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A-ADIC FAMILIES OF JACOBI FORMS

MATTEO LONGO, MARC-HUBERT NICOLE

ABSTRACT. We show that Hida’s families of p-adic elliptic modular forms generalize to p-
adic families of Jacobi forms. We also construct p-adic versions of theta lifts from elliptic
modular forms to Jacobi forms. Our results extend to Jacobi forms previous works by Hida
and Stevens on the related case of half-integral weight modular forms.

1. INTRODUCTION

The theory of p-adic families of ordinary cusp forms was initiated by Hida ([Hid86al,
[Hid86D], [Hid88]), starting with the group GL(2). Over the last 30 years, its scope ex-
tended greatly, encompassing groups associated to Shimura data of Hodge type, and beyond.
Historically though, some of the first extensions of the theory were outside the realm of re-
ductive groups, for example the metaplectic group governing half-integral weights modular
forms, worked out by Hida himself in [Hid95] by dévissage to his original theory. Another
important theme of p-adic interpolation has been to establish variants in families of various
functorial liftings between spaces of modular forms. For half-integral weight modular forms,
the p-adic variant of the theta lift due originally to Shintani was studied by Stevens in [Ste94].
In this paper, we wish to substitute, in the non-reductive examples mentioned above, half-
integral weight modular forms with Jacobi forms, and verify that the corresponding objects
and liftings vary equally well in ordinary families, thus extending some results of Guerzhoy

[Gue00al

In this paper we therefore have two aims: (1) Develop a theory of p-adic families of ordinary
Jacobi forms, following the approach of Hida [Hid95]; (2) Construct, following [Ste94], an
example of theta lifts from p-adic families of ordinary elliptic modular forms to p-adic families
of ordinary Jacobi forms which interpolates the Shimura-Shintani correspondence for classical
forms.

Before explaining our results in more details, we stress that one of the motivations to develop
such a theory, especially the p-adic theta correspondence, lies with companion paper [LNTI9]
which investigates an analogue for p-adic families of the Gross-Kohnen-Zagier theorem (GKZ
for short), in which Heegner points are substituted with p-adic families of Heegner points called
Big Heegner points. It seems that a satisfactory, although still conjectural, generalisation of
the GKZ Theorem for Big Heegner points involves the p-adic theta correspondence that we
construct in this paper. In Section [ we describe in a more precise way the relation between
this paper and [LN19].

In the first part of the paper, we develop concisely the general framework for p-adic families
of Jacobi forms, relying on unpublished work [Canb] applied only in the much simpler and
much better studied case of dimension one. This part can be seen as an extension to Jacobi
forms of the analogous theory developed by Hida in [Hid95)] for half-integral weight modular
forms. The main result of this first part is Corollary 212, which is an analogue of the
celebrated Hida Control Theorem ([Hid88l Theorem II]) in the context of p-adic families
of ordinary Jacobi cusp forms. Corollary shows that the A-module of p-adic families
of Jacobi forms specializes to vector spaces of classical Jacobi forms when it is cut out by
arithmetic primes. We now state a simplified form of the Control Theorem for Jacobi forms.
Fix an integer N > 1 and a prime number p { N. Let A = O[1+ pZ,] be the Iwasawa algebra

1


http://arxiv.org/abs/1912.07920v3

2 MATTEO LONGO, MARC-HUBERT NICOLE

of 1+pZ, with coefficients in the valuation ring O of a fixed finite extension of Q,. We consider
a normal integral domain I which is finite over A. Put X'(I) = Spec(I)(C,). A point x € X (I)
is said to be arithmetic if its restriction to 1+pZ, C I is of the form ~ ~ (v)y*~2 for a finite
order character ¢ of 1+ pZ, (called the wild character of k) and an integer k > 2 (called the
weight of k). We introduce the metaplectic cover [ =TI®a A, where A is the A-algebra which
is equal to A as A-module, but the A-algebra structure is given by (A, ) — A2z for A € A and
z € A. We say that a point in X(I) = Spec(I)(C,) is arithmetic if it maps to an arithmetic
point of X(I) via the canonical projection map X (I) — X'(I). A I-adic Jacobi form of index
N is a formal power series in

S = Z Cn,rqngr € ﬁ[[qa CH?

r7<4nN

where ¢,, € I, such that, for each arithmetic point # € X(I), the specialization of S(k)
obtained by evaluating the coefficients ¢, , at s, is the (g, ()-expansion of a classical Jacobi
form, with coefficients in C, after fixing an algebraic isomorphism C ~ C,, which we choose
from now on. We call classical specialisations those classical Jacobi forms arising as speciali-
sations of a [-adic form. Restricting to those I-adic forms whose classical specialisations are
ordinary cuspidal forms, we define the submodule of I-adic ordinary cuspidal forms, denoted
J?;Sp’ord(]l). Let J,?ﬁ,p’ord(ps ,X) be the C-vector space of Jacobi cuspidal ordinary forms of
weight k, index N, level p* and character x; we refer to §2.1] for a review of the basic facts on
classical Jacobi forms. The main result of the first part is the following theorem, proved under
the hypothesis that I is primitive, meaning that classical specialisations in a dense subset of
the weight space are newforms (see Def. (4)).

Theorem 1.1. Let I be primitive. The A = O[[1 + pZ,]|]-module <P (1) is finitely gener-
ated, and for each arithmetic point k € X (I) we have

IR I 2 0
where P, is the kernel of k, and the integers k,s and the character x depend on k only.

In the second part of the paper, we set up a p-adic theta correspondence relating ordinary p-
adic families of elliptic cuspforms with ordinary p-adic families of Jacobi forms. Recall that the
classical theta correspondence associates, under certain arithmetic conditions, a Jacobi form to
an elliptic modular form; see §3.1] for a utilitarian recapitulation on the theta correspondence.
We develop a p-adic version of this theta correspondence. The main result of this part is
Theorem B0, which shows the existence of a p-adic family of Jacobi forms interpolating
classical theta lifts of the classical forms in a given p-adic family of elliptic ordinary cuspforms.
This p-adic version of the theta correspondence has been developed for p-adic half-integral
weight modular forms by Stevens [Ste94] in the elliptic case, as recalled above, and the authors
[LNT13] in the quaternionic case. To state our main result in a more precise form, recall that
for an elliptic modular form f € Si(I'1 (M), x?) of weight k, level I'; (M) for some integer M,
and character x?, we have a Shintani lift

£ i (6)

to the space of Jacobi forms of prescribed weight, index, character and level depending on f
and the choice of a fundamental discriminant Dy which is a square modulo N, a square root

ro of Dy modulo N, and a square root x of the character x?; the precise definition of the map
S((l%)o,ro) is recalled in §3.01 Fix a Hida family foo = >, ang" € [[[¢]] of ordinary elliptic cusp
forms; recall that for each arithmetic point x € X (I) the specialization f, =Y, < an(k)q™ is

an elliptic eigenform of level I'; (Np®), character y and weight k, where the integers k, s and
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the character x depend on s only, and p® is the maximum between 1 and the p-power of the
conductor of y.

Theorem 1.2. There exists a p-adic family of Jacobi forms S such that for each K € /'\?(]I)
lying over an arithmetic point k € X (1) of character x? with x a non-trivial character modulo
p, we have

S(R) = Alk) - S5, ()
where A\(k) € C,, is a p-adic period which is non-zero on an open subset of X (I).

A more general form of Theorem is presented in Theorem and Theorem [B.7] which
consider generic arithmetic points x of non-trivial character x? and trivial character, respec-
tively. These results show that theta lifts can be interpolated in families. We also discuss a
result, see Theorem B.I0L where we consider similar questions for forms which arise in Hida
families as ordinary p-stabilisations of forms of level N prime to p.

Acknowledgments. Part of this work was done during visits of M.-H.N. at the Mathematics
Department of the University of Padova whose congenial hospitality he is grateful for, and also
during a visit of M.L. in Montréal supported by the grant of the CRM-Simons professorship
held by M.-H.N. in 2017-2018 at the Centre de recherches mathématiques (C.R.M., Montréal).

2. A-ADIC FAMILIES OF JACOBI FORMS

In this section, we give an account of some aspects of Hida theory for families of Jacobi
forms relying on the well-known close relationship between Jacobi forms and modular forms
of half-integral weight. Explicit examples of A-adic families of Jacobi forms are provided by
theta lifts of A-adic families of classical modular forms, and we provide them later in the
next section. It should be no surprise that Hida theory extends to the setting of Jacobi forms:
Wiles’s convolution trick with the classical A-adic Eisenstein series readily shows the existence
of a A-adic family of Jacobi forms specializing to a given p-ordinary Jacobi form, see Section
2.7 for details.

