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THE REVERSE BORDERING METHOD*
C. BREZINSKIt, M. MORANDI CECCHI¥, AND M. REDIVO-ZAGLIAS

Abstract. The bordering method allows recursive computation of the solution of a system of
linear equations by adding one new row and one new column at each step of the procedure. When
some of the intermediate systems are nearly singular, it is possible, by the block bordering method,
to add several new rows and columns simultaneously. However, in that case, the solutions of some
of the intermediate systems are not computed. The reverse bordering method allows computation
of the solutions of these systems afterwards. Such a procedure has many applications in numerical
analysis, that include orthogonal polynomials, Padé approximation, and the progressive forms of
extrapolation processes.
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1. Introduction. The bordering method is a recursive method for computing
the solution of a system of linear equations. It consists, at each step, of adding one
new row and one new column to the previous matrix and using the previous solution
to compute the new one. This method can only be used if some quantity is differ-
ent from zero at each step. If, at some steps, this quantity is zero (or nearly zero),
then it is possible to add several new rows and columns to the matrix simultaneously.
However, if this situation occurs, the solutions of the intermediate systems that have
been skipped are not computed. This is a drawback of the method since, in some
applications, the solutions of all the intermediate systems must be known (if non-
singular). In this paper we propose the reverse bordering method for avoiding this
case. The procedure is, after jumping over the near-singular intermediate systems and
computing the solution of the first nonnear-singular system, to go back by decreasing
the dimension of the matrix (that is, by deleting the last row and the last column)
and using the solution of the previous larger system for computing the solutions of
the smaller systems that have been skipped. Such a procedure has applications in the
recursive computation of orthogonal polynomials, in Padé approximation, and in the
implementation of the progressive forms of extrapolation algorithms.

2. Bordering method. When we must solve a system of linear equations that
is obtained by adding one new equation and one new unknown to a given system
or, in other words, when the matrix of the system has been bordered by a new row
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and a new column, the bordering method can be used to save computational time.
This method is well known in numerical analysis and permits us to solve a system

recursively by using the solution of the previous system (see, Faddeeva [7]). Let us
first explain this method.

Let Ay be a regular square matrix of dimension k and dj a vector of dimension
k. Let zx be the solution of the system

Akzk = dk.

Now let ux be a column vector of dimension k, v a row vector of dimension k,
and aj a scalar. We consider the bordered matrix Ayt of dimension k + 1 given by

A, u
= ).

AL = AN+ A uvr AL B — AR u/ Br
k+1 —v At/ B 1/Bk

We have

with B, = ax — va,Zluk.
Let fx be a scalar and zi41 be the solution of the bordered system

d
Akt12k41 = dpy1 = ( f’;: ) .

_ a1
= () B (A ),

This formula gives the solution of the bordered system in terms of the solution of
the previous system.

To avoid computation and storage of A,:l, we can set g, = —A;luk and compute
it recursively by the same bordering method. In such a way, we obtain the following
variant of the bordering method that needs the storage of Ay instead of that of A} !
for the original procedure.

Let q,(:) be the solution of the system

Then we have

A? = =),
where ugf) is the vector formed by the first ¢ components of ug. Thus ugi) = u; and
qy) = ¢; for all 4. A; is the matrix of dimension ¢ formed by the first ¢ rows and

columns of Ag.
We have, since A; is a number,

A’

gt = ( ¢ ) _ Ukjitl +vif1,(f) ( ¢ ) il k-1,
0 ai + vig” 1

i =



924 C. BREZINSKI, M. MORANDI CECCHI, AND M. REDIVO-ZAGLIA

where ug ;41 is the (i 4+ 1)th component of uy.
Then

g = qp = — A uy,

thus allowing us to use the previous formula for computing 241 without knowledge

of A;'; [3] and [4] contain the subroutine BORDER performing this variant of the
bordering method.

3. Block bordering method. The bordering method can be applied only if
Br # 0 for all k. When this is not the case, we can use a block bordering procedure
(see Brezinski, Redivo-Zaglia, and Sadok [5]).

