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Summary: In this paper, we consider two bounded open subsets of Q' and 0 of R" containing 0
and a (nonlinear) function G° of 3Q° x R" to R", and amap T of ]1 — (2/n), 4+oo[ times the set
Mn(R) of n x n matrices with real entries to Mp (R), and we consider the problem

div (T(w, DU)) = 0 in 0\ ecl
~T(», DU, =0 on €3,
T(w, DU(X)1°(x) = GO(x, u(x)) ¥x e aQ°,

where v_qi and v° denote the outward unit normal to €39 and 9Q°, respectively, and where e > 01is
a small parameter. Here (w — 1) plays the role of ratio between the first and second Lamé constants,
and T(w, -) plays the role of (a constant multiple of) the linearized Piola Kirchhoff stress tensor,
and G° plays the role of (a constant multiple of) a traction applied on the points of 9Q°. Then we
prove that under suitable assumptions the above problem has a family of solutions {u(e, -)}cc 10,¢/
for ¢’ sufficiently small and we show that in a certain sense {u(e, -)}cc 10,¢/f Can be continued real
analytically for negative values of e.

1 Introduction

In this paper, we consider a linearly elastic homogeneous isotropic body with a small
hole subject to a traction free boundary condition on the boundary of the hole and to an
external traction depending nonlinearly on the deformation on the outer boundary of the
body.

We assume that the constitutive relations of our body are expressed by means of the
linearized tensor T(w, -) defined by

T(w, A) = (0 — D)(tr A)l + (A+ A VA € Mnh(R),
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68 Dalla Riva - Lanza de Cristoforis

where w € 11—(2/n), +oo[ isa parameter such that (w—1) plays the role of ratio between
the first and second Lamé constants, M (R) denotes the set of n x n matrices with real
entries, | denotes the identity matrix, tr Aand A! denote the trace and the transpose matrix
of the matrix A, respectively. We also note that the classical linearization of the Piola
Kirchhoff tensor equals the second Lamé constant times T(w, -).

First we introduce a problem in the case in which the body has no hole, and then we
shall consider the problem with the hole, which is the goal of this paper.

We assume that the body with no hole occupies an open bounded connected subset
Q° of R" of class C™¢ for some m € N\ {0} and @ € 10, 1[ such that 0 € ©° and such
that the exterior of ©° is also connected.

Then we assign a function G° of 9Q2° x R" to R" which plays the role of the reciprocal
of the second Lamé constant times a field of forces applied to the boundary of the body
and depending both on the point on 92° and on the deformation of the body, and we
assume that the nonlinear traction boundary value problem

div (T(w, Du)) =0 in Q°,

T(w, DU(x))1°(X) = G°(x, u(x)) VYx € 9Q°, (1)
where 1° denotes the outward unit normal to 92°, admits at least a solution @ in the
space C™¢ (cl2°, R™), and that the gradient matrix DyG°(x, G(x)) with respect to the
second variable of G° satisfies certain nondegeneracy conditions (see (3.13)). A classical
argument based on the use of topological degree shows that solutions as U exist under
reasonable conditions on G°.

Next we make a hole in the body ©°. Namely, we consider another bounded open
connected subset Q' of R" of class C™ such that 0 € Qi_ and such that the exterior of
Q' is also connected, and we take eg > 0 such that eclQ' € QO for || < g, and we
consider the perforated domain

Qe) = Q°\ ecl.

Obviously, 9Q(e) = (¢dQ2")UJQ°. Foreache € 10, o[, we consider the nonlinear traction
boundary value problem

div (T(w, Du)) =0 in Q(e),
~T(w, DU)vg =0 on €Y', (1.2)
T(w, DU(x))v°(x) = GO(x, u(x)) v¥x e 9Q2°,

where v, i denotes the outward unitnormal to €9$2'. Then we prove that possibly shrinking
€0, the boundary value problem (1.2) has a solution u(e, -) € C™%(clQ(e), R™) for all
€ €10, o[, which converges to the unperturbed solution  as € tends to 0, and which
is unique in a sense which we clarify in Theorem 5.1, and we pose the following two
questions.

(j) Letx be afixed pointin cl2°\ {0}. What can be said on the map ¢ — u(e, X) when
€ is close to 0 and positive?
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A singularly perturbed nonlinear traction problem 69

(ji) What can be said on the energy integral

1
E(w, U(e, ) = 5/

tr(T(w, DxU(e, X)) DLu(e, x)) dx (1.3)
Q(e)

when ¢ is close to 0 and positive?

(We note that the classical energy integral is £ (w, u(e, -)) times the second Lamé constant.)
Questions of this type have long been investigated for linear problems with the methods
of Asymptotic Analysis, which aims at giving complete asymptotic expansions of the
solutions in terms of the parameter e. It is perhaps difficult to provide a complete list of the
contributions. Here, we mention the work of Kozlov, Maz’ya, and Movchan [10], Maz’ya,
Nazarov, and Plamenewskii [23], Movchan [26], Ozawa [28], Ward and Keller [35].

For nonlinear problems far less seems to be known. We mention the seminal paper
of Ball [2] for problems as (1.2) for nonlinear hyperelasticity, but with linear boundary
conditions and with geometric assumptions on the symmetry of the domain. For related
problems, we refer to Horgan and Polignone [9] and to Sivaloganathan, Spector, and
Tilakraj [31]. We also mention here the vast literature on homogenization theory (cf. Dal
Maso and Murat [4]) and the computation of the expansions in the case of quasilin-
ear equations of Titcombe and Ward [32], Ward, Henshaw and Keller [33], Ward and
Keller [34].

Here we wish to characterize the behavior of u(e, -) at € = 0 by a different approach.
Thus for example, if we consider a certain functional, say f(¢), relative to the solution
such as for example one of those considered in questions (j)—(jj) above, one could resort
to Asymptotic Analysis and may succeed (depending of course on the functional f under
consideration) to write out an expansion of the type

;
f(e) = Zajej + o(e") ase — 0T, (1.4)
i—0

for suitable coefficients a;. Instead, in the same circumstance we would try to prove that
f(-) can be continued real analytically around ¢ = 0. More generally, we would try to
represent f(e) for e > 0in terms of real analytic maps and in terms of possibly singular at
e = 0, but known functions of € (such as €1, log ¢, etc.). We observe that our approach
does have its advantages. Indeed, if for example we know that f(¢) equals fore > 0 areal
analytic function of ¢ defined in a whole neighborhood of € = 0, then we know that an
asymptotic expansion as (1.4) for all r would necessarily generate a convergent series
> %09 ¢, and that the sum of such a series would be f(e) for e > 0.

Such a project has been carried out for suitable nonlinear operators associated to the
dependence of the conformal representation of €2(¢) in the planar case (see [14, 15]), and
for the linear Dirichlet problem for the Laplace and for the Poisson equation (see [17,
18, 19]), where the dependence has been considered upon the complex of variables
determined by ¢, and by global charts of 9Q', 922°, and for other nonlinear problems
(see [16, 21, 13]).

