N-QUASI-ABELIAN CATEGORIES
VS
N-TILTING TORSION PAIRS

WITH AN APPLICATION TO FLOPS OF HIGHER RELATIVE DIMENSION

LUISA FIOROT

ABSTRACT. It is a well established fact that the notions of quasi-abelian cate-
gories and tilting torsion pairs are equivalent. This equivalence fits in a wider
picture including tilting pairs of ¢-structures.

Firstly, we extend this picture into a hierarchy of n-quasi-abelian categories
and n-tilting torsion classes. We prove that any n-quasi-abelian category &
admits a “derived” category D(€) endowed with a n-tilting pair of ¢-structures
such that the respective hearts are derived equivalent.

Secondly, we describe the hearts of these t-structures as quotient categories
of coherent functors, generalizing Auslander’s Formula.

Thirdly, we apply our results to Bridgeland’s theory of perverse coherent
sheaves for flop contractions. In Bridgeland’s work, the relative dimension 1
assumption guaranteed that fi-acyclic coherent sheaves form a 1-tilting torsion
class, whose associated heart is derived equivalent to D(Y). We generalize this
theorem to relative dimension 2.
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INTRODUCTION

In [7, 3.3.1] Beilinson, Bernstein and Deligne introduced the notion of a ¢-
structure obtained by tilting the natural one on D(A) (derived category of an
abelian category A) with respect to a torsion pair (X,)). In [24] Happel Reiten
and Smalg developed this procedure, they proved the Tilting Theorem: whenever X
is a tilting torsion class on A there is a triangulated equivalence D(H) ~ D(A)
where H is the heart of the tilted ¢-structure.
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In [49] J.-P. Schneiders associated to any quasi-abelian category € (1.11)) a tri-
angulated category D(€) endowed with a 1-tilting pair of ¢-structures (R, L) (|1.9)
such that £ = Hr NH,.

Rump in [45], followed by Bondal and Van den Bergh in [9, App. B], established
an equivalence between the previous notions: given an additive category &, the
following properties are equivalent: 1) £ is a l-quasi-abelian category, 2) £ is a
1-tilting torsion class, 3) £ is a 1-cotilting torsion-free class, 4) £ is the intersection
of the hearts of a 1-tilting pair of t-structures (R, L) on D(E).

This paper contains three main results.

0.1. We propose an higher analog of the previous equivalence: given an additive
category &, the following properties are equivalent: 1) & is a n-quasi-abelian (6.6]),
2) € is a n-tilting torsion class (6.7)), 3) & is a 1-cotilting torsion-free class, 4) & is
the intersection of the hearts of a n-tilting pair of ¢-structures (R, £) on D(E).

In particular, we prove that the derived category of an n-quasi-abelian category
€ has two canonical t-structures (the left and the right one). We can view the
hearts of these t-structures as canonical abelian envelopes for £.

0.2. We establish a new description for the hearts of these t-structures as Gabriel
quotients of the category of coherent functors with respect to a suitable Serre sub-
category of effaceable functors . For an abelian (0-quasi-abelian) category .4
this result reduces to the Auslander’s Formula introduced by H. Krause in [37].

0.3. Our main application is the generalization of Bridgeland’s theory of perverse

coherent sheaves. Let consider Y l> X a flop contraction with X and Y varieties

over C, Y smooth and Y f—+> X its flop. The Bondal-Orlov conjecture predicts that
the derived categories D(Y) and D(Y ™) (of coherent O-modules) are equivalent.
Bridgeland proved the Bondal-Orlov conjecture for threefolds ([12]) and Van den
Bergh proposed a different proof relaxing some hypotheses, but always assuming
that f has relative dimension 1 ([57]).

Bridgeland considered the t¢-structures on D(Y') obtained by tilting the natural
t-structure with respect to the 1-tilting torsion classes

To:={T € coh(Y) |RfiT ~ f*T} and T_1:={T € coh(Y) |nr: f*f.T - T}.

He denoted by Per(Y/X) and ~!Per(Y/X) their respective hearts. These cate-
gories form the first main ingredient in Bridgeland’s and Van den Bergh’s proofs of
the Bondal-Orlov conjecture in the relative dimension 1 case. In these proofs the
use of 1-tilting torsion classes is dictated by the geometry of the problem since the
fibers of the flops have dimension < 1. In the case of relative dimension n

To:={T € coh(Y) |RfuT =~ f*T} and T_1:={T €Ty |nr: f*fT—>T}

are n analogues of the previous classes. We prove that for n = 2, these are 2-tilting
torsion classes. We denote by ‘Per(Y /X)) the respective hearts and we prove that

D(Y) ~ D(°Per(Y/X)) ~ D("'Per(Y/X)).

Acknowledgements. We are grateful to P. Jorgensen who sent us useful comments
and remarks on the first redaction of this work.

1. 1-TILTING TORSION CLASSES

In what follows any full subcategory C’ of an additive category C will be strictly
full (i.e., closed under isomorphisms) and additive. We will use the notation ¢’ C C
to indicate such a subcategory. Any functor between additive categories will be an
additive functor.
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1.1. Torsion pairs in abelian categories ([I8]). A torsion pair in an abelian
category A is a pair (X,)) of full subcategories of A such that: A(X,Y) = 0, for
every X € X (torsion class) and Y € Y (torsion-free class), and VC' € A there
exists a short exact sequence 0 > X - C —-Y - 0in Awith X e X and Y € ).

Hence the “inclusion” functor iy : X — A has a right adjoint 7, whileiy : Y — A
has a left adjoint ¢. The class X (resp. ) is closed under extensions, quotients
(resp. subobjects) representable direct sums (resp. direct products). As observed
in [9, 5.4] both X and Y admit kernels and cokernels such that: Kery = 70 Ker 4,
Cokery = Coker 4; Kery = Ker 4 and Cokery, = ¢ o Coker 4.

Definition 1.2. ([24]) A torsion pair (X,)) is called tilting if X cogenerates A
(i.e., every object in A is a subobject of an object in X') and X is called a 1-tilting
torsion class (in A). Dually (X,Y) is cotilting if ) generates A (i.e., every object
in A is a quotient of an object in }) and Y is called a 1-cotilting torsion-free class.

Lemma 1.3. Let A be an abelian category. The full subcategory £ (Z—g> A is a
1-tilting torsion class if and only if

(1) &€ cogenerates A;

(2) & is closed under extensions in A;

(3) & is closed under representable direct sums in A;

(4) for any exact sequence 0 - A — X — B — 0 in A with X € £ and
A, B € A we have B € &;

(5) & has kernels.

Proof. Any tilting torsion class satisfies these conditions. On the other side let
£ <5 Abe a full subcategory satisfying the previous conditions. Hence, by the first

property, we can co-present any A € A4 as A = Kery f with X, 4 Xoand X; € &
for 4 = 1,2 and so, since the functor Mod-& > A(ig(-), A) = E(_,Kerg f), we can
define 7(A) := Kerg f (using the last property) which gives a right adjoint for the
functor ig. We remark that the functoriality of this construction is guaranteed by
the fact that if we change the co-presentation of A as A = Ker4 g with Y7 2 Y,

and Y; € &€ for ¢ = 1,2 there exists a unique isomorphism Kerg f g Kerg g such
that the following triangle commutes:

Kerg f % Kerg g
\A,/

The fourth property implies that for any A € A the co-unit of the adjunction €4 :
igT(A) — A is a monomorphism. So for any A € A we have a short exact sequence
0 — igT(A) 3 A — Coker(e4) — 0. Moreover Coker 4(c4) € £+ (see for the
notion of orthogonal class) since given any morphism f : F — Coker 4(c4) with F €
& its A pull-back A X oker 4 (c 1) £ belongs to £ (by the second property since it is an
extension of I/ by ig7(A)), hence the pull-back morphism f" : A X coker 4(c4) £ — A
factors (by adjunction) through ig7(A) which implies that f = 0.

Corollary 1.4. Let A be a well powered abelian category with arbitrary direct sums.
The full subcategory & S Aisa 1-tilting torsion class if and only if

1) & cogenerates A;

2) & is closed under extensions in A;

3) & is closed under direct sums in A;

4) for any exact sequence 0 - A — X — B — 0 in A with X € &£ and
A, B € A we have B € €.

(
(
(
(
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We note that the torsion pair (A4,0) in an abelian category A is tilting while
(0,.A) is cotilting. So the identity id4 : A — A represents A as a 1-tilting torsion
class and also as a 1-cotilting torsion-free class.

We will refer to Appendix [C| for some generalities on ¢-structures. In particular
in order to assure that any category introduced in this work has Hom sets we will
suppose in the whole paper the following:

1.5. Hypothesis HS. Given & a projectively completeﬂ category (i.e., additive
category such that any idempotent splits) its derived category D(&) := D(E, Exmax)
(endowed with its maximal Quillen exact structure see Appendix [Al) has Hom sets.

In the following we will always suppose that £ is a projectively complete category.

1.6. Happel-Reiten-Smalg tilted ¢-structure. [24, Prop. 1.2.1, Prop. 1.3.2] [13]
Prop. 2.5]. Let Hp be the heart of a non degenerate t-structure D = (D=9 D=0)
on a triangulated category C and let (X,)) be a torsion pair on Hp. Then the pair

T:=( (/,Sg?y), T(i(,)y)) of full subcategories of C

Gy = {CecC|HY(C)eX, H(C)=0Vi>0}

Ty = {CEeC|HpNC) €Y, Hy(C)=0Vi< 1}

is a t-structure on C. Following [I3] we say that 7 is obtained by right tilting D
with respect to the torsion pair (X,Y) while the t-structure 7 := T [—1] is called the
t-structure obtained by left tilting T with respect to the torsion pair (X,Y). The
right tilted heart is:

Hr={CeC|HYC)e X, Hy'(C) €Y, HH(C)=0Vi ¢ {—1,0}}.

In this paper we simply call tilting the right one. In [43| Lem. 1.1.2] Polishchuk
proved that given any pair of ¢-structures (D,7) on a triangulated category C
such that D<~1 C T7=0 C D=0, the t-structure 7 is obtained by right tilting
D with respect to the torsion pair (X := Hy N Hp, Hr[-1] N Hp =: V) while
D is obtained by left tilting 7 with respect to the tilted torsion pair (Y[1] =
H'D[l] NHr, Hp N Hr = X).

1.7. Notation. In this paper whenever we have a pair of t-structures (D,7T) on a
triangulated category C we will denote by 6=° the truncation functor with respect
to D and by 7=° the one with respect to 7.

Theorem 1.8. 1-Tilting Theorem. ([24, Th.1.3.3], [I5]). Given a tilting torsion
pair (£,Y) in A there exists a triangle equivalence D(Hy) = D(A) (where Hr is
the heart of the t-structure obtained by right tilting the natural t-structure with
respect to the torsion pair (£,Y)) which is compatible with the natural inclusion
H+ C D(A). Moreover (Y[1],€) is a cotilting torsion pair in Hr.

Definition 1.9. A pair of ¢-structures (D, T) on a triangulated category C is called
1-tilting if the following two conditions hold:
(1) D=7 C T=0 C D=,
(2) denoting by £ := HpNH, the following equivalent conditions are satisfied:
(): C ~ K(E)/N and D(Hp) & K(£)/N < D(H7) where N is the
null system of complexes in K (€) acyclic in Hp or equivalently in H;
(ii): C ~ D(Hp) and & cogenerates Hp;
(iii): ¢ ~ D(Hr) and & generates Hr.

Proposition 1.10. The pair (D, T) is a 1-tilting pair of t-structures if and only if
E :=Hp NHy is a 1-tilting torsion class (resp. 1-tilting torsion-free class) in Hp
(resp. in Hr).

L\ skeletally small projectively complete category is called a variety of annuli in [4].
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Proof. One implication is a consequence of the 1-Tilting Theorem [1.8} if & :=
Hp NHr is a 1-tilting torsion class (resp. 1-tilting torsion-free class) in Hp (resp.
in H7) we obtain that (D, T) is a 1-tilting pair of t-structures. On the other side
if (D, T) is a 1-tilting pair of ¢-structures by [43, Lem. 1.1.2] £ := Hp NHy is a
torsion class in Hp so we have only to prove that £ cogenerates Hp. By hypothesis
K(E)JN < D(Hp) so any A € Hp can be represented by a complex E* € K(€) ,
hence A < Cokery,,, (dpe) € € (and Cokery,,, (dje) € € since it is a quotient of a

torsion object in Hp). Dually if K(£)/N & D(H7) we have that £ generates Hr
and it is a torsion-free class in Hy. O

Definition 1.11. ([49]). An additive category & is called 1-quasi-abelian if it
admits kernels and cokernels, and any push-out of a kernel is a kernel, and any
pullback of a cokernel is a cokernel. A zero sequence 0 — E = F 5 G — 0 is
called ezact if and only if (E, u) is the kernel of v and (G, v) is the cokernel of u. A
complex X* with entries in £ is called acyclic if each differential d” : X™ — X" *!

decomposes in £ as d" =m, 0e, : X" 1y Dy Xt where m,, is the kernel
of e, 41, and e, 41 is the cokernel of m,, for any n € Z.

Remark 1.12. The class of kernel-cokernel exact sequences provides the maximal
Quillen exact structure on £ if and only if £ is 1-quasi-abelian (see for the
notion of maximal Quillen exact structure).

1.13. Left and Right t¢-structures on the derived category of a quasi-
abelian category (9, §1.2]). Let £K:° (resp. RKZ’) denote the full sub-
category of K (&) formed by complexes which are isomorphic in K(£) to com-
plexes whose entries in each strictly positive (resp. strictly negative) degree are
zero. Let now suppose that £ admits kernels and cokernels, hence the pairs
LKg := ([ZICEO, (EIC?il)l) and RK¢g := (L(’RICEZI),RICEO) define two t-structures
on K (&) whose truncation functors are resp.:

B =... — E7? — E~! — Kered®  — 00—
Z'Et= — 0 —  Kergd® «— E° — E'— ...
TéflE' = — E' EEO — Cokergd™ — 0—---
ZEt= — 0 — Cokers ™! —s E! — E?— ...