We now assume the following dimensions for the matrices involved in the process

A ng X ng,
U Nk X Pk,
Vk Pk X Nk,
ag Pk X Pk,

and finally

Akt Ng41 X Mgl

with ngy1 = ng + pk.
We set

-1
Br = ar —vp Ay " ug

and we have

A-1

(A‘ + A ukﬁk va oAy uk,Bk )
k+1 — :

_,Bk 'Uk:A ﬂk

fx is now a vector with py components and we obtain

-1
241 = ( z(;c >+< Afkuk ) Bt (fr — vk2k),

where I is the identity matrix of dimension pg.

The subroutine BLBORD given in [4] performs this block bordering method.

Remark. We note that the subroutine BLBORD only works if a;; = 1, which can
always be made true. It is also possible to add the instruction A(1,1)=1.0D0/A(1,1)
after the instruction Z(1)=D(1)/A(1,1).

Again it is possible to avoid computation and storage of A,;l by setting qx =
——A;luk (whose dimension is ny X px) and computing it recursively by the bordering
method in the following way.

Let ug) be the n; x py matrix formed by the first n; rows of uy, for i < k, n; < ng.

We have u(i) = u;. Let q,(:) be the n; X p, matrix satisfying Azq,(:) = ugci) fori < k.
We have q( D= = g;.

We set
o = A )
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and then we have
@+ _ [ ¢ ¢\ 5-1 (i) =1, k-1
% "={% )~ Bi " (uki+1 +vigy” ), i=1,...,k—

with 3; = a; + viqz(z) and ug ;41 the matrix formed by the rows n; +1,...,n; + p; of
U-

Instead of using the block bordering method when S is zero for some k, it is
possible to use a pivoting strategy. If, for some k, By = 0, then the last row of the
matrix can be interchanged with the next one and so on until some 8 # 0 has been
obtained. Such a procedure is not adapted when the solutions of the intermediate
systems must be computed. It can be used if only the last solution is needed and if
the solutions of the intermediate systems are not required.

Obviously, the block bordering method can also be used even if the matrix G is
nonsingular and thus, at each step, an arbitrary number of new rows and columns can
be added. In particular, when some of the intermediate systems are almost singular,
such a strategy allows us to jump over them and thus improve the numerical stability
and precision of the solutions of the subsequent systems. However, in such a case the
solutions of the systems that have been skipped have not been computed. The reverse
bordering method that we now present allows us to come back afterwards to these
systems by deleting rows and columns one by one and obtain their solutions from the
solution of the larger system.

4. Reverse bordering method. Let us now look at the possibility of finding
At from AL,

We write the inverse matrix A,;il of dimension n41 under the form

LA A

A ’
AT 1 - ko U 'n;c
k+1 v, a, )

The matrix Agy; will also be partitioned by blocks with the same corresponding
dimensions. Thus A will be the square matrix of dimension n}, = ng.t1 — pj, obtained
by suppressing the last pj, rows and columns of Ag,;.

From the block bordering method we know that

’ -1 -1 -1 -1
k= A +Ak uk,Bk ’Uchk

’ -1 -1 ’ -1 -1

up = —AL urBy vy = =B kAL,

/ -1 -1
ap =B Br = ax — v A ug.
Because
1—1
a, = Br
then
roi—1 -1
upa, = —Ap ug,

and thus

1 1—=1 -1 -1 -1
upay v, = A urB; vkdy .
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Thus using this in the expression of A} gives us
4y Ay = A - g v

This formula, which corresponds to the Schur complement, was already given by
Duncan in 1944 [6]. The following relations also hold.

det Ayt = det Ay}, / detaj,
det Agq1 = det Ay, - det B.

Moreover, from the Sherman-Morrison formula (see [8] for review), we have

1 A -1 -1
k_( kE— Uk Oy Uk) )

and
=1, —1 =11 at=1_1 pl—1

A, = (A} —uya” vk) =A, + A u By v Ay,

with

Bl =al — ol AI71
k= 0k — Vg Ak

This is another proof of (1).
From these formulse, we obtain

Ap = A7 +upap o = (A —ujal vp)” '
w=Agt tupa v = (Ae — ukap’! vk)—l.
Now we want to compute the solution zx of the previous system
Az = dy

starting from the solution z;41 of the bordered system

di n
App12k41 = dpg1 = c.
+ * e ) »e

As previously stated
z} —A1 -
Zk+1=(c:>=<zéc>+( fkuk>ﬁk1(fk—'vkzk)
/
= ( Z(;c )—I— ( Z;’: ) (fk-—vkzk).