In particular, in [16], a nonlinear Robin problem for the Laplace operator on a domain
as Q(e) has been considered. Here we generalize the techniques of [16] to the case of the
elliptic system of linearized elasticity.
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70 Dalla Riva - Lanza de Cristoforis

2 Prdiminariesand notation

We denote the norm on a (real) normed space X by || - || x. Let X and ) be normed spaces.
We endow the product space X x ) with the norm defined by || (X, V) [l xxy = IX[lx+1YIly
V(X,y) € X x Y, while we use the Euclidean norm for R". We denote by £(X, V) the
normed space of the continuous and linear maps of X and ). For standard definitions
of Calculus in normed spaces, we refer to Prodi and Ambrosetti [29]. The symbol N
denotes the set of natural numbers including 0. Throughout the paper, n is an element of
N\ {0, 1}. The inverse function of an invertible function f is denoted f(~1), as opposed
to the reciprocal of a complex-valued function g, or the inverse of a matrix A, which
are denoted g~* and A~1, respectively. A dot *-* denotes the inner product in R, or the
matrix product between matrices with real entries. Let D € R". Then clD denotes the
closure of D and 9D denotes the boundary of D. For all R > 0, x € R", x; denotes
the j-th coordinate of x, |x| denotes the Euclidean modulus of x in R", and Bn(x, R)
denotes the ball {y € R" : |x — y| < R}. Let © be an open subset of R". The space of
m times continuously differentiable real-valued functions on 2 is denoted by C™ (2, R),
or more simply by C™(Q). Let f € (C™(Q))". The s-th component of f is denoted fs,

and D f (or V f) denotes the gradient matrix (9—fs) W Letn = (n1,...,nn) € N,
si=1,...,n

X
[nl = n1 + -+ + nn. Then D7 f denotes ﬁ The subspace of C™(Q2) of those
functions f such that f and its derivatives Dl"f of order |n] < m can be extended with
continuity to ¢l © is denoted C™(cl €2). The subspace of C™(cl ©2) whose functions have
m-th order derivatives that are Holder continuous with exponent « € 10, 1] is denoted
C™e(cl @), (cf. e.g. Gilbarg and Trudinger [7]). Let D € R". Then C™*(cl 2, D) denotes
{feCmeclQ)": f(clQ) < D}. Asimilar notation holds if I is replaced by Mn (R).
Now let & be a bounded open subset of R". Then C™(cl 2) endowed with the norm
I fllcmeie) = Z‘,ﬂfmsupc,Q |ID" f| is a Banach space. If f e C%%(cl), then its

Holder constant | f : €|, is defined as sup i'f(l’)?_—_yf‘ﬁw (X, yeclQ, x # y}. The space

C™(cl ), equipped with its usual norm || f [|cme o) = Il fllemeli o) + Zln\:m |D"f :
Q|y, is well-known to be a Banach space. We say that a bounded open subset of R" is of
class C™ or of class C™¢  if it is a manifold with boundary imbedded in R" of class C™
or C™« respectively (cf. e.g., Gilbarg and Trudinger [7, §6.2]). For standard properties
of the functions of class C™* both on a domain of R" or on a manifold imbedded
in R" we refer to Gilbarg and Trudinger [7] (see also [20, §2, Lemmas 3.1 and 4.26,
Theorem 4.28], Lanza and Rossi [22, §2]). We retain the standard notation of LP spaces
and of corresponding norms. We note that throughout the paper ‘analytic’ means ‘real
analytic’. For the definition and properties of analytic operators, we refer to Prodi and
Ambrosetti [29, p. 89].
We denote by S, the function of R" \ {0} to R defined by

élog|§| VE e R\ {0}, ifn=2,

S = 1

s lF"  VEER™M\ (0}, ifn>2, (2.1)

where s, denotes the (n — 1) dimensional measure of 0B, (0, 1). S, is well-known to be
the fundamental solution of the Laplace operator.
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A singularly perturbed nonlinear traction problem 71

We denote by 'y (-, -) the matrix valued function of (R \ {—1}) x (R"\ {0}) to Mp(R)
which takes a pair (w, &) to the matrix I'n(w, &) defined by

i - 0F2 oo @ 15
i@ =2 iSO = 30 s e

where 8 j = 1ifi = j, 6 j = 0ifi % j. Asis well known, T'n(w, &) is the fundamental
solution of the operator
Llw] = A + wVdiv.

We note that the classical operator of linearized homogeneous isotropic elastostatics
equals L[w] times the second constant of Lamé, and that L[w]u = div T(w, Du) for
all regular vector valued functions u, and that the classical fundamental solution of the
operator of linearized homogeneous and isotropic elastostatics equals I'y (w, &) times the
reciprocal of the second constant of Lamé. We find also convenient to set

TG ) = (L6 Dictns

which we think of as a column vector forall j = 1,...,n. Let o € ]0, 1[. Let © be an
open bounded subset of R of class C1%. We shall denote by vq the outward unit normal
to 9€2. We also set

Q™ =R"\ clQ.
Let w € 11 — (2/n), +o0o[. Then we set

v[w, u](x) = /m [n(w, X — y)u(y) doy,

i=1,....n

wlw, u](X) = — ( fa . 1 (y) T(@, DTl (@, X — y)va(y) day) ,

for all x € R" and for all u = (uj)j=1,.n € L2(3S2, R™). As is well known, if
w e CO2(3Q, R"), then v[w, u] is continuous in the whole of R". We set

viw, pl = v, wlae v o, 1] = v, 1lide--

Also if © € C%% (32, RM), then wlw, 1] admits a unique continuous extension to cl<2,
which we denote by w[w, 1], and w[w, 1] o admits a unique continuous extension to
cl~, which we denote by w™ [w, u].

We now shortly review some facts on the linear traction problem, which we need in the
sequel. Let a be a continuous map of 92 to My (R) satisfying the following assumptions.

The determinant det a(-) does not vanish identically in 9<2, (2.2)
glax)e >0 VxedQ, VE e R". (2.3)
Then we consider the following linear boundary value problem

div(T(w, Du)) =0 in L, (2.4)
T(w, Du)vg 4+ au = g on 0<2, '

for a given boundary data g. Then we have the following known result.
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72 Dalla Riva - Lanza de Cristoforis

Proposition 2.1 Let w € 11 — (2/n), +oo[. Let © be a bounded open connected subset
of R" of class CL. Let a € C%(892, Mn(R)) satisfy conditions (2.2) and (2.3). Let g €
C%(8$2, R"). Then problem (2.4) has at most one solution u € C1(cl$2, RM).

Proof: Let u belong to C*(cl2, R™) solve problem (2.4) with g = 0. Then by interior
elliptic regularity theory, we have u € C?(2, R") and the Divergence Theorem implies
that

f tr(T(w, Du) Dtu> dx = / u'T(w, DU)vg do = — f utaudo < 0. (2.5)
Q 9] 9]

Then by an elementary argument (cf. e.g., Lemma A.1 of the Appendix applied to
A = Du), we deduce that |Du + D'u| must equal zero almost everywhere in Q. Then
as is well known, there exist a skew-symmetric element A € Mp(R) and b € R" such
that u(x) = Ax + b for all x € 2. We now prove that A = 0. To do so, we assume by
contradictionthat A # 0. Since A # 0,the set {x € R" : Ax+b = 0} is an affine subspace
of R" of codimension at least 2. Instead, the boundary condition in (2.4) with g = 0 and
the obvious identity T(w, A) = 0 ensure that the set {x € Q2 : u(x) = Ax+b = 0}
contains {x € 92 : deta(x) # 0} and thus at least a manifold of codimension 1 of
R", a contradiction. Hence, A = 0. Then again by condition (2.2) and by the boundary
condition in (2.4), we conclude that u(x) = b must vanish identically. |

As customary, we associate to problem (2.4) an integral equation. For each a €
Co(32, Mn(R)), w € 11 — (2/n), +o0[, i € L%(3%2, R™), we set

1
Jalw, ul = oK + vilw, u] + avlw, u] on 082,

where
n
Velw, n](X) = /Q Z“' (Y T(w, Dgl*'n(w, X —Y))va(X) dcry VX € 022.
49 ]

We shall denote by | the identity operator in a function space. Also, if X is a vector
subspace of L1(3$2, R™), we find convenient to set

on{fe){: fdcr:O}. (2.6)
0

Then we have the following certainly known result.