We rely on two main tools to study p-adic families of Jacobi forms:

(1) first, Candelori’s unpublished results in the preprint [Canb] applied to classical mod-
ular curves to relate algebraically Jacobi forms and vector-valued half-integral weight
modular forms. While [Canb] treats the higher-dimensional case using the language
of stacks, all we need can be formulated plainly and with completeness in terms of
modular curves without relying on his more sophisticated techniques.

(2) second, Hida’s treatment for scalar-valued half-integral weight modular forms [Hid95].
Recall that Hida developped in [Hid95] his eponymous theory for scalar-valued half-
integral weight modular forms, while by Eichler-Zagier’s theorem and its generaliza-
tions, Jacobi forms are more naturally related to vector-valued half-integral weight
modular forms. Since the Jacobi group is not reductive, the geometric approach
working well to develop Hida theory for Shimura varieties does not seem to be di-
rectly applicable (but see [Kra95] for groundwork on the arithmetic theory of Jacobi
forms), hence our heavy reliance on Hida’s paper [Hid95] for content and overall strat-
egy. Note that for Jacobi forms, the usual role of the tame level is played by the index
m = N, using the notations below.

2.1. Jacobi forms. We review the basic definition of Jacobi forms. The Jacobi group is the
semi-direct product SLa(Z) x Z? where the law is defined by:

v.2)(,Z2)=(,2y + 2.
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The Jacobi group acts on the H x C. Let T/ :=T" x Z2, T' a congruence subgroup of SLa(Z).
Let Z = (\pu) € Z?, and v = (24) €. For (v,Z) € T and (7,2) € H x C, let

(1.2)- (r.2) = (

This defines a right action of T/ on # x C. Further, the Jacobi group acts on complex
functions on H x C via the slash operator ¢ ,,, for integers k,m € N i.e., (7,0) acts as

at +b z—i—)\7'+,u>
ctr+d  er+d /)

—csz) (a7’+b z >’

cr+d cr+d er+d

(e + d)fke(

and (1, (A, u)) acts as
e(\2mr 4+ 22mz)p(T, 2 + AT + ),

where e(—) represents the exponential 27~
Definition 2.1. Let k,m € N. A Jacobi form of weight k& and index m for the congruence
subgroup I is a function:

p:HxC—C
which satisfies the following condition:

(1) it satisfies @iy (7, Z) = ¢ for all (v, 2) € T,
(2) it is holomorphic on H x C;
(3) it is holomorphic at the cusps.

Here, we refer to [EZ85, Def. p.9] for a precise explanation of the behaviour at the cusps
in terms of the Fourier expansion. Further, a Jacobi cusp form is defined as Jacobi form
vanishing at all cusps in a suitable sense. The C-vector space of Jacobi (resp. cusp) forms of
weight &k and index m for a congruence subgroup I is denoted by Jj (") (resp. J. >P(T")) by
slight abuse of notation. 7

2.2. The Eichler-Zagier theorem. We describe in this section an account of results by
[Canb] which allow to derive geometrically a higher level version of the classical Eichler-
Zagier theorem. We state results in [Canb| in the 1-dimensional case of modular curves;
the reader is advised to keep a copy of [Canb] when reading this subsection to compare our
setting with the more general results developed in loc cit., see also [Canld] for background
and more details. The strategy, aimed to introduce p-adic families of Jacobi forms, is to
add level structures of increasing p-power levels to obtain an analogue of [Canb, Thm.4.2.1].
After introducing analogous level structures on the C-vector space of vector-valued modular
forms, and passing to global sections over C, we recover a generalization of the Eichler-Zagier
theorem in higher level (see also [Boyl5]). A more general version of these results could
also be obtained by introducing more general level structure; however, adding p-power level
structure is enough for our applications to p-adic families of Jacobi forms. As mentioned
above we provide some of the details to accomplish this algebraically in the technically much
simpler 1-dimensional case, see [Canbl, Exa. 2.6.10, Sect. 2.8] for the simplifications occuring,
especially the “accidental isomorphism” of [Canbl Eq. (2.8)] which does not extend to higher
degree. We recall a few definitions from [Canb] but we specialize them readily to modular
curves, cf. [Ram06]. We shall formulate directly the results in term of compact modular
curves Xo(4N) and X;(p®), obtained as compactification of the open modular curves Yy(4N)
and Y7 (p®) associated to the congruence subgroups I'g(4N) and T’y (p®), for an integer s > 1.
Note that because of its emphasis on the higher dimensional set-up, [Canb|] does not treat e.g.,

compactifications and Hecke operators, but [Hid95] and [Ram06] do, see [DR73|, cf. [MB90,

1.2.4] for details on stacky compactifications of modular curves. Relying on algebraic geometry

as in [Canb], [Ram06] and [Kra9l] suggests the wider generality available, while recovering
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optimal, canonical results (also available through more elementary, classical techniques alone)
once specializing to C.

Let N € N be an integer and p{ N, p > 5 a prime number. The stack A;1(©), introduced
in [Canbl, Def. 2.6.6], is (isomorphic to) the classical open moduli stack Yy(4N) of pairs
(E, H) of elliptic curves E equipped with a subgroup scheme H of F[4N] locally isomorphic
to Z/ANZ. The theta group is defined as

I(1,2) :={(2}) € SLa(Z)|ab,cd =0 mod 2} .

Following [Canbl Def. 2.6.1], we define the stack X ; as classifying elliptic curves together
with a symmetric, relatively ample, normalized invertible sheaf £ of degree 1. The stack &7 1
maps to the moduli stack of elliptic curves, and it is smooth over Z[1/2].

According to a result of Moret-Bailly (see [Canbl, Rmk. 3.4.2]), the stack X} ; has two
connected components: we therefore have a decomposition X7 1 = Xi‘ L L& More precisely,
as it is pointed out in [Canbl p. 16], over C we have that:

X =T(1L,2\H, X ™ =SLy(Z)\H.

Here the superscript ®" denotes the associated complex analytic space. We denote by the
more customary notation Y (I'(1,2)) := Xf,r , the so-called “even characteristic” connected
component of the stack defined over Z[1/2].

There is a natural map Des : Y5(4N) — X ;1 defined in greater generality using the moduli
interpretations, see [Canbl Defining equation (2.9)], and it factors through Xff 1 by [Canbl, Sec.
2.7]. Over modular curves, we can define it in the following concrete way:

Definition 2.2. ([Canbl (2.9) and Lemma 2.8.6]) We denote by
Dese - Yo(4N)e — Y(T(1,2)e,
the analytification of the descent map induced by the homomorphism between the fundamental

groups:
Fo(4N) — I'(1,2),

D a b\ a 20N
S\e a)™ c¢/2N d '

We now introduce the automorphic sheaves giving rise to Jacobi forms, resp. half-integral
weight modular forms.

On the Jacobi side, the basic invertible sheaf is Lon, and for simplicity we describe it
using complex algebraic geometry i.e., using the complex uniformization (see [Kra91] for
the treatment of general level structures and [Kra95] for an approach relying on arithmetic
geometry including the treatment of compactifications). Consider the elliptic modular surface
given by the quotient

Sry(pe) = H x C/(T1(p") x Z7),
where (m,n) € Z? acts by (7, 2) — (7,2 +m + n7), and v acts by

at +b z a b
(- = = T (p%).
(7 2) <c7'—i—d’c7'—|—d)’7 < c d>€ 1(P7)

2N
Define Loy := Os(2Nes)® <Q‘19/Y1 (ps)> , where egs is the identity section. Let 7 : S — Y7 (p®)
denote the projection morphism, and define J; oy := mLon. Let € — Yi(p®) denote the
universal elliptic curve over Y7 (p®).

Definition 2.1. Let N > 1 and k£ > 1 be integers. A Jacobi form of index N and weight &

with respect to I'; (p®) is a global section of [Jj an ® wg)le(pS)'
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On half-integral weight side, the construction involves a few more ingredients. To tackle
half-integral weight modular forms geometrically, the standard trick is to fix a square root of
the Hodge bundle w. This is the strategy exploited by Hida in [Hid95]. Candelori’s so-called
metaplectic stacky formalism is a generalisation of this idea. The canonical bundle over &7 ;
of weight 1/2 forms denoted u_)g % is very closely connected to the square root of the Hodge
bundle w (see [Canbl Cor. 3.3.3]), hence the notation. Its definition is as follows: the invertible

sheaf gl@/ ? is defined on [Canbl p.22, line 3] as the canonical square root of Mg ®w induced by
the canonical isomorphism of [Canal, Thm. 5.0.1], where Mg is the theta multiplier bundle
of [Canbl Def. 3.2.2]. That is, the choice of the square root of w is made compatibly with the
choice of the square root of Mg so that their tensor product is canonical.