Thus
ck = alfrx — QfVk2R,
that is,
ay ek = fr —vkzk or wkzk = fi —ai ck
and

2p, = 2k +uf, (f — vk2k) = 2k + U, a;c”l Ch-
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Finally, it holds that
2 = 2, — ul ay "t ek

Another way of finding zj, is as follows. From (1), we have

Aldy = Aldy, — ) af v dy.

2z \ _ [ AL up de \ _ ( Aydi + upfi
c )\ v a fe )\ wde+apfi )’

/ ! / / /!
vk =2z, —upfr and wvidy = ¢, — a) fi

But

Thus

and we have

-1 —
Zp = Ak dk = Z,Ic - u}cfk - u?ca;c ! (ck - afcfk)

! ! 1 1—1 1 1—1 7
=2k — upfr —upa ek +upay ag fi

= 2}, — uja) te.

5. Variants and particular cases. Instead of bordering the matrix Ay as we
did, we can also add the new rows and columns on the top and on the left according

to the scheme
_ ar Vg
Ak+1 = ( Uk Ay ) .

Thus the inverse matrix becomes
A—l B ﬁl-c—l _/Bk—lvalzl
k+1 — — - - — - — .
—A7 ueByt A+ AL wBy kA

The solution zg41 of the bordered system

App12k+1 = dgy1 = ( gﬁ )

can be computed by

2yl = ( :C >+( _Iél‘:c—klulc > Bt (fr — vor) .-

Similarly for the reverse bordering method, starting from

’ ’
P Mk
/

7
Al ap Vg Pk
= ] /
k+1 uk Ak ?’L;c
we have

-1 _ 4 1 =1 _1
Ak —Ak—ukak Uk.
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The solution zy of the system
Az = dy,

can be obtained from the solution zx4; of the bordered system

Ap412p41 = dpg1 = ( ‘5: ) P

nj,
Ck P}
_— k
Ze+l = Z,’c n;c

2 = 2}, — uj aj * k.

We set

and we have

Thus the block bordering method and the reverse bordering method can be ap-
plied in the following two cases.

Case 1.
Uk ag ! fk )

(ertir) = = ()

There are also two other possibilities of bordering that could be investigated.

Case 3.
() e - ()
ar | vk TR )

This case can be treated the same as Case 2 because we can put the last py rows
of the matrix and the right-hand side on the top and all the formulse for the methods

are the same.
Uk | ak Y _(_J
Ak Uk k+1 dk .

Case 4.

This case can be treated the same as Case 1 for the reason explained in Case 3.

Two particular cases can be interesting since they have many applications.

Let us first consider the case where Ay is a Hankel matrix; that is, when its
elements a;; are such that a;; = c;4; where the ¢; are given complex numbers. In this
case, the reverse bordering method must be applied in its normal formulation because
the structure of the inverse matrix does not permit any simplification.

Let us now consider the case of Toeplitz matrices. Let Ay = (a;;) be the Her-
mitian positive definite Toeplitz matrix, built from a sequence of complex numbers

Case 2.

Co,C1,C2, ... Thus we have a;; = ¢;—; (for i,j =0,...,n, — 1), ¢ = ¢_;, and
Co c1 C2 crr Cpg—1
c1 ) & crr Cpgp—2
— 7(0) _
Ay =T, ) =

Cnp—1 Cpnp—2 Cpp—-3 °*° Co
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In this case, Ax41 can be obtained from Ay by bordering either at the bottom and on
the right or at the top and on the left. In both cases, due to the particular structure
of the matrix, we have vy = ﬁ%‘

Thus we can choose between two bordered matrices of dimension ng41 = ng + px

_{ Ar uk v _ | o Wy
Ak+1 = ( Ez‘ an or Ak+1 = Wy Ak .
Obviously the two possibilities are not equivalent and the systems to be solved
are different. However, in both cases, the bordering method can be applied after the
simplification due to the special structure of the matrices.

If we consider the reverse unit matrix J (i.e., the unit matrix with its columns in
the reverse order) of order ny and the reverse unit matrix J’ of order pg, we have

wy = JugJ'.

6. Numerical examples. When solving a system of linear equations by the
bordering method some intermediate systems can be nearly singular. In that case, the
block bordering method described in [5] allows us to jump over these near-singularities
and the numerical stability of the process is thus improved.

