Available online at www.sciencedirect.com

sc:ENcE@DIREcT' NucLEAR[Z]
PHYSICS

Nuclear Physics B 741 (2006) 215-235

Tri-bimaximal neutrino mixing,
Ay and the modular symmetry

Guido Altarelli ***, Ferruccio Feruglio

& CERN, Department of Physics, Theory Division, CH-1211 Geneva 23, Switzerland
b Dipartimento di Fisica ‘E. Amaldi’, Universita di Roma Tre, INFN, Sezione di Roma Tre, I-00146 Rome, Italy
¢ Dipartimento di Fisica ‘G. Galilei’, Universita di Padova, INFN, Sezione di Padova,
Via Marzolo 8, 1-35131 Padua, Italy

Received 19 January 2006; received in revised form 6 February 2006; accepted 9 February 2006
Available online 28 February 2006

Abstract

We formulate and discuss a 4-dimensional SUSY version of an A4 model for tri-bimaximal neutrino
mixing which is completely natural. We also study the next-to-the-leading corrections and show that they
are small, once the ratios of A4 breaking VEVs to the cutoff are fixed in a specified interval. We also point
out an interesting way of presenting the A4 group starting from the modular group. In this approach, which
could be interesting in itself as an indication on a possible origin of A4, the Lagrangian basis where the
symmetry is formulated coincides with the basis where the charged leptons are diagonal. If the same classi-
fication structure in A4 is extended from leptons to quarks, the CKM matrix coincides with the unit matrix
in leading order and a study of non-leading corrections shows that the departures from unity of the CKM
matrix are far too small to accomodate the observed mixing angles.
© 2006 Elsevier B.V. All rights reserved.

1. Introduction

It is an experimental fact [1] that within measurement errors the observed form of the neu-
trino mixing matrix is compatible with the so-called tri-bimaximal form, discussed by Harrison,
Perkins and Scott (HPS) [2], which, apart from phase redefinitions is given by:

V273 1/43 0
U=|-1/v6 1/V3 —1/v2]. (1)
—1/v/6 1/4/3 +1/42
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It is an interesting challenge to formulate dynamical principles that can lead to this specific
mixing pattern in a completely natural way as a first approximation, with small corrections de-
termined by higher order terms in a well-defined expansion. In a series of papers [3-5] it has been
pointed out that a broken flavour symmetry based on the discrete group A4 appears to be particu-
larly fit for this purpose. Other solutions based on continuous flavour groups like SU(3) or SO(3)
have also been recently presented [6,7], but the A4 models have a very simple (for example, in
terms of field content) and attractive structure. In a recent paper [8] we have constructed an ex-
plicit A4 model where the problem as stated above is solved. A crucial feature of all HPS models
is the mechanism used to guarantee the necessary VEV alignment of the flavon field ¢7 which
determines the charged lepton mass matrix with respect to the direction in flavour space chosen
by the flavon ¢y that gives the neutrino mass matrix. In Ref. [8] we adopted an extra-dimensional
framework, with o7 and ¢g on different branes so that the minimization of the respective poten-
tials is kept to a large extent independent. The advantage of this approach is that the HPS mixing
is reproduced quite naturally in a comparatively simple way. A moderately hierarchical neutrino
mass spectrum is obtained. The correction terms from all possible higher dimensionality opera-
tors allowed by the symmetries of the model are shown to be small for a wide range of values for
the cut-off scales. Finally, the observed hierarchy of charged lepton masses can be reproduced
without fine tuning by enlarging the flavour symmetry with an extra U(1).

In the present article we address a number of questions which are left open. First, we give
an alternative formulation of the A4 model in 4 dimensions with supersymmetry (SUSY) which
shows that the connection of A4 with the HPS matrix is robust, in the sense that it can be obtained
in different ways and does not necessarily require extra dimensions. The two versions differ in
the set of additional fields and in the pattern of non leading corrections, so that experimental
tests are in principle possible. The advantage of SUSY is to considerably simplify the problem
of obtaining the right vacuum alignment from the minimization of the relevant potential. We
present a detailed discussion of the pattern of non leading corrections in the new version of
the model. We also address the important problem of trying to understand the dynamical origin
of A4. To this end we reformulate the 12 elements of A4 as products of two matrices S and T
with §2 = (ST)3 = T3 = 1. In this formulation the Lagrangian basis directly coincides with that
where the charged leptons are diagonal. The main virtue of this formulation is that A4 is seen
as a subgroup of the modular group of trasformations which often plays a role in the formalism
of string theories, for example in the context of duality trasformations [9]. We then discuss the
extension to quarks. We show that a direct extrapolation to quarks of the classification scheme
adopted in A4 for leptons immediately leads in lowest approximation to a diagonal CKM mixing
matrix. This fact had been already observed in a similar A4 context in Refs. [3,4]. We study the
higher order corrections in our specific framework and show that a direct extension to the quark
sector of the A4 classification leads, apart from negligible terms, to the same contributions for
up and down mass matrices, so that the CKM matrix remains diagonal. Thus new sources of A4
breaking are needed in the quark sector.

2. A4 revisited

A4 can also be defined as the group generated by the two elements S and T obeying the
relations [10] (a “presentation” of the group):

$2=ST)’=T=1. )
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It is immediate to see that one-dimensional unitary representations are given by:

1 §S=1, T=1,

1 S = 1’ T = ei4n/3 = w2’

l// S = 1’ T = ei2n/3 =w. (3)
It is simple to check that a two-dimensional unitary representation does not exist (only det(73) =

—1 is in this case compatible with $? = (ST)? = 1). The three-dimensional unitary representa-
tion, in a basis where the element 7 is diagonal, is given by:

1 0 0 /-1 2 2
T=<O ? 0), S=—<2 -1 2). 4)
0 0 o 3\2 2

The elements of A4 can be represented by the 3 x 3 matrices M; (i =1,2,...,12) given by:
1,8, T,ST, TS, T? ST? STS, TST,T?S, TST?, T*>ST. Indeed if one performs the unitary
transformation M; — M/ = V'M;V with

1 1 1 1
yo L <1 2w ) ©
V3 1 o o
one obtains the 12 matrices listed in Egs. (5)—(8) of Ref. [3] which span the three-dimensional
representation of Ay.