More concretely, the bundle Des*gl/ % can be seen as an invertible sheaf of modular forms
of half-integral weight 1/2 on Yy(4N), prompting the following:

Definition 2.2. ([Canbl Def. 3.4.1]) Let £ > 1 be an odd integer. A scalar-valued modular
form of weight k/2 is a global section of Des*glg 2,

We now introduce vector-valued modular forms on the modular curve Y;(p®). The new
ingredient is the so-called Weil bundle. Over C, this is the local system corresponding to the
Weil representation, and for modular curves, it is defined as follows. Let H(2N) := Z/2NZ,
and K(2N) :=Z/2N7Z x Z/2NZ. The Heisenberg group of type 2N is defined as

G(2N) := G, x K(2N)

with group structure given by (A1, z1,y1)(A2, 22, y2) = (M A2(x1,y2)2N, T1 + T2, y1 +y2), where
(—, —) is the standard symplectic pairing of type 2N defined in [Canbl Eq. (2.4)]. Let S be any
scheme. The sheaf V(2N) is the free Og-module of functions f : H(2N) — Og, with canonical
basis given by delta functions. The Schrodinger representation of G(2N) is defined in [Canbl
Def. 4.1.2] as the module V(2N) given by functions f : H(2N) — Og, with G(2N)-action
given by:
Pz ) f() = Ma, ) f (Y + )

The sheaf V(2N) is the Schrédinger representation of weight one and rank 2N. We can now
define the Weil bundle W oy as the locally free sheaf V(2N)¥ ® Des*./\/l(:)l/2 Q@ w2 gee
[Canbl Eq. (4.3)]. The key point of [Canbl, Sec. 4.3] is that the Weil bundle is defined over
the metaplectic stack (even though neither V(2N)Y nor Des*./\/l(t)l/2 is), i.e., it is defined over
Y1(p®) after fixing a square root of the Hodge bundle w over Y7 (p®).

Definition 2.3. Let £ > 1 be an odd integer. A W, an-vector valued modular form of weight
k/2 is a global section of the vector bundle W oy ® wht1/2,

Remark 2.4. The above definition of vector-valued modular forms of weight k/2 corresponds
to that of [Canbl Def. 4.3.3].

Summing up, we get the following comparison isomorphism cf. [Canb, Thm. 4.2.1, Equ.
(4.3)]:

Theorem 2.3. There is a canonical isomorphism
Jian — Wian,
as locally free sheaves of rank 2N over Y1 (p®)c.

Proof. The key point in the above construction is that both sheaves are generally defined over
the metaplectic stack over the modular elliptic curve Y;(p®), that is, over Y7 (p®) itself once a
square root of the Hodge bundle we )y, (+) is fixed. The isomorphism [Canbl (4.3)] states that

V(2n) ® Des*/\/lg)l/2 ~ Jion @ w'/?,
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and it is canonical thanks to [Cana, Thm 5.0.1]. O

Remark 2.4. [Canbl Thm. 4.2.1, (4.3)] refine an old result of Mumford, see [Canbl, Sect. 4.4]
and [MB90] for details. We work over C as the most precise result is established up to +1 only
in that setting in [Canbl Thm 4.4.2], see [Canal, Rmk 5.0.3] for a description of the ambiguity
in general.

After tensoring with powers of the Hodge bundle and extending to the compactification
X1(p®) (cf. [MBI0, Sect. 2.5] for the computation at the cusps with Tate curves), we obtain
the following slight extension to level I';(p®) of the classical Eichler-Zagier isomorphism, see

[EZ85, Thm.5.1], cf. [Canbl Cor.4.5.1] and see [Boy15| §3, Thm. 3.5] for further generalization

over C:

Corollary 2.5. There is a canonical isomorphism between the space Ji y(I'1(p®)) of Jacobi
forms of index N, weight k and level I'1(p®) and the space of WXQN—vector—valued modular
forms of weight k —1/2, denoted By, /2 95 (T'1(p%)) -

Proof. We tensor the isomorphism

V(2N) ® Des*/\/lél/2 > Jion @w'/?

with wz?/le (ps) O both sides and obtain the canonical isomorphism:
—-1/2 E=1/2 A~
The sheaves and the isomorphism extend to the compactification X;(p®). Taking global

sections yields the canonical isomorphism between the two spaces of modular forms. O

The vector-valued modular forms in y_; /595 (I'1(p®)) above generalize the 2N-tuples of
modular forms as in [EZ85, p. 59] with respect to SLy(Z).

2.3. Density of classical Jacobi forms. As the theory of Jacobi forms is not fully ge-
ometrized in comparison with the theory of classical modular forms, we face similar difficul-
ties as for half-integral weight modular forms where the underlying non-reductive group is
the metaplectic group. Our strategy to prove the density theorem for classical Jacobi forms
within p-adic Jacobi forms is to use the natural isomorphism a la Eichler-Zagier between the
space of Jacobi forms and the space of vector-valued half-integral weight modular forms. More
precisely, we show that the completion of the space of p-power level classical Jacobi forms does
not depend on the weight, and therefore any such classical subspace is dense in the space of
p-adic Jacobi forms, see Thm 2.0] for the precise statement.
We set up the necessary notation for the density theorem. Let

Ten(A) = In @i 4), TR =TSR T1(p%): A),

for A any subalgebra of C, and where J; n(I'1(p®); A) denotes the space of Jacobi forms of
weight k, index N and level I'1(p®) with Fourier-Jacobi coefficients in A.

Let W (F,) be the ring of Witt vectors with residue field F,, and K the quotient field of
W (F,). We fix once and for all a complex (resp. p-adic) embedding of Q into C (resp. Q,).
We may thus take 4 := W(F,) N Q and Jy x(W(F,)) = Jp n(4) @4 W(F,), J,g}lﬁ,p(W(Fp)) =
Ty (A) @4 W(F,). We write Je.n(W(F,)) for the p-adic completion of Jy, (W (F,)), and
similarly for cusp forms. The following theorem proves that the p-adic completion is indepen-
dent of the weight k.

Theorem 2.6 (Density theorem). For k > 2, we have an isomorphism preserving the Fourier-
Jacobi coefficients:

Ten (W(Fp)) 2= Ty (W (Fp)).
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Proof. The first step is to use Corollary to transfer the problem to vector-valued modular
forms. Note that the construction of vector-valued modular forms or taking the p-adic comple-
tion are operations that commute with each other, since the corresponding vector spaces have
finite dimension. Using [Hid95, Thm.1, p.145], we already know the result for scalar-valued
half-integral weight modular forms, and this implies that the space of classical vector-valued
modular forms is dense in the space of p-adic vector-valued modular forms by using the pro-
jections to the scalar-valued components. The result for Jacobi forms follows. U

2.4. Ordinary forms. Let N > 1 be an integer, p { N, p > 5 a prime number, s > 1 an
integer and x : (Z/p°Z)* — Q, a Dirichlet character. Denote U;(p) the Hecke operator at

p acting on the space of Jacobi forms Jl:u]?,p(ps, x) of index N, character y, with respect to

To(p®), see [MRVI3] and [[bul2] for details. By [MRV93, §3, Eq. (5), p.165], if the (n,r)-th
Fourier-Jacobi coefficient of a U j(p)-eigenform F is ¢(n,r), then the (n,r)-th Fourier-Jacobi
coefficient of F|U;(p) is c(p*n, pr).

usp

Definition 2.7. We say that a Jacobi eigenform F € J.'\F(p®, x) is p-ordinary if its Uy (p)-
eigenvalue is a p-adic unit.

We denote Jgu]ffp’ord(ps,x) the C-vector space of ordinary Jacobi cuspforms. We start
with recalling the notion of newforms in the Jacobi case introduced in [MROO]. Denote
2w, (Do (Np®), x?) the space of newforms of weight 2k — 2, level I'o(Np®) and character 2.
As in [MROO, Sect. 5.1], let fi,...,f: be an orthonormal basis of S5V, (To(Np®),x?) of

cusp,new

normalized Hecke eigenforms, and write f; = >, - an(fi)q". Let Ji (p®, x, fi) be the
subspace of J.'\ (p®, x) consisting of forms F such that F|T;(¢) = ae(f;) - F for all primes
¢t Np. Define

t
T ™ 0%, = @D Jen " (0% x. ).
=1

Theorem 2.8 (Weak control theorem for Jacobi newforms). Let k > 2. The number of
linearly independent p-ordinary Jacobi cuspidal newforms in Jguﬁp’new(ps, X) is bounded above

independently of the weight k.

Proof. Using [MRO0O, Thm. 5.2], we embed the space of Jacobi newforms which are p-ordinary
injectively into the space of half-integral weight newforms via the generalized Eichler-Zagier
map denoted by Zy (or rather Z,,) in [MROQ]. Since the map Zy preserves p-ordinarity,
the image is in the space of p-ordinary half-integral weight newforms. To conclude, we apply
[Hid95l Prop.3] which relies heavily on results of Waldspurger via the Shimura correspondence.

