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Abstract. We discuss finiteness properties of a profinite group G whose probabilistic zeta
function PGðsÞ is rational. In particular we prove that if PGðsÞ is rational and G has a finite
number of non-alternating and non-abelian composition factors in a given composition series,
then G=FratðGÞ is finite.

1 Introduction

To a finitely generated profinite group G we associate a formal Dirichlet series PGðsÞ,
defined as

PGðsÞ ¼
X
n AN

anðGÞ
ns

where anðGÞ :¼
X

jG:Hj¼n

mGðHÞ:

Here mGðHÞ denotes the Möbius function of the poset of open subgroups of G,
which is defined by recursion as follows: mGðGÞ ¼ 1 and mGðHÞ ¼ �

P
H<K mGðKÞ if

H < G. We do not know whether the series PGðsÞ converges (related questions are
discussed in [1], [6], [7] and [8]), however in this paper we just use the name ‘proba-
bilistic zeta function’ to indicate the inverse of PGðsÞ in the ring of formal Dirichlet
series.

In [3] we conjectured that if PGðsÞ is rational (i.e. if it is a quotient AðsÞ=BðsÞ with
AðsÞ, BðsÞ Dirichlet polynomials with integer coe‰cients) then G=FratðGÞ is a finite
group, and we proved this conjecture in the particular case of prosoluble groups. Our
aim is now to generalize this result to a wider class of profinite groups.

Let fGigi AN be a countable descending series of open normal subgroups with the
properties that G1 ¼ G, 7

i AN Gi ¼ 1 and Gi=Giþ1 is a chief factor of G for each
i A N. As explained in [1], to each chief factor Gi=Giþ1 of G we can associate a Di-
richlet polynomial PiðsÞ such that PGðsÞ can be written as an infinite formal product
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PGðsÞ ¼
Y
i AN

PiðsÞ:

In the prosolvable case the polynomials PiðsÞ are very simple; indeed PiðsÞ ¼ 1� ci=q
s
i

where qi ¼ jGi=Giþ1j, ci is a non-negative integer and ci ¼ 0 if and only if Gi=Giþ1 is
a Frattini factor, i.e. Gi=Giþ1 cFratðG=Giþ1Þ. In particular, if G is prosoluble, then
PGðsÞ has an Euler factorization over the set of prime numbers and, given that PGðsÞ
is rational, each Euler factor is rational and pðGÞ is finite (where pðGÞ is the set of
primes involved in the factorization of the indices of the open subgroups of G).
Working on each Euler factor we were able to prove that if PGðsÞ is rational, then
PiðsÞ ¼ 1 for all but a finite number of i A N; equivalently almost every chief factor
Gi=Giþ1 is a Frattini factor, and this implies that G=FratðGÞ is finite.

Unfortunately, when G is not prosoluble there is no such nice Euler factorization
of PGðsÞ and in addition the factors PiðsÞ are not such simple polynomials. So, even
the first natural question, to deduce the finiteness of pðGÞ from the rationality of
PGðsÞ, seems to be a hard problem for non-prosoluble groups. However we do obtain
a kind of Euler factorization over the finite simple groups by collecting together, for
each simple group S, all factors PiðsÞ such that Gi=Giþ1 is isomorphic to a direct
product of copies of S:

PGðsÞ ¼
Y

S simple

ESðsÞ; where ESðsÞ ¼
Y

Gi=Giþ1GS ri

PiðsÞ:

At this point we have several unsolved problems: we do not know whether there
are finitely many Euler factors ESðsÞ; we cannot infer from the rationality of PGðsÞ
that each Euler factor ESðsÞ is rational, indeed products of non-rational series might
be rational; even if an Euler factor ESðsÞ is rational, we cannot deduce from this that
there are only finitely many chief factors Gi=Giþ1 GSri corresponding to it.

In this paper we analyze the case when, for all but a finite number of indices i,
the factors Gi=Giþ1 are either abelian or direct products of alternating groups. By a
close investigation of subgroup indices in alternating groups, and some new reduction
techniques we obtain the following result:

Main Result (Theorem 6.1). Let G be a finitely generated profinite group such that

almost every composition factor is cyclic or isomorphic to an alternating group. Then

PGðsÞ is rational only if G=FratðGÞ is a finite group (and in this case PGðsÞ is a Di-

richlet polynomial).