Starting from the explicit expressions of S and 7 we can build the multiplication rules for
triplet representations. Consider the two triplets:

a=(ay,a,as), b= (b1, b2, b3). (6)

The combination xab; 4+ ya b3 + zazb; is invariant under 7. If we also enforce invariance under
S it is easy to see that we get the invariant singlet

1 = (ab) = (a1b1 4 az2b3z + azb»). (7N
Similarly, the singlets 1’ and 1” are obtained from the combinations x'aszbs + y'aiby + 7'axb;
and x"axby + y"asby + 7" a1b3, by imposing invariance under S:

"= (ab)' = (azb3 + aiby + azby),

1" = (ab)” = (axby + a1b3z + azby). (8

With a little algebra it is possible to see that the remaining 6 independent combinations fill two
triplets, a symmetric one and an antisymmetric one:

1
3=(ab)s = 5(201191 —azb3 — azby, 2a3b3 — a1by — axby, 2a;b7 — a1bz — azby),

1
3 =(ab)a = E(azbs — a3by, a1by — axby, a1bs — azby). )

Moreover, if ¢, ¢ and ¢” are singlets of the type 1, 1’ and 1”7, and a = (ay, az, a3) is a triplet, then
the products ac, ac’ and ac” are triplets explicitly given by (aic, axc, asc), (a3c’, aic’, axc’) and
(axc”, asc”, ayc”), respectively.

The group A4 has two obvious subgroups: G g, which is a reflection subgroup generated by S
and G, which is the group generated by 7', isomorphic to Z3. If the flavour symmetry associated
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to A4 is broken by the VEV of a triplet ¢ = (g1, ¢2, ¢3) of scalar fields, there are two interesting
breaking pattern. The VEV

(p)=@1,1,1) (10)
breaks A4 down to G, while

(9)=(1,0,0) (11)

breaks A4 down to Gr. As we will see, Gg and G are the relevant low-energy symmetries of
the neutrino and the charged-lepton sectors, respectively. Note that the vectors (10) and (11) are
interchanged under the transformation in Eq. (5).

3. Basic structure of the model

We discuss here general properties of the model based on the A4 realization discussed above
which are independent of the particular mechanism adopted to guarantee the required VEV align-
ment which will be specified in the next section. Following Ref. [8] we assigns leptons to the
four inequivalent representations of the group A4: left-handed lepton doublets / transform as a
triplet 3, while the right-handed charged leptons e, ¢ and t¢ transform as 1, 1”7 and 1’, respec-
tively. The flavour symmetry is broken by two triplets ¢ and @7 and by a singlet &. Actually
we may need more singlets and indeed in the next section we will introduce two of them. But
we can always choose a basis in the space of these singlets such that £ denotes the field with
a non-vanishing VEV, whereas all the other ones have a zero VEV and do not contribute to the
neutrino mass matrices. So in this section we only keep the terms with & for simplicity. All these
fields are gauge singlets. Two Higgs doublets £, 4, invariant under A4, are also introduced. We
assume that some mechanism produces and maintains the hierarchy (h, 4) = v, 0 < A where
A is the cut-off scale of the theory (for example, by adopting a supersymmetric version of the
model, as in the next section). The Yukawa interactions in the lepton sector read:

Lr = yee (orD) + yu i (orD) + ye t(orD)” + x4& (U1 + xp(psll) +hc. +---. (12)

To keep our formulae compact, we use a two-component notation for the fermion fields and
omit to write the Higgs fields &, 4 and the cut-off scale A. For instance y.e¢(¢r!) stands for
vee(prDhg /A, x4,E(1]) stands for )caé(lhulh,,)/A2 and so on. The Lagrangian £; contains the
lowest order operators in an expansion in powers of 1/A. Dots stand for higher-dimensional
operators that will be discussed later on. Some terms allowed by the flavour symmetry, such as
the terms obtained by the exchange ¢ <> ¢g, or the term (//) are missing in £;. Their absence is
crucial and will be motivated later on. As we will demonstrate, the fields ¢r, @5 and & develop a
VEYV along the directions:

(1) = (v7,0,0), (ps) = (vs, vs, Vs), &) =u. (13)

At the leading order in 1/A and after the breaking of the flavour and electroweak symmetries,
the mass terms from the Lagrangian (12) are

vr
L= Udj()’eece + Yup + ye76T)

u
+xav5ﬁ(\zeve +2v,v7)

2 21)5

+ xpv, 342

(VeVe + vy vy +VeVp — VeV — Vv — Vrve) +he 4 (14)
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Here we have made use of Eqs. (7)—(9). In the charged lepton sector the flavour symmetry A4
is broken by (¢r) down to Gr. Actually the above mass terms for charged leptons are the most
general allowed by the symmetry Gr. At leading order in 1/A, charged lepton masses are di-
agonal simply because there is a low-energy G symmetry. In the neutrino sector A4 is broken
down to G g, though neutrino masses in this model are not the most general ones allowed by Gg.
From Eq. (14), at the leading order of the 1/A expansion, we read the mass matrices m; and m,,
for charged leptons and neutrinos:

vy v 0 O
mzzvd7<0 Vi O), (15)
0 0
v2 a+2b/3 —b/3 —b/3
m.):Z“ ( —b/3 2b/3 a—b/3), (16)
—b/3 a—b/3 2b/3
where
=21, 2 b=2x,2 17
a= va’ = Xbx- o))
Charged fermion masses are given by:
vr v %
me:yeUdXv mu:))uvdja mr:yrvd7~ (18)

