HARDY-TYPE INEQUALITIES FOR THE CARNOT-CARATHEODORY
DISTANCE IN THE HEISENBERG GROUP

VALENTINA FRANCESCHI' AND DARIO PRANDI?

ABSTRACT. In this paper we study Hardy inequalities in the Heisenberg group H", with
respect to the Carnot-Carathéodory distance § from the origin. We firstly show that, letting
Q@ be the homogenous dimension, the optimal constant in the (unweighted) Hardy inequality
is strictly smaller than n? = (Q — 2)?/4. Then, we prove that, independently of n, the
Heisenberg group does not support a radial Hardy inequality, i.e., a Hardy inequality where
the gradient term is replaced by its projection along Vid. This is in stark contrast with the
FEuclidean case, where the radial Hardy inequality is equivalent to the standard one, and has
the same constant.

Motivated by these results, we consider Hardy inequalities for non-radial directions, i.e.,
directions tangent to the Carnot-Carathéodory balls. In particular, we show that the as-
sociated constant is bounded on homogeneous cones Cx with base ¥ C S*", even when ¥
degenerates to a point. This is a genuinely sub-Riemannian behavior, as such constant is
well-known to explode for homogeneous cones in the Euclidean space.

1. INTRODUCTION

The classical Hardy inequality states that

(1) / Vul? dp > <d_2>2/ P g, vue @0}

R - 2 re [pI2 ¢ ’
where the constant on the r.h.s. is sharp. Here, |- | denotes the Euclidean distance from the
origin, and |Vu|? is the squared norm of the Euclidean gradient. In the Euclidean setting,
the above is actually equivalent to the so-called “radial” Hardy inequality:

Vu(p) -

(2) /]R , v 2 dp > <d‘2>2 /]R L A C(R\{0}).

2 @ |pl?
This can be proved via polar coordinates, and trivially implies . Then, one can show the
sharpness of by explicitly finding a radial minimizing sequence.

In this paper we are interested in extensions of the above inequalities to the Heisenberg
setting (see [2, B]). For n € N, the Heisenberg group H" is R*"*! endowed with the sub-
Riemannian structure generated by the 2n-dimensional distribution P ¢ T R***! with or-
thonormal frame:

(3) Xizaxi—%az, Yi:aﬁ%az, i=1,...,n.

p

Here, we denoted points in R*"*1 by (z,y, 2) € R® x R® x R. The resulting structure is step
2, with the only non-trivial commutators being [X;,Y;] = Z, i =1,...,n, where Z = 9,. We
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2 V. FRANCESCHI AND D. PRANDI

denote by & the Carnot-Carathéodory distance from the origin, and for all A > 0 we let the
anisotropic homogeneous dilations of H” be

(4) OX: R2n+1 — R2n+17 Q/\(:Ba Y, Z) = (>\$’ )\yv )‘22)7 A> 0.

Recall that ¢ is 1-homogeneous w.r.t. gy, i.e., 6(oxp) = Aé(p), A > 0, p € H". (See Section
for more details.)

The literature regarding Hardy inequalitiees in the Heisenberg setting is extensive. Garofalo
and Lanconelli [14] proved the following weighted Hardy-type inequality

2
6 [ el pza [ BLRaNEa, e oz op.

Here, Vigu denotes the horizontal gradient of u, i.e., the gradient along the directions ,
while N (x,y,2) := /(|z]2 + |y|2)2 + 1622 is the Koranyi gauge. This is an homogeneous norm
equivalent to ¢, associated with the fundamental solution of the sub-Laplacian. Inequality
is sharp, and the constant is the correct equivalent of the Euclidean Hardy constant, obtained
by replacing the Euclidean dimension by the homogeneous dimension @ = 2n + 2.

Several results in the spirit of have been established since. We refer to [10, 24] for an
LP analog of this inequality. Extensions to more general Carnot groups can be found in, e.g.,
[15, [16], 27]. For sub-Riemannian structures which are not Carnot groups see [9, [11], 12, [17] and
references therein. See also [8] [7] for Hardy-type inequalities in stratified Lie groups related
to Heisenberg-Pauli-Weyl uncertainty inequalities.

Going back to (b)), one can observe that the weight |VizN| is singular on the center Z =
{z = y = 0}. This represents an issue for some applications as, e.g., the study of point
interactions in H", see [1]. The quest for unweighted Hardy inequalities in the Heisenberg
group w.r.t. the the Kordnyi gauge has been addressed in, e.g., [3, 4], where non-sharp versions
are obtained. Concerning the Carnot-Carathéodory distance, in [19] the author provedE| that
there exists a constant ¢ > 0 such that

2
(6) /H" |Viu|? dp > C/H" @ dp, u e CP(H"\ {0}).

Unfortunately, the argument of proof in [3], [, [19] are based on general techniques, which have
no hope to yield any information about the optimal constant, henceforth denoted by

w [Virul* d
(7) cn :=sup{c > 0 s.t. (6)) holds} = inf Mﬂ”j’p.
ueCg(E(0) [ 12 gp

This constant is claimed in [29] to coincide with the one of (5), i.e., ¢, = n?. The argument is
based on divergence-like results on metric balls which should yield a radial Hardy inequality
for ¢ > 0, i.e.,

Jul?

(8) / (Vi Vi) P dp > ¢ /H W, wecRE" (o))

The claimed result is that ¢4 := sup{c > 0 s.t. holds} > n?, which implies ¢, > n?.
Our first result, contained in Section [3] raises a crucial criticism against the above claim.

Theorem 1. For any n > 1, we have that

(9) crd = and 0 < ¢, <n’

1Inequality @ follows also from [3] 4], using the fact that the Kordnyi gauge is equivalent to 9.
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The above implies that, in the Heisenberg case, the full Hardy inequality is not equivalent
to the radial one. This is in stark contrast w.r.t. the Euclidean case, and is probably connected
to the lack of “good” rearrangements in the Heisenberg setting [23].