2 Notation and preliminary results

Let G be a finitely generated profinite group and let fGigi AN be a fixed countable
descending series of open normal subgroups with the properties that G1 ¼ G,
7

i AN Gi ¼ 1 and Gi=Giþ1 is a chief factor of G. For each i A N there exist a simple
group Si and a positive integer ri such that Gi=Giþ1 GSri

i . Moreover, as described in
[1], for each i A N, a finite Dirichlet series
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PiðsÞ ¼
X
n AN

bi;n

ns
ð2:1Þ

is associated with the chief factor Gi=Giþ1 and PGðsÞ can be written as an infinite
formal product of the finite Dirichlet series PiðsÞ:

PGðsÞ ¼
Y
i AN

PiðsÞ:

We recall some properties of the series PiðsÞ. If Si is cyclic of prime order pi, then
PiðsÞ ¼ 1 � ci=ðpri

i Þ
s, where ci is the number of complements of Gi=Giþ1 in G=Giþ1. It

is more di‰cult to compute the series PiðsÞ when Si is a non-abelian simple group. In
this case an important role is played by the group Li ¼ G=CGðGi=Giþ1Þ. This is a
monolithic primitive group whose unique minimal normal subgroup is isomorphic to
Gi=Giþ1 GSri

i . If n0 jSijri , then the coe‰cient bi;n in (2.1) depends only on Li; more
precisely we have

bi;n ¼
X

jLi :Hj¼n
Li¼H socðLiÞ

mLi
ðHÞ:

It is not easy to compute the coe‰cient bi;n even for n0 jSijri . Some help comes from
knowledge of the subgroup Xi of AutSi induced by the conjugation action of the
normalizer in Li of a composition factor of the socle Sr

i (note that Xi is an almost
simple group with socle isomorphic to Si). Let us describe some results that one can
apply in this context.

Let L be a monolithic primitive group with N ¼ socL ¼ T1 � � � � � Tr and Ti GS

a finite non-abelian simple group and let X be the subgroup of AutS induced by the
conjugation action of NLðT1Þ on T1. As described in [2, Section 1], L can be viewed
as a subgroup of X o SymðrÞ; with N ¼ socL ¼ Sr contained in the base X r of this
wreath product. To compute the number

bn ¼
X

jL:Hj¼n
L¼HN

mLðHÞ; for n0 jSjr;

we have to consider only the subgroups with non-trivial Möbius function. If H is a
maximal subgroup of L, then mLðHÞ ¼ �1. On the other hand mLðHÞ0 0 only if H
is an intersection of maximal subgroups of L. Now recall that if M is a maximal
supplement to N in L, then there are two possibilities: either M VN is a subdirect
product of Sr (a maximal subgroup of diagonal type) or M VNGU r with U < S (a
maximal subgroup of product type); in the second case if 10U , then there exists a
maximal supplement Y of S in X such that M is conjugate to ðY o SymðrÞÞVL. We
will say that n is a useful index of L if bn 0 0 and there exists a prime p which divides
jSj but does not divide n.
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Lemma 2.1. If n is a useful index of L, then there exists a subgroup Y of X such that

X ¼ YS and n ¼ jX : Y jr.

Proof. Since bn 0 0, there exists HcL with HN ¼ L, jL : Hj ¼ n and mLðHÞ0 0. In
particular H must be an intersection of maximal subgroups of L and all of these
maximal subgroups must be of product type, since otherwise jSj would divide jL : Mj
(and consequently n) for some maximal subgroup M containing H. At this point it is
easy to check (see for example the proof of [2, Lemma 5]) that H VNG ðY VSÞr for
a suitable supplement Y of S in X :

Lemma 2.2. Let u be a positive integer such that there exists a prime p which divides jSj
but does not divide u, and let U be the set of subgroups Y with index u in X and with

the property that YS ¼ X. If U0q and every subgroup of U is maximal, then ur is a

useful index of L and bur < 0.