Theorem 2.2 Let « €10, 1[, @ € 11 — (2/n), +oo[, m € N\ {0}. Let Q2 be an open
bounded connected subset of R" of class C™ Let a € C™1.2(3Q, My (R)) satisfy
conditions (2.2), (2.3). Then the following statements hold.

(i) Jalw, -1isa Fredholm operator of index zero of C™1.¢(3Q2, R™) to itself.
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(i) Themap Jalw, -, -] of R" x C™ 1230, R™)g to C™1.2(3Q2, R") defined by
Jalw, ¢, u] = Jalow, pl+ac V(¢ p) € R" x C™ 1250, RN,

is a homeomorphism of R" x C™ 1.3, R")g onto C™ 1 (352, R"). Further-
more, if (d, g) belongs to R" x C™~1.2(5Q2, R"), then there exists a unique pair
(c, w) inR" x CM1(3Q, R") such that Ja[w, u] +ac =g, [, ndo =d.

(i) Let g € C™ 1232, R"). Then the problem (2.4) admits a unique solution u €
C™e(cl2, RM), and u = vt{w, u] + ¢, where (c, u) inR" x C™L*(3Q, RM)g is
the unique solution of equation

Jalw,c,ul=g  on oK.

Proof: As is well known, the operator —%I + viw, -] is a Fredholm operator of in-
dex 0 in C™ 13, R") (cf. Theorem A.9 of the Appendix). Since v[w, -]jao Maps
c™-Lega, R into C™* (32, R"), which is compactly imbedded into the space
c™-LeaQ, R™), and the product in C™1#(3Q) is bilinear and continuous, we con-
clude that Ja[w, -] is a compact perturbation of an operator of Fredholm of index O in
cM-LehQ, R”) and thus statement (|) holds (cf. e.g., Deimling [5, Theorem 9.8, p. 79]).
We now prove (ii). We write Jalw, -, -] inthe form Ja[w, -, -] = J1 0 J2 0 J3, where J;
is the operator of R" x C™-1.2(5Q, R”) to C™1.2(552, R™) which takes a pair (c, ) to
the function f 4 ac, and J; is the operator of R" x C™1.¢(3Q, RM) to itself which takes
a pair (c, p) to the pair (c, Ja[w, 1), and Jz is the inclusion of R" x C™1.2(3Q, RM)
into R" x C™L.*(32, R™). Then we easily verify that J;, Jo, J3 are Fredholm operators
of indexes n, and 0, and —n, respectively. Thus the composite operator Jalw, -, -] is of
index 0. Hence, it suffices to prove that Ja[a), , -] is injective. Thus we now assume that
(¢, ) € R" x C™Lo3Q, RM)g and that Ja[a) c, ] = 0. Standard jump properties of
elastic single layer potentials and equality Ja[w, ¢, ;] = 0 imply that vt [w, 1]+ c Solves
problem (2.4) with g = 0. Accordingly, Proposition 2.1 implies that v* [w, u] +¢ = 0in
cl2 and thus —%M + vi[w, u] = 0. Then Theorem A.5 (iv) of the Appendix implies that
v [w, uljae = 0 and that ¢ = 0. Then by unigueness of the Dirichlet problem for L[w]
in ©, we also have v*[w, u] = 0 in cl. If n = 2, condition [, 1 do = 0 implies that
IX|v[w, n](X) and |x|? Dv[w, 1](X) are bounded in a neighborhood of infinity. If n > 3,
we know that |x|"2v[w, ©](x) and |x|"~XDv[w, 1](x) are bounded in a neighborhood
of infinity. Both in case n = 2 and n > 3, condition v[w, 1] = 0 on 92 implies that
v[w, u] = 0 on R"\ cl (cf. e.g., Kupradze et al. [12, Chapter 111, §1]). Hence, the
classical jump properties for T(w, Dv[w, ]) imply that i = 0. The last part of statement
(ii) follows by taking © = d[aQ|™ + u1, with f,o u1do = 0 and Jalw, ¢, ua] =
g — Jalw, d[aQ2|71].
We now prove statement (iii). By statement (ii), there exists a unique pair (c, u) €
N x CM-1egQ, R")g such that Ja[w, C, w] = g. Then we set u = v [w, u] + C.
By Theorem A.2 (i) of the Appendix, we have u € C™%(cl2, R"). By classical jump
properties of elastic layer potentials, equation Ja[w, ¢, u] = g implies that the boundary
condition of problem (2.4) holds. Since v [w, 1]+ ¢ must satisfy equation L[w]u = 0in
2, u solves problem (2.4). Then Proposition 2.1 completes the proof of statement (iii). O
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Now let G € CP(32 xR", R™). We denote by Fg the (nonlinear) composition operator
of C%(8Q2, R to itself which maps v € C°(32, R™) to the function Fg[v] defined by

Folvl(t) = G(, v(t) vt € 082,

and we now transform our nonlinear traction boundary value problem into a problem for
integral equations by means of the following.

Proposition 2.3 Let a € 10, 1[, w € 11 — (2/n), +oo[. Let m € N\ {0}. Let Q2 be an
open bounded connected subset of R" of class C™®. Let G € C%(dQ x R",R") be
such that Fg maps C™1.#(3Q2, R™) to itself. Then the map of the set of pairs (c, ) €
R" x CM-Le(5Q, R")o which satisfy the problem

Jolw. ¢, u] = Felvlw, uljpq + cl (2.7)
to the set of u € C™“(cl2, R™) which solve the problem

div (T(w, Du)) =0 in Q, 2.8)

T(w, Du)vg = Fgluppe] on 082, '

which takes (c, 1) to the function v*[w, ] + cisa bijection.

Proof: If (c, u) satisfies (2.7), then v*[w, ] belongs to C™<(clQ, R") (see Theorem
A.2 (i), and we have

T(w, Dv' [, 1] 4 ©))ve = Jolw, ¢, u] = Fal[vlw, uljae +

and v*[w, u] + c satisfies problem (2.8). Conversely, if u ¢ C™¢(cl2, R") satisfies
problem (2.8), then by Theorem 2.2 with a = | (the identity matrix), there exists a unique
(c, w) € R" x C™L.2(3Q, RM)g such that

Jilw, ¢, ul = Felupel + ujg, (2.9)
and the function V = v [w, 1] + c is the only solution of the boundary value problem

{ div(T(w, DV)) =0 in Q,

T(w, DV)vg + V = Fg[Uje] + Ujae 0N 9%, (2.10)

Since u satisfies (2.10), Proposition 2.1 implies that u = V = v [w, 1] + . Hence, (2.9)
implies that
Jilw, ¢, n] = Fa[vlo, uljse + €l + vlw, ulpe + C. (2.11)
which implies the validity of equality (2.7).
We now show the uniqueness of (c, ) such that u = v [w, ] + ¢ and for which
(2.7) holds. If (c1, 1) and (cp, i2) belong to R x C™-1.2(552, R™)g and solve equation
(2.7) and

uU=rvtlw,ul+c1 = vlo, u2l+co,

then (2.9) and (2.11) must hold for both (c1, 11) and (cp, 2). Hence, Theorem 2.2 (ii)
with a = | implies that (c1, n1) = (C2, u2). O
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3 Formulation of the problem in terms of integral equa-
tions, and existence of the solution u(e, -)

We now provide a formulation of problem (1.2) in terms of integral equations. We shall
consider the following assumptions for some « € 10, 1[ and for some natural m > 1.

