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SUMS OF ONE PRIME POWER AND
TWO SQUARES OF PRIMES IN SHORT INTERVALS

ALESSANDRO LANGUASCO AND ALESSANDRO ZACCAGNINI

Let k > 1 be an integer. We prove that a suitable asymptotic formula for the average number of represen-
tations of integers n = p’f + p% + p%, where p;, p2, p3 are prime numbers, holds in intervals shorter than
the ones previously known.

1. Introduction

The problem of representing an integer as a sum of a prime power and of two prime squares is classical.
It is conjectured that every sufficiently large n subject to some congruence conditions can be represented
asn = p’f + p% + p%, where k£ > 1 is an integer. Let now N be a large integer and denote by E(/N) the
cardinality of the set of integers not exceeding N that satisfy the necessary congruence conditions but can
not be represented as the sum of a k-th prime power and two prime squares. Several results about £y (N)
were obtained; the first one to prove a nontrivial estimate for Ex(N) was Hua [3]. Later Schwarz [15]
and several other authors further improved such an estimate; we recall the contribution of Harman and
Kumchev [2], Leung and Liu [9], Li [10] and Lii [12]. Let ¢ > 0; so far the best known estimates are
E|(N) < N'/3+¢ by Zhao [17], E»(N) <« N'7/29+¢ by Harman and Kumchev [2], E3(N) « N!13/16+¢
and, fork >4, E,(N) < N~V @)+ hoth by Briidern [1]. Recently Liu and Zhang [11] further improved
such results to E3(N) <« N'/12+¢ and, for k > 4, Ex(N) < N'790+¢ where 6 (k) =min(2*/2+2; k(k+2))
if k is even, (k) = min(3 - 2&TD/2; 8[(k +1)%/81) if k is odd and [x] is the least integer greater than or
equal to x.

Concerning short intervals [N, N + H], H = o(N), we recall here that Kumchev and Liu [4] proved
that for every A > 0 we have

Ex(N + H) — Ex(N) < H(log N)™4,
provided that H > N7/?°. Let now
(1) re(my= Y logpilogpslog ps.
pi+p3+pi=n

In this paper we study the average behaviour of r(n) over short intervals [N, N + H], H = o(N) thus
generalising our result in [6] which just deals with the case k = 1.
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Theorem 1. Let N >2,1 < H < N, k > 1 be integers. Then, for every € > 0, there exists C = C(g) >0

such that
N+H 1/3
log N
y rk(n)zZHNl/k+@k<HN1/kexp<—C<L) ))
Mol 4 loglog N

as N — oo, uniformly for N'=/©0+¢ < g < N1=¢ for k > 2 and N"/'**¢ < H < N'"* fork = 1.

It is worth remarking that the formula in Theorem 1 implies that every interval [N, N 4+ H] contains
an integer which is a sum of a prime k-th power and two prime squares, where N1 75/©0+s < g < y1-¢
for k > 2 and N7/12*¢ < H < N'~¢ for k = 1. In fact, for k = 1,2 Zhao’s and Kumchev and Liu’s
estimates previously mentioned lead to better consequences than our Theorem 1, but for k£ > 3 our result
gives nontrivial information.

Assuming that the Riemann hypothesis (RH) holds, we prove that a suitable asymptotic formula for
such an average of rr(n) holds in much shorter intervals. We need the following auxiliary function: let

N3/21og N + HN3/*(log N)3/? ifk=1,
Nlog N + HN'Y*(log N)? if k=2,
@) E(k) = s/ 1/4 1/2a71/2 .
N%logN + HN'*1logN + H'/>?N'2log N if k =3,
N34k Jog N if k > 4.

In the remaining part of the paper we will use the notation f = co(g) with the meaning of g = o(f). We
have the following

Theorem 2. Assume the Riemann hypothesis (RH). Let N > 2,1 < H < N, k > 2 be integers. We have
N+H
n=N+1

as N — oo, uniformly for oo(Nl_l/k(log N)Y*) < H < o(N), where E (k) is defined in (2).

We remark that a version for k = 1 of Theorem 2 was obtained in [6] and that the definition of E(1) in
(2) corresponds to the error term estimate given there. We further remark that the formula in Theorem 2
implies that every interval [N, N 4+ H] contains an integer which is a sum of a prime power and two
prime squares, where oo(Nl_l/k(log N)* < H = o(N).

