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Abstract. The structure of tilting modules over valuation domains R is investigated. It is proved
that the S-divisible modules ds introduced by Fuchs-Salce are canonical generators for the
tilting torsion classes over valuation domains, assuming ¥ = L and |R| < 2% when the tilting
generator has uncountable rank, where R is the pure-injective hull of R.
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1 Introduction

Looking at the wide literature existing on tilting modules since their appearance in
the early 80’s, one could expect that their structure is well understood in most cases.
This is not true if one considers infinitely generated tilting modules. For instance,
restricting to modules over commutative integral domains, the structure of infinitely
generated tilting modules is known only for Dedekind domains satisfying certain
cardinal conditions—including the ring of the integers—and assuming Godel’s
Axiom of Constructibility (¥ = L) (see the papers by Gobel-Trlifaj [GT] for abelian
groups, and by Trlifaj-Wallutis [TW]).

The goal of this paper is to study tilting modules over valuation domains. A
crucial role is played by certain modules which can be viewed as prototypes of tilting
modules over general commutative domains, namely, the modules Js. They have
been introduced by Fuchs and the author in 1992 [FS1], as a generalization of the
Fuchs’ divisible module ¢ (see [FS2]). Facchini first noted the tilting character of the
module 0 and proved a remarkable result of Brenner-Butler type using it (see [Fa]
and [Fal]).

In Section 2, after reviewing some preliminary facts, we recall the definition and
the main properties of the modules ds over an arbitrary domain R, where S denotes a
multiplicative subset of R. Section 3 is devoted to prove that a countable rank tor-
sionfree module M of projective dimension 1 over a valuation domain R satisfying
the condition Ext}Q(M N (“’>) =0, where N is an arbitrary torsionfree R-module, is
necessarily a free module over the localization of R at the prime ideal N# canonically
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540 L. Salce

associated with N, provided that N# > M#. The same result is proved for torsionfree
modules of arbitrary rank, assuming ¥ = L and that the pure-injective hull R of R
has cardinality not exceeding the continuum. A consequence of these results is that,
among the torsionfree R-modules, only the free ones are tilting (under the convenient
set-theoretic hypotheses in the uncountable rank case). Even if the above results
closely remind the analogous results for modules over Dedekind domains in [TW],
their proofs involve quite different techniques typical of the valuation domain setting.

In Section 4, using the structure results for divisible modules of projective dimen-
sion 1 over a valuation domain R obtained by Fuchs (see [FS1, VIL.3]), we show that
such a module is tilting if and only if it is mixed, equivalently, if it is a generator of
the class of the divisible modules. This result and the crucial fact that the torsion part
t(T) of a tilting R-module T is S-torsion, where S = S(7) is a multiplicative subset
of R canonically associated with 7', enable us to prove our main result (see Theorem
4.11): every tilting R-module T generates the same class of modules as dg, for
S = S(T), namely, the class of S-divisible modules (under convenient set-theoretic
hypotheses in the uncountable rank case). An example shows that this result is not
true for Dedekind domains. A more satisfactory structure theorem is obtained for the
tilting modules 7 such that 7'/#(T') has projective dimension < 1 (see Theorem 4.13).

2 Preliminaries

For general notions and facts on modules over commutative integral domains R we
refer to [FS2]. Given any R-module M, there is a saturated multiplicative subset
S(M) of R naturally associated with M, namely

S(M)={seR|sM = M}.

Clearly, S(M) is the largest multiplicative subset S of R such that M is S-divisible; it
is called the divisibility set of M.

If R is a valuation domain, since unions of prime ideals of R are still prime ideals,
every saturated multiplicative subset S of R is the complement of a prime ideal L. We
prefer to indicate in the usual way by R; the localization of R at S. If M is an R-
module, then the complement in R of its divisibility set S(M) coincides with the well-
known prime ideal associated with M : M# = {re R|rM < M} (see [FS2, p. 338]).
Given a module M, Add(M) denotes the class of the direct summands of direct sums
of copies of M. Given a cardinal x, M is said a r-splitter if Exty(M, M*)) = 0. We
follow Colpi-Trlifaj [CT] defining a tilting module (over an arbitrary ring R) as a
module T satisfying the following three conditions:

T1) pdT < 1;
T2) T is k-splitter for every cardinal r;
T3) there exists an exact sequence 0 — R — T} — T> — 0, where T, T> € Add(T).