We can easily obtain a natural hierarchy among m,, m, and m. by introducing an additional
U(1)r flavour symmetry under which only the right-handed lepton sector is charged. We write
the F-charge values in this model as 0, ¢ and 2¢ for ¢, 1€ and €€, respectively. By assuming that
a flavon 6, carrying a negative unit of F, acquires a VEV (0)/A = A < 1, the Yukawa couplings
become field dependent quantities ye, ,,.; = Ye,u,z (6) and we have

ye &~ 0(1), v~ 0(29), Yo~ O(1%). (19)
The neutrino mass matrix is diagonalized by the transformation:
2
UTm,,Uzl;l—“diag(ml:a+b,m2=a,m3=—a+b), (20)
with
V23 1/43 0
U=|-1/v/6 1/¥3 —1/v2 . 1)

—1/v/6 1/4/3 +1/42

Thus the HPS mixing matrix is obtained in the leading approximation. The constraints on the
parameters and on the scales of the model in order to obtain a realistic neutrino mass spec-
trum are exactly as in our previous paper [8]. In fact the formulation of A4 adopted in this
paper is such that the Lagrangian basis where the symmetry is specified coincides with the ba-
sis where the charged leptons are diagonal. This makes the role of A4 in producing the HPS
mixing more transparent but, at the leading level, the old and the new versions are related by a
unitary change of basis. Thus the present version of A4 model is completely natural, as much
as our previous version with an extra dimension, both needing only a moderate amount of fine
tuning to reproduce the small value of r = Am2 /Am2, . The difference between the extra-

atm*
dimensional version and the present SUSY version is however relevant at the level of subleading
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terms. We recall the expected range for the parameters in the symmetry breaking sector. By as-
suming that all the VEVs breaking A4 have approximately the same value, in Ref. [8] we found
that

<1 (22)

and that the cutoff A should be limited between 10'3 GeV and 2 x 10!° GeV. In particular, the
lower bound in (22) comes from requiring that the tau Yukawa coupling is within a perturbative
regime. In the supersymmetric version of the model discussed in the next section, the tau Yukawa
coupling is given by y; = (m, A)/(vcos Bvr) where v &~ 174 GeV and tan 8 = v, /v,. By asking
yr < 4w we find v /A > 0.0022(0.024) when tan 8 = 2.5(30). In what follows we take as lower
limit vy /A > 0.0022.

In conclusion, if one can construct a natural mechanism to guarantee the necessary alignment
of the VEVs ¢g and ¢r, one obtains a first approximation where the neutrino mixing is of the
HPS form. In the next section we will present a supersymmetric version of the model in four
dimensions and later we will discuss the non-leading corrections in this context.

4. Vacuum alignment

Here we discuss a supersymmetric solution to the vacuum alignment problem. In a SUSY
context, the right-hand side of Eq. (12) should be interpreted as the superpotential w; of the
theory, in the lepton sector:

wy = yee (prl) + yun (@) + yet(orD)" + (xa& + Za€) (D) + xp(@sil) + hc. + -+,

(23)
where dots stand for higher-dimensional operators that will be discussed in the next section
and where we have also added an additional A4-invariant singlet &. Such a singlet does not
modify the structure of the mass matrices discussed previously, but plays an important role in the
vacuum alignment mechanism. A key observation is that the superpotential w; is invariant not
only with respect to the gauge symmetry SU(2) x U(1) and the flavour symmetry U(1)r x Aa,
but also under a discrete Z3 symmetry and a continuous U(1) g symmetry under which the fields
transform as shown in Table 1.

We see that the Z3 symmetry explains the absence of the term (//) in w;: such a term trans-
forms as w? under Z3 and need to be compensated by the field & in our construction. At the same
time Z3 does not allow the interchange between ¢r and gg, which transform differently un-
der Z3. The singlets £ and & have the same transformation properties under all symmetries and,
as we shall see, in a finite range of parameters, the VEV of § vanishes and does not contribute
to neutrino masses. Charged leptons and neutrinos acquire masses from two independent sets of
fields. If the two sets of fields develop VEVs according to the alignment described in Eq. (13),
then the desired mass matrices follow.

Table 1

Field | 1 ¢ p¢ | ha o1 95 E & |9 @ &
Ay 3 1 Iy 17 1 3 3 1 1 3 3 1
Z3 o o 0 P 1 1 ® o o | 1 ® 3]
UDpgr | 1 1 1 1 0 0 0 0 0|2 2 2
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Finally, there is a continuous U(1) g symmetry that contains the usual R-parity as a subgroup.
Suitably extended to the quark sector, this symmetry forbids the unwanted dimension two and
three terms in the superpotential that violate baryon and lepton number at the renormalizable
level. The U(1)gr symmetry allows us to classify fields into three sectors. There are “matter
fields” such as the leptons /, ¢, u¢ and t¢, which occur in the superpotential through bilinear
combinations. There is a “symmetry breaking sector” including the Higgs doublets 4, 4 and the
flavons @7, ¢s, (£,&). As we will see these fields acquire non-vanishing VEVs and break the
symmetries of the model. Finally, there are “driving fields” such as goOT , gog and &g that allows
to build a non-trivial scalar potential in the symmetry breaking sector. Since driving fields have
R-charge equal to two, the superpotential is linear in these fields.

The full superpotential of the model is

W = w; + Wy, 24)

where, at leading order in a 1/A expansion, w; is given by the right-hand side of Eq. (12) and
the “driving” term wy reads:

wa =M (¢l or) + (ol oror)
+81 (¢g<ﬂsfps) + o€ (fﬂggﬂs) + 8380(ps9s) + ga&oE” + gsE0EE + oo . (25)

At this level there is no fundamental distinction between the singlets £ and €. Thus we are free to
define £ as the combination that couples to ((p()9 @s) in the superpotential w,. We notice that at the
leading order there are no terms involving the Higgs fields #, 4. We assume that the electroweak
symmetry is broken by some mechanism, such as radiative effects when SUSY is broken. It is
interesting that at the leading order the electroweak scale does not mix with the potentially large
scales u, v and v'. The scalar potential is given by:

s

where ¢; denote collectively all the scalar fields of the theory, ml2 are soft masses and dots stand
for D-terms for the fields charged under the gauge group and possible additional soft breaking
terms. Since m; are expected to be much smaller than the mass scales involved in wy, it makes
sense to minimize V in the supersymmetric limit and to account for soft breaking effects subse-
quently. From the driving sector we have:

2
+m?pi* -, (26)

ow
0¢;

% =Mor) + %g(wf — ¢ra9r3) =0,
% =Mor; + %g((pT% —oripr3) =0,
% =Mor,y + %g(gng — or19r2) =0,
% = a2bosi+ zéﬁ(‘PS% — ¢s2¢s3) =0,
ow

z 2¢1
—5 =&8ps3 + T(%% — ps19s3) =0,
90
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dw z 281,
— = 22695 + —— (953 — ¢51952) =0,
8<pg3 3
w - -
I 8467 + g5EE + g6E” + g3(psT + 2052053) = 0. (27)
A solution to the first three equations is:
M
(pT:(UTv()’O)v vr = ——. (28)
28

This VEV breaks A4 down to G7.! The need of an additional singlet can be understood by look-
ing at the remaining equations. Indeed, if a unique singlet were present, which can be realized by
setting & = 0, then the only solution to these equations would be that with all vanishing VEVs
for g and &. The additional singlet is therefore essential to recover a non-trivial solution.2 In
particular, if we choose mg > 0, thus enforcing (£) = 0, in a finite portion of the parameter space

we find the solution

£=0,
§=u,
gs=(s.vs.05).  vE=—iru? (29)
3g3
with u undetermined.® By choosing méo, mé(,), mgo > 0, the driving fields ¢, ¢, and &, vanish at

the minimum. Moreover, if mé o mé < 0, then u slides to a large scale, which we assume to be

eventually stabilized by one-loop radiative corrections.

As for the U(1)F field 6 it is easy to see that, in the unbroken SUSY limit, its VEV remains
undetermined as a consequence of the vanishing of the charged lepton field VEVs. When SUSY
is broken the mg 6] term in the potential would drive the & VEV to zero (or to oo if mg < 0).
However, in the presence of a renormalizable coupling of 6 to additional field(s), like, for exam-
ple, go002, one-loop radiative corrections typically bring back the & VEV near the cutoff. We
implicitly assume that such field(s) o, ..., which are completely neutral except for the appropri-
ate U(1)F and U(1) g charges, are included in our model. Thus the value of the ratio (6/) A can
be taken as a free parameter that, together with the charge value ¢, fixes the charged lepton mass
ratios as given in Eq. (19).

5. Higher-order corrections

The results of the previous section hold to first approximation. Higher-dimensional operators,
suppressed by additional powers of the cut-off A, can be added to the leading terms in the La-

1 More precisely, since the solutions lie in an orbit of the group A4, the non-trivial solutions are (28) and those
generated by acting on (28) by the elements of Ay: o7 = (M/2g)(1,-2,-2), o7 = (M/2g)(1, —2w2, —2w) and
o = (M/2¢)(1, 2w, —2w?). Each of these vacua leaves unbroken a Z3 subgroup of Ay4. It is not restrictive to choose
the vacuum g7 = —(3M/2g)(1, 0, 0). The trivial solution ¢7 = (0, 0, 0) can be eliminated by choosing méT <0.

2 We are indebted to G.G. Ross for pointing out this possibility to us.

3 Also in this case we find other degenerate solutions, obtained by acting on (29) with the elements of A4: g5 =
vs(l, o, wz) and g =vg(1, w?, ). Any of these solutions produces the same neutrino mass matrix. For instance ¢g =
vs(l, o, w?) is equivalent to g5 = vg(l, 1, 1), the two being related by the local field transformations v, — ve, v, —
wzvu, Vr — wvr.
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grangian. Here we will classify these non-leading terms and analyze their physical effects. In
particular we will show that these corrections are completely under control in our model and
that they can be made negligibly small without any fine-tuning. We can classify higher-order
operators into three groups.

5.1. Corrections to m;

The leading operators giving rise to m; are of order 1/A (see Egs. (14), (15)). At order (1/A)2
there are no new structures contributing to m;. Indeed the only invariant operator:

| ‘
5 ([ lerer)ha (¢ =epn,7) (30)

replicates the leading-order pattern, as can be seen from the fact that the symmetric triplet

20,5 2 2 31
(orer)s = 3(¢T1 PT20T3 PT3 — PT19T2, PT5 — PT3PT1) 3D

has a VEV in the same direction as ¢7. Thus, in the charged lepton sector, the first corrections
arise at relative order 1/A2.

5.2. Corrections to m,,

The leading operators contributing to m,, are of order 1 /A2 (see Egs. (14), (16)). At the next
order we have three operators, whose contribution to m,,, after symmetry breaking, cannot be
absorbed by a redefinition of the parameters x, ;:

e "D hyh d " hyh e & (oril)h,h 32
F(QDT(/)S)( ) ully, F(QDT(/)S) ( ) ully, FS((/)T ) ully- ( )

The corrections from these operators will be taken into account in Section 5.4.
5.3. Corrections to the vacuum alignment

In Appendix B, the operators of higher dimension contributing to the superpotential wy in-
troduced in Eq. (25) are listed and the procedure of minimization is repeated. The leading
corrections to the VEVs are of relative order 1/A and affect all the flavon fields. The correc-
tion to the VEV of ¢r, apart from a shift of vr, is proportional to the VEV of ¢g. In turn, the
VEV of gg is shifted in a generic direction, the VEV of &, which was vanishing at leading order,
acquires a small component and that of £ remains undetermined:

or) = (Vr + dvr, Svr, Svr),

@s) = (vs 4 6vy, vs + vz, vs + 6v3),

— Su, (33)

where u is undetermined, v’T —vr, 8vr, Sv; and Su’ are suppressed with respect to vy and vg by
a factor 1/A.
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5.4. Modified masses and mixing angles

The new vacuum in Eq. (33) modifies the leading order mass matrix m; in Eq. (15) into
my =my(vr — vf) + 8my
Sur Ye  Ye e
dmy = UdT Yu Yu Yu |- (34)
Yr Yo Yt
The matrix m;’ Tm; is diagonalized by sending [ into U,! where, by neglecting terms of relative
order (ye/yf)2 and (yﬂ/y,)z, U, is given by:

1 dvr  dur
vr vr
U= -2z 1 ou | (35)
vr vr
_dvr vy
vT vr

Charged lepton masses are modified by an overall factor (v} + vr)/vr.