The proofs of both Theorems 1 and 2 use the original Hardy—Littlewood settings of the circle method
to exploit the easier main term treatment they allow (comparing with the one which would follow using
Lemmas 2.3 and 2.9 of Vaughan [16]).

It is worth remarking that the expected best result using circle method techniques is H > N'~V/¥; so
our Theorem 2, under the assumption of the Riemann hypothesis, comes very close to this bound. We
also obtained similar results in [7; 8].

2. Notation and lemmas

In this section we make the necessary preparations for the application of the appropriate version of the
circle method in (6) below. We rewrite the average value of r, defined in (1), over the short interval
[N + 1, N + H] as the familiar integral of the product of suitable exponential sums over primes. These
exponential sums have a leading term suggested by the prime number theorem. In this section, we provide
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several bounds for the ensuing error terms, in various average forms. These will be used throughout
Sections 3 and 4. See also the comments at the beginning of each section.

Let e(a) = *™® a € [—1,1]. L=10ogN, z=1/N —27ia,

oo oo
Se(a) = Z A(n)e_”Z/Ne(n[oz) and V,(a) = Z log p e_pe/Ne(pZa).
n=1 p=2
We maintain here the tilde-notation for coherence with other papers in the literature in which it is used to

distinguish the infinite exponential sums over primes from the one having a finite number of summands.
We remark that

3) lzI7! < min(N, || 7).

We further set
H

Ule, H)y=)_ e(ma),

m=1
and, moreover, we also have the usual numerically explicit inequality
“) U (e, H)| < min(H; |7,
see, e.g., on page 39 of Montgomery [13]. We list now the needed preliminary results.
Lemma 3 [5, Lemma 3]. Let £ > 1 be an integer. Then |S; () — Vi ()| <¢ NV @0,
Lemma 4 [6, Lemma 4]. Let N be a positive integer and i > 0. Then

/1/2 i n/N nu—] 1
z *e(—na)da =e """ ——+0 (—),
—12 C(w)  “\n

where I" denotes Euler’s gamma function, uniformly for n > 1.

Lemma 5. Let € be an arbitrarily small positive constant, £ > 1 be an integer, N be a sufficiently large
integer and L = log N. Then there exists a positive constant ¢y = c1(€), which does not depend on ¢,

such that
£ 2 L \!/3
/ do ¢ N?/*71 exp(—cl ( ) )
—t log L

uniformly for 0 < & < N~1%3/©00=¢ Assuming RH we get
/f ra/of
—

1/0s72
A do ¢ N'7"EL
Proof. It follows the line of Lemma 3 of [6] and Lemma 1 of [5]; we just correct an oversight in their
proofs. Both (8) on page 49 of [6] and (6) on page 423 of [5] should read as

& 2 K 2
/ D (/0] da sy / 1Y e
/N k=171

p:y>0 p:y>0
where n =, =£/2F, 1/N <n < £/2 and K is a suitable integer satisfying K = O(L). The remaining
part of the proofs is left untouched. Hence such oversights do not affect the final result of Lemma 3
of [6] and Lemma 1 of [5]. O

= (/e
Se(a) — A

Se(a) —

uniformly for 0 < & < %

2
do,
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Lemma 6 [5, Lemma 2]. Let £ > 2 be an integer, f(£) = L? if¢ =2 and f(£) =1 if £ > 2. Let further
0<é< % Then

§
/ |Se(@)? do e ENVL+ f(0)
—&
and :
/ Ve(@)? dae <¢ EN''L+ f(0).
—&
Proof. The first part was proved in Lemma 2 of [5]. For the second part we argue analogously. We use

Corollary 2 of Montgomery and Vaughan [14] with T =&, a, = log(r) exp(—r®/N) if r is prime, a, =0
otherwise and A, = 277", By the prime number theorem we get

§
/ |Ve(or)|* do = Z(log p)e N (g 4 06,") < EN'L+ Z(log p)2pi—te=2P'IN
0
P p
since 8, = A, — A,_1 >¢ r*~!. The last term is <, 1 if £ > 2 and <« L? otherwise. The second part of
Lemma 6 follows. 0

Lemma 7. Let £ > 2 be an integer, f(£) = L? if ¢ =2 and f({) =1if£>2. Let0 <7 < < % and
w > 0. Let further I (7, w) := [—w, —t]U[7, w]. Then we have

- d
f 'SZ(“)'zﬁ e NV L' 4t P log(o/t) + F(OT
I(t,w) o

and

~ d
/ |ve<a>|2ﬁ Loy NYL(@" ™ + ' F @log(w/1) + f (&) T+,
1(t,w) (04

where @ means that such a term is present only if u = 1. Assuming further that RH holds, we also get

/ r'1/0))? da
I(t,w)

LV | |

where @ means that such a term is present only if u = 1.