Proof. By the same arguments of the previous lemma, all subgroups M of L with
MN ¼ L and jL : Mj ¼ ur are maximal; moreover, by [2, Lemma 2], the set M of
maximal subgroups of L with these properties is non-empty. Hence bur ¼ �jMj < 0:

Given a prime q, we denote by vqðnÞ the largest integer r such that qr divides n. If q
divides jSj, we will say that a useful index n of L is q-useful if n is divisible by q.

Lemma 2.3. Assume that L is monolithic primitive group with socL ¼ ðAltðmÞÞr and
that m is not a prime, and let q be the largest prime with qcm. Define w as follows:

w ¼

m

q� 1

� �
if m B f6; 10g;

126 if m ¼ 10;

10 if m ¼ 6:

8>><
>>:

Then bwr < 0 and wr is the smallest q-useful index in L.

Proof. First note there there exists a prime p which divides jAltðmÞj but does not di-
vide w. Indeed we take p ¼ 3 if m ¼ 6, p ¼ 5 if m ¼ 10, while in the other cases there
exists a prime p with m=2 < p < q < m (e.g. by Nagura’s result [9]). Note that either
m ¼ 6 or X A fAltðmÞ; SymðmÞg. In any case, by Lemma 2.1 and Lemma 2.2, it suf-
fices to prove that

(1) X contains a supplement Y of S with jX : Y j ¼ w, and

(2) if U is a supplement of S in X with index jX : U j at most w and a multiple of q,
then jX : U j ¼ w and U is a maximal subgroup.

These statements can easily be verified when m A f6; 10g, so assume that m0 6; 10.
First note that given a subset DHW ¼ f1; . . . ;mg of size jDj ¼ q� 1, the subgroup
Y ¼ ðSymðDÞ � SymðWnDÞÞVX is a maximal subgroup with index w in X . Now let
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U be a supplement of S in X with index x ¼ jX : U j, where q divides x and xcw.
Since

xcw <
m

m� qþ 2

� �

and m� qþ 2cm=2, then by [4, Theorem 5.2 A, B] one of the following holds.
(a) There exists DJ f1; . . . ;mg such that

jDj ¼ k < m� qþ 2 and XðDÞ cU cXfDg:

Considering the indices we get that x, and hence q, divides m!=ðm� kÞ!. Since
m=2 < q < m, we have vqðm!Þ ¼ 1, so that vqððm� kÞ!Þ ¼ 0 and thus m� k < q. As
k < m� qþ 2 we conclude that k ¼ m� qþ 1; thus x ¼ w and U ¼ XfDg is maximal.

(b) m is even and U has index x ¼ 1
2

m
m=2

� �
. When md 30, Nagura’s result [9] gives

that q > 5=6m and this implies that

x >
m

b5=6mc � 1

� �
d

m

q� 1

� �
¼ w:

It can be checked by direct computation that

x >
m

q� 1

� �
¼ w

even for m < 30, m B f6; 10g. This contradicts xcw.
(c) m ¼ 9 or 8 and X has index 120, 15 or 30. Since none of these indices is divisi-

ble by q ¼ 7, this case never occurs.

Lemma 2.4. Assume that L is a monolithic primitive group with socL ¼ ðAltðmÞÞr and
m > 10. Let p, q be primes with p < q < m and let a be the minimal useful index with

the properties that vpðaÞ ¼ 0 and vqðaÞ ¼ r. If a < m
q�1

� �r
, then ba < 0.

Proof. By Lemma 2.1 there exists a supplement Y to S in X with index w such that

a ¼ wr; clearly vpðwÞ ¼ 0, vqðwÞ ¼ 1 and w < m
q�1

� �
. Let z be the minimal index of

a supplement to S in X with the properties that vpðzÞ ¼ 0 and vqðzÞ ¼ 1; then

zcw < m
q�1

� �
. We claim that every supplement Y of S with index z in X is a max-

imal subgroup. Since z < m
q�1

� �
and m > 10, we can apply [4, Theorem 5.2 A, B]

which says that Y is either a maximal imprimitive subgroup, and we are fin-
ished, or Y lies between a maximal subgroup M with index m

k

� �
and a sub-

group of index m!=ðm� kÞ! where k < minfq� 1;m� qþ 1g. Note that, as q divides
z, then vqðm!=ðm� kÞ!Þd 1. If q� 1 > m=2, then m < 2q and vqðm!Þ ¼ 1; since
k < m� qþ 1, we get that m� k þ 1 > q and hence q does not divide m!=ðm� kÞ!, a
contradiction; so this case never occurs. Therefore q� 1cm=2. Then k < q� 1 < q

and q does not divide k!, and hence
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vq
m

k

� �� �
¼ vqðm!=ðm� kÞ!Þ ¼ 1:

Moreover, as m
k

� �
divides z, we have vp

m
k

� �� �
¼ 0. By minimality of z, we have z ¼ m

k

� �
and Y ¼ M is a maximal subgroup, as claimed.