Let  be a bounded open connected subset of R" of class C™“. (3.1)
Let R™\ cIQ be connected. Let 0 € Q.

Now let €', Q° be as in (3.1). Then we set
€0 = sup{ € 10, +oo[: eclQ € Q°, Ve € ] — 6, 6]}. (3.2)

Clearly, ¢g > 0. Moreover, a simple topological argument shows that Q(e) = Q°\ chQ‘
is connected, and that R" \ clS2(e) has exactly the two connected components €' and
R™\ clR°, and that 9Q2(¢) = (ed2') U 9%, for all € € ] — €, o[\ {0}. For brevity, we set

vi = Vo vo = VQo Ve = VQ(e)-

Obviously,
ve(X) = =V (X/e)sgn(e) VX € €dQ', (3.3)
Ve(X) = 1°(X) VX € 9Q°, (3.4)

forall € € 1 — €, €o[\{0}, where sgn(e) = 1 if € > 0, sgn(e) = —1 if ¢ < 0. Now let
€ €10, el. If a° € CO(ARQC, Mn(R)), we denote by a the function of 92(¢) to Mn(R)
defined by

ax) =a’(x) ifxedQ’, ax) =0 ifxee.
Then we shall consider the following assumptions.
G° € CY592° x R",RM), (3.5)
Fgo maps C™ 1 (32°, R) to itself. (3.6)
Furthermore, we denote by G the function of 9Q2(¢) x R" to R" defined by
G(x,c) = G°(x,c) if (x,c) € 9Q° x R,
G(X,C) =0 if (x,C) € €dQ' x R".

We now convert our boundary value problems (1.1) and (1.2) into integral equations. We
could exploit Proposition 2.3. However, we note that the corresponding representation
formulas include integration on dQ2(¢) and thus on €3$2', which depends on e. In order
to get rid of such a dependence, we shall introduce the following Theorem, in which we
properly rescale the restriction of the unknown function u to €',

We find convenient to introduce the following abbreviation. We set

Xmeo = CM 12001 R") x C™ 12390, RM).
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Theorem 3.1 Leta € 10,1[, w € 11 — (2/n), +o0o[, m € N\ {0}. Let Q', Q° be asin
(3.1). Let ¢g be asin (3.2). Let G° be asin (3.5), (3.6). Let M = (M1, M3, M3) be the
map of | — g, €[ xR" x Xm o tOR" x X o defined by

f _ndo—}-[ pdo, (3.7)
ol a0

1
En(t) + vy [w, n](H)

Mzile, ¢, n, p]

Mz[e, ¢, n, p1()
n

+en 1t / Z 01(9T(w, DT (w, et — 9))v! (1) dos  Vt € 99,
9020 =1

Msle, ¢, n, p]()

1
_E’O(t) + vi[w, p1(D)

n
+[ Zﬁl o T(w, DgFIn(a), t — €9)°(t) dos
Clolarmry
&y (t, f Fn(w, t — es)n(s) dos + v[w, p](t) + c) vt € 9Q°,
el
for all (e, ¢, 7, p) € ] — €0, €[ XR" X Xm.. Then the following two statements hold.

(i) Lete €10, o[. Themap u[e, -, -, -] of the set of solutions (c, n, p) € R" x Xp 4 Of
equation

Mle, c, n, p] =0, (3.8)

to the set of solutions u € C™%(clQ(e), R™) of (1.2) which takes (c, n, p) to
vt [w, u] + ¢, where

n() = px) ifxedl, ux) =eM(x/e) if x € €, (3.9)
isabijection.
(ii) Thetriple (c, n, p) € R" x Xm o Satisfiesthe equation
M[O,c,n, p] =0 (3.10)
if and only if both the following conditions are satisfied

(i) n=0.
(j)) Thepair (c, p) satisfies both the equations

M1[0,¢, 0, p] =0,  Ms[0,c,0, p] = 0. (3.11)

Themap u[o0, -, 0, -] of theset of solutions (¢, p) of (3.11)inR" x C™~1.2(3Q°, R™)
totheset of solutionsu € C™*(cl2°, R™) of (1.1) whichtakes(c, p) tou[0, c, 0, p]
= v [w, p] + cisabijection.
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Proof: Let € > 0. A simple computation based on the rule of change of variables in the
integrals over 92" shows that (c, 7, p) solves equation (3.8) if and only if the pair (c, x)
solves the integral equation (2.7) with Q@ = Q(¢) and fm(e) udo = 0. Thus statement (i)
follows by Proposition 2.3.

We now prove statement (ii). To prove that (c, n, p) solves (3.10) if and only if both
(j) and (jj) hold, it suffices to note that if M[O, ¢, n, p] = 0, then

1 .
En—f—v*[a), nl=0 on %',

Since R™ \ cIQ' is connected, a classical result in potential theory implies that n = 0
(see Remark A.8 of the Appendix). The second part of the statement is an immediate
consequence of Proposition 2.3 with Q = Q°. |

Theorem 3.1 reduces the analysis of problem (1.1) or of problem (1.2) to that of
equation M = 0. We shall now show that under reasonable assumptions on the data of
(1.2), if problem (1.1) admits a solution G satisfying certain nondegeneracy conditions,
then for ¢ sufficiently small, problem (1.2) has a solution which is unique in a local sense
which we clarify in Section 5. To show existence for (1.2), we shall apply the Implicit
Function Theorem to the equation M = 0 around a zero (0, ¢, 0, p) of M such that
0 = ul[0, ¢, 0, p]. Thus we now prove the following.

Theorem 3.2 Let € 10, 1[, € |1 — (2/n), +00[, m € N\ {0}. Let Q', Q° be asin
(3.1). Let g be asin (3.2). Let (3.5), (3.6) hold. Let

Fgo be real analytic in C™ %% (5Q°, R™). (3.12)
Assume that there exists a solution G € C™“ (cl2°, R") of (1.1) such that

there exists t € 9Q° such that det D, G°(t, T(t)) # 0, (3.13)
£'DLGO(x, U(x))& <0 forall £ € R" and x € 92°.

Let (€, 5) be the unique solution of (3.11) in R" x C™1.2(5°, R") such that G equals
u[o0, €, 0, p] (cf. Theorem 3.1). Then there exist ¢’ € 10, €[, and an open neighborhood
Y of (€0, ) in R" x X4, and a real analytic operator (C, E, R) of | — €/, €’[ to V
such that the set of zerosof M in] — €/, /[ xV coincides with the graph of (C, E, R). In
particular, (C[0], E[0], R[0]) = (€, 0, p).

Proof: We plan to apply the Implicit Function Theorem to equation M = 0 around
the point (0, €, 0, p). By assumption (3.12) and by standard properties of elastic layer
potentials (cf. Theorem A.2 of the Appendix), and by known properties of (nonsingular)
integral operators (cf. e.g., Theorem 6.2 of Appendix B of [16]), we conclude that the
map M is real analytic. By definition of (€, p), we have M[0, ¢, 0, o] = 0. By standard
calculus in Banach space (see also Proposition 6.3 of Appendix B of [16]), DyG°(-, -)
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exists and the differential of M at (0, €, 0, p) with respect to (c, n, p) is delivered by the
formula

B(cn.pM110. €. 0. 71(C. 7. 7) = / ido + / 5o, (3.14)
Q! 20

A omm = = 1 _ i
8((:,)7,,0) MZ[Oa Cv O, p](cv ’77 IO) = 577 + U*[(,(), T]] On BQI )

d(c.n.pM3[0, €, 0, AI(C, 7, D) (D
l n
= —5PM) + vilw. BIO) + /0 2 OTw@, D Tn(@, )vO(t) dos
1=1

- DUGO (tv U[O), ﬁ](t) + 6)

. { f Th(w, H)7(s) dos + v[w, p](t) +C} vt € 9Q°,
Q!

forall (C,77,9) € R" x Xm,q. We now prove that . ,, ) M[O0, €, 0, 5] is a linear homeo-
morphism of R" x Xm , onto itself. By the Open Mapping Theorem, it suffices to show that
dc.n.mMIO, €, 0, 5] is a bijection of R" x Xm o onto itself. Let (d, f', ) € R" x Xmq.
We must show that there exists a unique (€, 77, p) in R" x Xm o such that

den.pMIO0. €0, 51(C. 7. 7) = . f', £°). (3.15)

By Remark A.8 of the Appendix, we conclude that the second component of equation
(3.15) has a unique solution 7 € C™1#(3Q! R™). We now rewrite the first and third
components of (3.15) in the form

/ pdo =d— [ 7do, (3.16)
Q0 Q!