Se(a) — Lep N L2 (0 + 7 @ log(w/1)),

Proof. We first work on [, w]. By partial integration and Lemma 6 we get that

o ® T w & -
/|Se<a)|23—i<<w—“/ |Se(a)|* doe + 77+ |Se(05)|2da+M/ (/ |Sz(06)|2d06> dé
T T —£

—w -7 Eﬂ+1

NYEL + £(0)

< a)_”(a)Nl/ZL+f(ﬁ))+T_M(TN1/ZL+f(£))+M/ws gt O

Lo NV L@ + ' @ log(w/1) + fO)TH.

A similar computation proves the result in [—w, —t] too. The estimate on \7@ (a) can be obtained analo-
gously. The estimate on S (a) — ['(1/£)/(£z'/%) follows the same line but we need Lemma 5 instead of
Lemma 6. Il

In the following we will also need a fourth-power average of S, («).

Lemma 8 [6, Lemma 5]. We have

172
f 1S2(c0)[* doe < NL?.
—1/2
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3. Proof of Theorem 1

We write the average that we want to study as an integral; see (6). We approximate V; by means of Sy (see
Lemma 3) and then split S‘k as main term and error term as in (7). This gives rise to the decomposition
in (8). An important feature that we have to take into account is that the L?-average for the error term
provided by Lemma 5 only holds in a rather restricted neighbourhood of 0. Hence, we need a different
argument to bound the contribution of the “periphery” of the interval of integration. The final error term,
therefore, depends both on the width of the “major arc” around 0 and on the quality of Lemma 5. The
allowed range for H is also a direct consequence of the constraint on £ in the hypothesis of the same
lemma.
Lete > 0and H > 2B, where

1/3
(5) B=B(N.d) = exp(a’(IOg—N) / )
loglog N
where d = d(¢) > 0 will be chosen later. Recalling (1), we may write
N+H 1/2
(6) Z e Nrp(n) = / Vi(@) Va(@)*U (—a, H)e(—Na) da.
n=N+1 -1/2
We find it also convenient to set
~ raze
(7) Ey(a) := S¢(a) — Y
Letting I (B, H) := [—%, —B/H] U [B/H, %], using the approximations given by Lemma 3 and

172

recalling that F(%) = '/<, we can write

R B/H 7T(1/k)
(8) Z e /Nrk(l’l):‘/_B/H WU(_(X’ H)e(—NO()dO(

n=N+1 B/H C1/k) (- , T
+ E S ()" — — |U(—a, H)e(—Na) da
_ 4z

B/H kz

B/H N
+ / Er(0)S2(0)*U(—a, H)e(—Na) da
—B/H

12 y y
+/ V(o) (Va(@)? = S2(a0)HU (—a, H)e(—Na) dax
—12

12 } 3
+/ $>(@)? (Vi(e0) — S (@)U (—er, H)e(—Nex) dax
“12

+ f Sk(a)S2(a)?U(—a, H)e(—Na) da
I1(B,H)

=1 +F2+P+F1+F5+ s,
say. Now we evaluate these terms.

3.1. Evaluation of $;. Using Lemma 4, (3) and
) e™N ="' L O(H/N)



218 ALESSANDRO LANGUASCO AND ALESSANDRO ZACCAGNINI

forne[N+1, N+ H],1 <H <N, we immediately get

N+H 1/2
2T (1/k) . H f da
10 S V.0 "N 4o () +0 @
(10) 2 4kr(1+1/k)n:ZN+1” ¢ TN )T,y e

. B\ 1+
_ @HNl/k_i_@k(HZNl/k—l LNVE (§> )

3.2. Estimation of $¢. Using Si(e) <x NY*, (4), Lemma 7 with u = 1, t = B/H and w = 1. we
obtain that

12 & 2
(11) Fo6 < N‘/k/ 15@F

do < N‘/"Lz(N‘/2 + E)
B/H o B

which, comparing with (10), is under control if H = co(N 17212y and B = 0o(L?) (which is fine thanks
to (5)).

