Short time existence for a general backward-forward
parabolic system arising from Mean-Field Games
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Abstract

We study the local in time existence of a regular solution of a nonlinear parabolic
backward-forward system arising from the theory of Mean-Field Games (briefly
MFG). The proof is based on a contraction argument in a suitable space that takes
account of the peculiar structure of the system, which involves also a coupling at
the final horizon. We apply the result to obtain existence to very general MFG
models, including also congestion problems.
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1 Introduction

Let TV = RN /IZN be the N-dimensional flat torus. Denote by Q7 = TV x (0,T). We
consider the following nonlinear backward-forward parabolic system:

—ut — i (T, ) Ug,z; + F(u, m, Du, Dm, x,t) = 0, in Qr
(1.1) my — cij(x,t)mxixj + G(u,m, Du, Dm, D*>u,z,t) =0, in Qr
u(z,T) = him(T)|(x), m(x,0)=mo(x), in TV,

where h is a regularising nonlocal term.

The aim of this paper is to study the short time existence of a regular solution of system
(1.1) under very general assumptions on the data. The peculiarities of the system are:
1) nonlinear backward-forward parabolic form; 2) the final condition on v depends on
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m through a regularising nonlocal term; 3) the coupling functions F' and G can have a
very general form, but F' does not depend on the second derivatives of the unknowns.
In view of the structure 1) and 2), classical results on forward parabolic systems cannot
be directly applied and the problem of well posedness is non standard. The general
structure 1)-3) of (1.1) is inspired by parabolic systems arising from the theory of
Mean-Field Games (briefly MFG), where u represents the value function of a stochastic
control problem and m is a density distribution of a population of identical players.
In a typical MFG setting, the functions u and m satisfy the following system of two
equations (called Hamilton-Jacobi-Bellman and Fokker-Plank, respectively):

—Ut — Aijuz-j + H(a:, t, Du, m) =0 in Qr
(1.2) my — 035(Aiym) — div(imDpH (z,t, Du,m)) =0, in Qr
u(z, T) = him(T)|(xz), m(x,0)=mp(x) in TV,

where A(z,t) = $XE7 (2, t) and the Hamiltonian H is the Legendre transform of some
Lagrangian function L, i.e.

H(I‘,t,p, m) = sup {p U= L($7t7vam)}'
veERN

We refer to Section 4 for a more detailed derivation of this system.

As for the general problem (1.1), under the assumptions stated at the beginning
of the following section, the main existence theorem can be stated as follows:

Theorem 1.1. Under the assumptions (A1)-(A5) there exists T > 0 such that for all
T € (0,T) the problem (1.1) has a solution u,m € Wg''(Qr) with p > N + 2 satisfying
equations in (1.1) a.e..

The solution found in Theorem 1.1 is locally unique in the sense specified in Remark
3.1. The proof of the theorem is based on a contraction procedure in a suitable space,
that takes into account the forward-backward structure of the system which has a
coupling also at the final time horizon T'. We only require F' and GG to be bounded
with respect to z,t and locally Lipschitz continuous with respect to the other entries;
in addition, G is required to be globally Lipschitz continuous with respect to the entry
of the second order term D?u. This is a natural assumption for the models that we
have in mind (see in particular the equation for m in (1.2)). As stated in point 2), h
should be a regularising function of m. Such gain of regularity is true for example when
one considers h of convolution form, or h independent of m. The gain of regularity of
h is crucial in our fixed point method. Without this assumption the argument would
need additional smallness of other data. For additional comments, see Remark 2.1 and
Section 3.2, where it is shown that existence for arbitrary small times 7" may even fail
for linear problems when h is not regularizing.

Our existence result can be applied to very general MFG models. The existence
of smooth solutions for systems of the form (1.2) has been explored in several works,



see e.g. [6, 8, 14, 15, 16, 21, 23] and references therein. Existence for arbitrarily large
time horizons T typically requires assumptions on the behaviour of H at infinity, that
are crucial to obtain a priori estimates. Our result is for short-time horizons, but just
requires enough local regularity of H: we have basically no restrictions on the behaviour
of H when its entries are large. We are interested in MFG models with congestion, that
are particularly delicate due to the presence of a singular Hamiltonian H. Short time
existence of smooth solutions has been discussed in [11], [17] under suitable growth
assumptions on H, while in [1] weak solutions are obtained for arbitrary 7. All of
these works exploit peculiarities of the MFG structure, while here we just treat (1.2)
as a special case of (1.1). For a detailed description and derivation of MFG systems,
additional references and the statements of our results on congestion problems, see
Section 4. Note finally that our general results are for the non-divergence form system
(1.1), but the Fokker-Planck equation entering into MFG systems (1.2) enjoys actually
a divergence structure; this property and the fact that the Hamilton-Jacobi equation in
(1.2) does not depend on Dm (at least in typical models), could be exploited to relax
a bit our assumptions on the diffusion matrix, and to obtain short-time existence of
weak solutions (see Remark 4.2).

The paper is organized as follows: in Section 2 we state the assumptions and we
present some preliminary results. In Section 3 we give the proof of the main theorem,
and discuss further generalizations in Section 3.1. We also give a counterexample for a
very simple linear system where the final condition is of local (non-regularizing) type.
In Section 4 we apply the result to prove short time existence of a solution to some
general classes of MFGs. Moreover using the peculiar structure of the MFG system, in
Remark 4.2 we find a short time existence result relaxing the regularity of the diffusion
term. In the Appendix we give the proof of the classical estimate in the periodic setting,
stated in Section 2, that is used extensively.