The flaw of the argument in [29] is the implicit assumption that, as in the Euclidean setting,
the horizontal unit vector field Vizd coincides with the generator of dilations %Q)\. However,
in the Heisenberg setting the latter is not horizontal. We fix this problem in Section [6] and
show that this technique yields exactly the weighted Hardy inequality .

We also mention that in [28] a radial Hardy inequality with sharp constant n* is obtained
for any homogenous norm || - || (and thus also for §), by replacing the integrated quantity on
the Lh.s. of with |ﬁu!2, which takes into account non-horizontal directions.

2

1.1. Non-Radial Hardy inequalities on homogeneous cones. Motivated by Theorem I}
in the second part of the paper we derive some new Hardy inequalities by considering the
components of the horizontal gradient Vigu along vector fields orthogonal to Vigd. These
techniques are particularly well-adapted to derive Hardy inequalities on homogenous cones,
but not on the full space. Let us briefly discuss what happens in the Euclidean case.

Let ¥ C S% ! be a spherical cap. The associated Euclidean cone, obtained via Euclidean
(homogeneous) dilations, is Cs'! = {Ap | A > 0,p € £} C R% Hardy inequalities for
these sets w.r.t. the Euclidean distance from the origin have been deeply investigated in the
literature, see e.g., [13].

In particular, letting V- denote the components of the gradient orthogonal to the radial
vector field p/|p|, the arguments in [I3] allow to prove that the following Hardy inequality
holds

2
(10) [ovrlaze [ Moap e e
Cgucl C%ucl |p|

with optimal constant ch’GUCI = A\ (X), where A\;(X) is the first Dirichlet eigenvalue of the

Laplace-Beltrami operator on ¥ C S%~1. A trivial consequence of this fact is that ch’GUCI(E) —
400 as X degenerates to a point, i.e., when the cone degenerates to a half-line. In the present
paper, we show that this is not the case for homogeneous cones in H", that we now introduce.

The Heisenberg homogenous cone associated with a spherical cap ¥ C $? is Cx; = {0 (p) |
A >0, p € X}, where gy are the dilations defined in . Observe that 0Cy is an Euclidean
paraboloid. Although these sets are smooth (which is not the case for the Euclidean cones)
the origin is a characteristic point for the sub-Riemannian structure, i.e., Cs; is tangent to the
distribution at the origin. In the following we focus on spherical caps > entirely contained
in the upper hemisphere S2" = {|z|> + |y|*> + 2> = 1 | z > 0}. The associated homogeneous
cones are uniquely identified by a parameter ax, > 0 such that Cx = {(z,y,2) € R*"T! |
2|2 + |y]? < agz}.

Similarly to the Euclidean case, we let Vﬁ denote the components of the horizontal gradient
orthogonal to Vigé. (Observe that, given u € C*°(H"), the vector field Viru only makes sense
on H" \ Z, since Vigd is not defined on Z.) We consider the following Hardy inequality on
Cs., for ¢ > 0:

Jul?

(11) / Vhul2 dp > c/ M dp, Yue c(Cx),
Cg CE 5
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and let the optimal constant in the above be
fC |Vﬁu\2dp
12 cr(¥) :=sup{c > 0s.t. (II) holds} = inf =2 —
(12) (%) pf } ue€CP (Cyx) sz |u26—2dp
We have the following.

Theorem 2. Let X C Si” be a spherical cap and ps = ¢~ (ax) € [0,27], where ¢ : [0,27] —
[0, 4+00] is the order-reversing diffeomorphism defined by

(13) o(r) = w.

r —sinr
Then, we have
n?p%

4

Remark 3. For the upper-half plane H'} = {z > 0} = Cgin we have agn = +00 and pgan = 0.
In this case, the Lh.s. of is trivial. On the other hand, for the center Z = {x =y =0} =
C{(0,0,1)y We have ayg0,1)} = 0 and pg,0,1)} = 27. For Hardy inequalities in the half space
we refer to [20] 21] and in more general convex domains we refer to [I8] [26].

Remark 4. Theorem [2|shows that, contrarily to the Euclidean case, c;-(X) is always bounded.

Nevertheless, in Section [o| we prove that the full Hardy constant on Cy;, defined by
fcz IVHU‘Q dp
in -
ueCe(Cy) fo, [ul?0-2dp

(14) < cH(®) < wn.

(15) cn(X) =

explodes to 400 as X degenerates to a point. Heuristically, this can be interpreted as the fact
that the explosion of ¢, (%) is not provided by the non-radial components of the gradient. This
contrasts with the Euclidean setting, where the full Hardy constant is cfl“d(E) =(d—2)?/4+

"), See, e.g., [13].

Although the bounds given in Theorem [2] are probably not sharp, they are deduced from
a weighted directional Hardy inequality which is sharp. In order to present it, we need to
introduce some notation.

As detailed in Section exploiting the explicit optimal synthesis of the Heisenberg’s
geodesics issued from the origin, one can introduce “polar”-like coordinates (t,w,r) € U =
[0, +00) x §2"~1 x (=27, 27) which parametrize H" \ Z. In particular, the coordinates ¢, 7 of
a point (&,2) € H" are defined by t = 6(&, 2), and r = (&, 2), where ¥(£, 2) = ¢~ 1(|£]?/2) for
¢ defined in (13)). Observe that ¢(0,z) = sgn(z)27 and #(£,0) = 0.

Our main result is then the following.