3.3. Estimation of $5. By (4), Lemmas 3,6 and 7withu=1,7=1/H and w = %, we get

/2 » B
(12) ¥s <</l/zlSz(a)llek(a)—Sk(Ot)IIU(—Oé, H)|da

o 28y
<k HNI/(Z/C)/ |S2(Ol)|2dO[+N1/(2k)/ | 2( )| da
—1/H 1/H o

1/2
< HNY@0 <—NH L + L2) + NY@ (V22 L g2y

& NVCONYZ L gy,
which, comparing with (10), is under control if H = oco(N 21/ 12y,

3.4. Estimation of $4. Using the identity f2—g2=2f(f—g)—(f —g)% Lemma 3 and V; (&) < N/*,
we have

Vi (@) (Va2 (@) — S2(0)?) <k [Vi(@)[([Va(@) || Va(e) — Sa ()| + [Va(a) — Sa(@)[?)
< NV V(@) | Va(a)| + NV2HE,

Clearly we have

12 3 12
(13) 4 <x N/ / V()| Ta(@)|U (=, H)| dar + N1/ / U=, H)|da = Ky + Ko,
/2 —-1/2

say. Using (4) we get
1/2 1/H 1/2 4o
(14) / |U(—oc,H)|doz<<f Hdoz—l—/ — <KL
-1/2 —1/H 1/H ¢
and hence, by (13)—(14), we can write
(15) Ky < N'PHVEL,

for every k > 1.
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Now we estimate K;; depending on k, we need to perform different computations.
Let k£ = 1. In this case we will make use of the estimate

172
(16) / [Vi(@)*doe = (log p)’e "N < NL
—1/2 )

which immediately follows from the prime number theorem. Using the Cauchy—Schwarz inequality, (16),
(4) and Lemmas 6 and 7 with u =2, t =1/H and w = %, we obtain that

/2 1/2 /2 1/2
(17) K1<<N1/4</ |V1(a)|2doz) (f |V2(oz)|2|U(—oz,H)|2doz)

172 1/2
N2L 1/2
< N3/4L1/2[H2(T+L2) +N1/2L+HN1/2L+H2L2]
K HNY*L3? 4+ H'2NL.
Hence, by (13) and (15)—(17), for k = 1 we get
(18) $4 K N32L+ HN34L32,

Let k = 2. Using (4), Lemmas 6 and 7 with u =1, 7t =1/H and w = % we obtain that

1
(19) K| < N1/4/

/2
|Va(e) *|U (e, H)| dot
/2

1/2L

< N1/4|:H(N

K HNY*L? 4 N34 L2,

—|—L2> +N1/2L+N1/2L2+HL2i|

Hence, by (13), (15) and (19), for k =2 we get
(20) $4 <K NL+HN4L2,

Let k = 3. Using the Cauchy—Schwarz estimate, (4), Lemmas 6 and 7 with u =1, t=1/H and w = %,
we obtain that

U 12 ) 1/2 /2 ) 172
@D K< NY (/ [V3(@)["|U (—a, H)Ida) X(/ V2(@)"|U(—a, H)Ida>

-1/2 1/2
1/3

N 1/2
< N”“[H( +1>+N1/3L+N1/3L2+H]

N/2L 1/2
X [H( = +L2> +NV2L 4 N2 4 HLZ]
< HNVAL + HV2NV2L 4 N23L2.
Hence, by (13), (15) and (21), for k = 3 we get

(22) $4 < N°L+HNVAL + H'?N'2L.
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Let k > 4. By (13), V(o) <x N'/¥ and (14) we can write that

1/2
(23) Fa g N / U(~a, H)|da < N¥+/EL,
—1/2

Summarising, from (18), (20) and (22)—(23) we can write that
(24) Fa L E(k),
where E (k) is defined in (2).