(The up-to-date name of modules satisfying conditions T1-T3 is 1-tilting modules).
We will use the following characterization of a tilting module 7" due to Colpi-Trlifaj

Brought to you by | Biblioteca del (Degli studi di Padova)
Authenticated | 172.16.1.226
Download Date | 2/10/12 11:26 AM



Tilting modules 541

[CT): Gen(T) = T+, where Gen(T) is the class of modules which are quotients of
direct sums of copies of T, and T = {M | ExtL(T, M) = 0}. Another useful result
proved in [CT] and used in the following states that, given two tilting modules 7' and
T,, T) € Add(T>) if and only if T, € Add(T}), if and only if Gen(T}) = Gen(T?);
here, as usual, given a module M, Add(M) denotes the class of the direct summands
of arbitrary direct sums of copies of M.

Example. If R is a Matlis integral domain (i.e., the field of quotients Q of R has
projective dimension 1), then, given any pair «, § of non-zero cardinals, the module
0" @ (Q/ R)(ﬁ ) is tilting. In fact, conditions T1) and T3) are trivially satisfied. Con-
dition T2) easily follows from the fact that, for a module M, p.d.M < 1 if and only if
Extk(M, D) = 0 for all h-divisible modules, and since divisible modules over Matlis
domains are /4-divisible (see [FS2, VIIL.2]).

Recall that in [TW] a Dedekind domain R is said to be small if it has countable
spectrum and |R| < 2%. The main result in [TW], proved assuming Gédel’s Axiom
of Constructibility (¥ = L), is the following.

Theorem (Trlifaj-Wallutis [TW]). (V = L) Let R be a small Dedekind domain. A
module T is tilting if and only if it is of the form

T=@ER/P)™ @N
PeX

where X is a subset (possibly empty) of the maximal spectrum, the ap are non-zero
cardinals, and N is a non-zero projective Ro-module, where Ry = (p € Spec(R)\T Rp.

Notice that, for T = @), the preceding characterization furnishes a non-zero projective
R-module. On the opposite side, for ¥ = Max(R), the tilting R-module T is a mixed
divisible module with all non-zero primary components.

A remarkable consequence of the above theorem is the next corollary; recall that, if
¥ < Max(R), a module M is said to be X-divisible if M = PM for all P € X, equi-
valently, if Extg(R/P, M) =0 for all P € X.

Corollary (Trlifaj-Wallutis [TW]). (V' = L) Let R be a small Dedekind domain. If T is
a tilting R-module, then Gen(T) is the class of the X-divisible modules for a suitable
subset T of Max(R).

Let now R be an arbitrary domain and S a multiplicative subset of R. We recall the
definition of the module d5 introduced in [FS1]: ds is generated by all n-tuples

(s1y...,8,) withs; e Sforalli,n>0.

If n = 0, we have as generator the empty set (), denoted for convenience by w.
The generators of dg are subject to the following relations
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542 L. Salce

Su(S1y vy sn) = (81, 80-1) (m>1),  s(s) =w.

The submodule Rw is isomorphic to R and the quotient module Jdg/Rw is clearly
S-torsion. Since all the generators of dg are S-divisible, dg itself is S-divisible.
We collect now the main properties of ds derived from [FS1].

I) pddis=1;

IT) there exists an exact sequence 0 — #(ds) — ds — Rs — 0 where the torsion
submodule #(ds) is S-torsion;

IIT) given a module M and an element a € ds(M), there exists a homomorphism
@ : 0s — M such that g(w) = a; whence Gen(Js) is the class of the S-divisible
modules;

IV) the factor module d5/Rw is isomorphic to a direct summand of Jg;

V) amodule D is S-divisible if and only if Extk(ds, D) = 0; whence Jy is a x-splitter
for every cardinal r;

VI) 0y is a tilting module; this fact follows from I), IV) and V);

VII) the exact sequence in II) splits < ds is hg-divisible < all S-divisible modules
are hg-divisible < p.d.Rg < 1.