The neutrino mass matrix is modified by both the new vacuum, Eq. (33), and by the new
operators (32). The non-vanishing VEV of & can be absorbed into a redefinition of the parameter
a of Eq. (17). The remaining effects change m, of Eq. (16) into m/, =m, + dm,

2621/3 —0823/3+68z5 —6z2/3+ 024 )
v
dmy = | —8z3/3+8z5 2822/3+ 824 —8z1/3 Z (36)
—3822/3 + 624 —38z1/3 28z3/3 + dz5
where
Xp uvr Xp Xb
821 EZ(Z&H +xgﬁ>, SZQEZX(SUQ, 8z352x8v3, 37
vsUT vsvr
8Z4 = 2)657, 825 = 2)Cd A2 . (38)
To first order in §z; neutrino masses are given by:
v2T 1 1
my=—-la+b+ =(8z1 +8z2 +8z3) — = (8z4 + 825) |,
Al 3 2
v2
u
my = Z[a + 824 + 8251,
v2T 1 1
m3_Z —a—{—b—}—g(ﬁzl+322+5Z3)+§(5Z4+325) . (39

By combining the first order corrections to neutrino and charged lepton masses we find the mod-
ified parameters of the lepton mixing matrix (a bar on a letter indicates complex conjugation):

1 1
Ul = — L
|Ues| ﬁ'[3(ab+ba—|b|2)

((@+b)(8z4 — 8z5) — (a — b) (874 — 555))]

(a(8z2 — 823) + (b — @) (822 — 673))

, (40)

1
 2(ab + ba)
51)]' 1

1 _
2 -
tan“fp = - —3—— + = 2a + b)(—26z1 +8z2 +8z3) +c.c.|, 41
=73 or " 2Gb+ha |b|2)[( )( 1 2 3) ] (4D
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Sv 2 _
2 T
tan“ 63 =1+4+4— — - b(6zp —8z3) +c.c.
2 vr 3(ab + ba — |b|2)[ (322 —dz3) +-cc]
_—_— 5 (S _(S 4 +C.C. . 42
(c‘zb+ba)[ (824 — 825) ] (42)

Given the expected range for the VEVs for vr, vg and u, Eq. (22), we see that all the corrections
can be kept small, below the percent level. We see that deviations from the leading order pre-
dictions are obtained for all measurable quantities at approximately the same level. If we require
that the subleading terms do not spoil the leading order picture, these deviations should not be
larger than about 0.05. This can be inferred by the agreement of both Amgol /Am?, and tan® 6,
with the experimental values. We then go back to Eq. (22) and include this constraint:

< 0.05. (43)

We recall that the lower bound 0.0022 was derived from the requirement that the Yukawa cou-
pling y; is small enough to justify a truncated perturbative expansion. Note that the ratio (8)/A
is not limited by the constraint in Eq. (43).

6. See-saw realization

We can easily modify the previous model to acomodate the see-saw mechanism. We introduce
conjugate right-handed neutrino fields v¢ transforming as a triplet of A4 and we modify the
transformation law of the other fields according to Table 2.

The superpotential becomes

w = w; + wq, (44)
where the ‘driving’ part is unchanged, whereas w; is now given by:
wy = Yee  (prl) + yut (1) + yr v (pr)”
+ y(v°1) + (xa& + T4E) (V1) + xp(@svV) + he + - (45)

dots denoting higher-order contributions. The vacuum alignment proceeds exactly as discussed
in Section 4 and also the charged lepton sector is unaffected by the modifications. In the neutrino
sector, after electroweak and A4 symmetry breaking we have Dirac and Majorana masses:

A+2B/3 —B/3 —B/3
mP =yy,1, M:( —B/3 2B/3 A—B/3)u, (46)
—B/3 A—B/3 2B/3
where 1 is the unit 3 x 3 matrix and
vs
A=2xy, B=2xp—. a7
u
Table 2
Field v 05 £ g 2% )
Ay 3 3 1 1 3 1
Z3 w? ? w? w? w? w?
U)g 1 0 0 0 2 2
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The mass matrix for light neutrinos is m, = (m2)" M~'mP with eigenvalues
2 2 2.2 2 2
v v v
my =2 my =221 my=—>—— " (48)
A+Bu Au —A+Bu

The mixing matrix is the HPS one, Eq. (21). In the presence of a see-saw mechanism both
normal and inverted hierarchies in the neutrino mass spectrum can be realized. If we call @ the
relative phase between the complex number A and B, then cos® > —|B|/2|A| is required to
have |mj| > |m1]. In the interval —|B|/2|A| < cos @ < 0, the spectrum is of inverted hierarchy
type, whereas in |B|/2|A| < cos @ < 1 the neutrino hierarchy is of normal type. The quantity
|B|/2|A| cannot be too large, otherwise the ratio r cannot be reproduced. When |B| < |A| the
spectrum is quasi degenerate. When | B| = | A| we obtain the strongest hierarchy. For instance, if
B =-2A+z(|z]| < |A|, |B]), we find the following spectrum:

2 s 9 1 2 s (9 13
|m1| ~ Ama[m(g + Er)i |m2| ~ Ama[m g + Er )
) 5 (1 1
|m3|= ~ Amy,, 3 + Er . (49)
When B =A + z (|z] < |A|, | B]), we obtain:
2 o 2 1 2 o 2 4 2 o 2 1
M=~ Amy,, 3 ) [ma|= ~ Amy, 37 ) |m3|=~ Amy | 1 — 3 ) (50)

These results can be affected by higher-order corrections induced by non-renormalizable oper-
ators. As before, charged lepton masses and mixing angles are unaffected at first order. Dirac
and Majorana neutrino mass terms are instead corrected at first order, through the insertion of
o7 /A and also the VEVs receive a corrections. It is interesting to note that the contribution to
the light neutrino masses coming directly from local operators of the type (I/h,h, ...) is highly
suppressed compared to the see-saw contribution. The latter is of order 1/VEYV, whereas the for-
mer, due to the Z3 assignment, is of order VEV2/A3. In conclusion, the symmetry structure of
our model is fully compatible with the see-saw mechanism.