By Lemma 2.2 it follows that zr is a useful index of L and bzr < 0; by minimality of
a we conclude that a ¼ zr and ba < 0.

3 The number of non-isomorphic composition factors

Assume that G is a finitely generated profinite group, choose a descending series
fGigi AN as described in Section 2 and assume that almost every composition factor is
cyclic or isomorphic to an alternating group. Let pðGÞ be the set of prime divisors of
indices of open subgroups of G. The aim of this section is to prove that if the formal
series PGðsÞ ¼

P
n an=n

s is rational, then pðGÞ is finite. We start by noting that if
PGðsÞ is rational then the set p of primes p such that there exists n divisible by p with
an 0 0 is finite. Moreover we have:

Lemma 3.1. Assume that PGðsÞ is rational and let p be a prime with p B p; then, for any
i A I , the following assertions hold.

(1) If Gi=Giþ1 is a non-Frattini abelian chief factor, then jGi=Giþij is not a p-power.

(2) If Gi=Giþ1 is non-abelian, then the almost simple group Xi has no maximal sub-

groups of p-power index which are supplements for Si ¼ socXi in Xi.

Proof. We first note that G has no subgroup with index a power of a prime p. Indeed,
if we consider the minimal p-power index, say pt, of a subgroup of G, then every
subgroup H with index pt is definitely a maximal subgroup, so that mGðHÞ ¼ �1 and
therefore the coe‰cient apt ¼

P
jG:Hj¼p t mGðHÞ is non-zero, against the definition of

p. If Gi=Giþ1 is a non-Frattini chief factor of p-power order, then there is a comple-
ment to Gi=Giþ1 in G=Giþ1, while if Xi is almost simple and contains a subgroup Y

with jXi : Y j ¼ pt and Xi ¼ YSi, then if t is minimal, by [2, Lemma 2], Li, and con-
sequently G, has a maximal subgroup of index ptri .

In the case of prosolvable groups, Lemma 3.1 leads immediately to the conclusion
that pðGÞ is finite if PGðsÞ is rational. The same is true also under our weaker hy-
pothesis, but the argument is more complicated. We will need the following lemma.

Lemma 3.2. Let F be a finite set of simple groups. Assume that, for any i A N, if

PiðsÞ0 1, then Si is isomorphic to an element of F. Then pðGÞ is finite.

Proof. Let p A pðGÞ. Then p divides jGi=Giþ1j for an index i A N; let i be the mini-
mal index with this property. If Gi=Giþ1 is abelian, then jGi=Giþ1j ¼ pri and, by the
Schur–Zassenhaus Theorem, Gi=Giþ1 is a complemented chief factor. Since PiðsÞ ¼ 1
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if and only if Gi=Giþ1 is a Frattini chief factor, it follows that p is a prime divisor of
jSj for some S A F. Therefore pðGÞ is finite.

Proposition 3.3. Let G be a finitely generated profinite group such that almost every

composition factor is cyclic or isomorphic to an alternating group. If PGðsÞ is rational
then pðGÞ is finite.