Theorem 5. Let X C S?[” be a spherical cap. Then, we have

V2 2 2
(16) / Vi dp > ”/ '”—2¢dp, Yu € C°(Cy).
CE w Cg 6
Moreover, the above inequality is sharp, in the sense that
-1 VJ"U, 2 dp 2
(17) Eg) = e A D
ueC® (Cyx) f(}z plul26-2dp 4

Remark 6. As shown in Appendix [A] the arguments used in the above are valid also in the

Euclidean case. In particular, in this case they allow to correctly predict the explosion of the

constant ¢;*"(X) as ¥ degenerates to a point.
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1.2. Structure of the paper. In Section [2] we present the Heisenberg group and some
preliminary constructions needed in the following, including suitable polar-like coordinates.
We exploit the latter in Section [3|to prove Theorem [T} and in Section [f] to obtain Theorems 2]
and Section 5| is devoted to showing the explosion of the full Hardy constant ¢, (%) as
Y degenerates to a point, via the techniques developed in [25]. A fix for the arguments of
[29] proposed in Section @ Finally, in the appendix we discuss the Euclidean counterpart of
Theorems 2] and [5l
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2. PRELIMINARIES

On R?"*1 we denote coordinates by (£,2) € R xR, £ = (&1,...,&), & = (x4, ;). The
n-th Heisenberg group H" is R?"*! endowed with the sub-Riemannian structure with or-
thonormal frame (3), satisfying the commutation relations [X;,Y;] = 0., and [X;,Y;] = 0 if
1 # j. These are left-invariant vector fields w.r.t. to the non-commutative group law

(18) (£,2) % (£,7) = <f+§/,z+zl+ %<fv j€/>R2“> ,  where J = ( _01 (1) > ’

and, for any matrix M € L(R?), we let M € L(R?") be the corresponding block diagonal
operator, i.e., M = @?:1 M. The center of the group is Z = {£& = 0}. Moreover, the
sub-Riemannian distribution D = span{ X1, ..., X,,Y1,...,Y,}, is characterized by

(19) D¢,z = ker (dz — %({, de)R2n> .

~ R2n+1

For any point p € H", any vector v € D, C T,H" can be written as v = (v/,v,) €

R?" x R. Then, the sub-Riemannian metric is
(20) (v,wygn = V', W')gen, Vo,w e T,H", p € H".

We denote the associated norm by |[v||gn := /{(v, v)n.

We say that a curve v : [0,1] — H" is horizontal if it is absolutely continuous and 5(t) €
Dy for ae. t € [0,1]. The Carnot-Cathéodory distance of p € H" from the origin is then
defined as

1
(21) d(p) :=inf {/ 15 () || dt ‘ v :[0,1] — H" is horizontal, 4(0) = 0, and (1) = p} .
0

The associated balls are denoted by B, = {§ < ¢}.

We now identify a horizontal vector field that plays the role of the “polar” vector field t_l&p
in Euclidean polar coordinates (¢, @, ¢) € Ry x S¥2 x (—7/2,7/2) > t(w cos @, sin ) € RY,
(See Appendix [A])
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FIGURE 1. Graphical depiction of (r,t) in ® coordinates. Notice that r
parametrizes the position on the Carnot-Carathéodory unit sphere, up to ro-
tations around the center, while ¢ encodes the distance from the origin. Nev-
ertheless, 9, is the dilation vector field, and not V.

Definition 7. The polar vector field = € T'(H'\ Z) is the only unit smooth horizontal vector
field orthogonal to Vigd and to the generators of rotations around Z, that is upward pointing
on the plane {z = 0}.

The precise expression in a particular set of coordinates of = is given in Proposition

2.1. Polar-like coordinates. In this section, we introduce suitable polar-like coordinates
that will be instrumental in proving our results.

To present the idea behind these coordinates, let us discuss briefly the case n = 1. In this
setting, for any point p € H'\ Z there exists a unique length-minimizing geodesic connecting
the origin to p. The family of all these geodesics depends on two parameters p, € R, 6 € S,
corresponding to the curves 7y p, defined for t € (0,27) as

<cos(tpz —0) —cosf sin(tp, — 0) +sinf tp, — sin(tpz)>

Y )

22 Yo,p.(t) =
(22) p- (1) 0. 0. 7

By definition, it holds that 4y, (t) = Vid(ye,p, (t)) for t € (0,27 /p.), and one could use
to define polar coordinates W : {(t,p,) | 0 < tp, < 27} xS! — H'\ Z by U(,0,p,) := Y. ().
However, this yields a transformation whose jacobian has a complicated form and, moreover,
that does not behave well under the anisotropic dilations {g)}r>o. Indeed, although the
distance is 1-homogeneous, geodesics are not invariant under dilations and one can check that
ox(U(t,0,p)) = U(At,0,\"!p). For these reasons, we consider a rescaled version of ¥, letting
r = tp,. (See Figure ) This yields the map ® : R, x S! x (=27, 27) — H!' \ Z defined by

cos(r —0) —cos@ sin(r —0) +sinf ,r—sinr
(23) O(t,0,r) = (t t t2

r r 72

In the general case n > 1, we denote points on the sphere w € $2"1 C R?" as w =

(@1, @), @i = (w;,w7) € R?, and let R, be the clockwise rotation of angle € R. That

is,

(24) R — <cos7" —sinr)

sinr cosr

Observe that, in particular, J = R_ /5.
Then, considering the optimal synthesis for H" (see, e.g., [22 5]) leads to the following.
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Definition 8. Consider U = R, xS?"~! x (—27,27). Then, the diffeomorphism & : U —
H™\ Z is defined by ®(t,w,r) = (£, z), where

9T —sinr

t
(25) §Z = ;A Wi, z=1 27’2

, A:—J(Id—RT):< sinr —1+cosr>.

1—cosr sinr

Henceforth, for any @ € S?"~1, we represent ToS?" ! = w' c R?". When clear from the
context, we identify vectors © € T'S**~! with (0,0,0) € TU. Thus, TU ~ {(vt,ve,v;) €
R?"2 | v, L @} ~ R L Moreover, we denote by dw the standard volume measure on
S?n=1. Namely, dw stands for the (2n — 1)-form

1

n 2
(26) 5 Z Z(—l)e_lwﬁdw% Ao ANdwE AL A do,
k=1 ¢=1
where the hat denotes a missing element.

The next proposition collects some basic facts on @, following via direct computations from

the explicit optimal synthesis of geodesics in H" and .

