u;) > Ry Vj, we have
wu| f(w) = f(v)] =Wy ] (sz —d(u, UZ))
= Wy |yl (R;,C —d(u,u;) + d(u,v) — d(u, v))
< Wy |y (d(u7 v) + Ry, — d(uy, v))
< wyp|aild(u, v)
< ol

Inserting the above inequalities in (5.16), we can write

E(u,v)eE ng‘ doaifi(u) =32 Oév:fz‘(v)‘p < Z(u,v)eE max; |oy [P
2 Zle (|ai|p Zd(u,ui)<Rk |fl(u)|p) S 2 Zfl;:l (|ai|p Zd(u,ui)<Rk |f1(u) ’p)

Now, using (5.15), we obtain

1
: ( Z(u,v)GE max; | o [P > T max; oyl

Ay, <limsup A} < limsup  max; oy fi(u)|
1 1J1

k
p—0 p—0 2 Zi:l (’ai‘p Z:d(u,uq;)<1~2;c ’fl(u)|p)
Finally, observe that since f;(u;) = Ry, max; |a;fi(u)| = Ry max;|a;|, which
implies
1
Ap < —.

ES R

O

From Proposition 5.3.9 and Corollary 5.3.5, it is straightforward to deduce
1
that the sequence {A;(A,)? }, converges to A, with

1

A= —
1 i

Besides the characterization of the first eigenvalue, in the next theorem, we also
prove the convergence of the sequence of the second variational eiganvalues of the
p-Laplacian, providing, in addition, a geometrical characterization of As.

1
Theorem 5.3.10. Assume G to be a connected graph and let Ag := limy, o0 A2 (D)7 .

Then
1

Proof. From Proposition 5.3.9, we know that

1
Ay < —.
2_R2

Ao

Now consider a sequence of convergent eigenpairs

(f2(APh)7 )‘Q(Aph)) - (fa A2) :
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W3B=2
wip=1 wi2=2_wo3=2 L w34=2__wy5=2 wsp=1
® g i s ks i 7 ®

From [31, 86], we know that, for any pp, f2(Ap,) has at least two nodal domains,
Ap, and By, , such that fo(Ap, )(u) >0 Yu € Ay, and fa(Ap, )(u) <0 Yu € By, .
The sets

A=0NyUp>nAp, and B =N, Up,>n By,

are both non empty and such that f(u) > 0 for any u € A and f(u) < 0 for any
u € B. If by contradiction {u| f(u) > 0} = 0, since f # 0, there has to exist a
node u with f(u) = 0 that is connected to a node v ~ w such that f(v) < 0 that
means

Ao f(u) = (V)™ (@)lloe = (VAT (W)lloo = 1(VF) ™ (u)]lo > 0.

But this is an absurd because f has to satisfy eq(5.11), implying that f must
induce at least two nodal domains. Then, thanks to Corollary 5.3.8, we get

which concludes the proof. O

We conclude this section by producing some examples that show that the
solution of (5.11) is not always well defined and that not any solution of (5.11)
is also the limit of p-Laplacian eigenfunctions.

Example 5.3.11. Consider the following graph:

Some easy computations show that both

and

satisfy equation (5.11) with A = 1. Nevertheless, g cannot be the limit of first
etgenfunctions of the p-Laplacian. These indeed, because of their uniqueness,
have to be symmetric for any p on the above graph.

Example 5.3.12. Consider the following graph:
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w3p =2
wip=1 w12 =2 woz3=2 lwsgy=6__wy5=06 W56:z W6B:Z
1B= 12= 23 = 34 = 45 = 3 4
® D@ — @ @——®

Similarly to the previous example, it is not difficult to see that

(1.2 2.2 — —
/ (’3’3’5’15’15>

(21zz s

~\7373757357245
satisfy equation (5.11) with A = 1. Thus the solution of (5.11) is neither uniquely
defined on V' \ Vipaz (f)

and

Example 5.3.13. Consider now the distance function on th following graph:

wlB:?) W12:2 wQBZQ
® @ @ ®

Then

and
Vdp(u1)|leo — Ardp(ur) =1 —

Thus dp does not satisfy the oo-limit eigenvalue equation (5.11), meaning that it
can not be the limit of the first eigenfunctions of the p-Laplacian.

Remark 5.3.14. It is worthwhile to spend a short remark about the non-boundary
case, that is analogous to the homogeneous Neumann case in the continuum set-
ting [39]. In this case, we can think of a graph with the boundary set, B, formed
by nodes v at an infinite distance from any internal node so that the edge weights
wyw = 0Vu € V\B, ve B. Then it is clear that in the non-boundary case
A =0 and

1
Ay = = 1/sup{r s.t. Jvi,ve s.t. d(vi,ve) > 2r},
2

i.e. the half of the diameter of the graph. Moreover, for the higher eigenvalues,
we can similarly state from Proposition 5.3.9 that

A,;l > sup{r s.t. Jui,..., v s.t. d(vi,v5) > 2r Vi, j=1,...,k}.
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5.4 The subdifferential infinity eigenvalue equation

In this section we develop a different approach to the oco-Laplacian eigenvalue
problem. Instead of thinking about the infinity eigenpairs as solutions of the limit
p-Laplacian eigenvalue equation, it is possibile to define the infinity eigenpairs as
the “critical points” of the Rayleigh quotient:

9 e
7l

Recall that the p-Laplacian eigenpairs can be seen as critical points/values of
the functional ||V f]|, on the manifold |/f||, = 1, i.e. the points in which the
differential of |V f||, is normal to S,. Obviously, ||f|| is not a differentiable
operator and S is not a smooth manifold. Nevertheless, following [22], since
IV flloo and || f|lco are convex functions, we can generalize the notion of critical
point

Roo(f)

Definition 5.4.1. We say that (A, f) is a generalized co-eigenpair if and only if
0 €V flloo N A fllos -

where O||V flloo and O||f|lec are the subgradients of the functions (f — ||V fllco)
and (f = || flloo), respectively.

From [22], we observe that 5.4.1 can be considered as the generalized critical
point equation of the functional (f — ||V f]leo) 00 So since 9||V fl| is a gener-
alization of the differential of |V f]|, when p = oo, while, from Lemma 4.2 and
4.3 of [22], (see also Lemma 2.2.7) the external cone to S, in a point f, i.e.,

Ceat(f) = {€1 (&9 — f) Vg € Soo}

can be characterized as
Creaut(f) = )\go)\aHfHoo-

Moreover we point out that, from Theorem 5.8 of [22] (see also Lemma 2.2.9 ),
it is possible to introduce the family of Krasnoselskii co-variational eigenvalues.

Definition 5.4.2.

Af = i R
F il PR

Where, recall Fi(Ss) is the family of the closed symmetric subsets of Soo with
Krasnoselskii genus greater or equal than k (see (5.5)).

Similar kinds of approaches have been used to study the 1-Laplacian eigen-
pairs [20, 50], and recently to study minimizers of ||V f| in L? and L* spaces,
16, 17).

In the next theorem we show that, as the limiting variational eigenvalues { Ay}
defined in Section 5.3, also the variational eigenvalues A¢, can be related to the
radii of inscribed balls, Ry, as defined in Definition 5.3.7.
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Theorem 5.4.3. Let Ak,G be defined as in Definition 5.4.2 and Ry, as in Definition

5.8.7. Then,

1
A< — Vk=1,...,|V
FS R 14

and the equality holds for k =1,2.
Proof. For the first part we can follow the proof of Prop 5.3.9. Hence, consider

u1,...,uy such that d(u;,uj) > 2r, d(u;, B) >r Vi,j =1,...,k and define the k
linearly independent functions

fj(U):maX{kad(u,Uj),O}, J=1.. k.