Proof. Using the notation introduced in Section 2, we have

PGðsÞ ¼
X
n

an=n
s ¼

Y
i AN

PiðsÞ;

where PiðsÞ is the finite Dirichlet series associated to the chief factor Gi=Giþ1. Let I be
the set of indices such that either Si is cyclic of order ni or Si GAltðniÞ is an alter-
nating group and such that PiðsÞ0 1. Since all but a finite number of composition
factors are abelian or alternating groups, if we restrict the product to the subset I , we
still get that QðsÞ ¼

P
n cn=n

s ¼
Q

i A I PiðsÞ is rational. In particular, we can choose a
prime number u > 10 such that an ¼ cn ¼ 0 whenever n is divisible by a prime qd u.
Our goal is to prove that ni < u for every i A I ; from this and Lemma 3.2 it follows
that pðGÞ is finite. Assume for a contradiction that the set

Iu ¼ fi A I j ni d ug

is non-empty. By Lemma 3.1, for each i A Iu, the number ni is not a prime and Si is of
alternating type; that is, Si GAltðniÞ. Now we define

r ¼ minfri j ni d ug ¼ minfri j i A Iug;

m ¼ minfni j ri ¼ r; i A Iug;

as u > 10; we can choose two primes p and q such that m=2 < p < qcm and q is the
largest prime not greater then m; note that m is not prime, so that q0m, and that
uc q. Now consider the set L of all integers n divisible by q but not by p. If n A L
and bi;n 0 0, then ni d q > p, so i A Iu and n is a useful index for Li; hence, by
Lemma 2.1, n is an rith power and vqðnÞd r: Moreover if i is an index of Iu such that

m ¼ ni and r ¼ ri, then, by Lemma 2.3, v ¼ m
q�1

� �
A L and bi; v r < 0. Choose a A L

minimal with the properties that there exist i A Iu such that ri ¼ r, vqðaÞ ¼ r and a is a
useful index for Li: then ac vr. Note that if n A L is a useful index for Li, then either
vqðnÞ > r or ri ¼ r, vqðnÞ ¼ r and nd a. This implies in particular that the coe‰cient
ca of 1=a s in QðsÞ ¼

Q
i A I PiðsÞ is

ca ¼
X

i A Iu; ri¼r

bi;a:

If r ¼ ri and m ¼ ni, then vr is the minimal q-useful index for Li and thus bi;a c 0.
Now let i A Iu with ri ¼ r, ni 0m and assume that bi;a 0 0. Since ni > m we get
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ac
m

q� 1

� �r

<
ni

q� 1

� �r

;

and we conclude by Lemma 2.4 that bi;a < 0: Since bi;a 0 0 for at least one index i,
this gives that ca ¼

P
i bi;a 0 0. But q divides a and qd u, and this contradicts the

choice of u.

4 Infinite products of formal Dirichlet series

Let R be the ring of formal Dirichlet series with integer coe‰cients. For every prime
number p we consider the ring endomorphism of R defined by

FðsÞ ¼
Xy
n¼1

an

ns
7! F pðsÞ ¼

X
ðn;pÞ¼1

an

ns
:

The following observation is crucial for the proof that if G is prosoluble and PGðsÞ
is rational, then G=FratðGÞ is finite:

Lemma 4.1. Let p be a prime and fFiðsÞgi A I be a family of finite Dirichlet series. IfQ
i A I FiðsÞ is rational, then

Q
i A I F

p
i ðsÞ is rational.

Note that if the chief factor Gi=Giþ1 is abelian, then the Dirichlet series PiðsÞ
is very simple: PiðsÞ0 1 if and only if Gi=Giþ1 is non-Frattini; in particular if
jGi=Giþ1j ¼ pri

i , then

PiðsÞ ¼ 1 � ci

ðpri
i Þ

s

where ci is the number of complements of Gi=Giþ1 in G=Giþ1. When G is prosoluble,
we consider the set Ip of the indices i A I such that Gi=Giþ1 is non-Frattini and has
order a p-power: PGðsÞ is the product of the Euler factors

EpðsÞ ¼
Y
i A Ip

1 � ci

ðpriÞs
� �

where p runs through the set of primes. If PGðsÞ is rational, then, by Proposition 3.3
and Lemma 4.1, every Euler factor EpðsÞ is rational and EpðsÞ ¼ 1 for all but a finite
number of primes p. So, in the solvable case, it was su‰cient to work on the Euler
factors, proving that if EpðsÞ ¼

Q
i A Ip

PiðsÞ is rational, then the set Ip is finite. We
succeeded in proving this, thanks to the following consequence of the Skolem–
Mahler–Lech Theorem:

Proposition 4.2 ([3, Proposition 3.2]). Let I JN and let q, ri, ci, be positive integers

for each i A I . Assume that the product
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F ðsÞ ¼
Y
i A I

1 � ci

ðqriÞs
� �

is rational and that there exists a prime t such that t does not divide ri for any i A I :
Then I is finite.