O

2.5. Hida families for GLs. We set up the notation for Hida families of modular forms. Let
N > 1 be an odd positive integer, and let p > 5 be a prime number such that (p, N) = 1. Let

foo(R) =Y an(r)q" € R[[q]

be a primitive Hida family, where R is a primitive branch of the ordinary Big Hida Hecke
algebra acting of forms of tame level I';(N) with coefficients in the ring of integers O of a
finite extension F' of Qp; for details and definitions, see [How(7, §2.1], whose notations we
are following, as well as [Hid86a], [Hid86b|, [Hid88|, [Nek06l §12.7] and [LVII]. We just recall
that R is an integral complete local noetherian domain, which is finitely generated over the
Iwasawa algebra A = O[1 + pZ,], and such that for each arithmetic weight  in

Xarith(R) C X(R) = Hom%)_rglg(R7 Qp)
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of R, the formal Fourier expansion f, = " -, an(k)q", where a,(r) := k(ay,), is an ordinary
p-stabilized newform of level N. As a general notation, for a € R and x € X(R) we write
a(k) for k(a). We also recall that a homomorphism x € X(R) is said to be arithmetic if its
restriction to 1 4 pZ, has the form v — ¥(v)y*~2 for a finite order character 1 (called the
wild character of k) and an integer k > 2 (called the weight of ). In this case the weight of
fr is k, its level is T's = ' (V) N T'1(p®) where s > 1 is the maximum between the conductor
of ¢ and 1, and the coefficients a,(x) belong to the finite extension R, := Ry, /PRy, of Qp,
where p,; := ker(x) and Ry, is the localization of R at k. We also introduce the notation Oy,
for the valuation ring of R,. We call (x, k) the signature of the arithmetic character k, see

[Ste94] Def. 1.2.2].

2.6. Hida families of Jacobi forms. We recall the notation used in [Hid95]. Let as above
A be the complete group algebra of 1 4 pZ, with coefficients in O, which is non-canonically
isomorphic to the one-variable power series ring in a variable X with coefficients in O via
the map u — 14 X, after fixing a generator u € 1 + pZ,. Fix an algebraic closure L of the
quotient field I of A. For each normal integral domain I in L finite over A (for example, one
can take I = R with R as in §27), let X'(I) be weight space i.e., the space of C,-valued points
of Spec(Il). We say that a weight x € X'(I) is arithmetic if its restriction to A is, in the sense
of the previous section.

Definition 2.5. The metaplectic cover of I is the I-algebra I = I ®, A, where /:X = A as
A-module, but the A-algebra structure is given by (\,x) — A2z for A € A and z € A.

Put X(I) = Spec(I)(C,). We have a canonical surjective map 7 : X(I) — X(I), which
makes X (I) a 2-fold cover of X'(I).

Definition 2.6. We say that a point & € X(I) is arithmetic if (%) is arithmetic.

Remark 2.7. Our examples arising from theta liftings in the next section are naturally ex-
pressed in terms of the metaplectic cover X (I) obtained from twisting the A-algebra structure
by o(t) = t? on 1+ pZ,, because of the choices related to lifting data, see [Ste94] §3 and 6] or

[LNT3, §3.3).

Definition 2.9. (1) A A-adic Jacobi form of index N over I, or simply a [-adic modular
form, is a formal power series in I[g, (]:

FOO(I%): Z Cn,r(’%)qngr’

r2<4nN

such that the specializations F; := Fy (%) at almost all arithmetic primes x € X(I)
are images under the fixed embedding Q — @p of Fourier expansions of classical
Jacobi forms of index IV, weight k, level p®, for some integer s, and character x, of
conductor dividing Np®, which are eigenforms for all Hecke operators. We call classical
specialisations those classical Jacobi forms which arise as specialisations at arithmetic
primes. We finally write Jx (I) for the I-module of I-adic modular forms.

(2) The I-module of p-ordinary I-adic Jacobi forms is the I-submodule of Jn (I) consisting
of I-adic forms whose all classical specialisations are ordinary.

(3) The I-module J%d’CUSp(H) of ordinary I-adic Jacobi cusp forms is defined as the I-
submodule of the T-module J{4(I) consisting of formal power series whose classical
specialisations are cuspforms.

(4) We say that I is primitive if for any F' € J%"P(I) there is a Zariski open set U € X (I)
such that F(k) is a newform for every x € U.

Similarly, the module of cusp forms is defined by adding the condition of being cuspidal.
We denote J%d’CUSp(H) the I-module of ordinary cuspidal forms.
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Remark 2.10. Examples of primitive A-algebras I arise naturally when one considers, as we
will do in the next section, Theta lifts of primitive branches of Hida families.

Theorem 2.11. Let I be primitive. The module of A-adic ordinary cusp forms J%d’CUSp(H) 18
free of finite rank over the Iwasawa algebra A.

Proof. As in [Hid95], we follow the argument of Wiles. The main observation is that we
can pick an arithmetic weight such that all the specializations of a maximal finite set of
linearly independent elements in the space of p-ordinary forms are newforms, and then apply
Theorem 2.8 We give the details by paraphrasing Hida’s account in [Hid95, Prop.4, p. 159].
Let J%Sp’ord(}l) ® K be the K-vector space of p-ordinary Jacobi modular forms of index IV,
where K is the fraction field of I. Let Fi,...,F},, be a finite set of linearly independent

elements in J%Sp’ord(ﬂ) over I, with Fourier coefficients denoted by ¢, (n,7). Then we can find
pairs of integers (n;,r;), i =1,...,m so that

D = det(cp, (ni,ri)) #0, 1<i,j<m.

By the density theorem and the fact that I is primitive we may choose an arithmetic weight
K so that for alli =1,...,m,

Fi(k) € J2% " (p°™), x (k) and D(k) # 0.

Since D(k) = det(cg; (n;,7i)(x)) # 0, the specializations F(x) are also linearly independent.
That is,
m < dim J;lejf,v’ord(ps(“), X(K)),

which is bounded independently of x by Theorem [2Z.8 Thus, there is a maximal set of linearly
independent elements in J%d’CUSp (I). The rest of the proof is identical as in [Hid95]. O

Corollary 2.12. Suppose I is primitive. For all arithmetic points in X(I) such that k is
sufficiently large, we have:

cusp,ord cusp,ord ~ 7tcusp,ord; s(k
"]]N " (H)/pHJN P (H) = Jk(s)p,N (p ( )7X)'

Proof. The surjectivity is guaranteed by Wiles’s trick whose details we recall in the next
Subsection, and the rest of the argument follows as in [Hid95] p.161]. O

Remark 2.8. It might be possible to obtain a more general version of the above theorem and
corollary in which the primitivity assumption is suppressed. This could be accomplished by
means of [MRO0, Theorem 5.16], which describes, under certain conditions, the decomposition
of Jacobi forms into a direct sum of newforms and oldforms, and using the analogue of Theorem
2.8 for all C-vector spaces of Jacobi forms appearing in this decomposition. However, to obtain
an analogue of Theorem one needs to understand the kernel of the Eichler-Zagier map,
which is not injective on oldforms, and bound it effectively, at least under some arithmetic
conditions. In our applications in this paper and in [LN19], we only use primitive branches.

2.7. Wiles’s trick for Jacobi forms. Wiles’s trick consist in convoluting a classical modular
form f with the A-adic Eisenstein series to show the existence of a Hida family specializing to
f. Viewing the Eisenstein family as indexing a family of Jacobi forms of index 0, we obtain
by convoluting with a Jacobi form of index m a family of Jacobi forms also of index m. A
clear description of the Wiles trick for classical modular forms can be found in Hida’s book
[Hid93, §7.1] to which we send the reader for more details. It is enough to consider T = A,
thanks to base change property: J¥4(I) =2 JU4(A) @4 I as T is A-free, cf. [Hid95, argument on
last line of p.149 and two first lines of p.150].

Denote by (1) the A-adic Eisenstein series defined in [Hid93, p. 198] , where ¢ = w® is

an even Dirichlet character with 0 < a < p — 1, and w the Teichmiiller character.
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Consider a Jacobi form F' € Ji ,,(Io(p®), x), and the product F' - E(¢) inside Al[g,¢]]. In
particular, we get the product of F' and the classical Eisenstein series specialized at weight k
as a classical Jacobi form:

(1) F-E@)(u* —1) € Jpiprm(To(p®), xthw ™).

