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A RELAXATION RESULT FOR AUTONOMOUS INTEGRAL FUNCTIONALS
WITH DISCONTINUOUS NON-COERCIVE INTEGRAND

CARLO MARICONDA' AND GIULIA TREU!

Abstract. Let L: RY x RY — R be a Borelian function and consider the following problems

b
wf { ) = [ L0 ©0)at: v € Al B (@) = A ) = B (P)

b
inf{F**(y)= [ 2 w0 @) dt: y € AC(a,8. B y0) = 4 y(b)zB}- (P™)

We give a sufficient condition, weaker then superlinearity, under which inf F' = inf F** if L is just
continuous in x. We then extend a result of Cellina on the Lipschitz regularity of the minima of (P)
when L is not superlinear.
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1. INTRODUCTION

We consider the relationships between the problems
b
inf {F(y) = / L(y(t)ay/(t))dt ty € AC ([aab]aRN) 7y(a’) = A, y(b) = B} (P)
b
inf {F**(y) = / L*(y(t),y'(t)) dt : y € AC ([a, 8], RY) y(a) = A, y(b) = B} : (P)

It is well known that inf F' = inf F** if L is super-linear and continuous. Recently Cellina in [5] proved that
the same conclusion holds true assuming, instead of superlinearity, a weaker growth condition that we will
call (GA). Roughly, a convex function L(zx, &) satisfies (GA) if the intersection of the supporting hyperplane
to its epigraph at (&, L(x,&)) with the ordinate axis tends to —oo as || tends to +o0o, uniformly with respect
to x in compact sets. This condition implies, but is not equivalent to, a sort of conical growth: we say that L

Keywords and phrases. Lipschitz, regularity, non-coercive, discontinuous, calculus of variations.

1 Dipartimento di Matematica pura e applicata, Universita di Padova, 7 via Belzoni, 35131 Padova, Italy;
e-mail: maricond@math.unipd.it; treu@math.unipd.it
© EDP Sciences, SMAI 2004
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satisfies (CGA) if for every & there exist €, R > 0 such that, for every || > R,
L(x,8) > L(x,&) + p(z,&0) - (€ — &o) + €[] + const. (CGA)

whenever z belongs to a prescribed compact set and p(z, &) belongs to the subdifferential of £ — L(x,&) in &p.
We weaken here the continuity assumption of L in both variables and we prove that, if L(x, ) is just continuous
in = and satisfies (CGA), then inf F' = inf F"**.

The proof of the result is based on Theorem 3.2, a uniform approximation of the bipolar of a (discontinuous)
function L(§) satisfying (CGA) in terms of the convex hull of the graph of L; this kind of result is classical
when L is supposed to be lower semi-continuous and superlinear in & [7].

In the last part of the paper we are concerned with an application to the Lipschitz regularity of the minima
of (P). It is well known that, if L(x, &) is superlinear and convex in £, then every minimizer of (P) is Lipschitz.
The same result was obtained recently by dropping some of the assumptions: no continuity and no convexity
but superlinearity is assumed in [6], continuity, no convexity and assumption (GA) instead of superlinearity is
assumed in [5], no continuity and no convexity but the requirement that every section A\ — L(x, Au) (A > 0,
|u] = 1) satisfies (GA) in [8], extending [6].

As a consequence of our relaxation result we prove that the minima of (P) are Lipschitz if L(z,§) is just
continuous in z and satisfies (GA), thus extending the main result in [5].

We point out that there are several results concerning the representation of the lower semi-continuous envelope
of integral functionals; we just mention [2,4] for some recent results and references. Here we are interested in
comparing the values of the infima of problems (P) and (P**) instead of establishing a representation formula.

2. NOTATION AND PRELIMINARY RESULTS

In this paper |-| is the Euclidean norm and “” the scalar product in RY. For a function L(z,¢) : RN xRN — R
we denote by L**(z,&) (resp. OL**(x,&)) the bipolar (resp. the subdifferential of the bipolar) of £ — L(z,¢).
Finally, AC([a,b], RY) is the space of absolutely continuous functions on [a, b] with values in RY.

Here L : RNV x RV — R is just a Borelian function. We assume moreover that L**(z, &) # —oo for every z
and &; this is the case, for instance, if L is bounded below by an affine function of &.

The following growth condition will be assumed in the main result.

Conical growth assumption (CGA). For every compact subset C of RY and Ry > 0 there exist ¢ > 0, R > 0
and ¢ € R such that

VEERY [ >R  L™(2,€) 2 L™ (2, &) +plx,&) - (€ — o) + el +c

for every x € C, |€o| < Ry and p(z, &) in OL**(z, &o).
The following growth assumption was introduced by Cellina in [5] in the case where L is continuous.