(as in we use a point to indicate the object placed in degree 0). The left ¢-
structure LK¢ is the one considered by Schneiders in [49, Prop. 1.2.4]. We will
denote by LIC(E) (resp. RK(E)) the heart associated to the t-structure LKg (resp.
RK¢). We have £ ~ ZIIC?O N RIC?O = LK(E) NRK(E) in K(E) and moreover
RK:™2 C LK € RKE? (since for any E* € K(£) its 75 *(E*) € LK5°). In
K (&) we have that ’RICE_I is contained in L’ICgSO if and only if any cokernel map
is a split epimorphism or equivalently any kernel map is a split monomorphism.
If this is not the case in order to reduce the “gap” ([2I, Def. 2.1]) between the
left and the right t-structures (without changing the intersection £) we can try to
localize by a null system formed by acyclic complexes with respect to a Quillen

exact structure. In this case, if the previous t-structures satisfy the conditions of
Lemma they will induce a pair of t-structures (RD(¢ ea), LD(g,e5)) On the

localized category D(E,Ex). In order to obtain RD(SSTEZ) C ED(SSO’SI) C RD(SEO’&)
we need to prove that for any E* € D(&,Ex) the canonical morphism of complexes
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age : TEO(T%AE') — T%flE’ is an isomorphism in D(€, £x):
20 T EY) = — BT 5 Tme(d7Y) 0 0—---
T T
—1 °
T%ilE. = E12 E° Cokerg(d™!) —0—---

which is equivalent to require the acyclicity of the mapping cone M (age) (which
is homotopically isomorphic to Ex(d")):

M(age):=---=2E 2@ E 3 E ' ®Img(d™) = E° = Cokerg(d™) =0 ---
Lol e ] ]
Ex(d?) :=--- 0 Img(d™') —— E° —» Cokerg(d™') -0 ---

Hence we would like to use a null system containing the complexes Ex(d°) for
any d° : E° — E' which is possible if and only if these short exact sequences satisfy
the axioms of a Quillen exact structure. Therefore if £ is a 1-quasi-abelian category
the previous truncation functors induce, by [49] Lem. 1.2.17; 1.18] (see Lemma
and Lemma[3.11)), the ¢-structure LDg (resp. RD¢) in the derived category D(€) =
K(E)/N. Moreover, since 0 — Img(d—!) — E° — Cokerg(d~!) — 0 is a kernel-
cokernel exact sequence, it is exact for the maximal Quillen exact structure on
&, hence RDg™" C LD’ € RDE? and € = LDz N RDZ°. The t-structure
LDg (resp. RDg) is called the left t-structure (resp. the right t-structure), whose
aisle EDSSO (resp. co-aisle RD?O) is the class of complexes isomorphic in D(E) to
complexes whose entries in each strictly positive (resp. negative) degree are zero.
The heart of LDg (resp. RDg) is denoted by LH(E) (resp. RH(E)) and we denote
by I (resp. Ig) the canonical embedding into LH(E) (resp. RH(E))

E — o5 E —  £50
which preserves and reflects exact sequences. Moreover £ is stable under extensions

in LH(E) (vesp. RH(E)).

Proposition 1.14. Let £ be a 1-quasi-abelian category. The t-structures LDg =
RDg coincide if and only if £ is an abelian category.

Proof. Let € be a 1-quasi-abelian category, LDg = RDg if and only if for any
complex E* € D(E) the canonical map Sge : TEOE' — T%OE' o TLSlT»,%OE'

2B = —— BT Kergd® ——— 00— 00— -
S
S B B tne(d) 0

is an isomorphism in D(&) which holds true if and only if the short sequence 0 —
Kerg d® — EY — Img(d®) — 0 is exact on € i.e.; € is an abelian category. O

Theorem 1.15. [45], [9, Prop. B.3]. Let £ be an additive category. The following
properties are equivalent:

(1) & is a 1-cotilting torsion-free class in an abelian category A;

(2) € is a 1-tilting torsion class in an abelian category A’;

(3) & is a 1-quasi-abelian category;

(4) & is the intersection of the hearts HpNHy of a 1-tilting pair of t-structures.

Moreover A~ LH(E), A ~RH(E) and (D, T) = (RDg, LDsg).
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Proof. The equivalence between (1), (2) and (4) is a consequence of Theorem [L§]
and Proposition Given £ a l-quasi-abelian category as recovered in [1.13]
Schneiders proved that (RDg, LDg) is a 1-tilting pair of t-structures with LH(E) N
RH(E) ~ &, so (3) implies (4). On the other direction given any 1-tilting pair of
t-structures (D, T) by Proposition the class £ := Hy N Hp is a tilting torsion
class in Hp, hence a 1-quasi-abelian category and thus (4) implies (3). O

We have seen in that given any torsion pair (X,)) in an abelian category
A both X and Y are 1-quasi-abelian categories, so in particular X is a 1-tilting
torsion class after a suitable replacement of the abelian category:

Proposition 1.16. Let (X,Y) be any torsion pair in an abelian category A. Let
consider Ay to be the full subcategory of A whose objects are cogenerated by X.
Then Ay is abelian, the canonical embedding functor Ay — A is exact and the
pair (X,Y N Ax) is a 1-tilting torsion pair in Ax therefore Ay ~ RH(X).

Dually let consider Ay to be the full subcategory of A whose objects are generated
by Y. Then Ay is abelian, the functor Ay — A is exact and the pair (X N Ay,))
is a 1-cotilting torsion pair in Ay therefore Ay ~ LH(Y).

Proof. Let us prove that for any X Ly morphism in Ay, its kernel and cokernel
in A belong to Ay. By definition of Ay there exist X S Tx and Y & Ty
with Tx,Ty in X. Hence Kera(f) — X <3 Tx implies Ker4(f) € Ax while
Coker 4(f) < Coker4(ay f) € X, since X is closed under quotients and Ty € X.
Let X € Ay and let consider its short exact sequence 0 - T(X) - X — F(X) =0
where T'(X) (resp. F'(X)) is its torsion (resp. torsion-free) part with respect to the
torsion pair (X,)) in A. Then T(X) € X C Ay, hence F(X) € Ax (since it is a
cokernel of a morphism in Ay ) which proves that (X, N Ay) is a torsion pair in
Ax. The second statement follows dually. O

2. n-TILTING THEOREM

2.1. Let C be a triangulated category endowed with a pair of t-structures (D, T):
D C 70 C D=0 and & := Hy N Hp. The following statements hold true:

(1) any complex --- =+ 0 — E=% — - - E7! E%5 0 — ... with s > 0
belongs to 71759 0 D=0 (|20, Lem. 1.1]);
(2) if n > 1, given an exact sequence in Hp (resp. H)

d77L+l d71
0—M-—%E 1" g TN 0 E,c& Vi=0,....n-1

implies N = Cokery, d' € & (resp. M = Kery, d;""" € &£). The
argument of [20, Lem. 1.2] gives a distinguished triangle M[n — 1] —

[E_pny1 — -+ —>éo] — NJ0] % hence Mn —1] € Hpn —1] € T=!

and [E_,11 — -+ —FEy] € T=%s0o N[0] € Hp N T=Y = &;
(3) a complex E* € K (&) is acyclic in Hp if and only if it is acyclic in Hy and
in this case for any i we have Kery,, db. = Kery, db. € € ([20, Prop. 1.3]);
(4) & is projectively complete (any idempotent in € splits in Hp and it belongs
to Hy too); £ is closed under extensions both in Hp and H, hence the class
of short exact sequences 0 — F1 — E — E5 — 0 (in Hp or equivalently
‘Hr) provides a Quillen exact structure (€,£z) on E.

Remark 2.2. Let consider C = D(Hp) and € a cogenerating class in Hp. By
[20, Lem. 1.4] £ is generating in H7 and by point (2) of any A € Hp admits
a copresentation of length at most n. Dually any B € Hs has a presentation of
length at most n.
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All the previous results combine into the following n version of Theorem

Theorem 2.3. n-Tilting Theorem. (|20, Th. 1.5] ) Let A be abelian category
such that its derived category D(A) has Hom sets, let D be the natural t-structure
in D(A) and T a t-structure such that DS=" C T<0 C D=V, Let us suppose that
E .= ANHy cogenerates A, hence there exists a triangle equivalence E:

K(£)

x

5

IR
IR

D(H7) s D(A)

&R

(where N¢,, is the null system of complezes in K () acyclic in A or equivalently in
H ) such that the restriction of E to Hy is naturally isomorphic to the inclusion
H+ C D(A). Moreover £ is generating in Hr.

Definition 2.4. A pair of t-structures (D, T) on a triangulated category C is called
n-tilting if the following statements hold:
(1) D= C T=0 C D=Y;
(2) the following equivalent conditions are satisfied:
(i): given & := HpNHr we get C ~ K(E)/N and D(Hp) < K(E) /N &
D(H7) where N is the null system of complexes in K(€) acyclic in
‘Hp or equivalently in Hy;
(ii): C ~ D(Hp) and € cogenerates Hp;
(iii): C ~ D(H7) and & generates Hr.

If D<= C T<0 C D=0 by Theorem [2.3| we have that (ii) implies (i) and (iii),
dually (#4¢) implies (¢) and (i¢) (by the cotilting version of Theorem so (i1) is
equivalent to (4i4). If (¢) holds C ~ D(Hp) and £ cogenerates Hp since any A € Hp
can be represented by a complex E* € K (&) and so A — Cokery, (dg.) € &€
(Cokery,, (de) € € by (2) of 2.1)) which proves that (i) implies (id).

We note that any n-tilting pair of ¢-structures is also m-tilting for any m > n.

Proposition 2.5. Let (D, T) be a n-tilting pair of t-structures in a triangulated

category C. Hence the equivalence F : C = K(E)/Ngx = D(E,Ex) (where the
Quillen exact structure on € is the one of[2.1) (4)) gives:

F(T=") ={X* € K(§) | X* = B, in K(€)/Ne, with B4, € LKF} =: LD,

F(D™') ={X* € K(£) | X* = B3, in K(£)/Ne, with B, € RKZ'} = RD (.

Proof. By definition D(E,€x) = % (M1] see . Since (D, T) is n-tilting , we
have that under the n-tilting equivalence D<°(#H) corresponds to 7=, while D=1
corresponds to DZ1(Hp). Moreover the class £ generates H7 and so any object
in D=%(H7) can be represented in K(&)/Ng; by a complex in K<%(€). On the
other side since € cogenerates Hp any object in D=!(Hp) can be represented in
K(€)/Ne, by a complex in K21(€). O

Remark 2.6. The proof of Theorem [2.3] produces the desired equivalence on the
derived categories of the hearts passing trough an equivalence with the triangulated
category IX/(—;;) = D(&, Ex) where £ is the intersection of the hearts. We remark that
the role of the Quillen exact structure is important in order to define D(&, Ex). The
previous proposition proves that the category £ encodes the data of the t-structures

since (D, T) ~ (RD(g 1), LD(s £x))-
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3. 2-TILTING TORSION CLASSES

As we will see soon the case n = 2 is neatly easier than n > 2 and so we will
first analyze this case in detail.

Lemma 3.1. Let (D, T) be a 2-tilting pair of t-structures in C ~ D(Hp) ~ D(Hr).
Hence € :== Hp N Hy is closed under extensions (both in Hp and Hr); it admits
kernels and cokernels and given d : E — F in £ we have Kerg(d) = Kery,(d) € £
while Cokerg(d) = Cokery,(d) € £. Moreover the inclusion functor i : € — Hp

admits a right adjoint t : Hp — € while the inclusion functor j : & — Hy admits
a left adjoint f : Hy — E.

Proof. Let d : E — F be amorphism in £, by point (2) of we have: Kery,., d € &
while Cokery,, d € £ and so they provide the kernel, resp. the cokernel, of d in £. By
hypothesis D<72 C 7= C D=0 50, by orthogonality 72! C D=~!. Let A € Hp,
the distinguished triangle 7<9(4) — A — 721(A)% proves that 7<°(A4) € D=0
since A € Hp and 72H(A) € T2 € D271 so t(A) := 15%(A) e TSOND20 = ¢
(recall notation . Hence Hp(i(E),A) = C(E,A) ~ C(E,7=YA) = £(E,t(A))
for any E € &, which proves that ¢ is a right adjoint of i. Dually the functor §=°
restricted to Hy takes image in £ and provides the left adjoint f of j. O

Following Lemma [I.3] we define the a 2-tilting torsion class in the following way.

Definition 3.2. Let A be an abelian category. A full subcategory £ < A is a
2-tilting torsion class if

(1) € cogenerates A;

(2) & is closed under extensions in A;

(3) € has kernels;

(4) for any exact sequence 0 - A — X; — Xo - B — 0 in A with X; € £ for
i€{1,2} and A,B € A we have B € £.

Moreover £ is endowed with a canonical Quillen exact structure whose short exact
sequences are exact sequences in 4 with terms in £. Any 1-tilting torsion class as
in Definition [I.2] is also a 2-tilting torsion class.

Dually a 2-cotilting torsion-free class in A is a full generating extension closed
subcategory £ of A admitting cokernels and closed under kernels in A.

Proposition 3.3. Given (D, T) a 2-tilting pair of t-structures the category & :=
Hp N Hy is a 2-tilting torsion class (resp. a 2-tilting torsion-free class) in Hp
(resp. in Hr).

Proof. By Definition & cogenerates Hp and generates Hy. By point (4) of
£ is closed under extensions both in Hp and Hy. Given a morphism d : X; — Xo
in £ by point (2) of 2.1] we deduce that Kersd = Kery,, d € £ and Cokerg d =
Cokeryy,, d € € which concludes the proof. O

Theorem 3.4. Let A be an abelian category and let D be the natural t-structure
on the triangulated category D(A). Let i: E — A be a 2-tilting torsion class on A.
Hence T=Y := D=2 % Ex&[1] (see is an aisle in D(A) such that € = ANHr
and the pair (D, T) is a 2-tilting pair of t-structures. We will say that the t-structure
T is obtained by tilting D with respect to the 2-tilting torsion class £.