Notations: For any r € N, Wg (TV) is a standard Sobolev space. For any positive

integer m, Wqu’m(QT), will be the usual Sobolev parabolic space (see [20, p. 5]). We

recall the reader that the associated norm ||u]][(125T) is the sum of the L4(Qr) norms of
weak derivatives 07 DYu, with 2s+|a| < 2m, up to order 2m. For any non-negative real
number r > 0 and ¢ > 1, we will denote by W7 (T™) the (fractional) Sobolev-Slobodeckij

space of periodic functions; we will denote by HUH((;'])TN its norm. The definition of this
norm is far more complicated and we refer to [20, p. 70] for details. qu ’O(QT), with
norm ||uHS£2T, will be the space of functions in L(Qr) with weak derivatives in the
z-variable in L(Qr). For any real and non-integer number > 0, C™"/2(Qr) with
norm ]u|g; will be the standard Holder parabolic space (see [20, p. 7], where the

alternative notation H"™"/2 is used). Note that here we mean that the regularity is up
to the parabolic boundary, hence, since the spatial variable varies in the torus, up to
t = 0. Finally, C19(Qr) with norm |u| 8; will be the space of continuous functions on
QT with continuous derivatives in the xz-variable, up to t = 0 as for the Holder spaces.



We denote by || - ||eo the co-norm. SV denotes the space of symmetric matrices of order
N.

2 Setting of the problem and preliminary results

In this section we state our standing assumptions and we write some useful lemmata
and propositions. Throughout the paper we assume:

(A1) a;j(x,t) and ¢;j(x,t) are continuous functions on Q7.

(A2) F(a,b,p,q,z,t): R xRt x RN x RN x Q7 — R is such that for all M > 0 there
exists Lp(M) > 0 (Lp(M) is an increasing function of M, bounded for bounded
values of M) such that

|F(a1,blaP17Q1,fEat)| < LF(M)7
|F(a1,blaplaq1axat) - F(a2?b27p2an7xat)| <
Lp(M)(|la1 — az| + [b1 — b2| + |p1 — p2| + |q1 — g2]),

for all |ag|, [bs], |b:| 7%, |pil, |as) < 2M, i =1,2 and all (x,t) € Q7.

(A3) G(a,b,p,q,H,z,t) : R x RT x RN x RN x SV x Qr — R is such that for all
M > 0 there exists Lg(M) > 0 (Lg(M) is an increasing function of M, bounded
for bounded values of M) such that

‘G(al,bl,pl,Q1,H1,$,t)’ S LG<M)(1 + ’Hl‘)7
|G (a1,b1,p1,q1, H1,2,t) — G(az, ba, p2, g2, Ha, z,t)| <
La(M)(Jar — ag| + [br — ba| + |p1 — pa| + g1 — q2[)(1 + [H1|) +
La(M)|Hy — Hal,
for all |CLZ", |b@’, |bi|_1, ’pi|, |q1| <2M,i=1,2 and all H; € SN, (ZL‘,t) € Q.
(Ad) h: CY(TN) — C%(TV), and there exists L, > 0 such that |h[m1] — h[ms]|% <

TN
1
Lp|my — m2|1(T13-

(A5) mg € W2 (TV) and mg > d > 0.

Before we prove the theorem, some remarks on the assumptions and useful pre-
liminary lemmata are in order.

Remark 2.1. First, note that (A2) and (A3) require F' and G to be bounded with
respect to x,t and locally Lipschitz continuous with respect to a, b, p,q. Note that for
G we need a linear dependence on H, this is a natural assumption for the models we
have in mind. Moreover, G is required to be globally Lipschitz continuous with respect
to H, that corresponds to the entry of the second order term D?u.



By (A4), h should be a regularizing function of m. Such gain of regularity holds
for example when one considers h of the form h[m] = ho(m x 1), where hg is a twice
differentiable function and ¢ is a smoothing kernel. Another example is to consider a
constant function of m, namely h[m] = ur, where ur € C?(TV). The gain of regularity
of h is crucial in our fixed point method. Without this assumption, say if h[m|(x) =
ho(m(z)), the argument would need additional smallness of other data. In this case, as
we will see in Section 3.2, existence for arbitrary small times T" may even fail for linear
problems.

Lemma 2.2. There exists Cy > 0 such that
(2.3) B[m]|2 < Lilm|Y + Co.

Proof. Since
(hfma] = Blmoll & = hlma]| % — [hlmoll 2,

hence from (A4) and (A5)

(A[ma]|5 < Lylmi —molSx + hlmo]| S < Lujmy S8 + LalmolS + [A[mo)| 5
O
Lemma 2.3. Let o € (0,1). For any f € C'T0+0)/2(Qr),
1 1 o 1+«
(2.4) F19) < £, 0)8% + T2 £ 5,
Proof. Follows immediately from the definition of | f |8;ra). O

Lemma 2.4. Let ¢ > 2 and f € LYQr) be such that || f|lq,0r < C. Then, forp = q/2,
(25) I7lper < CT.

Let f € W2 (Qr) be such that HfHEI%T < C. Then, for p=q/2

(2.6) 115, < €T,

Proof. We prove (2.5), (2.6) is analogous. By Holder inequality applied to |f|P for any

r > 1, take r’ such that % + % =1 we have

1/p 1/p7’ l/pr’
e ) Ry A I A
Qr T T

(r=1)/pr
b ([ drdt) " = Sl (T2 <l 20
T



Choosing r such that ¢ = rp, we have

q—p

(2.7) <C o , with g > p.

Taking r = 2, i.e. ¢ = 2p we have the result. |

We recall now the following embedding proposition proved by R. Gianni in [10].
Observe that the constant M remains bounded for bounded values of T while in the
estimate of Corollary of p.342 of [20] it blows up as T' tends to zero.

Proposition 2.5 (Inequality (2.21) of [10]). Let f € W2 (Qr). Then f € S r (Qr)
and

N+2) N+ 2
28) g, * <M (U1, + 1@ OIGEY),  p> o AN 2,

where M remains bounded for bounded values of T'.

In the following proposition we state some regularity results for linear parabolic
equations in the flat torus. Such results are classical and well-known for equations on
cylinders with boundary conditions (see [20]); for the convenience of the reader, we show
that they hold true also for equations that are set in the domain Q7 = TV x (0,7),
and basically follow from local parabolic regularity. Let

{L’u =y — D5 (2, DUy + 305 4@, ug, +a(z, t)u = f(z,t) in Qr,
(2.9) i N
u(z,0) = up(x) in TH.

H1) Suppose that the functions a;j, a;, a, f belong to C*/2(Qrp) and up(z) € C*+(TN).
H2) Suppose that the functions a;;, a;, a are continuous functions in Qr, f € LY(Qr)
and ug(z) € Wq2_2/q(']I‘N) with ¢ > 3/2.