The set A = span{fj};?:l has Krasnoleskii genus equal to k, v(Ax) = k, and
thus:

AG < Roo(f).
k< max Roo(f)

Repeating all the computations as in the proof of Proposition 5.3.9, it is easy to
prove that

Thus, because of Corollary 5.3.5, we are left to prove that Ag > Ry 1. To do this,
we first observe that any A € F5(So) necessarily contains a symmetric closed
and connected subset of S,,. Consider the function

P :S0 — R
F—= 1 oo = 1 Moo

Then, we can state that for all A € Fa(Sx), there esists fa4 € A such that
¥(fa) =0 or in other words, there exist u*,u~ € V such that

1 flloe = fa(u™) = —fa(u™).

To conclude, from (5.12), we observe that

| falloo _ | falloo
d(u®,B) > =202 dut,v™) > 2 =",
IV falloo IV falloo
| falloo G - NVfalleo 1
—— < R = AS > min ————— > — |
IV allo = 2= aeRm [[falle T Re

O]

In the following example we show that the result presented in the last Theorem
5.4.3 is a sharp result. In particular we show that there exist graphs where the
equality AS = 1/Ry, is not achieved for k > 2.
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Figure 5.1: Cycle graph with 5 nodes

Example 5.4.4. Consider the cycle graph with five nodes Cs, Fig 5.1, with all
edges of length 1, wy, = 1 Y(u,v) € E. Then we easily observe that Re = 1 and
Rs = 1/2, which means that

I1=A<A3<2

We aim to prove that the inequality As < 1/Rs = 2 is strict. To this end, we
show the existence of a submanifold S, of Soo = {f € R?|||fllc = 1}, such that
S is homeomorphic to a 2-dimensional sphere and Roo(f) < 1 for any f € S.
Observe that the existence of such & implies

— < <1.
As v(rﬁﬁggr}lgz(?eoo(f) < I?ggiRoo(f) <1

To build such S consider the decomposition as CW-simplex of Soo induced by the
ordering of the pairs of disjoint subsets of V' [90]:

Po(V)={(A,B): ANB=0,AUB#0),A,BC V},

and (A,B) < (A",B") if A c A" and B C B'. The mazimal simplices of such
decomposition are given by {Aas, : A C V,o permutation on V'}, where given
AcCcVando:{1,...,n} = {1,...,n} permutation

Ay = conv (1A—1V\Au{1A\{U(1),m,o(i)}—1(V\A)\{U(1)Mg(i)}‘ i=1,... ,n—l}) .

Then, any maximal subcomplex correspond to the functions, f, with a prescribed
order of the values of f on the vertices of the graph, i.e.,

{f‘ >0Vv€Af()<0Vv€V\A, }
‘f o(v;) ‘<‘f( vz+1)‘Vz—1 n—1

Thus, for any Aa, there exist vi,v2 € V and a sign £1 such that for any
f € Aag it holds |V flloo = £(f(v1) — f(v2)). This means that R is linear
on the obtained subcomplexes of Soo. Then it is trivial to observe that a linear
function on a simplicial complex must assume its maximal value in one of the
vertices of the complez.
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e;iteg +
e
—€j

€
.4

—ejA

€i—E€y

Figure 5.2: Visualization of the subcomplex Sy, where f =¢e; —e; + ¢,

Now, given a node of the complex, f € S, let Sy be the subcomplex of Seo
induced by f and the nodes g < f. Here “<” has to be understood with respect
to the ordering given to the pairs of disjoint subsets, taking into account the
equivalence between functions and pairs of disjoint subsets:

h ~ (Ah,Bh) Ay = {U € V| h(v) > 0}, By, = {U S V‘ h(v) < 0}

Let {e; 15:1 be the canonical basis of R® and consider some f = +e; —ej+ ey with
i,5,k € {1,...,5} one different from each other, then we give a visualization of
Sy in figure 5.2.

Next, we consider the following 8 vertices:

fl = (1707_15 _170); f2 = (1701 _1)07 1)7 f3 = (17 1707_1>0>;
f4:(0>1717170); f5:(07_17_17071); f6:(0,—1,0,1,1);
f7:(071’07171); f8:(171707071);

and their symmetric versions f_; := —f; for any i = 1,...,8. Considered the

subcomplexes induced by such vertices, it is not difficult to observe that

max Reo(f) <1 Vi=—8,...,~1,1,...,8,
fESfi

indeed it is enough to prove that such inequality holds in the node f; and in any
node g < f;. Moreover, we say that Sy, and Sy, are adjacent, S¢, <> Sy,, if they
share at least one 1-dimensional simplex. Observe that if Sy, and Sy, are adjacent,
there exist two nodes of the CW-simplex, g1 and g2, such that both g1,g92 < fi, f;-
In particular, since f; # fj, g1 and g2 have the shape g1 = £epLep and g2 = Ley,
for some h, k and sign, + or —, associated to h and k, look at figure 5.2 for an
easy visualization. In particular, observe that, necessarily, also the node g3 = +tey
belongs to both Sy, and Sy,. Thus, if Sy, and Sy, are adjacent, they share exactly
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two 1-dimensional simplices, whose union corresponds to the subcomplex Sy, for
some g1 < f1, fo, with g1 = tep £ eg, hyk=1,...,5, h # k. We write

Sfi B Sfj’

to say that Sy, and Sy, are adjacent along the subcomplex S,. In particular we
observe the following all and only adjacency relations between the subcomplexes

1,..,8
{Sfi }i:—s,...,—1 .

Sfl — sz s

Sf1 — ng

Sfl — Sf74

(1,0,—1,0,0) (1,0,0,—1,0) (0,0,~1,-1,0)
St (1,o<,——1,>o,o) St St (o7o<,——1,>o,1) Sts St (1,?@,1) Sts
Sta (1,0?1,0) S Sta (0,1?1,0) St Sta (1,%,0) Sts
o 00,110 Ot o 01,100 RERNRE (01,010 o

Sf5 — Sf2 R

st — Sf_4

(0,0,—1,0,1) (0,—1,—1,0,0) (0,—1,0,0,1)
s 0, S0 - %8s 0500w 0 R ghonny
1 oS0t TR IR R Y S
8 whoon AT SR R Ty St
Now, for anyi= —8,...,—1,1,...,8, we note that Sy, is a surface with boundary

and that its boundary is composed by 6 1-simplices. Moreover from the above
adjacency relations we observe that any Sy, is adjacent along any pair of boundary
simplices to one and only one other Sy,. Thus, if we glue all these sublcomplezes
along the shared simplices we obtain a closed surface without boundary, S:

S = ( Mi_:178 Sfi) M < M?:1 sz‘) .
Observe that, because of the above adjacencies, the following paths are contained
mn S,

i—=fo—=fs—=fr—=fa— [ and  fi—= fs—=>fe6—=fs5—>f2—f1

which means that S is a connected surface. Let us now compute the Poincare-
Euler characteristic of S to show that it is homeomorphic to a 2-dimensional
sphere. The number of faces of S is given by 6 x 16, indeed every Sy, is composed
by 6 triangles, see Fig 5.2. The number of edges of S is given by 6 x16+6x(16/2),
indeed every Sy, has 6 “internal” edges and 6 shared edges (each shared edge
belongs exactly to 2 different Sy, ). Finally, concerning the number of nodes, note
that every Sy, has one internal node, 3 nodes shared with only one other Sg
(the nodes with two non zero entries) and 3 nodes with only one non zero entry.
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The total number of nodes with only 1 nonzero entry, since we are in R, is
equal to 10 and it is not difficult to verify that any such node belongs to some
Sy with i = —=8,...,—1,1,...,8. Thus the number of nodes of S is given by
16 4+ 3 x (16/2) 4+ 10 and we obtain

X(S)=6x16—6x16—-6x8+16+3x8+10=2,

which s the Fuler-characteristic of the sphere. It follows that S has genus 3,
v(S) = 3, and thus we can conclude with the desired inequality:

A3 = min minReo(f) < minRuo(f) < 1,
3= min iy (f)_gpelg (f) <

where the last inequality is a consequence of the fact thal maxyfeg, Reo(f) <
1Vi=-8,...,—1,1,...,8.