Before giving a numerical example, let us discuss our strategy for deciding when
and how far to jump. This strategy is based on the relation

det Ag+1 = det Ay - det By.

Assuming that A;l has already been obtained, we first add one new row and one new

column to the matrix Ay; that is, we use the formulee of §2 (or, equivalently, those of
§3 with pp, = 1). If

1Bkl < e

for some given € > 0, we will add one more new row and one more new column to Ay
and use the formule of §3 with py = 2. If

|det Bi| < ¢

we again add one new row and one new column to Ay and repeat the process until,
after having added px new rows and columns, we obtain a matrix 3; such that

| det Bi| > e.

Then A,:il and zp41 can be computed by the formulee of §3. Let us also mention
that the determinant of Bi is computed as the product of the pivots in a Gaussian
elimination process. Such a strategy avoids the inversion of nearly singular matrices

B, thus improving the numerical stability of the bordering method as shown by the
following examples.

We first consider the system

1 1 1 1 -1 0 -1 1 -2
1 1 2 0 1 1 -1 2 13
1 1 -1 0 2 -2 0 3 -2
-1 1 2 0 -1 1 2 4 | = 22
0 0 0 O 1 1 2 5 25
0 0 0 0 1 1 1 6 18
o 0 0 0 -1 0 2 7 9
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TABLE 1
Solutions with the bordering method (n = 10714).

n

1 —0.2000(1)

2 —0.1501(16) 0.1501(16)

3 —0.1001(16) 0.1001(16) 0.5000(1)

4 —0.4500(1) 0.7500(1)  0.4992(1) —0.1001(2)

5 —0.2950(2) —0.9297(1) 0.1333(2) 0.4833(2)  0.2500(2)

6 —0.7006(15) —0.1171(16) 0.9348(15) 0.1635(16) 0.7006(15) —0.7006(15)

7 0.9222 0.1859(1)  0.3006(1) 0.3570(1)  0.5078(1)  0.5922(1)  0.7000(1)
TABLE 2

Solutions with the block bordering method (n = 1014, = 10~14).

—0.2000(1)

—0.4500(1) 0.7500(1) 0.5000(1) —0.1000(2)
—0.2950(2) —0.9167(1) 0.1333(2) 0.4833(2) 0.2500(2)

NO Ok W -3

0.1000(1) 0.2000(1) 0.3000(1) 0.4000(1) 0.5000(1) 0.6000(1) ©0.7000(1)

In this system, the subsystems of dimensions 2, 3, and 6 are singular. Thus we
add a perturbation 7 to a1 and ass. So that the solution of the system remains the
same, we also add 7 to the first component of the right-hand side and 57 to its fifth
component.

Using the bordering and the block bordering methods for solving this system, we
obtain the results in Tables 1 and 2 (¢ denotes the threshold under which the block
bordering method jumps and the numbers in parentheses denote the powers of 10).

However, in some applications, it is necessary to compute the solutions of all the
intermediate systems. For example, this is the case in the computation of orthogonal
polynomials [9], the Padé approximation, and the implementation of the progressive
forms of extrapolation processes where the first step consists of the computation of
the first descending diagonal of the triangular array [4]. In such cases, the block
bordering method allows us to jump over the near-singular systems and then the
reverse bordering method allows us to compute afterwards their solution with an
improved numerical stability.

Let us first discuss the strategy used in the reverse bordering method. We assume
that A" and A}, are known and we want to compute the solutions of the inter-
mediate systems of dimensions ng4+1 — 1,...,n% + 1, which were skipped in the block
bordering method when climbing to higher dimensions. We begin by deleting the last
row and the last column of A;iv that is, we use the formulee of §4 with pj, = 1 and

n}, = ng+1 — 1. For that, we must compute aﬁc"l. If a}, is nearly singular, we delete
the last two rows and the last two columns of A,'c'il; that is, we use the formulae of
84 with p}, = 2 and n} = ng4+1 — 2 and so on until a nonnearly singular matrix aj,
has been obtained. The near singularity of aj, is tested by computing its determinant
(again by Gaussian elimination) and checking to see if | det a}| < ¢’ or not. However,
if, in this test, we take €’ > e (where € is the threshold used in the block bordering
method) then a jump will occur from ny41 to ny and the intermediate systems that
were not solved when climbing to higher dimensions will again be skipped. Thus we
must choose &’ < e.
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TABLE 3