1
—Eﬁ(t) + vi[w, p1(1) = DuGO(t, v[w, A1) + ©) - (v[w, pI(1) 4 T)

n
— o) — /0 DT, DeTh(@,)°() dos
=1

+ DuGO(t, v[w, F1(t) + ©) / Th(w, HA(S) dos ¥t € 9Q°.
0!

By Theorem A.2 (i) and by the membership of 5 in C™1:¢(3Q°, R"), we have v[w, 5]jse
e CM(9Q0° R"). By assumption (3.12) and by standard properties of superposition
operators (cf. [16, Proposition 6.3]), the superposition operator Fp,ge must map the space
cm-Le (500 RM) to C™L*(5Q°, My (R)). Hence, we can conclude that the function
DyG® (t, v[w, p1(t) + €) of the variable t € aQ° belongs to C™1.2(5Q°, Mp(R)).
Since the functions f© and T(w, DeI'n(w, 1))v°(t) are also of class CM-Le (300 RM), we
conclude that the right-hand side of (3.16) belongs to C™1-¢(3$2°, R") and that

A(t) = —DyG°(t, v[w, 51(t) + 6) vt € 9Q°

defines a matrix valued function which satisfies assumptions (2.2) and (2.3) (see also
(3.13)). Then we can invoke Theorem 2.2 (ii) and conclude that the system (3.16) admits
one and only one solution (T, ) € R" x C™ 1o (500, R"). O

“1ap|oy JybLAdos ayy Aq uoissiwiad uapLm Yym pamojfe Ajuo si asn 1ayjQ “Ajuo asn |euosiad inok 1oy ajaiue siy} anquisip pue Adod Aew no “mej JybuAdods uewiss £q pajosjoud si ajoiue sy



A singularly perturbed nonlinear traction problem 79

We are now ready to define our family of solutions.

Definition 3.3 Let e € 10, 1[, w € 11 — (2/n), +oo[, m € N\ {0}. Let Q', Q° beasin
(3.2). Leteg beasin (3.2). Let (3.5), (3.6), (3.12) hold. Assume that there exists a solution
0 e C™(clR° R") of (1.1) such that (3.13) holds. Let ¢’ € 10, ¢o[ and (C[-], E[-], R[-])
beasinin Theorem3.2. Lete € 10, €'[. Let u[e, -, -, -] beasin Theorem 3.1 (i). Then we
set

u(e, t) = ule, Cle], E[el, Rle]](1) vt € clQ(e).

4 A functional analytic representation for the family
{u(e, +)}ee 10,1 @nd for itsenergy integral

Theorem 4.1 Lettheassumptionsof Definition 3.3 hold. Let <2 be a bounded open subset
of Q°\ {0} suchthat 0 ¢ cl2. Thenthereexist e € 10, €'[ and a real analytic operator
Ug Of 1—egq, €a[ to CMe(clQ, RM) suchthat @ € Q(e) for all € € 1 —eg, 5[ and such
that

Uglel(-) = u(e, ~)‘c|§~2 Ve € 10, €. (4.2)
Moreover, Us[0] = Uyg. In particular, we have lime_q+ U(e, ) ;gq = Ogga() in

C™e(clQ, R).

Proof: Let E/fz € 10, €[ be such that @ < Q(e) forall € € [—e;.z, 6;.2]. By definition of
u(e, -), we have

u(e, t) = ule, Cle], E[e], Re]l(t) = / Cn(w, t — 9 ue(s) dos + Cle]
aQ(e)

forall t e clQ2(e) and for all € € 10, 6;‘2[' where
we(s) = Rlel(s) ifsedR’, (s = o Elel(s/e) ifse Q.

Hence,
u(e, t) = / T'n(w, t — es)E[€](S) dos + v[w, R[€]1(t) + Cle] Vit € clQ(e).
Q!

Now let e € 10, € ] be such that eclQ C e’g.ZQi forall € € [—eg, €5]. Thus it is natural
to define

Usz(eg])[E](t) = /

Tn(w, t — es)E[€](S) dos + v[w, Re]](t) + Cle], (4.2)
194

forallt C|Q(e;~2) and forall € € ] —e€g, eg[. Thus we are reduced to show that the right-
hand side of (4.2) defines a real analytic operator of | — €g, €5 [ t0 Cm""(cIQ(e’g.z), RM).
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Indeed,  C Q(e’é), and thus we can take Ug equal to the restriction to ¢l of UQ(%)[e].
Since C|Q(e;~2) C clQ°, Theorem A.2 (i) of the Appendix and the real analyticity of R[-]
imply that the map of ] — €5, eg[ to C™*(clQ°, R") which takes e to v, R[G]hcm(eé)
is real analytic. By standard properties of integral operators depending on a parameter (see
also [16, Proposition 6.1]), the map of | — €5, €5[x L1(9Q", R") to Cm+1(C|Q(e/§2), R™
which takes (e, f) to the function fmi (o, t — es)f(s)dos of t € C|Q(e;~2) is real
analytic. Since E[-] is real analytic from ] — eg, e5[ t0 c™-LeaaQl R and since
cm-Lea3Qf R") is continuously imbedded in L1(3Q', R") and Cm““l(clsz(e’fz), RM) is
continuously imbedded into the space Cm*“(clsz(e’fz), R™), we conclude that the map of
]—e€g, €5l t0 Cm’“(cIQ(e’g.z), R") which takes € to the map [, Tn(w, t — es)E[€](s)dos
oft e cIQ(e/g.z) is real analytic. ]

We now consider the energy integral of the family {u(e, -)}ce 10,1, and we prove the
following.

Theorem 4.2 Let the assumptions of Definition 3.3 hold. Then there exist € € 10, €'[ and
areal analytic operator F of | — €, €[ to R such that

Fle] = E(w, U(e, -)) Ve € 10, €[.

Moreover, F[0] = £(w, 0) = § [ootr (T(w, Dy () Dtxa) dx.