Next, we study the structure of the two sets 9|V f|loo, 9| f]lco- As done in
[17], because of its homogeneity, it is easy to derive the following characterization,
(see also [18] or section 2.2.1):

O(f = IIfllos) = {& 1 lglloc = (€, 9)Vg: V = R, | fllec = (&, )}

ie.
=1, =0 VYu eV \ Viya!(f),
lElhy =1, €(w) =0 Vu € V\ Vinga() } )
w)l |f(u)l = &(u)f(u) Yu € Vinaz(f)
Moreover, from [80] we can use the subdifferential chain rule for linear transforma-
tions ((9(x — ¢(Az)) = ATO(y — ¢(y))|y— AI) to characterize A(f — [|[V.£]ls0)

i.e.

O fllo := {5

:(u V) | |V f(u,v)| = Z(u,v)Vf(u,v) Y(u,v) € Enmaz(f)
(5.18)

ANV Sl = {—dw , E(u,0) = 0 Y(u,0) € B\ Emax(f), }

where we recall the definition of the divergence operator
- _1 = = - 1 To
—divE(u) = QUXN;UJW (_(v, — E(u, v)) = 2V =(u),
of the norms
1
£l =D 1f (W)l IGlLEe =5 > 1G(w,w)l,
ueV (u,w)ER
and of the maximal sets:
Emaz(f) ={(u,v) € E| [V f(w)] = [V [flloo}
Vinae (f) ={u € V[ [F(u)] = [ flloc}-

Now we give the following definition of generalized oco-eigenpair.
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Definition 5.4.5. (f,A) is a generalized oco-eigenpair if and only if there exist
€€ 0| flleo and E with —div(E) € 0||V f|lco such that

—dive = A¢£.

Note that, putting together the above definition of generalized eigenpair
and the characterization of the subgradients 0|V f|ls (eq. (5.17)) and 9||f]l«
(eq.(5.18)), we have that

Proposition 5.4.6. (f,A) is an co-eigenpair if and only if there exist £ : V — R
and = : E — R such that

(—div(E) = A€,

[Elle=1

€]y =1

[f (@) = [|flloo if §(u) #0 (5.19)
IV f(w,0)] = [V flloo if E(u,0) #0

sign(Z(u, v)) = sign(Vf(u,v)) if E(u,v) #0

sign(&(u)) = sign(f(u)) if &(u) #0

Moreover, up to redefining Z(u,v) = (E(u, v) — E(v,u))/Z, we can assume

E(u,v) = —=Z(v,u).

Remark 5.4.7. We would like to observe that since Roo is a locally Lipschitz
function of R"\{0}, the notion of critical point can also be generalized considering
the Clarke subderivative 0°'Ry, see [25], i.e. f is a Clarke oo-eigenpairs iff

0 € R (f) (5.20)

Also in this case, by a classical argument, (see the Deformation Lemma in [19]),
considering Roo(f) on the sphere Sy = {f||flle = 1}, we can introduce the
following family of generalized critical points of Reo:

ACl = i Roo )

F T ARl F )
where, as usual, Fp(S2) == {A C Sy | Aclosed, A= —A, v(A) >k} and v(A)
is the Krasnoselskii genus of A. By repeating the proof of Theorem 5.4.3, it is

possible to prove that also the Clarke eigenpairs can be estimated using inscribed
ball radii:

1 1
A< —k=1,.... |V Al = — k=12,
k _Rk 9 7| ‘7 Rk 9

We conclude this remak by recalling that we can write [25]

OV fllsollflloe = ANl flloollV £l

aClRoo
(he 7%
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As a consequene, we can state that the notion of generalized oo-eigenpair, see
Definition (5.4.5), generalizes the notion of Clarke-eigenapair. Nevertheless, the
definition in Definition (5.4.5) provides some practical advantages with respect to
the one in (5.20), since, differently from 0°“Reo(f), both O||fllec and 0|V fl|so
can be explicitly identified.

5.4.1 Geometrical characterization

Next we deal with a geometrical characterization of the generalized oco-eigenfunctions
similar to the one proved in Proposition 5.3.3. In both the characterizations, given
an eigenpair, (f, A), we prove the existence of ”good” paths that connect points in
Vinaz(f) U B and whose length matches the value of the eigenvalue. Nevertheless,
differently from Proposition 5.3.3, where we proved that for any extremal point

v € Vinaz(f) there exist a “good” path I, in the case of generalized critical points
there could exist extremal point that do not correspond to any “good” path.
Moreover, in the case of limiting eigenpairs the existence of such good paths was
only a necessary condition, instead, in the case of generalized eigenpairs, the
existence of “good” paths is also a sufficient condition.

Proposition 5.4.8. (f,A) is a generalized co-eigenpair if and only if there exists
a path T = {(u;, uis1) Y=y such that

1. u; € Vipaa(f)UB i =0,n.

2. (Wi, uir1) € Emax(f) Yi=1,....n

3. flug) > fluis)

4. Assuming w.l.o.g. that f(up) >0 , if u, € B then A = m, while if

fun) = —f(ug) then A = m. Moreover

{ . d('LLO, 'U)
min —
{lf@)=—Ifle} 2

= min

,dB(Uo)}-

==

Proof. Assume that (f,A) is a generalized oco-eigenpair and let (£, Z) be the two
subgradients as in Definition (5.19), i.e., such that

—div(Z) = A€, (5.21)

and E(u,v) = —E(v,u). Let £(up) # 0 and w.l.o.g. assume f(ug) > 0. Then
from equation (5.19) there has to exist an edge (up,u1) € Epmaz(f) such that
E(ug,u1) # 0, ie. f(ur) = f(uo) — |V flloo < f(up). Let us focus now on the
node uj. Since f(u1) < f(ug), if uy ¢ B and f(u1) # —f(up), we have that
&(u1) = 0. Moreover Z(up,u1) < 0 and = has to satisfy (5.21):

—div(E) (1) = Y wou, E(v,u1) = Ad(ur) =0,

vUg
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hence, there must exist an edge (u2, u1) € Enmaz(f) such that Z(uq, uz) > 0, ie.,
f(uz) = f(u1) = |[Vflloo < f(u1). Thus we can define a path T' = {u;, w41}~
such that u, € BU Vyax(f), (Wi, wit1) € Emax(f) and f(u;) > f(ujy1). Further-
more, as in the proof of Proposition 5.3.3, it is easy to see that, given a function
f and a path I" that satisfy the first three items of the thesis, necessarily we have
that, if u, € B, A = m while, if f(un) = —f(uo), A = m and

d(ug,v),dB(uo)} ‘

1 . .
min min
A {f(v)—llfloo 2

Proceeding by absurd, if one of the last equalities is not true then an edge (v1, v2)
with |V f(v1,v2)] > ||V f|lcc must exist.

To prove the opposite inclusion, we assume that, given (f,A), there exists
a path I" that satisfies the thesis and concentrate on the case u, € {v| f(v) =
—f(up)} with A = d(u?%) = lengt2h(F) < dp(ug) (the other case can be proved
analogously). Given the two functions

or(u, v) sign(Vf(u,v))
Waw length(T)

buo (v)sign(f(uo)) + bu, (v)sign(f(un))
2 b

=(u,v) ==

§(v) =

where or 0, are the delta functions (dr(u,v) = 1 if (u,v) € T, zero otherwise
and analogously for d,,). Observe that £ and —divE belong respectively to the
two subgradients 0|| f||cc and 9||V f||oc. Moreover, for any node v ¢ I' as well as
for any node v € I', v # ug, un

—divE(v) =0 = A¢(v).
Finally, in the case v = ug (or analogously v = u,,), we have

ugu2 [ — —_ ign((V s A
~divE(ug) = 5 (S(uz,u0) ~ S, ua)) = = l(sngjtcl(:glz“)%)) =5 = Adlwo),

where we have used that by hypotheses sign(V f (ug, ug)) > 0. This concludes
the proof.
O

As a corollary of Proposition 5.4.8 and Proposition 5.3.3 it is easy to prove
that any eigenpair that satisfies the limiting eigenvalue equation (5.11) is also a
generalized co-eigenpair.