Proposition 2.6. Under assumptions H1) there exists a unique solution u € C?t11¢/2(Qr)
of problem (2.9) and the following estimate holds:

a+2 « a+2)
(2.10) ulS < (17160 + ol ).

where the constant C1 depends only on the norms of the coefficients a;j, a;, a specified
in H1), on N, and T, and remains bounded for bounded values of T'.

Under assumptions H2) there exists a unique solution u € W' (Qr) of problem (2.9)
and the following estimate holds:

(2.11) lullga, < Co (Iflaqr + luolfee ™)

where the constant Cy depends only on the norms of the coefficients a;j, a;, a specified
in H2), on N,q and T, and remains bounded for bounded values of T.

Proof. The proof is given in Appendix A. |



3 The existence theorem

In this section we prove Theorem 1.1. At the end of the section we give a simple
counterexample where existence may fail.

Proof of Theorem 1.1. Step 1: Lipschitz regularization of F,G. Let K > 0 be
large enough, so that

2
(3.12) K > max {z\mo\ggg, 2 (Lh\mo\%ﬂl n Co) , 5} :

where 6, Ly, Cy are as in (A4), (A5) and (2.3). Let ¢, : R — R be globally Lipschitz
functions such that p(z) = z for all x € [1/K, K], p(z) € [1/(2K),2K] for all x € R,
and ¢(z) = z for all x € [-K, K], ¢(z) € [-2K,2K] for all z € R. Similarly, let
¥ : RV — RV be a globally Lipschitz function such that 1 (p) = p for all |[p| < K and
[v(p)| < 2K for all p € RV,

We will construct a solution to (1.1) with F, G replaced by F, G defined as follows:

F(a,b,p,q,2,t) = F(p(a), p(b), ¥ (p), ¥(q), 2, t)
G(a,b,p,q, H,z,t) = G(@(a), p(b), ¥ (p), ¥(q), H,z,1).

Note that by (A3), G satisfies

~

(313) |@(a17b17p17q,H17x7t) - G(a27b27p25q27H27x5t)| S
La(K)(lar — ag| + [b1 = ba| + [p1r — p2| + [¢1 — @2|)(1 + |H1|) + La(K)|Hy — Ha|
for all a;,b;, i, qi, Hi,x,t (possibly by a constant Lg that is larger than the one in

(A3)). Moreover, again by (A3) and the fact that ||, |¢], || are bounded by 2K, we
have for some L(K) >0

~

(814)  |G(a,bpq, Hat)] = |Gla,b,p.q, H )] < LK)(H| +1)

for all a,b,p,q, H, z,t. Analogous bounds hold also for F by (A2).
Step 2: fixed point set-up. Let us define the space (see Remark 3.3 for additional
comments)

Xir = {(w.m) - ue WPHQr)n C"(Qr).m € C*(Qr),
2 1 1
lulliZ, + lulg) + [mlG) < M, p> N +2}.

Define now the operator 7 on X}\} in the following way:



where (u,m) is the solution of the following problems

(3.15) iy — Cij (2, 6)g,z, + G (i, @, Dit, Din, D*i,w,t) = 0, in Qr
| m(z,0) = mo(z), in TV,
(3.16) —Up — ij (T, ) Uz, + ﬁ(m, @, Du, Dm,x,t) =0, in Qr
. H(l‘, T) = h(m(ﬂ?, T), IE), in TN

We aim at showing that 7 is a contraction on X]\TJ for suitable M and small T'.

Step 3: 7 maps X1, into itself, that is, 7(4,71) = (w,m) € X1, for any
(@,7) € X1,. Denote by u*(z, T — t) := u(z,t). The couple of functions (7, w*) solves
(3.15) and
(3.17)

uf — Qjj (ac, T — t)ﬂ;ixj"i‘

Fm(z, T —t),u(x,T —t), Dtu(z, T — t), Dm(x, T —t),z,T —t) =0, in Qr,

u*(z,0) = h(m(T,z),x), in TN,

The initial condition for w*(x,0) depends on m(7, z) which is well defined from the
regularity of m(¢,z) obtained below. Note that problem (3.15) is well posed, namely
there exists a unique solution m(z,t) such that m € Wy (Qr) (see [20, Theorem
9.1 p. 341]). Moreover, since G satisfies (3.14) and ||11HI()222T < M, then the term
G(r, @, Dii, D, D@, ,t) is such that |G|y, < L(K)(M + 1). We can therefore
apply Proposition 2.6 to (3.15) to get

(3.18) Il %, < c (L(K)(M + 1)+ moll % 2/p)) < (M),

(in what follows, we will not make the dependence on constants on K explicit). Hence,
by the embedding (2.8), we have the following inequality:

N+2)

2= __ N +2
(3819) [y, " < C (M, + Imo@ IS ), >

2

, PEN+2,

where C' is bounded for bounded values of T'.
Hence, from (3.18) and (Ab)

(2— N2y N +2
(3.20) mlg, " <CM), p> 5

, pFEN+ 2.

Since p > N +2, i.e. 2 — Y2 > 1 then (2.4) easily yields

(3.21) wé;; < Imo| % + 125 C(M).



In particular, note that, from (3.20), we have that the trace m(x, T) is well defined and
_ 1
(3.22) m(z, T)% < O(M).

We now pass to study the well posedness of problem (3.17) and the regularity of
its solution @w*. From estimate (3.22), the regularising assumptions (A4) and (2.3) on
h, the initial condition u*(z,0) = h(m (T, x), x) is well defined. In turn, when m(z,t) is
assigned with the regularity found above (see (3.20)) problem (3.17) admits a solution
@* by boundedness of F. From the initial condition for 7* and (2.3),

(3.23) j@*(2,0)|% < Lym(z, )| + Co.
By (3.21),
(3.24) @ (2,0)|& < LyfmolY) + LyC(M) T2~ % + Gy < C(M).