The earlier approach fails in the general case, since the finite series PiðsÞ are more
complicated and may involve many non-trivial terms. However we will be able to
prove that if the product PGðsÞ ¼

Q
i A I PiðsÞ is rational, then it is possible to con-

struct nice subseries P�
i ðsÞ of PiðsÞ (all of the kind 1 þ gi=w

ris for a fixed w), such that
the product

Q
i A I P

�
i ðsÞ is still rational and satisfies the assumption of Proposition 4.2.

The technical result we will employ in order to do this is the following:

Proposition 4.3. Let FðsÞ be a product of finite Dirichlet series:

FðsÞ ¼
Y
i A I

FiðsÞ; where FiðsÞ ¼
X
n AN

bi;n

ns
:

Let q be a prime and L the set of positive integers divisible by q. Assume that there

exists a set frigi A I of positive integers such that if n A L and bi;n 0 0 then n is an ri-th

power of some integer and vqðnÞ ¼ ri. Define

w ¼ minfx A N j vqðxÞ ¼ 1 and bi;xri 0 0 for some i A Ig:

If FðsÞ is rational, then the product

F �ðsÞ ¼
Y
i A I

1 þ bi;wri

ðwriÞs
� �

is rational.

Proof. Observe that in the product

F ðsÞ ¼
Y
i A I

FiðsÞ ¼
X
n AN

cn

ns

each integer n such that cn 0 0 satisfies ndwvqðnÞ. Moreover for n ¼ wvqðnÞ the co-
e‰cient cn of FðsÞ is in fact the coe‰cient of 1=ns in the product F �ðsÞ:

F �ðsÞ ¼
Y
i A I

1 þ bi;wri

ðwriÞs
� �

¼
X
t AN

cwt

ðwtÞs ;

this means that we are able to recognize the powers of 1=ws, and hence F �ðsÞ, as a
subseries of F ðsÞ.
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Let F ðsÞ be rational and let AðsÞ be a finite Dirichlet series such that AðsÞFðsÞ is a
finite Dirichlet series. Let

AðsÞ ¼
X an

ns
;

we set

x ¼ minfx A Q j x ¼ n=wvqðnÞ and an 0 0g

and

N ¼ fn A N j n=wvqðnÞ ¼ x and an 0 0g ¼ fxwm A N j axwm 0 0;m A Ng:

Finally we define the new series

A�ðsÞ ¼
X
n AN

an

ns
¼

X
m

axwm

ðxwmÞs :

We now prove that A�ðsÞF �ðsÞ is a finite Dirichlet series, from which it follows that
F �ðsÞ is rational.

Note that

A�ðsÞF �ðsÞ ¼
X

xwm AN
t AN

axwmcwt

ðxwðmþtÞÞs :

We examine the coe‰cient of 1=ðxwðmþtÞÞs in AðsÞFðsÞ: this is the sum

X
ln¼xwðmþtÞ

alcn where l A N; ndwvqðnÞ:

Take l and n such that alcn 0 0 and ln ¼ xwðmþtÞ. If n > wvqðnÞ then

xwðmþtÞ ¼ ln > lwvqðnÞ

and, since vqðnÞ þ vqðlÞ ¼ mþ t, this gives l=wvqðlÞ < x, a contradiction. Hence
n ¼ wvqðnÞ and cn=n

s is a term of F �ðsÞ. Moreover

xwðmþtÞ ¼ nl ¼ wvqðnÞl

implies l=wvqðlÞ ¼ x and hence l A N. This means that the coe‰cient of 1=ðxwðmþtÞÞs
in AðsÞFðsÞ is the coe‰cient of 1=ðxwðmþtÞÞs in A�ðsÞF �ðsÞ, and since AðsÞF ðsÞ is a
finite series, we conclude that A�ðsÞF �ðsÞ is finite, too.
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5 Chief factors

In this section we will prove that given a finitely generated profinite group G with
pðGÞ finite, there exists a prime t such that for every primitive monolithic image L

of G, t does not divide the composition length r of socL ¼ Sr, where S is a simple
group.