Proposition 9. The following hold.

i. Let (§,2) = ®(t,w,r). Then, t = 0(p), i.e., (w,r) — ®(t,w,r) is a parametrization
of 0B\ Z. Moreover,

€2 1 —cosr
27 = = =4 —
(27) z #(r) r—sinr
ii. Letting A’ = 0,A = R,., we have
1- t - t - ~
~Aw -A - Aw + %A’w
28 Dd(t = L r r
( ) ( ,w,r) tT’—SlHT 0 2 r—2sinr4rcosr
72 r2 2r

iii. We have that ®* L3 = t>"*1y(r) dt dw dr, where
1

(2—2cosr —rsinr) (2 —2cosT)"™
(29) N(T) = r2n+2 ’

iv. We have

(30) Do (t,mr) = {(U/, v.) € Tyt mmH" ~ R xR

1t/ -,
vV, = 3 <Aw, Ju >R2"} .
Henceforth, we let {W3,..., Wa,} C T'(S?"~1) be a fixed orthonormal frame for the distri-

bution on §?"~! given by w — w' N (Jw)+ C TwS* 1. The following proposition presents
the orthonormal frame that is central to all the results of this paper.

Proposition 10. An orthonormal frame for ®*D is given by {V1,..., Van}, with

* _ r — o (=) = (0. o) jo. -
(31) V=@ (Vo) = (L0,7),  Va="(E) = (0. Tv(n)J@, su(r)),
| :
32 Vi=|o0——"  _w. 0], —3,...,%n.
(52) ! < t\/2(1 — cosr) ’ J
Here,
T r—sinr

(33) w(r) = g————~, ()=

2 —rsinr —2cosr’
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FIGURE 2. Graphs of the functions v (left) and w (right), defined in Proposition

Remark 11. All the vector fields above are well defined for » = 0 and smooth on U. In
particular,

1r 1r |7] 1

34 lim ——w(r) = lim =-v(r) = llm ———o = —,
(34) ") ) r=0¢y/2(1 —cosr) t

r—06t r—=02¢
Also, we point out that both v and w are odd functions, positive for » > 0, which explode
when r — 0, see Figure

Remark 12. Several important properties of this frame are connected with the following rela-
tion, which can be directly checked from the definitions of w and pu:

(35) Or(rwp) = —nru.
In order to prove Proposition we need the following two preliminary Lemmas.
Lemma 13. We have

¥ r
(36) ¢ (VH(S)‘CD(t,w,r) =0+ ;67"

Proof. Exploiting the fact that, for fixed @ € S?"~! and p, € R, the curves t — ®(t, @, tp,)
are arc-length parametrized geodesics for 0 < |tp,| < 27, one deduces that

~ 1
(37) V0o (t,00,r) = <A’w, ;5(1 — cos 7’)) e R?" x R.
Observe that

A r—sinr 9
(38) q)*at‘cb(t,w,r) = (rw’tﬂ> € R™ xR,

t{ ~ A t2r —2sinr 4+ rcosr
(39) (I)*ar’q)(t,w,r) = (7, (A/ - T’) w, 2 o > € R¥™ x R.

The statement then follows by direct computations. O

Lemma 14. Let o, : (—27,27) — R be such that

r—sinr
4 = =27, 2m).
(40) alr) = s B), Vi€ (=2m,2m
Then, letting V; = (0,W;,0), j = 3,...,2n, a (non-orthonormal) basis for ®*D is given by
{V1,Va, ..., Vo }, with

(41) Vi = &% (Vigd) = (1,0, %) V= (0, O‘(Z)Jw, 5(;")) :
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Proof. By definition, ®,V; = Vigd is a horizontal vector field. Its expression in ®-coordinates
is derived in Lemma

Let V € T(S?1), i.e., V € R?" such that V(@) L w. Observe that ATJA = 2(1—cosr).J.
Then, by identifying V € TS**~! and (0,V,0) € TU and by , ¢,V € I'(D) if and only if
(42) 0= 1t <zzlw, tjflV(w)> — V(w) LJw.

2r T R2n

In particular, dim(7'S?*~! N ®*D) = 2n — 2. Thus, the basis V3,..., Vs, for TS?**~! yields
2n — 2 additional horizontal directions.

We now turn to show that V5 is linearly independent to the others. Straightforward com-
putations yield

(43)  oW(twr)= (a;xjw + (A’ - 7&1) i, pL 28T ZrcosT - )
;

r 2r
By , we have that ®,V5 is horizontal if and only if

(2sinr —rcosr —r)

(44) B

_ <;1w, 0J A + BI(A — 1[1)w> .
T T RQn

Since Jw 1 w, we have

I I
(45) <Aw, J(A — A)w> - <Aw, JA’w>
T R2n RQn

n

= Z (Aw;, JA'wi>R2 = Z(l —cos7)|w;|> =1 — cosr.

i=1 i=1

Here, we used the invariance under rotations in R? of A, J, and A’ and the explicit expression
for (ATJA’)11 = 1 — cosr. Moreover, by the fact that J? = —Id and (AT A)1; = 2(1 — cos7),
we have

(46) <flw, jfljw> = —2(1 — cosr).
RQn
By the assumption on « and 3, the statement follows by , , and . [

Proof of Proposition[10. Observe that, a(r) = rv(r) and S(r) = rw(r) satisfy assumption
. Firstly, we show that the basis given in Lemmacan be orthonormalized to {V1, ..., Vo, }.

To this purpose, we claim that the push-forward of Vj, j = 3,...,2n, is orthogonal to vector
fields of the form X = (a,w,br/t), with a,b: (—27,27) — R. Indeed, we have

_ t- ot t - A
T T R2n r r 2

Since ATA =2(1 —cosr)Id and AT A’ = A, we have

(48) AT ((a - b)‘;1 + bA/) w = <2(1 —cost) L= b4 bA) @,

r
Then, by definition of A, we get

(49) Aw = (—j—i— R,j) w = (sinr)w + (cosr — 1)Jw.
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Hence, by and we get

- A - -
(50) AT <(a —b)—+ bA'> w € span{w, Jw}.
T
Since V; = (0, W;,0) with W; L {w, Jw}, and ATA = 2(1 — cos7) Id, this proves the claim.
As a consequence of the previous claim, we have that span{Vj,...,Va,} is orthogonal to
span{ Vi, Va}. Moreover, for any i,j5 = 3,...,2n, we have
_ _ 1—
(51) (@, V7, ®,V;)pn = 2t2$<Wi, W, )gen.