Proof. The class T=Y is extension closed by Lemma T=11] C T=° since the
suspension of any factor is contained in a factor. By definition D<72 C 7=0 and,
since any factor is contained in D= (which is extension closed), 7<= C D=0,

Let us prove that the functor i;<o : T=° — D(A) has a right adjoint 750 :
D(A) — T=C. Let us notice that the functor i : £ — A has a right adjoint ¢ defined
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as in Lemma for any A € A let consider a copresentation 0 — A — X3 EN X5
and let us pose t(A) = Kerg(f). For any L € D72 % € x £[1] we have HY (L) €
& (since it is a cokernel in A between two objects in £). Let A € A, we have
D(A)(M,A) = AHY(M), A) =2 A(HY(M),t(A)) = D(A)(M,t(A)YM € T=O.

So our truncation functor 7= restricted to A coincides with ¢: 7540 = ¢t (hence

the mapping cone [t(A) —>/.1] belongs to 72! by [35, Prop. 1.1]). Even if we
have to choose a morphism in order to define this functor, the functoriality of the
construction is guaranteed by the fact that, for another choice, there exists a unique
isomorphism compatible with this construction ([7, Prop. 1.3.3]).

Let us now compute the restriction of 7= to D101, Any object D € D10 can

be represented as [A EN E] (see . Since £ is cogenerating in A there exists an im-

mersion h : A — E with E € £ and so D is isomorphic in D(A) to [E N @.A B.
Let define 7<°(D) to be [E t(—f>)t(E @4 B)]. Let consider the following commu-
tative diagram whose rows and columns are distinguished triangles (obtained by
applying the octahedron axiom to the composition £ — t(E ®&4 B) — E @4 B [1,
Prop. 1.1.11])

t(f)

E —3t(E®a B) —— 1=°(D) ——
Loy | N
E——FE®daB D

) ! !

0—— 72 (E@a B) —— 12 (E®a B) ——
AR A 1

By the previous case 721 (E® 4 B) € T=L. Since 72} (E® 4 B) and 721 (E® 4 B)[1]
belong to 7=1; D(A)(M,7<°(D)) = D(A)(M, D) for any M € T=0.

For any X € D(A), 75%(X) = 7=0(6=°(X)) since T=° C D= (one can see by
the octahedron axiom that the mapping cone of the composition 7<0(6<%(X)) —
§=9(X) — X lyes in T='). Given C € D=Y; the following commutative diagram
(whose rows and columns are distinguished triangles)

3572(C) =0(C) =0 ——
1 1 il

5<72(C) c s ey —
! 1 1
0 ——— 721 (00 —— 721 (0 0(C0) ——
s s s

permits us to compute 7<°(C) for any C' € D=0, We recall that, whenever two rows
and any column of such a digram are distinguished, the third row is distinguished
too [7]. The functoriality of this construction is guaranteed by the orthogonality of
the classes 7=0, 721

Let us prove that £ = ANH; we recall that A ~ Hp. Let consider A* € ANHr,
hence A* € T=0 = D=2 % & x £[1] and so it fits into a distinguished triangle
B* — A* — E[FL0% for suitable B* € D<~2 and El-30 € € « £[1]; but since
A* € D20 we deduce that B* € D="2N D2 = 0 s0 A* € £ x &[1]. Therefore
A* = [E7' 3E and A* = HY(A®) since A* € A ~ Hp, so by point (4) of
Definition we obtain A* € £ which proves that 7= N D2" = £. We can apply

the Tilting Theorem (€ cogenerates A) thus obtaining that (D, T) is a 2-tilting
pair of t-structures. O
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Lemma 3.5. Let £ be a 2-tilting torsion class in an abelian category A. The full
subcategory T := D=2 x & x E[1] of D(A) is closed under extensions.

Proof. Let us denote by D the natural ¢-structure on D(A).
Step 1. Let us prove that E[1]xE C ExE[1]. Any X* € E[1]x€ can be represented
by a complex E* € K=71(€) (since £ cogenerates A). The distinguished triangle

Hp'(E9)[1] — E* — HY(E*) % is the unique realizing E* € A[1] x A hence

Hp'(E*) = Keryg(dps) € € and HY(E*) = %%5)) € &. The short exact

sequence 0 — KerA(d;;}) —E 1o ImA(d;) — 0 implies that ImA(d;;f) € & (by
property (4) of Definition and so Ker 4(d%.) € &€ (since it is an extension of

objects in £). This proves that X* = [E~1 —Ker4(d%.)] € £x&[1].
Step 2. It remains to prove that (€ x £[1]) x D=~2 C T= which is equivalent to
require that 6=712* € ExE[1] for any Z* € (€ xE[1]) * D=2, The complex Z* can

-3 d-2 —1®
be represented as [---Y 3 Cy—24 gt dﬁEO] € K=9(A). We can choose an
inclusion Coker d,? <y F~! with F~! € & (since € cogenerates A), hence §=~12* =

[Cokerdgg —EY 2 [F! 5F 1@®p 1 E’ e ExE[1] since Fdp1 E'e&. O

Remark 3.6. Theorem admits a dual version: given T a t-structure on D(Hr)
and j : £ — Hy a 2-cotilting torsion-free class on H7, the class D20 := E[—1] %€ %
T=%is a co-aisle in D(H ) such that H7NHp = £. Moreover the pair (D, T) is a
2-tilting pair of t-structures.

Definition 3.7. A 2-quasi-abelian category is the data (€, £x) of an additive cate-
gory £ with a Quillen exact structure £x such that £ admits kernels and cokernels.

Remark 3.8. Clearly any 1-quasi-abelian category is also 2-quasi-abelian. Any
2-tilting torsion class £ is a 2-quasi-abelian category since by Definition (3) it
admits kernels and by (4) it admits cokernels.

Let us start by studying the case of a 2-quasi-abelian category (&, Exspliy) whose
Quillen exact structure is the minimal one (i.e., any conflation splits).

Proposition 3.9. Let £ be an additive category admitting kernels and cokernels.
The category K(E) admits a canonical 2-tilting pair of t-structures (RKg, LKg)
such that € = RK(E)NLK(E) and so & — RK(E) is a 2-tilting torsion class while
E < LK(E) is a 2-cotilting torsion-free class.

Proof. We can endow & with its minimal Quillen exact structure Exqpyiy (split short
exact sequences . So (€, Exspiiy) is a 2-quasi-abelian category whose derived
category D(E,Exspiit) = K (). In we provided the construction of the left
and right t-structures on K (&) for £ a 1-quasi-abelian category. This construction
is based on the existence of kernels and cokernels, so it works unchanged in this
case and it provides the t-structures LKg and RKg on K(E) whose associated
truncated functors are those described in Moreover ’RICgS_2 - L'ICEO - RICESO.
The heart of LKg (resp. RKg) is denoted by LIC(E) (resp. RK(E)). Any short
exact sequence 0 — K 5 L 5 E — 0 in LK(E) with E € £ is a distinguished
triangle in K(€). It induces the exact sequence K(E)(E,L) — K(E)(E,E) —
K(E)(E,K[1]) = 0 (since K[1] is a complex in £Kg ™" with 0 entries in degrees
greater or equal to 0), hence 7 is a split epimorphism. Thus £ coincides with the
class of projective objects in LIC(E). Any object L € LK(E) can be represented as
a complex L = C(d) := [Kerg(d) > X —dﬂ;] € K(€) (since L = 7775 L see
which permits to prove that L has a projective resolution of at most length 2: the
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distinguished triangles (where C(a) := [Kerg (d) 3 X]

~—

(1)  Kerg(d)[0] — X[0] — C(a)  Cla) — Y[0] — C(d)  in K(&)
give the short exact sequences
0—Kerg(d) = X - C(a) 20 0=C(a) Y =C(d)—0; inLK()

from which we obtain the projective resolution 0 — Kerg(d) - X - Y — C(d) —
0 of C(d) in LK(E). We have K(€) ~ D(LK(E)) which proves that (RKg, LK¢) is a
2-tilting pair of t-structures, hence by Proposition £ is a 2-tilting torsion (resp.
2-cotilting torsion-free) class in RK(E) (resp. LK(E)). In particular £ coincides
with the class of injective objects in RK(E) (resp. projective objects in LIC(E)). O

Corollary 3.10. Given (£,Exspiit) a 2-quasi-abelian category, LIC(E) ~ coh-E and
RK(E) ~ (E-coh)°.

Proof. The category & has kernels and cokernels, hence it is a coherent category (see
Definition [B.7/and Proposition [B.10). Both coh-£ and LK (€) are abelian categories
whose projective objects coincide with £, and such that any object has a projective
resolution of at most length 2. The functor I, : £ — LI(E) extends uniquely to a
functor I§ : coh-& — LIC(E) cokernel preserving (see [B.6|) which is an equivalence
of categories (any object in L € LI(E) has a projective resolution therefore I§ is
essentially surjective and fully faithful since any object in € is projective in LK(E)).
Thus the left heart is equivalent to the category of right coherent functors. The
right statement follows dually. O

Let us now turn to the case of a general 2-quasi-abelian category (£, £z):

Lemma 3.11. Given any 2-quasi-abelian category (E€,Ex) the left and right t-
structures on K(E) induce a 2-tilting pair of t-structures (RDg ey, LD (g e2)) 0N
the derived category D(E,Ex) such that € = RH(E,Ex) N LH(E, Ex).

Proof. Let us denote by Ng, the null system of acyclic complexes with respect
to (€,€x) (see |[A.2). Let us prove that the t-structure LKg on K (&) satisfies
the hypothesis of Lemma thus inducing (passing trough the quotient) the ¢-
structure LD g ¢,y on D(E,Ex) := K(E)/Ng,. We have to prove that, given any
distinguished triangle Y* — X* — N*% in K(€) such that Y* € LK, X* €
EICEO and N* € Ng, we have Y*, X* € Ng¢,. We can suppose Y* = TEIY’ and
X* € K=%(&). Let consider the following commutative diagram:

ag
0 Ker(dy ) Y?© y?!
4 4=2 + a=l + 1
x—2 X x-1 X x0 0
1 1 <4 4
—— Ker(d}) @ x 2 Yopx—1 — s ylgx0 s y2
Im(d3%) Ker(d}) @ Coker(dy®) Ker(d}) @ X° Ker(d?)

one has to start looking the last row, for ¢ < —3 we have N? = X? while for j>1
we have N7 = Y7+1; 50 we can write Im(d%>) on the left and Ker(d? ) on the right.
We complete taking resp. the cokernel and the kernel and we are able to decompose
Y* and X* via conflations. The following pullback diagram

Ker(dy) ® Coker(dy’)———Y°® X' ——» Ker(dy) & X°

T [ 1

Ker(dy) @ Coker(dy®)—— Ker(dy) & X ' ———» X°

proves that Coker(d;{?’)H X! = XY is a conflation, thus X*,Y* € Ng,.
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Therefore we obtain a pair of t-structures (RD ¢ e2), LD (g £5)) on D(E, Ex) such

that RDT 7, C LD, € RDY e, Clearly & C RH(E,Ex) N LHU(E, Ex). Tf

E* € RH(E,Ex) N LH(E,Ex), we can suppose E* € K=(E) and E* ~ 75 E* =
Cokerg d;;} c&so E*ck.

It remains to prove that the derived category of the heart is equivalent to
D(LH(E,Ex)) ~ D(E,Ex) =: K(E)/Ngy. Now £ is a full subcategory of LH(E, Ex)
and a sequence S : 0 - Ey — E — FEs — 0 belongs to £z if and only if the tri-
angle E1[0] — E[0] — E,[0]-5 is distinguished in D(, £x), hence (since any term
is in LH(E,Ex)) if and only if S is exact in LH(E,Ex). We note that given any
morphism f : E — F in & we have Kerzy g ex)(f) = Hg?-t(s,sx)([éﬁ F)) eé&
(due to the inclusion RD(SE,_SQJC) C L’D(Sg(?gm)) and so Kerzy e e0)(f) = Kerg(f).
Hence any complex in K(£) which is acyclic in D(LH(E,Ex)) can be decom-
posed into short exact sequences in LH(E,Ex) whose terms belong to £ and so
we deduce that Ney = Nizye.e0) N K(E). Moreover any object X* € LH(E,Ex)

can be represented as a complex X* € K=°(&) such that TEOX° >~ X* and so
(as in the proof of Proposition it can be represented by a complex C(d) :=

[Kere(d) & X iﬂ;] € LH(E,Ex) whose terms belong to £. This suggests that
LH(E,Ex) is a Gabriel quotient of the heart LK(£) as we will see in Theorem [6.11]
The same argument of Proposition proves that the exact sequence 0 —
Kerg(d) = X =Y — C(d) — 0 is exact in LH(E,Ex),thus any object in the left
heart admits a £-resolution of length at most 2. Therefore the subcategory £ in
LH(E, Ex) satisfies the hypotheses of [32), Prop. 13.2.6] (see Proposition [C.3), hence

KO ~ D(LH(E, Ex)). 0

Now we have a definition for any property appearing in Theorem whose
generalization is the following theorem:

Theorem 3.12. Let (£,€x) be an additive category endowed with a Quillen exact
structure Ex. The following properties are equivalent:

(1) & is a 2-cotilting torsion-free class in an abelian category C (and sequences
in Ex are short exact sequences in C whose terms belong to £);

(2) & is a 2-tilting torsion class in an abelian category C' (and sequences in Ex
are short exact sequences in C' whose terms belong to £);

(3) (&,&x) is a 2-quasi-abelian category;

(4) & is the intersection of the hearts Hp NHy of a 2-tilting pair of t-structures
on D(&,Ex).

Moreover C ~ LH(E), C' ~ RH(E) and (D, T) = (RDg, LDs).