Let p be a finite set of primes and let S be the set of finite simple groups S such
that pðSÞJ p; by the classification of finite simple groups S is finite. Now let Q be
the set of quasisimple groups X such that X=ZðXÞ A S; since the universal cover of a
finite non-abelian simple group is finite, it follows that the set Q is finite. Then, for
every prime p, define ap to be the largest prime divisor of the degree of an absolutely
irreducible FpX -module, for X A Q. Finally we set

h ¼ maxðfapgp A p U pÞ:

Lemma 5.1. Let H be a finite p-group. Let n be the degree of an irreducible linear

representation over a finite field F of the group H. If q is a prime divisor of n, then
qc h.

Proof. By a result of Brauer there exists a field extension L of F such that L is a
splitting field for H and all of its subgroups, and the degree jL : F j divides jðexpðHÞÞ.
Let V be an irreducible FH-module of dimension n and let W be an irreducible
constituent of VL ¼ V nF L. Then

dimF ðVÞ ¼ n ¼ r � dimLðWÞ;

where r divides jL : F j, and hence divides jðexpðHÞÞ; if pðHÞ ¼ fp1; . . . ; prg and
expðHÞ ¼ pm1

1 . . . pmr
r , then

jðexpðHÞÞ ¼
Y
mi00

ðpi � 1Þpmi�1
i :

It follows that each prime divisor of r, dividing jðexpðHÞÞ, is bounded by
maxfpðHÞgJmaxfpg; this implies that we may assume that F ¼ L or, equivalently,
that without loss of generality F is algebraically closed.

We shall prove the lemma by induction on jHj: If V is an imprimitive FH-module,
say V ¼ W t, then H has a transitive representation with degree t, for a p-number t,
and W is an FK-irreducible module where K ¼ NHðWÞ; since n ¼ t � dimW , a prime
divisor q of n divides either t, whence q A p, or qc h, by the inductive assumption.

So we can assume that H is an absolutely irreducible primitive group. Then there
are primitive groups Hi cGLðni;FÞ where n ¼ n1 . . . nr such that Zi ¼ ZðHiÞGF �,
each Hi=Zi is a homomorphic image of H (hence a p-group) and every normal sub-
group of Hi is scalar or irreducible (see e.g. [10, §II 2.3]). Thus we are reduced to
proving that each prime divisor q of ni is bounded by h.
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If Hi contains a non-scalar soluble normal subgroup, then we choose A to be
minimal with this property: we conclude that A is an r-group for a prime r and ni is a
power of r, so that r A p and ni is a p-number.

Otherwise, if all soluble normal subgroups of G are scalar, we choose a minimal
normal subgroup N=Zi of Hi=Zi; then N 0 is an irreducible normal subgroup with
degree ni and is the central product of Q1; . . . ;Qs for some Qi A Q; thus ni ¼ k1 . . . ks
where ki is the degree of an absolutely irreducible representation of Qi, and therefore
each prime divisor of ki is bounded by ap.

Corollary 5.2. Let G be a finitely generated profinite group. If pðGÞ is finite, then there

exists a prime t such that, for every i A I , the composition length ri of the chief factor

Gi=Giþ1 is not divisible by t.

Proof. Let u be a prime divisor of ri where Gi=Giþ1 GSri
i . If Si is abelian, then

Proposition 5.1 gives uc h; otherwise socLi ¼ Sri
i where S is a finite non-abelian

group and ri is the degree of a transitive representation of a finite image of G, so that
u A pðGÞ.

6 The main theorem

Theorem 6.1. Let G be a finitely generated profinite group such that almost every

composition factor is cyclic or isomorphic to an alternating group. Then PGðsÞ is ra-

tional only if G has finitely many non-Frattini chief factors, i.e. only if G=FratðGÞ is a
finite group.