Let us write F' - E(Y)(X) = > 245, Cn,r(X)g"C¢". Define the convolution product of F’
and E(v) giving a family over A (cf. [Hid95l p.200]):

FrB@)(X) = 3 enp(ux W)X + @ ¥ () = 1)g"¢,

r2<dnm

that is, we have the specialization F * E(¢)(x ™ (u)uF =% — 1) € Jjn(To(p®), xtpw™*) for all
k > k' as well as for k = 0 from Equation () just above, and hence the desired A-adic family
of Jacobi forms in the sense of Definition

Remark 2.13. Thanks to the work of Guerzhoy [Gue95|, [Gue94], the above computation can
be generalized using the more involved Jacobi-Eisenstein series of non-trivial index but this
gives rise to a non-trivial shift in the index of the resulting family.

3. A-ADIC THETA LIFTINGS

The results of this section are similar to that obtained by Stevens and Hida in the context
of the theta lifting to spaces of half-integral weight modular forms [Ste94], [Hid95]. Similar
techniques have already been employed in the context of Jacobi forms by Guerzoy in [Gue95],
1Gue94], [GueO0a) and [Gue00b].

3.1. Theta liftings. In this section, we recall the connection between classical Jacobi forms
and modular forms via theta liftings, following [EZ85] and [MR00].

We first set up some general notation, which will be used throughout the paper. For any
integer M > 1, any Dirichlet character x : (Z/MZ)* — C* and any k € Z, denote by
Sk(To(M), x) the complex vector space of elliptic cuspforms of weight k, level I'o(M) and
character x. If M = S -T and x is a character modulo T, we denote by J,j:l;p(T, X) the
complex vector space of Jacobi forms of weight k, level T'4(T"), character x and index M (see
[EZ85, Ch. I, §1] for the definition). If 7= 1 (so the character x is trivial), we denote the
corresponding spaces simply by Si(T'o(M)) and Jg}l]\sdp, respectively. For f € Si(T'o(M),x)
and ¢ € Jgjl;p (T, x) we have the respective Fourier expansion f(z) =) <, a,q" and Fourier-
Jacobi expansion ¢(7,z) = >_,. , c(n,7)q"(", where ¢ = e?™7™ and ¢ = ¥ and the Fourier-
Jacobi expansion is taken over all pairs (n,r) of integers such that r2 — 4Sn < 0.

As a general notation, let T(m) and T j(m) be the Hecke operators at m € N acting on
the space of elliptic modular forms Sy (I'o(M), x) and Jacobi forms J;'¢" (T, x), respectively.
If ¢ is a prime number, which is not coprime to the level (in the case of elliptic modular
forms) respectively, not coprime to the index or the level (in the case of Jacobi forms), we
denote the operators by U(¢) and U ;(¢) respectively. We recall the description of the action of
Hecke operators on Jacobi forms in some special cases (cf. [EZ85, Ch. I §4], [MRV93] §3]). Let
¢(r,2) =3, c(n,r)g"¢" be a form in J,g?;p(T, x)- Write (¢|Ty(m))(1,2) =3, ¢*(n,1)q"(".
If m is coprime with M, we have (cf. [EZ85, Thm. 4.5])

x D\ o [(m*n mr
C(’I’L,T):;<E>d C(?’?)

Moreover, if m = £ is a prime number dividing 7', then
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For any ring R, let Px_o(R) denote the R-module of homogeneous polynomials in 2 variables
of degree k — 2 with coefficients in R, equipped with the right action of the semigroup My (R)
defined by the formula

2) (FI7)(X,Y) = F (aX +bY,cX +dY)

for v = (2%) € My(R). Let Vy_2(R) denote the R-linear dual of Py_5(R), equipped with the
left Mp(R)-action induced from the action on Py_o(R).
For each integer A, let QA be the set of integral quadratic forms

Q = [a,b, c] = az® + bxy + cy?

of discriminant A and, for any integer M > 1 and any integer p, let Qps A , denote the subset
of QA consisting of integral binary quadratic forms @ = [a,b, ¢| of discriminant A such that
b=p (mod 2M) and a =0 mod M. Let Q%,A,p be the subset of Qs A, consisting of forms
which are I'g(M)-primitive, i.e., those Q € Qura,, which can be written as @ = [Ma,b, (]
with (a,b,c) = 1. Those sets are equipped with the natural right action of SLy(Z) described
in Equation (2]).

Let @ — xp,(Q) be the generalized genus character attached to Dy defined in [GKZ87,

Ch. I, Sec. 1]. The character xp, : Qm,a,, — {£1} depends on (M, A,p), and sometimes

we will denote it by X([])\(/)[’A’p ) to stress this dependency, or simply xp, as above if (M, A, p)

is understood. We recall the characterization of this character given in [GKZ87, Prop. 1].
If Q =/¢-Q for some form Q' € Q%,A,pv then we define it as xp,(Q) = (%) XDy (@), so
it is enough to define it on I'g(M)-primitive forms. Fix @ € Q%,A,p' If (a/M,b,c,Dy) =1,
then pick any factorization M = S -7 with S > 0, T" > 0 and any integer n coprime with
Dy represented by the quadratic form [a/S,b,cT]: then xp,(Q) = (%) Otherwise i.e., if
(a/M,b,c,Dy) # 1, then we set xp,(Q) := 0.

For @Q € Qn,a,p, denote by Cg the oriented geodesic path in the upper half plane attached
to @ joining the points rg and sg in P(Q), whose construction is described in [Ste94] §2.1].

Let Dy = Div?(P'(Q)) be the group of degree-zero divisors on rational cusps of the complex
upper half plane H, equipped with the left action of the semigroup My (Q) by fractional linear
transformations. If A is a Z[May(R)]-module the group of homomorphisms Hom(Dy, A) is
equipped with a standard left action of Miy(R) defined for v € Ma(R) and ¢ € Hom(Dy, A)
by (v-¢)(d) = v-¢(d). If ' is a congruence subgroup of SLo(Z) and A is a Z[I']-module as
above, let

Symbp(A) = Homp(Dy, A)

be the group of A-valued I'-invariant modular symbols. As a general notation, if m is a
modular symbol in Symbp(A), we write m{r — s} € A for the value of m on the divisor
s—1r¢eDy.

We now recall the construction of the theta lifting of the modular form f to the complex
vector space of Jacobi forms, following |[GKZ87, Ch. II].

Fix an integer M > 1, a divisor T' | M, and a Dirichlet character

x:(Z)TZ)* — C*.
Put S = M/T, and assume that (S,7) = 1. Let f be a normalized cuspform of positive even

weight 2k and level I'o(M), where M > 1 is an odd integer, and character x2. To f we may
associate the modular symbol Iy € Symbr (37)(Var—2(C)) by the integration formula

i {r — s}(P) = 2 / T H(2)P(z1)dz.

Definition 3.1. A index S pair is a pair (D, r) of integers consisting of a negative discriminant
D of an integral quadratic form Q = [a, b, c] such that D = r? mod 4S. An index S pair is
said to be fundamental if D is a fundamental discriminant.
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Fix a fundamental index S pair (Dy, rg). For any index S pair (D, r) let fl()lz’:g(S, T) be the
set of integral binary quadratic forms @ = [a, b, ¢] modulo the right action of I'g(M) described
in Equation (2)), such that:
5o = b? — 4ac = T?DyD;
e b= —Tror mod 28S;
e a=0 mod ST?.

If T = 1, we simply write .7-"1()[0)’7") (M) for .7:1()13’:3 (M,1). In the previous notation, if @ is a

;70

representative of a class in F l()lz’:(z(S, T), then @ belongs to Qg 12pyp,—7ryr- In particular, we

2 _
may consider the genus character @ — xp,(Q) with xp, = X([i;T DoD, TTOT), for all classes

Q in ]—"(D’T)(S, T). We may also define a character @ = [a,b,c] — x(Q) = x(c) on the set

D)o
Fbe ;;’O (S, 7).

For this paper, we only need to consider the theta liftings studied in [MRO0] in two particular
situations: when y is primitive and when x is trivial and 7" is a prime number. We make the
definition in the two cases separately. If x is primitive, define

Iy(D,r) = S x(@Q xpo(@) - [ f(2)Q(, 1)"2° dz
7Q

QEFL T (S,T)

= Y X(@Q - xp(@Q) - I{rg = s} Q")

QeFLT (S,T)

while if x is trivial, and T is a prime number, define

(D) =T Y x(Q)  xpo(@) - I{rg = s HQ™™)

(D,m)

QeFf ) (ST
Do o
(7)) T @ w@ ) i - 5@
QeFL DT (sT.1)

Remark 3.2. The definition in [MRO0] when y is trivial looks slightly different, since the second
sum is taken over quadratic forms modulo T'g(Np?); however, each v € To(Np), v & To(Np?)
gives the same contribution to the above sum and we get the formula displayed above by
taking into account the different powers of 7' used here and in [MRO0].