Since {Ws,...,Wa,} are orthonormal in R?", this shows that V; = V;/[|®.V;||%} and that
{V3,...,Va,} is an orthonormal family.

Let us now show that also {V7, Va2 } is an orthonormal family. It is clear that, by Lemma
1P Villgr = ||[Mud|lgn = 1, since ¢ satisfies the Eikonal equation. On the other hand, if

a(r) = g(r)B(r), where g is given by (40, we have

_ 2 U 2 £ () — 9)2
s B _ (TCO (2) )
(52) 0.1 = 5 ‘(g(r)AJ . A/r) @, = 2 ,
thus showing that ||®.Vz|gn = w™!||®.V2||g» = 1. Finally, we have
- . . A .
(53) (D, Vi, D, Va)gn = <A’w, (vAJ vA - r) w> - <A’w, JA’w> ~0.

To complete the proof, we need to show that Vo = ®*(Z). To this aim, observe that
rotations around Z are generated by the vector fields ®,(V3), ..., ®.(Va,) that are orthogonal
to ®,(V2). Indeed, these are 2n — 2 linearly independent vector fields such that V(|¢]?) = 0,
as is evident from the fact that
€ _ ¢

2 2

Finally, a simple computation shows that

(54) (1 —cosr), if (&,2) = ®(t,w, 7).

. ) r—2sinr 4+ rcosr t
(55) lim dz (2.(V2)) la(te0,r) = — lim tw(r) 22 =37

Since {z =0} \ Z = ®({r = 0}) and E L ®*(1%), this completes the proof. O

2.2. Horizontal Sobolev spaces. The Haar measure on H" is, up to a constant, the 2n—+1-
dimensional Lesbegue measure. This allows to define the space of square integrable functions
L?(H™). Moreover, the horizontal gradient associated with the Heisenberg structure is

n

(56) Vau =Y (X)X + (YY),  weC®E).

i=1
Then, H'(H") is the closure of C2°(H") w.r.t. the horizontal Sobolev norm
(57) sy = [ ot [ (Wil .

The same techniques used in [I] show that C°(H"\ {0}) is dense in H(H"). In particular, all
the infima appearing in the definitions of the Hardy constants can be calculated on H!(H"),
i.e., compactly supported functions of H*(H").
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In the following we show how, under suitable technical assumptions, the fact that a cer-
tain function belongs to H'(H") can be checked in terms of integrals in the ® coordinates,
regardless of the singularity of the latter.

Proposition 15. Let u € L?(H") be such that u o ®(t,w,r) = g(t)h(r) for some function
g:(0,+00) = R and h : (=2m,27w) — R bounded as r — 27. Then, u € H'(H") if and only
if both ®*u and ®*|Vigu| belong to L*(U,t*" L p(r) dt dw dr).

Proof. The necessary part of the proof is immediate. We thus focus on the other implication.
To this purpose, observe that ®*u € L2(U,t*"T!u(r) dt dwdr) is trivially equivalent to u €
L?(H"). Fix then u € L?(H") such that ®*|Vigu| € L*(U, t>"*u(r) dt do dr).

By assumption, there exists ¢ : (0, +00) — R such that u(&, a|¢[?) = h(¢™(a))e(|€]) for
a > 0 and where ¢ is defined in (13)). Fix a sequence of positive numbers aj — 0 and let
Q. = {|¢? < ag|z|}. Define

(58) vp(&2) = ho ¢ N an)p(Voaulz]),  (€2) € Q.

The Euclidean gradient of v can be directly computed as

_ a
(59) (Vo] = |0.06] = ho ¢~ (eur) WZ |/ (V)]
Thus we get
+oo
(60) /Q \Vigvg|*dp < (ho gb’l(ozk))z WZnOCk/ 1 ()22 diy.
k 0

Since ®*|Vigu| € L2(U,t*"*1pu(r) dt dw dr), the integral on the r.h.s. is bounded, as is the
quantity h o ¢~ (az) as k — 4o0. Therefore,

(61) lim |Vigog |2 dp = 0.
k

k—+oco Q

Define u; = U|QZ + vg|,. Thanks to a triangle inequality argument, the above result
and the fact that ®*|Vigu| belongs to L?(U, t2"*1u(r) dt dw dr) imply that (uy)y is a Cauchy
sequence in H'(H'). Since, by construction, uz — u pointwise, this completes the proof of
the statement. O

3. UPPER BOUNDS OF HARDY CONSTANTS ON H"

In this Section, we prove Theorem [I] We start by considering the radial Hardy constant,
in the following.

Proposition 16. It holds c/*® = 0.
Proof. Let h € C°((0,+00)) and define
™\ "
(62) wo ®(t,,7) = (E) h(t).
By continuity, the above defines a continuous function w : H! — R. Then, direct computations
yield

r\" _ r\" h(t
63) (5 Vi) oy = (5) W (Vi Dl = (1) i)™
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In particular, this implies that u € H{(H!) by Proposition Finally, direct computations
yield

64 rad < an VHU VH5>|2dp ""OO ‘h/|2tdt
(64) Cn i 0| i
IHI” 0

Observe that, letting v : R? — R be the radially symmetric function defined by v(p) = h(|p|),
where |p| is the Euclidean norm of p, we have
R Pt dt ng |Vl dp

IR 2 B
o fEtdt [, thdp

(65)

Since the Euclidean Hardy constant in R? is obtained via radially symmetric functions, taking
the infimum w.r.t. h € C2°((0,+00)) in yields the statement by (T]). O

Remark 17. The proof is based on the fact that all functions of the form fo®(¢,w,r) = p(r/t)
satisfy (Vi f, Vo) = 0.