Lemma 2.1. Assume that p.d.Rs < 1. If D is an S-divisible module such that D/t(D) is
a free Rg-module, then D = t(D) ® D/t(D).

Proof. By VII), D is hg-divisible, hence there exists an epimorphism ¢ : @ Rs — D.
The composition of ¢ with the canonical surjection 7z : D — D/t(D) is an Rg-
morphism, hence it splits, whence 7 splits too. O

3 Torsionfree w-splitters over valuation domains

From now on, we will consider only modules over valuation domains, so R will
always denote such a domain; P will denote its maximal ideal and Q its field of
quotients. The main goal of this section is to characterize the torsionfree R-modules
which are w-splitters (see next Corollary 3.7). As usual, given a module M, gen M
denotes the minimal cardinality of a system of generators for M.

Lemma 3.1. Let R be a valuation domain with maximal ideal P. If J is a submodule of
Q such that genJ = N, and N is an R-module such that N# = P, there exists an exact
sequence

0—- PN, —M—-J—0

new

with N, = N for all n € w, such that for every k > 0 the induced exact sequence
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Tilting modules 543

0—- N, - M/ PN, —-J—0

n>k n<k
is not splitting.

Proof. Assume that J is the union of the chain Rry < Rr; < --- < Rr, < ---, with
r, € R for all n, and let s, = rnr;l]. Let M be the R-module defined by

where the z,,’s are free generators, and the submodule K of the relations is generated
by the sequence of elements

Spi1Znt1 —Zn—Yn (1 =0)

with y, a fixed element of N,\s,+1 N, for all n; the choice of y, is possible in view of
the equality N*# = P. Notice that (D,.,, N.) " K =0, as it is easily checked, so we
can think of 4 = €, ., N, as embedded in M. Let us define a map

new

o: PN, ® PRz, — J

new new

by setting

90( @Nn) =0, ¢(z,) =r, foralln.

new

Obviously ¢(K) = 0 and ¢ is surjective, hence ¢ induces an epimorphism 7z : M — J.

We shall prove now that Ker(n) = 4. The inclusion Ker(n) > 4 is obvious. To prove

that Ker(z) is not larger than A, it suffices to prove that the composite map from

M =@ N, ® @ Rz, — M — J has kernel not larger than 4 + K. But M'/(4 + K)

is torsionfree of rank 1 with an epimorphism onto J, so this must be an isomorphism.
In order to show that for every k& > 0 the exact sequence

0—- PN, —-M/PN,—-J—0

n>k n<k

is not splitting, note that the factor module M/ &p,_, N, can be defined in a similar
way as M, just eliminating the generators z,...,z;_1 and the first £ relations in K.
So it is enough to prove that the exact sequence 0 — ), ., N» — M — J — 0 does
not split.

Let us assume, by way of contradiction, that there exists a splitting map  for z.
Then for each k > 0 there are elements x; € A4 such that

l//(rk) =z + xr + K.
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544 L. Salce

Combining these equalities with the relations in K we obtain, for every k > 0, the
following equality:

zo+ x0+ K
=20+ Yo+ SV FSiSoy2 S Sk kTS S Xk + K
In view of (D,,.,, Nu) N K = 0, the above equality produces the next one:
Xo =Yoo+ S1y1+S152y2+ TS SkVk TS Sk Xt 1

Since for each i<k we have that s;-...-s;3,€ N\sy ... 5,11 N; and s1-...-
Sk+1Xk+1 €81 - - - - Sg+14, and since the above equality holds for all k£ > 0, we deduce
that the element xy has infinitely many non-zero coordinates, thus obtaining the
desired contradiction. |

Lemma 3.2. Let R be a valuation domain and 0 # J a submodule of Q such that
p.d.J < 1. Let N be a torsionfree R-module such that N* = J*. Then Exth(J, N@) =
0 if and only if J =~ Ry, with L = N*.