In particular, taking into account again that TV is bounded, for any ¢ > 1, for some
constant C' we have

(3.25) [ (2, 0)[| 552 < Ol (2, 0)| Y, < Cla*(x,0)|5) < C(M).

q,Qr

We now study the regularity of u*. Since the estimate in Proposition 2.6 is valid for
any ¢, we obtain, because of the boundedness of F', (3.21) and (3.25),

(3.26) 1@, < C(M,q), for any q.
Applying (2.6) of Lemma 2.4 we get
(3.27) a2, < C(M,2p) T2
Hence, using again embedding (2.8) and (3.27) we obtain
e (2-2) (2 (2—2
(3.28) [@lg, 7 < C (1w 150, + 7 @ 0)55") < c(M,p),
Therefore, using (2.4) of Lemma 2.3 and taking into account (3.28), we have
(1) . 1 nt2
(3.29) @ o), < [7 (2,0)[g) + C(M,p) T2 %
At this point, using estimate (3.24) we obtain
(3.30) [@*(5) < Lifmol$h + Co+ C(M.p)T2 % .

Now we can easily see that (3.27) and (3.30) together with (3.21) allow us to prove that
T maps X1, into itself. Indeed,

_ _(1
@2, + [@|5). + [ml5)
1
< C(M, Qp)TQP +(Lh+1)|m0‘rﬂw +Co+ CL(M,p)T2 2 .



At this point we choose
My = 3((Ly, + 1)mol% + Co)
and we take T sufficiently small that
C(My,2p) T% < My /3

and R
Cl(Mlap)Tﬂ_T S Ml/?)a

thus obtaining
(2 (1 (1
1@y, + Iy, + 7lGy), < My,
that is,
T: X = Xin
for all T sufficiently small.
Step 4:
T Xi, = Xip,
is a contraction operator.
Let (4;,m;) € XT17 i = 1,2. Let us denote T (lg,m2) =: (uUz,m2) and T (t1,m1) =:
(u1,m1). We have to prove that

_ _ 2 _ — (1 —_ — (1
[y — w2, + [ —2|S) + [ —al)), <
~ ~ 2 ~ ~ 1 ~ ~ 1
(o =l i = ol + s = ),

with 0 < 4 < 1.
We denote by U = up — U2, M = my1 — mao, U := U1 — U9, and M = My — Mo.
Denoting by U (z,T —t) := U(x,t), taking into account (3.15)-(3.16) and (3.17), U
and M satisfy:

M, — cij(w,t)Mayq, + Gy, i1, Dig, Diivy, D%y, @, t)—
(3.31) G(ii, ™2, Dy, Ding, D@, m,t) = 0, in Qr,
M(z,0) =0, in TV.

(3.32)
U: CL” (33 t)U:r xj—’_

F(ul(x T—t) 1(x, T —t), Duy(z, T — t), Dy (x, T — t),x, T — t)—
F(ug( —t),mo(x, T —t), Dig(x, T —t), Dmg(x, T —t),z,T —t) =0,
U%Lm:hmmT@x@—hm@@@%@, in TV,

10



Since 4; and 1y, ¢ = 1,2 belong to X .» we follow the same procedure as in Step 1.
First, note that G satisfies (3.13), so

(3.33) |G (@1, 01, Diiy, Diny, D?ay) — G(dg, g, Dity, Ding, D*0i)||p.op <
Le (101G + 1811G) ) 1 + D%l + LalO 1S,
<c(10lg) + 1015, + 18115) )
Therefore, by Proposition 2.6 and M (z,0) = 0,

(3.34)

~ (1 ~ 2 ~(1
M2, < c(UIS) + 1015, +18115)).

Hence, from (3.34), (2.4) and the embedding (2.8),

— (1 ~ 1 1_nd2
(3.35) M|5) < c@)(015) + 1012, + |31 .
As far as U is concerned, from Proposition 2.6,
2 o 1 (1 Tk 2—2
(3.36) U150, < C@UUILD, + 1ML, + 1T (2, 0)]| ) for any q.

Note that, from assumption (A4) and using the boundedness of TV, for some constant
C' we have

(3:37) [T (z,0)[| " < CIT" (@, 0)| %y = ClIAIm(T)] = k()] )

< CIh[m (T)] — h[ma(T)]| < CLLM(T, )3
Hence from (3.37), (3.36) becomes
(3.38) T 1), < C@UTNL, + BT, + [MI(T,2)|50).

Then, in view of (3.35) and boundedness of Qr,

(3.39) T 12, < C@(UI5). + 1012, + 13115)), for any q.

From (2.6) of Lemma 2.4 we obtain

2 A (1
(3.40) 10", < CONUlg) + 1017, + NG T/,
From the embedding result (2.8) (see also (3.29)), we have

s
) % =%
(341) [T15) <[Tlg, * < )TN, + 1T (@,0)|%2")
n+2

2 A 1 _nt2
< CO)(O1G) + 101G, + NG (0% + 72757,

11



where the last inequality comes from (3.40), (3.37) and (3.35).

At this point, taking into account (3.40), (3.41), (3.35), for T sufficiently small, we
have proved that the operator 7 is a contraction. The fixed point (u*(T' —t),m) is a
solution to (1.1) with F, G replaced by F, G, with the required regularity.

Step 5: back to the initial problem. Note that F and G coincide with F and
G respectively whenever the fixed point (u,m) satisfies m(z,t) € [1/K, K], u(z,t) €
[-K, K] and |Du(x,t)|,|Dm(z,t)] < K on Qp. This is true if T is sufficiently small.
Indeed, by (3.30) and the choice (3.12) of K one has

n+2

2p SK

[

)

‘“’8; = ‘“*’8; < Lylmol\% + Co + C(M, p)T
while by (3.21),
1_n+2
|m](Ql; S |m0|§l‘1]2] +T2 2p C(M) S K.
Finally, by (3.20) and (A4),

inm > mi 0 C SIS s s _oanrtE > 2
— 2 2p — 2 2p N
rgl;lm > I%l]lvnm(l‘, ) |m|QT > (M) Z x5
that yields the desired result. |

Remark 3.1. From (3.18), m € W' (Qr), with p > N + 2. Hence the function found
above is locally unique in the following sense: for any M > 0 sufficiently large, there
exists Ths such that for any 7" < T there exists an unique solution of (1.1), (u,m) €
xt.