We now turn our attention to the full Hardy constant.
Proposition 18. For any n > 1 we have that ¢, < n®

Proof. Recall that the Koranyi norm associated with H” is N = (|¢[* + 1622)'/4. By Propo-
sition [0](i), we then have

\[t\/TQ

(66) No®(t,w,r) o

— 2rsinr — 2cosr + 2.

With a little abuse of notation we still denote by IV the Korany norm in the coordinates ®.
Since §(®(t,-,-)) =t,t >0, for any o € R we have

Nel2izo o [ /rE = 2rsin(r) — 2cos(r) + 2 ¢ o o

Here, 7 : [-2m, 27| — R is defined by the last equality. Observe that the above is independent
of n and w. Then, using the orthonormal basis of Proposition we obtain

1 —cosr
V2+71r2—2cosr — 2rsinr

(68) \VaN(t,w,r)|* =

In particular, for any o € R we have

v (Na/2)|2:a72 r2(1 — cosr) |N®/2|2
(69) H 4 2(r? —2rsin(r) — 2cos(r) +2) 62
2
« — o
]

Here, 7 is defined by the last equality, and is independent of «.

Observe that both v and 7 are non-negative continuous function. Since one can check that
v > 1/y/7, v*n is integrable w.r.t. p(r)dr for any o € R. In particular, this implies that
IN®/2|26=2 and |Viz(N/?)|? are integrable on [1, 4+-00) x (=2, 27) w.r.t. t2"+15(r) dt dr if and
only if @ < —2n.
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Now, let us fix a smooth function x : Ry — [0,1] such that x|j,1/9) = 0 and x| 4o) = 1.
Then, for a < —2n, we let
x(t)N/2(1,6,7), if t <1,
No/2 (t,0,r), otherwise.

Then u, can be extended by continuity to the whole H™. By definition of y, , and ,
for any o < —2n there exists (vj,), C C°(H!) such that

(70) Uq 0 D(t,0,1) = {

. |vg|? |ual? .

[ e [ S [ S [ (S

In particular, by Proposition we have
Vita|? d

(72) cnginf{W: aE[—2n+1,—2n)}.
Jm 5

Let us estimate the quotient above. By , we have

73 ’/U’OCP dp > |u04‘2d _ S2n—1 oo a+2n—1d n o d
(73) 5= 52 4P = | t t | A pdr
n 5>1 1 —2r

Observe that the integral in ¢ on the r.h.s. goes to 400 as o — (—2n)~. Moreover, N®/2|,_;
and 8,(N®/?)|,—; are uniformly bounded from above for o € [-2n+1, —2n). As a consequence,
there exists a constant C' > 0 such that |Vgua|? < C on {§ < 1}. In particular, by (69), we
obtain

a2 +00 2m
(74) / [Viua?dp < CL3({0 <6 < 1}) + ’82711’/ gatan=l dt/ ~nu dr.
L 4 1 —27
Taking the quotient of and , and passing to the limit as o — —2n, yields

2T _
o oy dr

n"—s- 5 .
J oy 2 pdr

Here, we passed to the limit under the integral signs by dominated convergence. Simple
computations show that n(0) = 1, n(£27) = 0, and that 7 is monotone decreasing in |r|.
Hence, for any a > 0, it holds

(76) / V_QHWCZT<77(@)/ v dr, and/ 7_2"77udr§/ v pdr.
Ir|>a Ir|>a Ir|<a

Ir|<a

(75) cn <

Since n(a) < 1 and f|r|>a v~ 2" udr > 0, together with , the above yields the statement. [J
Remark 19. The proofs of Propositions [16] and [L8| are obtained by considering two different

sequences of functions. It is interesting to note that it does not seem possible to build a single
sequence yielding both bounds at the same time.
4. NON-RADIAL HARDY INEQUALITIES ON HOMOGENEOUS CONES
In this section we prove Theorems 2] and 5| To this aim we need the following.
Lemma 20. Let V € T(H" \ Z) be given by ®*V(r,w,t) = @(r,t)Jw where ¢ : Ry x
(—2m,27) — R is integrable w.r.t. t*" Ly dtdr. Then, for any f € C°(H") it holds

(77) Vfdp=0.
]H[’n,
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Proof. Let V € T(U) be defined as V(t,w,r) = (0, Jw,0). Then,
(78) / Vfdp= / (r,t) t2"+1/ )/ V(®* f) deodtdr.
R2n+1 0 2ﬂ. §2n—1
By the divergence theorem we get
(79) / V(®*f) dw = —/ (®* f) divgen—1 V dro.
S2n—1 §2n—1

Thus, in order to prove the statement it suffices to show that divgen—1V = 0.
Henceforth, with abuse of notation, we denote the volume form on S?*~!, as defined in
(26), by . The restriction of the vector field V to I'(S*"~1), still denoted by V), reads

n 2
(80) V(w) = (w?, —wi,..., w2, —w.) = Z Z(—l)gilwiﬂawi,
k

=1¢=1
where by convention we let £ +1=/¢+1 mod 2. Recall that, by definition, (divgzn—1 V)Q =
d(1yQ). Since dwl (V) = (1) 1w, we have
(81) o, = wy(dwi A dw}) = w}dw), + widwi.