For D = r? — 4Sn, put ¢¢(n,r) = ff(D,r). Then Sl(%)m(f) = >, Cr(n,7)g"¢" belongs
to J\ 1 g(T,x). The map f +— ng))m(f) from So(Do(M), x?) to J;\* (T, x) thus obtained
is called the (Dy,rp)-theta lifting to the space of Jacobi forms (cf. [EZ85, Ch. II], [MROO!

Sec. 3]). The matrix (§ %) normalizes I'i(M) and hence induces an involution on the
space of modular symbols Symbrp, (y)(Vag—2(C)); for each e € {&}, we denote by IE’Z the e-

eigencomponents of I ¢ with respect to this involution. It is known that there are complex
fs

periods Q2% such that the I = Q—{% belong to Symbr, (a) (Var—2(FY)), where Fy is the extension

of Q generated by the Fourier coefficients of f. These periods can be chosen so that the

Petersson norm (f, f) equals the product Q}L . QJT; note that the Qjc are well-defined only up

to multiplication by non-zero factors in F' fX.

Let Q € fgg’r) (S,T). It follows easily from the definition of the generalized genus character

To

that xp,(Q) = xp,(Q|e) (it is enough to note that if the integer n is represented by the
quadratic form [a/S, b, cT] with the integers x and y, then it is represented by the quadratic
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form [a/S, —b, cT'] with the integers  and —y). Also, one can easily check that rqg = —sq|,
and s = —rg|,, and therefore

((Trlfre = sa}) (@) = Ir{-rq = —sa} ((QI)*") = ~Ip{rgn — squ} (@)
Finally, it is immediate that x(Q) = x(Q|¢). Combining these observations, we find that

jf(D7r) = Z X(Q) - XDy (@) - if_{rQ - SQ}(Qkil)'

QEFLIT) (ST)

S0
Normalize the theta lifting by 882) o (f) = Doéirf’(f). We thus obtain a map
’ f
Sl())i)),ro : S2k(F0(M)7X2) — J]?-}l-slp,S(T7X)

such that, if we write out the Fourier expansion

Sl(;i))ﬂ’o (f) - Z cf(”? T)qngr

r2—45n<0
then for D = r2 — 4Sn we have
(3) crnr) = > X(@Q)xpo(Q) - I; {rg = s} ).
QEF sy (ST)

In particular, if the Fourier coefficients of f belong to a certain ring @ C Q, then the same is

true for the Fourier-Jacobi coefficients of Sl(;? v
1)

will simply write Sp,, -, for S](:)0 ro- The map ng)) r, are equivariant with respect to the action

of Hecke operators i.e., ng))vro(ﬂT(m)) = ng))7ro(f)|TJ(m).

(f). If x =1 is the trivial character, then we

3.2. Universal ordinary modular symbols. Recall that O is the valuation ring of a finite
field extension of Q,. Let Cont(ZIQ,,O) be the O-module of O-valued continuous functions
on Zg, and let Step(Zf,, O) be the O-submodule of Cont(Zzz,, O) consisting of locally constant
functions. Let

D= Homyz, (Step(Z?,), 0)

2.
p’
function g : Cont(Z]%, O) — O. Adopting a standard convention, for ¢ a continuous function

be the group of O-valued measures on Z2; we can extend in a unique way any p € D to a

on Z2, we denote fZ,% ¢(x)dp the value p(p); if xx is the characteristic function of X C Z2, we
write [ ¢(x)dp(x) for fZ]% o(z) - xx(x)dp(z). Let D denote the O-submodule of D consisting
of those O-valued measures which are supported on the set of primitive vectors X = (Z2)' in
ZIQ,. The O-modules D and D are equipped with the action induced by the action of the group
GLa(Zp) on Z2 by (z,y) — (az + by, cx + dy) for v = (24) € GLy(Zp). The O-module D is
also equipped with a structure of O[[Z]]-module induced by the scalar action of Z,; on X (cf.

[Ste94l §5], [BDOID, §2.2]); in particular, I is also equipped with a structure of A-module.

Let I'y(pZ,) and I'y(pZ,) denote the subgroups of GLa(Z,) consisting of matrices which are

respectively upper triangular and congruent to a matrix of the form (é *{) modulo p.

The group Symbr, () (D) is equipped with an action of Hecke operators, and we denote by
W = Symbpi{ (D)

the ordinary subspace of Symbp, yy(D) for the action of the Uj-operator; see [GS93, (2.2),
(2.3)] for details and more accurate definitions. For any A-algebra R, write Wr = W @, R.
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We fix as in §2.5] an integer N > 1, a prime number p { N, p > 5, a primitive branch R
of the Big Hida Hecke algebra acting on modular forms of tame level I'1 (V) and a primitive
Hida familiy foo (k) =), an(k)g™ € R[[qg]]. If £ is an arithmetic point of X'(R) of signature
(x, k), and wild level p*, then we have a I's-equivariant homomorphism p, : D — Vi_o(C,)
defined by the formula

pu0P) = [ (o) Play)dutz )

The homomorphism p, gives rise to an homomorphism, denoted by the same symbol,
pr: Wr — Symel(N) (Vi—2(Cp)) -

For ® € Wg, we put @, = pe(P).
Fix an arithmetic point ro. By [Ste94, Thm. 5.5], there exists @, € Symbp, (v (Dr) such
that

(4) Do (1) = A(w) - 17,
with A(k) € R, such that A(kp) = 1. When kg is understood, we will simply write ® for ®,,,.

3.3. A-adic liftings. For any A-algebra R, we write Dp = D ®, R. We switch back to the
notation used for Hida families over GLy. Recall that X (R) is the O-module of continuous
O-linear homomorphisms from R to Q,, where R = R®x A and the A-algebra Ais equal to A
as an O-module, but the structure of A-algebra is given by the map o(t) = t? on 1+ pZ,. We
have the notion of arithmetic points X*"(R) and that of signature (x, k) of an arithmetic

point K in X arith (). the effect of m on an arithmetic point & is to double the signature: if &
has signature (x, k), then 7(&) has signature (x?, 2k).

The following result is essentially [Ste94, Lemma (6.1)], with minor modifications which
are left to the reader.

Lemma 3.3. Fiz a positive integer ko, a positive integer s, and a quadratic form Q = [a,b, ]
such that p* | a, p* | b, p t c. There exists a unique morphism jgor, : Dr — R of R-
modules characterized by the following property: For any pair of points k € X*(R) and
k€ Xarith(ﬁ,) of signature (x2,2k) and (x, k) respectively, satisfying the conditions

(1) m(R) = &;

(2) 2k =2ko (mod p —1);

(3) the wild level of x is p°;

we have K (jg ko (1) = x(Q) - pr(p) (Qkil)-
(D,r)

We now prove a couple of auxiliary lemmas on quadratic forms. We denote by Pp, ", - (N, p®)

the subset of F 1(7137:()) (N, p®) consisting of classes represented by quadratic forms [a, b, ¢] with

ptc. Note that if s > 1, and [a, b, c] € pDr)

Do,ro

(N,p®), then p® | b: this is because p** | a and
p** | b? — 4ac, which implies that p* | b.

2(s—1) s—1
Lemma 3.4. The map Pg%:g(N, p°) — piop TP

Do.ro (N, p) which takes [a,b,c] — [a,b, (]
18 a bijection.

Proof. The map is clearly well defined.
We first show the surjectivity. For this, we need to show that we may choose a representative

. Dp2(s—1) s—1
[a, b, ] for any class in Pgo?m Pt

(N, p) so that p>* | a, and for this it is enough to show
that p* | b because p** | dg and p f c¢. So fix Q@ = [a,b,c| a representative of a class in

(s=1) pps—
(Dp?te=Drp 1)(N,p). Let a € Z such that a = —b/2Nc¢p (mod p*) (note that p | b because

Do,ro
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p** | b — 4ac and p? | a, so, since p 1 ¢, —b/2cp is a p-adic integer) and consider the matrix
v = (Nlap?)' Then Q|y = [a'b/] with ' = b+ 2Nepa = 0 (mod p®). Since v € Tg(Np),