Corollary 5.4.9. Let (f,A) satisfy the limiting eigenvalue equation (5.11), then
(f,A) is also a generalized co-eigenpair according to Definition 5.4.5.
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Proof. The proof is a consequence of the fact that, from Propositon 5.3.3, for
any eigenpair that satisfies the limiting eigenvalue equation (5.11), there exists a
path I' that satisfies the hypotheses of Proposition 5.4.8. O

Next we deal with the opposite problem and pose the question if any gener-
alized oo-eigenvalue, see Definition 5.4.1, can be associated to an eigenfunction
that solves (5.11). As we prove in Example 5.4.12, the answer is negative in gen-
eral. Nevertheless as we see in Lemma 5.4.11 the statement can always be proved
to hold, up to considering a subgraph of G. Before this, let us observe that the
oo-eigenvalue problem can be reformualted in terms of a constrained weighted
Laplacian eigenvalue problem. Indeed, from the characterizations of the subgra-
dient equations (5.18) and (5.17), it is possible to reformulate the system (5.19)
as in the following proposition.

Proposition 5.4.10. The pair (f,A\) is a generalized co-eigenpair if and only
if there exist two admissible densities v : V. — Ry, and p : E — Ry, with
My = oy Such that:

—div(pV f)(u) = Ay f(u) YueV

IV f(u,0)| = IV f(w,0)lloo  if pruw >0

)] = [f ()]l if vy > 0 (5.22)
11V flle =1
v flly =1

Proof. Straightforward substitution into equation (5.19) shows that the following
quantities:

_ L&)l _ B, o)+ [E(v, u)|
Uy = W=
2[| flloo IV flloo
are the desired admissible densities. The inverse follows by inverting the above
definitions of v and pu. O

Now, let (f, A) denote an oco-eigenpair and assume (u, ) to satisfy the condi-
tion of Proposition 5.4.10. We say that a node u € V' is supported by p, (u € V,,),
if there exists an edge (u,v) € E such that p,, > 0. Observe that if v ¢ V},, then
necessarily v, = 0 (recall that if v, # 0, |f(u)| = || flloo). We write u € supp(V),
if there exist at least one (1, ) as in Proposition 5.4.10, such that u € V.

Now we can prove that any generalized oo-eigenpair can be regarded as a limiting
oo-eigenpair up to considering a proper subraph of G.

Lemma 5.4.11. Assume (f,A) to be an co-eigenpair as in Definition 5.4.1. If
u € supp(V') then f satisfies the limiting eigenvalue equation (5.11) in u.

Proof. Assume f(u) > 0 and let (u,v) be admissible densities such that u € V,.
The weighted eigenvalue equation —div(uV f)(u) = Av, f(u) reads

—IV flloo Zuuv wywsign (V f(u,v)) = Avy f(u) = vaHooy f(u). (5.23)

e "
Vv~ o
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We first consider the case f(u) < [|f||c. Since necessarily v, = 0, we get that
IV () oo = V£ (u)*|oe, implying Ao f () = 0. Moreover

IV £l
[1flloo

If instead f(u) = ||fl|oo, for any v ~ u we get Vf(u,v) < 0 and thus v, # 0
(otherwise, by hypotheses, (5.23) could not be satisfied). Then (5.23) reads

Voo
19l (X i) = S0

IVf()lloc = Af(u) = [V flloo =

flu) >0.

and we get > . fuwWuw = Vu, Replacing this last equality again in (5.23) we
find
IVf(W)lloo = IV flloo = Af(u)

Aoof(u) = V()" [leo = [[Vf]leo > 0.
The cases f(u) < 0 and f(u) = 0 can be proved analogously. O

We conclude this section by proving that there exist co-eigenpairs that are
critical points of R, but that do not satisfy the oco-eigenvalue equation (5.11).
By the same example we also prove that there exists co-eigenvalues between the
first and second variational one.

Example 5.4.12. Consider the following graph:

B wiz =1 wez =3 wsq =2

The node farther from the boundary is us and d(ug, B) = % + % = g Then the

pair
5 1 6
fd R — A —
J1(uz, u3) (6’ 2) y A=

s an infinite eigenpair with

6 2 3
(Vz, V3) <5, > ) (M12, 23, ,u34) < s 5)

Howewver, it is easy to verify that the following are also eignepair :

1 1

fa(ug, ug) = <6’ _6> , Ao =6 (10, 13) = (3, 3), (12, 23, p3a) = (0, 1, 0) .,

fuz, ug) = (*, ;) s, A=2 (o, v3) =(0,2), (p12, p23, 134) = (0,0, 1) * € [1

1]'

62
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Note that Ao = Ro = 6 is the second variational eigenvalue while Ay < A < Ao .
Moreover, it is worth noting that (f,A) does not satisfy (5.11). Indeed, to get a
solution of (5.11) f(ug2) should be determined in such a way to get

Ao f(uz) =0, [[Vf(u2)lloc —2f(u2) >0

or
Aoof(uz) 20, |V f(uz)lleo —2f(uz) =0

But, in the first case, Ao f(ug) = 0 implies

3

Polin) = 2 = [V o) oo — 2 (uz) = 2 — 22 <0,

In the second case, the equality ||V f(u2)||co — 2f(u2) = 0 implies

3 3 1
fg(Ug) = TO = AOOfQ(UQ) = E — 35 <0.

5.5 A variational characterization of the first Infinity
Eigenpair

In this section we discuss a characterization of the co-eigenpairs based on Propo-
sition 5.4.10. Such characterization offers the possibility of computing families
of oo-Laplacian eigenpairs as limiting points of sequences of linear Laplacian
eigenvalues. We will briefly investigate the numerical alorithms in the following
section.

Consider the following class of energy functions, where k varies from 1 to
N =1V

Ei(2) = o + M) = My ()
1 1
= )\k(,u,l/) + 9 Z Huv — ZW}, (u,v) € (M+(E),M+(V))

(u,v)EE veV
(5.24)
here A\ (u,v) is the k-th eigenvalue of the weighted linear eigenvalue problem

—div(uVf) = v f,

and the following definitions hold

ME(,U) = % Z Huv » MV(V> = ZVU7

(uw)EE veV

MEV):={v:V = Rso}, MHE):={u:E— Rx}.
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Assuming the differentiability in (u, ), the K-K-T conditions for the saddle
points (minimum in g, maximum in v), of the above functions read

—div(uVf) = v f
[Vf(e)l?
—— 75— +1—m(e)=0 VeeE
TR
|f(v)?
— 41— =0 YoeV
v, torw v (5.25)
m(e) >0 Veec
n(v) >0 YveV
m(e) =0 Ve s.t. e >0
n(v) =0 Yo s.t. vy >0

where {m(e)}cer and {n(v)},ev are suitable families of Lagrange multipliers.

These equations, as we show in Lemma 5.5.1, imply that (f,A) := (f, V)
is an oo-eigenpair as in Definition 5.4.1, with (f,v/\) the weighted 2-Laplacian
eigenpair that satisfies (5.25). The challenge of this approach is that the gener-
alized eigenvalues are in genereal not continuous with respect to perturbations
of the matrices in the case in which both matrices are singular (see for an ex-
ample [53]). Moreover, the differentiability of an eigenvalue is not realized for
multiplicities greater than 1 (see [61]). Observe also that from (5.18) and (5.17),
the two densities u and v in (5.25) are generally “almost everywhere zero” mak-
ing the two matrices A, and diag(v) singular. Studying saddle points of & is
thus generally impossible. However, this approach can be pursued for the first
eigenpair (k = 1). The rigorous proof for k¥ > 1 and more in general that a class
of oco-eigenpairs can be computed by means of generalized weighted Laplacian
eigenepairs remains an open problem.

Lemma 5.5.1. Let the pairs (u,v) and (f,\) satisfy the system of equations
(5.25). Then (f,A) := (f,V/\) is a generalized co-eigenpair.