Proof. If J ~ Ry, since N is a torsionfree R;-module, we get Ext}la(J N (“’)) =
Ext,]qL (J, N@)), whence the conclusion trivially follows.

Conversely, assume that 0 = Exty(J, N®)). Without loss of generality we can
assume that N*# = P (notice that p.d.g,J < 1), and we must prove that J is a princi-
pal ideal. If this is not the case, since p.d.J =1 is equivalent to genJ = Ny, the pre-
ceding lemma yields a contradiction. |

The next lemma improves on Lemma 3.2, passing from the rank 1 case to the finite
rank case; it makes use of the full force of Lemma 3.1.

Lemma 3.3. Let R be a valuation domain and 0 # X a torsionfree R-module of finite
rank such that p.d.X < 1. Let N be a torsionfree R-module such that N¥ > X*#. Then
Ext}e(X7 N@)) =0 if and only if X is a free Rp-module, with L = N¥.

Proof. The sufficiency is proved as in Lemma 3.2. We shall prove the necessity by
induction on rk(X) = n. The case n = 1 is covered by Lemma 3.2. Assume n > 1 and
the claim true for » — 1. There exists an exact sequence of torsionfree modules

0—-Y—-X—-J—0

with tk(Y) = n — 1 and J < Q. Notice that Y# > X# and J# > X#. By [FS, VI.3.8]
we have that X is countably generated, so J is countably generated; furthermore Y is
also countable generated, by [FS, VI.3.5]. Hence both Y and J have projective
dimension < 1. Applying the functor Homg(—, N(®) to the above exact sequence we
obtain the long exact sequence
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Tilting modules 545
Homg(Y, N@) % ExtL(J, N©@) — ExtL(X, N©@) = 0 — ExtL(Y,N©) — 0

where the last 0 is due to p.d.J < 1. There follows that Ext,(Y, N@) =0, so the
inductive hypothesis ensures that ¥ =~ R?~!. We must now prove that J =~ R;. With-
out loss of generality, we can assume, as in the proof of the preceding lemma, that
L = P, and we must prove that J is principal. Assume, by way of contradiction,
that genJ = ¥,. Consider the exact sequence provided by Lemma 3.1. Since the
map ¥ : Homg(Y, N®) — Extk(J, N®)) in the above long exact sequence is epic,

there exists a homomorphism ¢ : Y — @, ., N, making the following diagram

commutative:
0 —— Y X J 0
1
0 —— Diecw Nn M J 0.

Since Y has finite rank, ¢(Y) < €, _, N, for a certain £k > 0. Now we have

M= @ N, +7(X), oY) =yX)n DN, < DN,

new new n<k

hence we get the splitting exact sequence

0— @N,— M/ PN, g(@Nn>®(y(X)/(0(Y))—>J—>O

n>k n<k n>k
which contradicts the conclusion of Lemma 3.1. O
We can now easily prove the main result of this section.

Theorem 3.4. Let R be a valuation domain, M a torsionfree R-module of countable
rank such that p.d.M <1, N a torsionfree R-module such that N¥ > M¥%. Then
Exth(M,N@) =0 if and only if M is a free R-module, with L = N¥.

Proof. The sufficiency is proved as in Lemma 3.2. Concerning the proof of the
necessity, Lemma 3.3 takes care of the finite rank case. If M has countable rank, by
[FS, V1.3.10] it is enough to show that every pure submodule A of M of finite rank is
a free Ry-module. Since p.d.M /A < 1, we have the exact sequence

0 = Exth(M,N@) — Extk(4, N)) — Exti(M /4, N“) =0
hence Extg(4, N)) = 0 and Lemma 3.3 enables us to conclude. O

The extension of Theorem 3.4 to modules M of arbitrary rank requires, as in the
Dedekind case, additional hypotheses. First we prove a lemma which is the analo-
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546 L. Salce

gous of Proposition 8 in [TW]; the argument goes back to P. Schultz [S]. Recall that
M denotes the pure-injective hull of the module M.