Remark 3.2. If we assume also that a;j, ¢;j;, I’ and G are Hoélder continuous with
respect to , t, if mg € C?T%(TY) and h takes its values in C***(T¥), then the solution
of Theorem 1.1 will belong to C?t*C+®)/2(Qr).

Remark 3.3. In the definition of the space X1, we take u belonging both to Wg’l(QT)
and C*%(Q7). This may appear unnecessary, since WI? ’1(QT) is continuously embedded
in C19(Qr). The crucial point is that such embedding depends on T’; to rule out this
dependence one has to make the initial datum explicit (see in particular (2.8)). There-

fore, to simplify a bit the argument we preferred to control separately both Hu||;2éT

and |u\(Ql;
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3.1 Variations and extensions
3.1.1 Additional non-local dependence in F', G

Our arguments can be easily adapted to accomodate a non-local dependence of F' and
G with respect to u, m, that is

(3.42)
—ut — @i (T, )ug,e; + F(u,m, Du, Dm, flu(t), m(t)](z),z,t) =0, in Qr
my — Cij (2, 1) Ma,e; + G(u,m, Du, Dm, D*u, glu(t), m(t)|(x),z,t) =0, in Qr
u(z, T) = him(T)|(x), m(x,0)=mo(x), in TV,

It is worth noting that while the coupling h between u and m at final time T
should be regularizing, non-local functions f, g entering into F' and G respectively do
not have to be regularizing as well, but may “deteriorate” u, m up to one derivative: see
the assumption (A0) below. Indeed, diffusion terms in the system are strong enough to
restore such a loss of regularity.

A non-local dependance in the equations is very natural when dealing with Mean-
Field Games systems of the form (4.48)-(4.49). In this case F, G are strictly related to
an Hamiltonian function H, which may depend in a non-local way with respect to m
whenever the a typical player observes the overall population in a proper neighbourhood
of his state (e.g. as in [24] via terms of the form m(t) x 1, where 1) is a spatial Kernel).
In some MFG models one may also encounter joint non-local dependance on w, m, as
in [18], where F, G involve functions f[u(t),m(t)] = glu(t),m(t)] = [ua(y,t)m(y,t)dy.
These fall as well into the following assumption (A0); still, we prefer not to state here
a precise result on such models, though they are naturally set on a bounded interval
with Dirichlet-Neumann conditions, and treating non-periodic domains is beyond the
scopes of this work.

(A0) f,g : CHTN) x CHTY) — CO°TY) are such that for all M > 0 there exist
Li(M),Ly(M) > 0 (Lg(M),Lg(M) are increasing functions of M, bounded for
bounded values of M) such that

| flur,ma] = flus, molloo < Ly(M)(Jur — ual + [my — ma|S),
lglur, m1] — glug, ma]|oe < Ly(M)(Jur — 2| + [my — malS),
for all |ui\1(r113,, |ml|q(1.1]3 <M,i=1,2.

(A2) F(a,b,p,q, f,z,t) : Rx Rt x RV x RN x R x Qr — R is such that for all M > 0
there exists Lp(M) > 0 (Lp(M) is an increasing function of M, bounded for
bounded values of M) such that

|F'(a1,b1,p1,q1, f1,7,t)| < Lp(M),
[F(a1,b1,p1,q1, f1,%,t) — Flaz, b2,p2, g2, f2, 2, t)| <
Lp(M)(la1 — az| + [b1 — ba| + [p1 — p2| + g1 — g2| + [ f1 — fol),
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for all |CL7;‘, ‘bz’, ‘bilil, ’pi|> |q¢|7 |fz| <2M,i=1,2 and all (Cb,t) € Qr.

(A3’) G(a,b,p,q, H,g,z,t) : Rx RT x RN x RV xR x S x Q7 — R is such that for all
M > 0 there exists Lg(M) > 0 (Lg(M) is an increasing function of M, bounded
for bounded values of M) such that

|G(a1,b1,p1,q1, Hi, g1, 2,t)| < La(M)(1 + [Hi),
|G(a1,b1,p1,q1, Hi, g1, 2,t) — G(az, bz, p2, g2, Ha, g2, ,1)| <

La(M) (a1 — az| + by — b2| + |p1 — p2| + |q1 — go| + |91 — g2|)(1 + |H1[) +
La(M)|Hy — Hal,

for all |a;|, |b;], \bi]_l, Ipil,s |l |gil < 2M,i=1,2and all H; € SN (z,t) € Qp.

Theorem 3.4. Under the assumptions (A0), (A1), (A2’), (A3’), (A4), (A5) there
exists T > 0 such that for all T € (0,T] the problem (3.42) has a solution u,m €
Wg’l(QT) with p > N + 2 satisfying equations in (3.42) a.e..

To prove Theorem 3.4 one can argue exactly as in the proof of Theorem 1.1:
regularize first F', G to get globally Lipschitz versions F , G and set up a fixed point
argument in the space X1, that consists of bounded (u,m) in C19(Q7) x C1O9(Q7).
The key point to treat the additional dependance on f[u, m], g[u, m] is that they take
their values in a bounded subset of CO(T), and therefore in LP(TY) for all p.

3.1.2 Non-negative initial datum mg

In (A5), the initial datum mg for the m variable is required to be bounded away from
zero. Note also that (A2)-(A3) require Lipschitz regularity in the variable m for positive
values only. This set of assumptions is chosen to accomodate some problems arising in
MFG with congestion, that are singular when m approaches zero (see Section 4.1). For
general systems of the form (1.1) that are not singular when m = 0, one can naturally
relax the assumption (A5), as follows:

(A27) F(a,b,p,q,z,t) : R x R x RY x RN x Q7 — R is such that for all M > 0 there
exists Lp(M) > 0 (Lp(M) is an increasing function of M, bounded for bounded
values of M) such that

|F(a1)blap17(haxat)| < LF(M>7
|F(a17blvp17(hvxat) - F(a27b27p2an7x>t)| <
Lp(M)(|la1 — az| + [b1 — b2| + |p1 — p2| + |q1 — q2]),

for all |a;], |bi], |pil, |qi| < 2M,i=1,2 and all (z,t) € Qp.
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(A3”) G(a,b,p,q,H,z,t) : Rx R xRV xRN x SN x Q1 — R is such that for all M > 0
there exists Lg(M) > 0 (Lg(M) is an increasing function of M, bounded for
bounded values of M) such that

|G(a1,b1,p1,q1, Hi, 2, t)| < La(M)(1 + [Hil),
|G(at,b1,p1,q1, Hy, 2, t) — G(az, b2, p2, g2, Ha, x, )| <
La(M)(Jar — az| + [br — ba| + |p1 — pa| + |1 — q2[)(1 + [H1|) +
La(M)[Hy — Hal,

for all |ag|, [bs], |pil, |@:| < 2M,i=1,2 and all H; € SV, (x,t) € Q7.
(A5”) mg € W2, (TV).