7. Quarks

There are several possibilities to include quarks. At first sight the most appealing one is to
adopt for quarks the same classification scheme under A4 that we have used for leptons. Thus
we tentatively assume that left-handed quark doublets g transform as a triplet 3, while the right-
handed quarks (u€,d¢), (c¢,s) and (¢, b°) transform as 1, 1” and 1’, respectively. We can
similarly extend to quarks the transformations of Z3 and U(1) g given for leptons in the table of
Section 4. The superpotential for quarks reads:

wq = yad“(p1q) + yss (orq) + yub (9rq)”
+ yut“(orq) + yec (orq) + yi1°(9rg)” +he. +---. (51)

It is interesting to note that such an extrapolation to quarks leads to a diagonal CKM mixing
matrix in first approximation [3,4]. In fact, starting from Eq. (51) and proceeding as described in
detail for the lepton sector, we see that the up quark and down quark mass matrices are separately
diagonal with mass eigenvalues which are left unspecified by A4 and with a hierarchy that could
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be accommodated by a suitable U(1)r set of charge assignments for quarks. Thus the Vcxwm
matrix is the identity in leading order, providing a good first order approximation.

The problems come when we discuss non-leading corrections. As seen in Section 5, first-order
corrections to the lepton sector should be typically below 0.05, approximately the square of the
Cabibbo angle. Therefore it seems difficult to reproduce the quark mixing between the first two
generations in this scheme, without introducing new ingredients in the symmetry breaking sector.
Also, by inspecting these corrections more closely, we see that, exactly as in the case of charged
leptons, the quark mass matrices are not modified to first order by higher-dimensional Yukawa
operators. The only possible first order changes could only come from the new vacuum, Eq. (33).
Unfortunately, up to very small terms of order yg( d)/ ylz(b) and yf,(s) / ytz(b), these corrections are
the same in the up and down sectors—see Eq. (35)—and therefore they almost exactly cancel in
the mixing matrix Vckm. We conclude that, if one insists in adopting for quarks the same flavour
properties as for leptons, than new sources of A4 breaking are needed in order to produce an
acceptable Vckwm.

An other point of view is to regard A4 as a special feature of the lepton sector, and to provide
an independent description for quarks. For instance one could take quarks as invariant under A4
and charged only with respect to the U(1) part of the flavour group which controls the mass
hierarchy. Masses and mixing angles for quarks would emerge from the symmetry breaking
of an Abelian continuous flavour symmetry, as in many models of fermion masses [11]. This
possibility has the obvious disadvantage of preventing a unified description of both quarks and
lepton masses, as expected for instance in grand unified theories.

8. Relation with the modular group

There is an interesting relation between the A4 model considered so far and the modular
group. The modular group is the group of linear fractional transformations acting on a complex
variable z:

az+b
cz+d’
where a, b, ¢, d are integers. These transformations can be represented by the matrices

a b
(c d) (53)

with integer coefficients and determinant 1, belonging to the group SL(2, Z). Since however a
matrix and its opposite in SL(2, Z) define the same linear fractional transformation, the modular
group I coincides with PSL(2, Z), the matrices in SL(2, Z) up to an overall sign. There are
infinite elements in I, but all of them can be generated by the two transformations:

1

17— ——, t: z—>z+1, 54)
z

ad —bc=1, (52)

represented by the matrices*:

ms=<_01 é) m,:((l) }) (55)

4 Notice that m; is not unitary and also that m% = —1 while m} # 1 for all integer n > 1.
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In string theory the transformations (54) operate in many different contexts. For instance the
role of the complex variable z can be played by a field, whose VEV can be related to a physical
quantity like a compactification radius or a coupling constant. In that case s in Eq. (54) represents
a duality transformation and ¢ in Eq. (54) represent the transformation associated to an “axionic”
symmetry.

The transformations s and ¢ in (54) satisfy the relations

s2=(s1)’ =1 (56)

and, conversely, these relations provide an abstract characterization of the modular group. Since
the relations (2) are a particular case of the more general constraint (56), it is clear that the
representations given in (3) and (4) are also representations of the modular group. Then the
natural questions is: how much special are (3) and (4) from the point of view of I"? To anwser
this we should inspect the unitary irreducible representations of I". To this purpose it is sufficient
to look at linear unitary irreducible representations of the two elements s and ¢, from which it is
possible to reconstruct the representatives of any other element in 1.
The singlet representations act simply as multiplications by a phase factor:

5§ = eiZna’ t = ei2nﬂ‘ (57)
It is immediate to see that there are six inequivalent choices for o and g that satisfy (56):

1 s=1, t=1,

1 os=1, =%,
1H s=1, t = ei2n/3,
mog——, = eiSn/S’
llV s:—l, t=ei3n/37
1V s=-1, r=¢"/3, (58)

The representation 1 is the invariant representation. If we have two fields a and b transforming
according two representations of the above list, then their product ab also transforms according
to a singlet representation and the multiplication table can be easily deduced by Eqgs. (58):

1 ll lll 1III lIV lV
1 1 ]I IH 1III IIV 1V
II 11 IH 1 IIV 1V IHI
1H 1H 1 11 1V IIII IIV (59)
1HI 1IH llV 1V 11 1II 1
1IV 1IV lV 1HI 1H 1 11
lV 1V llIl 11V 1 lI 1Il

In particular we see that, beyond the invariant representation, there is an interesting subset of rep-
resentations closed under the product. It is given by 1, 11, 111, These representations corresponds
to the representations 1, 1’ and 1” used in our model.