Proof. By Proposition given any 2-tilting pair of ¢t-structures (D, T) we obtain
that £ is a 2-tilting torsion (resp. 2-cotilting torsion-free) class in Hp (resp. Hy)
and by Remark [3.8| € is 2-quasi-abelian. So (4) implies (1), (2) and (3). By Theo-
rem [3.4] given £ a 2-tilting torsion class in Hp, the pair (D,T) (on D(Hp)) is a 2-
tilting pair of t-structures (where T is the ¢-structure obtained by tilting D with re-
spect to £). By Propositionthe pair (D, T) coincides with (RD(g c4), LD(£ 1))
So (2) implies (4) and by the dual of Theorem [3.4] (1) implies (4). Given (&, &x)
a 2-quasi-abelian category endowed with a Quillen exact structure by Lemma [3.11]
one can associate the 2-tilting pair of t-structures (RD(¢ g4), LD (¢ ,£2)) on D(E,Ex)
such that £ = RH(E,Ex) N LH(E, Ex). So (3) implies (4). O

Remark 3.13. We have proved that for any n-quasi-abelian category (£, Ex) with
n € {1,2} we have a derived equivalence D(LD(E,Ex)) ~ D(RD(E,Ex)) even if
the category £ does not contain a tilting object.
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4. EFFACEABLE FUNCTORS

We prove that the left LH(E,Ex) is a Gabriel quotient of the heart LI(E) ~
coh-€ (as suggested in Lemma/3.11)). This section is devoted to the tool of effaceable
functors which we will use in Section [6] to define a Serre subcategory of coh-€.

Proposition 4.1. Let £ be a projectively complete category and let fp-E be the Freyd
category of (contravariant) finitely presented functors. The maximal Quillen exact
structure on fp-& is the one whose conflations are 0 — Fy — F — Fy — 0 such that
for any E € £ the sequence of abelian groups 0 — Fy(E) — F(E) — F2(E) — 0 is
ezxact.

Proof. Let us recall that fp-£€ admits cokernels which are calculated pointwise and
if a morphism admits a kernel it is also computed pointwise; moreover any functor
which is (pointwise or in Mod-£) extension of finitely presented functors is finitely
presented too. Hence the push-out of any inflation is an inflation, resp. the pull-
back of any deflation is a deflation and they are stable by compositions so these
conflations define a Quillen exact structure on fp-£. For any other Quillen exact
structure on fp-£€ a conflation 0 — G; — G —» G5 — 0 is a kernel-cokernel
sequence and so for any F € £ we get a short exact sequence 0 — G1(F) —
G(E) = G2(E) — 0 of abelian groups. O

Let us recall the definition of right filtering subcategory of an exact category and
some related results due to Schlichting ([48]). Let us recall that for any inflation
A — B the object A is called an admissible subobject of B.

Definition 4.2. [48] Def. 1.3.] Let U be an exact category (i.e., an additive category
with a Quillen exact structure) and A C Y. Then the inclusion A C U is called
right filtering and A is called right filtering in U if:

(1) Ais an extension closed full subcategory of U;
(2) Ais closed under taking admissible subobjects and admissible quotients;
(3) everymap f: U — AwithU € U and A € A admits a factorisation f = gr

U—"wB—9 , A with Be Aand 7 a deflation.

Definition 4.3. [48, Def. 1.12.] Let U be an exact category and A C U be an
extension closed full subcategory. A U-morphism is called a weak isomorphism if
it is a finite composition of inflations with cokernel in A and deflations with kernel
in A. We write X 4y for the class of weak isomorphisms.

Lemma 4.4. [48, Lem. 1.13.] If A is right filtering in U then L acy admits a
calculus of right fractions.

By passing to the opposite category one obtains the dual results in the left
filtering case.

In the following, we will define a right filtering subcategory eff-¢, & of fp-& whose
objects are the quotients in fp-& of deflations in £x, they are called effaceable func-
tors ([54], p.14], [58, p.28] and [37 p.4]). When A is an abelian category, the right
orthogonal class of eff-A coincides with the full subcategory of coherent functors
which respects monomorphisms, hence the quotient category % is the category
of coherent left exact functors. Following Krause’s denomination the equivalence
A~ <A s called Auslander’s formula ([37, Th. 2.2)).

This procedure is analog to the procedure one needs to do in order to define the
category of sheaves in abelian groups associated to a topological space. One first
defines the localizing Serre subcategory of pre-sheaves which have stalk 0 at any
point, hence its right orthogonal class is formed by separated pre-sheaves, while the
quotient category provides the category of sheaves in abelian groups.
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It turns out that the approach via Quillen exact structures is equivalent to the
one via Grothendieck topologies as recently explained by Kaledin and Lowen in their
paper [30, 2.2, 2.5]. The deflations (resp. the inflations) of a Quillen exact structure
provide a Grothendieck pre-topology in £ (resp. in £°). In this equivalence the
notion of pre-sheaf with stalk 0 at any point would give rise to the notion of weak
effaceable functor which is equivalent to the notion of effaceable functor in the
finitely presented case (see Proposition [L.F).

Following the analogy with abelian sheaves on a topological space X, a pre-sheaf
F has stalk 0 in any point z € X if and only if for any U open subset of X and
n € F(U) there exists an open covering p : | |,c; U; — U such that the restriction
F(p)(n) = [Lic; mu, = 0. In the additive context we have the following counterpart:
let £ be a projectively complete category endowed with a Quillen exact structure
(€,&x) and fp-€ its Freyd category. We denote by

eff-¢,€ 1= {Cokergp£(q) | ¢ is a deflation in Ex}

the full subcategory of fp-& whose objects are cokernels of morphisms induced by
deflations of £x. We call the elements of eff-¢,& effaceable functors.

Proposition 4.5. Let F € fp-&; the following are equivalent:
(1) F is effaceable;
(2) for any U € € and n € F(U), there exists a deflation p: Y — U such that
F(p)(n) =0 (weak effaceable).

Proof. Let us prove that (1) = (2). We have to prove that for any n € F(U) =
Homy, ¢ (Ey, F) there exists a deflation p : Y — U such that F(p)(n) = 0. Let
consider &g, N &, 2 F — 0 with q : E1 — E5 a deflation in £, then there exists

v b Eg, (since &y is projective in fp-&) such that vh = 7. Let consider the
following commutative diagram where Y := F; xg, U and p is a deflation since it
is the pull-back of a deflation (the axiomatic of Quillen exact structure guarantees
the existence of the fiber product Y):

gy¢>5U

NN
h

Ep, ——Ep, — 3 F

\_/ 0.

0

hence F(p)(n) = np = 0.

Let us prove that (2) = (1). Since F € fp-£ is finitely presented there exists
f € E(Eq, E) such that &g, g, Ep, - F — 0 and by hypothesis (2) there exists
a deflation p : Y — F5 such that np = 0 hence (since g, — Kergy_g(n) and Ey is
projective in fg-&) there exists g : Y — E; such that p = fg which proves that f is
a deflation. O

Remark 4.6. Following (2) implies (1) in the previous Proposition we have

also proved that, given any presentation £g, i> Eu, 2 F — 0 of an effaceable
functor, the map f is a deflation.

Proposition 4.7. Let consider fp-€ endowed with its maximal Quillen exact struc-
ture. The full subcategory eff-¢,& C fp-& is right filtering; if £ is right coherent,
hence eff-¢,. £ is a Serre subcategory of the abelian category fp-€ = coh-€. Dually
E-eftg, C E-fp s left filtering in E-fp and if € is left coherent, hence E-effg, is a
Serre subcategory of the abelian category E-fp = E-coh.

Proof. Let us prove that eff-¢,& C fp-€ is right filtering; by Definition we have
to verify:
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(1) eff-¢,€ is an extension closed full subcategory of fp-&;

(2) eff-¢,€ is closed under taking admissible subobjects and admissible quo-
tients in fp-&;

(3) everymap f : U — A with U € fp-€ and A € eff-¢,£ admits a factorisation
f=grwith U = B % A, 1 a deflation and B € eff-¢,&.

Let us verify that eff-¢,. € is closed under extension in fp-£. Let consider a conflation
0 — Ty — T — Ty — 0 such that both T7, T5 are effaceable functors and let us prove
that T satisfies condition (2) of Proposition Given n € T(U) = fp-&(&y,T)
with U € &, let us consider the following commutative diagram (explained below):

EWL)SY » 0
X}\EU Bn

In
0 T —2 T%Tg 0

Because T, is effaceable, there exists a deflation p : Y — U such that Snp = 0,
and so np = T(p)(n) factors through «a via & € fp-&(Ey,T1). Now, since Tj is
effaceable, there exists ¢ : W — Y such that ¢ = T1(¢)(§) = 0, hence 0 = a&q =
npq = T(pq)(n). We remark that pq is a deflation since it is a composition of two
deflations, therefore the previous construction proves that T is effaceable.

Let us prove that eff-¢,.€ is closed under admissible subobjects and admissible
quotients. Let 0 — T} — T — T — 0 be a conflation in fp-& with T € eff-¢,.£.
Given U € &€ and n € T1(U), there exists a deflation p : ¥ — U such that
oY) (T3 (p) () = T(p) (@(U)(n)) = 0, which proves that T (p)(n) = 0 (since a(Y)
is a monomorphism of abelian groups by Proposition . Given an object V of €
and & € To(V) 2 fp-E(Ey, Tz), there exists o : &y — T such that £ = o (because
B is a deflation). Since T is effaceable, there exists ¢ : W — V such that og = 0,
which implies £g = T5(¢)(€) = 0 and so Ty is effaceable.

Let consider: f : U — A, &y, LN &y, = U — 0 a presentation of U € fp-€
and £4, LN Ea, & A — 0 a presentation of A € eff-¢,€ with p a deflation.

Since representable functors are projective in fp-€ there exist f; : &y, — a4, with
i € {1,2} such that pfs = f1h. Hence the following diagram commutes:

5U2 . . ” 5U1 XAy A2 % SAQ

P — M L
| [
U L} Cokerp-£(q) 4,? A

f

Thus ker 7 belongs to fp-&, because &y, — £y, xa, A, — kerm — 0 is exact, and the

sequence 0 — kerm — U 5 Cokergy.g(g) — 0 is a conflation since it is pointwise
exact. This proves that Cokerg,g(g) belongs to eff-¢,& (g is a deflation since it is
the pullback of p). When A is an abelian category conditions (1) and (2) prove that
eff-¢,A is a Serre subcategory of coh-A. The left statement follows by duality. O

5. N-COHERENT CATEGORIES

We have seen that the main difference between 1-quasi-abelian categories and 2-
quasi-abelian ones is the need of Quillen exact structures. The passage from n = 2
to n > 3 requires a new technicality due to the possible absence of kernels and
cokernels. Let (£, Ex) be a projectively complete category endowed with a Quillen
exact structure. We are looking for a definition of n-quasi-abelian category which
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permits us to associate to (£,€x) a n-tilting pair of t-structures on D(&,Ex) =
K(€)/Ney. By Proposition we know that ,if these t-structures exist, they are
the left and right ¢-structures:

LD, = {X* € K(§) | X* = B, in D(E,Ex) with Ex, € K<(€)}

RDG ey = {X* € K(€) | X* = B2, in D(E,Ex) with EY; € K=(€)}.
In the following we will use the notions of coherent functor, coherent category

(Definition[B.7)) weak kernels and cokernels; we refer to Appendix[B|for more details.
First of all we study the case of (&, Exgpi,) which gives D(E, Exgpiir) = K (E).

Proposition 5.1. The followings hold:

(1) the class EICEO is an aisle in K(E) if and only if € is right coherent;

(2) the class ’RIC?1 is a co-aisle in K () if and only if £ is left coherent.
If € is a right coherent category we have LIC(E) ~ coh-E&; dually if € is left-coherent
RK(E) ~ (E-coh)’. Moreover given € a coherent category Rng_n C ﬁngO -
RICESO (with n minimal) if and only if coh-& (or equivalently E-coh) has projective
dimension n.

Proof. Statement (2) is dual to (1). Let us recall that by Proposition € is
right coherent if and only if it admits weak kernels.

Let /.ZICEO be an aisle (we denote by TEO its truncation functor) and let us
prove that & is right coherent. Let d : Ey — FE; be a morphism in £ and let us

regard it as a complex E* := [Eog E;]. The universal property of the truncation

[+ = K1 5K% = r20(E*) % E* implies that (K° aY) is a weak kernel for d.
On the other side let us suppose that £ is right coherent and let us prove that
CICSSO is an aisle in K(&). Notice that CICSSO is extension closed in K (&) and
EK?O[H C [ﬁlCSSO. Since £ is right coherent, the Freyd category of (contravari-
ant) finitely presented functor is abelian fp-£ = coh-£ (Proposition and &
coincides with the class of projective objects in coh-&; thus D~ (coh-&) ~ K~ (&),
D=%(coh-€) ~ LK5° and their hearts are equivalent: £K(E) =~ coh-E. The cate-
gory coh-& has finite projective dimension n if and only if given any E* € RICSZO
the kernel Kercoh_g(dOE) admits a resolution of length at most n — 2 (since 0 —
Kereong(dy) — E° — E' — Cokercong(d%) — 0 is exact and any projective reso-
lution of Cokercon.g(d%) has at most length n). This is equivalent to require that
T7IXe =2 721 X20 C REKET"T? for any X* € K(E) (see which is equivalent
to Rngfn C EICSSO - RK?O. In this case n is called the global dimension of £. [

Definition 5.2. A coherent category of global dimension at most n will be said
n-coherent. For example the category proj-R of projective (right) modules of finite
type on a coherent ring R with global dimension n is n-coherent.

6. nN-TILTING TORSION CLASSES FOR n > 2

Definition 6.1. Let (£,&x) be a projectively complete category endowed with a
Quillen exact structure and let f : A — B be a morphism in €. A (&, Ex)-pre-kernel
of fisamapi: K — Ain £ such that f oi =0 and for any j : X — A such that
foj =0 there exist (possibly many) a deflation 7 : N - X and amap k: N —» K

N Ty X

K

K—5A

such that jm = ik:
N
i f
— s A—

~_

0

B.
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The category (€,€x) has (€, Ex)-pre-pull-back squares if, given any pair f; :
X; = Y withi = 1, 2, there exist an object Z and g; : Z — X such that f1g; = fogo
and, for any pair of arrows «; : W — X; with ¢ € {1,2} such that a;f1 = asfa,
there exist (not necessary unique) a deflation 7 : N — W and amap k : N — Z
such that the diagram below commutes:

2) W g N Y Z— = 53X,
o,
> g2 f1

\J/ f2

Passing throughout the opposite category one obtains the dual notion of (£, £x)-
pre-cokernel and (&, Ex)-pre-push-out square.