Proof: By the Divergence Theorem, we have
/ tr (T(a), DyU(e, X)) DLu(e, x)) dx
Q(e)
= — / u'(e, 9 T(w, DxU(e, 9))v.qi (S) dos
€9Q
+ / u'(e, 9 T(w, DxU(e, S))vao(S) dos
Q0
= [ e 9T@. Dette, 9)van(o) cos
Q20
= / ut(e, )GO(s, u(e, 9)) dos Ve € 10, €.
Qo
Then it suffices to take € = eq () (see Theorem 4.1) and to set

1 ~

F =5 [ Va6 Uaelel®) dos — Ye € 10,71
] 0

By assumption (3.12), and by the real analyticity of the map which takes e € ] — €, €[ to

Ugqelel in C™ (cl2(¢"), R"), we easily deduce that F is real analytic. Finally, equality

Uq[0] = O and the definition of F ensure that the last part of the statement

holds. a
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5 A property of local uniqueness for the family

{U(G, ')}ee 10,¢€’[
We now show by means of the following theorem, the local uniqueness of the family
{u(e, D}ee 10.¢1-

Theorem 5.1 Let the assumptions of Definition 3.3 hold. If {¢j}jen is a sequence of
10, o[ converging to 0 and if {uj}jen isa sequence of functions such that

uj € C™(clQ(e)), RM),
uj solves (1.2) for e = ¢j,
limj— o0 Uj ;g0 = Tjage in cm-Le Qo R,
then there exists jo € N suchthat uj(-) = u(ej, -) for all j > jo.
Proof: Since uj solves problem (1.2), Theorem 3.1 ensures that there exist (cj, nj, pj) €

R" x Xm.e and (€, 5) € R" x C™1#(3Q°, R™) such that

uj = ulej, i, nj, pjl.  Mlej. ¢ nj, pjl = 0,
D - u[os 6’0’ 15]7 M[Ov 6703 15] = 07

and that
uj = v, njl+cj,  U=v"[w 5l +¢
where
pi(y)=pi(y) ifyedQl,  pjy) =g "njy/e) ifyeso.

Now we rewrite equation M[e, c, n, p] = 0 in the following form

Mile, ¢, n, p] =0, (5.1)
Male, C, n, p] =0 on 9%,

—%P(t) + vilw, pI(D) + /aszi Ignl:m (9T(@, DTy (w, t — e9)1O(t) doss
— DGOt U(h) { /8  Tnfo. = e91(8) dos + vl o100 + c}
= G° <t, /B o In(w, t — €S)n(s) dos + v[w, pl(t) + c)
— DyGO(t, T(t)) {/BQ n(w, t — eS)n(s) dos + v[w, pl(t) + c} ,

for all t € 9Q2°. Next we denote by N[-,-,-,-] = (Ni[-, -, -, -])i=1.2.3 the function of
] — €0, €[ XR" x Xma t0 R" x X o defined by N = M; for | = 1, 2, and such that
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N3 equals the left hand side of the third equation in (5.1). Thus equation (5.1) can be
rewritten as

Nile,c,m,p] =0 _ (5.2)
Nole,c,n,p] =0 on Q!
Ns[e, ¢, n, p](t) = G° (t, / Tn(w, t — es)n(s) dos + v[w, pl(t) + C)

aQ

— DyG°(t, G(t)) {f Tn(w, t — es)n(s) dos + vlw, pl(t) + C}
Q!

for all t € 9Q°. By our assumption on Fgo, and by the known form of the differ-
ential of a composition operator, we have that DyG°(t, ti(t)) must be an element of
C™L (300, My (R)) (see [16, Proposition 6.3], where the scalar case has been worked
out, but the proof is the same for matrix-valued functions). Then by standard properties
of integrals depending on a parameter (see [16, Theorem 6.2]), and by Theorem A.2, the
map N is real analytic. Next we note that N[e, -, -, -] is linear for all fixed € € | — €, €g[.
Accordingly, the map of | — €p, eo[ t0 LR" x X, R" x Xm.) Which takes € to
N[e, -, -, -] is real analytic. We also note that

N[Oa ] ] = a(C,?),p)M[Oﬂ Cv O, ﬁ](ﬂ ) ')v

and thus that N[O, -, -, -] is a linear homeomorphism (see the proof of Theorem 3.2). Since
the set of linear homeomorphisms is open in the set of linear and continuous operators,
and since the map which takes a linear invertible operator to its inverse is real analytic (cf.
e.g., Hille and Phillips [8, Theorems 4.3.2 and 4.3.4]), there exists ¢” € 10, e[ such that

themap e — Nle, -, -, -] is real analytic from ] — €”, €[ t0 L(R" X Xm.¢» R" X Xm.q).
Since M[ej, ¢j, nj, pj1 = 0, the invertibility of N[¢j, -, -, -] and equality (5.2) guarantee
that

i, nj, pj) = Nlgj, -, -, 17V10,0, FeolUj 4001 — Foycolljage]uj snol

if ; €10, €”[. By (3.12), Fgo[-] is continuous in C™~1:#(3Q°, R"). Hence,

JLYT;O Feo[Uj a0l — Foycelljagelu s = Feolljaae] — Fpycelljagelljaqe,  (5.3)
in C™-1.2(3Q0, RM). The analyticity of € — N[, -, -, -] guarantees that
Iim N[Sj PINCI) '](_1) = N[Os ] '](_1)7 (54)
j—o0
in LR" x Xm.a, R" X Xm,e). Since the evaluation map of L(R" x Xm.e, R" X Xm.a) X

(R" x Xm,¢) 10 R" x Xm o, Which takes a pair (A, v) to A[v] is bilinear and continuous,
the limiting relations of (5.3) and (5.4) imply that

1im (cj, nj, pj) (5.5)
j—o0

= Jll>n<10 N[gj EREI '](_1)[0: 0, FGO[uj ‘390] - FDuGO[CIlE)QO]uj ‘390]

N[O, -, -, -1 [0, 0, Feoltijane] — Fo,colTjae]ljae]
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inR" x X 4. Since M[O, €, 0, g] = 0, the right-hand side of (5.5) equals (€, 0, p). Hence,
jli)ngo(sj',cj, nj, pj) =(0,¢0,0)
in] —€”, €’[xR" x Xm . Thus Theorem 3.2 implies that there exists jo € N such that
cj =Clejl, nj=Elejl, pj=Rle] forj> jo.

Accordingly, uj(-) = u(ej, -) for j > jo (see Definition 3.3). O

A Classical resultsof potential theory for linearized
elasticity

As is well known, the following Lemma holds.

LemmaA.l Letw € ]1 — (2/n), +o0o[. Then there exists a constant ¢ > 0 such that

tr<T(a), A)At> >clA+ A2 VA e My(R). (A.1)

Proof: By a simple computation, we have

1
tr<T(a), A)At) = (w—1)(Ir A? + SIA+ A2 VA€ My(R). (A.2)
If o > 1, we can take ¢ = 1/2. If instead w < 1, we note that
n n
tr<T(w, A)At) = (w+1) Z A2+ (w—1) Z B (A.3)
i=1 i j=1,i#]j

l n
+2 > (Aj+AD? YAe Ma(R),
2, =
I,j=1,i#]
and that

n

n 1 n
Z AiiAijE Z [Aﬁ—f-A?j]:(n—l)ZAﬁ.
i=1

i, j=1,i%] i J=1i#]
Hence, the right-hand side of (A.3) is greater or equal than
n 1 n
N(w — 1+ (2/N)) ; A i j;#(Aij + Aj)?,

which in turn is greater or equal to %(w -1+ @2/n)|A+ Alj2. Hence, we can take
c=min{(1/2), n(w — 1 + (2/n))/4}. O

Next we introduce the following known result concerning the regularity of simple and
double layer potentials.
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Theorem A.2 Leta € 10, 1[, w € 11 — (2/n), +oo[, m € N\ {0}. Let 2 be an open and
bounded subset of R" of classC™¢, Let R € 10, +oo[ be such that cI2 € B, (0, R).

(i) If u e CO¥HQ,RM), then v[w, u] € COR", R"). The map which takes u to
vH[w, u] is linear and continuous from C™1.#(3Q, R") to C™2(cl2, R"). The
map which takes 11 t0 v~ [w, ]cis,0,R)\ @ iS linear and continuous from the space
Ccm-Le (5, RM) to C™<(clB, (0, R) \ €, RM).