Note that mg could even assume negative values, though this is not meaningful in
MFG systems.

Theorem 3.5. Under the assumptions (A1), (A27), (A3”), (A4}), (A5”) there exists
T > 0 such that for all T € (0,T) the problem (1.1) has a solution u,m € Wg''(Qr)
with p > N + 2 satisfying equations in (1.1) a.e..

To prove Theorem 3.5 one can proceed exactly as in the proof of Theorem 1.1,
and the argument is even simpler: in the regularization (truncation) performed in Step
1 for F, G, the variables u, m can be treated in the same way, in particular ¢ should
be replaced by ¢. Moreover, in the final Step 5 there is no need to prove that ming, m
remains bounded away from zero.

3.2 Non-regularizing h: a counterexample to short-time existence

As mentioned in Remark 2.1, it is crucial in our fixed point method that A in the
final condition w(z,T") = h[m(T)] be a regularising function of m. We will show in the
sequel that without this assumption, existence for arbitrary small times 7" may even
fail for linear problems. Let us consider the following linear parabolic backward-forward
system, with a € R to be chosen

—up — Au =0, in TV x (0,7),
(3.43) my — Am = Au, in TV x (0,7),

u(z, T) =am(z,T), m(z,0)=me(x) inTV.

Here, h[m|(x) = am(z), and clearly h[m] has the same regularity of m. Thus, h does
not satisfy (A4). We claim that

For all o < =2, there exist smooth initial data mg and a sequence Ty, — 0
such that (3.43) is not solvable on [0, Tj].
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Suppose that, for some T' > 0, there exists a solution (u,m) to (3.43). Let A\; and
ér(x), k> 0 be the eigenvalues and eigenfunctions of the Laplace operator on TV, i.e.

—A¢y, = e, ¢r(x) € C(TN), k> 0.

Let my(t) = [pn m(z, t)op(x)de, ugp(t) = [pn u(, t)dp(x)de, mop = [rx mo(z)dr(x)de.
We can represent (u, m) by

400 400
m(:z,t) = ka(t)gf)k(ﬂf), u(x,t) = Zuk(t)gbk(x)’
0 0

and my and wug satisfy
—up, + Apug, =0 in (0,7),
(3.44) mz + ApmE = —Apug in (0, T),
up(T) = ami(T),  my(0) = mo.
We will suppose that the coefficients of the initial datum satisfy mq # 0 for all k
(this is possible as soon as mgy vanishes sufficiently fast as k — o00).
Deriving the second equation and taking into account the first one in (3.44), we
get
my — Nemy, =0 in (0,7),
Ak (Oé + 1) mk(T) = —m%(T).
Solving (3.45) we obtain that
(3.46) my(t) = Ag sinh(Agt) + By cosh(Agt)
for some Aj, Br € R, where
By, = moy, # 0.
If (a4 1) sinh(A\xT) + cosh(A,T') # 0, then Ay, is uniquely determined, i.e.

(o + 1) cosh(AT) + sinh (A7)
"(a + 1) sinh(\,T) + cosh(\,T)”

A, =B

Note that if o < =2, (o + 1) sinh(A\;T") + cosh(A;T") vanishes for positive values of
T, and in particular when T coincides with some

1 1
Ty == — tanh ™' | — .
F Ak an < a—i—l)

In such case we reach a contradiction, since (o + 1) cosh(A;T") + sinh(A\,T") # 0,
and therefore Aj cannot be determined. Since (3.46) has no solutions, m cannot exist.
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Finally, by the fact that Ay — +o00 as k — +oo, we have T, — 0, hence a short
time existence result (as stated in Theorem 1.1) cannot hold: for any T there exists a

Ty € (0,T] such that the k—th problem does not admit a solution in [0, 7%], and for
this reason, problem (3.43) cannot be solved.

Remark 3.6. Note that without the regularising assumption on h the existence argu-
ment of Theorem 1.1 would work supposing additional smallness of some data. For
example, one could consider the equation m; — Am = eAu (in a system like (3.43))
with e sufficiently small, or final datum u(xz, T)) = am(z,T) with |a| and mg(z) suitably
small. This is coherent with the previous non-existence counterexample where a < —2.

4 Some parabolic systems arising in the theory of Mean-
Field Games

Mean-Field Games (MFG) have been introduced simultaneously by Lasry and Lions
[22], [23], [24] and Huang et. al. [19] to describe Nash equilibria in games with a very
large number of identical agents. A general form of a MFG system can be derived as
follows. Consider a given population density distribution m(z,t). A typical agent in the
game wants to minimize his own cost by controlling his state X, that is driven by a
stochastic differential equation of the form

(4.47) dXs = —vsds + X(Xs, s)dBs Vs > 0,

where vy is the control, By is a Brownian motion and X(-,-) is a positive matrix. The
cost is given by

T
EXo [/ L(Xs, s,vs,m(Xg, s))ds + h[m(T)|(X7) | ,
0

where L is some Lagrangian function, h is the final cost, defined as a functional of
m(-,T) and the state X7 at the final horizon T' of the game. Assume that all the
data are periodic in the x-variable. Formally, the dynamic programming principle leads
to an Hamilton-Jacobi-Bellman equation for the value function of the agent u(z,t) =
E* ftT Lds + h[m(T)](X7), that is, u solves

(4.48) {—“t — Ajjuij + H(z,t, Du,m) =0 in TV x (0,T),

u(z, T) = him(T)](z) in TV,

where A(z,t) = $X%7(z,t) and the Hamiltonian H is the Legendre transform of L
with respect to the v variable, i.e.