Proof. Observe first of all that (5.25) implies the following
—div(uVf) = Mvf
IVilloo=IVf(e)]=Alfll2, Ves.t. pe>0 (5.26)
[flloo = [f()l = IVfll2p  Vvst.=0.

Now define

[l H and D Vv

:LL = = .
1£1l2. 1112,

We show now that i and v satisfy equation (5.22). Indeed the first three equations
of (5.22) are trivially satisfied, thus we have only to show that

1V flli=1, |Zfllh=1. (5.27)
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Before analyzing the l-norms, recalling that |V f| and |f| are constant on the
supports of u and v, we derive the following expression involving the total masses
of u and v:

1 eephelVI@QP VA, NI Xeen e
2 Yevlf @ VIR ey vo 2|1 113, ’

which implies

A

1 1
D =3 =g D b

veV eceE

Now, to prove the result in equation (5.27), we start from ||zV f||1. Using (5.26),
we can write

e Ly 190 5~ 20w
V== |V F(e)| = o= o 122
6911 = 3 3 Rl 0] = =5 3 e = gt

For ||[7f]|1, analogously we have:

NV Al Fll
oG- - B 4 .
veV veEV v 14

which concludes the proof. O

Remark 5.5.2. Before discussing the function &£, we recall that the (u,v)-
weighted linear Laplacian problem, with y € M*(V) and v € M*(V),

Au(f) = —div(uV f) = v f

can be partially degenerate. Indeed, the number of well defined eignvalues is equal
to |V| —dim(Ker(diag(W)). Indeed any f € Ker(diag(v)) with f & Ker(A,) can
be regarded as an eigenfunction with eigenvalue “A = oo”. Otherwise, whenever
[ € Ker(diag(v))NKer(A,), f satisfies the eigenavlue equation with an indefinite
eigenvalue. Considering only the well defined eigenvalues, we write

\V4 2
)= IR

, (5.28)
resan 1£15,

where Sa, = {f € Ho(V) | || fll2, = 1} is the (2,v)-sphere, and the two norms
are defined as:

1
IF13, = D wlf@P,  IVfI3, = 3 Y Vw0
ueV\B (u,v)eE

Note also that whenever both  and v are degenerate, then the eigenfunctions
are not uniquely defined. Indeed, let G, be the subgraph induced by the nodes v
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such that v, # 0 and let G, be the subgraph induced by the edges (u,v), such that
puw 7# 0. Then, given an eigenvalue X, for any node v € G\ {G, UG, } the (u,v)
etgenvalue equation reads

0=> 1wV fv,u)=Auf(v) = A f(v) =0, (5.29)

Y

where we have used that v, = 0 and pyy = 0 Vv ~ u. In particular, (5.29)
shows that f is not well defined in the node u. Hence, whenever we have partially
degenerate densities |1 and v, we can consider the subgraph G, , induced by the
nonzero entries of p and v:

u € Gy if and only if vy, # 0 and/or iy, # 0 for some v € V
(u,v) € G if and only if pryy # 0.

Then, we can identify the eigenpairs of the degenerate eigenvalue problem 5.5.2
on the graph G with the (u,v)-Laplacian eigenpairs of the subgraph G, .

Now we discuss the particular case kK = 1 of (5.24). In such a case, using the
definition (5.28), the function & (p, ) can be written as

E1(u,v) = sup HHVf]U|2|2V + = Z ZVU.
S

fESQ v BGE VEV

IV

Moreover, the results related to the study of minimizers of I f”2°° reported in [17]
give us enough regularity to prove the following theorem.

Theorem 5.5.3. Let

51(/% )

73 Zue >

eEE veV
Then the functions

1

—>
N ()

+%Z,u€ and u*—)mgn + ZMe ZVvv

eeE eGE veV

are respectively conver in p and concave in v and

maxmin & (p, v) = (mfin??,oo(f))_2 =A;?.
voon

Moreover, if (v*,u*) = argmax, arg min, &1(v, ), then there exists (f,\1) a
first eigenpair of the generalizzed eigenvalue problem A,«f = Av*f, such that
(f,A) := (f,/A1) is a first eigenpair of the generalized oo-eigenvalue problem
(see Definition 5.4.1).
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Proof. Start by noting that, by means of the expression of A\j(y, ) as a minimum
(5.28) and the convexity of the function (z +— 1/x) on the positive semiaxis, it is
trivial to prove that

1 1 1£115,
— + - = sup + 3
/’{/ Al (/J, I/) 2 Z :u’e Z ,ue

= feshs IVfI3, 2%

is a convex function. Next we study the minimizer of such function:

win sy e 15,

i resh, IVFI3, " 22

Exchanging min, supy with sup; min,,, by the max-min inequality we have:

2
max mln 712, + - Z < min max 171, —1—72,116. (5.30)

ST, T2 g T T LI, T

Now observe that from Lemma B.0.2 we can state that, given any admissible f,
there exists py such that

IV f13, 2 fllow
s € arg min ———-" + ~ : and frg € OV oo,
d 17113, Z " VSl f

which, together with (5.30) , yields:

I£113.. o If 12
mlnsup +
IV£13,. ZE P2Vl

Next, we want to prove the opposite inequality. Given an admissible f, from
(5.12), we know |f(u)| < dp(u)||V |- Hence, any minimizer f* of the above
(00, v)-Rayleigh quotient

fre arg min IV /llec = A1(00,2,v), (5.31)
satisfies the following properties:
f(uw) = |V fllewdp(u) Yu s.t. v, >0 (5.32)

The last eq. (5.31), joint with the characterization of the subgradient of
IV flloo (5.18), imply that for any minimizer f*, there exists p s« such that

—div(pp-V ) € OV f*loo N A1(00, 2, )| [ ]|2, -
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In particular, from the characterization of the subgradient, the pair (f*, )
satisfies
Ay, fr= —div(p =V f*) = Ay(00, 2, v)v f*
eV f*]lr =1 (5.33)
IV =1Vl if g >0

Note that as a consequence of (5.33) and (5.32), the support of the density v
is necessarily contained in the subgraph induced by fis, i.e. Vipaz(v) C V, pop
The last inclusion and remark 5.5.2, show that the eigenpairs of the (ps+,v)
eigenvalue problem are not well defined outside the subgraph G, s+ induced by
the non zero entries of pp«. In particular, we can identify the eigenpairs of the
(pg+,v)-Laplacian eigenvalue problem on G with the (p s+, v)-Laplacian eigenpairs
on the graph Gy, . , see remark 5.5.2.

Moreover, we recall that the first eigenfunction of a weighted Laplacian on
a connected graph is characterized as the only everywhere-positive eigenfunction
Theorem A.0.1. Hence we have that f *|guf* is necessarily a first eigenfunction of

the (puf+, I/)|guf* -Laplacian eigenvalue problem on the graph g,.., i.e.,

1/ 1], [1f1]2.v
fre arg max — ——— arg max (5.34)
IV fll2.pp IV flloo
Finally, (5.34) yields the desired inequality:
1713, 1713, 1fll2 1" ll2w
mlnmax +Z 7+Z,u a X 2 et
VIR, VIR, 2 ¥/l ~ 197l

We have thus proved that

1£113,,
mlnmax +
TP DIk T

The concavitiy of v — min,, % —I—% Y ecE Me— Y _pey Vo follows directly, since,
using (5.32), we can write:

1 1l2,
V— min ——— v, ma X 2 — v, = 2||d — Vy .
; Al v Zue Z v 9/~ 2 v = 2ldsllaw =3 v

veV veV

Then, switch max, with max; and observe that, for any f, if vy is a maximizer of
2(/1 fll2w /|1 fllos) = > pev Vo, there exist a family of Lagrange multipliers {n(v) }yev
such that

|f(v)]?