Growth assumption (GA).
We say that L satisfies (GA) if there exist p(z,§) in OL**(z, ) such that

Emoop(xag) g_L**(x’g) = +00 (2'1)

1€]—+

uniformly for = in a compact set.

Remark 2.1.

i) We point out that, in [5], the definition of (GA) is slightly different: it is formulated in an equivalent
way in terms of the polar of L in (z, p(z, £)); moreover the uniformity with respect to the first variable is
not required since it is a consequence of the continuity of L. We use it here since we drop the continuity
assumption.
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ii) Assumption (GA) is fulfilled if, for instance, L(x,&) is superlinear with respect to &; the proof can be
easily done following the lines of [5].

We refer to [8] for a survey on the properties of the functions that satisfy (GA).

Theorem 2.2. [8, Cor 4.4] Assume that L is bounded on compact sets and satisfies the Growth Assump-
tion (GA). Then L satisfies (CGA).

3. RELAXATION

It is well known that if L : RV — R is a function whose bipolar is finite, then, for every ¢ > 0 and ¢ in
RY | there exists &1,...,&m (m < N +1) in RV and coefficients of a convex combination ay, ..., oy, such that
Yo ouL(&) < L(€) + e and ), ;& = & We prove in the next Theorem 3.2 that if L satisfies (CGA) then,
allowing m < 2N + 2, the points §; may be bounded uniformly with respect to £ in compact sets. For this
purpose we first quote, in a more general setting, a powerful consequence of (CGA) that was established in [5]
in the continuous case. For every (z,&) we set

L(x,¢) = li%n_glf L(z,n),

i.e. L(x,&) denotes the lower semi-continuous envelope of the map 7 +— L(z, 7). The proof of the following result
is based on the fact that if f : RV — R is convex and satisfies (CGA) then the intersection of its epigraph with
any supporting hyperplane is bounded. This condition is referred in [5] as the Bounded Intersection Property.

Theorem 3.1. Assume that L satisfies (CGA) and let p(x,§) € OL**(x,£). Then given Ry > 0 and a compact
subset C of R there exists R > 0 (depending only on Ry and C) such that for every x € C; for every &, with
|€] < Ry, there exist at most v < N+1 points &, with |&;| < R, and coefficients of a convex combination «;,

such that ,
(efr0) =X (z0e)

1=

and L**(x,€&) = L(z,&) = L**(2,€) + p(z,€) - (€ = &).

Proof. Tt is enough to remark that Theorem 1 in [5] holds for functions that are lower semi-continuous instead of
continuous and that the bipolar of a function coincides with the bipolar of its lower semi-continuous envelope. [

We are now ready to state a version of Theorem 3.1 that does not involve the lower semi-continuous envelope
of L.

Theorem 3.2. Assume that L(x,§) satisfies (CGA) and that L is bounded on the compact sets. Then given
Ro > 0 and a compact subset C of RN, there exists R > 0 (depending only on Ry and C) such that for every
x in C, for every &, with |£| < Ry and € > 0, there exist at most m < 2N + 2 points &, with |&;| < R, and
coefficients of a convex combination \;, such that

E=300 Nk
S NL(x, &) < L (x,€) + e

The proof of the result needs several preliminary steps. For the convenience of the reader we first give a
sketch of the proof in the case where L does not depend on zx.

By Theorem 3.1, for |¢| < Ry, the point (&, L**(£)) can be written as a convex combination of points (¢;, L((;))
of the epigraph of the lower semi-continuous envelope of L(-); moreover the ¢; are uniformly bounded, so that
they all lie in a simplex generated by N + 1 affinely independent points 7y, ...,ny+1. Now each value f(Cj) can
be approximated with L(n’) for some 7/ arbitrarily near to (;; actually it turns out that for € > 0, if [p/ — (;] is
sufficiently small, then there is a convex combination of (/, L(n?)) and N points among the (n;, L(n;))’s whose
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projection on RV is ¢; and whose last coordinate is less than f((j) + £. The conclusion follows by writing & as
a convex combinations of the points 7; and the 7 constructed as above.

We first need two technical lemmas. Let, if S is a subset of R, int S denote its interior and conv.S its convex
hull.