Remark 6.2. The notion of (€, Ex)-pre-kernel (resp. (&, Ex)-pre-cokernel) is not
functorial due to the lack of unicity of the arrows involved in in its definition.
Nevertheless its existence is equivalent to require the existence of kernels in the
quotient category ef%);if (see Remark which is a necessary and sufficient
condition to prove that this quotient category is an abelian category (see Theo-
rem [6.11)). When the Quillen exact structure coincides with the minimal one, we
have D(&, Exspiiy) = K(€) and the previous definitions reduce to the notions weak
kernel and weak pull-back square (see Definition .

If £ admits weak kernels it admits (€, x)-pre-kernels for any Quillen exact
structure on &, since any weak kernel is also a (€, £x)-pre-kernel. More generally if
€ admits (&, £x)-pre-kernels, given any other Quillen exact structure Ex containing
the conflations of £z, we have that £ admits (€, Ex)-pre-kernels.

Lemma 6.3. Let (€,Ex) be a projectively complete category endowed with a Quillen
ezact structure and D(E,Ex) := K(E)/Ng, its derived category. The classes

LD, = {X* € K(6) | X* = E%, in D(,Ex) with B2, € C=°(£)}

RD e,y = {X* € K(€) | X* = B2, in D(E,Ex) with B3, € CZ(€)}
are extension closed in D(E,Ex).
Proof. We have to prove that for any morphism Y*[—1] 2 X* in D(&,Ex) with
X*Y* € C=9(&) the mapping cone M(§) € £D(S£SI). We can represent § as
Ye[-1] 2 pe % X* with § and a morphisms in K(£). Since any N* € Ng,

fits in the distinguished triangle in K(€): N§ — N* — N; 5, with Ny = [--- —

N=1 SKer d%.] € CS0(E) N Ngy and N§ = [Ker dye — N' — -] € Nea, we get
the following commutative diagram:

X 20 e Ny —*
{ Lo U
Xo a F. N.

1 v 1

0 Nt Nt

I+ I+ I+

Notice that ag and ¢ are isomorphisms in D(€,Ex) with Fy € C<°(€) and, since

the composition 108’ = 0 (as a morphism in K (£)), we obtain ' = pod (in K(£)).
Thus M(8') € C=°(€) and M (8) =2 M (') in D(E,Ex) which concludes the proof.

The analog result for RD(ZEI,h) follows dually. ]
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Lemma 6.4. Under the previous hypotheses:
(1) The subcategory £D(S,£5r) is an aisle in D(E,Ex) if and only if € has (€, Ex)-
pre-kernels.
(2) The subcategory RD(ESI,&) is a co-aisle in D(E,Ex) if and only if € has
(&, Ex)-pre-cokernels.

If the previous equivalent conditions hold £ = E'D(S;gm) N RD(ZS?M); any object

in the heart LH(E,Ex) can be represented as a compler K* € C=%(&) such that
K = (€, Ex)-pre-kernel of d}g‘l for any i < —2. Dually objects in RH(E,Ex) are
complezes C* € CZ°(E) such that C* = (£,Ex)-pre-cokernel of di > for any i > 2.

Proof. (1). Let ED(SS?&) be an aisle in D(&, £x). Any morphism f: A — Bin £ can

be regarded as a complex M* := [AL B] € CZ9(). Let denote by a : K* — M*

with K* = [-- = K~! — K% € C=°(€) its truncation with respect to ED(SS(?&)

0
(notice that o € K (&) by . Thus K° % Ais a (€, Ex)-pre-kernel for f: any

morphism j in &£, such that fj = 0, induces a morphism [X] 2y M* which factorizes

trought K* in D(E,&x), i.e.; af = j with [).(] é N & ke , providing a deflation

0 0
N° % X and a morphism N° Ps KO such that jp® = a®p30.

On the other side let us suppose that & has (€, Ex)-pre-kernels. The full sub-
category ED(SgOEI) of D(&,Ex) is closed by [1] and extensions (Lemma. Let us

construct the truncation functor TEO :D(E,Ex) — ﬁD(SSOEI) in two steps.
o 0 .
Step 1. Given L* := [Lod# L' = -] € 029%&), let K° % L° be a (&, Ex)-

dit o dy

pre-kernel of d, K~ % K a (€, Ex)-pre-kernel of 7 and, recursively, K~* =

K~ be a (&, Ex)-pre-kernel of d' ™! with ¢ > 2. Hence i induces a morphism
i . di” di ! .

of complexes K* % L* with K* :=[-- & K~ 5 K% ¢ C=0(€). It remains to

prove that the mapping cone of i, M* := M (i), belongs to ZZD(Z;,&,) = ([:D(S‘;(gl_))l

Notice that d;j, is the (&, £x)-pre-kernel of d;jj‘l for any 7 > 1 and, whenever
P M* — Y* is a qis in D(&,€x), the same property holds true for Y* (since

the mapping cone of ¢ is in Ng,). Let X* € C=(£) and X* Lye éM' be a
morphism in D(€,£x) (v and 1 are morphisms of complexes). Hence d%~y = 0

and, since d{,l is the (€, &x)-pre-kernel of dY, there exists p° : W% — X0 and
s : W% = Y~ such that 4%p° = d;lso. Let consider the cartesian square

Xt o
P_li ipo
1 4% o
X T —X
and let us denote by ¢_; := v p~! —s%d~!. We have d;lgb_l = 0 and, since d;Q is
the (£, Ex)-pre-kernel of dy;', there exists ¢~ : W1 — X lands™!: W1 5 y-2
such that ¢_1¢7! = d;Qs’l which gives v~ lp~l¢7! = d;Qs’l + sodflq’l. Let

define p~! := p% ! and d;Vl = dﬁqul. Iterating the argument we construct a

qis W Py X* such that yp* is null up to homotopy (via the s) which proves that
v=0in D(E,&x).
Step 2. Given E* € C(€), its truncation 75°(E*) is the mapping cone of the

morphism TEO(dE}), described in the following commutative diagram, since by the
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previous step 77 (E*) € £D>€1 £’

(3) EST-1) 4y B 0 ha
Lr=owgh Lagd 1
(B> B2 7 (B70) ——
! | 1=
5%(EY) E* ZY B ——

1+ l+ 1+

An object in the heart LH(E, Ex) can be represented as a complex K* € K<0(&)
such that Tg_l(K') € Neg, and so K? = D(&,Ex)-kernel of dif! for any i < —2.
Statement (2) is dual to (1).

If £ admits (€, Ex)-pre-kernels and (&, Ex)-pre-cokernels, let us denote by TEO
(resp. 521) the truncation functor with respect to E’D(Sg(?gx) (resp. RD= @ 51:))

Hence E* € ED(S ga) N RD(ZS(?&) if and only if the composition
v K* = TEOE. — E* — 57220(E') =C"*

is an isomorphism in D(€,£x) i.e., if and only if the mapping cone M () € Ng,:

K*: . s K° 0
W I Looe b
c*: e 0 c° SEEENYoL &
1 i 1 i o i £ i i l
M(y): = -

this proves that K* = W°[0] € £. O

Lemma 6.5. Let us suppose that (€,Ex) admits (€, Ex)-pre-kernels and (€,Ex)-
pre-cokernels. Then ’R’D(g £x) - ED(?S ) - ’R’D<0 (wzth n > 2) if and only if
one of the following equwalent conditions hold:

—nt1 -1

dy
(1) given any complex K=+ .= K—ntl X g=nt2 ... _EL KO with
K' = (&,&x)-kernel of dif' for any i < —2, the morphism di"™' has a
kernel in £;
,n+1 a=!
(2) given any complex Cl="+101 .= C~ n+1 NG AL HCO with

Ct = (€,Ex)-cokernel of dic_ for any i > —n — 1, the morphism dC has a
cokernel in &.

In this case the sequence in (1) is exact in LH(E, Ex) while the one in (2) is exact
in RH(E,Ex) and the pair (RD(g g4y, LD(¢ x)) 5 a n-tilting pair of t-structures
on D(E,Ex) .

Proof. Let us suppose that n > 2 and RD(g ) - ,CD(SOg ) C RD(g o)’ Given a

complex K[-7+1.9 with K* = (£, £x)-kernel of d“'1 for any i < —2, by the proof of
Lemma [6.4] the complex 77 ST (K00 s constructed taking in degree —n + 1
the (&, 5m) kernel of d n¥1 and taking in degrees i < —n + 1 the (£, £x)-kernel
of the differential i + 1. Thus 77 "t?(K[-n+1.00) o 720K I=n+1.0) € £94(€, Ex)
since any term of this complex is a (€, Ex)-kernel of its successive differential and

_7,+1 d_
the complex K—"t1 5 K742 ... 5 KO is exact in LH(E,Ex).
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By hypothesis LH(E,Ex) C RD(g £y and since K10 ¢ R o ot

(€,Ex)
—n+1 >—n+1 <—n
7 UK e RO ST N LD = Eln - 1],

The dual argument proves that (2) holds true and the sequence in (2) is exact

in RH(E, Ex).

On the other side if (1) holds true, given X* € D(&,€Ex), we have 7'£>1X' =
2! >—n+l <0
X=0C RDG ¢,y (since T20X20 ¢ ’RD(g £y)> hence RD(g ey © LD ey ©

RD(SSOE ) Therefore any object K* € LH(E,Ex) can be represented as a complex
K* € K<0(&) such that 7> ' (K*) € Ng, and so it can be represented by a complex

—n+1 -1

dy dx
C(dg", .. ~7d;<1) = | Ker(dg "*1) 4> K ntl I8, pe—ny2 0K KO ]

such that K* is a (&£, Ex)-pre-kernel of d?'l for any ¢ < —2. The following distin-
guished triangle in D(&, £x) provides a short exact sequence in LH(E, Ex)

0— C(0,dg",...,dg°) — K°[0] — C(d",...,dg") — 0

which proves that € generates LH(E, Ex). Hence K(E)/Ney = D(LH(E,Ex)) since
the full subcategory £ in LH(E,Ex) satisfies the hypotheses of Proposition
Dually K(€)/Ney ~ D(RH(E, Ex)). 0

Definition 6.6. A projectively complete category (€, Ex) endowed with a Quillen
exact structure is called n-quasi-abelian (for n > 2) if it admits (€, £x)-pre-kernels
and (€, Ex)-pre-cokernels and one of the following equivalent conditions holds:
d77l+1 d71
(1) For any complex Kl-n+10l .= f—ntl X L g—n+2 ... 5, KO guch
that K' is (€, Ex)-pre-kernel of dif* for any 4 < —2 the morphism d "

has a kernel in £.
—n+1

d

(2) For any complex Cl-n+10 .= C—ntl 2, o—nt2 .. —)CO such
that C? is (£, Ex)-pre-cokernel of d? for any i > —n — 1 the morphism
dal has a cokernel in £.

Whenever the exact structure is not specified, we will consider £ endowed with
its maximal Quillen exact structure Expax.

Theorem (see[2.1)) and Definition suggest the following n-level generalization
of the notion of 1-tilting torsion class in an abelian category:

Definition 6.7. Let A be an abelian category. A full subcategory £ <« A is a
n-tilting torsion class if

(1) € cogenerates A;
(2) € is extension closed in A, hence it is endowed with the Quillen exact
structure £x whose conflations are sequences in & which are exact in A;
(3) &€ has (€, Ex)-pre-kernels;
1 n—1

d
(4) for any exact sequence in A: 0 - A — X; = .-+ 5 X, — B — 0 with
X,e€&forany 1 <i<nand A, B € A, we have B € £.

Dually a n-cotilting torsion-free class in A is a full generating extension closed
subcategory & of A admitting (€, £x)-cokernels and such that for any exact sequence

n—1

1
A0 Ao . Y Yy, S B 5 0withY, € € we have A € £.

Remark 6.8. Given (£,£x) a n-quasi-abelian category by Lemma £ is an-
tilting torsion class in RH(E,Ex) and (RD(g g4y, LD(¢ gx)) is a n-tilting pair of
t-structures on D(E, Ex).
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On the other hand, given a n-tilting pair of t-structures (D, T) on C by Proposi-
tion and Lemma the category £ = T=°ND=? (with the Quillen exact struc-
ture induced by D(&,€x)) admits (€, Ex)-pre-kernels and (€, £x)-pre-cokernels,
hence it is n-quasi-abelian.

Theorem 6.9. Any n-tilting torsion class £ in A, endowed with the Quillen exact
structure induced by A, is n-quasi-abelian; A ~ RH(E,Ex) and %i) ~ D(A).

Proof. Conditions (1) and (4) of Deﬁnitionimply that & satisfies the hypotheses
of Propositionand 50 K(£)/Nez =~ D(A). Since DZ°(A) ~ RD(ZS?&) we obtain
that RH(E,Ex) ~ A.

By Lemma & has (&, Ex)-pre-cokernels and by point (3) of Definition
& admits (&, Ex)-pre-kernels. Moreover by Lemma the complex Cl=7+1.0 .—

d-ntt d;t )

CH 02 . S5 00 s exact in A if and only if C7 is a (£, Ex)-pre-
kernel of dzc_2 for any ¢ > —n — 1, hence by Definition the morphism dal has
a cokernel in £. O

Corollary 6.10. Let D be the natural t-structure on the triangulated category
D(Hp) andi: & — Hp a n-tilting torsion class on Hp. Hence T<? := DS"" % E %
E]*---xE[n—1] is an aisle in D(Hp) such that £ = Hp NHr and the pair (D, T)
is a n-tilting pair of t-structures. We will say that the t-structure T is obtained by
tilting D with respect to the n-tilting torsion class £.

Proof. By Theorem [6.9] the n-tilting torsion class £ is a n-quasi-abelian category
and (RD(¢ g2), LD(¢ £2)) is a n-tilting pair of t-structures on D(E,Ex) ~ D(Hp).
The right ¢-structure coincides with the natural one on D(Hp) (i.e., RD¢ ey =

D) while the left t-structure satisfies EDéng) C 7=9. On the other hand, since

DS~ RD(SE}”I) C E’D(Sgoggﬂ) and £[i] C ED(SEO&D), for any 1 <4 < n—1, we deduce
that 7<0 C ED(SEO’&C). This proves that 7=9 ~ E’D(S;gm) is an aisle, £ = Hp N Hy

and (D, T) = (RD(¢,£x), LD(¢ £2)) is a n-tilting pair of t-structures on D(Hp). O

Theorem 6.11. Let (£,€x) be a n-quasi-abelian category. One has the following
equivalences of categories

fp-E Sfp \°
LH(E,Ex):eHI_)S 5 RH(S,é’x):(g_eﬁz> .