—1+nw)=0 YoeV

n(v) >0 YveV (5.35)

n(v) =0 Vo s.t.vp, >0,
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yielding:
F@)F = 1f1% = IVFllool flzw, Yo sitovg, >0

In particular we obtain the following expression for the mass of the density vy,

I
2= ol

veV

that means

1713, 1713,
max mln max -+ Z Z Vy = max max mln + Z Me — Z Vy =

v ”foZM ecE vEVY vaH2M ecE vEVY
maxmax2 2 —Zy maxmaXZ HfHZV —Zl/ =
g VR~ & T V%~ &
I1£11% I1f11% I1£11%
ma X2 = max
VA% VAR 7 VA
(5.36)

concluding the first part of the proof. Moreover, assuming (v*, u*) to be a max-
min of &, then, from (5.36) there exists f* such that

fre argfmin IVAIZ e /1113 0 = mfinRio(f)-

Defined p* = pug+ v* = v+, Lemma B.0.2 and (5.35) yields that (v*, u*, f*) satisfy
the set of equations (5.25). Finally the second part of the Theorem follows directly
from Lemma 5.5.1. Ul

5.5.1 Gradient flows

We have observed in the previous section that, by means of the unique saddle
point of the energy function & : MT(E) x M*(V) — R, it is possible to char-
acterize the first oo-eigenpair and the corresponding admissible densities as in
Proposition 5.4.10, see Theorem 5.5.3. Such result extends to the infinty case a
result previously proved in Chapter 4 for the case p € (2, 00), see Theorem 4.5.8.
In Chapter 4, besides the study of the first p-Laplacian eigenpair, it is also proved
that any smooth saddle point of a function 5,’; (4.29) corresponds to a p-Laplacian
eigenpair different from the first variational eigenpair, see Theorem 4.5.9. As a
consequence of the discussion in the beginning of section 5.5, the same result
could be proved for saddle points of the functions & = £7°. However, as now
we show, the assumption of smoothness, in the case p = 0o, seems too restric-
tive. Indeed, from the characterization of the co-eigenpairs as linear eigenpairs,
see Proposition 5.4.10, and from the charaterization of the subgradients (5.18)
(5.17), we recall that any oo-eigenpair (f,A) corresponds to a linear eigenpair
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of a singular generalized eigenvalue problem. In particular, we have that (f, A)
satisfies the eigenvalue equation

Auf =Avf, (5.37)

for some degenerate v that is supported on the subgraph induced by p. In
addition, from Remark 5.5.2, we recall that the number of well defined eigenvalues
of the generalized eigenvalue problem (5.37) is equal to the number of nonzero
entries of v. Assume now that (f, A) corresponds to the k-th eigenpair of (5.37)
and consider the density v/ = v + ee,, where e, is the density equal to zero
everywhere except that on the node v, and v is some node not included in the
subgraph induced by p. Then we easily observe that if € is different from zero,
the set of the (u, 1) eigenvalues is given by zero plus the (u, v)-eigenvalues. This
means that Ay is not continuous in (u,v). Indeed we have

A= e(p,v+0ey) A= XNey1 (1, V") = Mg (p, v+ eey) Ve > 0.

Despite such problems of continuity, in the following of this section we present
a preliminary discussion and the results of some numerical integrations of gradi-
ents flows for the functions &.

In particular, for any k we consider the gradient flow obtained as an extension
to the case p = oo of the gradient flows presented in Chapter 4:

- vz )
“—“<Ak(ﬂ,u>||f||z 1

S 2 ) . 5.38
U= V(llvfllﬁ 1 ( )

A,uf = Ak(:ua V)f
Note that, given two strictly positive initial densities pg and vy, the gradient flow

(5.38) corresponds to the following dynamics extended to the space of signed
measures on edges and nodes:

. : IV f|2
K= “(mm@esignm) (Ak(u,uwn% - ‘D))
2

p = l/<min¢esign(y) (i - ¢)) : (5.39)
A;Lf = )\k(/% V)f

where
1 ifx>0
sign(z) =< [-1,1] ifz=0.
-1 ifz>0

Observe that ® and ¢ in (5.39) are chosen, respectively, in the subgradients of
[l = X wver [tu| and [lv[|1 = ZueV\B |Vl -
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The correspondence between the gradient flows (5.39) and (5.38), when start-
ing from two strictly positive initial densities pg and v, can be proved observing
that as long as v(t) and pu(t) are everywhere nonzero ¢ = 1 and ® = 1. Moreover,
if at some time tg, v4,(to) or gy (to) become zero for some u € V'\ B or (u,v) € E,
then ,(t) and fi,,(t) are zero for any t > tp and the dynamics cannot exit any-
more from the subspaces {v|v, = 0}, {p|puy = 0}. This means that the value
of ¢, and ®,, is irrelevant whenever v, (ty) or pu,,(to) is zero. Then, we note
that the dynamics (5.39) can be considered as a regularization of the following
dynamics, whose importance is pointed out in the next Lemma 5.5.4

. M V 2
f = MINGgign (u) (m B (I))

S Lf12
V = MNgegign(v) (W B Cb)

A,Uf = Ak(:u’a V)f

(5.40)

The regularization is represented by the multiplicative factors v and p in (5.39).
Indeed, such factors slow down the velocities 1 and  when the densities y and v
approach zero on some edge or node. From the discussion at the beginning of this
section, we comprehend the importance of such regularization. Indeed, we have
observed that, when (u, ) become zero somewhere, it is possible to experience a
lack of continuity of the eigenvalue Ag(, ). Thus, differently from the dynamics
(5.40) which can pass through different discontinuities of the eigenvalue A\;(p,v),
the dynamics (5.39) is expected to experience a lack of continuity of the eigenvalue
A:(p,v) only in the limiting point. Now we highlight the importance of the
dynamics (5.40) showing that its equilibrium points, if exist, correspond to oo-
eigenpairs.

Lemma 5.5.4. Suppose (uo, o) to be a equilibrium point of the dynamics (5.40).

Then (f,A) = (f, \/)\k(,uo,l/(])) is an oo-eigenpair. Moreover the support of pg
and vy matches respectively the support of some = € 0|V f|loo and & € O||f|oo

such that —div(E) = AE.
Proof. Oberve that if (g, 1) is an equilibrium point, then

. IVfP
0= min 5 — P
dcsign(po) ()\k(HOa V0)||f||12/ )

|fI? —d>)

(5.41)
= min
gesign(vo) <|!Vf 12,

where (f, A\r) is the k-th (uo, vo)-eigenpair. Thus, given ® and ¢ minimizers in
(5.41), they necessarily satisfy
0< Py, <1V (u,v) €FE Dy = 1V (u,v) st f19y, # 0
0<¢p,<1VueV\B Oy = 1V u s.t. vy, #0.
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If we set m=1—¢ and n =1 — ¢, it is easy to observe that (uo, o) and (f, Ag)
satisfy the set of equations (5.25). The thesis follows applying Lemma 5.5.1 and
Proposition 5.4.10. O

Now we discuss the results of the numerical integration of the dynamics (5.38).
The system of algebraic-differential equations is discretized by means of a simple
explicit Euler method with an empirically-determined constant time step size, t.
The third (purely algebraic) equation is solved by the QZ algorithm. Given the
value of k and the initial values p and v?, for n = 0,1, ... the final scheme takes
on the form:

App = N (g, vi) f

n+1 n n |Vf‘2
pp = g+t (n -1
T R,

yit =y +tu}§(|f’2 - 1> :
’f NP

Convergence towards equilibrium is considered achived when the error

err = ’\f— H”Vf{l:o (5.42)

is below a given tolerance.

Figure 5.3 shows the experimental results obtained on a graph of 49 vertices
obtained gridding uniformly the square. The nodes on the edges of the square
are considered as boundary nodes subject to Dirichlet boundary conditions. In
addition, we impose uniform weights on the edges. The first 4 eigenfunctions (left
panels), the relative convergence behaviour (central panel) and the plot of the
values of the corresponding i and v are reported. The value of ;1 on any edge is
represented using a proportional thickness of the edge. Similarly, the value of v on
any internal node is represented by both plotting the node with a proportional
dimension and giving to the node the appropriate color in accordance to the
color-code on the right of the figure.