Lemma 3.5. Let R be a valuation domain. Then every torsionfree R-module N has a
torsionfree homomorphic image N' of cardinality not exceeding that of R, and such
that N# = N'#.

Proof. The torsionfree module N contains a pure-essential submodule B = P, J;,
where each J; is isomorphic to a submodule of Q (see [FS2, XI.5]). Clearly
B = U; JF, and, because of purity in the following inclusions

(recall that J# = J* for every 0 # J < Q) whence all the preceding inequalities are
actually equalities. If there exists a summand J; of B, call it Jy, such that JJ = B¥,
then extend the canonical projection B — J; followed by the inclusion Jy < J; to a
map y: N — Jo. Set N’ = p(N); then Jf < N* < N* < J¥ so N* = N* and

IN'| < Jo| = [JoRy#| = |Ry#| < |R].

ivio
easy to define an epimorphism ¢ : B — L. Extend ¢ to a map yy : N — L. Therefore
we have:

On the other side, if no summand J; of B satisfies J* = B¥, setting L = |J; J7, it is

L<y(N)* <N*=L.
Set now N’ = y(N) and conclude as before, replacing Jy by L. O

Theorem 3.6 (V = L). If |R| < 2™, then the same conclusion as in Theorem 3.4 holds
for torsionfree R-modules M of arbitrary rank.

Proof. The proof goes, as in [TW, Theorem 11], by transfinite induction on rk(M).
Theorem 3.4 covers the cases up to rank Xo. When rk(M) is a singular cardinal,
apply Shelah’s Singular Compactness Theorem. When rk(M) is an uncountable
regular cardinal, use the preceding lemma and argue as in [TW, Theorem 11];
V =L is used to prove that Ext,lz(M ,N'@) =0 implies that M is a projective
Rr-module, using Theorem 1.15 at page 353 of [EM], where the hypothesis
IN'| < 2% is needed. O

From the preceding Theorems 3.4 and 3.6, we immediately deduce the following
Brought to you by | Biblioteca del (Degli studi di Padova)

Authenticated | 172.16.1.226
Download Date | 2/10/12 11:26 AM



Tilting modules 547

Corollary 3.7. A4 torsionfree module M of countable rank of projective dimension <1
over a valuation domain R is an w-splitter if and only if M is a free Rp-module, with
L=M?* If (V =L) and |R| < 2™ are assumed, then the same conclusion holds for
torsionfree R-modules M of arbitrary rank.

As a consequence of the preceding corollary we obtain the structure of torsionfree
tilting modules.

Corollary 3.8. A torsionfree module M of countable rank over a valuation domain R is
tilting if and only if it is free. If (V = L) and |R| < 2% are assumed, then the same
conclusion holds for torsionfree R-modules M of arbitrary rank.

Proof. By Corollary 3.7, M is a free R;-module, with L = M*. Every module in
Add(M) is also a free R;-module, so, by the condition T3), R is isomorphic to a pure
submodule of a free R;-module; this is possible only if L = P. O

4 The structure of tilting modules over valuation domains

The goal of this section is to determine the structure of tilting modules over a valua-
tion domain. So, also in this section, R always denotes a valuation domain, P its
maximal ideal, and Q its field of quotients.

Proposition 4.1. Let T be a tilting R-module, and let S = S(T) be its divisibility set.
Then the torsion part t(T) is S-divisible and S-torsion.

Proof. The S-divisibility derives trivially from the S-divisibility of T and the purity of
{(T) in T. Let us assume that 0 # a € #(T). Then p.d.7/aR <1 and p.d.aR < 1, by
[FS2, VI.6.4], hence aR is finitely presented, by [FS2, V1.6.2], thus aR = R/rR for a
non-zero element r € R. From the exact sequence 0 — aR — T — T /aR — 0 we get
the exact sequence

0 = ExtL(T, T) — Exth(aR, T) — Exti(T/aR,T) =0

hence Exth(R/rR, T) = 0. Since Exth(R/rR, T) = T/rT, we deduce that r € S, so a
is an S-torsion element. O

From now on, given a module M, we shall denote by M the quotient module
M /t(M). The next proposition shows that, passing from a tilting module 7 to the
factor module T, the divisibility set does not increase. The following lemma first
proves this fact for splitting tilting modules.