Solutions with the block bordering method and the reverse bordering method (n = 1014, =
10714, ¢’ = 10—20).

n
1 —0.2000(1)

2 —0.1501(16) 0.1501(16)

3 —0.1001(16) 0.1001(16) 0.5000(1)

4 —0.4500(1) 0.7500(1)  0.5000(1) —0.1000(2)

5 —0.2950(2) —0.9167(1) 0.1333(2) 0.4833(2)  0.2500(2)

6 —0.7006(15) —0.1168(16) 0.9341(15) 0.1635(16) 0.7006(15) —0.7006(15)

7 0.1000(1) 0.2000(1) 0.3000(1)  0.4000(1)  0.5000(1)  0.6000(1)  0.7000(1)

Let us now return to our previous example. Table 3 shows this improvement (&’
is the threshold for jumping in the reverse bordering method).

Let us now give an example with the e-algorithm. This algorithm is an extrapo-
lation process whose theory can be found in [4]. It can be interpreted as solving the
system

apSo + @151+ -+ - + apSk =1
apS1+a152+ -+ apSk41 =1

agSk + a18k41 + - +apSop =1

and then computing [1]

k
0
Egk) = 1/ E a;.
i=0

Let us apply the e-algorithm to the partial sums of the series expansion of

) = . +hiz+ -+ byogz™ ! 2™
B 1+zm '

Thanks to the theory of the e-algorithm and its connection with Padé approxi-
mants (see the next section), we should have

e = f(x).

With = 0.25,m = 10,z = 2, and b; = i - 1), we have f(z) = 2.998536585365854.
We set e = 1076 and €’ = 10730 for the block bordering and reverse bordering methods

and we obtain the following results for sg;c). R means that the corresponding value
was obtained by the reverse bordering method.

k Bordering method Block and reverse
0 || 1.000000000000000 || 1.000000000000000
1 || 0.833333333333333 || 0.833333333333333
2 || 1.500000000000007 || 1.500000000000007
3 || 1.500000000000006 || 1.500000000000007 | R
4 { 1.500000000000004 |i 1.499999999999987 | R
5 {| 1.500000000000004 || 1.499999999999984 | R
6 || 1.500000000000006 || 1.500000000000006 | R
7 || 1.500000000000007 || 1.500000000000006
8 1.057370161706715 1.061205132114060
9 || 5.442384375014805 || 5.530461077969034
10 || 2.965829933964836 || 2.998536585365856
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Thus, only two exact digits are obtained for eg%) with the bordering method and
fifteen exact digits with the block bordering and reverse bordering methods.

Let us now take n = 0.1,m = 10,z = 1,b; = n/i, and € = 1073,

We have f(z) = 1.141448412698413 and we obtain

k Bordering method Block and reverse
0 || 1.000000000000000 {| 1.000000000000000
1 || 1.200000000000000 || 1.200000000000000
2 || 1.299999999999898 || 1.299999999999898
3 || 1.366666666630687 | 1.366666666630683 | R
4 || 1.416666663166007 || 1.416666665980086 | R
5 || 1.416669182535733 || 1.416669185348150 | R
6 || 1.370133070676631 || 1.370133070822927 | R
7 1.363779438853716 1.363779438821982
8 || 1.299241827763746 || 1.299241827748625
9 1.221626694740750 1.221626694709201

10 || 1.141448412733146 || 1.141448412698013

Again the precision has been improved by the reverse bordering method.

In both examples, the subsystems of dimensions 3, 4, 5, and 6 were nearly singular
and their solutions were obtained by the reverse bordering method from the solution
of the system of dimension 7.

7. Application to Padé approximants. An important application of the bor-
dering and the reverse bordering methods is the recursive computation of Padé ap-
proximants. We now recall the necessary definitions (see [2]).

A Padé approximant is a rational function whose series expansion in ascending
powers of the variable agrees with a given power series f up to the term whose
degree is the sum of the degrees of its numerator and its denominator. Such a Padé
approximant is denoted by [p/q]¢(x), where p is the degree of the numerator and ¢
the degree of the denominator. By definition we have

[p/d)s(z) — f(z) = O(xP*at?).
Let us define the linear functional ¢ on the vector space of polynomials by
c(z')=¢ fori=0,1,....