We must recall that, even if the eigenvalue A\;(u, ) is expected to be contin-
uous along the trajectory of (u,r) in (5.38), the same is not in general true for
the eigenfunction f. Indeed whenever the eigenvalue Ag(u,v) is not simple, the
eigenfunction f is not uniquely defined and hence also the system of algebraic
differential equations (5.38) is not well defined. From a numerical point of view
we can suppose that the discrete time step allows to jump over the discontinuity
points of the eigenfunction. Nevertheless, when we overcome a point in which
the k-th eigenvalue is not simple, the trajectory of the k-th eigenpair can be ex-
changed with the trajectory of the k — 1 or k + 1 eigenpair, and the discontinuity
in the eigenfunction is reflected in a discontinuity in the error plot. Such behavior
is reflected in several tests, see for example k = 3,4 Figure 5.3. We highlight that
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Figure 5.3: Left panel: four eigenfunctions as calculated by the proposed method
with & = 1,2,3,4 and uniform initial densities 1y and pg. The edge length is
uniform on all the edges and equal to the reciprocal of the edge length. For
each k the central panel reports the behavior of the error defined in eq.(5.42) as
a function of time steps (iterations) n. The Right panel show the values of u
and v. The edge values of p are plotted with the proportional thickness of the
edge. The nodal values of v are plotted with the thickness of the node and the
color-code shown on the right of the figure for k =1,...,4 (top to bottom)
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in all the reported numerical tests, at convergence, the behaviour of the densities
v and v reflects the behavior proved in Proposition 5.4.10 and Proposition 5.4.8.
So, v is supported on extremal points (maxima or minima) of the function f, and
w1 is supported on the shortest paths that join extremal point of different sign or
extramal points to the boundary.

Now we discuss the results of the same numerical integration performed for
k =5,6 ( Fig 5.4 and Fig 5.5). In these cases, when the error of the eigenvalue
is approximately 107, we experience some convergence of the densities 4 and v.
However it is easy to observe that the graph induced by the limiting densities is
symmetric and disconnected. This fact implies that the limiting eigenvalues are
not simple, and the uncertainty in the choice of the correct eigenfunction leads
to escape from an equilibrium and to converge toward a different one, see Fig 5.4
and Fig 5.5.

Moreover, taking for example k = 6, we note that in the final equilibria of the
dynamics, the density v is supported only on one node, meaning that there is a
unique well defined eigenpair. The index of the limiting eigenvalue is thus 1 and
not 6 as along the whole trajectory. This leads to a discontinuity of the eigenvalue
in the limiting point. Such discontinuity is not reflected in the numerical tests
because the numerical integration is stopped when the error is sufficiently small
and, at this point, the densities © and v are still not exactly equal to zero on the
nodes and edges that are not supported by the limiting densities.

We conclude observing that, interestingly, all the presented numerical tests
converge toward oco-eigenpair. However, we are not able to provide any informa-
tion about the position of the computed eigenvalues in the variational spectrum.
Moreover, the above discussion and the problems of continuity of the eigenpairs,
make the theoretical study of convergence of the above algorithm particularly
complicated, especially when k£ > 1. The necessity to overcome the problems of
continuity of the eigenpairs suggests us future investigations of similar dynamics
in which the index of the eigenvalue is not fixed a priori. Indeed, the possibility
to have an eigenvalue index that change along the trajectory could allow us to
obtain a smoothly varying eigenfunction, which, in turn, would result in smooth
trajectories of A, p and v.
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Figure 5.4: Proposed method performed for k = 5 and uniform initial densities
vg and pg. The edge length is uniform on all the edges and equal to the reciprocal
of the edge length. The top panel reports from left to right the relative error of
i, the relative error of v and the error of the eigenvalue (5.42). The left panel
reports the plot of the eigenfunction f, on the top when the error of the eigenvalue
is smallear than 1075, at the bottom when the error of the eiegnvalue is smaller
than 10714, The right panel reports the corresponding densities p and v when
the error of the eiegnvalue is smaller than 1076 (top) and 1074 (bottom). The
edge values of u are plotted with the proportional thickness of the edge. The
nodal values of v are plotted with the thickness of the node and the color-code
shown on the right of the figure.
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Figure 5.5: Proposed method performed for £ = 6 and uniform initial densities
vg and pg. The edge length is uniform on all the edges and equal to the reciprocal
of the edge length. The top panel reports from left to right the relative error of
i, the relative error of v and the error of the eigenvalue (5.42). The left panel
reports the plot of the eigenfunction f, on the top when the error of the eigenvalue
is smallear than 1075, at the bottom when the error of the eiegnvalue is smaller
than 10712, The right panel reports the corresponding densities y and v when
the error of the eiegnvalue is smaller than 10~° (top) and 1072 (bottom). The
edge values of u are plotted with the proportional thickness of the edge. The
nodal values of v are plotted with the thickness of the node and the color-code
shown on the right of the figure.
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A

This appendix is devoted to recall some classical technical results of crucial im-
portance to prove some of our results. For the sake of completness we report
these results with their proof.

Theorem A.0.1. Let G = (V,E,w) be a graph with boundary B, u : E —
R>T a strictly positive weight on the edges and v : V' \ B — RT a positive
weight on the nodes such that is not everywhere zero v # 0. Define A, f(u) =
VTdiag(p)Vf(u) + rof(u) to be the p-weighted Laplacian matriz associated to
the homogeneous Dirichlet boundary conditions, i.e.

Auf(“) = Z Wyy Py (f(u) - f(U)) + Z Wuvﬂuvf(u) .

v~YuU
vEV\B veB

Consider the generalized eigenvalue problem
Auf=Mf. (A.1)

Then,
A1(p, v) = min ”VfH’% = min Z(U’U)EE o VI U)|2
rolIE o e Vulf(w)?
1s a simple eigenvalue, meaning that there exists a unique eigenfunction fi such

that A, fi = Mvfi. Moreover fi is the only eigenfunction such that fi(u) > 0
for any internal node u € V'\ B.

Proof. First observe that if the boundary is empty, the Laplacian matrix A, has
non-empty kernel which given by the only constant vector. Moreover note that
the constant vector is supported everywhere and thus also on the support of v.
Second consider the case of an non-empty boundary, then the Laplacian matrix
A, is not singular meaning the eigenvalue problem (A.1) admits a number of
eigenvalues equal to N — dim(Ker(diagr)), where N = |V \ B|. Moreover each
eigenvalue is such that the corresponding eigenfunction is in RY \ Ker(diagv).

Hence w.l.o.g. we can consider a minimizer of Ry, 2., f1, such that || fi]|2,, = 1.
Note that by the triangular inequalty,

i) = )] = | [i(w)] = [fi(v)]

147

)
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where the equality holds if and only if f = +|f|. Moreover since || f1]l, = || | f1] ||v,
we derive the following inequality:

IVIALE VAL IIVfH2
<

MAE = TAR 7 1R
The last inequlality proves that, since the the graph is connected, we can consider
f1 such that fi(u) >0Vu eV \ B.
Moreover if there exists u € V' \ B such that fi(u) = 0, using the fact that
fi(v) > 0 for any v ~ u we observe that the eigenvalue equation (A.1) reads:

OEAuf(U)IOH

with equality if and only if fi(v) = 0V v ~ u. Hence, by the connctedness of
the graph, if fi(u) = 0 for some uw € V \ B, then f; = 0 everywhere, which
is a contradiction of the hypothesis || fi][, = 0. We have proved that any first
eigenfunction, up to multiplicative factors, is strictly positive.

Now we can prove the second part of the theorem. Assume that there exists
a positive eigenfunction fs > 0 such that

2
IV fall%
| f21I2

Then, there exists some t > 0 such that

=X > A

)\Qfg(u) > t)\lfl(u) YueV \ B and JupeV \ B s.t. tfl(U()) > fg(uO) .