H(x,t,p,m) = sup {p-v— L(x,t,v,m)}.
vERN
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Moreover, the optimal control v} of the agent is given in feedback form by
v*(z, s) € argmax,{Du(z,s) - v — L(x, s, Du(x, s), m(z, s))}

Typically, one assumes L to be convex in the v-entry. In this case, H is strictly convex
in the p-entry, and v*(x, s) can be uniquely determined by

v*(x,s) = DpH(z, s, Du(z, s), m(x, s)).

In an equilibrium situation, since all agents are identical, the distribution of the
population should coincide with the distribution of all the agents when they play opti-
mally. Hence, the density of the law of every single agent should satisfy the following
Fokker-Planck equation

(4.49) {mt — 95(Agym) — div(mDyH(z,t, Du;m)) =0 in TV x (0,T),

m(z,0) = mo(z) in TV,
where myg is the density of the initial distribution of the agents ((4.49) can be derived
by plugging v* into (4.47) and using the Ito’s formula).

The coupled system of nonlinear parabolic PDEs (4.48)-(4.49) with backward-
forward structure is of the form (1.1) if

F(z,t,u,m, Du, Dm) = H(x,t, Du,m),
(4.50)  G(x,t,u,m, Du, D*u, Dm) = ~(Opz; Aij)m — 2(0z, Aij)my; — DpH - Dm
- m(Hwipi + Hpipjuzﬂj + Hmpimffi)7

where the dependence on H, A, m and their derivatives with respect to (m, Du,x,t)

and (z,t) respectively has been omitted for brevity.
A general short-time existence result for (4.48)-(4.49) reads as follows.

Theorem 4.1. Suppose that A € C*(Qr), h satisfies (A4), mo satisfies (A5) and
e H is continuous with respect to x,t,p, m,

o H, 0,H, 8§ipiH , 8;1_ij , 8,2npiH are locally Lipschitz continuous functions with
respect to p,m € RY x Rt uniformly in z,t € Q.

Then, there exists T > 0 such that for all T € (0,T] the system (4.48)-(4.49) admits a
reqular solution u, m € qu’l(QT) with ¢ > N + 2.

Proof. In view of (4.50) and the standing assumptions, it suffices to apply Theorem
1.1. O
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Note that the same conclusion holds under the stronger assumption that H, 0,, H,

2 2 2 . . . . .
Oz.p H, 8piij s Oy, H are locally Lipschitz continuous functions with respect to p,m €
RY x R, uniformly in z,t € Q7, together with the assumption (A5)”, that does not
require mg to be bounded away from zero. In this case one has to apply Theorem 3.5.

A typical scenario in the MFG literature is when L has split dependence with
respect to m and v, that is,

L(z,t,v,m) = Lo(z,t,v) + f(z,t,m).

The existence of smooth solutions in this case has been explored in several works, see
e.g. [6, 8, 14, 15, 16] and references therein. Existence for arbitrary time horizon T'
typically requires assumptions on the behaviour of H at infinity, that are crucial to
obtain a priori estimates. As stated in the Introduction, our result is for short-time
horizons, but no assumptions on the behaviour at infinity of H are required. Note
finally that C? regularity of H is crucial for uniqueness in short-time, while for large 7'
uniqueness may fail in general even when H is smooth (see [4, 5, 7, 8]).

Remark 4.2. The result of Theorem 1.1 is obtained for a general structure of the
backward-forward system. If we use the peculiar divergence form of the equation (4.49)
in the MFG system and the fact that the right hand side of (4.48) does not have a de-
pendence on Dm, we can weaken the assumptions on the regularity of the coefficients,
in particular we can take A € C1(Q7) instead of A € C?(Qr), and get the existence
of a solution u € Wy (Qr) N C(Qr), m € C°(Qr) where equation for m is satisfied
in a weak sense. To do this we have to weaken the regularity of m in the contraction
space X}CI:

XTy = {(wm) - u € W2 (Qr) 1 C0(@r), m € CO(@r),
2 1 0
lull 2, + lul$) + [ml) < M, p> N +2}.

The operator 7 on X1, is defined in the following way: 7 (@, 7h) = (u*,m) where (u*, ™)
is the solution of the following problems

(4 51) me = (A”mIJ)xl = le(TArLDpH(x’ tv Dﬁv m)) + (A’L].’L'Jm)xl in QT,
. m(x,O) = mO(l’) . TN,
(4.52)
ﬂ: h Aw($7 - t)ﬂzlxj + H(l}, T - t, D'LAL(.CU, T - t),m($, T— t)) = 07 in QT?
u*(x,0) = h(m(T, z),x), in TV,

where we used the change of variable @w*(z, T —t) := u(x, t) as in Step 3 of the proof of
the existence Theorem .
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From a L? estimate obtained by Theorem 4.1 p. 153 of [20], applying Theorem 8.1
p.192 of [20] we obtain an L™ estimate for m. Using the L*° estimate and Theorem
10.1 p. 204 of [20], since A;j;; is bounded, we obtain that

(4.53) 1S} < € (1+ 1Dilloogr + Iitllooor + Imo(@)lIG) ) < C(A).

On the other hand, from estimate (4.53), the regularizing assumptions (A4) and (2.3)
satisfied by h, using Theorem 9.1 p.341 of [20], we get:

(4.54) [7* I, < Cla) (@ + [a|™ + [m|®), for any q.

n+2
)

In turn using embedding (2.8) and (4.53) we obtain |U*|ST_ <C(¢; M), ¢ > N+2.
Using Lemma 2.3 and 2.4 and following the same procedure as in the proof of Section 3,
we get that it is possible to choose M and T sufficiently small such that if (4, 7h) € X}\}
then (u,m) € Xﬁ. Analogously, still using the divergence structure of the system
satisfied by (@) —ug, M1 —m2) and the independence on Dy, Dy of the know terms,
we can prove that the map 7 on X}\} is a contraction, hence we obtain the existence
of a solution (u, m) such that u € Wg’l(QT) NCYO(Qr), m € C°(Qr) where equation
for m is satisfied in a weak sense.