In the special case of an abelian category endowed with its maximal Quillen exact
structure (A, ATmax), these equivalences give the Auslander’s formulas:

coh-A A-coh\ °
A= eff-A’ A_(.A—eff) '

Proof. The second statement is dual to the first one. By the universal property of
the Freyd category fp-£, there exists a unique functor L cokernel preserving such
that the diagram below commutes:

fp-& — 2 5 LH(E, Ex).
If F = Cokergy,.g(f), we have Qp(F) = Cokerzye,ex)(f). The functor Qp is
essentially surjective since any object L € LH(E,Ex) admits a resolution 0 —

—-n

d—l
K™% ... 5 KO+ L — 0 (due to the fact that £ is a n-cotilting torsion-free

class in LH(E,Ex)), thus L = Coker gy (e e4)(dy, ') and L = [K™ S &KO] =:
C(dg",...,dg") in D(E,Ex).
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We notice that K = Cokerg, ¢ (g) satisfies Qr(K) = 0if and only if g is a deflation
in &, hence K € eff-¢,&. This proves that the functor (), induces a canonical faith
and essentially surjective functor @)y, such that the following diagram commutes:

It remains to prove that Qp is full. Given K and L in fp-£ with presenta-
dt dpt
tions K!' & K 5+ K - 0and L7 &% LY — L — 0, their images under
Qp are C(di",....dg") and C(d;",...,d;"). A morphism Q. (K) %5 QL(L) is
a morphism in D(&,£x); hence there exists a complex C* € K<°(&) (up to trun-
cation) and morphisms Qp(K) % C L)QL(L) such that the mapping cone
M(p) € Ney. The zigzag

Cokersy_g (¢°) Cokergp_g (h)

(4) 7(K) 222 ) Cokergy.e (dgb) (L)

p-€
viewed as a a morphism in eff ~¢, is sent to hby QL.

Since M(p) € Ne, N K=°(€), its —1 differential K ! & oo K K" has to be

a deflation and the sequence K 2@ C~! - K~ @ C% — KV is exact. Therefore
the sequence

0 — Cokergpg(dge) — Cokerg, g (dy') — Cokergy g (dy', ¢%) — 0

is a conflation and Cokerfp_g(df}l, ") € eff-¢,& which proves that is a morphism

in Hp € and by construction it maps to h by Q7. O

Corollary 6.12. Let (£,Ex) be a n-quasi-abelian category and Ex a Quillen exact
structure on & finer than Ex. Hence the class

eff-£,& := {Cokerpy (e e2)(9) | 9 is a deflation in Ex}

is a Serre subcategory of LH(E,Ex) and LH(E,Ex) ~ %{f;).

Corollary 6.13. Let £ be a 1-quasi-abelian category. Hence

coh-& E-coh\°
o)~ 2 muE) ~ (g_eﬂ>

In this case the Serre subcategories of effaceable functors are:

eff-& := {Cokercon-e(q) | ¢ is a cokernel map in E}
E-eff := {Cokerg_con(?) | @ is a kernel map in £}

since any cokernel map is a deflation (resp. any kernel map is an inflation) if and
only if £ is a 1-quasi-abelian category.

Remark 6.14. Let consider (£, x) a n-quasi-abelian category, with n > 3, which

is not a n — l-quasi-abelian category (i.e., such that RD(<8 g”) - EDéog ) but
RDé 5";)1 4 ED(S P )) Hence for any Quillen exact structuié’m on & finer than £z
(i.e., which contains the conflations of £x) we have that (€, £x) is a n-quasi-abelian

category which is not a n — l-quasi-abelian category. Otherwise if RD? E"J)rl -
it d
£D<505 y any object L € LH(E, Ex) which has a presentation 0 — K~ 5 ...

Lo
I

I=
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K° — L — 0 would short in LH(E,Ex) i.e., di" 2 would have a kernel (computed
in LH(E,Ex)) which belongs to £ but (since £ is fully faithful in LH(E,Ex) this
would be a kernel for d;("” also in LH(E, Ex) which contradicts the hypothesis.

So for n > 3 the index n of quasi-abelianity for £ is independent from the Quillen
exact structure on &, hence it can be computed using the maximal Quillen exact
structure.

We are now able to prove the n version of Theorem [1.15

Theorem 6.15. Let (£,€x) be an additive category endowed with a Quillen exact
structure. The following properties are equivalent:

(1) & is a n-cotilting torsion-free class in an abelian category A;

(2) &€ is a n-tilting torsion class in an abelian category A’;

(3) (€,&x) is a n-quasi-abelian category;

(4) & is the intersection of the hearts Hp NH of a n-tilting pair of t-structures

in D(E,Ex).

Moreover A~ LH(E,Ex), A ~RH(E,Ex) and (D, T) = (RDg, LDg).

Proof. We can visualize the links between properties (1) to (4) by the following
diagram:

{n-tilting torsion classes} +——— {n-cotilting torsion-free classes}
¢
Ein RH(E, Ex) Ein LH(E, Ex)

| !

{n-quasi-abelian categories} «—— {n-tilting pairs of ¢t-structures}
+ +
E=RH(E,Ex)NLH(E, Ex) «— (RD(g)gw), ,C'D(g’gm)) on C = D(&,Ex).

If (D, T) is a n-tilting pair of t-structures in C, by Remark E=HpNHyis
a n-quasi-abelian category and by Proposition (D, T) = (RD(gygz), LD 5_’51‘,)).

Let (€,&x) be a n-quasi-abelian category. By Lemma and Remark [6.8] the
pair of t-structures (RD ¢ e), LD (g £4)) is n-tilting and £ is a n-tilting torsion class
in RH(E,Ex) (resp. € is a n-cotilting torsion-free class in LH(E, Ex)).

By Theorem if £ is a n-tilting torsion class in A’ (resp. n-cotilting torsion-
free class in A), A" ~ RH(E,Ex) (resp. A ~ LH(E,Ex)) and € ~ RH(E,Ex) N
LH(E,Ex) which concludes the proof. O

6.1. Examples.

Example 6.16. Given R a commutative ring, the following categories are 1-quasi-
abelian:

e The category of filtered modules over any ring ([I, Exam. 1.2.13]).

e The category of torsion-free coherent sheaves over a reduced irreducible
analytic space or algebraic variety X. For X a normal curve, the previous
category is that of vector bundles (of finite rank) ([I, Exam. 1.2.13]).

e In the contest of D-modules the category of strict relative coherent Dy 5/5-
modules with X x S a complex manifold and dim S =1 ([19] and [I7]).

e Let R be a (left and right) coherent ring with global dimension gl.dim(R) =
1 and & := add(R) (see Appendix [B.3)). The maximal Quillen exact struc-
ture on £ coincides with the minimal one and £ is a 1-quasi-abelian cat-
egory; its left heart is LIC(E) ~ coh-R (and so & = proj-€ is l-cotilting
torsion-free class with its minimal Quillen exact structure) while RK(E) ~
(E-coh)°.
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The following list contains more examples of 1 and 2-quasi-abelian categories:

e Let R be a (left and right) coherent ring with global dimension gl.dim(R) =
2 and &£ := add(R). Hence £ admits kernels and cokernels: given a mor-
phism f : P, = P in &, its kernel Kerg(f) = Kercon-r(f) € £ while
Cokerg (f) = (Kergcon(f*))* where (1)* := Hompg(-, R). Therefore for any
Quillen exact structure £ is 2-quasi-abelian. In [46] Rump constructed a
tilted algebra A, of type Eg, such that its category of projective modules of
finite type has kernels and cokernels (since A has global dimension 2), but
it is not 1-quasi-abelian.

e Let us consider the affine plane A? = Spec(R) with R = k[z,y] and k a
field; hence R has projective dimension 2 and it is Noetherian therefore
coherent; this assures that £ := add(R) has kernels and cokernels. In this
case &£ coincides with the category of free R-modules of finite type (this
result was proved by Seshadri in [50], while the general statement, known
as Serre problem, was proved by Quillen and Suslin [44], [53]). Its left
heart as a 2-quasi-abelian category endowed with its minimal Quillen exact
structure, is the category Coh(OAi ) of coherent sheaves on the affine plane

A2 A sequence 0 — & > & 2N &y — 0 is exact in & for its maximal
Quillen exact structure if and only if &5 = (Kerg(5*))* and so the cokernel
of # in Coh(O,2) is a torsion sheaf whose support has dimension 0 (finite
union of closed points). On the other side any coherent sheaf supported on
a finite union of closed points can be represented as a cokernel of such a f.
Let us denote by 7q the class of torsion sheaves supported on points; this
is a Serre subcategory of Coh(0,z2) and the functor I : € — Coh(Oy2)/To
is fully faithful and & is a 1-cotilting torsion-free class in Coh(0y2)/7o and
so & is 1-quasi-abelian category (an hence the left heart of £ as a 1-quasi-
abelian category is the quotient abelian category Coh(Oyz2)/7o).

The following list contains examples of n-quasi-abelian categories for n > 2:

e Let R be a (left and right) coherent ring with global dimension gl.dim(R) =
n, the full subcategory £ := add(R) of Mod-R is n-quasi-abelian.

e Let X be a smooth algebraic variety of dim X = n. The full subcategory £
in Coh(Ox) formed by locally-free sheaves of finite rank is n-quasi-abelian
(it is n-cotilting in Coh(Qx)). The full-subcategory F of Qcoh(Ox ) ( quasi-
coherent sheaves) formed by flat quasi-coherent modules is n-quasi-abelian
(it is n-cotilting in Qcoh(Ox)) and the dual t-structure can be described
in terms of support conditions (see [31]).

Example 6.17. Let £ be the category of free abelian groups of finite type. It is
a l-quasi-abelian category and its maximal Quillen exact structure coincides with
the minimal one (split short exact sequences). Its left heart LX(E) is the whole
category of finitely generated abelian groups while RIC(E) = (£-coh)® is equivalent
to the opposite category of the category of abelian groups of finite type. The derived
equivalence D(Ab) ~ D(Ab°) is given by R Homg(_,Z) and the intersection of the
hearts is given by the finitely generated abelian groups F such that R Homy (F,Z) =
Homy(F,Z) which are the free abelian groups of finite type. One can also interpret
the right heart as the tilt of the abelian category of finitely generated abelian groups
with respect to the cotilting torsion-free class of free abelian groups of finite type:
i.e., objects are complexes d : Fy — F; (in degree 0 e 1) of free abelian groups such
that Coker(d) is a torsion group.

Example 6.18. [0, Exam. 3.6.(5), Exer. 3.7.(12)]. Let X be a smooth projective
curve, i € R a real number and let A, be the full subcategory of Coh(Ox)
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generated by torsion sheaves and vector bundles whose HN-filtration quotients have
slope > p1. Hence A, is a tilting torsion class in Coh(Ox). In particular let X = P}
the projective line over a field k. Let us recall that any coherent sheaf 7 € Coh(Op: )
decomposes as F = Fior B Frree and, by the Birkhoff-Grothendieck theorem, the
torsion-free part is a direct sum of line bundles Op1 (d;). So & := A¢ is a a 1-
tilting torsion class in COh(Opi ) (hence it is a 1-quasi-abelian category). In this
case the maximal Quillen exact structure on £ does not coincide with the minimal
one since the sequence 0 — Op — O]P:)lC(l)2 — (’)Pi(Q) — 0 does not split (i.e.,
Ext}gpi (Op1(2),Op1) # 0). So we have a right heart (as a 2-quasi-abelian category

with € endowed with the split exact structure) in K(£) which is the category
(E-coh)® while its right heart in D(E) as 1-quasi-abelian category is the category
of coherent sheaves COh(O]P:i) (since & is a 1-tilting torsion class in it). Concerning

the left heart £D(E) its objects are complexes X = [~} 4 &% with & € &
and d a monomorphism in £. Since any object in £ admits a finite resolution
whose terms are direct factors of finite direct sums of Op: @ Op:(1) (and so in
add(Op1 @® Op1 (1)) see Appendix we can represent X as a bounded complex
X=X"—...>XY¢ KSO(add(OPk @ Op1(1))). Thus for any X € LD(E)
and for any ¢ > 0 we have Exti((’)ﬂm}c @ Op1 (1), X) = D(€)(Op1 @ Op1 (1), X[i]) =0
and (via the associated distinguished triangle) we get a short exact sequence in the
left heart 0 — X[=™~1[-1] = X° — X — 0 which proves that T' = Opr @ Op1 (1)
is a projective generator of the left heart £D(E). Hence LD(E) is equivalent to the
category of left modules of finite type on the ring R := End(OPi ® Op: (1)) which
is the path algebra of the Kronecker quiver

. :; .
The derived equivalence Db(Coh((OPi)) ~ DY(Rep,(Q)) (which holds true also

in the unbounded derived categories by Theorem is due to A. Beilinson and
T=0p® Op}c(l) is an example of tilting sheaf.

Example 6.19. Given A a Grothendieck category and T a classical n-tilting object
in A one can associate to 1" the t-structure:

T=0:={X* € D(A) | Homp(4(T,X*) =0 for all i > 0}

T=%:={X* € D(A) | Homp(4) (T, X*) =0 for all i > 0}.
The pair (D,7T) is a n-tilting pair of ¢t-structures. The intersection £ of their
hearts is the full subcategory of A whose objects are n-presented by T. It is a
n-tilting torsion class in A (see [2I, Prop. 6.2] for more details).

7. PERVERSE COHERENT SHEAVES

This section provides a generalisation of Bridgeland categories of perverse coher-
ent sheaves by the use of n-tilting torsion classes.

This problem has been studied in [56] where the authors proposed a category
of perverse coherent sheaves via the used of iterated 1-tilting classes (see also [21]
for a general treatment of this iterated Happel Reiten Smalg procedure). The
construction in [56] requires the use of a tilting complex, which is proved to exist in
the case of relative dimension 2 under a technical assumption. In our approach we
will follow Bridgeland paper and we will define (for n = 2) a category of perverse
coherent sheaves without the use of a tilting complex.