Lemma 4.2. If T is a tilting R-module such that «(T) is a summand in T, then
T# =T%#,

Proof. The inclusion T# > T# being obvious, we will show that the strict inclusion
is impossible. Condition T3) defining tilting modules implies the existence of a short
exact sequence
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548 L. Salce

0-R—-T% L B-0

where B € Add(T). By hypothesis, T splits, so, setting L = T#, for some non-zero
cardinal f we have

TW=A®F

where A is an S-torsion module (S = S(T')), by Proposition 4.1, and F is a torsion-
free R;-module. Looking at R as included in 7', we have that Rn A = 0, since A
is torsion, hence there is an embedding # : R — F. Let J be the purification of #(R)
in F. Since J is a rank 1 R;-module, if 7% > L the factor module J/7(R) is not
S-torsion (recall that S = R\T#). But J/5(R) is isomorphic to a submodule of
B/n(A), whose torsion part is S-torsion, a contradiction. So the strict inclusion
T# > T# is impossible, as desired. m

Proposition 4.3. If T is a tilting R-module, then T# = T#,

Proof. Assume, by way of contradiction, that 7% > T#. Pick an element r € T#\T#.
Since #(T) is S-torsion (S = R\T#) by Proposition 4.1, we have that 7#(T) = 0, hence
T t(T)=0. On the other side, since r¢ T# T =rT, that is, T =rT + t(T).
We deduce that T =rT @ ¢(T), with rT = T. From Lemma 4.2 we deduce that
T# = T#, a contradiction. n

The next proposition holds for tilting modules over any domain.
Proposition 4.4. If T is a tilting R-module, then Exty(T,T")) = 0 for all cardinals .
Proof- We have the exact sequence
0 = Exth(T, T®) — Extk(T, T®) — Ext3(T,«(T)") =0
hence Extk(7, T™)) = 0. We also have the exact sequence
0 = Homg(¢(T), T™) — Extk(T, T™) — Exth(T,T") =0
whence the middle term vanishes and T is a x-splitter. O

Notice that, given a tilting R-module 7', the quotient module T is canonically an
Ry -module, where L = T# = T#; whence Exty(T, T")) = Exty (T, T"). In order
to apply the results obtained in Section 3 to 7, we need the next lemma, which shows
that 7 has projective dimension < 1 as an Ry -module. Note that, in general, p.d.T
can be larger than 1 (think of ds when p.d.Rg > 1).

Lemma 4.5. If_T is a tilting R-module, then T ~ T ®g R, where L = T#. Conse-
quently, p.d.g, T < 1.

Proof. Tensoring the exact sequence 0 — #(T) — T — T — 0 with R;, since
t(T) ®g R, =0 by Lemma 4.1, we get that T ®x R, = T ®g Rr. But T is a tor-
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Tilting modules 549

sionfree RL;module, hence T @z Ry =~ T. The last statement follows from the iso-
morphism T = T ®z Ry, and a projective resolution of 7' tensorized with R;. O

As an immediate consequence of Propositions 4.3 and 4.4, of Corollary 3.7 and of the
preceding lemma, we get the following

Proposition 4.6. Let T be a tilting R-module and L = T#. Then T is a free Ry -module,
provided that T has countable rank, or V = L and |R| < 2™ are assumed.

Notice that, if the tilting module T in the preceding proposition is divisible, then
R; =0, so T is certainly a free Ry -module, without any additional hypothesis.
Actually, the structure results obtained by Fuchs for divisible R-modules of projec-
tive dimension 1 produce easily the next theorem; in its proof 6’ denotes the “lean
version” of the module 6, and § denotes the quotient module 6/Rw (see [FS2, VILI]).

Theorem 4.7. A divisible module D of projective dimension 1 over a valuation domain R
is tilting if and only if it is mixed. If this happens, then Gen(D) = Gen(J).