(ii) The map which takes 1 to w[w, u] islinear and continuous from C™* (92, RM)
to C™¥(cl2, R"). The map which takes 1 t0 w™[w, i]icis,.R)\q IS linear and
continuous from C™¢ (32, R") to C™*(cIBn (0, R) \ 2, R").

(iii) The map which takes 1 to v, [w, ] islinear and continuous from C™—1.¢ (3Q2, R")
to C™ L5, RM).
Proof: We first prove statement (i). Let By, be the function of R" \ {0} to R defined by

By = | CD 2 2Gs) Mg Mog 8] ifn e (2.4),
T 200 = 2)(n = Hs ] EA ifn eN\{0,1,2, 4},

forall £ € R"\ {0}. As is well known, By, is the fundamental solution of the biharmonic
operator A2, Let vg,[] denote the single layer potential corresponding to the kernel B,
and density . Then a straightforward computation shows that

v[w, u] = (A — wL—}—lVdiv) [(UBn [Mi])i:l,...,n],

and statement (i) follows by Miranda [25, Theorem 5.1].
We now prove statement (ii). Let M;j (vg) denote the tangential differential operator
defined by

a a
Mij(va(X) = VQ’i(X)B—.S —VQ,j (X)a_s
j [

forall x e aQ andi, j =1, ..., n. We denote by M(vq) the matrix (Mij (ve))ij=1....n.
By an elementary computation, we can verify that

(Tt D, o) = dijvat) - DHE
— Mij(va(X)&(E) — 2 (M@a(X)n(w, §)ji
forall x € 92, & € R"\ {0} andi, j = 1,..., n. By the Divergence Theorem, we have

/a (MOa)S = Yy doy
L _ /a S0 Y MO ()(y) doy
/a i (Mo (Y)Tn(w, X — y)'u(y) doy

- fm Tn(@, X = Y)(Ma(y)u(y) doy,
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for all x € R" (cf. e.g., Kupradze et al. [12, Chapter V, §1]). Hence, we deduce that

d
wlw, nl(X) = fm <8v—(y)sn(x - y)) u(y) doy

+ /dQ SiX = Y)(M(va(y)u(y)) doy
- 2/89 Cn(@, X = Y)(M@a(y)u(y)doy ~ Vx eR"

Then statement (ii) follows by statement (i) and by known properties of regularity of
simple and double layer potentials corresponding to the fundamental solution S, of the
Laplace operator (cf. e.g., Miranda [25, Theorem 5.1], [22, Theorem 3.1]). Statement
(iii) is an immediate consequence of statement (i) and of standard jump properties for
T(w, Dv[w, u])vg. O

We also note that if «, w, mand €2 are as in Theorem A.2, then we can write the Green
formula in the form

wlw, Upel(X) — v, T(w, (DU)jpe)vel(X) = { g(X) :;i 2 g’_

(A.4)
for all u € C¥(cl2, R") which solve L[w]u = 0 in Q (cf. Kupradze et al. [12, Chap-
ter 111, §2.1]). Then we have the following classical result. For a proof in case n = 2, we
refer to the book of Muskhelishvili [27, Chapter 19] (see also Kupradze [11, Chapter VI,
§85-6]). For a proof in case n > 3, we refer to the book of Mikhlin and Préssdorf [24,
Chapter X1V, §6], who actually worked out the proof for the case n = 3. However, the
proof is the same for n > 3.

Theorem A.3 Let o € 10, 1[, w € 11 — (2/n), +o0o[. Let © be an open bounded subset
of R" of class C1-®. Let W denote the map of L2(3$2, R"™) to itself defined by

Wiul = wlw, ulpe Vi € L2092, R").
Then the adjoint W* to W is delivered by the following equality
WA pl = vilo, plpe Y € L2992, R").

Moreover, the operators i%l + W and i%l + W* are Fredholm of index zero in
L2(3$2, RM).

Next we note that by Sevéenko [30, p. 929 of Engl. transl.] and Mikhlin and Préssdorf [24,
Chapter X111, Thm. 7.1], one can prove the following classical result (which can probably
be considered as ‘folklore?).

Theorem A.4 Leta € 10, 1[,w € 11— (2/n), +o0l. Let  be an open bounded subset of
R" of class C1*. Let 1 € L2(32, R"). If at least one of the four functions £2 14 + W([u]

and 311 + W*[1] belongsto CO (32, R"), then . € CO/(3Q2, R").

“1ap|oy JybLAdos ayy Aq uoissiwiad uapLm Yym pamojfe Ajuo si asn 1ayjQ “Ajuo asn |euosiad inok 1oy ajaiue siy} anquisip pue Adod Aew no “mej JybuAdods uewiss £q pajosjoud si ajoiue sy



86 Dalla Riva - Lanza de Cristoforis

We now turn to describe the kernels of i% | +W and of i% | +W* in a fashion which
generalizes that of Folland [6, Chapter 3] for the potentials associated to the fundamental
solution of the Laplace operator. To do so, we find convenient to denote by R, the set
of functions of  to R" which are constant, and by R?Z,Ioc the set of functions of Q to
R" which are constant on each connected component of €2, and by (Rg ;,c)ja the set of

functions on 9 which are trace on <2 of functions of R{, | .. Then we denote by R the

set of functions p of R" to R" such that there exists a skew symmetric matrix A € Mp(R)
and a constant b € R" such that p(x) = Ax + b for all x € R", and we denote by R, the
set of restrictions to €2 of the functions of R, and we denote by R joc the set of functions
of © to R" which equal an element of R on each connected component of €, and we
denote by (Rq.10c)ja the set of functions on 32 which are trace on 92 of functions of
Ra.loc. Also, if X is a vector subspace of L1(d$2, R") with  of class C*, we set

XO/E{fEXZ/ fdo =0, (A5)
A
for all connected components &’ of Q}

Then we have the following.

Theorem A5 Let o € 10, 1[, w € 11 — (2/n), +oo[. Let © be an open bounded subset
of R" of class C1-#. Then the following statements hold.

(i) viw, ulpe € Ker(—31 + W) for all u e Ker(—31 + W¥).
(ii) The map of (Ker(—%l + W*))0 to Ker(— 31 + W) which takes 11 to v[w, 1]js0 is
injective (see (2.6)).

(iii) Letn > 3. Themapof Ker(—3 I +W*) toKer(— 5 | +W) whichtakes u to v[w, 11150
is an isomorphism.

(iv) Ker(—31+W)isthedirectsumof v[o, (Ker(—%l + W*))O/]wg andof (RY, ) ae-
Such a sum however, is not necessarily orthogonal.

(V) Ker(=31 + W) = (Rg,loc) js2-

Proof: Let u € Ker(—%l + W*). By Theorem A.4, we know that i € C%%(3Q, R™).
Hence, Theorem A.2 (i) implies that vt [w, u] € CL*(clQ, R"). Now by the Green
formula applied to the function v[w, 1], we have

wlo, v[o, uljel(X) — v, T(@, Dvt (o, 1lpe)vel(X) =0,

forall x € R"\ ¢l (cf. (A.4)). Then by standard jump properties for simple elastic layer
potentials, we have

1
w™ [w, v[w, ulpel(X) = v~ [w oM + W*[u]](x) =v [0, 0](X) =0,
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for all x € 3R, i.e, w™[w, v, uljsel vanishes on the boundary of R" \ cl€2. Then
standard jump properties of elastic double layer potentials imply that statement (i) holds.