3.5. Estimation of $,. Now we estimate §,. Using the identity > — g2 =2f(f —g) — (f — g)*> we
obtain

B U (e, H)| B U (e, H)|
(25) P2 Lk / | E2(e) |75 7x der +/ |Ez(a)|2W do =1 + D,
_B/H |z ~B/H |z

say. Using (3), (4) and Lemma 5 we obtain that, for every ¢ > 0, there exists ¢; = c;(¢) > 0 such that

B/H L 1/3
(26) b < HN”"/ |E>(e)|>da < HNY*exp( —¢;
—B/H IOgL

provided that H > BN’/12+¢_ Using the Cauchy—Schwarz inequality and arguing as for I, we get

B/H 1/2 B/H  (q 1/2
(27) I <x H(/ |E2(Ol)|2d0‘> (/ 1+2/k>
_B/H —/H 12l

1/3
< HNV*exp _a L /
2 \logL ’

provided that H > BN T12+e Inserting (26)—(27) into (25) we finally obtain

L\
28 HNk _a ,
(28) P2 Lx expl =5 log L

provided that H > BN7/12+¢,

3.6. Estimation of $3. Now we estimate $3. By the Cauchy—Schwarz inequality, (4), Lemmas 8 and 5,
we obtain that, for every ¢ > 0, there exists ¢; = c1(¢) > 0 such that

12 1/2 B/H 1/2
(29) $3 i ( / |Sz(a>|“da> ( / |Ek(oe>|2|U(a,H>|2da)
—1/2 —B/H

B/H 1/2
<x HN‘/ZL(/ |Ek<a>|2da>
—B/H

1/3
<Lk HNl/keXp _a L /
2 \log L '

provided that H > BN !7>/(6b+¢,
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3.7. Final words. Let k > 2. By (8)—(12), (24) and (28)-(29) we have that, for every ¢ > 0, there exists
c1 = c1(g) > 0 such that

N+H . ol L o\/3 H
30 —n/N = _—_HNY* 4+ 0, HNV* - —NYkI2 4 Ek
(30) n:ZNHe ri(n) = - + 0% exp( —- + +E(k)

provided that H > BN 1=5/6k)+¢ where E (k) is defined in (2). The second error term is dominated by
the first one by choosing d = ¢; in (5). So from now on we have H > N1=3/06b+e for k > 2. The third
error term in (30) is now dominated by the first.

Let k = 1. In this case (30) holds provided that H > BN 7/12+¢ and the second error term is dominated
by the first one by choosing d = c; in (5). Hence, for k = 1, we get that H > N7/12*¢_ The third error
term in (30) is now dominated by the first.

Summarising, for every k > 1 we can write that, for every ¢ > 0, there exists C = C(g) > 0 such that

N+H . L o\1/3
> eVrn)y=—HN"*+ 0, HN'*exp( —C
4e log L

n=N+1

provided that H > N!173/©®0+¢ for k > 2 and H > N7/'2*¢ for k = 1. From (9) we get that, for every
& > 0, there exists C = C (&) > 0 such that

N+H . » » L \!/3 g NtH
=—HN Ox\ HN —C Ol —

3 o= ses(mten(-c(ip) ) vy 32 )

n=N+1 n=N+1

provided that H < N, H > N'75/©®0+¢ for k > 2 and H > N7/12*¢ for k = 1. Using ¢"/V < ¢? and (30),
the last error term is < H*N'/¥=1 Hence we get

N+H

w L\
> rk(n):ZHNl/k+@k(HN1/kexp<—C<logL> ))

n=N+1

uniformly for N'=/60+e < g < N1=¢ if k > 2 and for N7/1>*¢ < H < N'=¢ if k = 1. Theorem 1
follows.

4. Proof of Theorem 2

We recall (6), which is again the starting point of our analysis. The setting in this case is very similar to
the one we had in Section 3, but it is simpler than the previous one since Lemma 5 now applies to the
whole integration interval. This is easily seen comparing (8) and (31). Furthermore, the bound provided
by Lemma 5 in the conditional case is much stronger than the unconditional one, and the final error term
is correspondingly stronger. The same remark applies to the lower bound for H that we obtain.

Letk >2, H>2, H=0(N) be an integer. We recall that we set L = log N for brevity. From now
on we assume that RH holds. We start again from (6) but in this conditional case we can simplify the
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setting. Recalling definition (7) and that I'(1) = 7!/, we can write

N+H

1/2
(31) Z e”/Nrk(n)=/ MU(—a,H}e(—Nu)da

Nt 12 4kZ1+1/k
2ra/m (- , =
+ i Sr(a)— — JU(—a, H)e(—Na) da
—1/2 kZ/ 4z

1/2

+ / Er(@)S2(0)?U(—a, H)e(—Na) da

—1/2
1/2 N B B

+ f V(@) (V2(@)? — $2(@) P U (—ar, Hye(—Ner) dar
—1/2
1/2 B 5 B

+/ Sp(@)* (Vi(a) — Si(@)U(—a, H)e(—Na) da
—1/2

=91+ I+ I3+ %4+ F5,

say. Now we evaluate these terms.