Proof. An inspection to the structure of divisible R-modules of projective dimen-
sion <1 is enough: see [FS2, VII.3.5] for the case p.d.Q = 1; see [FS2, VII.3.9] for the
case p.d.Q > 1. In the first case, D =~ P, 0 ® Py O/R (o # 0). In the latter case,
D= @,0' ® @y («#0). The last statement is clear. O

Since for divisible tilting modules we have the favourable situation described in
Theorem 4.7, our next goal is to try to reduce general tilting modules to the divisible
case. This is accomplished by means of the next result.

Proposition 4.8. Let T be a tilting R-module, and L = T#. Then

1) Tor{(T,R/L) = 0;

2) pd.g/ T ®rR/L <1,

3) T ®g R/L is a divisible R/ L-module whose torsion part is isomorphic to t(T).

Proof. 1) See the proof of Lemma 5.1 in [FS1].
2) From a projective resolution of T tensored with R/L we obtain

TorR(T,R/L) — ®R/L — ®R/L — T ® R/L — 0

where the first term is zero, by point 1).

3) The first statement is obvious, since 7 is S-divisible and S = R\ L. Since #(T) is
S-torsion, by Proposition 4.1, it is naturally an R/L-module. Tensoring the exact
sequence 0 — L — R — R/L — 0 with #(T), we get the exact sequence (7T) ®z L —
H(T) — «(T) ®r R/L — 0. But ¢(T) is S-torsion and L is S-divisible, so #(7T) ®z L =
0 and #(T) = «(T) ®g R/L. Finally, the isomorphism #(7) ® R/L = (T ® R/L)
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holds, since T ®x R/L is a torsionfree R/L-module, and from the exact sequence

Now we can put together Theorem 4.7 and Proposition 4.8, obtaining immediately
the following

Corollary 4.9. Let T be a tilting R-module, L = T*# and S = S(T). Then

1) T®rR/L is a divisible tilting R/L-module, whence Gen(T ®zR/L)=
Gen(ds ®z R/L);

2) «(T) e Gen(T);
3) Add(«(T)) = Add(¢(ds))-

Proof. 1) T ®g R/L is clearly a mixed divisible R/L-module, as well as s ®z R/L,
thus Theorem 4.7 applies.

2) By point 1), Gen(7 ®z R/L) is the all class of divisible R/L-modules, hence it
is closed under pure submodules. Thus #(7T) =~ (T ®z R/L) € Gen(T ®z R/L). But
T ®g R/Lis a quotient of T, hence Gen(T ®g R/L) = Gen(T), so the claim follows.

3) From point 1) we get that Add(7 ®z R/L) = Add(ds ®z R/L). The same
equality holds for the two respective torsion parts. Thus the conclusion follows by
Proposition 4.8, 3). |

We are very close to prove our main result, stating that, for a tilting module 7" over a
valuation domain, Gen(7T') = Gen(Js), where S = S(T'). The next result character-
izes the tilting modules for which this happens; notice that condition 2) just says that
Gen(T) is a definable class (see [CB]).

Proposition 4.10. Let T be a tilting R-module, T# = L and S = S(T). The following
properties are equivalent:

1) Gen(T) = Gen(ds);
2) Gen(T) is closed under pure submodules;

3) Ry belongs to Gen(T).

Proof. 1) = 2) is obvious: Gen(ds) is the class of S-divisible modules.

2) = 3) We claim that R; is isomorphic to a pure submodule of 7. In fact, by
Lemma 4.5, p.d.g, T < 1; so, by [FS2, V1.6.6], T has a countably generated pure
R, -submodule J of rank 1 such that p.d.g, 7/J < 1. Thus Ext (J, T®)) = 0 holds,
hence J =~ R; by Lemma 3.2. Since T € Gen(T'), we are done.