We consider the polynomial P; of degree k belonging to the family of orthogonal
polynomials with respect to ¢; that is,

Pi(z) = by + b1z + -+ + bra®
such that
‘ k
c(z' Pe(x)) = ciyjbj=0 fori=0,1,....,k—1.
=0

One of the b;’s is arbitrary and we choose the normalization by = 1.

The coefficients by, ..., by are obtained as the solution of a linear system
N by Co
c2 €3 vt Ckyl b2 c1

Ck Ckt1 ' Cok—1 by Ck—1
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If we denote by Ay the Hankel matrix of the preceding system, by dj its right-
hand side, and by zx = (b1,...,bx)T its solution, we can solve this system by the
block bordering and the reverse bordering methods.

We consider the formal power series

flx)=co+ciz+cox®+---

and the polynomial Py () given by
Py(z) = 2% Py (z71) = b+ bpr o+ - + by 2P 4 2k

From the connections between Padé approximants and orthogonal polynomials, we
know that Pg(z) is the denominator of the Padé approximant [k —1/k]; (z). If we
want to have the normalization by = 1 one can simply consider the polynomial

P;(z) = b; ' Pu(a).

Thus the block bordering and the reverse bordering methods allow us to compute
recursively the coefficients of the denominators of the Padé approximants [0/1], [1/2],
[2/3], ....

To control the accuracy and numerical stability of the reverse bordering method,
we take f as the power series expansion of a rational function with numerator of degree
k — 1 and denominator of degree k. In that case, the Padé approximant [k — 1/k|¢
must be identical to f. We set

_l+oz+ a4+ +opzh!
1+ Boxk

f(=z)

=co+ 1T +cox? 4.

Giving some values to the «;’s and to the [;’s, we compute the c¢;’s so that
[k — 1/k]f = f; that is, in order to have

b
P,:‘=1+ﬁoa:k=1+-b—°a:k,
k

where by = 1, by, is the coefficient of 2* in the orthogonal polynomial Py, and all the
b;,i = 1,...,k — 1 are zero. The o;’s depend on a parameter 7 and we give to it
different values.

We set € as the threshold under which the block bordering method jumps, and &’
as the threshold under which the reverse bordering method jumps.

In the following examples, we give the residual 7 = |Ag 2zx — di|, where 2 is
the vector of the coefficients b;,i = 1,...,k of the polynomial P (the numbers in

parenthesis denote again the powers of 10). The coefficients of the polynomial P},
which is the denominator of [k — 1/k| = f, are also given.

7.1. Example 1. We consider the function

_ 1+nz + na?
- 1—2x3

f(z) =1+nz+n2® +a+nzt +na® 428+,

We should have [2/3]; = f, that is, P§ =1 —a3.
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n=10"%
Bordering method Block and reverse
k no jump e=10"4,¢/ = 1010
1 11(—15) 0 R
2 .11(—15) .46(—16) .0 .16(—15) R
3 0 21(—16) 50(—11) 22(—15)  .17(—20) .0
Py =1-.2810"163 — 49.107 1132 — 33 Py =1+.25.1072}¢ —.23.107 2042 — 8
n= 10—10
Bordering method Block and reverse
k no jump e=10"9%¢ =10"15
1 .0 .0 R
2 .0 .83(—17) .0 .83(—17) R
3 .0 .25(—16) .0 .0 0 0

Py =1-.25-10"15z — o3

7.2. Example 2. We consider

_ 1+4nz + 2n2? + 3na®
- 11—zt

f(=)

Py =1+.61-10"26z — 2°

the function

We should have [3/4]f = f, that is, in particular, P} =1 — z*.

The system to be solved is

n 2n 3n 1 by 1
2n 3m 1 1 b | __| m
3n 1 n 27y bs 2n
1 n 2n 3 by 3n
n=10"4
Bordering method
k no jump
11.0
2 | 22(-15)  .51(—15)
3.0 66(—15)  .47(—11)
4 | 44(-15) 55(—15) .25(—12) .61(—12)

Py =1+.75-10"15¢ — .24 . 10~1222 — 6110~ 1243 — 4

n=10"4

Block and reverse

=1+ nz +2nz% + 3nz® 4+ 2* + na® + 292’ + 302" +-

k e=10"4, ¢’ =10~10

1 .0

2 | 22(~15) 51(-15) R
3| .0 23(—15)  .76(~16)