Lemma 3.3. Let n1,...,mn11 be N+1 affinely independent points of R and n in int (conv{n,...,nnu}), the
interior of the simplex whose vertices are n1,...,Mn+1- LThen:

i) for every I C {1,...,N+1} of cardinality |I| < N the set of points {n, n; : i € I} is affinely independent;
ii) for every £ €int (conv{n1,...,nnn}) there exists a subset I of {1,...,N+1} of cardinality N such that
Eeconv{n, n;: 1 €1}

Proof of Lemma 8.3. 1) It is not restrictive to assume that I = {1,..., N}. Let

N+1 N+1
T]:ZAJHJ )\]>0 Z)\]:].
j=1 j=1

For every ¢ € {1,..., N} we have

n—m=)_ Amy+ N — L,
i

= Ny —nvia) + i = 1)(ms — )
J#i
so that, in a matrix notation,

—=m,...,n—nn]=[m —nna, .0y —nval(A—=1)

where I is the identity and

Now det(A — I) # 0 since the eigenvalues of A are Aq,..., Ay and A; < 1 for every ¢, proving i).
Proof of ii). Let

E=a1m~+ -+ anvanna n=p1m + -+ UNAINH

and we may assume that any /png = min{a;/p; 0 ¢ =1,..., N+1} (notice that all the p; are strictly positive).
Set eny1 = anp/pan and, for i € {1,..., N}, ¢; = a; — picnp: then, for every 4, ¢; > 0; moreover
N+

N N
Zci = Zai _CN+IZ/M + e
i=1 i=1 i=1

=1—anpg — (1 — pnp)eny + evn

=1—-anp +pnvpena =1
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and
N N N1
Z CiNi + CNpM = Z(ai — WiCN41)Ti + CNp Z Win;
i=1 i=1 i=1
N
= Z(Oéi — pieNp + HiCN )T+ CNp N TN
i=1
N
= Z o + anpanna =€
i=1
so that £ € conv{n,n; : i € {1,...,N}}- O

Lemma 3.4. Let n1,...,mnu be N + 1 affinely independent points of RY and let yy, ..., yny be real numbers
and K > 0. For every € > 0 there exists § > 0 such that for every n,§ € int (conv{ni,...,nnq}) and y, 0
in [-K,K], with |n — & < § and |y — ] < 6, there exists a subset I of {1,...,N+1} of cardinality N and
coefficients A\, \; (i € I) of a convexr combination satisfying

f = )‘77 + Zie[ Aﬂh
B+e>y+ ZieI Aili-

Remark 3.5. Geometrically Lemma 3.4 states that given N+1 points (1;,%;) of RV x R and (£, 3) in RY x R
such that ¢ lies in the interior of the convex hull A of the 7;s then, given a positive &, for every point (n,y)
that is sufficiently near to (£, 8) with n € A there exist N points among the (7;, y;)s which, together with (7, y),
generate a N- dimensional simplex in R x R whose projection in R contains & and such that (¢, 3 + ) lies
above it.

Proof of Lemma 3.4. For every I C {1,...,N+1}, |I| = N,y € Rand n € A:= intconv{ny,...,nn41} by
Lemma 3.3i) there exists a unique hyperplane z = a’(n, y) - € + b!(n,y) containing the points (1,y) and (;,v;)
(i € I). Moreover the coefficients a’(n,y),b! (1, y) are continuous functions of (n,%); in fact from the equations

{ al(n,y)-n+bo'(ny) =y
a’(n,y) -+ b (n,y) =wi (i € 1)

we deduce that the vector a’(n,y) solves the system
a'(my)-m—mi)=y—vy: (i€l

again by Lemma 3.3i) the vectors n —n; (i € I) are independent so that the latter system has a unique
solution a’(n,y) given by Cramer’s rule which is a continuous function of 1 and y; the continuity of b’ follows
from the equality b!(n,y) =y — a’(n,y) - 1.

Set, for every I C {1,..., N+1},

o' (m,y;¢) = a’ (n,y) - ¢+ b (0, y);

we point out that, by construction, for a fixed (1, y) the point (¢, @’ (1, y;¢)) belongs to the (unique) hyperplane
containing the points (n,y) and (1;,y;) (i € I). Since, for every ¢ € A and § € R,

0 (¢, B;¢) = B,
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then, by the uniform continuity of ! on A x [~K, K] x A, for every ¢ > 0 there exists § > 0 such that, for
every subset I of {1,..., N+1} of cardinality N,

gol(n,y;(:) < B+ ewhenevern,( €A |n—(¢|<dandy,fe[-K,K] |y—0]<6é. (3.1)

Now fix { in A and & > 0. Let I C {1,..., N+1} be such that £ belongs to conv{n,n; : i € I'}; such a set exists
by Lemma 3.3ii). Let § be such as in (3.1) and |n — &| < §, |y — 8] < & so that o!(n,y;¢) < B+ ¢e. Then, if
we set

&=+ Z it
icl
for some coefficients A\, \; (i € I) of a convex combination, the linearity of ¢! in the third variable yields
A" (myim) + D X! (nysmi) < B+ e,
icl
proving the claim since ! (n,y;n) =y and ¢! (n,y;m:) = vi- O
We are now ready to prove Theorem 3.2.