Applying Theorem A.0.2 to the functions tf; and fo, we get a contradiction.
Hence we have proved that any positive eigenfunction is necessarily associated to
the first eigenvalue.

We are left to prove that A; is simple, i.e., the uniqueness of the corresponding
eigenfunction fi. Assume that there exist two positive eigenfunctions fi; and fo
relative to Ay with || f1||, = || f2|l, = 1. Then, the function

1
g(u) = (ff (u) + 3 (w))?,
has v-norm given by ||g||2 = 2, and its gradient satisfies:
IValls < (IV AR + 19 £17)

with equality holding if and only if V fi(u,v) = V fa(u,v) V(u,v) € E. To prove
the last inequality, consider an edge (u,v) and use the Cauchy Schwarz inequality
applied to the two vectors (f1(u), f2(w)) (f1(v), f2(v)):

2 (12 + R(w)?)? = (10 + L0)?)

(ﬁwwquwf+uxm—ﬁw»1
GVﬁvuP+thuW)

2

=

Vg(v,u)® =




149

Then we have
201 = Mllgll} < V9l < (IVAIE + IV E05) =2\
implying that for any edge fi(u) — f1(v) = fa(u) — f2(v) and thus, since || f1]|, =

I f2]l» and both f; and fo are positive, necessarily f; = fo. Hence, we have proved
that the first eigenfunction is simple, concluding the proof. O

Theorem A.0.2. [77] Suppose that f and g satisfies
Apf(u) + ()| f P2 (u) > Apg(u) + r(u)|g(w)[P~g(u),
where r(u) > 0 for any w in V. Then f(u) > g(u) for any u € V.

Proof. Let S ={u € Vl]g(u) > f(u)} and 2+ = max{x,0}, then we have:

S (Apf ) +r (@) f @2 ()~ Apgw)—r(w) g ()P 2g(w)) (9(u)—f () * > 0.

ueV

Exploiting the last equation and the expression of A, f(u) and A,g(u) we obtain:

0< > r(w)(If W P~2f(u) = lgw)P~>g(w)) (9(u) — f(u))
u€esS
+> Zwuv( ()P (f(u) = f(v) = lg(w) — g(v)P~?(g(u) - g(v))) (9(u) = f(u))
u€esS ggg
3D W (If(U) — f@)P2(f(w) = f(v)) = lg(u) — g(v)[P~2(g(u) — g(v))) (9(u) = f(u))
ueS Levis

(A.2)

However observe first that:

r(w) (| F ()P f(w) = [g(w)[P~2g(w)) (9(u) = f(u)) <O VueS.

Second observe that if u € S and v € V\ S, f(u) < g(u) and f(v) > g(v) meaning
that

l9(u) = g(0)P7* (9(w) = g(v)) > |f(u) = fF)P?(F () = f(v))

ie. Yue SveV\Ss:

wuv(If(U)—f(v)lp”(f(U)—f(v))—Ig(U)—g(v)I”*Q(Q(U)—g(v))) (9(w)—f(u)) <0.
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Third observe that, since |a|P + |b|P — ab(|a|P~2 + [b|P72) > 0

S S (15— F@P (@) = F0) = lg(w) = g)P 2 (g(w) — 9(0)) ) (90) — F()

uesS VU

veV\S
= > (1@ = F@) +1g(w) - () ")

u,VES
u~v

+ 3 (1) = F@)P2 +1gw) — g(0) ) (1) = 1)) (9(u) — 9(0)) <0

u,VES
u~v

Hence, since all the terms in (A.2) are smaller than zero, with the second being
strictly smaller, we conclude that necessarily S = (. O



B

We devote this appendix to present some novel technical results which are nec-
essary to prove some of our main results.

Lemma B.0.1. Consider the function

_( IBfP | B2|?
R(p1,82) = <¢p(a1) — ¢p(a2)>¢p(a1 —az) — (b1 — ﬂ2)¢p<ﬁ1 — ﬁQ) , (B.1)
where ¢p(z) = |z|P~22, a1, as,B1, Bo are real numbers, and o = ag/a. Then

R(f1,B2) is positive if o is negative and negative if o is positive. Moreover
R(B1,B2) =0 if and only if B = P1/B2 = a1/as.

Proof. We first consider the special cases where either 5, or §o are zero or o = 1.
When 83 =0 (B.1) becomes

R(B1,0) = |81 (¢ (1 - ) ~ 1),

and a simple computation shows that (¢p(1 —)— 1) > 0if and only if &« < 0. The
case with 1 = 0 is similar, since R(0, 82) = |S2|P (qbp(l — é) — 1). Next, consider
the case a = 1. In this case (B.1) simplifies to R(S1,82) = —|51 — B2|P < 0 and
one easily sees that the equality holds if and only if 81 = (s.

Consider now the case where both 81 and s are different from zero and « # 1.
Equation (B.1) can be written as

R(B1, B2) = ’/81|p(¢p(1 —a)— gbp(l — gi)) + |52|P<¢p(1 _ é) - ¢p(1 B gg)
(B.2)

Dividing (B.2) by |52|P and letting 5 = [31/P2 we get the chain of inequalities

BP0p(1 = )+ 6,(1-3) 2 8P0(1- 5) +0,(1- 5)

1—a)lP 1—4Lp B B
= ‘5((1_3)” +'1_E' > |8 - 11282 - 8) + |8 - 1P~2(1 - B)
8= )P 1= AP
= oo Tt > 18— 1p. (B.3)

[0}
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Now, if 1 < a < 0, then0<( )<1 and( a)—i-l_%:l, so we can use the

convexity of z — |z|P to obtain

1
B0l ool s 51,
(1—a) 1-1
Since x + |z|P is strictly convex for p > 1, the equality in the expression above
holds if and only if f(1 — ) = é — 1 showing that R(f1, 82) is positive if « is
negative.

To face the case a > 0, consider again equation (B.2). We can assume without
loss of generality that 0 < o < 1. Indeed, if « > 1, we can divide (B.2) by |51|P
to obtain an equation like (B.3) where 1/« is used in place of o and the proof
would follow from the argument above. Returning to the case 0 < o < 1, from
(B.2) and the following sequence of inequalities can be obtained following the
same steps as above:

BP0p(1—a) + (1 - +) <[5 -1
pop (')

= = i-e 50—
PSSV RIS

Note that, as before, the last 1nequahty holds due to the convexity of x > |zfP
and thus equality holds if and only if 2 = a) == wh1ch implies 8 = concludmg
the proof. O

Lemma B.0.2. Let M(X) be the space of the finite signed measures on a mea-
surable space X with MT(X) being the cone of the positive measures. Given a
measurable function f: X — R

1
inf —m— |y =
nem+x) [ £113,, 1 flloo

Where |n|(:= ||n||1) denotes the total variation of n and || f||2,, denotes the 2-norm
of f with respect to . Moreover, if | f| admits a mazimum, there exists a n* that
realizes the minimum and fn* € O||f| oo -

Proof. Observe first of all that the function
E M — R+

+ [
||f||277
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is a convex function on the convex cone of the positive measures. Then, fixed a
measure 7, the function

By : RT — R*
c— Z(cn)
is clearly a convex function on R, and differentiating in ¢, we can compute its
minimizer ¢, by solving:

d=,

1
0="0(c) = ———
de " call f113,,

+ Inl,

yielding
= Il £113, - (B.4)

Then, we can write

PR e = o |l
inf. =(p)= inf Z(¢m)= inf
nEM*(X) ) neM*(X) (el neM* (X Hf||277 neM+

In|=1 [nl= Inl=

\/ Hf\|277 ||f||<>o

where the last equality is easily obtained considering any probability measure
on the subsets {z||f(x)| > ||f]lcc — €}, and letting € go to zero. Moreover if |f]|
admits maximum, the inf is easily proved to be a minimum. Denoting with n*
the minimizer, from (B.4) we have:

13 =

1
=71l
pe [1flloo

from which we can easily see that fn* € 9||f||c - O
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