We now prove statement (ii). Let © € C%%(3$2, R™) be such that %y, = W*[u] on
92 and v[w, uljse = 0. Since v*[w, u] solves the homogeneous Dirichlet problem for
L[w] in 2, we deduce that v[w, 1] = 0 in cl2. Since v~ [w, 1] solves the homogeneous
Dirichlet problem for L[w] in R™ \ cl$2, the known properties of decay at infinity for the
simple layer and condition [, 1 do = 0in case n = 2, imply that v[w, 1] = 0in R™\ Q
and thus in R". Then by standard jump properties of simple elastic layer potentials, we
deduce that

p = T(w, Dv™ [, uhve — T(w, Dvtlo, uhve =0  on s,

which implies the validity of statement (ii). Note that here we exploit condition [, 1 do
=0onlyincasen=2.

We now prove statement (iii). By Theorems A.3, A.4, we know that the kernels in
statement (iii) are of equal finite dimension. Thus it suffices to show that the map which
takes 1 to v[w, n]jaq induces an injection, a fact which follows by the proof of statement
().

We now prove statement (iv). We first prove that if u € (Ker(—%l + W*))o and
v[w, nlse =p € (Rg’m)‘ag, then . = 0. By standard jump relations for elastic simple
layer potentials, we have

= T(w, Dv™ [, nljpe)va. (A.6)

Now let Q1, ..., 2N be the connected components of 2. By the behavior at infinity of
v[w, u] and by the Divergence Theorem applied to the exterior of €2, we conclude that

/ tr (T(w, Dv [w, u]) Do [w, ,u]) dx
RM\clQ

= _/ v [w, p]'T(w, Dv™ [, u])vg do = —/ Pfasz“ do
aQ Q2

N
=_Z'0|t0§21/ udo = 0.
i—1 BQJ'

Since w € 11—(2/n), 4-o0l, inequality (A.1) impliesthat v~ [w, 1] belongsto Rrn\cio, loc-
Since Dv~ [w, 1] equals a skew-symmetric matrix on every connected component of
R"\ cl€2, we conclude that T(w, Dv™ [w, u]) = 0 in R" \ cl2, and that accordingly
u = 0 by (A.6). Next we note that (Rggloc)‘ag is contained in Ker(—%l + W). Indeed,
if p <R3,|oc)|asz: then the Green representation formula implies that w[w, p](x) = 0
for all x € R™\ cl2, and thus that w™[w, p](X) = 0 for all x € 82, and accordingly

p € Ker(—31 + W). By Theorem A.3, we have
. 1 X . 1
dlmKer(— EI + W ) = dlmKer(— EI +W).
Clearly, we have

am (ke 340 (- 1 w0), | v
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(cf. (A.5)). Hence, statement (ii) implies that

dim | (er( = 51+ W) /u[o (er( = 51-+w)) ]} <o

Since the dimension of (Rg’loc)‘ag isnN, and

(R?Z,Ioc)wﬁ N v[a), (Ker( — %| + W*))O’] = {0},

we conclude that statement (iv) holds.

We now prove statement (v). If p € Ker(—%l + W), then (iv) implies that p is
the sum of an element b of (R?Z‘loc)‘ag and of a simple layer v[w, uljpe With w in
(Ker(—%l + W*))g. Clearly, T(w, Dv'[w, u])ve = 0 on 92, and thus the Divergence
Theorem together with inequality (A.1) imply that v [w, 1uljse € (Ra.loc)jae. Hence,
p=b+vw, ulpe € (Ra.loc)se- Conversely, let v € R 1oc. Let p be the trace of
on 92. Then we clearly have L{w](¥) = 0 in € and T(w, Dy)vg = 0 on 2. Then by
the Green representation formula, we have y/(x) = wlw, p](x) for all x € 2, and thus
o = wh[w, p] on Q. Hence, w™[w, p] = —p + wT[w, p] = 0, and thus the proof of
statement (V) is complete. ]

Next we observe that if u € L2(3Q2, R"), then —%u + W*[1e] must be orthogonal to
the kernel of —%I + W, which we have just seen to coincide with (Rq,10c) 9. Hence,
foo — 51+ W*[1] do = 0 and

1
/ wdo = / —u + W*[u]do. (A7)
B! 02 2

In particular, if [, %u + W*[u] do = 0, then we have [, u do = 0 no matter whether
n = 2 or n = 3. Hence, by arguing so as to prove Theorem A.5, we can prove the
following.

Theorem A.6 Let o € 10,1, w € 11 — (2/n), +o0o[. Let Q be an open and bounded
subset of R" of class C1-¢. Then the following statements hold.

(i) Theoperator of Ker(31 + W*) to Ker(3 1 + W) which takes 1« to v[w, u]jq isan
isomor phism.

(i) Ker(%l + W) coincides with the set of p € (Rrn\cio.loc) a0 Which vanish on the
boundary of the unbounded connected component of R \ cl<2.

Finally, we have the following.

Theorem A.7 Let @ €10, 1[, € 11 — (2/n), +oo[, m € N\ {0}. Let Q2 be an open
and bounded subset of R" of class C™. Let u € L?(82, R"). If either 2 + W*[4] or
— 11t + W*[] belongsto C™ 1 (3, R"), then n € C™ 1322, R).
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Proof: Case m = 1 follows by Theorem A.4. Thus we now consider case m > 2.
We first assume that —%u + W*[u] € C™Le3Q, R"). By Theorem A.4, we have
w € C%¥(3Q2, R"). Then by standard jump properties of simple elastic layer potentials,
we have

1
T(w, Dvt[w, u)ve = —5n+ W¥[u] € C™ L0, RM).

Hence, standard results in elliptic regularity theory imply that v*[w, u] € C™%(cl2, R™)
(cf. Agmon, Douglis and Nirenberg [1, Theorem 9.3]). Now let R > 0 be such that cI2 C
Bn(0, R). Since v [w, /L]‘ag = U+[a), [,L]wgz € Cm’a(ag, Rn) and v [w, /L]\a[ﬁ;n((), R €
C>(dBn(0, R), R"), again a classical result in elliptic regularity theory implies that
v [w, u] € C™¥(cIBL(0, R) \ £, R™ (cf. Agmon, Douglis, and Nirenberg [1, Theo-
rem 9.3]). Then by standard jump properties of elastic simple layer potentials, we deduce
that

u = T(w, Dv [, u])va — T(w, Dvtlw, uhve € CM 19 HQ, RM).
Case %M + W*[u] € C™L2(3Q, R") can be treated similarly. ]

Remark A.8 Under the assumptions of Theorem A.6, if R" \ clQ is connected, then
Theorem A.6 (ii) together with Theorem A.3 and Theorem A.7 imply that %I + W* is
a linear homeomorphism of L2(3$2, R™) onto itself and of C"(3$2, R™) onto itself, for
allr e {0,...,m—1}.

Finally, we note that the following holds.

Theorem A.9 Leta € 10, 1[, w € 11 — (2/n), +oo[, m € N\ {0}. Let 2 be an open and
bounded subset of R" of class C™¢. Then i% | + W* are Fredholm operators of index 0
in CMLx(3Q, R").

Proof: By Theorem A.7, the kernels of the operators j:%l + W* acting in L?(3Q2, R™)
are actually contained in the space C™12(32, R"). As is well known, i%l + W* is
a Fredholm operator of index 0 in L?(3$2, R") (cf. Theorem A.3). Then by exploiting
again Theorem A.7, one can easily show that the image of j:% | +W*inC™Le (30, RM)
coincides with the subset of C™1.2(3$2, R™) consisting of those functions f such that
foq, @ do = 0forall ¢ € Ker (31 + W). Since dim Ker (£31 + W) = dim Ker (311
+W*) is finite, the operators i%l + W* are easily seen to be Fredholm of index 0 in
cm-LeaQ, RM). 0
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