Proof of Theorem 3.2. Fix x in C. By Theorem 3.1 there exists Ry > 0 (depending only on Ry and C),
Gy, G (v < N+1), with |(j] < Ry, and coefficients «; of a convex combination satisfying

{ §= 2521 ;Gj
L**(x,€) = 37y o L(, G);

where L denotes as usual the lower semi-continuous envelope of L(x,-). It is not restrictive at this stage to
assume that L(x,&) = L(§). Let m1,...,nnpa be such that

{C cRY . <] < Rl} Cint (conv{ni,..., N4 })

and set

yi=L(ni), i=1,...,N+1, K =sup{L(¢): [¢| < R}
Fixe > 0and jin {1,...,v}; set 3 = L({;). Correspondingly, let § > 0 satisfy the property stated in Lemma 3.4.
By the definition of L there exist 7/ € int (conv{ny,..., a4 }) such that

[’ = Gl<d and L) < L(¢) +4.

We apply Lemma 3.4 with n = n/, &= (jandy = L(n’): there exists a subset I; of {1,..., N+1} of cardinality N
and coefficients M, X!, (i € I;), such that

{ G =N+ Xy, N
N L)+ Yier, N L) < L(G) + .
Therefore we obtain that

€ = ZO&jCj = Z(Jéj )\j’ﬂj + Z )\1771
j=1 j=1

il

=Y N+ [ DN |,
j=1

iel; \j=1
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and moreover

L) +e= Zaj (L(¢) +¢)

j=1 i€l
= ZO‘JAJL(Wj) + Z Z%Ai L(n:)
j=1 iel; \j=1
If we set
)\1:OLZ>\Z 1fz€{1,,1/}
X=X, ifie{v+l,.. v+ (N+1)}

the above formulae can be rewritten as

{ §= i, N+ X, il
Zigy MNL(n') + D isy Nil(ni) > L**(€) +e.

Moreover |’ < R and |n;| < R, where R = max{|n;| : @ = 1,...,N+1} (which depends only on R; and
therefore only on Ry and C); proving the claim. O

We consider here the problems
b

inf {F(y) = / L(y(t),y'(t) dt - y € AC([a,b],RY), y(a) = A, y(b) = B} (P)
b

inf {F**(y) = / L™ (y(),y' (1)) dt : y € AC([a, ], RY), y(a) = A, y(b) = B} : (P)

It is well known that inf F = inf F** if L is continuous and superlinear ([7], Th. IX.3.1); actually in this
case F** is the relaxed functional of F. In [5] Cellina proved that inf F' = inf F** if L is just continuous and
satisfies (GA). We examine here the case where L is just continuous in the first variable, focusing our attention
on the infima of the functionals F' and F** instead on the relaxed functional of F'

Theorem 3.6. Assume that L is bounded on compact sets and that x — L(x,£) is continuous for every & € RV,
If L satisfies (CGA) then inf F' = inf F**.

Proof. We follow the lines of the proof of the analogous result ([5], Th. 3) in the case where L is continuous
in both variables, but instead of Theorem 3.1 we use Theorem 3.2. Let x € AC([a,b],RY) and ¢ > 0. From
Theorem 2.4 and Remark 2.8 of [1] applied to L** there exists a Lipschitz function 2, of Lipschitz constant Ry
satisfying the boundary conditions and such that

b

b
/ L (ery (£), 2, (1)) dt < / L™ (a(t), 2/ () dt + /3.

a

Set C' = {xp,(t) : t € [a,b]}. Since |, (t)] < Ro for a.e. ¢ then, by Theorem 3.2, there exists R (depending
only on Ry and C), m < 2N + 2 coefficients \;(¢) of a convex combination and vectors y;(¢t) (i = 1,...,m) with
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lyi(t)| < R such that

T, (t) = 20721 Ai(B)wi(t)

S MOy (0. 4(0) < L (oma(t), 5, () + 55

By a standard selection argument, we may assume that the maps y; and \; are measurable. Fix an integer k

and consider the intervals I; = [t;, ¢;11], where t; = a+ j2% (j =0,...,k—1) and call x;, their characteristic
function. By Lyapunov’s Theorem on the range of vector measures [9] there exists a partition of [a, b] into m
measurable subsets F;, with characteristic functions xg,, such that, for j =0,...,k — 1, one has
[ Sonmd = [ S e ouar
I =1 i =1
| SonOL e 0.0 dt = [ 3 OLwr 0,00 .
I i=1 i i=1