3) = 1) Obviously, Gen(T') = Gen(Js). In order to prove the converse inclusion, it
is enough to show that d5 € Gen(T'), and since Gen(T) is closed under extensions, this
amounts to prove that both #(ds) and Ry, belong to Gen(T'). The latter fact holds by
hypothesis. Furthermore, #(ds) € Add(#(T)) by Corollary 4.9, so from ¢(T") € Gen(T)
we get the proof. O
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A consequence of Proposition 4.10 is that, if R is a maximal valuation domain, then
Gen(T) = Gen(ds) for any tilting module 7. In fact, every localization of R at a
prime ideal is a pure injective R-module, hence, being R; pure in 7, it is a summand;
thus R; € Gen(T) and the preceding proposition applies.

Recalling that T is a free Ry -module, provided that 7 has countable rank,
or ¥ =L and |R| < 2% are assumed, by Proposition 4.6, we get immediately from
Proposition 4.10 our main result.

Theorem 4.11. Let R be a valuation domain, T a tilting R—modulfz, and S = S(T). Then
Gen(T) = Gen(ds), provided that tk(T) < N, or V = L and |R| < 2™ are assumed.

We can improve the preceding result, in case the projective dimension of the quotient
module 7 = T/t(T) is still 1. The next lemma clarifies when this happens.

Note that Theorem 4.11 ensures that the tilting module 7 is a direct summand of a
direct sum of copies of dg, and conversely.

Lemma 4.12. Let T be a tilting R-module and let L = T*. Consider the following
conditions:

(1) T is a free Rp-module and p.d.R;, < 1;
(2) pd.RL <1,

(3) the torsion part t(T) is a summand in T;
4) pd.T <1.

Then (1) = (2) = (4) and (1) = (3) = (4). Furthermore, (4) = (1) provided that either
T is of countable rank, or V = L and |R| < 2™ are assumed.

Proof. Trivially (1) = (2) and (3) = (4). (1) = (3) by Lemma 2.1.

(2) = (4) p.d.g, T <1, by Lemma 4.5. By [FS2, V1.6.6], there exists a chain
of pure R;-submodules of 7: 0=Cy< C; <---< C, < ---< C, =T such that
tkg, (Cyy1/Cy) = 1, p.d.g, (Coy1/Cy) < 1 for all a. The C,’s are pure R-submodules
of T, C,11/C, has rank 1 as R-module and it is Ry-generated as R;-module for all o.
But p.d.R; < 1 implies that R; is Ng-generated as R-module, hence C,./C, is No-
generated even as R-module, so p.d.(C,41/C,) < 1. Now apply again [FS2, VL.6.6]
to obtain that p.d.7 < 1.

(4) = (1) under the stated conditions, by Proposition 4.6. O

We can derive now the structure result for tilting modules 7" such that p.d.R; <1
(L = T*#), which closely reminds the main result in [TW].

Theorem 4.13. Let T be a module over a valuation domain R such that p.d.Ry < 1,
where L = T#.

) If T = (R./R)™ @ R(Lﬂ ) for some non-zero cardinals «, B, then T is tilting;

2) The converse holds true, provided that either T is of countable rank, or V = L and
|R| < 2% are assumed.
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Proof. 1) Conditions T1) and T3) are trivially satisfied by 7. The fact that 7 is a
re-splitter for any cardinal x follows from the fact that 7' e Add(ds), where S = R\L.

2) Assume T tilting. Theorem 5.2 in [FS1] shows that the S-divisible S-torsion
module #(T) of projective dimension <1 is isomorphic to (R, /R)"”, for some cardi-
nal . Thus the statement follows from Lemma 4.12. O

In view of Theorem 4.11, one could guess that also for tilting modules 7" of countable
rank over Dedekind domains Gen(7") = Gen(ds), where S = S(T'). This is not the
case, as the next example shows. The example also shows that the statement of
Lemma 3 (i) of [TW] is not correct.

Example 4.14. Let R be a Dedekind domain with a maximal ideal P such that P” is
not principal for all n > 0. Then it is easy to see that P = | J{P’ € Max(R) | P! # P}.
Setting R¥l = (N, . p Rp/, one has that R¥I/R =~ E(R/P). Then T = E(R/P) ® R
is a tilting module such that S =S(7) = U(R), whence ds = R, while Gen(T)
coincides with the class of the P-divisible R-modules.
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