Let X be a Noetherian scheme over C, we denote by Qcoh(X) (resp. coh(X))
the category of quasi-coherent (resp. coherent) sheaves on X and by D(Qcoh(X))
its derived category. We denote by D(X) the derived category of coh(X) and we
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recall that it is equivalent to the derived category of quasi-coherent sheaves with
coherent cohomologies D.on(Qcoh(X)).

7.1. Assumptions. For the rest of this section we will assume that f:Y — X
is a projective birational morphism of Noetherian locally Q-factorial semiseparated
schemes over C such that Rf.(Oy) = Ox with relative dimension n. The condi-
tion of being Noetherian locally Q-factorial semiseparated assures that the schemes
involved have the resolution property i.e.; every coherent sheaf is a quotient of some
vector bundle. Moreover we get:

for any coherent Oy-module G we have R f.(G) € D" (X);

idp(x) =~ Rf:Lf*, hence the functor Lf* is fully faithful;

Rf.f' ~ idp(x), therefore the functor f!is fully faithful;

f{(D2°(X)) € D=7"(Y) (this is the n-version of [57, Lem. 3.1.4] whose
proof coincides with that one with —1 replaced by —n and —2 replaced by
—n — 1 at the beginning of the proof).

In the case of n = 1 Van den Bergh proved in [57, Lem. 3.1.2, Lem. 3.1.3, Lem.
3.1.5] (following [12| Prop. 5.1]) that the following classes

To = {T € coh(Y) |R T = 0} . Fo={F ecoh(Y)|F % HLf'R 1, F)
T 1={Te€coh(Y) |nr: f*fu.T T} ; F_1={F€coh(Y)|f.F =0}

define torsion pairs in coh(Y’) (which we will prove to be tilting in Lemma [7.4).
We recall that ny : f*f.T — T is the co-unit of the adjunction (f*, f.) while
the map ¢p : F — H™'f'R!f,F is the morphism obtained by taking the zero
cohomology of the composition F' — f'Rf.F — f'R'f.F[-1] (where the first
map is the unit of the adjunction (Rf,, f')). Notice that 7_; = 7o N X where
X = {F € coh(Y) | Hom(F,C) =0V C € coh(Y) : Rf.C = 0}. The heart of
the t-structure obtained by tilting the natural ¢-structure with respect to the tilting
torsion pair (7_1,F_1) (resp. (7o, Fo)) is called ~*Perv(Y/X) (resp. “Perv(Y/X)).
Hence D(Y) ~ D(7*Perv(Y/X)) ~ D(°Perv(Y/X)).

7.2. Higher analog of 7_; and 7. Let G be a coherent Oy-module. In the case
of relative dimension n > 1 we propose the following generalization of the previous
tilting torsion classes:

To={T € coh(Y) |RET = £, T}  To1={T €Ty |nr: f*f.T — T}.

Conjecture 7.3. We conjecture that under the previous assumptions the classes
To and T_1 are n-tilting in coh(Y").

We will prove that for any n these classes satisfy conditions (1), (2) and (4) of
Definition [6.7] For n = 1 they are tilting torsion classes by Lemma We will
prove in Theorem that for n = 2 they are 2-tilting in coh(Y).

Let us prove that under the assumptions of [7.1|the class 7_; cogenerates coh(Y);
this statement is the relative version of McMurray Price’s Lemma [39, Lem. 5.2]
which we prove with the same argument in the following Lemma.

Lemma 7.4. Let f : Y — X be a projective morphism as in[7.1] and let L be an f-
ample vector bundle. For any F € coh(Y') there exists a monomorphism o : F — T
with T € T_1.

Proof. The relative Serre vanishing Theorem (|25, Ch. IIL.5]), guarantees that given
F € coh(Y) for m > 0 we have: R’ f.(F ®0, L™) = 0 for any i > 0 and the counit
P f«(F®oy L™) - FRo, L™ of the adjunction (f*, f,) is an epimorphism; which
is equivalent to require that 7 ®p, L™ € T_1. Let F € coh(Y) and let consider m
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big enough such that both L™ and F ®¢, L™ belong to T_1. Let & — f.(L™) be
an epimorphism in coh(X) with £ a locally free O x-module of finite rank (it exists
since X has the resolution property). Hence the composition

n: f1(E) > frA(L™) - L™
is a locally splitting epimorphism since £™ is a locally free sheaf, hence its dual " :
L™ — Home, (f*(£),Oy) is a locally splitting monomorphism and so it is pure
(i.e., universally injective) which implies that the morphism § := F ®o, L™ ®0, 1"
is injective

0: F——F ®o, L™ @0, Homo, (f*(£), Oy) = Hamo, (f*(£), F @o, L™).

Moreover

Rf*’HOInoY (f*(g), F Koy ,Cm)
= R’HHTZ(QX (5’ Rf* (]: oy [’m))

Rf.RHamo, (Lf*(£), F @o, L) =
Homoy (€, f+(F @oy, L)) =
fHmo, (f5(€), F @0, L™).

IR 1R

The first isomorphism holds true since both £ and f*(€) are locally free coherent
sheaves, hence f*(€) is Hono, (-, F ®o, L™)-acyclic, while £ is f*-acyclic. The
second isomorphism is induced by the adjunction (Lf* Rf.). Since & is locally
free RHono (€, fo(F oy L™)) = Homoy (€, f«(F ®o, L™)), hence the third
isomorphism is deduced by the fact that we choose m such that Rf.(F ®o, L™) =
f«(F ®o, L™). The last isomorphism is induced by the adjunction (f*, fi). It
remains to prove that the counit of the adjunction f* f, Honeo, (f*(£), FRo, L™) —
Homo, (f*(€), F ®o, L™) is an epimorphism. By the last isomorphism of the
previous list we have

f*f*mnoy(f*(g)"r®0y Em) = f*,HanOx(gvf*(‘cm X0y ‘F))
Homo,, (f*(E), f* f«(L™ ®oy F)

and by hypothesis the counit f*f.(F ®o, L™) - F Qo, L™ is an epimorphism
which implies that Homo, (f*(E), f*f+ (L™ ®o, F)) = Home, (f*(€), L™ ®o, F)
(because f*(€) is locally free). O

1%

Lemma 7.5. The full subcategories T;, with i € {0,—1}, are closed under exten-
sions in coh(Y).

Proof. Let us prove that Tg is closed under extensions in coh(Y). Given any short
exact sequence

(5) 0T > F—>T,—0 with 71, T € To; and F € coh(Y)

we get a distinguished triangle Rf. 77 — Rf.F — Rf.Ts % with Rf.T1,Rf. T
coherent O x-modules (thus complexes concentrated in degree 0) which proves that
Rf.F = f.F is a complex concentrated in degree 0.

Let us prove that 7_; is closed under extensions in coh(Y'). Let us start with
the short exact sequence by supposing that 77,75 € T_1. Since T_1 C Tg, we
deduce by the previous argument that F € 7y. Thus the sequence 0 — f. 77 —
f+«F — f«T» — 0 is exact. Hence the following diagram commutes

(6) [ () ——= 7 fo(F) ——= [ fo(T2) — 0
0 Ty F T 0

therefore the canonical map f*f,F — F is an epimorphism. O
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Lemma 7.6. (Under the assumptions , the full subcategories T;, i € {0,—1},
satisfy condition (4) of Definition [6.7, namely:
for any exact sequence in coh(Y)

dy an?!

(7) 0 A X, 2 X, B 0
with X; € T; for any1 <j<n and A, B € coh(Y') we have B € T;.

Proof. Consider X* :=[--—>0— X; — --- —>).(n—> 0 — ---] where X,, is placed
in degree 0. The sequence produces the distinguished triangle A[n—1] — X* —
B[0] & which induces the distinguished triangle Rf,(A)[n — 1] — Rf.(X*) —
Rf.(B) & . Since f has relative dimension n, Rf,(A)[n — 1] € DSY(X). Hence
Rf.(B) € D=9(X) (since Rf.(X*) € D=9(X)), therefore B belongs to 7.

If X; € T_; for any 1 < j < n, by the previous argument we deduce that B
belongs to Ty and, since it is a quotient of X,,, f*f.(B) — B. O

Theorem 7.7. For n =2 the classes
To={T € coh(Y) | f.T = Rf.T} Ta={TeT|f i T—>T}
are 2-tilting torsion classes in coh(Y').

Proof. Points (1), (2) and (4) of Definition have been proved in Lemma
Lemma and Lemma respectively. We have to prove that 7_; and 7y have
kernels.

The full subcategory Xy = {T" € Qcoh(Y) |R?f, T = 0} is a 1-tilting torsion
class in Qcoh(Y') i.e.; it is closed under direct sums, extension, quotients and it
cogenerates Qcoh(Y') (since it contains any injective sheaf)

Given F € Qcoh(Y) we will denote by tx, (F) its torsion part (i.e.; the biggest
subsheaf of F lying in Ap). Notice that if F € coh(Y) even tx,(F) € coh(Y).

Step 1. Let us prove that 7_; admits kernels.

Give any locally free sheaf £ € coh(X), the sheaf f*£ € T_; since, by we have
E=RfLfEXRSfE X f.f*E. Hence, given any coherent sheaf M € coh(X),
the sheaf f*M belongs to 7_; (since it is the cokernel of a map in 7_1).

Let & = & be a morphism in 7_; whose kernel in coh(Y) is K := Kera. Let
us denote by ni : f*f.)C — K the counit of the adjunction (f*, fi). The short

exact sequence 0 — ty, (Kerne) 2 f*f.K = K — 0, (K := Coker j), induces the
distinguished triangle R f.(tx, (Kerni)) — fof*f:K — Rf.(K) % which proves
that Rf*( ) € D=Y9(X), therefore K € T_1. Let us verify that K = kerr_, ().

Let £ % &1 be a morphism in 7_; such that ¢ = 0 and consider the following
functorial commutative diagram obtained by the universal property of the kernel
and by the adjunction (f*, fi):

Kern5<—> AL s

ta, (Kerny) W s
\\
K

Ker nx

IC

we note that kerns € Ay since £ € T_1, hence v factors through tx,(Kerng).
Therefore there exists a unique 3 : £ — K such that the diagram commutes.
Step 2. Let us prove that Ty admits kernels.
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Let Fi = F, be a morphism in 7, whose kernel in coh(Y) is £ := Kera. Let
M[1] be the mapping cone of x : K — f'Rf.K — f6Z'Rf.K. By we have
fI6ZIRfK € DZ7HY), hence M € DZ0(Y).

Let us prove that K = tx,(H°(M)) belongs to Ty and K = kerr,(a). Let
consider the following commutative diagram with distinguished rows and columns:

+

HO(M) Af 5L (M) —
1 1
K K 0 +
l Ix 1

N —— 'R —— 02 (M)[1] ——

I I I
By applying to it the functor R f. (using Rf, f = idp( X)) we deduce the following
facts: Rf.N € DZY(X), f.H' (M) = f,K, the map R'f.K — R fuN — Rf.K
(induced by the sud-ovest square) is the identity, hence R! f,(H°(M)) = 0. Thus

K € Ty (since f. (%) =10). Any L LA Fi1 in 7o such that a¢ = 0 factors

uniquely through £ LN K. In the exact sequence

Homgll)(y) (L, ['6Z R [.K) — Hom py 3 (£, M) — Hom pyp () (£, K) — Hom pi (3 (£, f'6Z R f.KC)

the first and the last terms are zero since

Hom{py vy (£, f'67 ' Rf.K) = Hombpy ) (fo£,67'RfK) =0 Vi € {~1,0}.
This proves that Homy (£, H°(M)) = Homps(y (£, M) = Homy (£, K) (remember
that M € DZ°(Y")). Thus we obtain that ¢’ factors uniquely through £ ? HO(M).
Therefore the morphism ¢” factors uniquely through £ g K (since L € &p). O

Definition 7.8. By Theorem [3.4] (for n = 2 or supposing that Conjecture
holds true n > 2), we define (*D=9,iD2%) (with i € {0, —1}) to be the t-structures
obtained by tilting D with respect to the n-tilting torsion classes 7;. Their hearts
are denoted by ‘Per(Y/X) for i € {—1,0} and objects in ‘Per(Y/X) are called
perverse coherent sheaves.

Theorem 7.9. (Theorem . For n =2 or assuming Conjecture
D(Y) ~ D( "Per(Y/X)) ~ D( ~'Per(Y/X)).

Remark 7.10. In higher dimension, Toda remarked in [55] that Bridgeland proof,
of the derived equivalence between D°(Y) and D*(Y*) via the intersection the-
orem, produces also the smoothness of the flop. Nevertheless there are exam-
ples of 4 dimensional flops which do not preserve the smoothness. We think
that the use of the previous n-tilted torsion classes (which produce equivalences
D(Y) ~ D(Per(Y/X))) could permit to attack the problem of the equivalence
D( ~'Per(Y/X)) ~ D( "Per(Y /X)) as in [57].

8. COMPARISON BETWEEN n-ABELIAN AND 7 + 1-QUASI-ABELIAN CATEGORIES

Recently Jasso in [28] introduced the notion of n-abelian category whose basic
example is an n-cluster-tilting subcategory of an abelian category. Let us briefly
recall this definition and the principal results of [28].

Given C an additive category and d° : X° — X! a morphism in C an n-cokernel
of d° (|28, Def. 2.2]) is a sequence

dl 2 42 o ar ot

(d*,...,d"): X1
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such that for all Y € C the sequence of abelian groups
(8)
1 d"o_ nle_ 1 d%_ 0
0——C(X"y) L o(xn, v —= ... — s e(xL,Y) L5 0(X0,Y)
is exact. In terms of coherent functors in £-coh the previous sequence (8)) proves that
0O
(following the notation of Appendix D the kernel of the morphism x:C 4o xoC

is a coherent functor which admits a projective presentation

d" o,

n 0
0—— xn+1C d”o- xnC Ker( x1C d o > x0C) 0

of length n in £-coh. The dual concept of n-kernel implies that the kernel of the

0
morphism Cxo <4 ¢ x1 is a coherent functor admitting a projective presentation
of length n in coh-£.

0 1 m—1
An n-ezact sequence in C ([28, Def. 2.4]) is a complex X° Lo x4,
xn Y Xt guch that (d°...,d" 1) is a n-kernel of d" and (d*,...,d") is an

n-cokernel of d°.