Henceforth we let, for simplicity, dw := dw,ﬁ A dwz. By the properties of the contraction
operator we can then compute:

w(dw@iA . Ndwl AL A d?)
:LV<dw£+1/\dwl/\.../\cﬁﬂ\k/\.../\dwn>
(82) —dwiﬂ/\w(dwl/\.../\d/w\kA.../\dwn)
:(—1)£w£dw1/\.../\d/w\kA.../\dwn

S dwt Adwi AL A AL AN dwg AL A e,
itk
Thus, we obtain 1yQ2 = —(A + B)/2n, where

n 2
(83) A=3"SN (@) dwi A Adwi A A d,

n 2
(84) B = ZZ (1) 'wpdo T Adw A AN AL A daog A A daoy,
k=1 (=1 ik
Let us now compute d(cyf2). By the properties of d and since do; = 0, we have

n 2 n
dAzZZQwﬁdwi/\dwl/\.../\dwk/\.../\dwn:2Zdw1/\.../\ak/\.../\dwn,
k=1 (=1 k=1

dB=2(n—1)Y dwiA...Aa; ... Adwy
i=1
Thus,

(85) d (1yQ) :—2Zdw1/\ Aai A A dwoy,
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Observe that we need to compute the above 2n — 1 form on vectors tangent to the sphere.
For any v € TS* !, we have > ; a;(v) = (@, v)gen = 0, which yields

(86) 042'|TS2"*1 = — Z aj’TS%L*l .
J#i
Together with the fact that a; A dww; = 0, this implies that

(87) d(Q)|rsen1 =2) > dmi AL A ;AL Adwy =0,
=1 g#i i-th position

completing the proof of the statement. O

Proof of Theorem[3 Let f € C°(H"). By Lemmaand the expression of Z in ®-coordinates
given in Proposition [I0] we get

s [z [ ([0 e 0w tr) i) i i

Then, by Remarks [I1] and [I2] an integration by parts yields

“+o00 f
— —fo 2n+1 —
(89) /IHI” =Z2fdp = n/ /S% 1 </27T fo®(t,w,r)u(r) dr) dwot dt =n 3 wdp

Here, no boundary terms appear since lim,_, 1o, w(r) = 0. By density the above holds for any
Lipschitz function compactly supported outside the origin. In particular, letting f = u?/6
where u € C2°(Cyxy), the Cauchy-Schwarz inequality implies

n ] P EeP N
90 = dp / —|Zuldp < ( d ) (/ ~—d ) :

Here we used that Cx, C {¢) > 0}. By construction, we have that |Zu|?> < |VgTu|?, and thus
the above yields .

We now turn to the proof of the sharpness. Recall that, in ®-coordinates, there exists
px € (0,2m) such that Cx, = {®(¢,w,r) | r > px}. Let p > px and > 0 be sufficiently small,
and consider a cut-off function x : (ps,27w) — [0, 1] such that

(91) Xl(p5,0) =0, Xl(pnom) = 1.

Moreover, consider 0 < ¢; < ta < 400 and fix a function ¢ € C2°((0, +00)) with supp¢ C
[t1,t2]. Let v > —1/2 and define

(92) v(r) = x(r) (rw(r)u(r))”,  wod(t,@,r) = @(t)v(r).

The above definition for v can be extended by continuity to the whole H", since lim,_,o, v(r) =
0. Observe that v € L?([pg, 27|, udr) for any v > —1/2. Indeed,

(93) V2~ (2m) DAY 227 (9 — )22 FDTL g s (2) 7
Moreover, we have suppu C By, \ By, and |Viu|? = |Zul?, so that, by Proposition
e v B dp

94 L(X,0) < Ry 5
(94) cn (3,9) oo vE dp
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By Remark it holds that v/ = (rwp)”(x’ — nyxw™!). Thus, by the ®-coordinate
expression of Z given in Proposition [I0} we have

0 for r € [px, p),
(95) [Zulo® = ¢ @6~ 'r(rup) (x'w —nyx)  for r € [p,p+n),
noyr|u|6 ! otherwise.

Recalling that 1) o ® = r and that dp = t>" "'y dw dt dr, we get

+
o o e (X'w — nx)*udr 22
N f% 029 pdr T
1) H
Observe that there exists C' > 0 such that, for v > —1/2, we have

(96) Ry

ptn
(97) / (rwp)® (X'w — nyx)* ¥~ pdr < Cen, .
P
The statement then follows by and . Indeed, thanks to , it holds
2
98 lim / V2 pdr = +oo. O
(98) B | Yp

Proof of Theorem[3. Observe that Cx; = {px; < ¢ < 27}. Thus, for any u € C2°(Cyx), it holds

(99) Py =

Jes w%; dp Cs %;dp Jey 1/’%; dp
By definition of ¢ (%) and ¢ (3, 1), thanks to Theoremtaking the infimum for u € C2°(Cy)
in the above yields the statement. O

5. FuLL HARDY CONSTANT ON HOMOGENEOUS CONES

Let ¥ C Si" be a spherical cap. Recall that the associated homogeneous cone Cly; is uniquely
identified by a parameter ay; > 0 such that Cy = {(z,9,2) € R*"" | |22 + |y|? < axz}.
This section is devoted to the proof of the following result on the full Hardy constant ¢, (%),
defined in . Its proof is based on a consequence of the sub-Riemannian Santalé formula,
presented in [25].

Theorem 21. Let ¥ C Si” be a spherical cap. Then,

n 1673

100 D) P —
( ) en( )_0@164—0422

In particular, c,(X) — +00 as ¥ degenerates to a point.

Proof. For any p € Csx;, we identify D,, C T,H" with the corresponding plane through p in H".
Recall that any straight line v : R — H" through p and contained in D), is a sub-Riemannian
length-minimizer from p to any (), t € R. We henceforth denote by m(p) the maximal
length of any such geodesic intersected with Cx.

Let u € C°(Cx). We apply [25, Proposition 2, Eq. (5)] and the natural reduction procedure
given by [25, Example 2], to get

2
(101) / |VHu]2dp22mTZ/ Mdp.
CE CZ

m2
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Indeed, m(p) is the maximum of the quantity L appearing in [25, Proposition 2]. Observe
that [25] Proposition 2] is valid under a compactness assumption on the ambient space. This
can be settled by applying it to any compact set 2 C Cy, with suppu C 2, since the quantity
L computed w.r.t. 2 is bounded from above by the same quantity computed on Cy.