Proof. Let us use the notation introduced in Section 2 and let I � be the set of indices
such that PiðsÞ0 1 and Si is either cyclic of order ni or isomorphic to AltðniÞ. If PGðsÞ
is rational, then clearly also

Q
i A I � PiðsÞ is rational. Moreover, if for a given integer n

the set fi A I � j ni ¼ ng is finite, then the product

Y
i A I �
ni0n

PiðsÞ

is again rational. Define J to be the subset of I � of the indices i with the property that
ni ¼ nj for infinitely many j A I �; since by Proposition 3.3 there is a bound on the set
fnigi A I � , the set J di¤ers from I � for a finite number of indices and thus the product

Y
i A J

PiðsÞ

is still rational. Our claim is that J is empty; this will imply that there are only finitely
many non-Frattini chief factors and consequently that G=FratðGÞ is a finite group
(see e.g. [3, Theorem 4.3]). Assume by contradiction that J is non-empty and set

464 Eloisa Detomi and Andrea Lucchini



m0 ¼ maxfni j i A Jg;

q ¼ largest primecm0;

m ¼ minfni j ni d q; i A Jg;

p ¼ largest prime < q:

We will work on the product
Q

i A J P
p
i ðsÞ of the finite Dirichlet series

P
p
i ðsÞ ¼

X
pFn

bi;n

ns
:

Since
Q

i PiðsÞ is rational, then also
Q

i P
p
i ðsÞ is rational (see Corollary 4.1). Let L be

the set of positive integers n divisible by q but not by p. Note that for any choices of
i, if n A L and bi;n 0 0, then ni d q > p and, by Lemma 2.1, there exists a subgroup
Yi of index xi in Xi such that n ¼ xri

i ; hence vqðnÞ ¼ rivqðxiÞ. On the other hand,
q > m0=2 implies that ni < 2q, which means that vqðxiÞc 1 and thus vqðnÞ ¼ ri. Let

w ¼ minfx A L j bi;xri 0 0 and vqðxÞ ¼ 1g:

By Proposition 4.3 applied to
Q

i P
p
i ðsÞ, it follows that the product

Y
i A J

1 þ bi;wri

wri �s

� �

is rational. By Proposition 3.3 we have that pðGÞ is finite, and hence, by Corollary
5.2, there exists a prime t such that t does not divide ri for every i A J. Now it is suf-
ficient to prove that bi;wri c 0 for every i A J and bi;wri < 0 for infinitely many i A J to
reach a contradiction and prove the theorem; indeed by the Skolem–Mahler–Lech
Theorem (Proposition 4.2) it follows that if bi;wri c 0 for every i A J, then bi;wri ¼ 0
for all but a finite number of indices i A J.

We have two possibilities:

Case 1: m ¼ q. If bi;qri 0 0 then Xi has a subgroup of index q and therefore i is one of
the infinitely many indices of J such that ni ¼ m ¼ q. If Si is abelian then bi;qri < 0;
otherwise Si ¼ AltðqÞ and every supplement with index q is maximal, so that
bi;qri < 0 by Lemma 2.2. It follows that w ¼ q and bi;wri < 0 for infinitely many i A J.

Case 2: m > q. In this case, both m0 and m are non-prime, since otherwise we would
have m0 ¼ q ¼ m or m ¼ q. Moreover, if n A L and bi;n 0 0, then ni d q hence
ni dm > q; in particular Si is non-abelian, for otherwise n ¼ qri and ni ¼ q. We
claim that

w ¼

m

q� 1

� �
if m B f6; 10g;

126 if m ¼ 10;

10 if m ¼ 6;

8>><
>>:
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and bi;wri c 0 for every i A J. Whenever ni ¼ m (and this holds for infinitely many
i A J), by Lemma 2.3 the number wr is the smallest q-useful index in Li and bi;wri < 0.
For ni < m there are no q-useful indices, so let ni > m. As q is still the largest
prime less than or equal to ni, and ni is not a prime, we can apply Lemma 2.3. If
ni B f6; 10g, then the minimal q-useful index in Li prime to p is

ni

q� 1

� �ri

>
m

q� 1

� �ri

¼ wri

since ni > m. We cannot have ni ¼ 6 since then ni ¼ m, and so the last cases are
ni ¼ 10 and m ¼ 8 or m ¼ 9; the minimal q-useful index in Li is then 126ri which is

larger than m
q�1

� �ri
for both m ¼ 8; 9 (with q ¼ 7). This proves that bi;wri c 0, and so

our discussion is complete.
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