Definition 8.1. (|28 Def. 3.1]). Let n be a positive integer. An n-abelian category
is an additive category M satisfying the following axioms:

(A0): the category M is projectively complete;

(A1): every morphism in M has an n-kernel and an n-cokernel;

(A2): for every monomorphism f0: X% — X! in M and for every n-cokernel

(f, ..., f") of fY the following sequence is n-exact:
X0 i X! I . r Xn fm xn+l
(A2°P): for every epimorphism g" : X" — X"*!in M and for every n-kernel
(g% ...,g" 1) of g" the following sequence is n-exact:
XO gO X] gl o gnfl Xn gn Xn+1

Proposition 8.2. Any n-abelian category M is an n + 1-coherent category, hence
M is an n + 1-quasi-abelian category for any Quillen exact structure on M.

Proof. Axioms (A0) and (Al) prove that the category M is coherent (see Defini-
tion D1.3) since any kernel of a morphism between representable functors is finitely
presented. Thus coh-& and &-coh are abelian categories. Moreover any coherent
functor F' € coh-£ admits a presentation Cxn —— Cxn+1 —» F'—— 0, hence
by axiom (A1) it admits a projective resolution of length ad most n+1 which proves
that M is n+ 1-coherent (Deﬁnition. Therefore, by Deﬁnition M endowed
with its minimal Quillen exact structure is an n 4+ 1-quasi-abelian category. O

There are n + 1-coherent categories which are not n-abelian. For example 1-
abelian categories are precisely abelian categories while 2-quasi-abelian categories
are projective complete categories admitting kernels and cokernels. For example
1-quasi-abelian categories which are not abelian categories are never n-abelian ones.

APPENDIX A. MAXIMAL QUILLEN EXACT STRUCTURE

A.1. Minimal and maximal Quillen exact structures. See [33], [14] for the
notion of Quillen exact structure. We denote by £z an exact structure on £ (i.e.,
elements in £z are conflations). We recall that an additive category & can admit
different exact structures, since any split short exact sequence is a conflation for
any exact structure, they form the minimal exact structure 5xspm on £.
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Any additive category admits a mazimal exact structure (J47]). By [16, Th. 3.5]
(which generalizes [51]), any weakly idempotent complete additive category éﬂ the
class of all kernel-cokernel pairs stable by push-outs and pull-backs is the maximal
Quillen exact structure on £. Whenever the exact structure on £ is not specified,
we will endow & with its maximal Quillen exact structure Expax.

A.2. Let (£,€x) be an exact category. A complex X* € C(€) is called acyclic
if each differential d® = m,, o e,, where m,, is an inflation, e, is a deflation and
the sequence e, 1 o m,, belongs to £z for any n € Z. Following Neeman [41], the
“derived” category of a projectively complete exact category (£, Ex) is the quotient
of K(€) by Ng, (the full subcategory of K (&) whose objects are acyclic complexes).
Moreover D(E,Ex)(X*,Y*) = K(E)(X*,Y*),VX* € C=0(&);Y* € C20(&).

APPENDIX B. FREYD CATEGORIES AND COHERENT FUNCTORS

We will consider C a category in the classical terminology (for which any homo-
morphism class C(X,Y), with X,Y objects in C, is a set)ﬂ

Definition B.1. Let us recall that a category is called:

(1) C is pre-additive if hom-sets are groups with bilinear composition;

(2) B is additive if it is pre-additive with zero object and biproducts;

(3) idempotent complete E| if any idempotent splits;

(4) P is projectively complete E| when it is additive and idempotent complete.

B.2. We denote by Mod-C the enriched category of additive contravariant functors
(i.e., F : C° — Ab) from C to the category Ab of abelian groups, and by C-Mod
the one of covariant functors (see [37] [2], [52], [40]). The following functors are the
enriched version of the Yoneda ones and they admit an additive analogue of the
Yoneda Lemma:
Ye:C — Mod-C cY:C — (C-Mod)°
X — Cx:=C(,X) X — xC:=C(X,)).

Remark B.3. Let C be a pre-additive category, one can perform the projective
completion add(C) of C formally adding the zero object and finitely direct sums
of objects in C, hence taking its idempotent completion ([5]). Let proj-C (resp.
C-proj) be the full subcategory of Mod-C (resp. of C-Mod) whose objects are direct
summands of finite direct sums of representable functors. Hence add(C), proj-C
and C-proj are equivalent (and if C is projectively complete they are equivalent C).
Any additive functor F' : C° — Ab can uniquely be extended to an additive functor

F : (proj-C)° — Ab, thus Mod-C is equivalent to Mod-proj-C.

B.4. Coherent Functors. In [3] Auslander introduced the study of coherent func-
tors in the category Mod-A with A an abelian category (a “genetic” introduction
to this theme can be found in [26]). In the same collection Freyd [22] introduced the
study of the Freyd category of finitely presented functomﬁ associated to a projec-
tively complete category P. These theories, and the related vocabulary, are widely

2i.e., additive category in which every section has a cokernel, or equivalently, every retraction
has a kernel

3Some authors define this a locally small category in order to underline that its homomorphism
form a set. The wider notion of category, which permits to consider also homomorphisms which
do not form a set, is very convenient once working with localization procedures.

4 It also called Karoubian by some authors.

51t is also called Cauchy complete in [52], or amenable by [22].

6F‘reyd’s work [22] has been further investigated and developed by Beligiannis in his very
inspiring paper [8] to which we refer (see also [3]).
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inspired by the theory of finitely presented and coherent modules over a ring R
which is also the easiest case (pre-additive category with a single object see .

The basic idea is that whatever one knows on finitely presented (resp. coher-
ent) modules over a ring has its counterpart for finitely presented (resp. coherent)
functors in Mod-C replacing the role of projective finitely generated modules by
representable functors in Mod-C (since they are the projective compact objects of
this category). It is well known ([II, Ch.I}, [I0, §1.5]) that, given a ring R, right
coherent modules coh-R form a full abelian subcategory of all right R modules
Mod-R, while finitely presented modules fp-R form a full projectively complete
subcategory of Mod-R admitting cokernels. The category fp-R is an abelian sub-
category of Mod-R if and only if the ring R is right coherent. In that case coherent
and finitely presented modules coincide: coh-R = fp-R (these theorems go back
to Henri Cartan). In general finitely generated modules form a full projectively
complete subcategory fg-R of Mod-R which is an abelian subcategory if and only
if the ring R is right Noetherian, in this case coh-R = fp-R = fg-R.

Since Mod-C and Mod-proj(C) are equivalent, from now on, given any pre-
additive category we will pass to its projective completion P := proj(C).

Definition B.5. An object F' € Mod-P is called finitely generated if there exists
an epimorphism Py — F with X € P. An object F € Mod-P is called finitely
presented if it fits into an exact sequence in Mod-P: Px, — Px, — F — 0 with
X,; € Pfori=1,2. A finitely generated F' is called coherent if any subobject G —
F finitely generated is finitely presented. Hence any finitely generated subfunctor of
a coherent functor is coherent. We will denote by fg-P, resp. fp-P, resp. coh-P the
full subcategory of Mod-P whose objects are the finitely generated, resp. finitely
presented, resp. coherent functors. Following Beligiannis [8] Def. 3.1] the categories
fp-P and (P-fp)° are called the Freyd categories of P.

We obtain the following commutative diagram of fully faithful functors:

P
pr x
coh-PC fp-PC fg-PC Mod-P

where by definition Pp is the Yoneda functor whose codomain is restricted to finitely
presented functors. (The class of natural transformations between finitely generated
functors is a set since, if Px — F and Py — G, any morphism « : F' — G can be
lifted to a morphism Px — Py € P(X,Y)).

B.6. Given P a projectively complete category, Freyd proved in [22] that fp-P is
projectively complete, it has cokernels and an object F' is projective in fp-P (i.e.,
for any epimorphism p : G; — Gs in fp-P the map fp-P(F,G1) — fp-P(F,G2) is
surjective) if and only if F' = Px.

Given C be a pre-additive category. A family of objects G is called a generating
family if, for any non zero morphism f : C' — D in C, there exists a morphism
h : G — C with G in G, such that foh # 0. A co-generating family of C is
a generating family of C°. Hence if C is projectively complete, it is a generating
(resp. co-generating) family of projective (resp. injective) objects for fp-C (resp.
(C-fp)°). Moreover (fp-P,Pp) is “universal” between the projectively complete
categories with cokernels “containing an image” of P ([g]).

Definition B.7. (22, p. 103], [8, §4]). A projectively complete category P is

called right (resp. left) coherent if for any X € P the functor Px (resp. xP) is
coherent. P is called coherent E| if it is both left and right coherent. A pre-additive

9)

"We remark that the notion of coherent additive category has nothing to do with the one
proposed by Peter Johnstone for a general category.
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category C is called (resp. right, resp. left) coherent if and only if the category
proj(C) is (resp. right, resp. left) coherent.

This statement, which is probably originally due to H. Cartan, is proposed in
its version for a ring R, as an exercise in Bourbaki [I1], §2 Exer. 11] and explained
in great detail in [I0, §1.5]. Here we propose its translation in the language of
pre-additive categories (since Mod-(C°) = C-Mod, passing to the opposite category,
one can recover the previous results for left modules).

Proposition B.8. The category coh-C is closed under extension in Mod-C. More-
over coh-C is an abelian category and the canonical functor coh-C — Mod-C is
exact.

Definition B.9. Let A % B be a morphism in an additive category B. A weak
k‘erne of fis a map K —» A such that fi = 0 and, for any X % A with fj = 0,
there exists, possibly many, X — K such that io = j. The category B has weakly
pull-back squares if, given any pair f; : X; — Y with ¢ = 1,2, there exists an object
Z with the dashed arrows such that any commutative diagram of this type can be
completed with (a not necessarily unique) dotted arrow:

/_\

(10) w yZ - 23X,
\Q2L s lfl
X, —2 Y.

One can define dually the notions of weak cokernel and weak push-out.

Proposition B.10. ([8, Prop. 4.5]). Let P be a projectively complete category.
The following are equivalent:
(1) P is right coherent;
(2) P admits weak kernels;
(3) fp-P = coh-P is an abelian exact full subcategory of Mod-P whose projective
objects are exactly the representable functors in P.
Moreover:
e P has kernels iff fp-P = coh-P is abelian with gl.dim(coh-P) < 2;
o fp-P = coh-P is abelian with gl.dim(fp-P) = 0 iff P ~ coh-P is semisimple;
e gl.dim(coh-P) =1 iff P is not abelian semisimple but for any morphism f
in P we have that Ker(f) is split monic.

APPENDIX C. t-STRUCTURES

C.1. Horthogonal classes and t-structures. Let C be a pre-additive category
and U C C; we set Ut = {C € C | C(U,C) = 0 VU € U} and *U = {C €
C|C(C,U)=0VU € U}.

Given C a triangulated category, we will denote by [1] its suspension functor, by
[n] its n*t-iterated by X — Y — Z & a distinguished triangle. We will denote by
Homg(X,Y) := Home(X,Y[n]). When we say that U is a subcategory of C, we
always mean that U is a full subcategory closed under isomorphisms, finite direct
sums and direct summands. Given U,V full subcategories of C, U xV is the full
subcategory of C consisting of objects X which may be included in a distinguished
triangle U - X — V % in C,with U e and V € V; U is called extension closed
if U xU = U. By the octahedral axiom (U xV)*W =U*(V+W) ([21]). In general

8Freyd introduced in [22} p. 99] the notion of weak kernel which permits to define the notion
of weak pull-back square. In [42, Ch. 6, 6.1.1] Neeman independently introduced the notion of
homotopy pull-back square which coincides with Freyd weak pull-back square.
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U *V is not idempotently complete but it is if the subcategories are orthogonal
CU,V) =0 (|27, Prop. 2.1]).

C.2. Notation. Given P be a projectively complete category. We denote by:

[--— L —M— N-- -] the complex in C'(P) whose element M is placed in degree
zero; [ X' — Xt — ... — X*"] the complex in degrees i to i +n (n € N) whose
remains terms are 0 and by X=" (resp. X=") the complex which coincides with
X* in degrees greater than (resp. less than) or equal to n and is zero otherwise.

We refer to [7] for the notion of t-structure. We denote by D := (D=0, D=9) a
t-structure in a triangulated category C, by 0=" (resp. §2") the truncation functor
and by Hp := D=0N D20 the heart of the ¢t-structure which is an abelian category.
The truncation functors induce the t-cohomological functors Hyy: C — Hp, i € Z,
with HY(X) := §2°6=°(X) and H%(X) := HL(X[i]). We will denote by Dletl =
DZeN DY C C with a < bin Z (D*% = Hp[—a).

One can attach to any thick subcategory’| N of C (see [36, 4.5 and 4.6]) its
multiplicative system (compatible with the triangulation) ¥ (A) containing all the

morphisms X Lyinc fitting in a distinguished triangle X Ly 57 5 with 2 €
N. The quotient category C/N := C[S(N)~!] (which could be not locally small) is
endowed with the quotient functor @ : C — C/N such that by [36, Prop. 4.6.2]:

(1) C/N carries a unique triangulated structure such that @ is exact;

(2) a morphism in C is annihilated by @ if and only if it factors through an
object in A/ and moreover N = Ker @ (since it is thick);

(3) every exact functor C — U annihilating N factors uniquely through @ via
an exact functor C/N — U.

Proposition C.3. ([32] Prop. 13.2.6]) Let £ a full additive cogenerating (resp.
generating) subcategory of an abelian category A such that there exists d > 0 such
that, for any exact sequence Yy — -+ — Y1 =Y — 0 (resp. 0 — Y1 — -+ — Yy) with

Y; € €, we haveY € €. Hence Ié;(i)gﬂ)jv = D(A).

Lemma C.4. [49, Lem. 1.2.17] Let N be a thick subcategory on a triangulated cat-
egory C endowed with a t-structure D. The pair (Q(D="), Q(D=Y)) is a t-structure

on C/N if and only if for any distinguished triangle X1 — X9 — N o with
X, € D21, Xy € D=0 and N € N we have X1, Xo € N.
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