4| 11(-15) 20(=15) .53(—15) .61(-12)

Py =1-.74-10"%z — 34.10" 1522 — 61101223 — 24
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n=10"*

Block and reverse
e=11.10"%, ¢ =10"10

67(—15)

20(—12)  .17(—12)

11(~15)  .23(—15) .52(—15)
11(=15)  .12(=15) .92(—16) .61(—12)

=W NN =R

P;y=1+.6-10"12+.91-10716z2 — 61.107 1253 — 24

n=10"%

Block and reverse
e=10"3, ¢ =10"10

67(—15)

67(—15)  .24(—15)

11(—15)  .23(—15) .76(—16)

0 0 0 0

W N =R

R
R
R

Py =1+4.94-10"21z + .11- 1071922 — 24. 1071923 — 24

n= 10—10
Bordering method
k no jump
14{.0
2 | .11(-15) .26(—15)
3.0 45(—15)  .35(—5)
4 | .22(—-15) .83(—16) .36(—6) .36(—16)
P;=1+.19-10"%z — .36 107622 — g4
n= 10—10
Block and reverse
k e=1079 ¢ =10"15
11.0 R
2 (.0 .37(—15) R
31.0 .83(—17)  .41(-—15) R
4 (.0 .0 .0 .52(—25)

Py =1-.37-10"26z — 93-107 262 — 511072553 — 24

A44(—15)  .12(—14)  .96(—2)
22(—15)  .11(—14) .96(-2) .96(—17)

n=10"15
Bordering method

k no jump

1]1.0

21.0 .16(—15)

3

4

Py =1+.1-10"*z+ .96-10"222% — z*
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n=10"15
Block and reverse
e=10"1, ¢ =10"20

.89(—15)

11(—14)  .47(-15)

22(—15)  .33(=15) .32(—17)

0 20(=30) .0 0

P} =1-.16-10"%0g 4 .71. 103122 — z*

s I=v ]

W N =R

7.3. Example 3. We consider the function

_ 1+ x+nz? + 2nz® + 3na?
- 1—ab

=1+ +nz? + 20z + 3nz* + 25 + 2% + nz” + 2928 + 3n2® +--

f(z)

We should have [4/5]f = f, that is, P¥ =1 — 2°.

n=10"3
Bordering method
k no jump
1].0
2 (.0 .0
3| .22(-15) .0 .29(—15)
4 | .22(-15) .22(—15) .51(—15) .62(—11)

5 | .22(—15) .22(—15) .47(—15) .84(—11) .11(—15)
Pr=1-.41-10""g + 41107122 + 41- 10" 123 — 4110~ g4 — 25
n=10"%

Block and reverse
k e=10"%, ¢ =10"10
11.0
2 1.0 0 R
3| .11(-15) .0 .16(—15) R
4{.0 .0 46(—16)  .73(—16)
5 | .22(—15) .0 .61(—16) .26(—15) .30(—15)

P} =1-.15-10"1z 4+ .76 1071622 + .18 - 1071523 4 .12 1071824 — &®

77‘:10_15
Bordering method
k no jump
11.0
21.0 .0
3(.0 .22(—15)  .11(-15)
4 | .22(-15) .11(-15) .11(—15) .55(—1)
5 | .22(—15) .11(—15) .15(-17) .11 .59(—15)

Pr=14+.6-10"z—.6-10"1¢2 — .6-10"12® 4.6 - 10~ 1z* — 1.062°
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n=10"15

Block and reverse
k e=10"14 ¢ =10"20
11.0
2] .0 22(—15) R
3| .11(=15) .22(—15) .11(—15) R
4 (.0 11(-15) .33(-15) .33(—15)
51 .0 .0 .11(—15)  .44(—15) .22(—15)

Py =1+.11-10"1%z — 22101522 — 2210~ 1533 — &5

8. Conclusions. In Gaussian elimination, pivotal strategies are often necessary
to ensure a better numerical stability. In particular, they avoid division by numbers
close to zero (which are possibly due to cancellation errors in the previous steps),
thus preventing possible catastrophic errors. The block bordering method provides a
similar strategy in a different context for the same drawback. However, with such a
strategy, the solutions of the intermediate systems that were skipped when climbing
to higher and higher dimensions are not computed. It was the purpose of this paper
to propose an algorithm (the reverse bordering method) for obtaining these solutions.
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