Denote by xj, the absolutely continuous defined by zx(a) = A and
t
)= [ S uo)nnm (5)ds
a Z,j

in particular for every k and every j =1,...,k, we have
/ x'p, (t)dt = / x(t) dt,
I I

so that the functions xr, and x; coincide at each point t;. Since

L(:L'Ro (t)v x;c(t)) = Z XI;NE; (t)L(:L'RO (t)v yl(t))

we also have that

b b m
/ Liwr, (t), 2} (1)) dt = / S AL, (1), (1)) d;

@ =1
so that, from =, it follows that
b b
| Lon®.ai®)de < [ L (o, ()., (1) + /3

a a

Now
b b b
| Len®.ai®)dt = [ L)) de+ [ Lo, (0,540 - Lean(o), i) dt
moreover, &g, is uniformly continuous, the functions xj are equi-Lipschitz, zx(t;) = zr,(t;) (j =0,...,k—1).
Hence, if t € [a,b] and t; <t < t;y1,
2 (t) = 2Rro (V)] < |2k(t) — 2k ()] + |2k(t)) — TRo (¢5)] + |2 Ro () — TR, (1)
= |z (t) — zi(tj)| + |zRy (t5) — 2Ry (1)| < (R+ Ro)(b—a)/k
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so that xj converges uniformly to xr, as k tends to +00. By our assumption the function L(zr,, z},) — L(zx, },)
is bounded a.e. by a constant that does not depend on k. The continuity of L with respect to the first variable
together with the dominated convergence theorem imply that

b

Jim [ L (0, 7,0 ~ Lan(t) 74(0) dt =0,

It follows that for k sufficiently large,

b b
/L(xk(t),z;(t))dtg/ L(xRO(t),z;(t))dt+s/3§/ L(z(t),2'(t))dt + ¢

proving that inf I’ <inf F™**. O

We point out that, under the assumptions of Theorem 3.6, the functional F** is not in general the relaxed
functional of F'; we refer to [2] for some recent results in this direction. This is the case in the forthcoming
example, where we also show that the conclusion of Theorem 3.6 does not hold if L is not continuous in .

Example 3.7. Let g be the characteristic function of R \ {0} and h(¢) = €2 if £ # 0, h(0) = 1 and set
L(z,&) = g(x) + h(€). Let (P), (P**) be the problems

in {F<y> ~ [ zwean 0 =050 =0y € ac(o. 1LR>} (P)
in {F**@) ~ [ e eras v =041 =0,y € ac(. 11,R>} - (P*)

For every x in R we have L**(x,&) = g(z) + &2, so that the minimum of the problem (P**) is equal to 0 and
it is obviously assumed for y(t) = 0. However inf F' > 1; in fact let y € AC(]0,1],R) and set E = {t € [0,1] :
y(t) = 0}, then y/(t) = 0 a.e. on E, so that

/0 L(y().4/(t)) dt = / £(0,0)dt + /01]\EL<y<t>,y'<t>>dt

S
[Ol\E

> |E|+|[0,1] \E| = 1.
Notice that nevertheless, from [3], the minima of F' are Lipschitz.

4. LIPSCHITZ REGULARITY OF THE MINIMA OF (P)

In this section we apply our result to the problem of the Lipschitz regularity of the minima of (P). It is
well known that if L(z,£) is continuous, convex and superlinear in £ then every minimum of (P) is Lipschitz.
In some recent papers the same conclusion is proved under weaker assumptions; we just mention [5,6,8]. Our
result is in the same spirit of the last two that we recall here.

Theorem 4.1. [5] Assume that L(x,§) is continuous in both variables and satisfies (GA). Then every minimizer
of (P) in AC([a,b],RY) is Lipschitz.

Theorem 4.2. [8] Assume that L(x,&) is convex in & and satisfies (GA). Then every minimizer of (P) in
AC(la,b],RYN) is Lipschitz.

The following theorem weakens the continuity assumption of Theorem 4.1.
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Theorem 4.3. Assume that x — L(x,£) is continuous for every & and that L satisfies (GA). Then every
minimizer of (P) in AC([a,b],RY) is Lipschitz.

Proof. By Theorem 3.6, inf F' = inf F**; therefore every minimum of F' is a minimum of F**. The func-
tion L**(x,&) is convex in ¢ and satisfies (GA): Theorem 4.2 yields the conclusion. O
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