The relations 52 = (s7)> = 1 lead to a quantization of @ and 8 in Eq. (57) and, in the unidi-
mensional case, there is a finite number of unitary representations. This is no-longer true when
going to higher-dimensional representations [12]. We are particularly interested in the three-
dimensional case which is discussed in detail in Appendix A. The result is that we have unitary
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6 0 2 0 4 0 6 0 8 1
Fig. 1. Allowed (white) region in the parameter space (8>, 83). The conditions (A.6), (A.7) of Appendix A are sat-
urated along the lines 8y = 1/6,3/6,5/6, B3 =1/6,3/6,5/6, B3 = —p» +3/6, B3 = =P +5/6, B3 = —f +7/6,
B3 = —P2 + 9/6. Accounting for the periodicity in B; 3, we have six allowed regions with the same shape and area,
differing only by the location of their center. These six regions are related by permutations of 81, 8> and f3 and the

inequivalent representations can be labelled by the points of one of them. The irreducible representation used in our
model is marked by a star.

inequivalent representations described by

emh 0 0
r= 0 ¢i2mh 0 , (60)
0 0 ei2n/33

and a matrix s also determined as function of B; once the following relations are staisfied:
B1 + f2 + B3 =0 (mod 1) and (B2, B3) in the region 3/6 < p2 < 5/6, 1/6 < B3 < 3/6,
—B2+5/6 < B3 < —Br+7/6. Therefore, there is a double infinity of possible three-dimensional
representations which in the (82, B3) plane appears as in Fig. 1. The representation (4) adopted
in the construction of the model falls just in the center of the region allowed to (82, B83). Perhaps
in the underlying theory there is a dynamical principle that selects this particularly symmetric
point.

9. Conclusion

The A4 discrete group appears to be particularly suitable to economically reproduce the pre-
cise relations among neutrino mass matrix elements which are needed to obtain the HPS mixing
matrix. We have presented here a 4-dimensional SUSY version of an A4 model which is com-
pletely natural, in the sense that no arbitrary tuning of parameters is necessary to lead to the HPS
mixing angles, once the ratios of VEVs to the cutoff are fixed in a given interval. A moderate
fine tuning is only present in the neutrino mass spectrum, in order to reproduce the observed
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small value of r = Am2, /Am2,,. In a previous paper we had presented a model which was
equally natural, actually in a more extended interval for the cut-off, but assumed extra dimen-
sions, thus making the model more exotic. We then pointed out an interesting way of presenting
the A4 group as a particular set of transformations of the modular group. This approach has the
immediate advantage that the Lagrangian basis where the symmetry is formulated coincides with
the basis where the charged leptons are diagonal. But this connection could possibly lead to an
insight on the possible origin of the A4 symmetry within the context of a more fundamental
theory. Finally, if the same structure of left-handed and right-handed field classification in A4 is
extended from leptons to quarks, then, in leading order, the CKM matrix coincides with the unit
matrix. A study of non-leading corrections in this model shows that the departures from unity
of the CKM matrix are far too small to reproduce the observed mixing angles. Thus the quark
mixing angles, in this picture, should arise from additional effects specific of the quark sector.
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Appendix A

We explicitly classify and build the three-dimensional, irreducible unitary representations of
the modular group. It is not restrictive to go to a basis where 7 is diagonal:

n 0 0 el2mh 0 0
T=]10 n 0]= 0 ei2h 0 ) (A.1)
0 0 0 0  ei2mhs

In this basis and without loss of generality, the most general 3 by 3 unitary matrix S satisfying
$2 = 1 can be parametrized as:
—Cos X sin x sing sin y cos¢
S=n| sinysing cosy sin2<p —cos?¢  (1+cosy)cosgsing |, (A2)
sinycosg (1 +cosy)cosgsing cosx cos?g —sin’ @

where 1 = £1. We can take x between 0 and 7, and ¢ between 0 and /2. We first discuss
n = 1. The condition (S T)3 = 1, written in the form 7ST = ST, gives rise to the equations:

2 )
cos sin )
E— X_ cos th — X (cos2 ot + sin’ <pt3) =0,
1
sin x sin?¢  (cos® @ — cos x sin )2 .9 2 N2
— . - . + (cos x sin” ¢ — cos” @)1
1 2

(14 cos x)2 cos? @sin’ ¢ —0

13

5 It is not restrictive to assume the non-diagonal elements of S real and of the same sign. If this is not the case, we can
make them real and of the same sign by means of a unitary diagonal transformation that leaves 7 invariant and does not
affect the diagonal elements of S.
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sin® x cos? 0] (sin? @ — cos x cos® p)?

+ (cos x cos? ¢ — sin® p) 13

n 13
(14 cos x)?cos? gsin® ¢ _o
%) -
1 1 1 sin?¢p  cos’g
2
titr + cos - — — cos —_— | =0,
it ¢<t2 l‘3>+ X(tl 1% 13 )
. 1 1 1 sin?¢p  cos’g
Ht3 +sin“p| ——+ — ) +cosy{ ——————] =0,
L 13 | 1p) f3
;2
sin 1+ cos
-— £y ( +t ; LY (sin? g2 + cos® g3 + 1315 — cos x (cos? gt + sin pt3)) = 0.
1 213
(A.3)
By combining the fourth and the fifth equations above we obtain:
tiht3 =1, (A4)

which can be solved, for instance, to express #; in terms of 7, and 73. By ignoring solutions that
lead to reducible representations, the remaining independent conditions in (A.3) are solved by:

K3t +13)

cosy =— ,
1 -2 — bt} + 1515
bl +83)(1 -3t
cosg = 2( 33 )3( 513) ) (A5)
(h —t3)(1 + 1515 — 2013(12 + 13))
It is easy to see that cos x is automatically real and that the condition | cos x| < 1 reads:
33 1 2 /1 1
B+ 5 =206 +6) — —(—+— ) +2>0. (A-6)
5513 hiz\n2 13

The argument of the squared root in Eq. (A.5) is always real and the conditions to obtain cos ¢
real and bounded between 0 and 1 are, respectively:

2(1+13)

3.4
oY)

2(1+13)

13
L3

(a — 13 + 2083 + 1315 = 36313 = 31515 + 1315 + 26515 + 1565 — 1515) > 0,

(15— + 26363 + 1313 = 36300 — 36315 + 1565 + 26513 + 1565 — 1545) > 0.
(A7)

Recalling that 5 3 = ¢27P23 we find that in the fundamental region 0 < 2.3 < 1 the values of
Bo,3 that are compatible with the conditions (A.6), (A.7) are those displayed in Fig. 1. Then ¢, is
given by the constraint (A.4). The representation chosen in our model, corresponds to one of the
centers of the allowed regions, the point (82, 83) = (2/3, 1/3). Then Eq. (A.5) gives cos x = 1/3,
cos@ = 1/+/2 and sin x =2+/2/3, sing = 1/+/2.