3 . . 2(s—1) s—1
this shows that we can change representatives of any element in Pl()lzpro P )(N ,p) so that
(D

p?** | a, and therefore this is an element in PDo.ro ) (N, p*), proving the surjectivity. We now show
that the above map is injective. Take two quadratlc forms [a, b, ] and [da’,V, ¢] representing

classes in 771() OT) (N,p®) and assume they are I'o(IV)-equivalent. Recall that p t ¢¢. Since

a set of representatives of I'g(N) modulo T'o(Np®) is given by the matrices v = (;57)
for i = 0,...,p° — 1, we see that, up to changing the representative [a’,V', ], there exists
0 <i < p® such that [d/,V,c] = [a, b, c]|v;, and therefore a’ = a + biN + ci2N?2. Since p** | a
and p?* | @', we then see that p?* | iN (b + cilN). Suppose now i # 0, and write ¢t = ord,(i).
Then p?*~! | b+ ciN because p{ N. So b = —ciN (mod p?*~!), and therefore b = c2(iIN)?
(mod p?*). On the other hand, p* | b, and therefore, since p { Ne¢, we get p® | i, which is not
possible. This proves that ¢ = 0, and therefore [a, b, c| and [da’,V/, ¢] are To(Np®)-equivalent,
proving the injectivity of the map. O

Recall the fixed arithmetic point kg € X*h(R) of signature (y2,2kg), and the modular
symbol ®,, attached to kp in Equation ). For @ in Fb )(N p) put Dg = sg —rg. Let

Do,r0
o € XM (R) be such that the pair (kg, #o) satisfies the condition of Lemma B3l Extend
JQ.ko t0 @ map jgk, : Dr,, — Ri,. Fix a fundamental index N pair (Do, ro). For any index
N pair (D,r), define

(5) Cn,r = Z X Do (Q) ’ jQ,ko (q)lio (DQ)) :

QEPLT) (N.p)

N,DDop?,—rrop
Here xp, = XEDO )

Definition 3.1. The (Dy, ro)-family of Shintani lifts centered at kg is the formal power series
in Sgg,)ro in Ry, [q, ¢]] defined by

(6) Sg(())7)7’0 = Z cn,rqncr'

D=r2—4Nn<0

0)

When kg is fixed, we will simply write Sp, », in place of S( oo 0 lighten the notation.

Remark 3.5. In the definition above the coeflicients ¢, , in Equation (fl) depend on the choice
of Dy, ro and kg, but we do not make explicit this dependence to make the notation simpler;
similar remarks will apply to similarly defined coefficients. However, we keep here and in the
following the dependence on these quantities in the notation for the A-adic families themselves,

(ko)

such as S Doro-

Let kg be fixed from now on, and write ® and Sp,, ., for ®,, and S( ) . Forany k € X (R)
(ko)

write Spy (k) = K(Spyr,) for the specialization at £. As the name suggests, SDO .
Definition B] interpolates in families Shintani lifts of classical forms in Hida families, as the
following theorem shows.

Theorem 3.6. Let k € X*™(R) be an arithmetic point of signature (x2,2k) and let & €
X (RY be an arithmetic point of signature (x, k) be such that ©(i) = k. Let x = wF 19 be
the character of &, so that x? is the character of k, and assume that the conductor of x is p*
for some integer s > 1. Then

Do (R) = Alk) - S, (fi) T (p)L>.
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Proof. We first observe that, combining LemmaB.3land Equation (), for all @ € 731()13’:()) (N, p®)
we have

F (ks (P0(D@))) = X(Q) - @ug(DQ)(k) (@) = Ak) - X(Q) - I}, {rg — s} (Q"7) .

Next, note that if the quadratic form @ = [a,b,c] has ¢ = 0, then x(Q) = 0 and the
summand corresponding to @ does not appear in Equation (3]). Therefore, the sum in Equation

@) apparently over .7-"](3 ’ )(N p®) is really only over Pglz::g(N ,D%).

We now prove the theorem. If s = 1, the term T ;(p)'~* disappears so this is an immediate
consequence of the previous two observations, so let us assume that s > 1.

For I = Znﬂ, anrq"¢" € Alg,C], where A is any ring, and m > 0 an integer, define the

formal power series
(FT7 (p Z apmnpmrq"C
The formulas recalled in Section [3.1] show that if F' is a Jacobi form in J;flp ~(P%,x), then

the operator just defined coincides with the Hecke operator T'}'(p), justifying the abuse of
notation. We have

oo (F) T3 (p) = A(K) - > X(@) - x0o(@Q) 17 {rg = s} (@"1).

. 1) s—1
Lemma [3.4] shows that there exists a common set of representatives for Pl()lzpm P )(N ,D)

and 771()0 ) (N, p®), and therefore the sum in the right hand side of the last displayed equality

(x) . . . .
K
is AM(k) - S (fx). It might be also useful to notice that we may alternatively view xp, as

Do,ro
(Dp?(s=1) rps—1)
a function on PDo,ro

2s _ S
Xg\g,Don 10"PY) e therefore get the equality of power series

S Doy (R)IT5 (D) = A(K) - S, (fo)-

The Hecke operator T (p) acts on Sl(;f)) ro (f) as multiplication by the p-adic unit a,(x), and

(N,p) or 771()0 T)(N p®), since in both cases xp, is defined as

the theorem follows then applying T‘lfs(p) to the above formula. O

We now study the specialization of the family of Jacobi forms Sp, ., to arithmetic points
with trivial character.

Theorem 3.7. Let k € X¥™N(R) be an arithmetic point of signature (1,2k), let (Do, 7o) be
a fundamental index N pair such that pt Do. Let & be an arithmetic point of X*™(R) such
that w(k) = k. Then, for any index N pair (D,r) such that p 1 D, salisfying the relation
D = 1?2 —4Nn for an integer n, we have

Cnr(R) = A(K) - ¢ (n, 1),
where cy, (n,r) is the Fourier-Jacobi coefficients of Sgo) ro (i)

Proof. We first note that the result is clear if & has signature (x, k) with x # 1, since then
Xx(Q) = 0 for all non-primitive forms. So assume that y = 1. As in the proof of Theorem B.0]
combining Lemma and Equation () we get

ar®) =AR)- 3 x0ul(Q)- I7 {rg = sq} (@)

QEPHT) (N.p)
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Since p 1 Dy D, the set FD)

Do,ro

subset ./\/l()D’r)(N, p) of Fon) (N,

0,70 Dg,ro

Z XDo(@Q) - I;H{TQ — sQ} <Qk—1> —

QEPL) (N.p)

- Z Xo(Q) - I {rq = sq} (Qk_l) N Z xXpo(Q) - Iy {rq — sq} (Qk_l) )

QEFLT) (N.p) QENY ) (N.p)

(N, p) is the disjoint union of the two sets Pl()lzzzg(N, p) and the
p) consisting of non-primitive forms. Therefore,

Since xp,(p- Q) = <%) - XD (Q) if @ is not primitive, and rp.g = rg and s),.9 = sq, the

second summand of the last displayed formula is equal to

1 { Do N -
o <?> ) Z 0, (Q) - Ifn{rQ — 50} <Qk 1) .
Qespy ) (N.p)

where ng’:())(Na p)=1{Q/p: Q€ NPT (N,p)}. The set Sg?)’:()) (N, p) consists then of forms

Do,ro

[a,b,c] modulo T'o(Np) satisfying the three conditions b — 4ac = DoD, b = —ror (mod N)

and a = 0 (mod Np), and therefore this is F l()lz’:())(N p,1). Comparing with the definition of
the theta correspondence in the case of trivial character gives the result. O

We now relate the coefficients ¢, (k) with the theta lift of oldforms appearing in the Hida
families. More precisely, let £ be an arithmetic point of even weight 2k > 2 and trivial
character. The modular form f, is then p-old, and there exists a newform f,g of level T'y(N)
and trivial character whose p-stabilization is f,; in other words, we have the relation

ﬁ p2h—1 .
fu(z) = fi(z) — mfn@z)-
If £ = 2 and the character is trivial, then either f, is the p-stabilization of a form fﬁ as above,
or f, is a newform of level I'g(INp). We need a couple of technical lemmas on quadratic forms.

Lemma 3.8. Let (Dg,rg) be a fized fundamental index N pair. For any index N pair (D,r),

2 2
there exists a system of representatives Rg;p To’rp )(N ) for Pl()lzpro’rp )(N ) consisting of forms
[a,b,c] with ptc and p|b.

Proof. Fix a p-primitive form @ = [a, b, ¢] representing a class in 77](3[0)’:()) (N, p). We first claim

that, up to a change of representatives, we can assume that p | b. To show this, note that if
p 1 bthen p{a because p |= b?—4ac. Choose any integer 3 such that 3 = —b/2a (mod p), and
let v = (é f) Then Q|5 = [a/,n, ] with p | ¢. So we may assume that the representative
Q = la,b,c] is chosen so that p | b. If now p | ¢, then p | a, because otherwise [a, b, c] is not
p-primitive. Since p | b and p? | b* — 4dac, we see that p? | c. Take two integers o and j3
such that —Na + p?8 = 1 and consider the matrix v = (%3 ;‘) Then Qv has the required
property that p | b and pt c. O

Lemma 3.9. Let R%?)pj(;rp)(N) be fized as in Lemma and (Dg,ro) a fundamental index

N pair and (D,r) an index N pair. The canonical map [a,b,c| — [a,b, c] induces a bijection
2

p(Dﬂ") (N,p) — R(Dp 77’17)(N).