4.1 Congestion problems

A class of MFG problems that attracted an increasing interest during the last few years
is the so-called congestion case, namely when

L(x,t,v,m) =m%Ly(v) + f(z,t,m),

where o > 0 and L; is a convex function. The term m® penalizes L;(v) when m is large,
so agents have to move at low speed in congested areas. On the other hand, as soon
as the environment density m approaches zero, an agent can increase his own velocity
without increasing significantly his cost. The parameter o can be then regarded as the
strength of congestion. The difficulties in this problem are mainly caused by the term
m®, that produces a singular Hamiltonian of the form m®H;(p/m®) (see below). It has
been firstly discussed by Lions [21], and has been subsequently addressed in a series of
papers. In [9, 12, 13] the stationary case is treated. As for the time-dependent problem,
short-time existence of weak solutions, under some restrictions on o and H, has been
proved in [17]. A general result of existence of weak solutions, in a suitable sense, for
arbitrary time horizon T is discussed in [1]; methods developed in [1] deeply exploit
the monotone/convex structure that congestion problems exhibit when the congestion
parameter « lies in a certain interval. So far, smoothness of solutions has been verified
in [11] in the short-time regimes only. All the mentioned works do rely on the MFG
structure of (4.48)-(4.49).
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Here, we just exploit standard regularizing properties of the diffusion, and propose
a general existence result for (4.48)-(4.49) that requires very mild local (regularity)
assumptions on the nonlinearity H. The key tool is the standard contraction mapping
theorem; this scheme has been explored in the MFG setting in [8] in the case of a non-
singular Hamiltonian H that separates additively. Ambrose treats in [2] more general
problems with non-separable Hamiltonians using a contraction in function spaces that
are based on the Wiener algebra, and rather than having a constraint on the time
horizon, he finds solutions for mg close to the constant initial datum. Finally, after
completing this work, we learned that Ambrose [3] obtained new existence results for
MFG with non-separable Hamiltonians under smallness conditions on some data using
energy estimates in Sobolev spaces W3 (T); we finally mention that though singular
(at m = 0) Hamiltonians do not seem to fall into the sets of assumptions in [2, 3], the
author provides in the final section of [3] a comment on the possibility to apply his
results to congestion problems.

Here, H(z,t,p,m) = m®H;(p/m®)— f(z,t,m) where H; is the Legendre transform
of L1, so

D
F(z,t,u,m, Du, Dm) = m“H; <:> — f(z,t,m),
m

G(x,t,u, m, Du, D*u, Dm) = —(Opz; Aij)m — 2(0z, Aij)ma; — DpHy - Dm
- ml_a(Hl)pipjuzi-Tj + am” % (Hy)p,p, a; M, -
The MFG system then takes the form
—u — Agjuij + m@Hy (Du/m®) = f(z,t,m) in TV x (0,7),

(4.55) me — &j(AZ]m) — div(mDle(Du/ma)) =0 in TN X (0, T),
u(z,T) = him(T)](x), m(x,0)=mp(x) in TV,

A corollary of Theorem 4.1 thus reads
Corollary 4.3. Suppose that A € C?(Qr), h satisfies (A4), mo satisfies (A5) and

o f is continuous with respect to x,t,m and locally Lipschitz continuous with respect
to m,

e Hj is continuous and has second derivatives that are locally Lipschitz continuous.

Then, there exists T > 0 such that for all T € (0,T) the system (4.55) admits a solution
w,m € W2N(Qr) with ¢ > N + 2.

Following Remark 4.2 we can weaken the assumptions on A. Taking A € C'(Qr)
we obtain a solution (u,m) satisfying the Fokker-Planck equation in weak sense.
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A Appendix

In this final appendix we prove Proposition 2.6 of Section 2.

Proof of Proposition 2.6. We write the proof for the existence of a solution in the class
C?ro1+/2(Qr) and for the estimate (2.10). In a similar way one obtains the existence
in W2 (Qr) and the proof of (2.11).

Recall that the problem on TV x [0,T] is equivalent to the same problem with 1-
periodic data in the z-variable in RY x [0,7], namely with all the data satisfying
w(x + z,t) = w(z,t) for all z € ZV. As far as the existence of a smooth solution of
problem (2.9) is concerned, it is sufficient to apply Theorem 5.1 p.320 of [20]. Since the
solution of such a Cauchy problem is unique, it must be periodic in the z-variable. Now
we prove estimate (2.10). Let RY := [~1,1]" and R} := [-2,2]". Clearly

(A.56) 0,11V ¢ RY ¢ RY c RY

and dist(RY,C(RY)) =

We take advantage of local parabolic estimates, which allow us to get an a priori
estimate regardless of the lateral boundary conditions which are unknown for us.
In particular, using the local estimate (10.5) p. 352 of [20] with ' = RY and Q" := R},
(note that in our case S” is empty) we have
(A7)l e < Ot (115 ey + ol ™) + Colutlpy o
where T* < T, C1 and C5 depend on N, T, and the modulus of Holder continuity
of the coefficients of the operator. It is now crucial to observe that Holder norms on
RY x [0,7%], RY x [0,T*] and TV x [0,7*] coincide by periodicity of u, f, ugp in the
x-variable and the inclusions (A.56). Hence,

a+2 a+2) *
(A.58) |U’TN+X[)0 T+ = <C (’f"ﬂ‘l\’x[o T+] + ’U0| s ) + Co(luglpy +T ’ut"H‘Nx[O,T*])'

Taking T sufficiently small we can write

a+2) a+2
(A59) ’ ‘TN+X[0 T <C3 <‘f‘TN><[O T + ‘u ’( - )> )

where C3 depends on the coefficients of the equation, on N, T, a and T* does not
depend on ug. We can iterate the estimate (A.59) to cover all the interval [0,7] in
[£] 4+ 1 steps, thus obtaining (2.10).

The proof of (2.11) is completely analogous. One has to exploit the local estimate
in W' of [20], eq. (10.12), p. 355. Note that since RY and R) consist of finite copies
of [0,1], norms on W™ (RN x (0,T)), i = 1,2, are multiples (depending on N) of
W™ (TN x (0,T)).
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