Let 7,-1(q) = p~ ! xq, ¢ € H", be the left translation w.r.t. the Heisenberg group law .
By left-invariance of the sub-Riemannian structure on H", it holds that for any straight line
v : R — H" contained in D, and such that v(0) = p the curve n = 7,-1 o~y is such that
n(0) = 0 and n(t) € Dy = {z = 0} for any ¢ € R. In particular, m(p) coincides with the
maximal length of such 7 intersected with 7,,-1(Cx). Since the sub-Riemannian length of such
n coincides with the Euclidean one (this can be checked, e.g., via the explicit expression of
the geodesics given in Definition , we have

(102) m(p) < diameye(7,-1(Cx) N {z = 0}).
Letting p = (x0, Yo, 20), straightforward computations yield
2

o 2 o
(103) 71 (Cx) = {(%yv z) e R¥H | ‘fﬂ + o + %yol + ‘y+yo - %330

2
(6%
<asls+ 20l + 2l + lP) |-

Using this in (102)), since |zo|? + |yo|? < axz0, we obtain

2
(104) m(p) < 2%2% 02 (ol 4 [yof?) < V0 fars(16 1 03).

The statement then follows by ([101] -, -, and the fact that, by Definition [8, it holds

— si 5(p)?
1 < 6(p)? rosmr . 0
( 05) 0= (p) rE(rilg;r}f27r) 2r2 2w

6. AN ALTERNATIVE PROOF OF HARDY INEQUALITY

In this section, we start by proposing a fix for the argument of [29] in Lemma and then
we show that this yields a different proof of the classical Hardy inequality by Garofalo
and Lanconelli in Proposition

To this aim, we define the vector field 7' € I'(H" \ Z) by

(106) T = Vgé — (®,w) 1=

Here, Z is the polar vector field of Definition[7]and w is the function defined in Proposition
Then a correct version of [29, Lemma 3.1] is the following.

Lemma 22. Let 0 < Ry < Ry and f € C*((Br, \ Br,) \ Z). Then,

1
0 [ sewntow - [ senniow=[ (% g

Here, we let By = {§ < t} and denoted by do the surface measure of OB;.

Proof. By Proposition we have that ®*T = (1, :UET)) Jw,0). Then, by Lemma [20| we have

(108) /BR . <V5§£1 / /Sgn 1 ( (P f) dt) deo p(r)dr.
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Finally, an integration by parts yields

Viuf, T 2 . .
o S~ [ [ @D~ @Dl st

= f(or,p) do(p) — f(or,p)do(p). O
0B, 0By

Proposition 23. For any u € C°(H™ \ {0}) it holds
2 2 Juf® 2
(109) |Vigu|“dp > n W‘VHN‘ dp.
n Hn
Here, N(&,2) := /|€]* + 1622 is the Koranyi gauge.

Proof. Applying Lemma to f = (u5"|T|_1)2 and letting R; | 0 and Ry T 400, since f has
compact support outside of the origin, we obtain

u?, w,
(110) w[ Gt =— [ SIS )

Then, as in the proof of Theorem [5, by Cauchy-Schwarz inequality we obtain

’LL2 _
(111) n2/ o deg/ |Vigul|? dp.
H" H”

Here, we used that, again by Cauchy-Schwarz inequality |(Vgu,T)| < |Vigu||T|.
In order to complete the proof, we are left to show that |T']26%2 = N2/|VigN|?. By definition,
we have

1+ w?
w?

(112) T =

On the other hand, following the computations in the proof of Proposition [I8] we have

(113) e N? _ ﬁrz—Zcosr—Qrsinr—l—Z‘
|V N |2 r2 1—cosr
The conclusion then follows at once by direct computations. ]

APPENDIX A. AN EUCLIDEAN NON-RADIAL HARDY INEQUALITY

In this section we present an Euclidean version of Theorem [5} Let z = (2/,z4) € R x R,
We consider coordinates (t, @, ) € Ry x S¥2 x (—7/2,7/2) in R%, defined by

(114) (2',24) = t(w cos p, sin ).

In this case, the polar vector field is = = %&p, which is unit thanks to the fact that
Zq

(115) ¢ = arctan .
[l

Moreover, the volume form becomes t4~! cos?~2 ¢ dt dp do(w), where do is the standard vol-
ume on S%2.

Let us consider a spherical cap ¥ C Si_l, and let C'y; be the associated Euclidean cone.
We can always assume it to be centered on the d-th coordinate axis, i.e., Cx, = {¢ > ax} for
some ay, € (0,7/2). We have the following.
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Theorem 24. Let d > 3. Then, letting (2’ , xq) = xq/||2'||, we have
(Vu, E)? d—2\* [ |u]’
(116) / ——dr > | —— —sYde, Yu € C°(Cx).
Cs, (0 2 s ]2

Moreover, the inequality is sharp.

Proof. Let v € C°(Cyx). An integration by part yields

—+o00 71'/2 1
/ (Vv,2) dx = / a1 dt/ do(w) / ~0pvcos2 pdy
O 0 S as ¢

400 w/2 v
(117) =(d—2) / a1 dt/ do(w) / n cos?™3 psin p dyp
0 d—2

S axy
(Y
=<d—2>/02 Ehe

Here, we used that i) = tan ¢ in polar coordinates, thanks to . The desired inequality
then follows from the above, choosing v = u?/t and applying Cauchy-Schwarz on the Lh.s..

To obtain the sharpness, observe that choosing u(t, ) = n(t)(cos¢)? where n(t) is any
cutoff with compact support and v € R, we have

(Vu, E)|? 2/ |ul?
118 / BV ge =42 [ M da,
(118) Cs: (0 oy |7?

Direct computations show that the last integral is finite if and only if v > %. Then,
the statement follows via a cut-off argument as the one in the proof of Theorem [5| letting

—d\t
7= (54 O
Since the function v is unbounded on the vertical axis {z’ = 0}, the above does not yield
any upper bound on cr ’eUd(E). Indeed, we can only recover the following lower bound, which

is not sharp but correctly shows that i (%) — 400 as ¥ degenerates to a point (i.e.,

ay, T 7T/2).
Corollary 25. Let ¥ = {¢ > ax} C S%! be a spherical cap. Then,

d—2\?
(119) ceuel(s) > (2> tan® ay,.
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