Finally, the irreducible representations corresponding to n = —1, which flips the sign of S,
are obtained from those given above by sending (S, T') into (—S, —T).
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Appendix B

Here we discuss how the vacuum alignment achieved at the leading order is modified by the
inclusion of higher dimensionality operators. The part of the superpotential depending on the
driving fields gz)OT , q)g and & is modified into

wy + Awg. (B.1)
Here wy is the leading order contribution:
wa = M(¢d or) + (04 or07)
+ g1(93 0s9s) + 226 (9 ¢s) + 38360(pses) — 85608” + g580EE + geko”,  (B.2)

where, for convenience, we have redefined g3 =3 g§ and g4 = — gf. We recall that wy gives rise
to the minimum:

3M
or =(7,0,0), vr=-——-,
2g
84
s = (vs, Vs, Vs), Vs=_—1U,
383
E=u,
£=0 (B.3)

with # undetermined. The remaining term, Awy is the most general quartic, A4-invariant poly-
nomial linear in the driving fields:

13 12 3
1 E T E S § X
Ade Z(k_?)tk]k +k_1 Sk]k +k_1xk1k (B4)

where #, s and x; are coefficients and {I[, I,f I kX } represent a basis of independent quartic
invariants:

o= ((p()T(PT)(QDT(PT)v Iy = (</>0T(</>S<PS)S)§,

I = (QOQTSDT)/(‘PT(PT) iy = (fpg (9s9s)s)€

1 = (of or)" (@rer) If, = (9§ ps)&°

I{ = (0§ vs)(@sps) I}, = (o] ¢s)&E,

I = (ﬁo()T(PS)/((PS‘PS) L= (§00T<PS)§2,

1§ = (¢ ¢s)" (@s9s) . (B.5)
I = (((Pgw)s(fpsws)s) = (@5 (pr9s)s)E,

5= ((e5e 7) A (@595)s) = (¢35 (pres)a)é,

I = (¢§or) (@ses) 19 —( S (019s)4)E,

L= (‘ﬂgsOT)/(wsws)”, Iy = (5 or)E2,

5 = (p§or)" (0ses) . I = (95 or)EE,

1§ = (¢ (91 9s)s)E, I} = (v591)€>, (B.6)
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1 =& (er (eses)s), I =& (psps)E,
I =& (psps)E. (B.7)
The new minimum for ¢s, @7, & and € is obtained by searching for the zeros of the F terms,

the first derivatives of wy + Awy, associated to the driving fields gag s ngT and &y. We look for a
solution that perturbes (B.3) to first order in the 1 /A expansion:

3M
(pTZ(UT—i_SU{,SUg,Sv;), vr = ——7—-»
2g
g4
s = (vs + vy, vg + dva, vs +8v3), Vs = gu
3
§=u,
E=26u. (B.8)

The minimum conditions become equations in the unknown 3§ viT , 8v;, u and Su’ which can be
expanded in 1/A. By keeping only the first order in the expansion, we get:

6 M2 gy 82 3

T

— + t + te+17+t =0,
v — 8 Q.3 ] 3g~’; ( 11 3g (6 7 8) M

2 3
u
28v) + —3 <t11 + —3 (tg + 17+ tg)) =0,

83 83 MA
X W3
2807 +—=\t1+—e+1t7+¢ 0,
vy 3g3<“ 36 5 (t6 + 17 8)>MA
~2 -
8284 ., 28184 1/3 Mu
8 2801 — 8vy — Su3) — —( = 2256 ) =0,
36 " + ods (28v1 — 8vy — dv3) g<2S10+2~283+3 =56 )4
2 1 M
8284 | 28188 o5 —8v1—8v3)——<g4 S4—¥<S_6+S_8>)_”:0,
3 £3 9g 2g3 g3 6 4 A
8284 . , 28184 1( ga g4 sg\\ Mu
—du’ + (28v3—8v1—8v2)——<— S5 — <———>>—=0,
383 9¢3 2657 s3\6 4 A
/ ~ o~ ~4 Mu
g56u’ +2g384(8v1 + Sva + dv3) — xp— =0. (B.9)
2g¢3 ~ A

These equations are solved by:

313 v2 [ g4 J u’
Suf =—>—C |~ 5 (f6 + 17 + 1) | —,
: 2g A 2g83t11 6gg33 vr A

~ ~3 3
u

augzsugz[ 8y g4~3(t6+t7+58)i|
dggztin  12gg3 vr A

S1 8351
5U1=[g5 =+ % 5 (83 + 54 + 55) — £3%10

68284>  18g243° 8184
g4 56 X2 vTu
(253 — 54 —55) — 7— — —}—
6g1 3g1 18g3 A
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s g35
Svp = |: &5 102 + £ 5 (53 + 54 + 55) + 10
68284 18g245° 28184
g 58 X2 vrTu
(254 — 53— 55) + o 2 _ }—
- 621863 6g1 481 18g3%] A
)
dvs = |: & 102 & 5 (53 + 54 +55) + 83510
6g2g4 18g245° 28184
S8 X2 vTu
= (255—53—54)+——— - —}—
6g1 6g1  4g1 18g3 A
S TU
ou' = —[‘% e IR +Ss)]
8284 382 g3 A

(B.10)

where u# remains undetermined. This justifies the corrections (33) to the vacuum alignment

adopted in Section 5.
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