4.1. Evaluation of $;. Using Lemma 4 we immediately get

a1k & H\ =«
(32) 1 KT+ 1/0) n;ﬂn e + Ok N 1o + Ok ( + )

4.2. Estimation of $5. Clearly $5 = $5 of Section 3.3. Hence we have that
(33) 95 < NYEO(NY2 L HYL?

which, comparing with (32), is under control if H = oco(N'/>=1/C0[2),

4.3. Estimation of $4. Clearly $4 = $4 of Section 3.4. Hence we have that
(34) $4 L E(k),

where E (k) is defined in (2).

4.4. Estimation of $,. Now we estimate $,. Using the identity f>—g?>=2f(f—g)—(f —g)? we obtain

12 U (e, H)| 12 U (e, H)|
(35) ¥ <<k/ |E2 ()| ik dOl—l-f |E2(W)|2W do = Jy + /s,
~1/2 |z ~1,2 |z

say. Using (3), (4), Lemma 5 and Lemma 7 first with u = 1/k, t = 1/N, w = 1/H and then with
w=1+1/k,1=1/H, o =1, we obtain

Uk 1/N ) 1/H , da 1/2 , da
(36) < HN / | Ex (@) da+H/ | Ex(e)] W+/ | Ex(@) — 7y
-1/N 1/N o 1/H (04
& HNV=12p2 L gl/kp1/2p2

< HVEN2L2,
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For J; we need few cases. Let k > 3. Using the Cauchy—Schwarz inequality and arguing as for J; (in this
case Lemma 7 is used first with u =1, t=1/N,w=1/H and thenwith u =1, t=1/H, v = %), we get

1/N 1/2 1/N 1/2
(37) J; <<kHN1/2+1/’<(/ doe) (/ |E2(a)I2da>

—1/N 1/N

IVH o \ /2 1/H ,da 1/2 12 4o 1/2 1/2 ,da 1/2
il [y ) ([eers) ([, @) (,Bor)
1/N a?/k 1/N o 1/H a2 t2/k 1/H (04

& HNVA=VAL 4 g2V N VAL () 4 [)V2 4 g2+ kNI AL (] 4 )12
&y HNVK=VAL 4 g1/2+1/k N1/ 3/
& HVPHVKNIAL32,

For k = 2 arguing as before we get

(38) Ji < HNV4L?,
Combining (35)-(38), and assuming H > N 172 we finally obtain
(39) 92 < H1/2+1/kN1/4L2

for every k > 2.

4.5. Estimation of $3. Now we estimate $3. By the Cauchy—Schwarz inequality, (4) and Lemma 8 we
obtain

172 1/2 1/2 1/2
(40) 93<<k(f |Sz<a)|“da) (/ |Ek<a>|2|U(a,H>|2da)

172 1/2

1/2 2 v 2 1z o dor 12
< NV L(H / | Ex ()| da+f | Ex ()| —2)
—1/H 1/H o

< H/2N2H/@0 2

where in the last step we used Lemma 5 and 7 with u =2, 7 =1/H and w = %

4.6. Final words. Recalling (2), by (31)~(34) and (39)—(40), we can finally write for H > N/? that
N+H
(41) > e Vrn) = 41HN1/" + O (H*NV*=V g2 NY2HVEO L2 4 E (k)
e
n=N+1

which is an asymptotic formula for co(N I=1/k1 4y < H < o(N). From (9) we get

N+H - g N
Z rk(n)zﬁHNl/kjL@k(Hle/k1+H1/2N1/2+1/(2k)L2+E(k))+@k(ﬁ Z rk(n))
n=N+1 n=N+1
Using ¢/ < e? and (41), it is easy to see that the last error term is < H>N/ =14 g3/2N—1/2+1/CO 12 4
HN~'E (k). Hence we get

N+H

Z rk(n)zZ—eHNl/k—i-@k(Hle/k_l+H1/2N1/2+1/(2k)L2+E(k)),

n=N+1
uniformly for co(N'~VKL*) < H < 0(N). Theorem 2 follows.
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