Do,ro Do,ro

Proof. The map is clearly well defined. We show that it is a bijection. We first show the
surjectivity. It is clearly enough to show that each p-primitive form in the target comes from
a (necessarily p-primitive) form in the source via the map in the statement. By Lemma
it is enough to show that each quadratic form [a,b,c] with p { ¢ and p | b, representing a
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2
class in F l()lzz;qo,rp )(N ), also represents a class in .7-"1()[0)’:3 (N, p), namely, p? | a. This is clear: the
discriminant b — 4ac of the quadratic form [a, b, ¢] is divisible by p?, b? is divisible by p? and
pte.

We show the injectivity. Take two primitive quadratic forms [a, b, | and [d/, b, ¢] represent-
ing classes in .7-"1()1?6;)0
forms, p { e/. A set of representatives of T'o(N) modulo T'o(Np) is given by the matrices
vi=(;49) fori=0,...,p— 1. So, up to changing the representative [a’,t, '], there exists
0 < i < p such that [a’,b,c] = [a,b,c]|yi, and therefore a’ = a + biN + ci? N2. Since p? | a
and p? | @/, we then see that p? | iN(b+ ¢iN). Suppose now i # 0. Then p* | b + ciN
because pt N. So b = —ciN (mod p?). However, p | b but p  N¢, so we get p | i, which is
not possible because i < p. This proves that ¢ = 0, and therefore [a,b,c] and [d/,V, ] are
[o(Np)-equivalent, proving the injectivity of the map. ]

(N, p) and assume they are I'g(N)-equivalent. Since these are p-primitive

Theorem 3.10. Assume that f,; is the p-stabilization of f,g, and let (Do, 1) be a fundamental
index S pair. Let & be an arithmetic point of X* ™ (R) of signature (1, k), such that 7(i) = &,
an arithmetic point in X*N(R) of signature (1,2k). Then, for any index N pair (D,r) such
that p{ D, satisfying the relation D = r?> — 4Nn for an integer n, we have

ooy (1P E)H(B)) )

ap(K) a(r) .

Cnr(R) =

where ¢ (n,r) is the Fourier-Jacobi coefficient of Sl()lo)m(f,g).

Proof. As in the proof of Theorem B.6, combining Lemma and Equation () we get
@ =AY xnl(Q) - I {rg > sq} (@°71).

QEPLT) (N.p)

By definition,
sQ 5Q p2k71 s5Q
/ [e(2)Q(2,1)F 1z = / f,g(z)Q(z, DEldz - —— / f,g(pz)Q(z, k1.
rQ rQ ap(’{) rQ
Changing variable z — z/p, we have
[ g0 e = [ Q1) e
TQ p T‘Qp

where Q, = [a/p?,b/p,c]. We therefore obtain the equality

2k—2

(M Tdrg =50} (@) = I {ro > 50} (@) = 5T utra, =+ s0,H (@57)

To compute ¢, (k) we need to take the sum over all forms @) € sz,:()) (N, p) in Equation ().
We begin by computing the sum over all ) € 731()13’:()) (N, p) of the first summand in the right
hand side of Equation (7). Suppose first that p{ Dy. Then p{ DyD and the set F ggﬁim )(N )

is the disjoint union of the two sets Pg?fomp )(N ) and p - 73](32’:())(]\7 ). Therefore, identifying
P(Dvr)

Do ro (N> P) With Rg())pz’rp)(]\f) as above, we see that

> (@ I frg = so (@) =
QePLT) (N.p)
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= Y @I = sa} (@) - % x0o(Q)-L;{rq = sq} (@"7).

2 T
QEJ:(DDO?T(; p)(N) QEP'PDOWO(N)

Since xp,(p- Q) = (%) XD, (Q) if @ is primitive, and r,.9 = g and s,.g = s, the second

Do

- > cfg(n,r), and we get

summand of the last displayed formula is equal to p*~! (

_ _ —1 (Do
Y. xno(@) Th{re = so} (@) = cpz (np®,7w) — pt~! <?> ¢z (n,7).
QEPLT) (N.p)
If p | Do, then the above formula still holds, since in this case xp,(Q) = 0 when @ is not
p-primitive, and therefore the sum in Equation ([7]) reduces to ¢ 1t (np?,rp). Finally, using the

formulas for the Hecke operator T ;(p) in Sec. B, we obtain the relation

D
2 k—1
aﬁ-cnn,r—cnnp,rp—i—(—)p ca(n,r).
P( ) fﬂ( ) fﬂ( ) fﬁ( )

We now compute the sum over all Q) € 7)1()137:())

[@. View Q € pDm) (N,p) as an element of R(DPQ’TP)(N) using Lemma B9l For each such @,

Do,ro Do,ro

(N, p) of the second summand in Equation

the form @, has discriminant Dy D, is p-primitive (because p? { DyD), and b = 77 (mod N),

so it belongs to P27 (N). We claim that the subset Rg;’;?)(N) = {Q,|Q € Pl()lz::())(N, )}

Do,ro
of P(D’r)(N ) thus obtained forms a system of representatives for F l()lz’:())(N ). To show this,

Do,ro
first note that 73](313’:()) (N) = FDr)

= Fpyry(IN): since p? t DoD, an integral quadratic form may have

discriminant Do D only if it is p-primitive. Moreover, the map [a, b, c| — [p?a, pb, c] takes the
2
set P(Dlz’:g(N) to Pg?)pm’rp)(]\f), and is clearly an inverse of the map [a,b,c] +— [a/p?, b/p,c]

defined above, thus proving the claim. Since xp,(Q) = xp,(Qp), we have

> @) Ilrg, wso (@A) = Y (@I {re = s} (@57

QP ) (Nop) QEFpe (V)

The term on the right hand side is Cpa (n,r).
Putting everything together, we get the formula

() = A(k) - <ap(/£) cep(n,r) —pFt ((%) + (%)) ¢ (n,r) — %cﬁg(n,r)>

from which the result follows. O

Remark 3.2. The results described in this section can be used to link Stark-Heegner points
([Dar01], [BD09a]; see also [LV14] and [LMH20]) to p-adic derivatives of Jacobi-Fourier coef-
ficients of p-adic families of Jacobi forms, as done in [DT08] and [LMI8] for p-adic families of
half-integral weight modular forms. Details are left to the interested reader.

4. A POINTER TO [LNT9]

In [LN19], we consider the compatibility of the Big Heegner points construction of B.
Howard of [How(7] with the formation of A-adic Jacobi forms, in the spirit of the classical
Gross-Kohnen-Zagier theorem cf. [GKZ87] which links Heegner points (or more generally,
Heegner cycles in higher weight) with the theta lift of a weight 2 modular form in the space
of Jacobi forms. More precisely, choose a index N pair (Dy,rg) such that p is split in Dy;
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then the generating series naturally constructed from Big Heegner points and the index N
pair (D, ng) is the formal series

HDQ,T‘Q - E an,anCT
n,r

in R|[[g,¢]], where oy, , are more precisely defined as follows. Let Sel(Q, TT) be the Greenberg
Selmer group of the self-dual twist TT of Hida’s Big Galois representation T. Under the
assumptions of [LN19], this is an R-module of rank 1. Fix a generator 3 of the torsion-free
quotient of Sel(Q, TT), and let K := Frac(R). The K-vector space Selic(Q, TT) := Sel(Q, TH®x

K is one-dimensional, and therefore in Seli(Q,TT) we may write S%O;V = Q- 3, Where

3%‘7’;” € Sel(Q, T") are Howard’s Big Heegner points, and oy are a priori elements in K;
moreover, by our choice of 3, we actually have that o, , € R. Loc. cit. links the coeflicients
ay, ., explicitly with Fourier coeflicients c r (n,r) associated to f,g as in Theorem B.I0] at least

in small connected neighborhoods of even weights (see [LN19, Rmk 5.3] for a discussion of our
perspective over the whole weight space). We briefly point out why the Fourier coefficients

cn,r(K) associated to fy indeed vary p-adically, even though f,ﬁ itself does not. Indeed, for

2k > 2, the term
P ((B)+(B)
1—

ap(r) ag(r)

of Theorem B.I0] is always a p-adic unit. It then follows that the coefficients ¢, ,(k) and
€ (n,r) are equal, up to non-zero fudge factors not depending on n and r. Upon dividing

by the expression for ¢, r,(k) on both sides, these fudge factors therefore entirely disappear.
The results on p-adic variation contained in [LN19] can therefore be expressed in terms of
Cn,r(R) instead of ¢ 1t (n,r), although in a slightly more restrictive way.
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